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Abstract

I use novel data on subjective risk and return expectations to infer investors’ required

returns. I find that the required compensation for risk is high while the realized com-

pensation for risk is low. This difference arises because cash flow forecasts are system-

atically too high for risky stocks, which can be explained by investors suffering from

optimism bias. The weak link between realized and required returns has two important

implications: First, most equity factors have a negative required return despite having

a positive realized return. Second, recent empirical asset pricing models explain real-

ized returns well but required returns poorly—while the opposite is true for traditional

models like the CAPM.
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This paper seeks to estimate investors’ required returns without using realized returns.

Traditionally, required returns have been measured via realized returns, either directly or

interpreted through an asset pricing model. However, mispricing can create a wedge between

ex-ante required returns and the ex-post realized returns.

I propose to estimate required returns using data on subjective risk and return expecta-

tions. Subjective expected returns are naturally related to required returns, but subjective

return expectations can also reflect investors’ perceived mispricing. Hence, to identify re-

quired returns, I use the joint information in subjective risk and subjective expected returns.

Specifically, I regress subjective expected returns on subjective risk:

subjective expected returni = λ× subjective riski

:= required returni

+ εi, (1)

where λ is a subjective risk premium that reveals the required compensation for risk and the

residual εi captures perceived mispricing and estimation error. This subjective risk-return

relation (1) allows me to infer required returns as the product of subjective risk and the

subjective risk premium.

To evaluate whether investors earn the risk compensation they require, I estimate the

realized risk premium, λrea, by regressing realized returns on subjective risk:

realized returni = λrea × subjective riski + ui. (2)

My first key finding is that the subjective risk premium (λ) is high while the realized

risk premium (λrea) is low. This finding implies that investors require a much higher return

for investing in risky stocks relative to safe ones, but, nevertheless, risky stocks only deliver

slightly higher realized returns.

To explain that realized returns of risky stocks are lower than their required returns,

I show that cash flow expectations of risky stocks are excessively optimistic. These over-

optimistic expectations reduce ex-post realized returns, thus partly offsetting the high ex-ante

required returns. I show theoretically and empirically that this pattern can be explained by

investors suffering from optimism bias.
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The weak link between required and realized returns has two important implications.

First, I show that the required return on most equity factors is significantly different from

their realized returns. In fact, most equity factors have positive realized returns despite

overweighting relatively safe stocks. Second, I find that recent empirical asset pricing models

explain realized returns well but required returns poorly. In contrast, traditional models,

such as the CAPM, explain required returns well but realized returns poorly.

The Subjective and Realized Risk Premium. Figure 1 shows the relation between

subjective expected returns and subjective risk (blue circles). For example, in the top-

left corner of Figure 1, I sort stocks into 10 portfolios based on their subjective risk, here

measured as the “safety” rank from Value Line, plotted on the x-axis. Value Line is an

independent equity research firm, and the data covers 1,700 of the largest US stocks from

1987 to 2021.1 For each group of stocks, the y-axis shows the average subjective expected

return as reported by Value Line. Based on these subjective risk and return expectations,

the figure shows the subjective risk-return relation given by the regression line from (1). The

figure shows that Value Line expects a 20% return from the riskiest stocks but only 8% for

the safest. This 12% return spread implies a high subjective risk premium.

Figure 1 also displays the relation between subjective risk and average realized returns

(red triangles) and the corresponding regression line from (2). Focusing again on the top

left corner, we see that the realized risk-return relation is positive but weak, as the riskiest

stocks only outperform the safest by 3% per year. This result implies that the realized risk

premium is low.

These results hold across various subjective risk and return expectations, as seen in the

other panels of Figure 1. I use two measures of subjective expected returns—from Value

Line and sell-side analysts available in I/B/E/S—and three subjective risk measures—Value

Line’s safety rank, Value Line’s market beta estimate, and the subjective risk measure of a

log utility investor from Martin and Wagner (2019).

Across combinations of risk and return expectations, the subjective risk premium is high

and statistically significant, while the realized risk premium is significantly lower. This

1Value Line serves both retail and professional investors, with prominent examples of the latter being
Warren Buffett, Charlie Munger, and Peter Lynch. They received much academic interest in the 1970s and
1980s for the quality of their recommendations, for example, in Black (1973).
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Figure 1: Subjective Risk and Returns

Note: The figure shows the relation between subjective risk and subjective expected returns and the relation
between subjective risk and average realized return for six different combinations of subjective risk and
return expectations. Each month, I sort stocks into 10 portfolios according to the subjective risk proxy,
where safe (risky) stocks are in portfolio 1 (10). I then compute the average subjective expected return, and
the average realized return over the corresponding horizon for each portfolio month. The blue circles refer
to the time-series average of the subjective expected return, and the red triangles refer to the time-series
average of the realized return. The solid lines show the best linear fit. The name in the first row of the panel
title indicates the subjective expected return proxy and the name in the second row shows the subjective
risk proxy. The subjective expected return proxy is either a four-year expectation from Value Line or a
one-year expectation from I/B/E/S. The subjective risk proxy is either a safety rank from Value Line, a
stock’s market beta estimate from Value Line, or the SVIX risk measure from Martin and Wagner (2019).

pattern is even more pronounced when I increase the importance of large stocks by using

value-weights instead of equal-weights (Figure A.3). These findings suggest that the realized

compensation for taking risks in the stock market is too low.

Subjective Risk and Cash Flow Optimism. I use subjective cash flow forecasts from

I/B/E/S and Value Line to understand the gap between the subjective and realized risk

premium. I find that subjective risk strongly predicts cash flow forecast errors. Specifically,

the earnings per share (EPS) forecasts for safe stocks are approximately unbiased, while

the EPS forecast for risky stocks is generally much higher than the subsequent realization.
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The high required return of risky stocks is, therefore, muted in realized returns because of

irrational cash flow optimism.

The excessive cash flow forecast of riskier stocks suggests that these stocks are overvalued

ex-ante—which I refer to as “risk mispricing.” I show theoretically that risk mispricing arises

if investors suffer from optimism bias whereby they overweight the probability of good future

outcomes (Proposition 4). Optimism bias has a greater effect on risky stocks because they

tend to have more uncertain cash flows (thus leaving more room for optimism). Intuitively,

excessive optimism is easier to justify for a risky biotech start-up relative to a safe utility

stock.

Empirically, I find support for two additional predictions of optimism bias. First, the

average forecast error is positive. For sell-side analysts from I/B/E/S, this result could

reflect incentives to produce upwards-biased forecasts to please investment banking clients

or to generate trading commission (Kothari, 2001). However, these incentives-related biases

are unlikely to explain the positive average forecast error for Value Line since their primary

source of income is selling investment research. Second, the average forecast error and the

forecast error related to subjective risk increase with the forecast horizon. This finding

is consistent with my theoretical result that optimism bias has a larger effect when cash

flow uncertainty is higher (since cash flow uncertainty arguably increases with the cash flow

horizon).

Equity Factors. The large difference between the subjective and realized risk premium

implies that realized returns are a weak proxy for required returns. This finding has impor-

tant implications for the asset pricing literature, which often infers required returns from

realized returns. I study the implications for equity factors and asset pricing models.

For equity factors, I test whether factors represent rational compensation for risk or be-

havioral mispricing. Under the rational interpretation, factors have a high realized return

because they capture risk that investors require compensation for bearing. Under the behav-

ioral interpretation, factors capture mispricing. I distinguish between these two alternatives

by testing the “risk hypothesis” that a factor’s average realized return is equal to its required

return. This hypothesis is true in a rational model and false in a behavioral model. I derive

a null distribution under the risk hypothesis that accounts for the estimation of required
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returns, and that I observe required returns over a shorter period than realized returns.

In a sample of 119 factors from Jensen et al. (2022), I reject the risk hypothesis for 71%

to 79% (depending on the risk and returns expectations used to estimate required returns).

This high rejection rate primarily reflects that most factors have a weak, or even negative,

relation to subjective risk. In particular, only 14%-27% of the factors have a significantly

positive required return—a minimal requirement for any risk-based explanation. In contrast,

44%-50% of the factors have a significantly negative required return, meaning that stocks

in the long portfolio are subjectively safer than stocks in the short portfolio. These results

highlight the pitfalls in learning about required returns from realized returns.

For individual factors, I find a high required return on the size factor and a positive but

small required return on the book-to-market factor. At the other end of the spectrum, I find

that quality and profitability factors have a large negative required returns. Between these

two extremes, the momentum factor and the asset growth factor have a required return close

to zero. These patterns can inform theories trying to understand why a given factor exists.

A rational theory could explain the size effect and possibly the book-to-market effect, while

a behavioral theory is necessary to explain the other factors.

Factors reveal the univariate relation between risk and a specific stock characteristic, but

I also test the multivariate drivers of required returns. A typical safe stock is large and

profitable, with a low return volatility and market beta. In contrast, a typical risky stock is

small, volatile, and distressed.

Asset Pricing Models. Next, asset pricing models have a dual mandate of (1) predict-

ing realized returns and (2) providing required returns. They are, however, typically judged

solely by their performance on (1) without considering (2).

I show that the only case where one model can be optimal for both mandates is when the

market is efficient. If the market is inefficient, the optimal model for realized return differs

from the optimal model for required returns (Proposition 3).

Empirically, I test the ability of three traditional models, such as the CAPM, and four

recent models, such five-factor model from Fama and French (2015), to explain realized and

required returns.2 I find that the recent empirical models are superior for explaining realized

2The traditional models are the CAPM, the Consumption CAPM, the Fama-French three-factor model,
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returns. The recent models have R2’s ranging from 0.26 to 0.45, compared to -0.92 to -0.05

for the traditional models.

For required returns, the ranking is exactly the opposite. The traditional models explain

required returns well, with R2’s ranging from 0.24 to 0.63. The CAPM, in particular, is the

best model of required returns for five of six sets of subjective risk and return expectations.

In contrast, the recent empirical models tend to imply a high expected return for portfolios

with a low required return, and, as a result, their R2’s are deeply negative. The move from

traditional to recent models has given us a better understanding of realized returns but not

required returns.

Related literature. To my knowledge, I am the first to study subjective risk and

return expectations in the cross-section of stocks. For the overall stock market, Nagel and

Xu (2022b) finds a positive relationship between subjective risk and return expectations,

that is, a positive subjective risk-return tradeoff. In contrast, when surveying households,

Jo et al. (2022) finds a subjective risk-return tradeoff. I contribute to this literature by

showing a strongly positive risk-return tradeoff in the cross-section of stocks.

Few papers analyze subjective risk assessments. At the stock level, Lui et al. (2007) show

that risk ratings from Salomon Smith Barney (SSB, now Citigroup) primarily depend on

idiosyncratic volatility, size, book-to-market, and leverage. Lui et al. (2007) also considers

the safety rank from Value Line and finds that it has a correlation of 0.61 with the risk

rating from SSB and a correlation of 0.65 with a risk rating from Merril Lynch. These high

correlations provide external validity for the safety rank as a measure of subjective risk.

At the market level, Lochstoer and Muir (2022) find that subjective volatility expectations

underreact to news initially, followed by a delayed overreaction. I contribute to this literature

by studying the link between subjective risk and subjective expected returns.

Brav et al. (2005) show that return expectation from Value Line and I/B/E/S increase in

market beta, decrease in firm size, and is unrelated to the book-to-market ratio. Similarly,

Engelberg et al. (2020) show that return expectations and stock recommendations from

and the Carhart four-factor model, while the recent models are the five-factor model from Fama and French
(2015), the q-model from Hou et al. (2015), the model with mispricing factors from Stambaugh and Yuan
(2017), and the model with behavioral factors from Daniel et al. (2020). I test the models on the 3 × 119
high-middle-low characteristics sorted portfolios that underlies the 119 equity factors.
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I/B/E/S are negatively related to the average equity factors. I contribute to this literature

by showing that the required return of most factors is negative.

Gormsen and Huber (2022) show that the cost of capital used by CFOs closely aligns

with the CAPM. Similarly, Berk and Van Binsbergen (2016) show that mutual fund flows are

most consistent with investors using the CAPM. I contribute to this literature by showing

that the CAPM is the best model for explaining investors’ required returns. Further, I show

that irrational cash flow optimism can explain the failure of the CAPM in explaining realized

returns despite its widespread use.

More broadly, I contribute to the literature that uses subjective expectation in asset

pricing. For individual stocks, most papers use data on subjective cash flow expectations

(e.g., La Porta (1996), Engelberg et al. (2018), Bordalo et al. (2019), and Bouchaud et al.

(2019)), while the use of subjective return expectations is more common at the market level

(e.g., Vissing-Jorgensen (2003), Amromin and Sharpe (2014), Greenwood and Shleifer (2014),

and Dahlquist and Ibert (2021)). I contribute to this literature by jointly studying subjective

risk, return, and cash flow expectations for stocks, factors, and asset pricing models.

1 Theory

1.1 Setup

This section builds a theoretical framework to interpret the empirical results. In the first part,

I make minimal assumptions about the investor and show: The necessary assumption for

recovering the subjective risk premium from subjective risk and return expectations, and the

extent to which this subjective risk premium differs from the realized risk premium (Propo-

sition 1), the relation between realized and required returns for equity factors (Proposition

2), and the extent to which asset pricing models can be optimal for realized and required

returns (Proposition 3). In the second part, I assume that investors suffer from optimism

bias and show how it leads the realized risk premium to be lower than the subjective risk

premium (Proposition 4).

I consider an economy with stocks indexed by i = 1, . . . , N and discrete time periods
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indexed by t = 1, 2, . . . . The one-period total return of a stock is rit+1 + rft+1, where rit+1 is

the stock’s excess return and rft+1 is the risk-free rate. I denote objective expectations by E

and subjective expectations by Ẽ. The subjective expectations are from the perspective of

a single investor.3

The investor (implicitly or explicitly) ranks stocks according to their subjective risk,

sit. The investor is risk-averse and therefore requires an additional return of λt > 0 (the

“subjective risk premium”) for each additional unit of risk. Hence, the required return for

investing in a stock from the perspective of the investor is:

Required Returnit = λts
i
t. (3)

The investor also computes an expected return for each stock, Ẽt[r
i
t+1]. The difference

between the required and expected return captures subjective mispricing, b̃it = λts
i
t− Ẽ[rit+1].

The investor views a stock as undervalued if the expected return is higher than the required

return and overvalued if the expected return is lower than the required return. Re-arranging

the expression for the subjective mispricing, the subjective expected return is:

Ẽt[r
i
t+1] = λts

i
t − b̃it. (4)

The investor determines the required return, so there is no distinction between the objec-

tive and subjective required return. However, the subjective mispricing reflects the investor’s

realized return forecast, and this forecast could be biased. Let Et[r
i
t+1] be the objectively cor-

rect forecast of the realized return—the objective expected return. The objective mispricing

of a stock is then, bit = λts
i
t − EOt[r

i
t+1].4

The relation between subjective risk and objective mispricing is key to understanding

3With J investors, there is, potentially, J different subjective expectations. A key question is whether
the expectation of a specific investor accurately reflects the remaining J − 1. Empirically, I tackle this issue
by using six different proxies for subjective expectations.

4To understand b and b̃, consider a stock with a price today of 10 and a liquidating cash flow in one year.
The investor expects the cash flow to be 12, the risk-free rate is 0%, and the investor requires λts

i = 10%
for investing in the stock. The investor’s subjective expected return is Ẽt[r

i
t+1] = 12/10− 1 = 20% and the

subjective mispricing is b̃it = −10%. That is, the investor views the stock as 10% undervalued. Suppose
the investor is biased and the objective cash flow expectation is 11. The objective expected return is then
Ẽt[r

i
t+1] = 11/10− 1 = 10% and the objective mispricing is bit = 10%− 10% = 0%.
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the difference between realized and required returns. Therefore, without loss of generality, I

regress objective mispricing on subjective risk across stocks,

bit = γ0
t + γ1

t s
i
t + uit, (5)

where γ0
t and γ1

t is the coefficient from a cross-sectional regression of objective mispricing on

subjective risk, and uit is a residual. The relation between risk and mispricing is captured

by γ1
t , while uit reveals mispricing unrelated to risk (“non-risk mispricing”).

1.2 Results

The Subjective and Required Risk Premium

In the empirical analysis, I estimate the subjective risk premium, λt, by regressing subjective

expected returns on subjective risk,

Ẽt[r
i
t+1] = at + λ̂ts

i + εit, (6)

where at is the intercept of the regression, λ̂t is my estimate of λt, and εit is a residual. In

addition, I estimate the realized risk premium by regressing objective expected returns on

subjective risk,5

Et[r
i
t+1] = areat + λreat si + εrl,it , (7)

where λ̂reat is the realized risk premium estimate.

Proposition 1 shows when λ̂t is a good proxy for the subjective risk premium, λt, and

how this subjective risk premium differs from the realized risk premium, λ̂reat (all proofs are

in appendix A.1).

Proposition 1 (The Subjective and Realized Risk Premium). The subjective risk premium

estimate, λ̂t from (6), depends on the true subjective risk premium and the relation between

5In practice, I regress realized returns on subjective risk, but the coefficients reveal the relationship
between subjective risk and objective expected returns.
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subjective risk and subjective mispricing,

λ̂t = λt −
Cov

(
sit, b̃

i
t

)
Var(sit)

, (8)

where Var and Cov is the cross-sectional variance and covariance, respectively. The realized

risk premium estimate, λ̂reat from (7), depends on the true subjective risk premium and the

relation between subjective risk and objective mispricing,

λ̂reat = λt −
Cov

(
sit, b

i
t

)
Var(sit)

= λt − γ1
t , (9)

where the last equality uses the definition of γ1
t from (5).

Equation (8) in Proposition 1 shows that λ̂t is an unbiased estimate of λt if subjective risk

and subjective mispricing are uncorrelated. If, for example, the investor on average views

riskier stocks as overvalued, Cor(b̃, sit) > 0, then the estimated risk compensation is lower

than the true compensation. Therefore, I can recover the investor’s required returns from

subjective risk and return expectations if there is no systematic (linear) relation between

subjective risk and subjective mispricing. In addition, equation (9) in Proposition 1 shows

that the difference between the required and realized compensation for risk depends on γ1
t .

Empirically, I find evidence of γ1
t > 0, implying that the realized compensation for risk is

lower than investors require.

Equity Factors

Next, I consider an equity factor that goes long/short stocks according to some underlying

stock characteristics. The return of this portfolio is rLt+1 − rSt+1 = r′t+1π
L
t − r′t+1π

S
t , where πS

and πS is the portfolio weights in the long and short portfolio, respectively. For simplicity,

I consider a dollar neutral long-short factor where
∑

i∈L π
L
i,t =

∑
i∈S π

S
i,t = 1, and I sign the

factor such that the long portfolio has a higher objective expected return. This setup is

inspired by the extensive literature on equity factors. Rational theories explaining why a

factor works assume that the factor’s realized return is equal to its required return. The

following proposition shows when this assumption fails:
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Proposition 2 (Equity Factors). The objective expected return of a dollar neutral equity

factor depends on its required return, the relation between risk and objective mispricing, and

the factors exposure to non-risk mispricing,

Et[r
L
t+1 − rSt+1] = (λt − γ1

t )(s
L
t − sSt )− (uLt − uSt ), (10)

where skt =
∑

i∈k π
i
ts
i
t is the weighted subjective risk of stocks in portfolio j, and ukt =∑

i∈k π
i
tu
i
t is the weighted non-risk mispricing.

Proposition 2 shows that the objective expected return of an equity factor is different

from its required return (λt(s
L
t − sSt )) if the required and realized risk compensation differ,

γ1
t 6= 0, or if the factor captures exposure to non-risk mispricing. Since γ1 > 0 empirically,

the proposition imply that the realized return of true risk factors is lower than their required

returns all else equal. As such, we could have missed factors that truly matter for required

returns or have downplayed the importance of certain risk factors. Similarly, a factor’s

exposure to non-risk mispricing can disguise its required return. For example, factors can

have a high realized return even if stocks in the long and short portfolio have similar risks if

the exposure to non-risk mispricing is sufficiently high.

Asset Pricing Models

Asset pricing models are typically judged by their ability to predict realized returns, or,

said differently, by how well they align with objective expected returns (e.g., Fama and

French (1993, 2015), Hou et al. (2015), and Barillas and Shanken (2018)). At the same

time, fundamental investors and corporate managers use required returns from asset pricing

models to value assets and for other corporate decisions. I want to understand whether

empirical models designed to explain realized returns should be used for required returns.

I consider two types of empirical models. The first model uses a pricing factor, f 1
t , where

a stock’s loading with respect to this factor perfectly maps to subjective risk, Covt(r
i
t+1,

f 1
t+1)/Vart(f

1
t+1) = sit, but estimates the factor premium empirically (freely) by regressing
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objective expected returns on f 1
t ,

Efree
t [rit+1] = κ0

t + κ1
t s
i
t, (11)

where κ0 and κ1 are the coefficients from regressing objective expected returns on subjective

risk. This model is inspired by empirical implementations of theoretical models that often

estimate risk premiums freely instead of using the values implied by the theory. The second

empirical model adds an additional pricing factor, f 2
t , where a stock’s loadings with respect

to this factor, cit, is correlated with non-risk mispricing, Cov(cit, u
i
t) 6= 0. That is, stocks with

a high (absolute) loading on f 2
t tend to have a high (absolute) non-risk mispricing. The

model-implied expected return is,

Emultifactor
t [rit+1] = κ0

t + κ1
t s
i
t + κ2

t c
i
t, (12)

where κ2 is the coefficient from regressing objective expected returns on a constant and

loadings from the two factors. For simplicity, I assume that the loadings on the new factor

are mean zero and uncorrelated with subjective risk. This model is meant to resemble

empirical multifactor models such as the five-factor model of Fama and French (2015) and

the q-model of Hou et al. (2015). I compare the empirical models to two benchmark models.

The first benchmark model perfectly matches required returns,

Ereq
t [rit+1] = λts

i
t, (13)

while the second model perfectly matches objective expected returns,

Eobj
t [rit+1] = Et[r

i
t+1]. (14)

To evaluate a model’s ability to explain realized returns, I define the objective pricing

error for any model m as,

α2
m = E

[(
Et[r

i
t+1]− Em

t [rit+1]
)2
]
, (15)
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where Em
t [rit+1] is the model-implied expected return. The lower the objective pricing error,

the better a model fulfills the realized return mandate. This metric is closely related to the

“GRS” test of Gibbons et al. (1989), where the null hypothesis is that α2
m is zero. Similarly,

to investigate a model’s ability to explain required returns, I define the subjective pricing

error as:

α̃2
m = E

[(
λts

i
t − Em

t [rit+1]
)2
]
. (16)

The lower the subjective pricing error, the better a model fulfills the required return mandate.

The empirical asset pricing models aim to fulfill the return mandate by minimizing the

objective pricing error from (15). As such, the models try to approximate the objective model

from (14). In contrast, a model that fulfills the required return mandate should approximate

the model from (13). The following proposition shows the extent to which empirical asset

pricing models can fulfill both mandates simultaneously:

Proposition 3 (Asset pricing models). The relative ranking of the 4 models for explaining

realized returns is

α2
req ≥ α2

free ≥ α2
multifactor ≥ α2

obj = 0,

while the relative ranking for required returns is in the opposite order

α̃2
obj ≥ α̃2

multifactor ≥ α̃2
free ≥ α̃2

req = 0,

Proposition 3 shows that, for the four models, their relative ability to explain realized

returns is exactly opposite to their relative ability to explain required returns. As such,

when empirical models get better at explaining realized returns, they get worse at explaining

required returns. Conversely, a model that tries to explain required returns has an inferior

realized pricing ability. This result implies that one model cannot simultaneously be optimal

for explaining realized and required returns. The only exception to this claim is the special

case where objective expected returns only reflect required returns, Et[r
i
t+1] = λts

i
t. In that

case, all four models coincide and have a zero pricing error according to both pricing metrics.
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Optimism Bias

Finally, I study subjective cash flow expectations when investors suffer from an “optimism

bias,” meaning they overestimate the probability of good future outcomes (Sharot, 2011).

The key result is that optimism bias has a larger effect on risky stocks because these stocks

have more uncertain cash flows, thus leaving more room for optimism. Let xit+1 be the

random cash flow of stock i at time t + 1 and let θi = Et[x
i
t+1] be the objective cash flow

expectations. I consider an investor trying to estimate θi.

The investor’s prior is normally distributed with a common mean and a stock-specific

variance that reflects cash flow uncertainty, θi ∼ N(µ, τ 2
i ). In Section A.2 in the appendix, I

show that cash flow uncertainty strongly increases subjective risk, and I, therefore, assume

that the prior variance is proportional to the square of a stock’s subjective risk, τ 2
i = τ 2s2

i,t.
6

I assume that the investor researches the stock and generates two independent “views,”

v1 and v2. Each view is normally distributed conditional on the true cash flow expectations,

vij|θi ∼ N(θi, σ2
i ), where I, again, assume that the variance is proportional to the square of

a stock’s subjective risk, σ2
i = σ2s2

i,t.

The rational approach is to average the two views to get the final view, v̄i = (vi1 + vi2)/2,

leading to the rational posterior expectation,

Ẽt[x
i
t+1|vi1, vi2] = Et[x

i
t+1|vi1, vi2] = µ+ δ(v̄i − µ), (17)

where δ = τ2

τ2+σ2/2
is a shrinking coefficient common to all stocks.7

To capture optimism bias, I assume the investor believes the most optimistic view, vimax =

max(vi1, v
i
2), which leads to a biased posterior,8

Ẽt[x
i
t+1|vi1, vi2] = µ+ δ(vimax − µ) = µ+ δ(v̄i − µ) + δ(vimax − v̄i), (18)

6Taking the square of subjective risk ensures that the variance is positive for stocks with negative risk,
say, for a short position.

7The shrinkage coefficient, δ, is the same for all stocks because I assume that the prior and view variance
are both proportional to subjective risk squared. As such, the ratio between these two variances is the same
for all stocks, τ2i /σ

2
i = τ2/σ2.

8I assume that the investor does not recognize the added variance created by the optimism bias, so the
investor thinks the view is drawn from vimax ∼ N(µ0, σ

2/2).
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where δ(vimax−v̄i) ≥ 0 captures deviation from rationality (17) caused by optimism bias. The

expectation of this bias term captures the expected mispricing of a stock, and the following

proposition analyzes the impact of optimism bias on risk mispricing.

Proposition 4 (Optimism bias leads to risk mispricing). The expected mispricing of a stock

is strictly increasing in its subjective risk under optimism bias,

E[δ(vimax − vi)] = c× sit, (19)

where c ≥ 0 is a constant common to all stocks.

Proposition 4 shows that the expected mispricing is strictly higher for riskier stocks under

optimism bias. This result follows because the maximum of two normal random variables is

increasing in their variance, and this variance is larger for riskier stocks. Intuitively, there

is more room for optimism when evaluating a risky biotech stock relative to a safe utility

stock.

2 Data

Subjective Risk and Return Expectations

The primary issue with subjective expectations is that they, by definition, represent the

views of a particular agent. To ensure that my results are not specific to a particular set of

expectations, I use three proxies for subjective risk and two proxies for subjective expected

returns from three different data providers summarized in Table 1.

The most comprehensive and novel data comes from Value Line, an independent equity

research firm founded in 1931 that currently employs 70+ equity analysts. Value Line’s

flagship product is the weekly publication of the “Value Line Investment Survey,” which

contains summary statistics for 1,700 of the largest US stocks and an in-depth analysis of

130-140 of these stocks.9 Each stock gets an in-depth review once per quarter or if something

9Appendix A.3 presents an example of a report on Apple, which shows most of the data that I have
available.
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Table 1: Subjective Risk and Return Proxies

Name Notation Provider Period #Stocks

Subjective risk

Safety rank sV L,it Value Line 1990/07 - 2021/12 1,461
Market beta βit Value Line 1990/07 - 2021/12 1,461
SVIX SVIXi

t Martin and Wagner (2019) 1996/01 - 2013/09 409

Subjective expected returns

VL ER ẼV L
t [rit,t+48] Value Line 1990/07 - 2021/12 1,439

IBES ER ẼIBES
t [rit,t+12] I/B/E/S 1999/06 - 2021/12 3,789

Note: This table shows the subjective risk and subjective expected return proxies I use throughout the paper.
The column “Name” shows proxies name, “Notation” the notation I use to refer to the proxy, “Provider”
the data provider, “Period” the period where the proxy is available, and “#Stocks” the median number of
stocks the proxies cover across months.

material happens to the underlying company. I have access to the Value Line data starting

in 1987, but the subjective risk and return expectations are available from 1990.

Value Line’s customers range from individual investors who pay an annual subscription

fee of $795 for basic services to professional investors who pay more than $100,000 annu-

ally.10 Prominent investors who have used Value Line include Warren Buffett and Charlie

Munger (CNBC, 1998) and Peter Lynch (Lynch and Rothchild, 2000). Value Line also re-

ceived considerable academic attention in the 1970s and 1980s for the quality of their stock

recommendations (the “timeliness rank”). For example, Black (1973) shows that Value Line

had statistically significant stock-picking skills and argued that this provided hope for active

managers.

The first proxy for subjective risk is the primary risk measure from Value Line called

the “safety rank.” The safety rank ranges from 1 for the safest stocks to 5 for the riskiest.

The safety rank is derived by taking an average of a stock’s rank with respect to two sub-

ratings, namely a “price stability index” and a “financial strength rating.”11 To avoid losing

10Value Line’s annual report from 2021, p. 15: “Value Line serves primarily individual and professional
investors in stocks, who pay mostly on annual subscription plans, for basic services or as much as $100,000
or more annually for comprehensive premium quality research, not obtainable elsewhere.”

11In their database manual, Value Line explains the safety rank as: “Safety is a measurement of the total
risk of a stock. Total risk is different from Beta. The latter measures only the extent to which a stock
normally responds to changes in the trend and level of the market as a whole. The Safety Rank is a more
comprehensive measure of risk including all those factors peculiar to the company’s business such as its
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information from putting stocks into discrete bins, I re-define the safety rank as the average

cross-sectional rank of price stability and financial strength. I transform this measure into a

cross-sectional percentile rank such that 0 is the safest stock in a month and 1 is the riskiest.

The average cross-sectional correlation between the safety rank and the binned version of

subjective risk is 92%. I denote this re-scaled safety rank as sV L,it .

One concern is that the safety rank captures the total risk of a stock, whereas some

investors set required returns based on the systematic risk of a stock. Fortunately, a Value

Line report also includes a measure of systematic risk in the form of a stock’s market beta,

βit . In principle, investors could care about systematic risk besides market risk (e.g., inflation

risk, consumption risk, etc.). However, the fact that Value Line does not include exposure

to other systematic factors suggests that their customers view market beta as a sufficient

measure of systematic risk.

The third and final subjective risk proxy is a risk measure from Martin and Wagner

(2019).12 The measure is based on the risk-neutral variance of a stock, as computed from

option prices. Martin and Wagner (2019) shows that this measure captures subjective risk as

perceived by an unconstrained log utility investor. The data is available for S&P500 stocks

from 1996 to 2013, and I denote the measure as SVIXi
t. Consistent with the construction of

sV L,it , I transform βit and SVIXi
t into cross-sectional percentile ranks.

The first proxy of subjective expected returns is from Value Line. The main input is a

high and low price target issued over a three-to-five-year horizon, which I assume is realized

after four years. I take the simple average of the high and low targets to arrive at the

expected price. I combine this price target with dividend expectations from Value Line

and the current price from CRSP to compute a stock’s expected total return.13 The full

procedure is described in Section A.4. To obtain the four-year expected excess return, I

need to subtract the four-year risk-free rate. As a proxy, I compound the annualized market-

implied yield on a constant five-year maturity US treasury bond provided by the St. Louis

financial condition, management competence, etc. The Safety Rank is derived by averaging two variables:
1) the stock’s index of Price Stability, and 2) the Financial Strength rating of the company” (ValueLine,
2021).

12I thank Ian Martin and Christian Wagner for making their data available. I use the measure denoted
by SVIX2

i,t in Martin and Wagner (2019).
13I require that the price from CRSP is within 5% of the price reported from Value Line. This procedure

eliminates 1.1% of the relevant observations.
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FED at fred.stlouisfed.org/series/DGS5. I denote the expected return from Value Line

by ẼV L
t [rit,t+48].

The second proxy of subjective expected return is from sell-side analysts, which I access

through I/B/E/S. Specifically, I use the median one-year price target from the I/B/E/S

consensus file, which I supplement with one-year dividend expectations from I/B/E/S and

the current price from CRSP. I describe the full procedure in appendix A.4. I subtract the

one-year market-implied yield on a constant one-year maturity US treasury bond available at

fred.stlouisfed.org/series/DGS1. The return expectations from I/B/E/S are available

for a large cross-section of stocks from 1999 to 2021, and I denote the resulting measure by

ẼIBES
t [rit,t+12].

Subjective Cash Flow Expectations

I acquire subjective cash flow expectations from Value Line and I/B/E/S, primarily reflecting

earnings per share (EPS) forecasts. From I/B/E/S, I extract the long-term growth in EPS

forecasts EPS (fpi of 0), annual EPS forecasts over the next two fiscal years (fpi of 1 and

2), and quarterly EPS forecasts over the next four fiscal quarters. I always use the median

forecast from the unadjusted consensus file.

From Value Line, I obtain annual EPS forecasts over the next two fiscal years and an

EPS forecast over a three-to-five year horizon, which I assume reflects a forecast horizon of

four years. In addition, I estimate Value Line’s EPS forecast in fiscal year three by linear

interpolation between the two and four-year forecasts and the EPS forecast in fiscal year five

by linear extrapolation from the same two points.14

For each firm-fiscal year pair, I only retain the first EPS forecast issued at least 45 days

and no more than 180 days after the announcement of the previous fiscal year. This gap

ensures that the forecast has had time to reflect the previous fiscal year’s information. I get

earnings announcement dates from I/B/E/S.

Finally, I compute forecast errors using the EPS realization from the I/B/E/S unadjusted

“actuals” file, and I winsorize all forecast errors at the top/bottom 1% to limit the influence

14Specifically, I estimate Value Line’s three- and five-year EPS forecast as Ẽ[epsit+h] = Ẽ[epsit+2] +

(Ẽ[epsit+4]− Ẽ[epsit+4])(h− 2) where Ẽt[eps
i
t+h] is Value Line’s EPS forecast for fiscal year t+ h.
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of outliers.

Stock Returns and Characterisitcs

I obtain price and return data from CRSP and accounting data from Compustat. I restrict

the sample to ordinary common stocks (shrcd of 10, 11, and 12 in CRSP) listed on NYSE,

AMEX or Nasdaq (exchcd 1, 2, and 3 in CRSP). To create stock characteristics, I use the

code from Jensen et al. (2022) available at github.com/bkelly-lab/ReplicationCrisis.

Asset Pricing Models

For asset pricing models with tradable pricing factors, I download these factors from the

respective authors’ websites: I obtain data for the CAPM, the three-factor model from

Fama and French (1993), the five-factor model from Fama and French (2015), and the

four-factor model from Carhart (1997) from Kenneth French’s data library at mba.tuck.

dartmouth.edu/pages/faculty/ken.french/data_library.html. The Hou et al. (2015)

factors are from global-q.org, the Daniel et al. (2020) factors are from sites.google.com/

view/linsunhome, and the Stambaugh and Yuan (2017) factors are from finance.wharton.

upenn.edu/~stambaug/. The Stambaugh and Yuan (2017) factors are only available until

2016, so I extend these data series by creating the SMB, PERF, and MGMT factors manually

using the mispricing perf and mispricing mgmt characteristics from Jensen et al. (2022),

and proxy for MKT using the Fama-French market factor. For the consumption CAPM, I

measure consumption per capita using PCE (consumption) divided by POP (US population)

extracted from the data library of the St. Louis FED, fred.stlouisfed.org/.

Combining Data Sets

The identifier in the Value Line data is a stock’s eight-digit CUSIP and exchange ticker. I

merge this data with CRSP using the crsp.stocknames table on WRDS. I match securities

on historical CUSIPs; if this match fails, I use header CUSIPs and historical tickers. In

addition, I require that the stock price from Value Line is within 5% of the most recent

stock price in CRSP. In total, I match 95% of the Value Line observations to CRSP. Next, I
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use the wrdsapps.ibcrsphist table from WRDS to link CRSP and I/B/E/S data and the

crsp.ccmxpf lnkhist table from WRDS to link CRSP and Compustat.

3 The Subjective and Realized Risk Premium

In this section, I first study the relation between subjective risk and subjective expected

returns to infer the subjective risk premium that, together with subjective risk, determines

required returns. Next, I study the relation between subjective risk and realized returns to

infer the realized risk premium. Finally, I study the relation between subjective risk and

subjective cash flow errors to understand the impact of mispricing on the difference between

the subjective and realized risk premium. This section is closely related to Proposition 1.

3.1 The Subjective Risk Premium is High

The subjective risk premium is the compensation investors require for taking an additional

unit of risk, as seen in (3). To recover the subjective risk premium, I regress subjective

expected returns on subjective risk,15

Ẽt[r
i
t,t+h] = a+ λ̂sit + εit, (20)

where Ẽt[r
i
t,t+h] is one of the two subjective expected return proxies, sit is one of the three

subjective risk proxies, a is an intercept, εit is a residual, and λ̂ the subjective risk premium

estimate. Proposition 1 shows that this estimate in unbiased if subjective risk and subjective

mispricing is uncorrelated.

Table 2 presents the estimates for each of the six combinations of a subjective risk and

subjective expected return proxy. The impact of subjective risk on subjective expected return

is strongly positive and highly significant across all proxies. For example, with ẼV L
t [rit,t+48]

and sV L,it as proxies (column 1), moving from the safest stock (ssafe
t = 0) to the riskiest

15This specification differs Including a constant in the regression is different from the specification in
(3), but accounts for the fact that the subjective risk proxies are on an arbitrary scale. In particular, the
subjective risk proxies ranges between 0 and 1, but a rating of 0 does not literally imply that the stock is
risk-free.
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(srisky
t = 1), increases the four-year subjective expected return from 28% to 103%. Said

differently, the required annual return of the safest stock is approximately 6% versus 19%

for the riskiest stock.

Interestingly, sV L,it has the strongest association with subjective expected returns among

the three subjective risk proxies. This finding reduces the concern that sV L,it captures total

risk rather than systematic risk and is therefore unimportant for investors. On the contrary,

sV L,it is highly correlated with investors’ subjective return expectations consistent with the

view that it matters for required returns.

In the remainder of the paper, I use a stock’s subjective risk and the coefficients from

Table 2 to estimate a stock’s required returns. Said differently, a stock’s required return is

the constant, a, plus the subjective risk premium, λ̂, times the stock’s subjective risk, sit. For

each stock, I obtain six different required return estimates depending on the combination of

the subjective risk and subjective expected return proxies as seen from the six columns in

Table 2.

Subjective Expected Returns Mostly Reflect Subjective Mispricing

Subjective expected returns can reflect required returns and subjective mispricing as seen

in (4). Further, if subjective risk and subjective mispricing are uncorrelated, the predicted

part of (20) captures the impact of required returns while the residuals capture subjective

mispricing.

As a result, the R2 from Table 2 shows the fraction of subjective expected return variance

explained by required returns. Using the specification in (20), the variance explained by

required returns is between 3% and 8%, which implies that subjective mispricing explains

the remaining 92% to 97%. This finding suggests that views on mispricing are the key

driver of variation in subjective expected returns. It also highlights the danger of treating

subjective return expectations as required returns.

The specification in (20) assumes the mapping from subjective risk to required returns

are fixed over time. However, it seems reasonable to assume that the subjective risk premium

is time-varying. Therefore, the row labeled “Adj. R2 (time-varying)” shows the adjusted R2
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Table 2: The Subjective Risk Premium is High

ẼV L
t [rit,t+48] ẼIBES

t [rit,t+12]

(1) (2) (3) (4) (5) (6)

Constant 0.28 0.38 0.34 0.07 0.10 0.08
(23.24) (26.96) (16.91) (13.27) (17.34) (13.46)

sV L,it 0.75 0.26
(25.82) (14.90)

βit 0.53 0.19
(17.75) (12.28)

SVIXi
t 0.53 0.19

(9.74) (9.12)

Observations 504,101 504,095 81,397 375,267 375,267 70,370
Adj. R2 0.08 0.04 0.06 0.05 0.03 0.05
Adj. R2 (time-varying) 0.24 0.21 0.33 0.27 0.23 0.38

Note: The table estimates the subjective risk premium, λ, by regressing subjective expected return on sub-
jective risk. The subjective expected return proxies are a four-year forecast from Value Line (ẼV L

t [rit,t+48]),

and a one-year forecast from I/B/E/S (ẼIBES
t [rit,t+12]). The subjective risk proxies are the safety rank from

Value Line (sV L,i
t ), the market beta estimate from Value Line, and the SVIXi

t measure from Martin and
Wagner (2019). The subjective risk proxies are scaled to lie between 0 and 1 each month, so the coefficients
show the change in the dependent variable by moving from the safest (0) to the riskiest (1) firm. The number
in parenthesis refers to the t-statistic of the coefficient based on standard errors clustered by firm and quarter.
The “Observations” row shows the number of monthly stock observations used to estimate the coefficients
and the “Adj. R2” row shows the adjusted R2 of the regression. The “Adj. R2 (time-varying)” row shows the
adjusted R2 with the parameters estimated separately in each month, that is, with time-varying parameters.

from the regression,

Ẽt[r
i
t,t+h] = at + λ̂ts

i
t + εit, , (21)

where the coefficients are allowed to vary over time.

The R2 from the regression in (21) is much higher than with fixed parameters ranging

from 21% to 38%. Subjective mispricing is still the most important driver of subjective

expected returns, but the importance of required return rises when accounting for the time

variation in the subjective risk premium.

In the remainder of the paper, I estimate required returns using the specification in

(20), that is, with fixed parameters over time. Proposition 1 shows that subjective risk and

subjective mispricing must be uncorrelated to recover an unbiased estimate of the subjective
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risk premium. The choice of using fixed parameters reflects my judgment that this zero

correlation condition is unlikely to hold exactly in each period. For example, Value Line

could believe that risky stocks are overvalued in some periods and undervalued in others,

which would cause the estimated subjective risk premium to be artificially high and low,

respectively.

The Subjective Risk Premium is Countercyclical

Even if the zero correlation assumption is unlikely to hold exactly each month, the monthly

parameter estimates can still be informative about the time-variation in required returns.

Therefore, I use the time-varying coefficients from (21) based on the safety rank and expected

return from Value Line, to compute the implied required return on the market portfolio.

The top-left panel in Figure 2 shows that the required market return is highly counter-

cyclical, being high in bad times such as during the dotcom bubble in 2002-2003, the financial

crisis in 2008, and the COVID crisis in 2020 and low in good times such as 2013-2019. The

variation in the required return is large economically, from less than 5% to more than 25%.

These results suggest that the subjective risk premium is countercyclical.

Figure 2 also presents three alternatives. The top-right corner shows the risk aversion

index from Bekaert et al. (2022).16 This series represents an estimate of the relative risk

aversion for an investor with habit preferences, and I take it as a proxy for “rational risk

aversion.” The required market return from Value Line and the risk aversion index has a

correlation of 0.69, suggesting that the subjective risk premium closely follows rational risk

aversion proxies.

Next, Greenwood and Shleifer (2014) shows that the expected market return of many

agents are pro-cyclical, so I also compare the required market return to the return expecta-

tions of different market participants. To proxy for the return expectations of professional

investors, I use the Livingston survey of professional forecasters.17 To proxy for the return

16I extract the risk aversion directly from nancyxu.net/risk-aversion-index. I thank the authors for
making the data available.

17This data is maintained by the Philadelphia FED and is available at philadelphiafed.org/

surveys-and-data/real-time-data-research/livingston-survey. I use the ratio of the mean 12-month
S&P500 forecast to the zero-month level minus one plus the 1-year risk-free rate. Dahlquist and Ibert (2021)
show that the Livingston forecasts are countercyclical while Nagel and Xu (2022b) argue that the counter-
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expectations of retail investors, I use data from Nagel and Xu (2022a) based on various

surveys of individuals.18

The lower-left panel of Figure 2 shows that the return expectations of professional in-

vestors are very similar to the required market returns from Value Line, with a correlation of

0.70. In contrast, the return expectations of individual investors are very different from the

required market return, with a correlation of -0.11. This finding suggests that the required

return based on Value Line data is more representative of professional investors and less of

retail investors.

Expected Market Return − Professional Investors Expected Market Return − Retail Investors

Required Market Return − Value Line Risk Aversion Index − BEX (2021)
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Figure 2: The Subjective Risk Premium is Countercyclical

Note: The top-left panel shows the annualized required market return where required returns is estimated
from (21) using the safety rank and subjective expected return from Value Line. The top-right panel shows
an index of the relative risk aversion from Bekaert et al. (2022), the lower-left panel shows the one-year
expected market return from the Livingston survey of professional forecasters, and the lower-right panel
shows the one-year expected market return of retail investors from Nagel and Xu (2022a).

cyclicality is smaller than implied by predictive regressions.
18The return expectations of individual investors is available at voices.uchicago.edu/stefannagel/

code-and-data/. I thank the authors for making the data available.
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3.2 The Realized Risk Premium is Low

Next, I investigate the relation between subjective risk and realized returns to uncover the

“realized risk premium.” Specifically, I regress realized returns on subjective risk,

rit+h = area + λ̂reasit + εrl,it , (22)

where sit is one of the three subjective risk proxies, rit+h is the realized return computed

over h ∈ {12, 48} months, areal is the intercept, εit is a residual, and λreal is the realized risk

premium estimate.

I compute multi-period returns by compounding monthly returns (with the risk-free

rate added) and subtracting the risk-free rate over the same horizon. If a stock delists, I

incorporate its delisting return and assume that the stock earns the median returns across

all stocks in CRSP in the remaining horizon. This procedure avoids any look-ahead bias.

Table 2 shows that the realized risk premium is positive in four of six specifications

but only significant in two. The realized risk premium is, however, much lower than the

subjective risk premium. Focusing on column 1, moving from the safest stock (sVL, safe
t = 0)

to the riskiest (sVL, risky
t = 1), increases the four-year realized return from 38% to 48% (8%

to 10% annualized) relative to an expected move from 28% to 103%.

Interestingly, sV L,it again outperforms the two other proxies in terms of the ability to

predict realized returns. It is a significant predictor at both a one- and four-year horizon,

and the economic magnitude of the coefficient is relatively high at a one-year horizon. In

comparison, βit has a weak relation to realized returns at a one-year horizon and is actually

a negative predictor of future four-year returns. SVIXi
t falls somewhere in between, being

a strong forecaster of one-year returns as shown in Martin and Wagner (2019) but a weak

forecaster of four-year returns.

The Realized and Subjective Risk Premium are Significantly Different

The difference between the realized and subjective risk premium is economically large, but

is it statistically significant? In other words, could the difference between λ̂ and λrea simply

reflect sampling variability? I test this possibility by regressing the difference between the
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Table 3: The Realized Risk Premium is Low

rit,t+48 rit,t+12

(1) (2) (3) (4) (5) (6)

Constant 0.38 0.46 0.34 0.09 0.12 0.07
(16.19) (17.39) (8.67) (10.62) (12.90) (5.76)

sV L,it 0.10 0.07
(2.28) (2.55)

βit −0.07 0.01
(−1.88) (0.50)

SVIXi
t −0.02 0.04

(−0.34) (1.45)

Observations 434,927 434,921 81,393 357,921 357,921 68,379
Adjusted R2 0.001 0.000 0.000 0.001 0.000 0.001

Note: The table shows estimates of the realized risk premium, λrea, by regressing realized return on subjective
risk. The realized return is either over a four-year period (rit,t+48) or a one-year period (rit,t+12). The three

subjective risk proxies are the safety rank from Value Line (sV L,i
t ), the market beta estimate from Value Line

(βi
t), and the SVIXi

t measure from Martin and Wagner (2019). The subjective risk proxies are scaled to lie
between 0 and 1 each month, so the coefficients show the change in the dependent variable by moving from
the safest (0) to the riskiest (1) firm. The number in parenthesis refers to the t-statistic of the coefficient
based on standard errors clustered by firm and quarter. I create realized returns by compounding monthly
returns that incorporate delisting returns. If a stock is delisted, I assume that the return for the remaining
period is equal to the median across stocks in CRSP.

subjective expected return and the subsequent realized return on subjective risk,

Ẽt[r
i
t,t+h]− rit,t+h = α0 + α1s

i
t + εit, (23)

where Ẽt[r
i
t,t+h] is a subjective expected return proxy, rit,t+h is the subsequent realized return,

sit is a subjective risk proxy, εit is a residual, α0 is the intercept, and α1 is the parameter

of interest. Table 4 shows that α1 is highly significant across all six specifications with

t-statistics ranging from 3 to 13. Therefore, I conclude that sampling variability cannot

explain the difference between the subjective and realized risk premium.

4 Subjective Risk and Cash Flow Optimism

In Section 3, I argued that the subjective risk premium is high while the realized risk premium

is low. Proposition 1 shows that this pattern is consistent with “risk mispricing,” whereby
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Table 4: The Realized and Subjective Risk Premium are Significantly Different

ẼV L
t [rit,t+48]− rit,t+48 ẼIBES

t [rit,t+12]− rit,t+12

(1) (2) (3) (4) (5) (6)

Constant −0.09 −0.07 0.01 −0.02 −0.02 0.01
(−3.63) (−2.41) (0.16) (−2.41) (−2.14) (0.92)

sV L,it 0.64 0.20
(13.60) (6.50)

βit 0.57 0.18
(11.71) (6.36)

SVIXi
t 0.56 0.14

(7.26) (3.59)

Observations 434,927 434,921 81,393 357,921 357,921 68,379
Adjusted R2 0.02 0.01 0.02 0.01 0.01 0.01

Note: The table estimates the difference between the subjective and realized risk premium, λ − λrea,
by regressing the difference between subjective expected return and realized returns on subjective risk.
ẼV L
t [rit,t+48] is the subjective expected return over a 4-year period from Value Line and rit,t+48 is the sub-

sequent realization, ẼIBES
t [rit,t+12] is the subjective expected return over a 1-year period from I/B/E/S and

rit,t+12 is the subsequent realization. The three subjective risk proxies are the safety rank from Value Line

(sV L,i
t ), the market beta estimate from Value Line (βi

t), and the SVIXi
t measure from Martin and Wagner

(2019). The subjective risk proxies are scaled to lie between 0 and 1 each month, so the coefficients show
the change in the dependent variable by moving from the safest (0) to the riskiest (1) firm. The number in
parenthesis shows the t-statistic of the coefficient based on standard errors clustered by firm and quarter.
I create realized returns by compounding monthly returns that incorporate delisting returns. If a stock is
delisted, I assume that the return for the remaining period is equal to the median across stocks.

riskier stocks are more prone to overvaluation. In this section, I show that subjective cash

flow expectations are excessively high for risky stocks. Further, several patterns in subjective

cash flow expectations are consistent with investors suffering from optimism bias. These

results suggest that realized returns of risky stocks are low because irrational cash flow

optimism offsets their high required returns.

4.1 Subjective Risk Predicts Cash Flow Forecast Errors

To understand the link between subjective risk and objective mispricing, I regress earnings

per share (EPS) forecast errors on subjective risk at the forecast date,

Ẽt[epsit+12]− epsit+12

pit
= γ0 + γ1s

i
t + εit, (24)
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where Ẽt[epsit+12] is an EPS forecast over the next fiscal year from either Value Line or

I/B/E/S, pit is the stock’s price at the beginning of the forecast month, and stt is one of

the subjective risk proxies. The key parameter of interest is γ1, which shows the relation

between subjective risk at time t and the realized forecast errors at time t + 12. It has a

similar interpretation as γ1 from the theoretical section, which controlled the relation between

subjective risk and objective mispricing. Further, since I scale the subjective risk proxies to

lie between 0 and 1, the intercept, γ0, shows the average forecast error for the safest stocks

(sit = 0) and γ1 shows the average forecast errors for the riskiest (sit = 1).

Table 5 shows that the risk coefficient, γ1, is positive, large, and highly statistically

significant across all six specifications. Focusing on column 1, the average one-year EPS

forecast is 0.20% too low for the safest stocks and 1.79% too high for the riskiest. Hence,

based on this metric, safe stocks are slightly undervalued, while risky stocks are overvalued.

Even with relatively few observations, the risk coefficient is almost nine standard errors

greater than zero.

Across the subjective risk proxies, sV L,it is, again, the strongest predictor of objective mis-

pricing. Among individual stocks, sV L,it has the strongest relation with subjective expected

returns, realized returns, and objective mispricing. These findings suggest that sV L,it could

be interesting to analyze separately from its effect on required returns.

Table A.4 in the appendix shows that the same results hold for the four-year EPS and

four-year price-to-earnings (PE) forecasts. As such, the result that subjective risk predicts

cash flow forecast errors holds across different subjective risk proxies (sV L,it vs. βit vs. SVIXi
t),

different forecasters (Value Line vs. sell-side analysts from I/B/E/S), different horizons (one

vs. four years), and different forecast variables (EPS vs. PE).

The results in this section support the claim that the realized risk premium is lower

than the subjective risk premium. In particular, the results in Section 3 relied on the

difference between subjective expected returns and the subsequent realization, while this

section relies on the difference between subjective cash flow forecast and the subsequent

realization. Regardless of the forecast variable, investors seem to overpay for risky stocks

based on flawed expectations of their future performance.
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Table 5: Subjective Risk Predicts Cash Flow Forecast Errors

Y: 100× (Ẽj
t [epsit+1]− epsit+1)/pit

j: Value Line j: I/B/E/S

(1) (2) (3) (4) (5) (6)

Constant −0.20 0.14 −0.26 −0.37 0.24 −0.40
(−2.69) (1.27) (−2.01) (−5.13) (2.09) (−2.65)

sV L,it 1.79 2.62
(8.09) (8.95)

βit 1.05 1.31
(4.64) (5.29)

SVIXi
t 1.08 1.61

(2.91) (3.49)

Observations 34,705 34,705 6,329 38,541 38,541 7,282
Adjusted R2 0.01 0.00 0.01 0.02 0.00 0.01

Note: The table shows estimates from the regression in (24) of forecast error on subjective risk. I define
the forecast error as the forecast of earnings per share (EPS) in the next fiscal year minus the subsequent
realization scaled by the price issued at the beginning of the forecast month. The EPS forecasts are from
Value Line in columns 1-3 and I/B/E/S in columns 4-6. For each firm-fiscal year, I only retain the first
forecast issued at least 45 days and at most 180 days after the most recent fiscal year’s EPS announcement.
The dependent variables are winsorized at the top/bottom 1%. The subjective risk proxies are scaled to lie
between 0 and 1 each month, so the intercept shows the forecast error on the safest stocks (risk=0), and the
slope coefficient shows the forecast error from the riskiest stock (risk=1). The number in the parenthesis
refers to the t-statistic based on standard errors clustered by firm and quarter of the fiscal year-end.

4.2 Optimism Bias Can Explain Risk Mispricing

What is the economic driver behind risk mispricing? I consider two potential mechanisms:

Optimism bias and diagnostic expectations. Optimism bias correctly predicts that average

forecast errors are positive, that forecast errors increase in risk, and that forecast errors

increase in the forecast horizon. In contrast, an explanation based on diagnostic expectations

requires that risky stocks have high past cash flow growth inconsistent with the data.

4.3 Plausible Explanation: Optimism Bias

Optimism bias refers to the general tendency for people to be excessively optimistic about

future outcomes. For example, Sharot (2011) reports that a typical estimate is that around

80% of the population are excessively optimistic while the remaining 20% are pessimistic.
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Optimism bias is not specific to humans; it has been documented in non-human animals

such as birds (Matheson et al., 2008). According to Kahneman (2011, p. 255), optimism

bias could be the most significant cognitive bias.19

Proposition 4 shows that optimism bias induces an upwards bias in expectations and

that this upwards bias is larger when cash flow uncertainty is higher. Therefore, I test three

predictions that follow if forecasters suffer from optimism bias:

1. The average forecast error is positive,

2. the forecast error increases in subjective risk, and

3. the forecast error increases in the forecast horizon.

Prediction 1 follows because optimism bias induces an upwards bias for all stocks, prediction 2

follows because riskier stocks have more uncertain cash flows (see Section A.2), and prediction

3 follows because cash flow uncertainty is increasing in the forecast horizon.

I test these three predictions jointly by slightly modifying the regression in (24). Specifi-

cally, to test prediction 1, I regress forecast errors on the demeaned subjective risk such that

the intercept captures the average forecast error. In addition, to test prediction 3, I look at

multiple forecast horizons. The full specification is,

Ẽt[epsit+h]− epsit+h
pit

= αh0 + αh1(sit − s̄t) + εit+h, (25)

where h denotes the forecast horizon, s̄ is the average subjective risk, and the remaining

symbols have the same meaning as in (24).

Figure 3 offers support for all three predictions. The left panels show that the intercept,

αh0 , is around zero for EPS forecasts over the next quarter but positive and significant for

longer horizons, providing support for prediction 1. For I/B/E/S, the positive forecast errors

could reflect incentives-related biases where forecasts are high to please investment banking

19Kahneman (2011, p. 255) writes: “The planning fallacy is only one manifestation of a pervasive optimistic
bias. Most of us view the world as more benign than it really is, our own attributes as more favorable
than they truly are, and the goals we adopt as more achievable than they are likely to be. We also tend
to exaggerate our ability to forecast the future, which fosters optimistic overconfidence. In terms of its
consequences for decisions making, the optimistic bias may well be the most significant of the cognitive
biases.”
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clients or to generate trading commissions (see, e.g., Kothari (2001)). However, Value Line

does not earn money from investment baking or trading commissions, so the results for Value

Line provide cleaner evidence of a genuine optimism bias.

The right panels show that the risk coefficient, αh1 , is positive for all horizons providing

support for prediction 2. The effect is highly significant for all horizons except one quarter

ahead, and the effect holds for all three subjective risk proxies.

Figure 3 also provides support for prediction 3. The intercept and the risk coefficient are

both increasing in the forecast horizons, suggesting that any bias in forecasts increases with

the forecast horizons. Overall, I conclude that the errors in subjective cash flow expectations

are consistent with forecasters suffering from optimism bias.

4.4 Alternative Explanation: Diagnostic Expectations

Figure 4 shows that riskier stocks tend to have higher expected growth in long-term earnings

(LTG). I sort stocks into ten portfolios based on subjective risk, compute the average LTG

forecast for each portfolio, and average this number over time. The left panel shows that

I/B/E/S expects the safest decile of stocks to have an LTG below 10%, while the LTG of

the riskiest stocks is around 18%. The right panel shows that this difference is even greater

when using LTG forecasts from Value Line.

La Porta (1996) finds that stocks with high LTG underperform stocks with low LTG

because cash flow forecasts are overly optimistic for high LTG stocks. Bordalo et al. (2019)

explains that this forecast optimism is consistent with investors suffering from diagnostic

expectations where they overweight the probability of events that have become objectively

more likely. Specifically, Bordalo et al. (2019) find that high LTG stocks have had high

earnings growth in the past, which investors with diagnostic expectations over-extrapolate

into the future.

Diagnostic expectations can explain risk mispricing if risky stocks have high past EPS

growth. Therefore, I consider the evolution of the earning of risky stocks before and after

they are classified as “risky,” following the approach in Figure 2 from Bordalo et al. (2019).

Specifically, I sort the 10% riskiest and the 10% safest stocks into separate portfolios each

month. Within each portfolio-month, I compute the average split-adjusted earnings per
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Figure 3: Support for Three Predictions of Optimism Bias

Note: The figure shows the αh
0 (left sub-panel) and αh

1 (right sub-panel) coefficients from the regression,

Ẽt[epsit+h]− epsit+h

pit
= αh

0 + αh
1 (sit − s̄t) + εit+h,

where Ẽt[epsit+h] − epsit+h is an earnings per share (EPS) forecast over h months, epsit+h is the subsequent
realization, pit is the stock’s price at the beginning of the forecast month, and (sit − s̄t) is the demeaned
subjective risk of a stock on the forecast date. The EPS forecast is from I/B/E/S in panel A and Value
Line in panel B. Subjective risk is either the safety rank from Value Line, sV L, the market beta forecast
from Value Line, β, or the SVIX measure from Martin and Wagner (2019). Q1-Q4 means that the forecast
horizon is one to four quarters ahead, while A1-A5 means that the forecast is one to five years ahead. The
dotted lines show the 95% confidence intervals based on standard errors clustered by stock and the quarter
where the fiscal period ends.

share (EPS) in the fiscal year ending in t−3, t−2, . . . , t+ 3, where t is the most recent fiscal

year (I winsorize split-adjusted EPS at 1% and 99%), and average these numbers over time.

Figure 5 shows that the EPS of risky stocks generally declines in the years prior to their

risk classification but increases in the years after. For stocks classified as risky according

to the safety rank from Value Line, the average EPS at the time of portfolio formation is

negative, while it is slightly positive three years after. Conversely, safe firms’ EPS increases

before and after being classified as “safe.”
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Figure 4: Subjective Risk and Long-Term Growth Expectation

Note: The figure shows the expected long-term growth (LTG) in earnings per share (EPS) for portfolios
sorted on subjective risk. Each month, I sort stocks into ten portfolio based on their subjective risk, compute
the average LTG within each portfolio, and average these numbers over time. In the left panel, LTG is the
median consensus long-term growth forecast from sell-side analysts available from I/B/E/S, defined as the
expected annual increase in EPS over the company’s next full business cycle. In the right panel, LTG is a
forecast of the annualized growth in EPS over the next three-to-five years from Value Line.

The evidence in Figure 5 is inconsistent with diagnostic expectations. With diagnostic

expectations, investors would extrapolate the negative EPS trend prior to portfolio forma-

tions and thus have overly pessimistic cash flow expectations of risky stocks. In contrast,

what I find empirically is overly optimistic cash flow expectations for risky stocks. I, there-

fore, conclude that diagnostic expectations are unlikely to explain the overvaluation of risky

stocks.

5 The Required Return of Equity Factors

I use the subjective risk premium estimates from Table 2 to compute the required return

of 119 equity factors from Jensen et al. (2022).20 I then test the “risk hypothesis” that a

factor’s average realized return is equal to its required return. I reject this hypothesis for 71%

to 79% of the factors (depending on the subjective risk and return proxies used to estimate

20Jensen et al. (2022) studies 153 factors in total, but only 119 have a paper claiming that the factor is a
significant predictor of returns.
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Figure 5: Subjective Risk and Realized EPS

Note: The figure shows the average split-adjusted earnings per share (EPS) of risky and safe stocks. Each
month, I sort the 10% riskiest stocks and the 10% safest stocks into separate portfolios, where subjective
risk is either the safety rank from Value Line, sV L,i

t , the market beta estimate from Value Line, βi
t , or the

risk measure from Martin and Wagner (2019), SVIXi
t. Within each portfolio, I compute the average split-

adjusted earnings per share (EPS) in the fiscal year ending in t−3, t−2, . . . , t+3, where t is the most recent
fiscal year, and I winsorize split-adjusted EPS at 1% and 99%. The points in the figure show these numbers
averaged over time.

required returns), suggesting that most factors represent behavioral mispricing rather than

rational risk compensation.

Testing the risk hypothesis is crucial for informing theories about why a particular factor

works. A rational factor theory assumes that the risk hypothesis being true (see, e.g., Berk

et al., 1999; Carlson et al., 2004; Zhang, 2005; Lettau and Wachter, 2007; and Kogan and

Papanikolaou, 2013, 2014), while a behavioral factor theory rely on the risk hypothesis

being false (see, e.g., Shefrin and Statman, 1985; De Long et al., 1990a,b; Daniel et al., 1998;

Barberis et al., 1998; Hong and Stein, 1999; Barberis and Huang, 2008; Hong and Sraer,

2016; and Bordalo et al., 2019).21

21An interesting hybrid is Barberis et al. (2021) who tests whether prospect theory can explain factors if
the risk hypothesis is true.
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5.1 The Risk Hypothesis is False for Most Factors

To test the risk hypothesis, I need to compute each factor’s realized return and its required

return. I follow the procedure in Jensen et al. (2022) to create a factor’s realized return. I

extract all common stocks from CRSP with a non-missing market equity and factor char-

acteristic. Each month, I sort stocks into three portfolios based on the underlying factor

characteristic with breakpoints based on non-microcap stocks.22 Within each portfolio, I

weigh stocks using capped value-weights, meaning that a stock’s weight is proportional to

its market equity capped at the 80th percentile among NYSE stocks. This weighting scheme

avoids an over-reliance on mega-cap stocks while still giving tiny weights to tiny stocks. The

realized factor return is the return of the long portfolio minus that of the short portfolio.

Table A.1 contains the names of the 119 factor characteristics and whether the corresponding

factor goes long high or low values of the characteristic.

I compute a factor’s required return following a similar approach,, but I am constrained

to stocks with a non-missing subjective risk. Since these stocks tend to be large, I use

breakpoints from all stocks such that the long and short portfolio contains the same number

of stocks.

I start by computing the required return on the three portfolios j ∈ {long,middle, short}.

To do so, I compute the weighted subjective risk of stocks in the portfolio each month, and

then take an average over time to get the unconditional portfolio risk,

s̄jt =
1

T

T∑
t=1

∑
i∈{jt}

πi,jt s
i
t, (26)

where T is the total number of months, {jt} is the stocks in portfolio j in month t, πi,jt is

the portfolio weight of stock i, and sit is the stock’s subjective risk.

I then use the subjective risk premium estimates from Table 2 to convert the subjective

portfolio risk into a required return. The required returns based on these estimates are over

a h = 12 or h = 48 month horizon (depending on the subjective expected return proxy), so

22Microcap stocks have market equity below the 20th percentile of NYSE stocks (Fama and French, 2008).
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I convert them to a monthly horizon,23

r̄req,jt+1 =
(
r̄ft,t+h + a+ λ̂× s̄jt

)1/h

− 1− r̄ft,t+1, (27)

where r̄req,jt+1 is the monthly required return on the portfolio, a and λ̂ are the parameters from

Table 2, h is the horizon of the subjective expected return proxy, and r̄ft,t+h is the average

risk-free rate over h months during the sample period used to estimate the parameters.

The required return on the factor is the required return on the long portfolio minus the

required return on the short portfolio:

f̄ req
t+1 = r̄req,longt+1 − r̄req,shortt+1 . (28)

I test the risk hypothesis using following test statistic,

τ = f̄t+1 − f̄ req
t+1 , (29)

where f̄t+1 is the average realized return on the factor. The null hypothesis (i.e., the risk

hypothesis) is that the factor’s average realized return is equal to its required return,

Hrisk
0 : f̄t+1 = f̄ req

t+1 . (30)

What remains is to derive the distribution of the test statistic under the null hypothesis.

Theoretical Null Distribution

I have to navigate a range of issues in testing the null hypothesis. First, the required

return data covers a shorter period than the realized return data. I could limit the sample

to the overlapping period, but doing so would make the expected returns estimate less

precise. Instead, I incorporate information from the non-overlapping and overlapping period

23The required returns from Table 2 are excess returns, so to convert it into a monthly horizon, I first
add the risk-free rate over the original horizon and then subtract the one-month risk-free rate: rreqt,t+1 =

(1 + rft,t+h + rreqt,t+h)1/h − 1 − rft,t+1, where rreqt,t+h is the required return over h months and rft,t+h is the
risk-free rate over h months.
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by considering the weighted factor return, f̄t+1 = w1f̄
1
t+1 +(1−w1)f̄ 2

t+1, where w1 = T1/(T1 +

T2) is the number of months in the non-overlapping period divided by the total number of

observations and f̄ 1
t+1 and f̄ 2

t+1 is the average factor return in each of the two periods.

I assume that the sampling noise of f̄ 1
t+1 is uncorrelated with that of f̄ 1

t+1 and f̄ req
t+1 . In

contrast, I allow for correlation between f̄ 2
t+1 and f̄ req

t+1 . Finally, I assume that f̄ 1
t+1, f̄ 2

t+1, and

f̄ req
t+1 are multivariate normally distributed, x ∼ N(µ,Σ), where

x =


f̄ 1
t+1

f̄ 2
t+1

f̄ req
t+1

 , µ =


µ1

µ2

µ3

 , Σ =


σ2

1 0 0

0 σ2
2 Cov(f̄ 2

t+1, f̄
req
t+1 )

0 Cov(f̄ 2
t+1, f̄

req
t+1 ) σ2

3

 . (31)

Letting w = [w1, 1 − w1,−1]′, the distribution of the test statistic, τ from (29), under the

null is

τ |Hrisk
0 ∼ N(0, w′Σw), (32)

where w′Σw = w2
1σ

2
1 +(1−w1)2σ2

2 +σ2
3−2(1−w1)Cov(f̄ 2

t+1, f̄
req
t+1 ). The p-value (the two-sided

probability of the observed test statistic under the null) is therefore,

p = 2Φ

(
−|τ |√
w′Σw

)
, (33)

where Φ is the cumulative distribution function of a standard normal variable. I reject the

risk hypothesis if the p-value is below 5%.

Estimation

Next, I need to account for two additional issues in estimating the null distribution. First,

the required return is estimated rather than a fixed function of subjective risk, which adds es-

timation noise to σ2
3 and Cov(f̄ 2

t+1, f̄
req
t+1 ). Second, required returns are persistent. I therefore

estimate the parameters in the overlapping period, σ2
2, σ2

3, and Cov(f̄2, f̄
req
t+1 ), via a moving

block bootstrap procedure. Each block contains all data from a range of temporal months,

but the specific block size depends on the subjective expected return proxy. For Value Line
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the block size is n = 30 months while it is n = 12 for I/B/E/S. In each bootstrap iteration,

I create a bootstrap sample by randomly choosing dT2/ne blocks with replacement. I then

delete the last dT2/nen−T2 months from the last block to ensure that the bootstrap sample

covers the same number of months as the original sample.

Within each bootstrap sample, I compute the average realized factor return, f̄ 2,b
t+1, the

average subjective risk of the long, s̄long,bt , and short s̄short,bt portfolio. Furthermore, I re-

estimate the regression from Table 2 that maps subjective risk to required returns to account

for estimation noise. Using these inputs in (27) and (28), I estimate the factor’s required

return, f̄ req,b
t+1 . I repeat this procedure 1,000 times.

The covariance matrix of these bootstrap realization gives me an estimate of σ2
2, σ

2
3

and Cov(f̄ 2
t+1, f̄

req
t+1 ). I complete Σ by estimating the sampling variation of f̄ 1

t+1 as σ2
1 =

Var(f 1
t+1)/T1, where Var(f 1

t+1) is the factor’s realized return variance in the non-overlapping

period.

Results

Figure 6 shows the components and results of the risk hypothesis test.24 The y-coordinate

shows each factor’s average realized return and is the same in all panels. The x coordinate

shows the factor’s required return implied by a specific combination of subjective risk and

return expectations. For example, in the top-left panel, required returns are based on the

safety rank and return expectation from Value Line. To make factors easier to compare,

I scale their realized and required returns to an ex-post volatility of 10%.25 The figure

also includes a 45◦ line, representing the risk hypothesis that the realized return equals

the required return. A point far from the dotted line provides evidence against the risk

hypothesis. Red points show factors where I reject the risk hypothesis (the p-value from (33)

is below 5%).

I reject the risk hypothesis for 73.9% of the factors when the required return is based on

the safety rank and expected return from Value Line (top left panel). This number suggests

24Table A.2 shows the detailed results for each factor.
25For example, for a factor with a realized return volatility of 20%, I multiply its realized and required

return by 0.5. This standardization is only for visualization purposes and does not affect the risk hypothesis
test.
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that the realized returns of most factors do not only reflect rational compensation for risk.

This conclusion is robust across the six variations of required returns, with risk rejection

rates ranging from 71.4% to 79.0%.

Rejected: 73.9%

Rejected: 78.2%

Rejected: 71.4%

Rejected: 79.0%

Rejected: 75.6%

Rejected: 78.2%
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Figure 6: The Risk Hypothesis is False for Most Equity Factors

Note: The figure shows the required return and the realized return of 119 equity factor for six different
required return proxies. The top-left corner shows, on the x-axis, the required return of the 119 factors,
based on the safety rank and subjective expected returns from Value Line, while the y-axis shows the average
realized return of each factor. The remaining panels differ only in the subjective risk and return proxies
used to compute the factors’ required returns, which are shown in the panel titles. The name before the
slash refers to the subjective expected return proxy which is either from Value Line or I/B/E/S (IBES). The
name after the slash refers to the subjective risk proxy where sV L is the safety rank from Value Line, β is
the market beta estimate from Value Line, and SVIX is the risk measure from Martin and Wagner (2019).
The solid line shows the 45◦ line, which corresponds to equality between the required return and the realized
return. The coloring shows whether the p-value from (33) is below 5%; that is, whether the risk hypothesis
is rejected. The number in the top-left corner of each panel shows the fraction of factors where the risk
hypothesis is rejected. Table A.2 presents the detailed information about the realized and required return
for each factor.

One reason for the high rejection rate is that many factors have a positive realized return

despite a negative required return. This finding is challenging to reconcile with a rational

explanation since a negative required return implies that stocks in the long portfolio are

subjectively safer than stocks in the short portfolio. To test the severity of this issue, I
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change all factors to have a positive realized return and then test whether the required

return is significantly negative. To do so, I compute the p-value of the required return (the

probability of the observed required return if the true required return was zero) as,

preq = Φ

(
f̄ req
t+1

σ3

)
, (34)

where f̄ req
t+1 is the factor’s required return, σ3 is the standard error of the required return,

and Φ(x) is the standard normal cumulative distribution function. I categorize the required

returns as significantly negative if preq is below 5%, significantly positive if preq is above 95%,

and insignificant otherwise.

Table 6 shows that 44%-50% of the factors have a significantly negative required returns,

while only 14%-27% have a significantly positive required return. Forgetting statistical

significance, the fraction of factors with a negative required returns is 61%-63%. Overall,

most factors bet on safe, not risky, stocks.

Table 6: Many Factors have a Negative Required Return

Required return proxy Negative Insignificant Positive

V L / sV L,it 0.47 0.26 0.27
V L / βit 0.44 0.42 0.14
V L / SVIXi

t 0.50 0.27 0.24

IBES / sV L,it 0.49 0.24 0.27
IBES / βit 0.50 0.34 0.16
IBES / SVIXi

t 0.50 0.27 0.23

Note: The table shows the fraction of factors with a significant required return. To compute these fractions,
I first change the direction of all factors such that the long portfolio has a higher realized return than the
short portfolio. I then calculate the preq value from (34) on the modified portfolio. The “Negative” columns
show the faction with preq below 5%, “Positive” shows the fraction with preg above 95%, and “Insignificant”
shows the remaining fraction. The subjective expected return either comes from Value Line (VL) or I/B/E/S

(IBES). The subjective risk is either the safety rank from Value Line (sV L,i
t ), the market beta from Value

Line (βi
t), or the SVIXi

t measure from Martin and Wagner (2019).

Figure 7 highlights the relation between realized and required returns for 13 prominent

equity factors. The figure also shows how the factor’s required return varies across the

subjective risk proxies (all three points use the expected return from Value Line). The three

risk proxies largely agree on the result of the risk hypothesis test, but there is substantial
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disagreement about the required return of some factors. For example, the size factor that

overweight small stocks is unrelated to risk when risk is measured using a stock’s market

beta. In contrast, according to Value Line’s safety rank, small stocks are much riskier than

larger stocks. Another example is the distress factor, which shorts distressed stocks and buys

stable stocks. Distressed and stable stocks have comparable market betas, but distressed

stocks have a much higher safety rank. Small and distressed stocks are risky according to

Value Line but not according to the CAPM.

The three risk proxies also have points of agreement: The low beta factor overweight safe

stocks, and the momentum factor is unrelated to risk.

Irrespective of the specific risk proxy, some factors, such as the quality, low equity is-

suance, and profitability factor, have a large and positive return despite stocks in the long

portfolio being much safer than those in the short portfolio. Conversely, the factor that

overweight young stocks have a negative realized return despite young stocks being rela-

tively risky. Other factors such as the momentum, book-to-market, duration, and asset

growth factor have a weak relation to subjective risk.

5.2 Risky Stocks are Small, Volatile, and Distressed

The analysis in the precious section, reveal the univariate relation between a stock charac-

teristic and required returns. In this section, I analyze the multivariate drivers of required

returns. Required returns are the product of a constant subjective risk premium and sub-

jective risk (3), so all variation in required returns is driven by subjective risk. I, therefore,

inspect the drivers of subjective risk directly.

I regress subjective risk on eight prominent stock characteristics, 26

sit = α0 +
8∑

k=1

αkx
k,i
t + εit, (35)

where xk,it is the value of the kth characteristic for a particular stock. I standardize the

26The eight characteristics are the market beta estimate from Value Line, the long-term growth rate in EPS
forecast from Value Line, asset growth, book-to-market, distance to default, and market equity, profitability,
and return volatility.
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Figure 7: The Realized and Required Return of Prominent Equity Factors

Note: The y coordinate shows each factor’s average realized return, and the x coordinate shows the factor’s
required return across different proxies. The circle uses the safety rank from Value Line (sV L,i

t ), the square
uses the market beta from Value Line (βi

t), and the diamond uses the SVIXi
t measure from Martin and Wagner

(2019). All three proxies use the subjective expected return from Value Line. Blue points indicate that a
factor’s realized return is significantly different from the factor’s required return, while red points indicate
the opposite. The factor name starts with “low” if the factor overweight stocks with a low value of the factor
characteristic. The factors, with factors characteristic names from Table A.1 show in parenthesis, are: Low
asset growth (at gr1), low beta (beta 60m), book-to-market (be me), low distress (o score), low duration
(eq dur), earnings-to-price (ni me), low equity issuance (chcsho 12m), momentum (ret 12 1), profitability
(ope be), quality (qmj), (low) size (market equity), low vol (rvol 21d), and young (age).

characteristics by using cross-sectional percentile ranks, which means that the magnitude of

the coefficients are informative about their relative importance.27 The dependent variable is

either the safety rank from Value Line, sV L,it , or the SVIX measure from Martin and Wagner

(2019). I do not include the market beta estimate from Value Line because this measure is,

by assumption, driven solely by a stock’s market beta.

The top panel in Figure 8 shows that, according to the safety rank, a stock is risky if it

is small, has a high return volatility, a high market beta, and a low distance to default. Said

27I create a cross-sectional percentile rank by ranking stocks according to a characteristic within a month
and then dividing by the number of stocks. This procedure handles outliers and ensures that all character-
istics lie on a common scale between 0 and 1.
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differently, a risky stock is small, volatile, and distressed. Furthermore, risky stocks have a

high expected long-term earnings growth as shown in Section 4.4.

The bottom panel in Figure 8 shows that, according to the SVIX measure, high risk

primarily reflects high return volatility. The SVIX measure reflects a stock’s risk-neutral

variance, so it is, perhaps, unsurprising that this measure correlates highly with a stock’s

real-world volatility.

Asset growth, book-to-market, and profitability have a limited marginal impact on both

measures. Hence, the risk of stocks sorted by these characteristics reflects their implicit

exposure to other characteristics. For example, profitable stocks most likely have a high

distance to default, which makes them subjectively safe.

Return volatility and distance to default, both important drivers of subjective risk, are

sometimes thought to capture idiosyncratic, rather than systematic, risk. To test whether

subjective risk captures systematic or idiosyncratic risk, I rely on the fact that idiosyncratic

risk disappears in well-diversified portfolios (?). To test whether subjective risk captures

systematic risk, I sort stocks into three portfolios according to each risk proxy and compute

the return on the risky-minus-safe portfolio. The risky-minus safe portfolios have a high

return volatility (17% for the safety rank, 17% for market beta, 21% for SVIX), a high

market beta (0.72 for the safety rank, 0.86 for market beta, 0.96 for SVIX), and a high

consumption beta (1.02 for the safety rank, 1.07 for market beta, and 1.51 for SVIX). These

statistics suggest that stocks with a high subjective risk have a high systematic risk.

6 Can Asset Pricing Models Explain Required Returns?

Asset pricing models have a dual mandate to (1) predict realized returns and (2) explain

required returns. Nevertheless, most asset pricing models are judged solely by their per-

formance on the “realized return” mandate (see, e.g., Fama and French, 1993; Fama and

French, 2015; Hou et al., 2015; and Barillas and Shanken, 2018). I want to understand

whether the best models for the realized return mandate are also the best for the “required

return” mandate.

Proposition 3 showed that the answer is “yes” if the market is efficient. In an efficient
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Figure 8: The Drivers of Required Returns

Note: The figure shows the coefficient estimates and the corresponding 95% confidence interval from re-
gressing subjective risk on eight stock characteristics as in (35). The subjective risk proxy is either the
safety rank, sV L, from Value Line (top panel) or the risk measure, SVIX, from Martin and Wagner (2019)
(bottom panel). The adjusted R2 of the regressions are 70% in the top panel and 84% in the bottom panel.
Return volatility is the standard deviation of daily returns over the past 252 trading days, market beta is the
market beta estimate from Value Line, exp. long-term growth is Value Line’s estimate of EPS growth over
the next there-to-five years, asset growth is the percentage change in total assets over the past fiscal year,
book-to-market is the book-to-market equity ratio, profitability is computed as in Fama and French (2015),
distance to default is computed using the method in Bharath and Shumway (2008), and market equity is
the market equity value of the security.

market, the predictable part of a stock’s realized returns only reflects its required return,

so a model that explains realized returns also explains required returns. In an inefficient

market, realized returns also reflect mispricing, which the best model of realized returns

must target. By targeting this mispricing, the realized return model sacrifices its ability to

explain required returns meaning that the best model for the two mandates differs.

I find that recent empirical models, such as the Fama-French five-factor model, explain

realized returns well but required returns poorly. In contrast, traditional models, especially

the CAPM, explain required returns well but realized returns poorly. This finding suggests

that the search for better models of realized returns has resulted in models that capture
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mispricing rather than required returns.

6.1 Candidate Asset Pricing Models

I consider nine candidate asset pricing models shown in Table 7, which I divide into three

“traditional,” four “recent,” and two “benchmark” models. The traditional models were

published before 1994, and two of three are theoretically motivated. In contrast, the recent

models were published after 2014 and are predominantly empirically motivated. Finally, the

two benchmark models are new to this paper.

Table 7: Candidate Asset Pricing Models

Name Abbreviation Reference Type
CAPM CAPM Sharpe (1964), Lintner (1965), Mossin (1966) Traditional
Consumption CAPM CCAPM Breeden (1979) Traditional
Fama-French-3 FF3 Fama and French (1993) Traditional
Fama-French-5 FF5 Fama and French (2015) Recent
Investment CAPM HXZ Hou et al. (2015) Recent
Mispricing Factors SY Stambaugh and Yuan (2017) Recent
Behavioral Factors DHS Daniel et al. (2020) Recent
Machine Learning ML This paper Benchmark
Required Return Model REQ This paper Benchmark

Note: The table shows information about the nine candidate asset pricing models I evaluate in Section 6.
The “name” and “abbreviation” columns show the naming and abbreviation convention I use to refer to the
models throughout the paper, “reference” shows the paper(s) that proposed the model, and “type” shows
my classification scheme. The two benchmark models are new to this paper.

I test the candidate models on the 3×119 = 357 high-middle-low portfolios that underlie

the factors from Section 5. For each portfolio, I compute its expected return implied by each

model. I then test how well these model-implied expected returns align with the portfolio’s

average realized and required returns, respectively. A model that explains realized (required)

return well assigns high expected returns to portfolios with a high average realized (required)

return.

I start by explaining how I compute the expected return implied by each model. I use

realized return from 1972 to 2021 to estimate factor loadings and factor premiums because

all portfolios and all models except “REQ”, have data available throughout this period.

The first traditional model I consider is the CAPM of Sharpe (1964), Lintner (1965), and

Mossin (1966). To compute the CAPM-implied expected return of a portfolio j, I regress the
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realized return of the portfolio on the contemporaneous market return from 1972 to 2021,

rjt = αj +βjrmktt + εjt . The implied expected return then follows from removing the intercept

(which the model implies is zero),

ECAPM[rj] = βjE[rmktt+1 ], (36)

where E[rmkt] is the expected market return, estimated as the average realized market return

from 1972 to 2021.

The second traditional model is the consumption CAPM of (Breeden, 1979, CCAPM).

I use a linear approximation based on lognormal consumption and an investor with time-

separable power utility (Campbell, 2017, p. 162-163). For each portfolio, I compute the

monthly covariance between its realized return and log changes in consumption per capita

from 1972 to 2021, Cov(rjt ,∆c
j
t). The implied expected return is then,

ECCAPM[rjt+1] = γCov(rjt ,∆c
j
t), (37)

where γ measures the investor’s relative risk aversion. I use γ = 10, which is at the high end

of reasonable relative risk aversions (Mehra and Prescott, 1985).

The third traditional model is the three-factor model from Fama and French (1993, FF3),

which adds a value and size factor to the CAPM. This model is the first of five multifactor

models, so I explain how I obtain the expected return from a generic K factor model. First,

I regress the factor return on the contemporaneous return of the model’s pricing factors from

1972 to 2021, rjt = αj +
∑K

k=1 β
j,krkt + εjt . For a multifactor model m, the implied expected

return is then,

Em[rjt+1] =
K∑
k=1

βj,kE[rkt+1], (38)

where E[rk] is the expected return on the kth pricing factor estimated as this factor’s average

realized return from 1972 to 2021.

The model-implied expected return of the next four models uses (38). The first recent

model is the five-factor model of Fama and French (2015, FF5). This model is motivated
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by the dividend discount model and adds a profitability and investment factor to FF3. The

next model is the investment CAPM from Hou et al. (2015, HXZ). This model is motivated

by the q theory of investments and uses a market, size, profitability, and investment factor.

So far, the models I have considered have a rational justification for “why” they work.

By contrast, the two remaining models have a behavioral justification. The model from

Stambaugh and Yuan (2017, SY) is motivated by persistent mispricing, especially overvalu-

ation, which rational investors fail to correct due to arbitrage asymmetry. The model uses

a market factor, a size factor, and two mispricing factors related to managerial actions and

firm performance. The model from Daniel et al. (2020, DHS) is designed to capture short-

and long-horizon mispricing due to investor biases. The model uses a market factor and two

behavioral factors. The first behavioral factor is based on the post-earnings announcement

drift and captures short-run mispricing. The second behavioral factor is based on equity

issuance and captures long-run mispricing.

The two benchmark models are meant to reflect the optimal model for realized returns

(ML) and the optimal model for required returns (REQ). ML is based on machine learning

forecasts of realized returns at the stock level using an approach similar to Gu et al. (2020)

and Jensen et al. (2022). I predict the returns of individual stocks using a gradient boosted

decision tree methodology called “XGBoost” from Chen and Guestrin (2016). For each

stock, the inputs to the model is the 119 equity factor characteristics from Section 5 and the

outcome variable in the excess return one month ahead. I update the model each decade

such that all predictions are out-of-sample, and the first out-of-sample prediction is in 1972.

Section A.6 describes the procedure in detail. The expected return of a portfolio follows

from a bottom-up aggregation of the stock level forecasts, and the unconditional expected

return of a factor is the average of these predictions from 1972 to 2021,

EML[rjt+1] =
1

T

T∑
t=1

∑
i∈{jt}

πi,jt f̂t(x
i
t), (39)

where {jt} is the stocks in portfolio j at time t, T is the number of months in the sample,

πi,jt is a stock’s weight in the portfolio, f̂(x) is the prediction from the estimated XGBoost

model, and xit a vector with the 119 stock characteristics.
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Finally, the second benchmark model is a required return model (REQ). This model sets

a portfolio’s expected return equal to its required return computed as in Section 5,

EREQ[rjt+1] =
(
r̄ft,t+h + a+ λ̂× s̄jt

)1/h

− 1− r̄ft,t+1, , (40)

where s̄jt is the average subjective risk of the portfolio, a and λ̂ is the parameters from

Table 2, h is the horizon of the subjective expected return proxy, and r̄ft,t+h is the average

risk-free rate over a horizon of h for the period used to estimate the parameters. There are

six different versions of REQ depending on the subjective risk and return proxies used to

estimate the parameters.

To evaluate the models’ ability to explain realized returns, I compute each portfolio’s

average realized return from 1972 to 2021. To evaluate the models’ ability to explain required

returns, I compute each portfolio’s required return using the approach in Section 5.

The level of required returns is generally higher than the level of realized returns (as

seen in Figure 1). To focus on the cross-sectional pricing ability, I, therefore, demean model-

implied expected returns, realized returns, and required returns.

6.2 Asset Pricing Models Explain Realized or Required Returns

Figure 9 shows the extent to which the model-implied expected returns align with the av-

erage realized and required return of the 357 portfolios. Each panel differs only on the x

coordinate, which shows a portfolio’s model-implied expected return. The y-coordinate of

the red triangles shows the corresponding portfolio’s average realized return. If a model

perfectly explains realized returns, all the red triangles would lie on the dotted 45◦ line.

The required return model and the traditional models explain realized returns poorly. In

fact, they tend to imply high expected returns to portfolios with low realized returns. The

consumption CAPM is an exception, but it tends to imply a low dispersion in expected

returns—another manifestation of the equity premium puzzle (Mehra and Prescott, 1985).

In contrast, the recent empirical models explain realized returns well since they tend to imply

a high expected return to portfolios with high realized returns. They do, however, seem to

be dominated by the ML model.
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The y-coordinate of the blue circles is the required return of the portfolios based on

the safety rank and expected return from Value Line. The required return model perfectly

explains required returns by assumption. More interestingly, required returns closely align

with the expected return from traditional models like the CAPM and FF3. In contrast, the

expected return of the recent models and the ML model is negatively related to required

returns.

To capture the intuition from Figure 9, I create two metrics that summarize each model’s

ability to explain realized and required returns. I define the “realized pricing ability” of a

model as the R2 from the following model, r̄jt+1 = a+ Em[rjt+1] + εj, where r̄j is the average

realized return of each portfolio, Em[rjt+1] is the model-implied expected return and a is an

intercept that captures level-differences. Concretely, a model’s realized pricing ability is,

R2
m = 1−

∑357
j=1

[
(Em[rjt+1]− c1)− (r̄j − c2)

]2∑357
j=1 (r̄j − c2)2 , (41)

where c1 = 1
357

∑357
j=1 E

m[rjt+1] is the average model-implied expected return across the 357

portfolios, and c2 = 1
357

∑357
j=1 r̄

j
t+1 is the average realized return. Similarly, a model’s required

pricing ability is the R2 from the model, r̄req,jt+1 = ã+ Em[rjt+1] + ε̃j, which is,

R̃2
m = 1−

∑357
j=1

[
(Em[rjt+1]− c1)− (r̄req,jt+1 − c3)

]2∑357
j=1

(
r̄req,jt+1 − c3

)2 , (42)

where r̄req,jt+1 is the portfolio’s required return and c3 = 1
357

∑357
j=1 r̄

req,j
t+1 is the average required

return across portfolios.

The first row of Table 8 presents the realized pricing ability of the nine models. Consistent

with Figure 9, the traditional models perform poorly with R2 ranging from -0.92 for CAPM

to -0.05 for CCAPM. In contrast, the recent models perform well with R2 ranging from 0.26

for FF5 to 0.45 for SY4. According to this metric, the recent empirical models are superior to

the traditional model for explaining realized returns. Still, the ML model is superior to the

recent model with an R2 of 0.78. This substantial outperformance is surprising, considering

that the ML model makes out-of-sample predictions while the asset pricing models rely on

in-sample factor loadings and factor premiums. This result suggests that bottom-up ML
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Figure 9: Model-Implied Expected Return vs. Required and Realized Returns

Note: The table visualizes the extent to which model-implied expected returns align with realized and re-
quired returns. The test assets are the 357 high-middle-low portfolios underlying the equity factors described
in Table A.1. For each model-portfolio pair, the x-coordinate is the model-implied expected return of the
portfolio, while the y-coordinate is the portfolio’s required return (blue circle) or its average realized return
(red triangle). The y and x variables have been demeaned. The required returns is based on ẼV L

t [rit,t+48] and

sV L,i
t . The blue (red) solid line is the best linear fit between model-implied expected returns and required

returns (average realized returns). The dotted line is the 45◦ line that indicates a perfect match between
the x and y variable. The models are described in Table 7.

models are superior to top-down asset pricing models when the goal is to predict returns.

The remaining rows of Table 8 show the required pricing ability separately for required

returns based on each of the six combinations of subjective risk and return expectations.
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Focusing on the first row that corresponds to Figure 9, we see that the R̃2 of the traditional

models ranges from 0.24 (CCAPM) to 0.63 (CAPM), while the recent models range from

-5.25 to -3.20. The CAPM is the best model for five of six required return proxies, while

CCAPM is the best for the remaining one.28 FF3 is the second-best model for four of six

proxies but is less stable than CCAPM.

The good performance of CCAPM is somewhat surprising considering the visual evidence

from Figure 9. It reflects the low variance of the CCAPM predictions that counteracts its

high bias. This mechanism also explains why the R̃2 of CCAPM is so stable in Table 8. As

a practical matter, the high bias is undesirable for a good model of required returns, even if

it comes at a low variance.

Table 8: Required and Realized Pricing Ability

Required ret. proxy REQ CAPM CCAPM FF3 FF5 HXZ SY DHS ML

Panel A. Realized pricing ability (R2)
-0.91 -0.92 -0.05 -0.36 0.26 0.42 0.45 0.32 0.78

Panel B. Required pricing ability (R̃2)

V L / sV L,it 1.00 0.63 0.24 0.32 -3.20 -3.66 -5.25 -5.10 -3.59
V L / βit 1.00 -0.33 0.37 -1.00 -9.92 -10.31 -16.23 -13.76 -9.82
V L / SVIXi

t 1.00 0.66 0.25 -0.32 -5.63 -5.91 -9.03 -7.86 -5.42

IBES / sV L,it 1.00 0.59 0.13 0.37 -1.15 -1.41 -1.93 -2.02 -1.42
IBES / βit 1.00 0.79 0.22 0.25 -2.91 -3.17 -4.89 -4.29 -3.08
IBES / SVIXi

t 1.00 0.79 0.14 0.19 -1.97 -2.14 -3.19 -2.88 -1.96

Note: The table shows the realized and required pricing ability of the nine asset pricing models from Table
7 on the 357 characteristic sorted portfolios. Panel A shows the realized pricing ability computed using (41),
and Panel B shows the required pricing ability computed using (42). The “Required ret. proxy” column
refers to the subjective expected return (before the slash), and the subjective risk proxy (after the slash) used
to compute required returns. The subjective expected return either comes from Value Line (VL) or I/B/E/S

(IBES). The subjective risk is either the safety rank from Value Line (sV L,i
t ), the market beta from Value

Line (βi
t), or the SVIX measure from Martin and Wagner (2019). The model abbreviations refer to a required

return model (REQ), classical capital asset pricing model (CAPM), the consumption CAPM (CCAPM), the
Fama-French three-factor (FF3), the Fama-French five-factor model (FF5), the Hou-Xue-Zhang investment
CAPM (HXZ), the Stambaugh-Yuan model with mispricing factors (SY), the Daniel-Hirshleifer-Sun model
with behavioral factors (DHS), and a machine learning based model. The realized pricing ability of REQ is
an average across the six required return proxies.

I develop a pairwise model comparison test to test whether the differences across models

28Perhaps surprisingly, CAPM has a negative R̃2 when required returns are based on return expectation
from Value Line and βi

t . The reason is that the estimated subjective risk premium with these proxies is
lower than implied by the CAPM. Said differently, Value Line believes that the relation between beta and
expected returns is weaker than predicted by the CAPM.
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are statistically significant. Optimally, I would like to create a hypothesis test of whether

one model is significantly better than another. However, the sampling distribution of (41)

and (42) is complex, making it difficult to derive a null distribution. Instead, I base the

model comparison on the confidence distribution of the difference estimated via a bootstrap

procedure. A confidence distribution, h(x), is closely related to confidence intervals. For

example, for a central 90% confidence interval spanning xlower to xhigh, the lower endpoint

satisfies h(xlower) = 0.05 and the upper endpoint satisfies h(xupper) = 0.95.

When comparing the realized pricing ability of two models, say the CAPM and FF3,

I compute the bootstrap confidence distribution of R2
CAPM − R2

FF3 and evaluate its value

at zero. I refer to the resulting statistic as the bootstrap p-value. The bootstrap p-value,

roughly, shows the proportion of time where R2
CAPM is lower than R2

FF3. I explain the

procedure in detail in Section A.7.

Panel A in Table 9 shows the results of the pairwise model comparisons for the realized

pricing ability. A number is written in bold if the bootstrap p value is below 0.05, which I refer

to as a significant difference. Table 8 showed that SY had the highest realized pricing ability,

but the difference relative to FF5, HXZ, and DHS is not statistically significant. Within the

four recent models, I only reject FF5 in favor of HXZ. In contrast, when comparing traditional

and recent models, I almost always reject the traditional models in favor of the recent models.

Overall, these results warrant the conclusion that recent empirical asset pricing models are

significantly better at predicting returns than traditional models.

Table 9 also reveals that the ML model is superior to all other models for predicting

realized returns. Again, this evidence favors using ML rather than the recent asset pricing

models for the “realized return” mandate.

Panel B in Table 9 presents the model comparison for the required pricing ability using

the safety rank and subjective expected return from Value Line. The CAPM is significantly

better than all models except FF3. Even relative to FF3, the evidence favors the CAPM,

with a bootstrap p-value of 0.22. Generally, the evidence favoring the CAPM is strong across

the six required return proxies with a median bootstrap p-value of 0.02 relative to CCAPM

and 0.1 relative to FF3.

At a higher level, I reject all the recent empirical models in favor of the traditional
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model. These results motivate the claim that traditional models are superior for explaining

required returns. The two Fama-French models provide an interesting illustration. For

realized returns, I reject FF3 in favor of FF5, while I reject FF5 in favor of FF3 for required

returns. Evidently, adding a profitability and investment factor to FF3 improved its ability

to explain realized returns at the expense of its ability to explain required returns.

Table 9: Pairwise Model Comparison

Panel A: Test of R2 difference for realized return
REQ CAPM CCAPM FF3 FF5 HXZ SY DHS ML

REQ 0.79 0.00 0.13 0.00 0.00 0.00 0.00 0.00
CAPM 0.21 0.00 0.01 0.00 0.00 0.00 0.00 0.00
CCAPM 1.00 1.00 0.88 0.15 0.02 0.01 0.07 0.00
FF3 0.87 0.99 0.12 0.00 0.00 0.00 0.00 0.00
FF5 1.00 1.00 0.85 1.00 0.04 0.15 0.35 0.01
HXZ 1.00 1.00 0.98 1.00 0.96 0.53 0.86 0.03
SY 1.00 1.00 0.99 1.00 0.85 0.47 0.82 0.01
DHS 1.00 1.00 0.93 1.00 0.65 0.14 0.18 0.00
ML 1.00 1.00 1.00 1.00 0.99 0.97 0.99 1.00

Panel B: Test of R̃2 difference for required returns
REQ CAPM CCAPM FF3 FF5 HXZ SY DHS ML

REQ 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
CAPM 0.00 0.96 0.78 1.00 1.00 1.00 1.00 1.00
CCAPM 0.00 0.04 0.38 1.00 1.00 1.00 1.00 1.00
FF3 0.00 0.22 0.62 1.00 1.00 1.00 1.00 1.00
FF5 0.00 0.00 0.00 0.00 0.68 0.95 0.97 0.47
HXZ 0.00 0.00 0.00 0.00 0.32 0.93 0.88 0.44
SY 0.00 0.00 0.00 0.00 0.05 0.07 0.48 0.29
DHS 0.00 0.00 0.00 0.00 0.03 0.12 0.52 0.23
ML 0.00 0.00 0.00 0.00 0.53 0.56 0.71 0.77

Note: The table shows the results of the pairwise model comparisons of pricing ability. The number states
the bootstrap p-value, explained in Section A.7. Roughly, the number shows the proportion of bootstrap
samples where the pricing ability of the row model was better than the column model. Numbers below 5%
indicate statistically significant evidence in favor of the column model and are highlighted in bold. In panel
A, the pricing metric is the R2 from (41) and in of panel B the pricing metric is R̃2 from (42). Required

returns are based on ẼV L
t [rit,t+48] and sV L,i

t .
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7 Conclusion: A Risk-Return Tradeoff Concealed by

Optimism Bias

I use subjective risk and return expectations to infer required returns via three different

proxies for subjective risk and two for subjective expected returns. I compare these ex-ante

required returns to ex-post realized returns in the cross-section of stocks.

My first finding is that the subjective risk premium is high while the realized risk premium

is low. This stylized fact suggests that investors require substantial compensation for taking

risks, but, in 30 years of data, the realized risk compensation has been disappointing.

I show theoretically that the realized risk premium is lower than the subjective risk

premium when investors suffer from optimism bias. In particular, the expectational error

induced by optimism bias increases in cash flow uncertainty, and empirically, riskier stocks

have more uncertain cash flows. Using subjective cash flow forecasts from Value Line and

I/B/E/S, I find strong support for three distinct predictions of optimism bias: (i) cash flow

forecasts are too optimistic on average, (ii) over-optimism is more common for riskier stocks,

and (iii) over-optimism is more common over longer forecast horizons. These results suggest

that the high required return of risky stocks is offset by irrational cash flow optimism leading

to a low realized return.

The weak link between realized and required returns has important implications for asset

pricing. For equity factors, I test the “risk hypothesis” that a factor’s realized return is equal

to its required return. In a sample of 119 factors, I reject the risk hypothesis for 71% to

79%. This high rejection rate reflects that most factors have a weak or even negative relation

with subjective risk, such that stocks in the long portfolio are subjectively safer stocks in

the short portfolio.

For asset pricing models, I find that recent empirical models, such as FF5, are better

than traditional models, such as the CAPM, at explaining realized returns. Conversely, the

recent models perform poorly in explaining required returns, whereas the traditional models

perform well. The CAPM, in particular, emerges as the leading model of required returns.
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A Appendix

A.1 Proofs

I start by showing that the objective expected return under the setup in Section 1 is,

Et[r
i
t+1] = −γ0

t + (λt − γ1
t )s

i
t − uit, (A.1)

which follows from the definition of objective mispricing as bit = λsi − Et[r
i
t+1] and the

decomposition of bit from (5). Next, γ0
t and γ1

t are the coefficients from a cross-sectional

regression of objective mispricing on subjective risk leading, so their expected values are,

γ0
t = b̄t − γ1s̄t, (A.2)

γ1
t =

Cov(sit, b
i
t)

Var(sit)
, (A.3)

where b̄t is the average objective bias at time t, s̄t is the average subjective risk, and Var

and Cov refers to cross-sectional variance and covariance, respectively.

Proof of proposition 1

Proof. The λt estimate from (6) is

λ̂t =
Cov(Ẽt[r

i
t+1], sit)

Var(si)

=
Cov(λts

i
t − b̃it, sit)

Var(si)

= λt −
Cov(b̃it, s

i
t)

Var(si)
,

where the second line expands Ẽt[r
i
t+1] according to (4).
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Next, the λreat coefficient from (7) is

λreat =
Cov(Et[r

i
t+1], sit)

Var(si)

=
Cov(λts

i
t − bit, sit)

Var(si)

= λt −
Cov(bit, s

i
t)

Var(si)

= λt − γ1
t ,

where the second line follows from the definition of objective expected returns in (A.1) and

the last line follows from the definition of γ1
t as the coefficient from a cross-sectional regression

of objective bias on subjective risk (see (5)).

Proof of proposition 2

Proof. Since the expected return of a portfolio is linear in the portfolio assets, we can use

(A.1) to get

Et[r
L
t+1 − rSt+1] =

∑
i∈L

πit
(
−γ0

t + (λt − γ1
t )s

i − uit
)
−
∑
i∈S

πit
(
−γ0

t + (λt − γ1
t )s

i − uit
)
,

=
∑
i∈L

πit
(
λts

i
t − γ1

t s
i
t − uit

)
−
∑
i∈S

πit
(
λts

i
t − γ1

t s
i
t − uit

)
= λt

(∑
i∈L

πits
i
t −
∑
i∈S

πits
i
t

)
− γ1

t

(∑
i∈L

πits
i
t −
∑
i∈S

πits
i
t

)
−

(∑
i∈L

πitu
i
t −
∑
i∈S

πitu
i
t

)
= λt(s

L
t − sSt )− γ1

t (s
L
t − sSt )− (uLt − uSt )

The second line removes all constants because the weight in both the long and short portfolio

sum to 1. The third line collects terms that depend on the same parameters, and the fourth

line defines sjt and ujt .
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Proof of proposition 3

Proof. I start by deriving the values of κ0
t and κ1

t . The two parameters come from a cross-

sectional regression of objective expected returns on a constant and subjective risk,

Et[r
i
t+1] = κ0

t + κ1
t s
i
t + εit

Starting with κ1
t :

κ1
t =

Cov(Et[r
i
t+1], sit)

Var(sit)

=
Cov(−γ0

t + (λt − γ1
t )s

i
t + uit, s

i
t)

Var(sit)

= (λt − γ1
t )

Cov(sit, s
i
t)

Var(sit)

= λt − γ1
t ,

(A.4)

where the second line expands Et[r
i
t+1] according to (A.1), and the fourth line follows because

uit and sit are cross-sectionally uncorrelated and all the remaining terms are constant. Next,

κ0 follows as

κ0
t = Et[r

i
t+1] = γ1

t s̄t − b̄t (A.5)

Objective pricing error

I start by defining the objective pricing error for a single asset as

α(i)
m = Et[r

i
t+1]− Em

t [rit+1]. (A.6)

1. Required return model, (13)

Subtracting (13) from the objective expected return, (A.1), we see that the required

return model cancels λts
i
t such that

α(i)
req = −γ0

t − γ1
t s
i
t − uit.
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The objective pricing error of this model is therefore

α2
req = E[(−γ0

t − γ1
t s
i
t − uit)2]

= E[(−(b̄t − γ1s̄t)− γ1
t s
i
t − uit)2]

= E[(−b̄t − γ1
t (s

i
t − s̄t)− uit)2]

= Et[−b̄t − γ1
t (s

i
t − s̄t)− uit]2 + Var(−b̄t − γ1

t (s
i
t − s̄t)− uit)

= b̄2
t + (γ1

t )
2Var(sit) + Var(uit),

where the second line expands γ0
t according to (A.2), so b̄t is the average objective

mispricing at time t. The fifth line follows because sit and uit is cross-sectionally uncor-

related.

2. Empirical free model, (11) The pricing error at the asset level is

α
(i)
free = Et[r

i
t+1]− (κ0

t + κ1
t s
i
t)

= −γ0
t + (λt − γ1

t )s
i − uit − (−γ0

t + (λt − γ1
t )s

i
t)

= −uit,

where the second line follows from the definition of the objective expected return from

(A.1) and I expand κ1
t and κ0

t using (A.4) and (A.5), respectively. The model’s overall

objective pricing error is

α2
free = E[−uit]2 + Var(uit) = Var(uit).

this error is smaller than or equal to α2
req because α2

req − α2
free = b̄2

t + (γ1
t )

2Var(sit) is

non-negative.

3. Empirical multifactor model, (12)

The pricing error at the asset level is

α
(i)
multifactor = −uit − κ2c

i
t,
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which is the same as the empirical free model, except that the multifactor model also

tackles non-risk mispricing (uit). The model’s overall objective pricing error is

α2
multifactor = Et[

(
−uit − κ2c

i
t

)2
]

= Vart(u
i
t) + κ2

2Vart(c
i) + 2κ2Covt(u

i
t, c

i
t)

= Vart(u
i
t) +

(
−Cov(uit, c

i
t)

Var(cit)

)2

Vart(c
i)− 2

Cov(uit, c
i
t)

Var(cit)
Covt(u

i
t, c

i
t)

= Vart(u
i
t)−

Covt(u
i
t, c

i
t)

2

Var(cit)
,

= Vart(u
i
t)
[
1− Cort(u

i
t, c

i
t)

2
]
,

where the second line uses the assumption that both uit and cit are mean zero, the third

line uses the definition of κ2 = Cov(Et[r
i
t+1], cit)/Var(cit) = −Cov(uit, c

i
t)/Var(cit), and

Cor is the cross-sectional correlation. This pricing error is less than or equal to α2
free

because the squared correlation is non-negative.

4. Objective model, (14)

Since Eobj
t [rit] = Et[r

i
t+1],∀i, the objective model has a zero objective pricing error by

definition,

α2
obj = 0.

This error is the lowest possible because (15) is bounded below by zero (since the

square of a real number is non-negative).

Based on the derivations above, the first result in Proposition 3 follows

α2
req︸︷︷︸

b̄2t+(γ1t )2Var(sit)+Var(uit)

≥ α2
free︸︷︷︸

Var(uit)

≥ α2
multifactor︸ ︷︷ ︸

Vart(uit)[1−Cort(uit,c
i
t)

2]

≥ α2
obj = 0.

Subjective pricing error
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Again, I start by defining the subjective pricing error for a single asset as

α̃(i)
m = λts

i
t − Em

t [rit+1]. (A.7)

1. Required return model, (13)

Since Ereq
t [rit+1] = λts

i
t,∀i, the required return model has a zero subjective pricing error

by definition,

α̃2
req = 0.

This error is the lowest possible because (16) is bounded below by zero (since the

square of a real number is non-negative).

2. Empirical free model, (11)

The subjective pricing error at the asset level is

α̃
(i)
free = λts

i
t − (κ0

t + κ1
t s
i
t)

= λts
i
t − (γ1

t s̄t − b̄t + (λt − γ1
t )s

i
t)

= b̄t + γ1
t (s

i
t − s̄t),

where the second line expands κ1
t and κ0

t according to (A.4) and (A.5), respectively.

The overall subjective pricing error of this model is therefore

α̃2
free = E[

(
b̄t + γ1

t (s
i
t − s̄t)

)2
]

= b̄2
t + (γ1

t )
2Var(sit),

which is larger than or equal to α̃2
req because b̄2

t + (γ1
t )

2Var(sit) is non-negative.

3. Empirical multifactor model, (12)
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The subjective pricing error at the asset level is

α̃
(i)
multifactor = λts

i
t − (κ0

t + κ1
t s
i
t + κ2

t c
i
t)

= b̄t + γ1
t (s

i
t − s̄t)− κ2

t c
i
t

which is the same as the empirical free model, except for the additional term, κ2
t c
i
t.

The overall subjective pricing error of the empirical multifactor is therefore

α̃2
multifactor = E[(b̄t + γ1

t (s
i
t − s̄t)− κ2

t c
i
t)

2]

= b̄2
t + (γ1

t )
2Var(sit) + κ2

2Var(cit)

= b̄2
t + (γ1

t )
2Var(sit) + Cor(ui, cit)

2Var(uit),

which is larger than or equal to α̃2
free because Cor(ui, cit)

2 and Var(uit) are both non-

negative.

4. Objective model, (14)

The subjective pricing error at the asset level is

α̃
(i)
obj = λts

i
t − (κ0

t + κ1
t s
i
t + uit)

= b̄t + γ1
t (s

i
t − s̄t)− uit.

The subjective pricing error of this model is therefore

α̃2
obj = E[(b̄t + γ1

t (s
i
t − s̄t)− uit)2]

= b̄2
t + (γ1

t )
2Var(sit) + Var(uit),

which is larger than or equal to α̃2
multifactor because Cor(ui, cit)

2 ≤ 1.

Based on the derivations above, the second result in Proposition 3 follows

α̃2
obj︸︷︷︸

b̄2t+(γ1t )2Var(sit)+Var(uit)

≥ α̃2
multifactor︸ ︷︷ ︸

b̄2t+(γ1t )2Var(sit)+Cor(ui,cit)
2Var(uit)

≥ α̃2
free︸︷︷︸

b̄2t+(γ1t )2Var(sit)

≥ α̃2
req = 0.
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Proof of proposition 4

Proof. I start by deriving the rational posterior from (17). The rational view, v̄i = 0.5vi1 +

0.5vi2 is the average of two independent normal random variables with the distribution,

vij|θi ∼ N(θi, σ2s2
i,t). The expected value of this average is just E[v̄i|θi] = θi and the variance

is

Var(0.5vi1 + 0.5vi2) = 0.52Var(vi1) + 0.52Var(vi2) = s2
i,tσ

2/2.

Further, since the sum of two independent normal variables is also normal, we have v̄i|θi ∼

N(θi, s2
i,tσ

2/2).

Next, when x and y are jointly normally distributed, the following is a well-known result,29

E[y|x = a] = E[y] +
Cov(y, x)

Var(x)
(a− E[x]). (A.8)

In my setup y = θi and a = v̄i so it follows that,

E[θi|v̄i] = µ+
s2
i,tτ

2

s2
i,t(τ

2 + σ2)
(v̄i − µ) = µ+ δ(v̄i − µ), (A.9)

where δ = τ2

τ2+σ2 making this expression identical to (17).

Next, the investor assumes that the view generated from optimism bias has the distri-

bution vimax|θi ∼ N(θi, s2
i,tσ

2/2), so the biased posterior again follows from applying (A.8),

Ẽ[θi|v̄i] = µ+ δ(vimax − µ) = µ+ δ(v̄i − µ) + δ(vimax − v̄i), (A.10)

where the second equality follows from adding and subtracting v̄i, verifying the expression

in (18).

For Proposition 4, I use the results from Nadarajah and Kotz (2008). Let (X1, X2)

29See, for example, https://en.wikipedia.org/wiki/Multivariate_normal_distribution
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denote two bivariate normally distributed variables, with means (µ1, µ2), variances (σ2
1, σ

2
2),

and correlation ρ and let X = max(X1, X2) be the maximum of these two variables. The

expectation of X is,

E[X] = µ1Φ

(
µ1 − µ2

ξ

)
+ µ2Φ

(
µ2 − µ1

ξ

)
+ ξφ

(
µ1 − µ2

ξ

)
, (A.11)

where ξ =
√
σ2

1 + σ2
2 + 2ρσ1σ2, and, Φ(x) and φ(x) are, respectively, the cumulative distri-

bution function and the probability density function of the standard normal distribution.

In my setup, µ1 = µ2 = θi, σ2
1 = σ2

2 = s2
i,tσ

2, and ρ = 0, so it the expectation of

vimax = max(vi1, v
i
2) is

E[vimax] = 2µΦ(0) +
√

2sitσφ(0) = µ+
√

2σφ(0)sit. (A.12)

Using this expression the result from Proposition 4 follows,

E[δ(vimax − v̄i)] = δ(µ+
√

2σφ(0)sit − µ) = c× sit, (A.13)

where c = δσ
√

2φ(0) is constant across stocks which is non-negative because δ is a ratio of

of variances (which are non-negative), σ is as variance, and
√

2φ(0) ≈ 0.56.

A.2 Subjective Risk and Cash Flow Uncertainty

A critical assumption for Proposition 4, is that cash flow uncertainty is higher for subjectively

riskier stocks. The Value Line data provides excellent data for testing this assumption.

Specifically, each reports contains an “earnings predictability” score ranging between 0 (low

predictability) and 100 (high predictability).30 To test whether subjective risk correlates

with economic uncertainty, I sort stocks into 10 portfolio based on subjective risk with

monthly re-balancing. The portfolios are identical to the ones in figure 1. For each portfolio-

month, I compute the average earnings predictability scores. I then average these scores

over time. Computing the standard error of this estimate is complicated by the fact that

30The earnings predictability score is in the lower right corner of the report on Apple in figure A.2.
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earnings predictability is persistent.31 To circumvent this issue, I use an adjustment from

(Cochrane, 2005, p.223) which is valid if earnings predictability at the portfolio level has an

AR(1) structure,

SE(x̄k) =

√
Var(xk)

T
× 1 + ρk

1− ρk
, (A.14)

where xk is the earning predictability in portfolio k, T is the number of time-periods, and ρk

is the monthly autocorrelation of xk. Figure A.1 shows that riskier stocks have higher cash

flow uncertainty (lower earnings predictability) across all three risk proxies. Focusing on the

safety rank from Value Line (sV L), the safest stocks have an average earnings predictability of

83 while the corresponding number is 23 for the riskiest stock. Both numbers are estimated

very precisely. Furthermore the relationship is monotonic across risk groups. These results

validate the assumption that cash flow uncertainty is higher for subjectively risky assets.
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Figure A.1: Subjective Risk and Cash Flow Uncertainty

Note: The figure shows the average earnings predictability score of stocks sorted into portfolio based on their
subjective risk (1=safe, 10=risky). The earnings predictability score is from Value Line and it ranges from 0
(low predictability) to 100 (high predictability) and the score. The error bars show 95% confidence intervals
computed as ±1.96× SE(x̄k), where SE(x̄k) is defined in (A.14). The subjective risk proxies are either the
safety rank from Value Line, the market beta forecast from Value Line, or the SVIX measure from Martin
and Wagner (2019).

31The average 1 month autocorrelation for the 10 portfolios is 0.91.
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A.3 Example of Value Line Investment Report

1250

800
600
500
400
300
250
200
150

2-for-1

Percent
shares
traded

90
60
30

Target Price Range
2016 2017 2018

APPLE INC. NDQ-AAPL 461.14 10.4 10.5
25.0 0.62 3.2%

TIMELINESS 5 Lowered 4/5/13

SAFETY 2 Raised 4/9/10

TECHNICAL 4 Lowered 4/5/13
BETA 1.00 (1.00 = Market)

2016-18 PROJECTIONS
Ann’l Total

Price Gain Return
High 1470 (+220%) 35%
Low 1090 (+135%) 26%
Insider Decisions

M J J A S O N D J
to Buy 0 0 0 0 0 0 2 0 0
Options 0 0 1 1 0 0 0 0 1
to Sell 2 0 1 2 1 1 5 0 0
Institutional Decisions

2Q2012 3Q2012 4Q2012
to Buy 889 769 1067
to Sell 873 983 856
Hld’s(000) 584023 611923 588126

High: 13.1 12.5 34.8 75.5 93.2 203.0 200.3 214.0 326.7 426.7 705.1 555.0
Low: 6.7 6.4 10.6 31.3 50.2 81.9 79.1 78.2 190.3 310.5 409.0 419.0

% TOT. RETURN 2/13
THIS VL ARITH.*

STOCK INDEX
1 yr. -17.4 13.4
3 yr. 118.9 48.2
5 yr. 258.3 64.7

CAPITAL STRUCTURE as of 12/29/12

Total Debt None

Leases, Uncapitalized Annual rentals $516 mill.

No Defined Benefit Pension Plan
Pfd Stock None

Common Stock 939,058,000 shs.
as of 1/11/13

Market Cap: $433 billion (Large Cap)
CURRENT POSITION 2011 2012 12/29/12

($MILL.)
Cash Assets 25952 29129 39820
Receivables 5369 10930 11598
Inventory (FIFO) 776 791 1455
Other 12891 16803 19475
Current Assets 44988 57653 72348
Accts Payable 14632 21175 26398
Debt Due - - - - - -
Other 13338 17367 20481
Current Liab. 27970 38542 46879

ANNUAL RATES Past Past Est’d ’10-’12
of change (per sh) 10 Yrs. 5 Yrs. to ’16-’18
Sales 29.0% 39.5% 17.0%
‘‘Cash Flow’’ 52.5% 61.0% 18.5%
Earnings 58.5% 62.5% 18.5%
Dividends - - - - NMF
Book Value 31.0% 47.5% 22.5%

Fiscal
Year
Ends

Full
Fiscal
Year

QUARTERLY SALES ($ mill.) A

Dec.PerMar.Per Jun.Per Sep.Per
2010 15683 13499 15700 20343 65225
2011 26741 24667 28571 28270 108249
2012 46333 39186 35023 35966 156508
2013 54512 41308 40240 44440 180500
2014 59050 47350 48700 51700 206800
Fiscal
Year
Ends

Full
Fiscal
Year

EARNINGS PER SHARE A B

Dec.Per Mar.Per Jun.Per Sep.Per
2010 3.67 3.33 3.51 4.64 15.15
2011 6.43 6.40 7.79 7.05 27.68
2012 13.87 12.30 9.32 8.67 44.15
2013 13.81 9.99 9.75 10.95 44.50
2014 15.05 11.75 12.20 13.00 52.00
Cal- Full

endar Year
QUARTERLY DIVIDENDS PAID F

Mar.31 Jun.30 Sep.30 Dec.31
2009 - - - - - - - - - -
2010 - - - - - - - - - -
2011 - - - - - - - - - -
2012 - - - - 2.65 2.65 5.30
2013 2.65

1997 1998 1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010
13.84 10.99 9.54 11.89 7.64 8.00 8.46 10.58 16.68 22.58 27.52 36.56 40.61 71.21
d.51 .73 .79 1.04 .03 .33 .26 .54 1.72 2.59 4.37 5.97 7.12 16.42
d.75 .49 .65 .85 d.14 .17 .10 .36 1.44 2.27 3.93 5.36 6.29 15.15

- - - - - - - - - - - - - - - - - - - - - - - - - - - -
.10 .09 .07 .16 .33 .24 .22 .22 .31 .77 .84 1.23 1.27 2.19

2.05 2.76 4.59 6.00 5.59 5.70 5.76 6.48 8.94 11.67 16.66 23.67 30.93 52.18
511.80 540.77 643.20 671.35 701.84 717.92 733.45 782.89 835.02 855.26 872.33 888.33 899.81 915.97

- - 13.3 17.3 30.8 - - 61.5 83.8 37.9 26.2 29.1 26.3 30.4 19.2 15.2
- - .69 .99 2.00 - - 3.36 4.78 2.00 1.40 1.57 1.40 1.83 1.28 .97
- - - - - - - - - - - - - - - - - - - - - - - - - - - -

6207.0 8279.0 13931 19315 24006 32479 36537 65225
2.2% 5.7% 13.1% 13.9% 19.7% 20.8% 22.9% 29.8%
113.0 150.0 179.0 225.0 317.0 473.0 703.0 1027.0
76.0 276.0 1254.0 1989.0 3496.0 4834.0 5704.0 14013

26.2% 27.9% 30.9% 29.4% 30.2% 29.9% 28.6% 24.4%
1.2% 3.3% 9.0% 10.3% 14.6% 14.9% 15.6% 21.5%

3530.0 4375.0 6816.0 8038.0 12657 20598 16983 20956
- - - - - - - - - - - - - - - -

4223.0 5076.0 7466.0 9984.0 14532 21030 27832 47791
1.8% 5.4% 16.8% 19.9% 24.1% 23.0% 20.5% 29.3%
1.8% 5.4% 16.8% 19.9% 24.1% 23.0% 20.5% 29.3%
1.8% 5.4% 16.8% 19.9% 24.1% 23.0% 20.5% 29.3%

- - - - - - - - - - - - - - - -

2011 2012 2013 2014 © VALUE LINE PUB. LLC 16-18
116.49 166.64 191.00 217.70 Sales per sh A 300.50
29.85 47.92 48.30 56.35 ‘‘Cash Flow’’ per sh 86.00
27.68 44.15 44.50 52.00 Earnings per sh B 80.00

- - 2.65 11.95 16.00 Div’ds Decl’d per sh F 25.00
4.58 8.83 9.75 10.00 Cap’l Spending per sh 10.50

82.45 125.86 162.95 189.45 Book Value per sh E 290.15
929.28 939.21 945.00 950.00 Common Shs Outst’g C 965.00

12.4 12.0 Bold figures are
Value Line
estimates

Avg Ann’l P/E Ratio 16.0
.78 .75 Relative P/E Ratio 1.05
- - .5% Avg Ann’l Div’d Yield 2.0%

108249 156508 180500 206800 Sales ($mill) A 290000
32.9% 37.4% 34.0% 34.5% Operating Margin 37.5%
1814.0 3277.0 3600 4150 Depreciation ($mill) D 5800
25922 41733 42050 49400 Net Profit ($mill) 77200
24.2% 25.2% 26.0% 26.0% Income Tax Rate 26.0%
23.9% 26.7% 23.3% 23.9% Net Profit Margin 26.6%
17018 19111 23000 27000 Working Cap’l ($mill) 35000

- - - - Nil Nil Long-Term Debt ($mill) Nil
76615 118210 154000 180000 Shr. Equity ($mill) E 280000
33.8% 35.3% 27.5% 27.5% Return on Total Cap’l 27.5%
33.8% 35.3% 27.5% 27.5% Return on Shr. Equity 27.5%
33.8% 33.2% 20.0% 19.0% Retained to Com Eq 19.0%

- - 6% 27% 31% All Div’ds to Net Prof 31%

Company’s Financial Strength A++
Stock’s Price Stability 70
Price Growth Persistence 100
Earnings Predictability 75

(A) Fiscal year ends last Saturday in Septem-
ber. (B) Primary earnings through fiscal ’97,
then diluted. Quarters may not add to total due
to rounding. Excludes nonrecurring gains: ’98,

4¢; ’99, 26¢; ’00, 24¢; ’01, 8¢; ’05, 12¢; losses:
’97, $1.32; ’02, 8¢. Next earnings report due
late April. (C) In mill., adjusted for split. (D)
Depreciation on accelerated basis. (E) Includes

intangibles. In 2012, $5359 mill., $5.71 a share.
(F) New dividend policy adopted 3/12. First
quarterly payment was made in the September
interim.

BUSINESS: Apple Inc. is one of the world’s largest makers of PCs
and peripheral and consumer products, such as the iPod digital
music player, the iPad tablet, and the iPhone smartphone, for sale
primarily to the business, creative, education, government, and con-
sumer markets. It also sells operating systems, utilities, languages,
developer tools, and database software. As of September 29, 2012,

Apple operated a total of 390 retail outlets, including 250 stores in
the U.S. and 140 in international markets. R&D: 2.2% of ’12 reve-
nues. Has about 72,800 full-time employees. Off./dir. own less than
1.0% of common; BlackRock, 5.2%; Fidelity, 5.5% (1/13 Proxy).
CEO: Tim Cook. Inc.: CA. Address: 1 Infinite Loop, Cupertino, CA
95014. Telephone: 408-996-1010. Internet: www.apple.com.

Apple shares remain out of favor on
Wall Street. The stock, long an investor
darling when Steve Jobs was at the helm,
has continued to slide since our last review
in January, and is now down about 35%
from its 52-week high. The bearish senti-
ment mainly stems, we think, from fears
of margin erosion and a slowdown in the
company’s cash-cow iPhone business.
These concerns are not without merit, par-
ticularly given the heightened competition
in the mobile arena from South Korean
rival Samsung, which recently launched
its Galaxy S4 smartphone to much fan-
fare. Indeed, sales of the iPhone 5 have
been somewhat underwhelming thus far
relative to the performance of Apple’s
earlier-generation smartphones. And gross
margins do appear to be narrowing,
squeezed by shorter product cycles, in-
creased pricing pressures, and growth in
less profitable product lines, like the iPad.
With these factors in mind, we have cut
our share-net estimate for fiscal 2013 by
$5.50, to $44.50. This would equate to a
bottom-line advance of just 1%. Still . . .
We expect the company to enter an-
other growth phase before too long.

The earnings momentum should be back
in force by the September interim. By
then, Apple ought to be out with a lower-
cost iPhone 5 as well as a next-generation
iPhone 5S. Additionally, efforts to gain
ground overseas, especially with the
Chinese and Japanese carriers (e.g., China
Mobile and NTT Docomo), will probably
begin to bear more fruit. And margins will
likely stabilize, thanks to improved manu-
facturing efficiencies and greater operat-
ing leverage. All in all, we see fiscal 2014
being something of a bounce-back year for
the company, with earnings apt to rebound
15%-20%, to around $52 a share. Longer
term, more new products — from larger-
screen smartphones to an Apple-branded
TV—and share increases in the traditional
PC market ought to bolster results.
We continue to like this untimely is-
sue as a long-term play. Apple is in a bit
of a transitional phase at present, but the
product pipeline appears quite strong.
What’s more, the stock is trading at a very
attractive P/E multiple. And we believe
that a major dividend hike is coming
within the next several months.
Justin Hellman April 5, 2013

LEGENDS
15.0 x ″Cash Flow″ p sh. . . . Relative Price Strength

2-for-1 split 2/05
Options: Yes
Shaded areas indicate recessions

© 2013, Value Line Publishing LLC. All rights reserved. Factual material is obtained from sources believed to be reliable and is provided without warranties of any kind.
THE PUBLISHER IS NOT RESPONSIBLE FOR ANY ERRORS OR OMISSIONS HEREIN. This publication is strictly for subscriber’s own, non-commercial, internal use. No part
of it may be reproduced, resold, stored or transmitted in any printed, electronic or other form, or used for generating or marketing any printed or electronic publication, service or product.

To subscribe call 1-800-833-0046.
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Figure A.2: Value Line Investment Report

Note: The figure shows an example of a report from the Value Line Investment Survey for Apple. The
example also displays most of the information from the data set used in this paper. For example, the key
subjective risk measure is the safety rank in the top left corner. I transform the safety rank into a continuous
measure by taking an average of its subcomponent, financial strength, and price stability shown in the bottom
left corner. The primary input for the subjective return expectation is the price range projections visible
just below the safety rank box.
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A.4 Subjective Expected Return Calculation

Value Line

Value Line provides a price target four years ahead, Ẽt[p
i
t+4], dividend expectations over

the next calendar year, Ẽt[d
i
t+1], and in four years, Ẽt[d

i
t+4]. I use this information and the

current price, pit+1, to calculate Value Line’s implied return expectation over the next four

years. For notational convenience, I suppress the stock identifier i. Furthermore, I denote

the total expected return over the next year as Ẽt[r
∗
t+1] = rit+1 + rft+1 =

Ẽt[pit+1+dit+1]

pt
. The

objective is to find the value of Ẽt[r
∗
t+1], consistent with Value Line’s forecast and the stock’s

current price. The specific procedure depends on whether a firm has non-zero dividend

expectations.

For firms where the two dividend expectations are both zero, the subjective return ex-

pectation is

Ẽt[r
∗
t+1] =

(
Ẽt[pt+4]

pt

)1/4

− 1.

For firms where the expected dividend in one year is zero, but the expectation in four years is

positive, I assume that the expected dividend grows linearly over time, Ẽt[dt+1+k] = k
3
Ẽt[dt+4].

The subjective returns expectation is the value of Ẽt[r
∗
t+1] that solves

(1 + Ẽt[r
∗
t+1])4 =

Ẽt[pt+4]

pt
+

Ẽt[dt+2](1 + Ẽt[r
∗
t+1])2 + Ẽt[dt+3](1 + Ẽt[r

∗
t+1]) + Ẽt[dt+3]

pt

For firms where both dividend expectations are non-zero, the subjective return expectation

is the value of Ẽt[r
∗
t+1] that solves

(1 + Ẽt[r
∗
t+1])4 =

Ẽt[pt+4]

pt
+

Ẽt[dt+1]

pt

(1 + Ẽt[r
i
t+1])4 − (1 + Ẽt[gt+4])4

Ẽt[r∗t+1]− Ẽt[gt+4]

where Ẽt[gt+4] is the expected dividend growth from year t+1 to t+4 computed as

Ẽt[gt+4] =

(
Ẽt[dt+4]

Ẽt[dt+1]

)1/3

− 1.
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The four year expected excess return then follow as,

Ẽt[r
i
t,t+4] = (1 + Ẽt[r

∗
t+1])4 − 1− rft,t+4), (A.15)

where rft,t+4 is the risk-free rate from year t to t+ 4.

Comment

Value Line provides their expected annualized total return in their reports. In figure A.2 it

is visible in the top left corner. However, in the data I received, there appears to be some

issue with this data item before 2000. Specifically, when I look at old reports, the value for

the expected return does not match those I have in my data. In contrast, the price target

and dividend expectations match. After 2000, my implied return expectations match their

data item almost perfectly. To ensure consistency, I compute the implied expected return

target throughout the sample.

I/B/E/S

The subjective expected return of a stocks from I/B/E/S is,

ẼIBES
t [rit+1] =

ẼIBES
t [pit+1] + ẼIBES

t [dit+1]

pt
− (1 + rft+1), (A.16)

where ẼIBES
t [pit+1] and is the median consensus one-year price target from I/B/E/S, ẼIBES

t [dit+1]

is the median consensus dividend forecast over the next fiscal year from I/B/E/S, pit is the

stock’s price at the day of the forecast, and rft+1 is the one-year risk-free rate. If the divi-

dend forecast from I/B/E/S is unavailable, I use the one-year ahead dividend forecast from

Value Line instead. If the Value Line forecast is also unavailable, I assume that the expected

dividend is zero. Dividend expectations from I/B/E/S are only available for a broad cross-

section of firms from 2002/05/16, so I use Value Line’s dividend expectations before this

date. The two series are highly similar as the Spearman correlation between the implied

dividend yield from I/B/E/S and the dividend yield from Value Line is 0.96.

A.5 Equity Factor Information
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Table A.1: Factor Information

Factor Long Theme

1 age Low Low Leverage

2 ami 126d High Size

3 at gr1 Low Investment

4 be gr1a Low Investment

5 be me High Value

6 beta 60m Low Low Risk

7 betabab 1260d Low Low Risk

8 betadown 252d Low Low Risk

9 bev mev High Value

10 bidaskhl 21d High Low Leverage

11 capex abn Low Debt Issuance

12 capx gr2 Low Investment

13 capx gr3 Low Investment

14 chcsho 12m Low Value

15 coa gr1a Low Investment

16 col gr1a Low Investment

17 cop atl1 High Quality

18 corr 1260d Low Seasonality

19 coskew 21d Low Seasonality

20 cowc gr1a Low Accruals

21 dbnetis at Low Seasonality

22 debt gr3 Low Debt Issuance

23 debt me High Value

24 div12m me High Value

25 dolvol 126d Low Size

26 dolvol var 126d Low Profitability

27 dsale dinv High Profit Growth

28 ebit bev High Profitability

29 ebit sale High Profitability

30 ebitda mev High Value

31 emp gr1 Low Investment

32 eq dur Low Value

33 eqnetis at Low Value
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34 eqnpo 12m High Value

35 eqnpo me High Value

36 eqpo me High Value

37 f score High Profitability

38 fcf me High Value

39 fnl gr1a Low Debt Issuance

40 gp at High Quality

41 inv gr1 Low Investment

42 inv gr1a Low Investment

43 iskew ff3 21d Low Short-Term Reversal

44 ivol capm 252d Low Low Risk

45 ivol ff3 21d Low Low Risk

46 kz index High Seasonality

47 lnoa gr1a Low Investment

48 lti gr1a Low Seasonality

49 market equity Low Size

50 mispricing mgmt High Investment

51 mispricing perf High Quality

52 ncoa gr1a Low Investment

53 netdebt me Low Low Leverage

54 netis at Low Value

55 nfna gr1a High Debt Issuance

56 ni be High Profitability

57 ni me High Value

58 niq at High Quality

59 niq be High Profitability

60 niq su High Profit Growth

61 nncoa gr1a Low Investment

62 noa at Low Debt Issuance

63 noa gr1a Low Investment

64 o score Low Profitability

65 oaccruals at Low Accruals

66 oaccruals ni Low Accruals

67 ocf at High Profitability

68 ocf at chg1 High Profit Growth

69 ocf me High Value
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70 ocfq saleq std Low Low Risk

71 op at High Quality

72 op atl1 High Quality

73 ope be High Profitability

74 opex at High Quality

75 pi nix High Seasonality

76 ppeinv gr1a Low Investment

77 prc Low Size

78 prc highprc 252d High Momentum

79 qmj High Quality

80 qmj growth High Quality

81 qmj prof High Quality

82 qmj safety High Quality

83 rd me High Size

84 resff3 12 1 High Momentum

85 resff3 6 1 High Momentum

86 ret 1 0 Low Short-Term Reversal

87 ret 12 1 High Momentum

88 ret 12 7 High Profit Growth

89 ret 3 1 High Momentum

90 ret 6 1 High Momentum

91 ret 60 12 Low Investment

92 ret 9 1 High Momentum

93 rmax1 21d Low Low Risk

94 rmax5 21d Low Low Risk

95 rmax5 rvol 21d Low Short-Term Reversal

96 rskew 21d Low Short-Term Reversal

97 rvol 21d Low Low Risk

98 sale bev High Quality

99 sale gr1 Low Investment

100 sale gr3 Low Investment

101 sale me High Value

102 saleq su High Profit Growth

103 seas 1 1an High Profit Growth

104 seas 1 1na High Momentum

105 seas 11 15an High Seasonality
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106 seas 16 20an High Seasonality

107 seas 16 20na Low Accruals

108 seas 2 5an High Seasonality

109 seas 2 5na Low Investment

110 seas 6 10an High Seasonality

111 seas 6 10na Low Low Risk

112 taccruals at Low Accruals

113 taccruals ni Low Accruals

114 tax gr1a High Profit Growth

115 turnover 126d Low Low Risk

116 turnover var 126d Low Profitability

117 z score High Low Leverage

118 zero trades 126d High Low Risk

119 zero trades 252d High Low Risk

Note: The table shows information about the 119 equity factors used in the paper. “Factor” is the name of

the factors and the underlying factor characteristic; Long indicates whether the factor is long high or low

values of the characteristic, and Theme indicates whether factors are related. The naming convention, factor

direction, and cluster assignment all come from Jensen et al. (2022). The direction ensures that the factor

should have a positive realized return according to the original paper that proposed it.

Table A.2: Required Factor Return

Factor Ret σ VL/sV L,i
t VL/βi

t VL/SVIXi
t IB/sV L,i

t IB/βi
t IB/SVIXi

t

1 ivol capm 252d 0.6% 18.1% -5.5% -2.3% -4.7% -10.4% -4.6% -8.8%

2 rvol 21d 2.0% 18.7% -4.2% -2.3% -4.1% -7.8% -4.6% -7.6%

3 ivol ff3 21d 3.4% 15.3% -4.1% -1.7% -3.7% -7.6% -3.4% -6.9%

4 zero trades 252d 1.3% 11.9% -3.9% -2.3% -3.9% -7.3% -4.5% -7.2%

5 beta 60m -1.1% 18.2% -3.9% -4.1% -3.4% -7.3% -8.1% -6.2%

6 rmax5 21d 3.8% 17.5% -3.9% -2.2% -3.6% -7.3% -4.4% -6.7%

7 turnover 126d 0.4% 13.7% -3.9% -2.2% -3.9% -7.2% -4.3% -7.2%

8 div12m me 0.9% 14.3% -3.9% -1.7% -3.1% -7.2% -3.3% -5.8%

9 zero trades 126d 0.8% 12.3% -3.8% -2.2% -3.8% -7.1% -4.3% -7.2%

10 rmax1 21d 3.3% 15.9% -3.5% -1.9% -3.3% -6.6% -3.8% -6.2%

11 qmj safety -0.5% 15.6% -3.5% -1.7% -1.2% -6.6% -3.4% -2.2%

12 betabab 1260d -0.8% 19.3% -3.4% -4.2% -3.9% -6.3% -8.4% -7.3%

13 eqnpo me 5.0% 14.1% -3.3% -1.3% -2.1% -6.1% -2.7% -3.9%
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14 eqnpo 12m 2.2% 12.8% -3.2% -1.2% -2.2% -5.9% -2.5% -4.0%

15 o score 1.9% 8.2% -3.1% -0.3% 0.3% -5.8% -0.6% 0.5%

16 eqpo me 3.9% 14.6% -3.0% -1.4% -1.9% -5.7% -2.7% -3.5%

17 betadown 252d -1.1% 17.4% -3.0% -3.2% -3.3% -5.6% -6.3% -6.2%

18 ni be 2.6% 9.2% -2.6% -0.4% -0.7% -5.0% -0.8% -1.2%

19 ebit sale 0.4% 10.2% -2.5% -0.8% -1.0% -4.7% -1.7% -1.9%

20 chcsho 12m 3.6% 7.7% -2.3% -0.6% -1.2% -4.4% -1.2% -2.3%

21 prc highprc 252d 0.9% 18.2% -2.3% -1.2% -2.3% -4.2% -2.4% -4.3%

22 ni me 4.5% 13.5% -2.2% -0.8% -1.5% -4.2% -1.6% -2.9%

23 eqnetis at 5.5% 12.0% -2.2% -0.6% -1.0% -4.2% -1.2% -1.9%

24 niq be 4.0% 9.4% -2.2% -0.3% -0.5% -4.1% -0.6% -1.0%

25 ebit bev 3.7% 8.3% -2.1% -0.3% -0.0% -4.0% -0.6% -0.0%

26 qmj 3.5% 7.1% -2.1% -0.8% -0.5% -3.9% -1.6% -1.0%

27 ocfq saleq std 1.4% 8.9% -2.1% -1.0% -1.4% -3.8% -2.0% -2.7%

28 dolvol var 126d 0.5% 8.1% -2.0% 0.3% -1.3% -3.7% 0.6% -2.3%

29 niq at 3.0% 9.7% -1.8% -0.6% -0.2% -3.4% -1.3% -0.3%

30 ope be 3.8% 8.8% -1.8% -0.3% -0.5% -3.4% -0.6% -1.0%

31 turnover var 126d 0.4% 7.9% -1.8% 0.4% -1.1% -3.4% 0.7% -2.1%

32 mispricing perf 6.1% 13.8% -1.7% -0.5% 0.0% -3.1% -1.1% 0.0%

33 mispricing mgmt 5.2% 8.3% -1.6% -0.5% -1.0% -2.9% -1.0% -1.8%

34 fcf me 5.1% 8.5% -1.3% -0.4% -0.8% -2.5% -0.8% -1.5%

35 qmj prof 4.3% 6.9% -1.3% -0.3% 0.1% -2.4% -0.6% 0.2%

36 ocf at 5.1% 7.6% -1.1% -0.5% 0.2% -2.0% -0.9% 0.4%

37 f score 3.0% 7.5% -1.0% -0.5% -0.7% -1.8% -0.9% -1.2%

38 op at 3.7% 7.2% -0.9% -0.3% 0.4% -1.6% -0.5% 0.8%

39 z score 0.8% 11.0% -0.8% 0.2% 0.8% -1.6% 0.4% 1.5%

40 sale gr3 0.9% 8.2% -0.7% -0.5% -1.1% -1.3% -1.0% -2.0%

41 op atl1 2.7% 7.7% -0.7% -0.2% 0.6% -1.3% -0.4% 1.2%

42 emp gr1 1.4% 8.7% -0.6% -0.5% -0.8% -1.1% -0.9% -1.5%

43 be gr1a 1.5% 9.6% -0.6% -0.3% -0.9% -1.1% -0.6% -1.6%

44 seas 2 5na 3.3% 10.9% -0.5% -0.8% -1.2% -1.0% -1.6% -2.2%

45 sale gr1 1.6% 9.8% -0.5% -0.3% -0.7% -0.9% -0.7% -1.4%

46 seas 6 10na 3.4% 7.3% -0.5% -0.9% -1.3% -0.9% -1.8% -2.4%

47 ppeinv gr1a 4.3% 7.4% -0.4% -0.1% -0.4% -0.8% -0.2% -0.7%

48 capx gr3 2.3% 6.9% -0.4% -0.3% -0.6% -0.8% -0.6% -1.2%

49 rskew 21d 2.2% 4.5% -0.4% -0.2% -0.3% -0.8% -0.4% -0.5%
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50 seas 16 20na 0.6% 5.6% -0.4% -0.3% -0.4% -0.7% -0.6% -0.7%

51 gp at 3.8% 7.9% -0.4% -0.2% 0.5% -0.7% -0.3% 0.9%

52 iskew ff3 21d 0.3% 3.4% -0.4% -0.2% -0.1% -0.7% -0.3% -0.2%

53 noa at 5.2% 5.4% -0.4% 0.2% 0.5% -0.7% 0.4% 0.9%

54 eq dur 3.4% 11.8% -0.4% -0.4% -0.9% -0.7% -0.8% -1.6%

55 capx gr2 3.4% 6.7% -0.3% -0.2% -0.5% -0.7% -0.4% -1.0%

56 ebitda mev 5.7% 13.2% -0.3% -0.3% -0.6% -0.6% -0.6% -1.1%

57 netdebt me 1.1% 10.9% -0.3% 0.6% 1.4% -0.5% 1.1% 2.6%

58 ret 12 1 7.2% 16.4% -0.2% -0.2% -0.4% -0.4% -0.3% -0.7%

59 netis at 4.9% 9.9% -0.2% -0.1% -0.2% -0.4% -0.3% -0.4%

60 inv gr1 4.5% 6.3% -0.2% -0.2% -0.4% -0.4% -0.4% -0.8%

61 qmj growth 3.0% 5.5% -0.2% 0.0% -0.3% -0.4% 0.1% -0.6%

62 cop atl1 5.4% 6.1% -0.2% 0.1% 0.8% -0.3% 0.1% 1.5%

63 col gr1a -0.3% 8.2% -0.1% -0.3% -0.7% -0.3% -0.7% -1.3%

64 resff3 12 1 6.9% 7.6% -0.1% -0.3% -0.4% -0.2% -0.5% -0.7%

65 resff3 6 1 3.6% 7.1% -0.1% -0.2% -0.4% -0.2% -0.4% -0.8%

66 ret 12 7 6.6% 13.6% -0.1% -0.0% -0.0% -0.2% -0.1% -0.0%

67 ret 9 1 5.5% 16.1% -0.1% -0.1% -0.3% -0.2% -0.2% -0.6%

68 lti gr1a 0.3% 3.6% -0.1% -0.0% 0.1% -0.2% -0.1% 0.1%

69 coa gr1a 2.6% 7.7% -0.1% -0.4% -0.5% -0.1% -0.8% -1.0%

70 ocf me 5.7% 12.2% -0.1% -0.3% -0.6% -0.1% -0.5% -1.2%

71 ret 1 0 6.1% 12.2% -0.0% -0.0% 0.2% -0.1% -0.0% 0.4%

72 noa gr1a 5.5% 7.0% -0.0% -0.2% -0.3% -0.1% -0.3% -0.6%

73 seas 1 1an 4.2% 10.1% -0.0% -0.0% 0.0% -0.0% -0.0% 0.1%

74 inv gr1a 3.7% 5.8% -0.0% -0.2% -0.3% -0.0% -0.4% -0.6%

75 ret 6 1 3.0% 15.8% -0.0% -0.0% -0.3% -0.0% -0.1% -0.5%

76 lnoa gr1a 4.0% 6.0% -0.0% 0.1% -0.4% -0.0% 0.1% -0.7%

77 cowc gr1a 3.9% 4.7% -0.0% -0.2% 0.1% -0.0% -0.5% 0.1%

78 seas 2 5an 3.8% 8.3% 0.0% 0.2% 0.3% 0.1% 0.4% 0.6%

79 seas 16 20an 2.8% 5.4% 0.0% 0.0% 0.1% 0.1% 0.1% 0.3%

80 niq su 2.9% 5.2% 0.0% 0.0% 0.0% 0.1% 0.0% 0.1%

81 seas 6 10an 4.5% 6.5% 0.0% 0.2% 0.4% 0.1% 0.4% 0.7%

82 at gr1 2.7% 9.2% 0.1% -0.3% -0.7% 0.1% -0.6% -1.3%

83 sale bev 4.2% 6.9% 0.1% 0.3% 0.8% 0.1% 0.6% 1.5%

84 seas 11 15an 2.7% 5.1% 0.1% 0.1% 0.1% 0.1% 0.2% 0.2%

85 ret 3 1 1.3% 13.4% 0.1% 0.0% -0.2% 0.1% 0.1% -0.3%

78



86 tax gr1a 1.4% 6.4% 0.1% 0.1% 0.4% 0.2% 0.3% 0.7%

87 nncoa gr1a 4.6% 5.8% 0.1% 0.0% -0.3% 0.2% 0.0% -0.6%

88 ocf at chg1 2.3% 3.7% 0.1% 0.1% 0.0% 0.3% 0.1% 0.0%

89 dsale dinv 3.3% 3.9% 0.2% 0.0% 0.1% 0.3% 0.0% 0.1%

90 coskew 21d 0.4% 5.6% 0.2% -0.1% -0.1% 0.3% -0.2% -0.1%

91 opex at 3.0% 7.3% 0.2% 0.1% 0.5% 0.4% 0.1% 0.9%

92 saleq su 1.2% 6.2% 0.3% 0.0% 0.1% 0.5% 0.1% 0.2%

93 pi nix 1.1% 4.6% 0.3% -0.1% 0.1% 0.5% -0.3% 0.1%

94 rmax5 rvol 21d 5.1% 7.4% 0.3% 0.1% 0.1% 0.6% 0.2% 0.2%

95 ncoa gr1a 4.5% 5.6% 0.4% 0.1% -0.2% 0.8% 0.3% -0.3%

96 capex abn 2.5% 4.2% 0.4% 0.2% 0.1% 0.8% 0.4% 0.3%

97 nfna gr1a 3.0% 3.5% 0.5% 0.2% 0.2% 0.8% 0.3% 0.4%

98 taccruals at 2.2% 5.8% 0.5% 0.1% 0.4% 0.9% 0.2% 0.8%

99 seas 1 1na 3.6% 16.1% 0.5% 0.2% 0.0% 0.9% 0.4% 0.1%

100 fnl gr1a 2.9% 3.5% 0.6% 0.2% 0.2% 1.0% 0.4% 0.3%

101 debt gr3 2.5% 4.0% 0.6% 0.2% -0.1% 1.0% 0.4% -0.1%

102 be me 2.5% 11.9% 0.7% -0.2% -0.3% 1.3% -0.4% -0.5%

103 taccruals ni 1.9% 4.8% 0.8% 0.1% 0.2% 1.4% 0.2% 0.5%

104 debt me 0.3% 12.4% 0.8% -0.1% -1.0% 1.4% -0.2% -1.8%

105 bev mev 1.7% 12.6% 0.9% 0.1% -0.6% 1.7% 0.1% -1.0%

106 dbnetis at 2.2% 4.1% 1.1% 0.2% 0.1% 2.0% 0.5% 0.2%

107 corr 1260d 0.3% 10.9% 1.1% -3.0% -0.8% 2.1% -5.8% -1.6%

108 oaccruals at 4.8% 6.1% 1.1% 0.2% 0.8% 2.1% 0.4% 1.4%

109 sale me 4.4% 12.4% 1.2% 0.2% -0.1% 2.2% 0.5% -0.2%

110 rd me 4.8% 10.0% 1.2% 0.9% 1.0% 2.3% 1.9% 1.9%

111 ret 60 12 2.5% 11.5% 1.4% 0.2% -0.1% 2.6% 0.4% -0.2%

112 dolvol 126d 1.7% 9.5% 1.5% -1.1% -1.2% 2.8% -2.2% -2.2%

113 oaccruals ni 4.2% 4.9% 1.5% 0.3% 0.6% 2.8% 0.6% 1.1%

114 kz index -1.0% 6.8% 2.0% -0.2% 0.2% 3.8% -0.3% 0.4%

115 ami 126d 1.9% 11.1% 2.6% -0.5% 0.5% 4.9% -0.9% 1.0%

116 age -1.0% 10.5% 2.9% 1.2% 2.2% 5.5% 2.3% 4.1%

117 market equity 2.4% 12.6% 3.6% -0.0% 1.2% 6.8% -0.0% 2.2%

118 bidaskhl 21d -0.6% 15.1% 3.8% 1.9% 3.3% 7.2% 3.7% 6.2%

119 prc 1.7% 15.0% 4.0% 1.0% 1.6% 7.6% 1.9% 3.1%
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Note: The table shows the required and realized return of the factors from Table A.1. “Ret” is the annualized

average realized return of the factor and “σ” is the annualized volatility of the realized return. The remaining

columns show the annualized required factor return for the six required return proxies. The name before the

slash indicates whether the subjective expected return proxy is from Value Line (VL) or I/B/E/S (IB). The

name after the slash shows the subjective risk proxy which is either the safety rank from Value Line (sV L,i
t ),

the market beta estimate from Value Line (βi
t), or the SV IXi

t measure from Martin and Wagner (2019). A

bold number indicates that the p-value from (33) is below 5% meaning that realized return is significantly

different from the required return i.e. that the “risk hypothesis” is rejected. The factors are sorted according

to the required return in the “VL/sV L,i
t column.

A.6 Machine Learning Predictions via XGBoost

In this section, I describe the approach I use to make machine learning predictions for the ML

model from Section 6. I use the XGBoost model from Chen and Guestrin (2016), with the

119 characteristics from Table A.1 as inputs, and the outcome variable is a stock’s realized

excess return over the next month.

The first model is based on training data from 1952 to 1971. However, XGBoost requires

me to decide on several “hyper-parameters” such as the number of decision trees to use in

the ensemble and the maximum tree depth. To choose these hyper-parameters, I use the

last 10 years of the training period as the validation period. For a set of hyper-parameters,

I train the model on the data prior to the validation period and record its mean squared

error (MSE) on the validation data. I repeat this for 20 sets of hyper-parameters shown in

Table A.3 and choose the set of hyper-parameters with the lowest MSE. Using these hyper-

parameters, I then re-train the model on the full training data giving me the first model,

f̂1(xit), where xit ∈ R119×1 is the vector of stock characteristics. I then use f̂1(xit) to predict

returns from 1972-1981.

I update the model each decade by expanding the training, validation, and test period

by 10 years. For example, the second model is based on 1952-1981 as the training period,

1972-1981 as the validation period, and 1982-1991 as the test period. I fit five different

models that predict returns out-of-sample from 1972 to 2021.
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Table A.3: XGBoost Hyper-parameters

No. Features Tree depth Learning rate Sample size Penalty

1 103 3 0.017 0.20 0.05
2 105 3 0.011 0.91 2.33
3 26 1 0.222 0.99 0.02
4 12 1 0.046 0.27 52.44
5 16 2 0.012 0.93 48.81
6 49 1 0.153 0.38 1.55
7 28 2 0.293 0.65 72.28
8 18 2 0.059 0.87 33.11
9 83 1 0.103 0.95 77.43
10 32 3 0.224 0.40 9.85
11 88 2 0.110 0.36 0.21
12 95 2 0.024 0.71 33.64
13 103 2 0.012 0.57 2.49
14 80 3 0.067 0.44 0.19
15 40 2 0.061 0.64 2.31
16 118 2 0.202 0.64 0.01
17 7 2 0.011 0.54 0.02
18 81 1 0.108 0.72 0.08
19 94 2 0.292 0.75 2.27
20 66 2 0.026 0.71 0.06

Note: The table shows the hyper-parameters considered for the XGBoost model used in Section 6. “No.
Features” is the number of randomly chosen features considered for each decision tree, “Tree depth” is the
maximum depth of each decision tree, “Learning rate” is the weight each new tree gets in the ensemble, “Sam-
ple size” is the fraction of the observations randomly chosen to train each decision tree on, and “Penalty” is an
L2 (ridge) penalty. I get the hyper-parameter sets by specifying a tolerable range for each hyper-parameter
and then use the grid max entropy function from the dials package (https://dials.tidymodels.org/) to
get 20 sets that aim to cover the associated parameter space.
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A.7 Bootstrap p-Values for Comparing Asset Pricing Models

This section shows how I compute the “bootstrap p-value” used for the pairwise model

comparison test in Section 6. My approach is inspired by chapter 11 in Efron and Hastie

(2016). I first describe the bootstrap sampling procedure and then how I compute the

confidence distribution based on these bootstrap estimates.

As in Section 5, I need to account for the high persistence of required returns. In addition,

I also need to account for the strong correlation of realized and required returns across

assets. Therefore, when realized and required returns overlap, I use a moving block bootstrap

procedure with data from n = 30 consecutive months if the subjective expected return proxy

is from Value Line and n = 12 if it is from I/B/E/S. In the non-overlapping period, I only

have monthly return data, which generally have a low autocorrelation but substantial cross-

sectional correlation. Therefore, I sample data from individual months rather than temporal

blocks. Let T1 and T2 be the number of months in the non-overlapping and overlapping

period, respectively. To compute a full bootstrap sample, I start by randomly choosing data

from T1 months from the non-overlapping period with replacements, then I randomly choose

dT2/ne blocks from the non-overlapping period but delete the last dT2/nen− T2 months (to

ensure that the sample length is T2); finally, I combine these two sub-samples. For each

bootstrap sample, b, I compute R2
b and R̃2

b for each model and each required return proxy.

I repeat this procedure B = 2, 500 times. Importantly, sample data from a specific month

includes portfolio returns, pricing factor returns, consumption data, subjective risk, and

subjective return expectations. This procedure ensures that I account for all the sampling

variability related to the estimation.

Next, I describe the confidence distribution. I focus on the realized pricing ability, but the

procedure is identical for the required pricing ability. Let d̂ = R2
m1
− R2

m2
be the difference

in realized pricing ability of model m1 and m2. Having a confidence distribution of d̂, I

am interested in h(0). A low value shows support for m1 while a high value shows support

for m2. Let d̂b be the pricing difference in bootstrap sample b. We can create a simple

bootstrap confidence distribution of d̂m1,m2 using the percentile method (Efron and Hastie,

2016). Here, the confidence distribution is simply the proportion of the bootstrap estimates
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that are below a specific value x:

hperc(x) =
#{d̂b ≤ x}

B
. (A.17)

Here, hperc(0) is simply the proportion of bootstrap estimates below zero. It is usefull to

have the relation in (A.17) in mind when interpreting the confidence distribution. However,

the standard percentile method can be biased, so I instead use the bias-corrected percentile

method (Efron and Hastie, 2016). Let c = hperc(d̂) be the proportion of bootstrap estimates

smaller than or equal to the data estimate. If c 6= 0.5, the bootstrap distribution is median

biased. Next, let the bias correction value be z = Φ−1(c), where Φ−1(x) is the inverse of the

standard normal distribution. The bias-corrected inverse distribution is

h−1
BC(α) = h−1

perc

(
Φ
[
2z + Φ−1(α)

])
, (A.18)

where h−1
perc is the inverse of (A.17) and Φ(x) is the standard normal distribution. The stan-

dard and bias-corrected percentile function coincide if and only if the bootstrap distribution

is median unbiased, z = 0: h−1
BC(α) = h−1 (Φ [Φ−1(α)]) = h−1(α). I invert (A.18) to ob-

tain my final confidence distribution, hBC(x). The bootstrap p-value is the value of this

distribution at x = 0.

A.8 Robustness
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Table A.4: Subjective Risk and Objective Mispricing—Alternative Proxies

(
ẼV L
t [epsit+4]− epsit+4

)
/pit×100 ẼV L[peit+4]− peit+4

(1) (2) (3) (4) (5) (6)

Constant 1.25 1.69 1.14 −4.10 −4.04 −1.06
(4.91) (5.88) (3.15) (−6.82) (−6.68) (−1.30)

sV L,it 4.83 5.65
(12.45) (5.83)

βit 3.58 5.04
(8.88) (4.82)

SVIXi
t 3.19 1.33

(5.99) (1.03)

Observations 26,345 26,345 5,708 25,844 25,844 5,663
Adjusted R2 0.03 0.02 0.02 0.00 0.00 0.00

Note: The table shows estimates from a regression of forecast error on subjective risk. It supplements Table
5 with alternative forecast variables. In columns 1-3 forecast error is defined as the forecast of earnings per
share (EPS) in the fiscal year 4 years from the forecast date minus the subsequent realization scaled by the
price issued at the beginning of the forecast month. In columns 4-6 forecast error is defined as the forecast of
the price-to-earnings ratio in the fiscal year 4 years from the forecast date minus the subsequent realization.
For each firm-fiscal year I only retain the first forecast issued at least 45 days and at most 180 days after
the announcement of the most recent fiscal year’s EPS. All forecast are from Value Line. The dependent
variables are winsorized at the top/bottom 1%. The subjective risk proxies are scaled to lie between 0 and 1
each month, so the intercept shows the forecast error on the safest stocks (risk=0), and the slope coefficient
shows the forecast error from the riskiest stock (risk=1). The number in the parenthesis shows the t-statistic
based on standard errors clustered by firm and quarter of the fiscal year-end.

84



Subjective ER:  I/B/E/S

Subjective risk: Safety rank

Subjective ER:  I/B/E/S

Subjective risk: Market beta

Subjective ER:  I/B/E/S

Subjective risk: SVIX

Subjective ER:  VL

Subjective risk: Safety rank

Subjective ER:  VL

Subjective risk: Market beta

Subjective ER:  VL

Subjective risk: SVIX

1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10

4

8

12

16

10

20

6

8

10

12

14

5

10

15

20

25

9

12

15

10

15

20

25

Subjective Risk

A
nn

ua
liz

ed
 R

et
ur

n 
(%

)

Subjective Expected Return Realized Return

Figure A.3: The Subjective and Realized Risk-Return Tradeoff—Value Weights

Note: This figure is identical to Figure 1 except that stocks are aggregated into portfolio using value-weights
instead of equal weights.
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