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Abstract

We examine how much of the credit spreads is due to credit risk. A rich set of
structural credit risk models incorporating economic assumptions such as stochastic
volatility and jumps are implemented. The models are calibrated to match histor-
ical default frequencies and representative firm characteristics for different credit
ratings. Using a new sample period, assumptions and parameters, we find support
to previous studies that credit risk amounts for a small fraction of the credit spreads,
especially for investment grade bonds. A discussion of choosing relevant parameters
in the wedge between actual probabilities and risk-neutral probabilities is frequently
evaluated as it potentially can alleviate this phenomena known as the credit spread
puzzle.
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1 Introduction

Credit spreads, the compensation for bearing the risks associated with holding a debt se-
curity, has been in the center of many academics attention. These firstly desired to build
a framework capable of generating plausible spreads. Secondly, to test the plausibility of
the generated spreads and thirdly, to seek to make sense of any disparity between model
suggestions and real observed data. Concerning the first point of interest, the consensus
today identifies two major theories. Namely, the structural models, based on the approach
developed by Black and Scholes (1973) and Merton (1974) who use firm characteristics to
predict a probability of default, and secondly the reduced form models, based on and fur-
ther inspired by the work of Jarrow and Turnbull (1995). Although reduced form models
have some very appealing properties, as their simple tractability, structural models still
are of equal importance. And yet, a wide range of statistical examinations and model
implementations fails to account for a large fraction of the real observed credit spreads.
However, it is not surprising when realizing that only the risk of default factors into the
spread in structural models.

Still, the amount of credit risk literature investigating the aforementioned underes-
timation is vast. Among them there is a comprehensive study that implements various
different structural models accounting for different properties, which the underlying Mer-
ton model (1974) fails to acknowledge, and is a study published by Huang and Huang
in 2012. It is mentioned here, because the insights and methodology are crucial for the
underlying analysis. As will be displayed in greater detail later, Huang and Huang (2012,
henceforth: HH, 2012) find that for investment grade bonds around 20% of the yield
spread can be explained by credit risk and additionally that the inclusion of more sophis-
ticated extensions do not alter that conclusion substantially. This lies under the premise
that the models are calibrated to match historical default frequencies.

Now, using the approach outlined by HH (2012), a very recent sample, from 2002 until
ending 2019, and accurate parameter estimates for the firm characteristics. Secondly, the
choice of models deviates from HH (2012). Here, the base case model is chosen to be
the Merton model (1974), with asset dynamics following a standard geometric brownian
motion, as it has been observed several times that although many assumptions made
certainly do not hold, the results obtained are, in relation to its simplicity, comparably
reliable. Secondly, a property of return distributions that has not been addressed in HH
(2012) is the fact that asset returns inhibit time-varying volatility. Thus, it seems natural
and interesting to include this feature. As in HH (2012) a model containing jumps in the
asset process has been included, but unlike in HH (2012) this analysis as well contains a
framework where the combination of the two prior models is considered. This, as pointed
out by Bu, Di and Yin Liao (2014), is a fairly new addition to the credit risk literature.
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Lastly, in order to relax the assumption that firms are not able to default before maturity,
as well as to be able to compare the obtained results with Feldhütter and Shaefer (2018)
and Bai, Yang and Goldstein (2020), which will be covered in more detail in the proceed-
ing section, the Black-Cox model (1976) is included as the final model in the selection.
The Black-Cox model will, however, indicate uneconomical results when approximated as
a discount bond.

The models except the Black-Cox model are evaluated using their respective char-
acteristic functions and then via the inverse Fourier transformation, the corresponding
probabilities are found. The models are then calibrated for a one-, five- and ten-year
maturities for the credit rating classes AA, A, BBB, BB and B, where the calibration
aims to match historical default probabilities (Hull, 2018), the leverage ratio, equity risk-
premiums and payout rates for a representative firm for each credit class. The data used
in order to find precise estimates is based on the Compustat and the CRSP data base.
The bond data is retrieved from the WRDS bond return data base, where the sample
comprises 17.763 observations of S&P 500 bonds. Assets are valued by adding market
value of equity to book value of debt. Despite the critique from being theoretically wrong
stated by BGY (2018), we assume that book value of debt is a good approximation, es-
pecially for highly rated debt. A further discussion on this will be conducted later on.

The results shows that only about 6% of observed credit spreads is attributable to
credit risk for short-term IG bonds, whereas for five- and ten-year maturities the at-
tributable fraction implied by the calibration is 34% and 42%, respectively. The contribu-
tion is higher for HY bond spreads. Moreover, the conclusions that we are able to draw,
do not alter much when evaluating the further considered models. The Black-Cox model
presents the only exception, where the results are not necessarily superior, but with a
different model construction the underestimation is less sever for short-term spreads, but
the worse for long-term spreads.

An intuitive answer for the question why the results do not alter much among the first
models is given by the fact that each model is calibrated to historical default probabilities,
bounding the model to this input decreases the range of spreads it is capable to gener-
ate. Thus, it seems as already seen in HH (2012) that accounting for default frequencies
and yield spreads jointly is difficult using structural models. A potential solution is the
transformation of parameters under risk-neutral and physical probabilities. A significant
portion of the paper will hence discuss this transformation, and whether it can be done
under empirically plausible choices of model parameters. In fact, when varying the degree
of how much of the total risk-premium is due to jump-risk to around half, then the jump-
diffusion model generates slightly higher spreads. The fractions due to credit risk then
amount to 10%, 72% and 71% for one-year, five- and ten-year IG bonds. Nonetheless, it
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still represents a puzzling small fraction of credit risk. Next, the plausibility of parameter
choices in this evaluation deserves a more robust empirical examination. In order to in-
crease the model-implied spreads of short-term IG bonds, a very large jump risk-premium
needs to be implemented. However, this implies that long-term spreads increases to very
high levels that are particularly pronounced among HY bonds.

With this paper, we contribute to the existing literature with a very recent sample
period that includes the financial crisis in 2008-2009 as well as the post-crisis period until
2019. While there is an extensive portion of literature discussing the credit spread puz-
zle, we start by asking how much of credit spreads are attributable to credit risk during
this market period, and how the results compare with new assumptions and parameters.
Additionally, by introducing four sophisticated extensions to the base case model, and im-
pose several underlying economic assumptions related to the variables of interest, we are
able to gain a rich amount of implications for those models. Our methodological approach
presents a parsimonious and tractable structure which is easily reproducible under various
assumptions which generates unique solutions. The results for the specific models and
cases are frequently and continuously compared to contributions from previous literature.
Finally, a low attribution of credit risk does not need to be interpreted as an anomaly
per se, since there are many other different factors influencing the actual yield spread,
such as liquidity, risk-aversion and investor preferences as well as tax effects, just to name
a few. Hence, besides quantifying the magnitude of the fraction of the observed yield
spread that is attributable to credit risk, the second goal of this thesis is to provide sev-
eral implications and considerations along the way. We provide an holistic approach to
the underlying credit risk observed in spreads, as well as the general decomposition of
credit spreads, under several different assumptions, providing a fruitful discussion of lim-
itations and potential solutions, as well as in-depth analyses of the results. Just as in
Huang and Huang’s (2012) paper, we pivot from the question of how credit risk should
be prices, i.e. the excess spread the bondholder should receive only concerning credit risk
when calibrated to the historical default frequencies for each credit class and maturity.

As stated, we present a new examination underlying the presence of the so called
credit spread puzzle. A few implications should be considered, however, as with the limi-
tations of methodological assumptions in pricing bonds as discount bonds and letting the
firm default only at maturity1 restricts us from concluding that our predicted spreads are
in fact true. In addition, leaving out models explaining relevant economic contributions
further limits our analysis. Nevertheless, we provide generous robustness checks which
supports the evidence of our general results.

The remainder of the paper is structured as follows. Section 2 will incompletely

1Note that for all models except the Black-Cox model, firms only default at maturity if VT < K.
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summaries important and influential literature on the matter. Section 3 will provide a
brief introduction to key concepts used throughout the analysis. Section 4 explains the
underlying approach of the thesis and the methodological steps. Section 5 will review
the models and their dynamics. Section 6 will briefly outline the calibration procedure.
Section 7 will go further into detail on the data that has been used and the parameters
which were extracted from it. Section 8 will then display the results and test them on
their robustness. Section 9 will begin by introducing models that were excluded from the
initial analysis and continue by reviewing implicit and explicit assumptions, that were
necessary to make, on their impact and plausibility. Finally, section 10 will summarize
and conclude.
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2 Literature Review

There is a vast amount of empirical literature investigating model implied credit spreads
in relation to spreads observed at the market. Starting with a paper by Jones, Mason
and Rosenfeld (1984) who already suggested that the Merton Model (1974) in its sim-
plistic form will underestimate credit spreads. One of the most subsequent publications
on the matter was done by Ogden (1987). In a regression model he was able to explain
about 60% of the market yield premiums. Due to some well know shortfalls of the Mer-
ton model, which will be dealt with in much detail, after the initial publication various
extensions have been developed like the Merton Jump-Diffusion Model (Zhou, 2001) or
the Heston Model of Stochastic Volatility (Heston, 1993). Still, empirical work examining
credit spreads under the modified framework could not capture the magnitude of credit
spreads entirely. Collin-Dufresne et. al (2001) find that a large amount of the variation
in credit spreads cannot be explained by variables indicated by traditional credit risk
models. Moreover, it is indicated in the data that the remaining variation stems from one
major factor, which was not able to be determined. This holds true not only for structural
models, as Berndt (2015) fails to generate satisfactory fractions of credit risk in credit
spreads using reduced-form models as well.

Jarrow, van Deventer and Wang (2003) publish a general critique regarding the robust-
ness of the Merton model overall. Coming to the conclusion by conducting a hypothesis
test on a major implication of the model. The first one being that when equity prices
decrease (increase), bond prices decrease (increase) as well, the second one being that
when when equity prices decrease credit spreads increase. It is found strong evidence
against both hypothesis. Jarrow, van Deventer and Wang (2003) point at the exclusion
of liquidity risk in the price determination process of the Merton model as one potential
reason for the rejection. The paper by Schaefer and Strebulaev (2008) also supports the
consensus that credit risk model do a poor job in predicting credit spreads. Interestingly,
they find that hedge-ratios obtained by structural models cannot be rejected by statistical
tests. This leads to the conclusion that the problem of structural models is not that they
are not capable of modeling the default probability in a correct manner, but that credit
spreads are influenced by different factors next to the default risk. These aspects and
their significance will be briefly portrayed in a later part.

Eom, Helwege and Huang (2004) test five structural models on their ability to pre-
dict bond prices. They find that each model, although varying in magnitude and sign of
prediction error, cannot deliver reliable price estimates. In line with most of the litera-
ture they use the Merton Model as baseline model and further test the models by Geske
(1977), Longstaff and Schwartz (1995), Leland and Toft (1996), and Collin-Dufresne and
Goldstein (2001). Each of the extended models are tested while imposing different param-
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eter assumptions on them. For the Merton model they find that it overpredicts observed
prices, i.e. underpredicts yield spreads. The same result is obtained for the Geske (1977)
model. The Geske model (1977) is implemented with and without bankruptcy costs.
In comparison, the implementation of the model by Leleand and Toft (1996) indicates
an overprediction of yield spreads. This observation is repeated when the results of the
model by Collin-Dufresne and Goldstein (2001) and Longstaff and Schwartz (1995) are
presented. Moreover,it is indicated that one explanation why the these models are being
outperformed is the lacking flexibility regarding the adjustment of recoveries. Generally,
the deficiency that many models tend to overpredict the spreads for more risky firms,
coming from a higher leverage ratio or volatility, and at the same time underpredict the
spreads for less risky firms is point out.

Collin-Dufresne and Goldstein’s (2001) model of stationary leverage contributes with
a structural model of particular interest. The model deviates from most implementations
of model extensions using external factors in the asset dynamics or as the implicit model
parameters. Instead, it focuses on endogenous behavior of firm managers, and how the
leverage ratio is a stationary process, i.e. following the firm asset value. This approach
also bridges a natural connection to the leverage ratchet effect by Admati et.al. (2018),
who argues that firms have the incentive to increase leverage over time, but not delever
in any states.2 While applying models where endogenous decision are account for, HH
(2012) nevertheless finds that the stationary leverage model cannot account for the high
credit spreads observed in the market.

Ericsson and Reneby (2001) develop and test a structural model of credit spread. Con-
cerning their methodology they rely on a maximum-likelihood approach with a sample
comprising 5594 dealer quotes. They distinct themselves from other implementations of
structural models by uniquely valuing the particular claim and not the entire firm debt.
First, the developed model is implemented without the reliance of bond prices. For this a
relative pricing error of 4% and an underestimation of the yield spread by 70% is obtained.
In a second step the lagged observed bond prices, i.e. the past bond price information
that was available at price determination, is included. For this an unbiased estimation is
obtained with an mean predicted error of -2bp.

The paper by HH (2012) contributes to the literature of the credit spread puzzle as it
tests seven structural models in order to quantify how much of the observed corporate-
treasury yield spread can be attributed to the credit risk. HH (2012) pivots from the
question regarding how credit risk should be priced and the fraction of credit risk present
in the credit spreads for the different maturities and different ratings. With a large class

2Stationary leverage imposes the assumption that leverage does not only increase with asset value,
but also decrease, separating Collin-Dufresne and Goldstein’s (2001) theory from Admati et.al. (2018).
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of structural models which contributes important economic assumptions as well as ro-
bustness checks, HH’s (2012) conclusion remains the same as the models are calibrated to
historical default frequencies. As the underlying analysis of this specific paper is partly
based on the work by HH (2012), it will be covered in more detail in section 3.1. The re-
lation between the credit spread puzzle and equity premium puzzle is evaluated by Chen,
Collin-Dufresne and Goldstein (2008), where a credit spread puzzle again is emphasized.
It is concluded that a pricing kernel explaining the equity premium with a constant sharpe
ratio does not explain the credit spread puzzle, which is very much in line with the find-
ings of HH (2012).

Regarding a test of a joint framework using stochastic volatility and jumps Bu, Di
and Yin Liao (2014) claim to be at least one of the first with this kind of implementation.
It is noted that for this kind of setting the usual maximum-likelihood estimation cannot
be applied and hence they use a Bayesian learning algorithm. They find that models
which include stochastic volatility and jumps in the asset process indeed deliver better
predictions than only the Merton model. It increases the predicted spread by 6.5 bps for
one sample and even 8 bps for the other sample. Moreover, it increases the R2 of the
regressions by 8% for the first sample and 10% for the second.

Another notable paper by Feldhütter and Schaefer (2018, henceforth: FS, 2018) inves-
tigated the credit spread puzzle using a new methodological approach concerning historical
default rates. They argue that the traditional approach, which uses Moody’s 30 years his-
torical default rates, has two major drawbacks. The first one being a large sampling error
and the second one arising from the high, positive skewness of historical investment grade
default rates. They calibrate the model by the the first-passage time model by Black and
Cox (1976) and to fix the aforementioned problems they use just one default barrier for all
companies and a cross-section of default rates for different maturities and ratings. They
claim that high-yield bonds deliver much more information in the location of the default
barrier and by combining default information of investment-grade and high-yield bonds,
much more reliable and precise estimates are possible. FS use 256.698 non-callable cor-
porate bonds. They find, surprisingly, for investment-grade bonds a model implied credit
spread of 111 bps, whereas the observed yield spread 92 bps. Thus, the credit-spread
implied by the model lies within the 95% confidence interval. However, for junk-bonds
the model implied credit spread is calculated to be 383 bps, whereas the observed yield
spread is 544 bps. This is contrary to the empirical results so far as the credit spread
puzzle has been especially pronounced among investment-grade bonds.

A direct response to FS was recently published by Bai, Goldstein and Yang (2020,
henceforth: BGY, 2020), pointing out caveats regarding FS’s (2018) reasoning. Most
importantly, FS measure the leverage ratio using the book value of debt, whereas the-
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ory requires to use market values. Especially for low-rated debt this approximation does
not hold very well. It is shown that by using market values of debt the leverage ratio
of C-rated firms decreases and simultaneously, using the same methodology as FS, the
default boundary decreases. These two aspects lead to a reversal of the results obtained
by FS. BGY (2020) subsequently modify the approach of FS (2018) by using observable
variables to locate the default barrier, instead of using latent variables. Finally, using
a jump-diffusion model they test model implied credit spreads and find, consistent with
previous literature, that the price on the risk of jumps needs to be very large in order
to match the model to observed yield spreads, hence reaching the general consensus of a
credit spread puzzle opposing the results of FS.

Fisher (1959) had already noticed that yield spreads are not a pure measure for de-
fault risk as it is measured by structural models, but other factors influence it as well.
What Fisher called "marketability" or "the risk associated with the difficulty of turning
the bond into cash before it matures" (p. 224, Fischer, 1959) is now part of the liquidity
risk. Thus, it is equally necessary to investigate this as an important contributor to the
observed credit spreads. Houweling, Mentink and Vorst (2005) delivered empirical evi-
dence that liquidity risk is captured in the pricing of a bond. For this they considered
nine proxies for liquidity with the H0 that they do not have in impact on the price. For
eight of those they can reject the H0 hypothesis.

Dick-Nielsen, Feldhütter and Lando (2012) developed a new measure for the liquidity
premium in bond spreads. Estimating the liquidity component in the sample period right
before the financial crisis, the fraction of credit spread due to liquidity for investment
grade bonds was about 3-11% of the credit spread whereas the fraction for speculative
grade bonds was about 24%, all depending on maturity and issue amount. Following the
period during and right after the financial crisis, a sharp increase raised the fraction of
liquidity impact to 23-42% of the credit spread. In an assessment of the pricing impact of
illiquidity in corporate bonds by Bao, Pan and Wang (2010), it is found that aggregated
illiquidity over several individual bonds has an important role in explaining the monthly
variation in aggregate bond spreads. They claim that during normal economic conditions,
credit risk and illiquidty contributes equally much in explaining monthly variations in HY
credit spreads, with an R2 of about 20% respectively and 40% in total. Once years 2007-
2009 are included in the sample, the explanatory power of illiquidity double meanwhile
the effect of credit risk and market risk, proxied by a CDS index and the CBOE VIX
index respectively, remain unchanged, raising the question whether the crisis in 2008 was
a credit or liquidity crisis. As the fraction of liquidity effects on credit spreads naturally
increased sharply under the market turmoil of the financial crisis, the question regarding a
prolonged effect of liquidity effects of the normal post-crisis period is evaluated by Batao
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(2021). According to Batao, the post-crisis regulations under Basel II.5 has delayed the
time for trades and thus increased the illiquidity, even as the bid-ask spreads has declined
over the same period. This narrative would emphasize as smaller fraction of credit risk
in credit spreads due to risk regulations, but increased fraction of illiquidity risk seen in
the market credit spreads.

Next to other risk factors, tax effects cannot be neglected either. The reason for this
being that interest government bonds often provides tax advantages, compared to corpo-
rate bonds where this is not the case. Elton et. al (2001) have quantified the influence
of default risk, taxation, and the risk-premium due to systematic risk on the magnitude
of spreads. They came to the conclusion that taxation accounts for a larger part of the
spread than the default risk. For a 10-year A-rated bond the fraction of default risk and
taxation of the spread are estimated to be 17.8% and 36.1%, respectively. They then
show that up to 85% of the remaining spread can be explained by the systematic risk
component.

While the credit-spread puzzle is widely recognized as a phenomena empirically seen
when calibrating structural models to historical default and recovery rates, there are also
many academics that approach a potential solution. With several established ideas about
what could mitigate the puzzle, few solutions has been presented with a general consensus
of explaining the puzzle in its entirety. Nevertheless, Chen et.al. (2008) argues that the
puzzle can indeed potentially be solved implementing a model allowing for default rates
and sharpe-ratios to covary. Here, Chen et.al. approaches the question of the relation
between the reminiscent equity premium puzzle by Mehra and Prescott (1985), which
focuses on the high equity returns relative what can be empirically explained for, and
how the two can be related as both credit and equity are contingent claims priced from
the same asset value. The findings show that for short-term high rated IG bonds, the his-
torical default frequencies appear too low to be explained from a credit risk perspective.
However, the conclusion emphasizes that time varying market prices of risk captures the
empirics that most defaults occur during recessions, which would generate higher state
prices and higher yields from a no-arbitrage bond pricing perspective. Taking another
approach, Amato and Remolona (2003) states that although risk-premiums, taxes and
illiquidity contributes to the credit spreads, they still cannot explain the width of the
spreads observed in the market, and emphasizes the hardship in diversifying away the
credit risk. Such a diversification would require extraordinary large portfolios, which in
practice is very hard. Therefore, Amato and Remolona (2003) argues that undiversified
credit risk does explain a part of the credit spread, too.

In an attempt to generally approach a solution to asset pricing puzzles3, Bansal and

3Equity premium puzzle, credit spread puzzle, underleverage puzzle.
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Yaron (2004) develops a model invovling Epstein-Zin (1991) utility preferences, i.e. an ex-
tension of the CRRA work-horse utility where risk-aversion is seperated from uncertainty-
aversion such that one parameter is not governing risk-aversion and the EIS.4 In this way,
modeling economic uncertainty, or consumption volatility, Bansal and Yaron (2004) argues
that financial assets are sensitive to small news about consumption growth and volatility,
potentially explaining the puzzle regarding historically high equity sharpe-ratios compared
to historically low consumption volatility (see Hansen and Jagannathan, 1991). However,
in an attempt to use the model of Bansal and Yaron (2004) such that it solves the equity
premium puzzle with a constant sharpe-ratio, Chen et.al. (2008) cannot find a potential
solution to the credit spread puzzle.

In line with Bansal and Yaron’s (2004) approach of implementing extensions of consumption-
based asset models, Campbell and Cochrane (1999) develop a habit-based utility model,
where the utility and well-being often is more related to recent changes or differences in
consumption rather than in absolute terms. Furthermore, standard business cycle models
lacks to display the co-movement of the equity premium and business cycles (Campbell
and Cochrane, 1999), further emphasizing the analysis conducted by Chen et.al. (2008).
The reasoning of business cycle is also supported by Tsuji (2005), who also contributes to
the discussion and adds that illiquidity and investor preferences are very establish factors
not to be neglected, following the findings of previously discussed articles.

However, Campbell and Cochrane’s (1999) external habit model successfully generates
high returns for both stocks and bonds due to the link between economic fluctuations and
asset prices, namely when consumption goes down, the expected returns and its volatility
along with the price of risk, goes up. The key idea is that the pricing kernel, or the
stochastic discount factor, depends both on the consumption itself, but also the excess
consumption above the habit level. Thus, when the excess consumption approaches the
habit, or simply consumption grows less, the pricing kernel discounts future cash-flows
less. Similarly, as in booming economic cycles, the consumption grows more, making
the pricing kernel discount future cash-flows more, decreasing the equity premium and
expected returns. Furthermore, the model underlines that investors fear stocks mainly
because they perform bad in economic recessions, rather than the fear of the correlation
of returns to consumption and wealth.

In Chen et.al. (2008), it is however stated that the model from Campbell and Cochrane
falls short in explaining the credit spread puzzle with a constant default boundary as the
increased risk-premium during recessions makes the asset drift further from the default
boundary. On the other hand, once modeling default cycles with a non-constant default

4EIS is an acronym for the Elasticity of Intertemporal Substitution. The EIS measures the elasticity
of consumption growth relative changes in the interest rate.
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boundary, the historical default frequencies indeed becomes consistent with the Baa–Aaa
spreads.

Chen (2010) continues to address the puzzle by pointing out macroeconomic fluc-
tuations as a key factor in not only explaining the credit spread puzzle, but also the
underleverage puzzle where firms tend to choose low leverage ratios despite potential fi-
nancial gains from more debt.5 Extending from Chen et.al. (2008), Chen (2010) states
that the combination of variation in risk-premiums, default probabilities and default losses
increases the present value for bondholders and thus higher credit spreads in addition to
lower leverage ratios as firms decisions are affected by the macroeconomic conditions.

While not providing a direct solution, but rather underlining the puzzle, BGY’s (2020)
conclusion that a Jump-diffusion model can match short-term IG bonds for very high
level of risk-aversion highlights the consensus that pricing kernels that can explain the
high risk-premium seems to be the key to the puzzle rather than structural model mis-
specifications.

Adding to the discussion, Bai and Collin-Dufresne (2019) as well as Gârleanu and
Pedersen (2011) examines the deviation of the law of one price in the financial markets.
First, Bai and Collin-Dufresne investigates the cross-sectional variation in the credit de-
fault swap CDS-bond bases and to test the explanation of the violation of the no arbitrage
between cash bond and CDS contract. The CDS-bond bases illustrates a theoretical posi-
tive arbitrage opportunity of going long a bond and hedging by buying a CDS contract of
the underlying. The circumstance of a positive bond basis simply means that the implied
credit spread from bonds is higher than the no-arbitrage pricing structure suggest. In
line with this discussion, Gârleanu and Pedersen develop a model with heterogenous risk-
averse agents and state that different margin requirements affect the required return due
to investor’s optimal asset allocation depending on risk tolerance. Hence, for assets with
greater restrictions regarding margin requirements, a higher required return is expected.
As a result, apart from credit risk, taxes, bond liquidity and counterparty risk, Bai and
Collin-Dufresene as well as Gârleanu and Pedersen emphasizes a credit spread explained
further market frictions such as collateral quality and funding costs.

Gârleanu and Pedersen’s (2011) approach contributes an interesting perspective ap-
plicable to the discussion of the credit spread puzzle. While there is a large selection of
articles emphasizing the presence of the puzzle as well as the magnitude of the effect of
credit risk on credit spreads, few rich discussions that reaches beyond the already men-
tioned market frictions - such as taxes and illiquidity - as well as business cycles, are
provided. Contributions of potential solutions, such as the implementation of Campbell
and Cochrane’s (1999) habit formation in Chen et.al.’s (2008), does indeed develop a

5Tax benefits and low financial distress costs entice for more debt.
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pricing model dependent on approaching the problem from a risk-aversion perspective.
Nevertheless, extending the topic of the role of risk-aversion in asset pricing, more general
findings within behavioral economics are relevant to get a holistic view of the drivers of
the credit spread puzzle. In research from the likes of Kahneman and Tversky (1979),
Ellsberg (1961) and Knight (1921), decisions under risk is examined, where agents ranks
choices of different random payouts. According to the theory, when an agent is presented
the same choice in expectation but in different forms, the agent ranks the choices not in
line with true probabilities but according to transformed decision weights. The key idea
applicable to further discussions is the agent’s overemphasis of tails in the distribution -
both for unlikely losses and unlikely gains. Given the relevance of Kahneman and Tver-
sky (1979), Ellsberg (1961), Knight (1921) experimental theory about human perception
of risk, people violate standard expected utility theory, i.e. von Neumann-Morgenstern
utility, under risky circumstances.
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3 Background

The following section is intended first to review the paper by HH (2012) in greater detail
and subsequently to illustrate some concepts used throughout this analysis. Having a
fundamental perception of the following underlying assumptions will be essential in the
proceeding discussions.

3.1 ’How Much of the Corporate-Treasury Yield Spread Is Due

to Credit Risk?’ by Huang and Huang (2012)

The paper "How Much of the Corporate-Treasury Yield Spread Is Due to Credit Risk?"
published in the year 2012 by Huang and Huang is one of the most comprehensive studies
attempting to quantify how much of the observed yield spread is attributable to credit risk
where it uses structural models, provides several important implications and contributes
strongly to the propagation of the so-called "credit spread puzzle". Yet this anomaly seems
less puzzling out of the perspective of HH (2012) as they emphasize on many occasions
that default risk is only one factor influencing yield spreads. Hence, there ultimate goal is
rather to use structural models that only explain the risk of default risk and to estimate
how much of the yield spreads observed can be explained through these models.

HH (2012) test in total seven structural models by calibrating the models to match
equity risk-premiums, recovery rates and historical default rates from Moody’s. These
models are the one-factor Longstaff and Schwartz model (1995) as base case model, the
two-factor Longstaff and Schwartz model (1995) including stochastic interest rates, the
model presented by Leleand and Toft (1996) using an endogenous default boundary, a
model of strategic default based, among others, on Anderson and Sundaresan (1996),
a model with a mean-reverting leverage ratio (Collin-Dufresne and Goldstein, 2001), a
model using counter-cyclical risk-premiums and finally a model based on a jump-diffusion
asset process. The majority of these models will be covered throughout this analysis,
therefore a description is spared at this point.

In order to test these different models, HH use bonds with maturity of one, four and ten
years issued by S&P 500 companies and sort them regarding their credit class. Starting
with AAA and ending with B. For the base case model HH (2012) find that the credit
spread is underestimated substantially and that this is particularly pronounced among
investment grade bonds. They find that credit risk only accounts for about 20% of the
observed yield spread, with the exception of Baa-rated bonds where it accounts for about
30%. For junk bonds in comparison the attributable fraction is between 50% and even up
to 95%. The consideration of the more far-reaching models does not alter the conclusion
drawn much. And yet, if this is the case, it can be attributed to model characteristics,
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like in the model by Leland and Toft (1996) that only perpetual bonds are assumed in
the calibration. So, the conclusion remains the same as the models are calibrated to
historical default frequencies, however, when calibrated to match both default frequencies
and credit spreads, the implied risk-premiums gets unrealistically large. The exact results
of the more sophisticated models will be subjected to more detailed exposure in section
8 and 9.

The need to develop models that can not only explain the credit spreads, but also
get realistic results for speculative grade bonds is discussed as well. Such models would
be highly relevant for other asset pricing puzzles like the equity premium puzzle or the
underleverage puzzle too.

3.2 The Partial Differential Equation

In the following section we will show the partial differential equation of the base-case asset
path6 to get a fundamental understanding from a mathematical perspective of the con-
tribution of credit risk to the credit spread.7 When we discuss credit risk, we specifically
talk about the risk of the borrowing party not being able to pay the monetary obligations
to the lending party at maturity.8 To evaluate this risk, we will primarily investigate the
risk of the asset value being below the face value of debt at maturity, simply defined as
VT < K, where VT is the asset value at maturity, and K is the constant face value of debt.
In other words, we need a structural approach to value the asset in the future to estimate
the risk of insolvency, i.e. where the asset value ends up under debt value resulting in
default.

Since we do not know the asset value in the future, we need to define a stochastic dy-
namic of the asset path between time 0 and time T and further use the theory of structural
credit risk models with the underlying asset dynamics. The asset value is a continuous
time process, and the change in the asset value over any incremental time interval can be
defined as dV , and the percentage return over the same interval is

dV

V

We can define the process with a drift and a diffusion scaled to its idiosyncratic variability.
In other words, the return of the asset over some incremental interval will be dependent on
the deterministic long-term drift as well as a random component. Under the risk-neutral

6Regular Geometric Brownian Motion with constant volatility and no jumps
7We refer the well-known proofs and derivations to Zhang (2015).
8Please note that in reality, a borrower can be insolvent before maturity at some point 0 < τ < T ,

which will be investigate through a first-time passage model describe in the model review section
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probabilities, the drift is simply the risk-free interest rate.

dV

V
= µdt+ σdW (1)

Above we have an ordinary stochastic differential equation with dW ∼ N(0, dt) being a
standard normal gaussian variable. As the asset value does not evolve in discrete time,
we need to evaluate the process as dt → 0. To develop a continuous stochastic partial
differential equation, we can first introduce the Taylor Series, then approximated by the
second order Taylor expansion, to evaluate a the change in of function between point a
and point b as they approach a = b. Here, n indicates the order of the derivative. We can
write this as:

f (x) = f (a) +
∞∑
n=1

f (n) (a)

n!
(x− a)n

∆f =
∞∑
n=1

f (n) (a)

n!
(x− a)n

≈ f ′ (x) +
f ′′ (x)

2!
(∆x)2

Now, if we define f (x) = C (V, t) as a function depending on both the asset value and
time, where V is the Ito process given by equation (1), we can define the continuously
differentiable SDE from Ito’s Lemma accordingly.

dC =
∂C

∂t
dt+

∂C

∂V
dV +

1

2

∂2C

∂V 2
dV 2 (2)

With the logarithmic asset path C (V, t) = lnV , we can define the first and second order
derivatives.

∂C

∂t
= 0

∂C

∂V
=

1

V
∂2C

∂V 2
= − 1

V 2

Substituting this as well as equation (1) into equation (2), from Ito’s Lemma we get

d lnV =

(
µ− 1

2
σ2

)
dt+ σdW
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And we can finally define the asset value at time T as

VT = V0 exp

((
µ− 1

2
σ2

)
T + σ

√
TW

)
When pricing options according to the Black-Scholes PDE (Black, 1976) under the

assumption of a frictionless market, one can perfectly hedge by trading the underlying and
a risk-less security, and the the option is therefore priced under the risk-neutral measure.9

From the delta hedged portfolio of an asset with no asset payouts, we can show the famous
Black-Scholes PDE.

∂C

∂t
+

1

2
σ2V 2∂

2C

∂V 2
+ rS

∂C

∂V
− rC = 0

Taking one step back, we can insert equation (1) to equation (2), and set up the delta
portfolio with the underlying asset and the risk-free asset as well as the option such that
we can choose a fraction of the asset where we are perfectly hedged. The important key
takeaway is how it emphasizes the risk-neutrality in derivative pricing, which is the very
foundation of mathematical finance and asset pricing in an arbitrage-free market.

3.3 Risk-Neutral vs. Actual Probabilities

We will over and over revisit the theory regarding the difference of risk-neutral proba-
bilities and actual probabilities, hereafter referred to as the risk-neutral measure Q and
the physical measure P. In short, risk-neutral probabilities are implemented in pricing
of financial assets, whereas the physical measure is used for the true dynamics and de-
fault frequencies. The difference between the two is pedagogically explained by Bluhm,
Overbeck and Wagner (p. 228, 2010).

"When estimating the risk and the value of credit-related securities we are
faced with the question of the appropriate probability measure, risk-neutral
or objective probabilities. But in fact, the answer depends on the objective we
have. If one is interested in estimating the economic capital and risk charges,
one adopts the actuarial-like approach by choosing historical probabilities as
underlying probability measure. In this case we assume that the actual default
rates from historical information allow us to estimate a capital quota protect-
ing us against losses in worst case default scenarios. The objective is different
when it comes to pricing and hedging of credit-related securities. Here we
have to model under the risk-neutral probability measure. In a risk-neutral
world all individuals are indifferent to risk. They require no compensation

9See the next section for a discussion of the difference between the risk-neutral probability and actual
probability
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for risk, and the expected return on all securities is the risk-free interest rate.
This general principle in option pricing is known as risk-neutral valuation and
states that it is valid to assume that the world is risk-neutral when pricing
options. The resulting option prices are correct not only in the risk-neutral
world, but in the real world as well."

Now, the difference between the actual and risk-neutral probabilities is reflected by the
risk-premium, i.e. the market participants compensation for taking on risk. Therefore,
when calibrating the structural models to the actual default probabilities, we must eval-
uate the asset dynamics under measure P, including the risk-premium in the asset drift
(see equation (1) from previous section). On the other hand, implementing the theory of
contingent claims in pricing the credit securities, it must be carried out under the risk-
neutral measure Q.

This wedge becomes of particular interest when calibrating jump models to the actual
probabilities to then transform to risk-neutral as it can explain short-term spreads for a
high jump risk-premium.

3.4 Fourier Inversion and the Characteristic Function

A very appealing feature of the model framework developed by Black and Scholes (1973)
is that it offers closed-form solutions for European call and put options. This property
vanishes rapidly when the underlying framework is adjusted to be more realistic. For
example when the assumption of constant volatility or an affine diffusion process are
discarded. In this case a different approach needs to be retrieved and the so-called Fourier
transformation turns out very convenient.

Here, the approach shall only be outlined from a conceptual perspective. In order
to see the application and the precise mathematical implementation, please see section 4
and 5.

Heston (1993) was among the first to make use of this transformation in his derivation
of a closed-form solution for models containing stochastic volatility. Other researchers
have noticed the potential of the approach fast and applied it in their models (Bakshi and
Madan, 1999), (Carr and Madan, 1999), (Carr and Wu, 2004). The idea is that although
the probabilities associated with the more complex modelling of asset processes are not
available, their corresponding characteristic functions satisfy the same partial differential
equations. The characteristic function being the Fourier transformation of the probability
density function. Then, the necessary probabilities to derive a closed-form solutions are
given by inverting the characteristic functions (Shepard, 1991), (Heston, 1993). The
general characteristic function, as seen for example in Bakshi and Madan (1999), Scott
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(1999), can be defined as
φT (u) = E

[
eiu lnVT

]
(3)

Subsequently, in order to find the characteristic function associated with each asset process
it needs to be substituted for lnVT . Each characteristic function of the choices of models
will be presented in section 5.
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4 Methodological approach

A reliable examination and analysis of the quantification of credit risk in credit spreads is
dependent on applying a solid quantitative general structure that will be fast enough for
calibration purposes, yet very accurate and useful for unknown underlying distributions.
We will follow the well-known approach by Black and Scholes (1973) and Merton (1974)
by treating the firm’s equity and debt value as contingent claims on the firm’s asset value.
We can intuitively picture the payoff to bondholders being min (VT , K), and the price of
a risky bond is thus, according to the standard Merton model, as follows.

B (V,K, T,Θ) = e−rTK − P (V,K, T,Θ) (4)

This is nothing more than a zero-coupon bond less a put option on the asset value
with strike of the face-value of debt. V,K, T and Θ is the asset value, the debt value,
time to maturity and the model-specific parameters to be determined. We will be more
specific regarding the composition of Θ for each model implementation in our review of
the models in section 5. In addition, from the put-call-parity, we can also conclude that
the value of the risky bond can now been seen as the present value of the firm less the
market value of equity priced as a call option of the firm asset value.

In order to evaluate credit risk as a fraction of credit spreads, we will calibrate the
theoretical bond value to match actual default frequencies, risk-premiums, asset payout
rates and leverage ratios, similarly following HH’s (2012) approach. To avoid an under-
determined problem with infinite solutions, we pick the empirical sets of parameters for
Θ and set the volatility as the objective variable in the minimization problem of the
least squares between implied default probability and the actual default frequencies.10 By
doing this, we will consistently solve for the implied volatility for each model, and will
furthermore always get a unique and reproducible solution. We price the bond using the
theory of contingent claims under risk-neutral measure Q and evaluate the calibration to
the default frequency under the physical measure P, including the risk-premium in the
drift in the asset dynamics. Furthermore, in our choices of model specific parameters
explaining market returns captured under the physical measure P, we need to account for
risk compensation and transform to the risk-neutral measure Q for an accurate pricing
methodology.

Using the assumption of a logarithmic asset path from Black and Scholes (1973),
we can now generalize the price of a European call option as the discounted expected
payoff. We can write the recognizable generalized call option pricing as follows, where Q
represents the risk-neutral probability under the money market numeraire and Q̃ is the

10See section 6 for the calibration specifics.
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risk neutral probability under the asset numeraire.

C (V,K, T,Θ) = e−δTV Q̃ (VT ≥ K)− e−rTKQ (VT ≥ K)

Given that the distribution is known beforehand, it is easy to analytically solve for
the option price. If we have log-normally distributed returns with homoskedasticity, this
formula will simply be the regular Black Scholes (1973) model. As mentioned in section
3, many extensions of the basic model do not provide a closed-form solution. However, if
we know the characteristic function, we can get the unknown probability distribution as
a semi-analytical solution through Fourier inversion. We can recall the definition of the
general characteristic function as

φT (u) = E
[
eiu lnVT

]
. (5)

From Bakshi and Madan (1999), Scott (1997), Carr and Madan (1999) and including
many other influential articles within the topics of quantitative finance, we get that the
risk-neutral probability of being in-the-money is

Q̃ (VT ≥ K) =
1

2
+

1

π

∫ ∞
0

Re

(
eiu lnKφQ

T (u− i)
iuφQ

T (−i)

)
du,

Q (VT ≥ K) =
1

2
+

1

π

∫ ∞
0

Re

(
eiu lnKφQ

T (u)

iu

)
du,

where φQ
T is the characteristic under the risk-neutral measure generalized in equation (5).

Similarly, we can get the physical probability of the asset value being greater or equal to
the face value of debt under the money market numeraire being

P (VT ≥ K) =
1

2
+

1

π

∫ ∞
0

Re

(
eiu lnKφP

T (u)

iu

)
du. (6)

Here we simply add the risk-premium, and further define the default probability that we
will implement in our calibration method as

PD = P (VT < K) = 1− P (VT ≥ K) .

With this general structure, we can extend the base case Merton model by pricing the
bond as blocks of payoff structures and we can therefore easily impose bankruptcy cost
given default, such that the payoff to the bondholders will be a fraction of the remaining
value of the assets. We can thus write the price of the risky bond in the following way,
where α is the cost of bankruptcy as a fraction of firm value, which we will estimate
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throughout the paper to the robust level provided by Andrade and Kaplan (1998) with
their empirical upper bound of 23% of the face value. In addition, Bhabra and Yao
(2011) argues that bankruptcy costs accrues over the following years of bankruptcy, where
indirect bankruptcy costs for τ − 3, τ − 2 and τ − 1 accounts for 2%, 6.2% and 14.9% of
firm value respectively. This level is also supported in implementing the Black-Cox model
using Davydenko’s (2010) time of bankruptcy of 66% of face value of debt while retaining
the recovery rate of firm value of around 51%.

B (V,K, T,Θ) = EQ [K1VT≥K + (1− α)VT1VT<K ]

= e−rTKEQ [1VT≥K ] + e−δT (1− α)EQ [VT1VT<K ]

The formula simply states that the expected payoff is the risk-neutral expectation of the
firm surviving at time T multiplied by the face value of debt and adding the fraction of
recovery multiplied by the risk neutral expectation of the firm value given default. Recall
that we have already defined the generalized risk-neutral expectation of VT ≥ K under the
money market numeraire and asset value numeraire. So we can define the two separate
parts accordingly:

e−rTKEQ [1VT≥K ] = e−rTKQ (VT ≥ K)

and
e−δT (1− α)EQ [VT1VT<K ] = e−δT (1− α)V0

(
1− Q̃ (VT ≥ K)

)
.

Finally, we sum the two definitions and get the price of the bond.

B (V,K, T,Θ) = e−rTKQ (VT ≥ K) + e−δT (1− α)V0

(
1− Q̃ (VT ≥ K)

)
(7)

We have now presented the bond pricing framework of the models. Note that this
method will only allow for default at time T , and while the first-passage of time model
by Black and Cox (1976), reviewed in section 5.5, will allow for default at 0 ≤ τ ≤ T ,
the approach will remain the same. Instead, we will drop the implementation of the char-
acteristic functions and introduce a separate probability distribution relative the other
models. Note also that the pricing assumption approximates coupon paying bonds as
discount bonds. A further discussion regarding this is provided in section 9.

Whereas this paper focuses on the credit spread puzzle, we refer the curious reader
of the implicit structure of models to read more about the theoretical framework in the
articles from Heston (1993), Bakshi and Madan (1999), Scott (1997), Carr and Madan
(1999), Bates and David S. (1996) and Merton (1976) as well as the review of the models
in section 5 and the appendix for the practical implementation of the pricing and calibra-
tion algorithms.
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The defined model allows us to easily price options with different underlying asset
dynamics which will be superior Monte Carlo simulations in regards of precision and
computational time by far. As we evaluate in section 9 and exhibit in table 15, it also
generates more precise results. This leads us to extend the base case scenario of a geo-
metric brownian motion and examine a Lévy process and stochastic volatility to evaluate
leptokurtic returns and its effect on credit spreads. We will return to the specifics of this
in section 5.

With the theoretical value of the bond, we can define the relationship between the
present value of the bond and the face value, and thus extract the implied yield and credit
spread as follows.

B (V,K, T,Θ) = Ke−yT

y = −
ln B(V,T,K,Θ)

K

T

CS = y − r

Again, the pricing of the debt structure is approximated as zero coupon bond and not a
coupon paying bond where the yield to maturity is determined by both the coupons and
the capital appreciation. Therefore, we compare the implied credit spreads generated by
our models to the yield to maturity of outstanding bonds from the data, as this is the
most relevant approximation. Since all of our models except the Black-Cox model can
only default at maturity, this is a reasonable approach, and we can envision the case that
all coupons are accumulated to maturity, where the face value and coupons are payed.

The implied credit spread is thus the output we will empirically analyze together with
the set of parameters following the calibration to match actual default probabilities, asset
payout rates, risk-premiums and leverage ratios from the different credit classes.

Section 5, 6 and 7 provides more in-depth information about the specific models and
asset dynamics, the calibration approach and the data.
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5 Review of models

As we have seen, the yield spread of a risky bond depends on the theoretical value of the
bond, which in turn can be defined through building blocks of financial assets through the
theory of contingent claims. The pricing structure will nevertheless depend on a set of
assumptions concerning the probability distribution, time of default, recovery rates given
default, to name a few.

Therefore, to address the question of what fraction of the the credit spread can be
explained by credit risk, a wide set of structural models explaining empirical economic
assumptions such as leptokurtosis, bankruptcy costs and stochastic default times, are
to be implemented. On the one hand we want to implement combination of structural
models to match the real world, on the other hand we want to have a parsimonious and
analytically tractable analysis. The selection of models follows the selection made by
many of the authors from the articles in the literature review, but contributes with a new
adaption and empirical analysis. Drawbacks and the potential of excluding important
models is evaluated in section 9.

For all models, we pick V0 by multiplying the inverse of the leverage ratio with the
face value of debt. In this way, we capture the current market value of assets. Note
however that we use market value of equity and book value of debt. As BGY (2020)
states, according to theory debt should be market value and not book value debt, which
by definition will directly impact the leverage ration and thus the starting asset value
V0. Nevertheless, we insist that using book values of debt will not substantially affect the
result, and refer to discussions in section 9 as well as the robustness checks. Furthermore,
we set the parameters according to the credit class targets such that we get a representative
firm for all five classes included. The model-specific parameters will be determined within
each proceeding model-section, while we, for all models, use the implied volatility to
calibrate to the historical default frequencies.

While we essentially implement the Merton model in all scenarios pricing the bonds,
we use the different structural models under different assumptions for the asset dynamics.
We will define our base-case asset model where the option price can be seen as the standard
Black-Scholes model, and then make extensions to the Heston model, including stochastic
volatility, a Jump diffusion model modeling the dynamics as a Lévy process, Bates model
that includes both stochastic volatility and jumps as well as the Black-Cox model (1976)
where the default time is further examined.
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5.1 Merton Model - Base Case

As stated, we refer the base-case model to the Merton model, using the standard Black-
Scholes option pricing structure where we implement a geometric Brownian motion ac-
cording to the already recognizable form

dVt
Vt

= (µ− δ)dt+ σdWA
t . (8)

The drift (µ− δ) is defined as the generalized drift parameter µ11 subtracted by the asset
payout rate δ, which is the weighted asset payout from the representative firm’s dividend
and coupon payments extracted from the data.12 The diffusion σdWA

t is simply the square
root of the idiosyncratic variance, i.e. the standard deviation, times a standard normal
Gaussian variable. Recall from section (3) that we have:

d lnVt =

(
µ− δ − 1

2
σ2

)
dt+ σdWA

t .

Integrating the above results, we can define the asset value at time t. As we now know,
µ simply becomes r under risk-neutral measure Q, and λ + r where λ is the asset risk-
premium under the physical measure P.

Vt = V0 exp

((
µ− δ − 1

2
σ2

)
t+ σ

√
tWA

t

)
(9)

Note that the risk-premium will only be used under measure P, which means it will only
affect the physical default probability, but will have no effect in pricing the bond. This
creates an interesting wedge between the credit risk, i.e. default probability, and the
credit spread implied in the determination of the price.

This model will represent the very base case of the Merton model, and the only
parameter in Θ used in the model is the variance σ2. The intuition of the characteristic
function used follows our defined dynamics.

E
[
eiu lnVT

]
= eiu lnV0+iu(µ−δ)T− 1

2
σ2(iu+u2)T (10)

In order to now price a bond and then find the corresponding yield spread in this
model, the procedure outlined in section 4 needs to be followed. However, it is apparent
that the obtained yield spread depends on a number of input parameters.

11The risk-premium added to the risk-free rate under the physical risk-measure P, and only the risk-free
rate under the risk-free measure Q.

12See section 7 for a closer description of the data specifics.
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Figure 1: (Left) change of asset value in base case model - (Red) asset value of S = 140, (Cyan) asset
value of S = 160; (Right) change of volatility in base case model - (Red) asset volatility of σ=0.27,
(Cyan) asset volatility of σ=0.17

Graphically observing the implied yield spread from our base-case model, we can
obviously conclude that when for example increasing the firm asset values relative to the
face value of outstanding debt, then this will decrease the corresponding yield spread.
The intuition here is that by increasing asset values, the risk that assets evolve so that
they end up below face value is, ceteris paripus, smaller. This very intuitive mechanism
of the model can be viewed in figure 1, where an asset value of 160 (cyan) is compared to
and asset value of 140 (red). In both cases the face value amounts to 90. At each maturity
the yield corresponding to the lower asset value lies above the high asset value yield. If
not stated otherwise for the subsequent figures an asset value of 170, an outstanding debt
with face value 90, an interest rate of 5% and an asset volatility of 0.17 are used for
illustration. Note that the x-axis indicates the maturity, where 3000 corresponds to a
maturity of 30 years. The y-axis indicates the credit spread measured in absolute values,
so that a credit spread of 0.02 refers to 2%. Next, figure 2 displays an increase in the
asset volatility from 0.17 (red) to 0.27 (cyan). It can be seen that this has a major impact
on the obtained credit spread. Again, a higher volatility indicates higher associated risk
and this needs to be compensated by a higher yield spread.
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Figure 2: (Left) Change of risk-free rate in base case model - (Red) risk-free rate of 2%, (Cyan) risk-free
rate of 4%; (Right) Introduction of bankruptcy costs in base case model - (Red) No bankruptcy costs
in place α = 0, (Cyan) bankruptcy costs of 23%

The impact of the interest rate on the credit spread is a bit more complicated since
there are several channels through that it exerts an impact. Firstly, the yield spread is
the yield above the risk-free rate, so the risk-free rate is subtracted. By only considering
this, the risk-free rate exerts an negative impact on the yield spread and the higher the
risk-free rate the lower the yield spread. Secondly, the risk-free rate is used as discount
factor in the pricing of the bond. So, at each point of maturity the future payoff is worth
less today if the risk-free rate increases. This effect is larger the further away maturity is.
A higher risk free rate leads to the fact that payoffs are discounted more heavily and thus
correspond to lower bond prices. Lower bond prices on the other hand indicate higher
yields. Lastly, the drift of the asset value process is, by construction, the risk-free rate plus
the asset risk-premium (or in this analysis the equity risk-premium)13. A higher drift term
places a negative affect on the yield spread since this again leads to a smaller probability
of default and hence less compensation for risk. All in all, two of the three effects are
negative and one effect is positive and as can be observed in figure 2 the positive effect is
more than offset by the negative leading to an overall decrease of the yield spread. Finally,
in figure 2 the impact of introducing costs of bankruptcy to the model is displayed. As
making bankruptcy costly for debt holders, i.e. they only receive fraction 1−α in case of
default, the require to get compensated for this. Thus, it can be seen that the impact on
the yield spread is positive.

13For more information in this regards, please see the discussion in section 9.2.6.
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5.2 Heston Model

The Heston (1993) model represents one of the most well-known option pricing extensions
of the Black and Scholes (1973) model, where the assumption of a constant volatility is
tackled. From Ito’s Lemma, the dynamics of the asset is now

Vt = V0 exp

((
µ− δ − 1

2
σ2
t

)
t+ σt

√
tWA

t

)
(11)

We can instantly see that the only difference from our base-case model following a standard
geometric brownian motion is the subscript t for σ, i.e. the volatility, indicating a non-
constant variable but is instead time-dependent. The dynamics of the volatility is hence

dσ2
t = κ(σ̄2 − σ2

t )dt+ γdW v
t (12)

W v
t = ρWA

t +
√

1− ρ2WB
t (13)

κσ̄2 > γ2

The volatility thus follows a Ornstein-Uhlenbeck process written as the square-root process
as by Cox, Ingersoll and Ross (1985), and we therefore also impose the Feller condition
to ensure a positive value for the variation. In addition, we allow for a correlation factor
ρ where WA

t and WB
t are i.i.d. standard Gaussian random variables.

Whereas economic reasoning for a non-constant volatility is easy to accept, the Heston
model allows us to relax the assumption of non-normal returns and fits a model that allows
for the famous volatility smile, i.e. the implied volatility increases as the option is deep
in-the-money or out-of-the-money. The model will by this argument act as an important
addition in the model review to empirically evaluate the phenomenon in regards to its
impact on credit spreads due to the implied credit risk.

The contribution of the Heston model in our analysis provides a structural model
that accommodates the asymmetry in returns. Andersen et.al. (2001) argues that the
estimation of the Heston model to equity returns does indeed do a good job to match the
skewness seen in equity returns, but fails to match the excess kurtosis, i.e. putting mass
in the tails of the return distribution. With a negative parameter value for ρ as well as a
parameter value for γ that is not too small, the skewness is further emphasized as it fits the
famous "volatility smirk" or "volatility skew", which showcases higher implied volatilities
for options with lower strike prices relative current price. Bates (2000), however, states
that for the model to fit the empirical skewness, an extremely and implausibly high -
relative the generated values from time-series estimations - value for the volatility of the
volatility is required. Nevertheless, according to the volaitlity smile/smirk the implied
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volatility is higher for deep ITM calls and OTM puts, leading to relatively large prices of
option prices based on models imposing constant volatility.

Following the discussion regarding the paper by Andersen et.al. (2001), we will use
the estimation of the parameters in our implementation of the Heston model. First, we
have to address the obvious that the models are fitted to equity returns, whereas our
analysis is based on asset returns. We will make the assumption that κ, γ and ρ can be
approximated to asset values according to the set of parameters provided by Andersen
et.al. (2001). On the other, while the parameter indicating the level of mean reversion,
σ̄2, is given in the paper, we can reject the fact that equity volatility and asset volatility
are the same. From the Merton model, we nevertheless know the relationship between the
equity volatility and asset volatility and can further emphasize the influence of leverage
on the volatility.

σE =
V

V −K
Q̃ (VT ≥ K)σV

As we can see from above, a generalized value for σ̄2 for all credit classes would violate the
fact that leverage has an influence on equity volatility. To overcome this in a parsimonious
way, we will calibrate the model such that the implied volatility at t = 0 will equal the
level of mean reversion, such that σ̂ = σ̄. This simply means that the starting level of
the asset volatility that is calibrated to match the default frequency will be the same as
the level of mean reversion of the stochastic volatility dynamics. The other parameters
implemented in the model are as follows:

κ = 3.3; γ = 0.0734; ρ = −0.5877

The intuition behind the parameters is that κ is the speed of mean reversion of the
stochastic volatility dynamics, γ is the volatility of the volatility, and ρ is, as mentioned
before, the correlation factor between the asset diffusion and volatility diffusion. Again,
we can conclude that for ρ = −0.5877, we would indeed see the skewed volatility smirk.

The characteristic function used for calibration and pricing as a closed form solution
is

E
[
eiu lnVT

]
= eCF1+CF2+CF3 , (14)

where

CF1 = iu (lnV0 + (µ− δ)T )

CF2 =
σ̄2

γ

[
(κ− ργiu− d)T − 2 ln

(
1− ge−dT

1− g

)]
CF3 =

σ2
0

γ2
(κ− ργiu)

[
1− e−dT

1− ge−dT

]
,
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and where

d =

√
(ργiu− κ)2 + γ2

g =
κ− ργiu− d
κ− ργiu+ d

.

Note that the variables implemented in the model are extracted from fitting physical
dynamics, and are thus under the physical measure P. As we know, financial assets are
priced not by the physical dynamics but under the risk-neutral measureQ. In Bates (2000)
ΦHeston = ησ2

t = (κ∗ − κ)σ2
t where the star indication defines the variable under pricing

measure. The key discussion here is the plausibility of the difference of the parameters
under measure P and Q. As we can clearly see, the risk-premium is varying with the
volatility at time t, it is not, however, entirely clear if the variance risk-premium should
be negative or positive. In line with this, we do not expect the magnitude of the process
being very different when we use our standard equity premium. The dynamics of the
variance under the risk-neutral measure, as described by Andersen, Torben and Benzoni’s
(2001), is:

dσ2
t = κ(σ̄2 − σ2

t − ησ2
t )dt+ γdW ∗v

t .

Further discussions regarding wedges between the risk-neutral measure and physical mea-
sure will be carried out for the other models as well in our discussion section of model
and assumption limitations.

Figure 3: (Left) volatility of volatility of 0.17, (Red) base case model, (Green) correlation of -0.5, (Blue)
correlation of 0.5; (Right) volatility of volatility of 0.39, (Red) base case model, (Green) correlation of
-0.5, (Blue) correlation of 0.5

As can be seen in figure 3 the presence of stochastic volatility induces a higher credit
spread in comparison to the base case model. The figures show how an increase in the
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volatility of volatility affects the credit spread and this for a correlation factor of ρ = −0.5

and ρ = 0.5. For both volatilities it can be observed that at the beginning, the case with
ρ = −0.5 generates larger credit spreads, but at some point the curves intersect and from
then on the case ρ = 0.5 generates larger spreads. Generally, The increase in volatility
amplifies the difference between the two curves.

5.3 Jump-Diffusion Model

Continuing the discussion of non-normal returns, we will now instead look at a model
where the dynamics does not evolve as a standard geometric brownian motion, but a
Lévy process. The intention is to model the dynamics such that the process can have
discrete jumps, and thus we will evaluate the Merton (1976) jump diffusion model. In the
regular diffusion models introduced before, the firm cannot default by surprise, i.e. jump
to default, an assumption we thus relax by allowing for sudden discrete changes in the
firm value.

As discussed before, the distribution of asset or equity returns is non-normal with
excess kurtosis and skew. While the Heston model contributed with a model that focused
on skewed returns, the jump-diffusion model instead focuses on putting mass in the tails
of the return distribution. The key economic intuition is that we model futures states
with shocks to the asset value, allowing for states with high default risk and hence an
increased kurtosis regarding the distribution of ln VT

V0
relative our base case Merton model,

but also compared to the Heston model. We can model the general dynamics as

dVt
Vt

= (µ− λk − δ)dt+ σdWA
t + dJt. (15)

We can more specifically and with greater intuition model the process with random jumps
and define the distribution of k, where λ is the Poisson intensity.

dVt
Vt

= (µ− λk − δ)dt+ σdWA
t + d

[
N∑
i=1

(Zi − 1)

]

ln (1 + Zi) ∼ N
(
µJ , ξ

)
k = E

[
eZi − 1

]
= eµ

J+ 1
2
ξ − 1

Since the the process will either jump or not, we can visually and intuitively interpret
the discrete jumps as affecting the asset value in a state-dependent way for t ∈ [i, N ] and
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t /∈ [i, N ], such that the dynamics can be separated accordingly.

dVt
Vt

=

{
(µ− λk − δ)dt+ σdWA

t + (Z − 1) ∀t ∈ i = 1..N

(µ− λk − δ) dt+ σdWA
t ∀t /∈ i = 1..N

From the SDE, we have the dynamics of the asset price followed by the characteristic
function:

Vt = V0 exp

((
µ− λk − δ − 1

2
σ2

)
t+ σ

√
tWA

t

) N∏
i=1

Zi (16)

E
[
eiu lnVT

]
= eCF1+CF2 , (17)

where
CF1 = iu lnV0 + iu

(
µ− δ − 1

2
σ2 − λµJ

)
T − 1

2
u2σ2T

CF2 = λ
(
eiu ln(1+µJ)− 1

2
iuξ− 1

2
ξu2 − 1

)
T.

Now, in Andersen et. al (2001) paper, the extension of the Black-Scholes including
jumps, it is found that when fitting to S&P500 equity returns, k is statistically not
different from zero and the restriction of setting κ = 0 is imposed. On the other hand,
the jump frequency parameter λ becomes of greater interest. In Andersen et. al’s (2001)
regression, the coefficient is significant and with the assumption of 252 trading days, the
asset jumps about 12-13 times a year. The parameters retrieved from Andersen et. al’s
(2001) regression are now:

k = 0; ξ = 0.000108; λ = 12.5

This means that with a standard deviation of the jumps of 1.04%, most jumps will, in
expectation, be in the span −2.1% to 2.1% where the intensity is 12.5 jumps per year.

The situation regarding the parameter estimation under the physical measure is the
same for the Jump-Diffusion model as it is for the Heston model. The risk-premium due
to jump, i.e. the compensation for potential jumps, is defined as the difference in the drift
under measure P and Q. Exhibited in Andersen et.al. (2001), the dynamics under the
risk-neutral measure is:

dVt
Vt

= (µ− λ∗k∗ − δ)dt+ σdWA
t + d

[
N∑
i=1

(Zi − 1)

]∗
. (18)

A natural way to transform the model is such that the jump risk-premium accounts for the
entire risk-premium following the approach in Kou and Wang (2003) in a similar manner
as HH (2012) and BGY (2020) by substituting the drift in measure P to the risk-free
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rate, and the jump parameters under measure Q such that λk − λ∗k∗14 equals the risk-
premium. Now, as we restrict the mean jump size to zero, the drift due to jumps is zero
in our model implementation. For tractability and parsimony, we will present the results
for no compenastion due to jump-risk as well as for different jump risk-aversion levels,
as the practical implementation incorporates several difficulties, as well as uncertainties
assuming plausible utility function in predicting risk-premiums. In line with this, it is
believed, according to Bates (2000), that the jump risk-premium does not introduce any
significant wedge between the risk-neutral parameters and the parameters defined under
measure P. It is further concluded in Pan (2002), however, that the excess return required
from jump-risk is about 3-3.5% whereas the usual diffusion risk-premium is about 5.5%.
An application of this statement will hence be conducted in our results section.

Bates (2000) provides a solution in estimating λ∗ and k∗ analyzing the change in
marginal utility of wealth conditional on jumps, and further claims that when jumps tend
to be negative, λ∗ > λ and k∗ < k. Hence, since we restrict k to be zero and λ to
be relatively large, a very small change in λ∗ and k∗ would drastically change the jump
risk-premium.

Figure 4: (Left) Increasing Mean Jump Size - (Red) base case model, (Blue) mean-zero jump, (Green)
mean jump size of -0.1; (Right) Increasing Jump Volatility - (Red) base case model, (Blue) jump vol.
of 0.1, (Green) jump vol. of 0.07

In figure 4 the impact of introducing jumps on the obtained credit spreads can be
observed. In the left panel the mean jump size and in the right panel the jump volatility
is varied. The setting is constructed with asset values of S = 150, face value of X = 90,
a risk-free rate of r = 3% and a jump frequency of λ = 12. For the left panel the mean
jump size is decreased from being not significantly different from zero to µJ = −0.1 while
the jump’s volatility is

√
ξ = 0.03. In the right panel while setting a zero-jump size, the

14As presented in HH (2012).
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volatility is increased from
√
ξ = 0.07 to

√
ξ
′
= 0.1. Here the fact that the consideration

of jumps amplifies the increase of credit spreads is particularly prominent. Especially in
contrast to the figures before the fast increase also for short maturities is noteworthy.
This is true in particular for the cases with an either relatively high jump volatility as in
the right panel or when considering a negative-mean jump size.

5.4 Bates Model

It is straightforward to extend our analysis with the combination of a jump diffusion
process and stochastic volatility according to the Bates model from Bates (1996). On the
one hand it can be interesting to evaluate the presence of both economic phenomenons to
analyze the effect on both credit spreads and the effect on the set of parameters, as well
as try to fit a model that matches empirical economic assumptions. On the other hand,
combining too many extensions in the same model will have an impact on the tractability
and make the analysis less parsimonious as there is a risk of over-fitting data that simply
is noise.

The contribution of this model is nevertheless important as it aims to capture both the
skew and the leptokurtosis analyzed separately in the Heston model and Jump-diffusion
model. Due to this, the model performance on actual market data seems to outperform
the goodness of fit relative the models only incorporating either stochastic volatility or
or jumps, and Andersen et.al. (2001) states that the model is not rejected at a 5%

significance level of explaining equity returns. The dynamics of the asset and variance is
now simply the combination of the Heston model and the Jump-diffusion model.

dVt
Vt

= (µ− λk − δ)dt+ σtdW
A
t + d

[
N∑
i=1

(Zi − 1)

]
(19)

dσ2
t = κ(σ̄2 − σ2

t )dt+ γdW v
t

Furthermore, the characteristic function of the Bates model is now

E
[
eiu lnVT

]
= eCF1+CF2+CF3+CF4 , (20)
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where

CF1 = iu (lnV0 + (r − δ)T )

CF2 =
σ̄2

γ2

[
(κ− ργiu− d)T − 2 ln

(
1− ge−dT

1− g

)]
CF3 =

σ2
0

γ2
(κ− ργiu)

[
1− e−dT

1− ge−dT

]
CF4 = −λµJ iuT + λ

[(
1 + µJ

)iu
eξ

1
2
iu(iu−1) − 1

]
T,

with

d =

√
(ργiu− κ)2 + γ2

g =
κ− ργiu− d
κ− ργiu+ d

.

Following the same approach as from the other models, we capture the set of pa-
rameters from the goodness of fit estimation by Andersen et.al. (2001). Note that these
variables are directly taken from fitting market data, thus representing the variables under
the physical measure P.

κ = 3; γ = 0.0711; ρ = −0.622 k = 0; ξ = 0.00018; λ = 5

Interestingly, the parameters of the stochastic volatility are more or less unaffected by
the presence of jumps, where the mean reversion parameter κ as well as the correlation
parameter ρ both decreases slightly. On the other hand, there is a significant decrease in
the jump frequency parameter λ, which is now indicating a frequency of about 5 jumps
per year. The expected magnitude of jumps remains to be restricted to zero, whereas the
jump volatility is now 1.34%.

For completeness and transparency, we dynamics under the risk-neutral measure can
be defined as follows:

dVt
Vt

= (µ− λ∗k∗ − δ)dt+ σtdW
A
t + d

[
N∑
i=1

(Zi − 1)

]∗
dσ2

t = κ(σ̄2 − σ2
t − ησ2

t )dt+ γdW ∗v
t .

(21)

An examination of both neutrality to jumps as well as reasonable jump risk-aversion and
large jump risk-aversion will be implemented.
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5.5 Black-Cox Model

In all the previous models we can emphasize the obvious inaccuracy of only allowing the
firm to default at time T . Through simple intuition and empirical results, we know that
this cannot be true in the actual world. Therefore, we will now further the discussion
through implementation of a structural credit risk model and relax this assumption, and
let the firm have a positive probability of defaulting at some point 0 ≤ τ ≤ T the first time
the asset value hits some default boundary V ∗. It is thus a first-passage of time model
where the default boundary initially was defined as a safety covenant by the original paper
by Black and Cox (1976). For tractability, we will assume an asset value evolving as a
standard geometric brownian motion as seen in the base case model as well in the Heston
model.

dVt
Vt

= (µ− δ)dt+
√
vdWA

t (22)

Here, we will assume a constant default barrier at L, i.e. γ = 0.

Ct = C0e
−γ(T−t) = L (23)

In economic reasoning, the default boundary can represent a safety covenant as pre-
sented by Black and Cox (1976), where bondholders take over the firm value. We can
now define default at time τ as the first time the asset value hits the default barrier, i.e.
takes over the control of the firm, accordingly.

τ = inf

{
0 ≤ t ≤ T : V0 exp

((
r − δ − 1

2
σ2

)
t+ σ

√
tWA

)
= L

}

With some straightforward algebra, we can simplify the expression for simplicity in our
model definition.

τ = inf

{
0 ≤ t ≤ T :

(
r − δ − 1

2
σ2

)
t+ σ

√
tWA = ln

L

V0

}

τ = inf

{
0 ≤ t ≤ T :

√
tWA +

(
r − δ − 1

2
σ2
)
t

σ
=

ln L
V0

σ

}

τ = inf

{
0 ≤ t ≤ T :

√
tWA + µ = b

}

The price of a bond under the first-passage of time model will still be the weighted
risk-neutral probability of the payoff at maturity, where the survival rate of the firm is if
τ > T . Again, α is the bankruptcy cost, which will be imposed when the asset value hits
the barrier. Following Lando (2004), we can separate the price of the bond into two parts
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to get the price the states of survival as well as default

Bm = EQ [e−rT min (VT , K) 1τ>T
]

Bb = EQ [(1− α)L10≤τ≤T ] .

Summing up the parts, we have

B = Bm +Bb

= EQ [e−rT min (VT , K) 1τ>T
]

+ EQ [(1− α)L10≤τ≤T ]

The pricing of the contribution of the payment at maturity given no default can be
done through the theory of contingent claims, mimicking the Merton model setup, and
we can value a truncated bond and truncated put option though down-and-out barrier
options.

Bm = EQ [e−rT min (VT , K) 1τ>T
]

= LH (V, T, L)− L
(
L

V

) 2r
σ2
−1

H

(
L2

V
, T, L

)
+ CBS (V, L, T )−

(
L

V

) 2r
σ2
−1

CBS

(
L2

V
, L, T

)
− CBS (V,K, T ) +

(
L

V

) 2r
σ2
−1

CBS

(
L2

V
,K, T

)
,

where

H (V, T, L) = e−rTΦ
(
dQ2
)

dQ2 =
ln V

K
+
(
r − δ − 1

2
σ2
)
T

σ
√
T

.

The second part can be written as

Bb = EQ [(1− α)L10≤τ≤T ] = (1− α)L

[
Φ

(
b− µT√

T

)
+ exp (2µb) Φ

(
b+ µT√

T

)]
. (24)

The first-passage of time model with a default barrier provides a stochastic default time
τ , but a pre-defined payoff (1−α)L given default, as opposed to the previous models where
the reverse is the case. This means that there is, ceteris paribus, an increased probability
of default in a first-passage of time model. Nevertheless, this effect is offset by the fact
that the bondholders take over the remaining assets given default leading generally to
smaller generated credit spreads by the Black-Cox model (1976). Interestingly, as can be
seen in figure 5, when the asset volatility in the Black-Cox model (1976) is higher than
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in the base case model the obtained credit spreads for short to medium-term are higher
as well. It should be noted that this is true until some maturity T ∗, upon this point the
credit spread in the Black-Cox model (1976) is decreasing.

Figure 5: Black-Cox model - impact of volatility, (Left) equal volatility - (Red) base case, (Cyan)
Black-Cox; (Right) volatility in Black-Cox model is higher - (Red) base case, (Cyan) Black-Cox

This represents the existing trade-off in the Black-Cox model (1976) between the in-
stantaneous payoff due to the recovery in case of bankruptcy and the discounted face
value of the bond at maturity. For long maturities this trade-off may actually turn out in
favor of bankruptcy, generating negative credit spreads as can be observed in figure 5 for
both panels. Dwelling further into the model, of interest is also the impact of the default
boundary as well as the recovery rate. In figure 6 in two panels the effects are illustrated.
As comparison the base case model is drawn into the figure as the red line. Both models
are set using asset value of S = 140, a face value of debt of X = 90, asset volatility of
σ = 0.25 and an risk-free rate of r = 3%. Starting with the impact of decreasing the
default boundary from L = 0.66% to L′ = 0.30% while leaving the recovery rate at 51%.
Thus, in the new state the company will stand at 30% of its assets at the default point,
from the remaining assets 51% can still be recovered. As this is substantially worse than
the prior case, where debt holder got 51% of 66% remaining assets, they require a higher
compensation for this case that is manifesting in a higher credit spread.
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Figure 6: (Left) decrease of default boundary - (Red) base case model, (Green) default boundary of 51%,
(Blue) default boundary of 66%; (Right) decrease of recovery rate - (Red) base case model, (Green)
default boundary of 20%, (Blue) default boundary of 51%

In the right panel the impact of a decrease in the recovery rate is shown. The ar-
gumentation very much follows the previous. One point that can be highlighted is that
by a decrease so considerably as shown in figure 6 the credit spread for short maturities
increases so much that it lies above the base case model for the same parameters.

Finally, considering the parametarization of the model, Davydenko’s (2010) paper re-
garding default timings has specifically defined L as 66% of the face value of the bond.
Additionally, by retaining the upper bound of bankruptcy costs of 23% from Andrade and
Kaplan (1998), we have a recovery of approximately 51%, which is in line with what HH
(2012) uses.
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6 Calibration

Regarding the calibration of the different models the approach outlined by HH (2012) has
been followed. In general, the models are calibrated to the historical default probabilities
shown in table 1, section 7.15 These have been provided by estimations of Moody’s (Hull,
2018). HH (2012) have determined four calibration targets, which are required to be
matched in the calibration. Namely, the leverage ratio, the equity risk premium, the
payout ratio and the default boundary. The targets also can be found in table 1 and their
description in section 7.

As described by Crépey (2013), inverse calibration problems that are set up this way
tend to be ill-posed. Further, described in Horowitz (2013), a well-posed solution is defined
when

(i) a solution exists,

(ii) the solution is unique,

(iii) the solution depends continuously on available data.

Now, returns in the market are very noisy, consists of bid-ask spreads and a inverse
calibration might not have any solution or several solutions, and calibrating financial
models to real data will, by default, be an ill-posed inverse problem (Horowitz, 2013)
(Crépey, 2013). A deeper analysis of the ill-posed inverse problem and reparameterization
techniques is, however, out of the scope of this paper. Nevertheless, in order to find a
unique solution of a set of parameters calibrated to the default frequency scalar, i.e. a
reproducible and unique calibration, we will set up the calibration approach such that
the only free parameter to be determined is the volatility. Calibrating the models letting
all model specific parameters in Θ be variable will lead to non-unique solutions if the
models are not calibrated to equally many calibration targets as free parameters. Hence,
our approach is simply to let the volatility be defined as the decision variable in the
minimization problem of the squared difference between historical and implied model
default probabilities. To be precise, this can be described by the constrained minimisation
problem

min
σi,j
||PD(σi,j)− PDM

i,j ||2 (25)

s.t. LRi = LRM
i

πai = πMi

δi = δMi ,

15Please note that using historical default probabilities can be problematic. See the Discussion in
section 8 for more details.
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where σi,j is the models volatility for credit class i and maturity j, PDM
i,j is the historical

default probability for credit class i and maturity j. Recall that the probability of default
PD is given by the function

PD = P (VT < K) =
1

2
− 1

π

∫ ∞
0

Re

(
eiu lnKφP

T (u)

iu

)
du.

Where as before, φP
T is the characteristic function of the corresponding model under the

physical measure. The exact functions used for the calibration can be found in section 5
and the algorithms used to implement these problems are based on the "NMOF" package
in R (Schumann, 2019), (Gilli et. al, 2020), the codes can be found in the appendix. In
table 1 the results of this calibration exercise can be found.

Here it can already be seen that the implied-volatility does not vary much across
the first four models. Merely for the Black-Cox model (1976) substantially higher asset
volatilities are generated. Comparing specifically the values of the base case model with
those obtained by HH (2012), it is apparent that the implied-volatilities here are smaller
in magnitude. Nevertheless, it can be explained by the fact that HH (2012) include a
default boundary in their base case model. When comparing the implied-volatilities of
the Black-Cox (1976) model with HH (2012) the difference relatively small and can be
attributed to a different default rate for example.

1Y Maturity 5Y Maturity 10Y Maturity
AA A BBB BB B AA A BBB BB B AA A BBB BB B

Merton Model
Asset vol. σ 0.28 0.27 0.25 0.27 0.15 0.17 0.17 0.16 0.21 0.19 0.16 0.16 0.15 0.22 0.26
Heston Model
Asset vol. σ 0.28 0.27 0.25 0.27 0.15 0.17 0.17 0.16 0.21 0.19 0.16 0.16 0.15 0.22 0.26

Jump-Diffusion Model
Asset vol. σ 0.28 0.27 0.25 0.27 0.13 0.17 0.18 0.16 0.21 0.14 0.16 0.17 0.16 0.22 0.20
Bates Model
Asset vol. σ 0.28 0.27 0.25 0.27 0.13 0.17 0.18 0.16 0.21 0.14 0.16 0.17 0.16 0.22 0.20

Black-Cox Model
Asset vol. σ 0.38 0.36 0.36 0.39 0.31 0.22 0.21 0.21 0.26 0.25 0.18 0.19 0.19 0.24 0.25

Table 1: Implied-volatilities obtained by calibration
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7 Data

In order to obtain a large sample of bonds over different credit classes and maturities
we are using monthly data of S&P 500 companies provided by the WRDS Bond Returns
database. The sample period is chosen to be from July 2002 until December 2019. This
way it is possible to revisit the implications obtained by HH (2012) in their analysis and
to see whether they still hold with an updated sample period.

The WRDS Bond Returns database incorporates data from the Financial Industry
Regulator’s Authority (FINRA), namely the Trade Reporting and Compliance Engine
(TRACE) and Mergent FISD. According to WRDS the data contains cleaned corporate
bond transaction data, individual corporate bond return data as well as the possibility to
link the data to equity data provided by CRSP.16 The TRACE data consists of TRACE
Standard and TRACE Enhanced, together providing a comprehensive bond data base.
TRACE Enhanced offers slightly more precise data, but is only available with a 18 months
after. This, however, is no problem as the majority of the data inspected in this analysis
is contained in the Enhanced database, and as noted by WRDS if the Enhanced data is
available, it is used in order to calculate the bond returns. Concerning the specific bonds
characteristics information of the FISD database is used by matching the CUSIP num-
ber. The bonds contained in the database are only fixed coupon, no variable, no bonds
that fall under the rule 144a and a few restrictions regarding the bond type.17 From this
database information on the bonds issuer, its remaining time-to-maturity, date of issue,
date of maturity, volume, coupon, bond price and yield-to-maturity are retrieved.

Only senior bonds are considered to be consistent with the previous literature and the
initial sample of all company bonds comprises 168.667 observations. As described before,
the models are calibrated for bonds with a time-to-maturity of one year, five years and ten
years for each credit classes from AA to B. This is using a constant maturity approach,
so that a bond is considered when its remaining maturity is one, five or ten years, but
omitted as soon as it falls out of these categories.18 To gather as many observations as
possible, the time-to-maturity is rounded to the nearest integer. So, when being very pre-
cise in the one-year category there can exist a bond with a remaining maturity of actually
1.25 years. But since time series of each bond are considered the negative and positive
effects of the time-to-maturity will approximately offset each other. The exact number of
observations can be found in table 3. In particular, for the B rated bonds there are only

16This information is according to the WRDS bond database manuel under: https://wrds-www.
wharton.upenn.edu/documents/248/WRDS_Corporate_Bond_Database_Manual.pdf

17Only: US Corporate Convertible, US Corporate Debentures, US Corporate Medium Term Note, US
Corporate Medium Term Note Zero, US Corporate Paper

18For a discussion on the impact of on-the-run vs. of-the-run bonds on the yield spread, please see the
discussion in section 8.
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few observations, so that the calculated average spread should be treated with caution.
Due to lack of observations in the credit classes AAA and CCC - C these will be omitted
from the analysis.

In order to calculate the yield spread data on the one-year, five-year and ten-year
Treasury-bill rates for each bond observation dates are linked to the data and subtracted
from the yield-to-maturity. The risk-free rate data is retrieved by the FRED database. It
is then the average for each maturity in order to implement it into the pricing functions.
They are found to be 1.025%, 2.0579% and 2.7578% for the one-year, five-year and ten-
year, respectively.

Data provided by Compustat is used in order to find representative values for firm
level parameters. Here, time series information per observed company on total book value
of debt19 as well as the dividend yield is included. Information about the credit rating
is received over the S&P long-term credit issuer rating. Lastly, the firms market equity
value is obtained through the CRSP database.

Finally, via the company ticker and the according date, the relevant informations are
linked. The CRSP data is linked to the retrieved Compustat data and this is subsequently
linked to the rating information provided by S&P.20 In this first data set the leverage ratio
per company at each date is calculated and then averaged over the different rating classes.
The resulting ratios can be found in table 2. In a second step, the Compustat data as
well as the S&P data is linked to the single bond observation, again using the company
ticker and the date. From this a payout ratio is calculated using the same approach as
outlined in HH (2012). That is, the payout ratio is the weighted mean between coupon
and dividend yield. With the leverage ratios as respective weights. Subsequently using
the rating information the average payout ratio per class is calculated.

Linking the dividend yields to the bond observations permits the calculation of truly
representative firm characteristics. An assumption of structural models is the complete-
ness of information, so for example that an analyst pricing a firm’s bond has the same
information set available as the firm’s executives. Bearing this in mind when calculating
the model inputs as precisely as possible seems highly relevant. Now, the approach pro-
vides that not only the actual information, that was already used, or at least available,21

for the initial price determination, is used to calculate the input parameter, but also that
it is weighted by the number of bonds by a specific firm in the sample. This leads to the

19Please note that, as theory requires the usage of market value of debt as well as market value of
equity, this can be problematic. For a more detailed discussion please see section 9.2.2.

20Unfortunately, S&P stopped providing the WRDS database with information after February 2017.
Hence, the leverage ratios are estimated on only the sample July 2002 until February 2017.

21Considering delayed disclosure of company information through only quarterly reports this remains
still an approximation. It could be improved by only using lagged values. This, however, goes beyond
the scope of this analysis.
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fact that the input parameters estimated are very close to the input parameters initially
used when the bond was traded at the market.

This provides the opportunity to display the representative firm level data per credit
class that is found in the data. It is displayed in table 2. Firstly, the leverage ratios are
notably higher than the corresponding ratios found by HH (2012). This affects in partic-
ular the credit class AA as well as the class B, where class is about 15pp higher, class B is
even more than 25pp higher than its comparative value. Especially for the credit class B
this might be due to the fact that book values of debt are used instead of market values.
This has, as pointed out by BGY (2020), negative effects due to the implied overvaluation
of risky debt. For risky credit classes the market values of debt are typically lower than
the book values due to its higher risk of default.

Secondly, table 2 contains the derived equity risk-premium per credit class. Just like
HH (2012), the close relationship between the asset premium and equity premium is em-
phasized and further, in order to obtain reasonable and reliable estimates for the asset
premiums the approach outlined by Bhandari (1988) is used. By exploiting the fact the
findings of Bhandari (1988) that equity premium and debt to equity ratio is statistically
related, we can extract the positively statistical monthly coefficient of the debt/equity
ratio to equity returns, and simply define the premiums as the ceteris paribus estimation
of Bhandari’s coefficient times the change in debt/equity relative the mean market values.
From Statista (2020), the mean market risk-premium between 2010-202022 in the U.S. is
found to be 5.22%. Furthermore, from Bhandari (1988) the coefficient β = 0.13/12 is
retrieved and finally from the sample the mean and idiosyncratic debt/equity ratios from
the leverage ratios can be calculated. Here, λi is the risk-premium for credit class i, λ̄ is
the mean market risk-premium (Statista, 2020), DERi is the debt/equity ratio for credit
class i and ¯DER is the mean debt/equity ratio in the market generated by the leverage
ratio extracted from the data. With β being positive, we see how the risk-premium in-
creases with the amount of debt relative equity, which is perfectly in line with what to
intuitively expect, as higher fractional debt should impose more credit risk.

λi = λ̄+ β
[
DERi − ¯DER

]
From the sample, it is also possible to calculate representative realized returns for the dif-
ferent credit classes. However, these cannot be used as the drift parameter is noted under
the physical measure P, but needed are instead asset risk-premium as the approximation
for expected returns. While a safer financial asset often has, to a certain day, a higher
realized return than that of a lower rated asset, this has the reversed effect on expected

22While not including the entire sample period, we rely on the assumption that this risk-premium is
at a relevant level.
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returns. So, the Bhandari (1988) approach is according to theory correctly implemented
as expected returns.

Rating Leverage Equity Risk Payout Avg. Yield Spreads (%) Default Rates (%)
Class Ratio (%) Prem. (%) Ratio (%) 1Y 5Y 10Y 1Y 5Y 10Y
AA 35.78 4.96 4.92 0.54 0.31 1.48 0.022 0.305 0.807
A 40.51 5.10 5.86 0.40 0.81 1.44 0.056 0.794 2.313
BBB 47.46 5.34 5.79 1.22 1.80 1.98 0.185 1.668 4.033
BB 51.98 5.53 5.51 2.35 4.07 3.14 0.959 8.442 16.455
B 77.65 8.12 7.11 2.96 7.27 4.35 3.632 22.071 36.298

Table 2: Input parameters for calibration

1-Year 5-Year 10-Year Total
AA 90 718 359 1.167
A 1.053 2.195 942 4.190
BBB 6.947 1.472 818 9.237
BB 2.066 406 180 2.652
B 277 199 41 517
Total 10.433 4.990 2.340 17.763

Table 3: Number of observations across rating and maturity

Next to the above described parameters table 2 contains the average yield spread per
category found in the data as well as historical default probabilities. These are exhibited
in Hull (p.544, 2018) and are based on Moody’s data of 1970 until 2015. The average
yield spreads are necessary in order to compare the model-implied spreads to observed
market data of each rating class and maturity.

When inspecting figure 7 the time series23 of each constant maturity spread can be
observed. Each panel displays a certain maturity bond spread. The one-year spread is
given in the upper left panel, the five-year spread in the upper right and the bottom panel
displays the ten-year spread. The spreads are calculated as the average yield spreads over
all outstanding bonds at a specific point in time. There are a few noteworthy observations
about the different series.

First of all, the data contains some noise in its pure form. As suggested in the plots,
when averaging this over time the noise decreases. Secondly, the mean of each time series
is relatively stable over time. The five-year plots experiences a major drop before the
financial crisis which materialised in negative spreads for a short time. Since it is not
heavily negative, the spreads are averaged over the entire sample period and found to
be positive, no further attention is devoted to this observation. Thirdly, each time series
shows clear signs of a time-varying volatility. During the financial crisis large upwards
outliers can be observed. This outlier is especially pronounced among the one-year spread.

23The time series is an average over all credit classes per maturity.
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It spikes to nearly 8%. Over the course of the remaining period the series flatten out
again and fluctuate further around the long-term mean. Still, this is a perfect example to
illustrate why the application of stochastic volatility and jumps can be advantageous. This
also emphasizes the the noise in the data, which is more prominent for some maturities
and classes and can consistently be seen in the result section. Averaging out in the way
discussed above can make the time series vulnerable for outliers not in general spikes such
as in the financial crisis, but in idiosyncratic spikes that will generate a large impact in
the overall representative credit spread. Whereas the graphs in figure 7 exhibits the credit
spread for all credit classes, this becomes more evident once the classes and maturities
are separated.

Figure 7: (upper left) 1-year average constant maturity spread of sample, (upper right) 5-year average
constant maturity spread of sample, (bottom) 10-year average constant maturity spread of sample

Another discussion relating to further topics is how a constant risk-premium re-
lates to the time series illustration. The assumption of no changes in the risk-premium
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states that the compensation for risk is independent of the macroeconomic environment.
However, if we assume that the risk-premium is the correct premium averaged over the
sample period, it is seemingly understating the risk in the first period of the sample and
similarly overstating the risk in the second. Looking at the one-year maturity, it is very
clear, not only due to the spike, that the risk and volatility in the market from 2007-2013
is very different from 2015-2020. This observation underlines the discussions made in
section 9.1.3 and 9.2.5.
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8 Results

The results of the calibration exercise for each model given the data that has been gathered
can be found in table 4, 5, 6, 9, 10 and 11. For each panel of maturities one representative
credit spread per credit class has been calibrated. The starting asset value V0 will be
determined as the face value of the bond times the inverse of the leverage ratio for each
credit class, such that the strike price in the models will always be the par value of the
bond. For each table the columns will present the following. In column 2, 3 and 4 the
leverage ratios, equity risk-premiums and default probabilities are reported. Column 5
shows the implied asset risk-premium calculated based on the calibration results24 except
for table 7, 9 and 11 which exhibits the jump risk-premium. Column 6 shows the model-
implied credit spread, column 7 the corresponding average credit spread found in the
data and column 8 reports the model spread as percent of the observed spread. It can
be interpreted as how much of the observed credit spread is attributable to credit risk.
When comparing investment grade and speculative grade bonds, investment grade will
refer to classes AA, A and BBB, whereas speculative grade bonds or junk-bonds will refer
to classes BB and B.

8.1 Merton Model - Base Case

The results for the base case calibration are consistent with previous literature. With
the exception of the B-class, the model-implied credit spreads invariably underestimate
the observed average yield spreads. Especially, in comparison to the results obtained by
HH (2012), the general conclusions remain unchanged, though the spreads obtained by
HH (2012) are lower for the most cases. One possible explanation for this is that HH
(2012) implement a one-factor Longstaff and Schwartz model (1995), which allows for
default before maturity and thus HH (2012) are able to set the default boundary to 60%.
This generally offsets the effect higher risk due to the possibility of default at any time,
so that the overall credit spreads are smaller in magnitude. In addition, whereas this
calibration is based on the very upper bound of Andrade and Kaplan’s (1998) estimate
for bankruptcy cost of 23%, the analysis by HH (2012) implements a cost of about 15%.
A sensitivity analysis using a lower bound for the bankruptcy costs in section 8.7 shows
by how much this decreases the model-implied spreads.

Concerning the sharp increase of the model-implied spread of class B in contrast to the
previous, there are several factors contributing. First, the leverage ratios found increase
by more than 25pp between the two classes. Second, the higher leverage ratios trigger the

24See section 9.2.5 for a more elaborate discussion regarding the relevance of equity risk-premiums and
asset risk-premiums
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risk-premium to increase notably as well and lastly, the default probability jumps quite
substantially between the two class for every maturity.

Still, there are several dimensions to consider, while comparing the different spreads.
First, when comparing the different maturities, it is evident that the fraction attributable
to credit risk implied by the model is notably less for the one-year investment grade bonds
than for the five and ten-year. In fact, the average of the fraction explained by investment
grade bonds increases over the maturities. For the one-year investment grade bonds, the
model on average only explains about 6% of the observed spread. In contrast, for the
five-year investment grade bonds this increases to about 34%. Then, for the ten-year
it amounts to about 42%. HH (2012) do not report observed average yield spreads for
one-year maturity, so it is unfortunately only possible to compare the actual one-year
implied spreads. First, interesting to note is that HH (2012) find a smaller cumulative
default probability for one-year in class A than in class AA, hence their model-implied
spread for class A is smaller than for class AA. With a deviation of less than 3bps the
implied one-year investment grade spreads are very similar to the spreads in HH (2012).
For the B class there is an about 1 percentage point difference in the results. Still, this is
consistent with what was established before and most likely due to the cumulative default
probability in HH (2012) being 2.85 percentage points higher.

Figure 8: 5Y market vs. 5Y model-implied spreads

One characteristic that manifests itself clearly throughout the results of HH (2012)
is that the fraction of the credit spread attributable to credit risk is much higher for spec-
ulative grade bonds than for investment grade bonds. Recalling the factors influencing
the B-spread, then this evaluation is difficult to execute. The B-spreads are as mentioned
before very high, however, the spreads of the BB-class are as well consistently higher
than than the less risky classes. Although this difference is not as pronounced as for
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the B-class. Still, inspecting the total average of investment grade and speculative grade
bonds, a fraction attributable to credit risk of 27% and 79% (47%, excl. B-class) is found,
respectively.

The key emphasis of the first glance of the results follows the observations from HH
(2012), namely that there is a distinct credit spread puzzle, also contradicting the findings
of FS (2018).25 Moreover, especially the low contribution of credit risk to short-term in-
vestment grade bonds is interesting and will be subject to further analysis when including
jump risk into the diffusion process.

Credit Leverage Equity Default Imp. Asset Market Model in %
Class Ratio Risk Prem. Prob. Risk Prem. Spread Spread

1Y Maturity

AA 35.78 4.96 0.02 3.19 0.54 0.01 2.18
A 40.51 5.10 0.06 3.04 0.40 0.03 7.66
BBB 47.46 5.34 0.19 2.85 1.23 0.10 8.38
BB 51.98 5.53 0.9 2.91 2.35 0.49 20.76
B 77.65 8.12 3.63 4.19 2.96 3.07 103.69

5Y Maturity

AA 35.78 4.96 0.31 3.23 0.31 0.12 37.75
A 40.51 5.10 0.79 3.15 0.81 0.28 34.53
BBB 47.46 5.34 1.67 3.08 1.80 0.58 31.90
BB 51.98 5.53 8.44 3.60 4.07 1.79 43.93
B 77.65 8.12 22.07 6.50 7.27 6.03 83.03

10Y Maturity

AA 35.78 4.96 0.81 3.30 1.49 0.31 20.74
A 40.51 5.10 2.31 3.31 1.44 0.69 47.87
BBB 47.46 5.34 4.03 3.33 1.98 1.11 56.13
BB 51.98 5.53 16.46 3.92 3.19 2.43 75.95
B 77.65 8.12 36.30 6.67 4.35 6.25 143.77

Table 4: Base-Case Model Calibration - (2) Leverage Ratio (in %): target per credit class to which
the model is calibrated, (3) Equity premium (in %): obtained by Bhandari (1988) approach to which
the model is calibrated, (4) Historical default probabilities (Hull, 2018), (5) Implied asset risk-premium
obtained by calibration, (6) Model-implied credit spread (in %), (7) Observed average yield spread (in
%), (8) Percent of yield spread explained by credit risk (in %)

These results are however expected. The low levels of the short-term spreads can
be explained by the fact that for diffusion-type processes yield spreads converge to zero as
maturity goes to zero, if asset value is higher than the face-value of debt (Lando, 2004).
Thus, short-term spreads should be smaller than long-term spreads. This characteristic

25Since we use the same structural approach as of HH (2012), it is not a surprise that our results will
support the existence of the credit spread puzzle and the contradiction of FS’ (2018) results.
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can be reduced by including jumps in the asset value process, as explained in section 7.3.
Concerning the difference between investment and speculative grade, the risk of default
will differ across different credit classes, whereas other risk factors as illiquidity should not
be affected directly by this. Hence, it is also expected to find a higher fraction attributable
for speculative grade bonds. Nevertheless, the magnitude of the underestimation remains
puzzling. Additionally, it remains of interest for the short term investment grade case, if
only still the same factors influence this spread or whether unexposed factors may play
a distinctive role. This for example can be a relatively more prominent risk-aversion as
compared to longer maturities.26

8.2 Heston Model

The change in the results due to the inclusion of stochastic volatility is minor. If any, the
results are slightly smaller. For the one-year, five and ten-year investment grade bonds
the averages remain at about 6%, 35% and 41%, respectively. Also the general disparity
between investment grade and speculative grade bonds remains very pronounced with an
average spread of 27% and 78%, respectively.

The fact that the results barely vary between the two models might seem surprising
on first sight, as it has been described above that by including of stochastic volatility it is
possible to capture some of the skewness which is naturally contained in the distribution
asset returns and which in turn should give the model the ability to generate distinctive
estimates. On this matter it is necessary to note, that although being possible to generate
distinctive spreads, when restricting the analysis to fixed parameter estimates that have a
foundation in empirical research and are used throughout the entire analysis, this ability
is compromised. Meaning, when the model is calibrated to match low values of historical
default probabilities, it will always be difficult to obtain distinctive credit spreads from
models with the same inherent setting.27

It can of course be argued that a risk-premium for the additional economical assump-
tion of stochastic volatility is missing. In Pan (2002) it is stated that the option-implied
volatility for the standard Black-Scholes model highlights a significant inconsistency com-
pared to historically realized volatility, and that a natural explanation can be due to the
missing of premiums from stochastic volatility and jumps. However, Pan (2002) states
that a significant volatility-premium can alleviate this discrepancy, but infers an explo-
sive volatility process under measure Q, severely overpricing long-dated options. From
Bates (2000), we also know that due to the negative correlation between the diffusion and

26For a more detailed discussion, please see section 8.
27When for example examining the generated spreads of the Black-Cox model, it is apparent that the

changed setting translates onto the spreads.
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volatility process, the volatility-premium is presumably negative. Thus, the economic
intuition and parameter uncertainty of imposing a premium due to stochastic volatility is
not as relevant as examining the jump risk-premium.

Credit Leverage Equity Default Imp. Asset Market Model in %
Class Ratio Risk Prem. Prob. Risk Prem. Spread Spread

1Y Maturity

AA 35.78 4.96 0.02 3.19 0.54 0.01 2.17
A 40.51 5.10 0.06 3.04 0.40 0.03 7.64
BBB 47.46 5.34 0.19 2.85 1.23 0.10 8.36
BB 51.98 5.53 0.9 2.91 2.35 0.49 20.74
B 77.65 8.12 3.63 4.19 2.96 3.06 103.31

5Y Maturity

AA 35.78 4.96 0.31 3.23 0.31 0.12 37.58
A 40.51 5.10 0.79 3.15 0.81 0.28 34.40
BBB 47.46 5.34 1.67 3.08 1.80 0.57 31.80
BB 51.98 5.53 8.44 3.59 4.07 1.79 43.90
B 77.65 8.12 22.07 6.50 7.27 6.03 82.98

10Y Maturity

AA 35.78 4.96 0.81 3.30 1.49 0.31 20.67
A 40.51 5.10 2.31 3.31 1.44 0.69 47.75
BBB 47.46 5.34 4.03 3.33 1.98 1.11 56.02
BB 51.98 5.53 16.46 3.92 3.19 2.42 75.92
B 77.65 8.12 36.30 6.67 4.35 6.25 143.75

Table 5: Heston Model Calibration - (2) Leverage Ratio (in %): target per credit class to which the model
is calibrated, (3) Equity premium (in %): obtained by Bhandari (1988) approach to which the model is
calibrated, (4) Historical default probabilities (Hull, 2018), (5) Implied asset risk-premium obtained by
calibration, (6) Model-implied credit spread (in %), (7) Observed average yield spread (in %), (8) Percent
of yield spread explained by credit risk (in %)

8.3 Jump-Diffusion Model

The inclusion of jumps in the asset diffusion process not only seems natural since the
divulge of information can lead to an abrupt revision of asset value, but it is especially
popular, because it is able to place mass in the tails of the distributions. It can therefore
account for excess kurtosis, which is a well documented characteristic of actual asset re-
turn distributions. Moreover, this property is useful regarding short-term credit spreads.
Sudden changes in the asset value trigger an higher probability of default even for short
maturities. Despite the advantages the model offers, when calibrating it to the parame-
ters found in empirical literature and to the historical default rates provided by Moody’s
(Hull, 2018), the model is, still not able generate either distinctive nor reliable credit
spreads for short-term investment grade bonds. Being the same problematic as can be
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seen for the Heston model as well. Here, it is true for both, for the case where none of the
risk-premium is explained by jump-risk as well as for the inclusion of jump risk-premium.
The aforementioned input parameters of a frequency of 12.5 jumps per year, a mean-zero
jump size and a jump-volatility of slightly above 1% are, although seemingly cautiously
chosen, based on the empirical investigation by Andersen et. al (2001).

Credit Leverage Equity Default Imp. Asset Market Model in %
Class Ratio Risk Prem. Prob. Risk Prem. Spread Spread

1Y Maturity

AA 35.78 4.96 0.02 3.19 0.54 0.01 2.15
A 40.51 5.10 0.06 3.05 0.40 0.04 9.19
BBB 47.46 5.34 0.19 2.86 1.23 0.11 9.30
BB 51.98 5.53 0.9 2.91 2.35 0.49 20.68
B 77.65 8.12 3.63 3.75 2.96 2.49 84.05

5Y Maturity

AA 35.78 4.96 0.31 3.23 0.31 0.12 36.91
A 40.51 5.10 0.79 3.19 0.81 0.40 48.26
BBB 47.46 5.34 1.67 3.13 1.80 0.69 38.19
BB 51.98 5.53 8.44 3.58 4.07 1.78 43.66
B 77.65 8.12 22.07 5.86 7.27 5.21 71.74

10Y Maturity

AA 35.78 4.96 0.81 3.30 1.49 0.30 20.25
A 40.51 5.10 2.31 3.41 1.44 0.94 65.08
BBB 47.46 5.34 4.03 3.42 1.98 1.30 65.90
BB 51.98 5.53 16.46 3.91 3.19 2.41 75.50
B 77.65 8.12 36.30 5.97 4.35 5.36 123.35

Table 6: Merton Jump-Diffusion Model Calibration - (2) Leverage Ratio (in %): target per credit class
to which the model is calibrated, (3) Equity premium (in %): obtained by Bhandari (1988) approach
to which the model is calibrated, (4) Historical default probabilities (Hull, 2018), (5) Implied asset risk-
premium obtained by calibration, (6) Model-implied credit spread (in %), (7) Observed average yield
spread (in %), (8) Percent of yield spread explained by credit risk (in %)

Now, following this discussion, we argued that from the empirical parameters esti-
mated by Andersen et. al (2001) that the wedge between risk-neutral and physical mea-
sure estimation of the parameters is not necessarily significant. However, even with an
implementation of the risk-premium in the drift under measure P, a transformation of the
calibrated parameters to measure Q is empirically correct to capture the risk perception
of sudden jumps in the asset value. In table 6, none of the risk-premium is comprised
by jump-risk as we retain the regular risk-premium in the drift under measure P whereas
the jump parameters will be the same as under the physical calibration to the default
probability. This simply means that the holder of the bond is neutral to jumps in the as-
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set. However, with a standard concave utility function, the marginal utility of the change
in wealth due to a negative jump to the asset will be larger than the marginal utility
from a positive jump. In addition, a very small change in k would drastically increase the
risk-premium with the frequent jumps captured by λ.

The results from the jump-diffusion model with no jump-risk gets rather similar to
the Heston model as well as the base case Merton model. For the one-year, five-year and
ten-year investment grade bonds we now get about 7%, 41% and 50% respectively. While
the jumps put mass in the tails, we also have to underline the fact that we calibrate to the
very low historical default frequencies, and thus the implied volatility needs to be scaled
down such that this calibration target can be met, something we can see in table 1.

In HH’s (2012) implementation of the double-exponential jump model, a represen-
tative agent with CRRA28 utility is examined, holding the asset and obtains a larger
marginal utility from downward jumps than for upward jumps due to the concavity of the
utility function. The contribution of the jump risk-premium is defined as λk−λ∗k∗, where
the star indicates the parameters under risk-neutral probabilities. In line with this, the
analysis by HH states that parameters of this transformation can generate credit spreads
that track observed credit spreads closer, however not under empirically plausible choices
of parameters.29 The question regarding choosing empirically relevant utility structure
and reasonable parameter under measure Q underlines the difficulties, yet provides great
opportunity, in explaining the credit risk in the credit spread. To correctly implement
the jump risk-aversion, we follow Pan (2002) and let the jump frequency be the same,
but choose k∗ such that the contribution of the jump risk-premium will be 3%. Note that
k∗ depends both on the mean jump parameter µJ as well as the jump variation ξ. We
will restrict our analysis to only changing the mean jump magnitude when examining the
jump risk-premium, i.e. letting the variation in jumps remain the same for all calibrations.

By doing this, and retaining the overall risk-premium to the same levels as before, not
surprisingly we can confirm an increase in credit spreads. Now, for one-year IG bonds
the spread increases to 3-13%, whereas the spreads for five- and ten-year IG bonds are
about 61-98%. The results depicted also underlines our discussion of generally generating
large fractions of credit risk in credit spreads, due to both noisy data as well as under-
lying assumptions of the models and choices of parameters such as bankruptcy costs.30

However, for longer maturities and low ratings, the credit spreads increases relatively

28Recall that CRRA utility is U (C) = C1−γ

1−γ , with U ′ > 0 and U ′′ < 0, and γ is the risk-aversion
parameter and C is the level of consumption.

29Setting λ = 0.1 and calibrating the jump magnitude to the risk-premium generates an average jump
size of 20%. It is economically not reasonable with a entire risk-premium based on an average drop of
20% every 20 years (jumps every decade with equal probability of going up or down) (HH, 2012).

30See section 7 for a discussion of the data, and section 9 for general discussions regarding method-
ological assumptions.
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fast, and ten-year B generates a spread significantly above the observed spreads from the
data. Increasing the jump risk-premium implicitly means increasing the magnitude31 of
the absolute value jumps (the jumps are more negative). This is nevertheless expected.
The transformation of the parameters from the physical measure P to the risk-neutral
measure Q will lead to more states of jumps to default under risk-neutral probabilities
which will be priced, whereas the actual probabilities under the calibration will be set
at the historical default frequencies. Now, transforming the jump parameters without
bounds will then significantly increase the risk-neutral probabilities of default, especially
for longer maturities. As BGY (2020) states, greatly increasing the jump risk-premium
can indeed match short term IG bond spreads, but in this case the longer term spreads
will explode. We follow up in this statement in the proceeding sections.

Credit Leverage Equity Risk Premium Default Model Market in %
Class Ratio Total due to jump

risk
Prob. Spread Spread

1Y Maturity

AA 57.08 5.27 3.00 0.02 0.54 0.02 3.11
A 58.10 5.33 3.00 0.06 0.40 0.05 12.93
BBB 61.76 5.58 3.00 0.19 1.23 0.16 12.91
BB 66.73 6.00 3.00 0.96 2.35 0.63 26.87
B 78.57 7.80 3.00 3.63 2.96 3.36 113.84

5Y Maturity

AA 35.78 4.96 3.00 0.31 0.31 0.23 75.44
A 40.51 5.10 3.00 0.79 0.81 0.66 81.21
BBB 47.46 5.34 3.00 1.67 1.80 1.10 61.21
BB 51.98 5.53 3.00 8.44 4.07 2.51 61.64
B 77.65 8.12 3.00 22.07 7.27 6.42 88.27

10Y Maturity

AA 35.78 4.96 3.00 0.81 1.49 0.60 40.86
A 40.51 5.10 3.00 2.31 1.44 1.04 72.14
BBB 47.46 5.34 3.00 4.03 1.98 1.94 98.30
BB 51.98 5.53 3.00 16.46 3.19 3.34 104.55
B 77.65 8.12 3.00 36.30 4.35 6.66 153.20

Table 7: Jump-diffusion Model Calibration (incl. jump risk prem.) - (2) Leverage Ratio (in %): target
per credit class to which the model is calibrated, (3) Equity premium (in %): obtained by Bhandari (1988)
approach to which the model is calibrated, (4) Historical default probabilities (Hull, 2018), (5) Part of
risk-premium explained by jump risk-premium, (6) Model-implied credit spread (in %), (7) Observed
average yield spread (in %), (8) Percent of yield spread explained by credit risk (in %)

31Note that we only change the magnitude of the jump in evaluating the jump risk-premium.
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8.4 Bates Model

Having introduced and explained stochastic volatility as well as jumps in the asset value
process in more detail, the advantages of their combination should be apparent. This is
emphasised by Andersen et. al (2001), who found evidence that neither the incorporation
of stochastic volatility nor jumps alone can sufficiently explain S&P 500 stock return
distributions, but that their combination can capture the main characteristics of this
distribution and the model is not rejected as explaining the equity movements in the
market. Now, the model in theory has the ability to explain certain characteristics of
the distributions and could therefore generate spreads that are capable of explaining the
underestimation in the short term. Nevertheless, as indicated in the previous results
as well, if the model is calibrated to certain empirically founded parameters, then the
different models will produce similar results.

Credit Leverage Equity Default Imp. Asset Market Model in %
Class Ratio Risk Prem. Prob. Risk Prem. Spread Spread

1Y Maturity

AA 35.78 4.96 0.02 3.19 0.54 0.01 2.15
A 40.51 5.10 0.06 3.05 0.40 0.04 9.17
BBB 47.46 5.34 0.19 2.86 1.23 0.11 9.29
BB 51.98 5.53 0.9 2.91 2.35 0.49 20.66
B 77.65 8.12 3.63 3.74 2.96 2.48 83.85

5Y Maturity

AA 35.78 4.96 0.31 3.23 0.31 0.11 36.80
A 40.51 5.10 0.79 3.19 0.81 0.39 48.13
BBB 47.46 5.34 1.67 3.13 1.80 0.69 38.10
BB 51.98 5.53 8.44 3.58 4.07 1.78 43.64
B 77.65 8.12 22.07 5.86 7.27 5.21 71.71

10Y Maturity

AA 35.78 4.96 0.81 3.29 1.49 0.30 20.21
A 40.51 5.10 2.31 3.41 1.44 0.94 64.98
BBB 47.46 5.34 4.03 3.42 1.98 1.30 65.82
BB 51.98 5.53 16.46 3.91 3.19 2.41 75.47
B 77.65 8.12 36.30 5.97 4.35 5.36 123.24

Table 8: Bates Model Calibration - (2) Leverage Ratio (in %): target per credit class to which the model
is calibrated, (3) Equity premium (in %): obtained by Bhandari (1988) approach to which the model is
calibrated, (4) Historical default probabilities (Hull, 2018), (5) Implied asset risk-premium obtained by
calibration, (6) Model-implied credit spread (in %), (7) Observed average yield spread (in %), (8) Percent
of yield spread explained by credit risk (in %)

Thus, as can be seen in table 9, the results only explaining the risk-premium by that of
the diffusion do not deviate much from the results obtained for the calibration using the
preceding models. The general conclusions drawn from this stay the same. The fraction
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of the yield spread attributable to credit risk is very related to the results concluded from
the Jump-diffusion model.

Implementing a similar approach as for the Jump-diffusion model, we can increase the
risk-premium explained by jumps to 3%, leaving the rest of the premium explained the
general diffusion. The results from this examination again generates similar spreads as
for the Jump-diffusion model. We can once again conclude how the spreads for the longer
maturities and credit classes increases fairly quickly.

Credit Leverage Equity Risk Premium Default Model Market in %
Class Ratio Total due to jump

risk
Prob. Spread Spread

1Y Maturity

AA 57.08 5.27 3.00 0.02 0.54 0.02 2.97
A 58.10 5.33 3.00 0.06 0.40 0.05 12.27
BBB 61.76 5.58 3.00 0.19 1.23 0.15 12.34
BB 66.73 6.00 3.00 0.96 2.35 0.62 26.32
B 78.57 7.80 3.00 3.63 2.96 3.21 108.56

5Y Maturity

AA 35.78 4.96 3.00 0.31 0.31 0.22 70.27
A 40.51 5.10 3.00 0.79 0.81 0.63 76.83
BBB 47.46 5.34 3.00 1.67 1.80 1.06 58.60
BB 51.98 5.53 3.00 8.44 4.07 2.48 60.84
B 77.65 8.12 3.00 22.07 7.27 6.38 87.71

10Y Maturity

AA 35.78 4.96 3.00 0.81 1.49 0.58 39.01
A 40.51 5.10 3.00 2.31 1.44 1.42 98.36
BBB 47.46 5.34 3.00 4.03 1.98 1.90 96.15
BB 51.98 5.53 3.00 16.46 3.19 3.32 103.81
B 77.65 8.12 3.00 36.30 4.35 6.64 152.84

Table 9: Bates Model Calibration (incl. jump risk prem.) - (2) Leverage Ratio (in %): target per
credit class to which the model is calibrated, (3) Equity premium (in %): obtained by Bhandari (1988)
approach to which the model is calibrated, (4) Historical default probabilities (Hull, 2018), (5) Part of
risk-premium explained by jump risk-premium, (6) Model-implied credit spread (in %), (7) Observed
average yield spread (in %), (8) Percent of yield spread explained by credit risk (in %)

In order to get a fair evaluation and implementation of the Bates model, a transforma-
tion of the stochastic volatility parameters in a similar manner as recently conducted for
the jumps is necessary. While argued that the risk-premium contribution from stochastic
volatility is not as pronounced as jumps, the complete analysis of the model neverthe-
less deserves a more sophisticated analysis regarding the risk-aversion to the economic
extensions due to Andersen et.al.’s (2001) verdict of not being rejected to explain the
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variations in equity returns from the S&P 500 index. Pan (2002), nonetheless states
that the risk-premium for jump risk is more significant than that of stochastic volatility,
which is economically intuitive. In addition, the state-dependent premium for jump risk
indicates that small actual jumps are perceived to be remarkably more negative than the
actual jumps seen in the physical process (Pan, 2002). This supports looking more into
the significance of jumps in our analysis.

8.5 Black-Cox Model

The inclusion of a first-passage of time model opens the opportunity to obtain new, in-
teresting insights into the calibration analysis. The previous results have all lead to the
same conclusion, but the results displayed in table 10 show that for the Black-Cox model
(1976) the same pattern as before cannot be observed anymore. Starting at the begin-
ning, it should be clear that by introducing a default boundary where the firm defaults the
first time the asset value hits the barrier, although increasing the probability of default,
by the fact that bond holders take over the remaining assets, the spreads produced by
this model will actually be smaller than the spreads produced by the base case model
without default boundary. It can intuitively be explained by the fact that in the base
case model the shareholders payoff structure is given by a European call option, whereas
in the Black-Cox model (1976) this is given by an down-and-out call option. The base
case model spreads dominating the spreads of the Black-Cox model (1976) holds given
that face value and asset volatility are the same. However, at this point the fact seen
in figure 5 should be called to mind. When the asset volatility in the Black-Cox model
(1976) is higher than in the base case model the obtained credit spreads for short to
medium-term are higher as well. As described in section 5.5 the Black-Cox model (1976)
features an existing trade-off between the instantaneous payoff due to the recovery in case
of bankruptcy and the discounted face value of the bond at maturity. This generally leads
to decreasing credit spreads upon point τ and can actually lead to negative credit spreads
when maturity is far enough in the future. To recall, this can be observed in figure 5 for
both panels.

Both of the just described features can be found when examining table 10. First,
interesting here is especially that the model provides much better results for the short-
term credit spreads than prior models. For the A-class the spread explains more than
40% of the observed one-year spread, in comparison to the base case model that ex-
plains 8%. The average fraction attributable to credit risk for one-year investment grade
bonds increases to 31%, which is substantially higher than in the previous models. This
fraction amounts to 35% for the five-year investment grade bonds and to only 13% for
the ten-year investment grade bonds. As can be seen in table 1 the substantial increase
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of the short term spread is due to the fact that the implied-volatility in the Black-Cox
model (1976) is significantly higher than in the other models. As stated in the Black-Cox
Model Review in section 5.5 a default boundary is implemented as a covenant represen-
tation, taken from Davydenko (2010) where it is argued that firms tend to default at
66% of debt face value. Therefore, while there is a positive probability of reaching this
level before maturity, the implied volatility increases significantly relative to the base case
Merton model that defaults if the asset value is below the face value of debt at maturity.
Meaning, a lower default boundary would in theory make the bond safer, but when cali-
brating the model to real default frequencies, the parameters will be adjusted accordingly.

Credit Leverage Equity Default Imp. Asset Market Model in %
Class Ratio Risk Prem. Prob. Risk Prem. Spread Spread

1Y Maturity

AA 35.78 4.96 0.02 3.21 0.54 0.08 14.15
A 40.51 5.10 0.06 3.10 0.40 0.17 42.66
BBB 47.46 5.34 0.19 3.02 1.23 0.45 36.60
BB 51.98 5.53 0.9 3.32 2.35 1.28 54.36
B 77.65 8.12 3.63 5.85 2.96 5.19 175.59

5Y Maturity

AA 35.78 4.96 0.31 3.24 0.31 0.14 45.23
A 40.51 5.10 0.79 3.14 0.81 0.28 34.30
BBB 47.46 5.34 1.67 3.03 1.80 0.48 25.46
BB 51.98 5.53 8.44 3.19 4.07 1.02 25.17
B 77.65 8.12 22.07 3.95 7.27 2.75 37.78

10Y Maturity

AA 35.78 4.96 0.81 3.23 1.49 0.12 8.11
A 40.51 5.10 2.31 3.12 1.44 0.23 15.75
BBB 47.46 5.34 4.03 2.95 1.98 0.31 15.66
BB 51.98 5.53 16.46 2.90 3.19 0.48 14.89
B 77.65 8.12 36.30 2.84 4.35 1.32 30.44

Table 10: Black-Cox Model Calibration - (2) Leverage Ratio (in %): target per credit class to which
the model is calibrated, (3) Equity premium (in %): obtained by Bhandari (1988) approach to which
the model is calibrated, (4) Historical default probabilities (Hull, 2018), (5) Implied asset risk-premium
obtained by calibration, (6) Model-implied credit spread (in %), (7) Observed average yield spread (in
%), (8) Percent of yield spread explained by credit risk (in %)

The fact that the lowest average spread is observed for the ten-year maturity corre-
sponds to the second interesting observation. The model provides much worse results for
the ten-year bonds than the previous models, being a consequence of the above described
trade-off. For the entirety of investment grade bonds the positive effect on the short-term
bonds is offset by the negative effect of the long-term bonds, so that the average fraction
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attributable to credit risk ends up to be about 26%. For the speculative grade bonds the
average drops to about 56%. Again, it needs to be noted that it occurs a sharp increase
between the one-year BB and B-spread. Between the two the spread jumps by 391bps.
Reasons for this can again be found in the relatively higher leverage ratio, risk-premium
and default probability, being overall intensified by the short-term model mechanics de-
scribed above.

All in all, the implications on the model-implied credit spread, by introducing the
possibility of default before maturity and calibrating the model to match historical de-
fault rates, are favorable for short-term spreads, but all the worse for long maturities.
When including a default boundary, the implied volatility of the model increases such
that the short-term spreads increases to comparably higher levels. This imposes an inter-
esting comparison to, for example, the jump-diffusion model which gets relatively smaller
spreads for the short-term maturities whereas the long-term spreads are larger than in
the Black-Cox model. While the reasoning behind the jump-diffusion model implications
have been discussed, it is now possible to think about the Black-Cox results in the fol-
lowing way. As bonds as priced as discount bonds, the present value of a long-term bond
will be very cheap. Inserting a default boundary, the loss due to default will be minimal,
and decreasing with the maturity. In fact, as alluded too above, if the present value of
the discount bond is below the default boundary, all states of the world will generate a
positive return for the bondholder and the credit spreads becomes negative.32 This ex-
plains the alleviation of the long-term spreads. However, while FS (2018) arguments that
illiquidity should have a larger role for long-term speculative grade bonds it is neverthe-
less economically implausible to not only get such low fractions for long-term speculative
grade bonds, but also to get significantly lower spreads in absolute terms, where one-year
B has a spread of 5.19%, whereas 10 year B has a spread of 1.32%.

8.6 Excessive Jump Risk-Aversion

In the exhibition of the results for the Jump-diffusion model and the Bates model, we
assumed an indifference of adding discrete jumps to the diffusion process as well as imposed
a relevant risk-premium suggested by Pan (2002) where bondholder’s marginal utility of
changes in wealth is higher for negative shocks compared to positive, directly according
to theory. From BGY (2018) and pure intuition, we know that a significant jump risk-
premium can indeed generate satisfactory fractions of implied credit spreads due to credit
risk for short-term IG bonds. However, this will simultaneously generate implausibly high
spreads for lower rated bonds as well as for longer maturities.

Now, for a more close evaluation of the impact of large risk-premiums to the credit
32If bankruptcy costs are disregarded.
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spreads, we again change the magnitude of jumps within parameter k such that the risk-
premium is 17%33. Note that the entire premium of 17% is due to jump risk, and the
regular diffusion risk-premium used in the dynamics under P is neglected.

Credit Leverage Equity Risk Premium Default Market Jump Bates
Class Ratio total. due to jump

risk
Prob. Spread Model Model

1Y Maturity

AA 35.78 17.00 17.00 0.02 0.54 4.60 5.44
A 40.51 17.00 17.00 0.06 0.40 18.68 21.46
BBB 47.46 17.00 17.00 0.19 1.23 18.54 20.99
BB 51.98 17.00 17.00 0.9 2.35 35.41 38.45
B 77.65 17.00 17.00 3.63 2.96 177.46 187.97

5Y Maturity

AA 35.78 17.00 17.00 0.31 0.31 123.55 138.10
A 40.51 17.00 17.00 0.79 0.81 116.82 124.54
BBB 47.46 17.00 17.00 1.67 1.80 86.02 90.61
BB 51.98 17.00 17.00 8.44 4.07 79.15 81.42
B 77.65 17.00 17.00 22.07 7.27 115.62 116.78

10Y Maturity

AA 35.78 17.00 17.00 0.81 1.49 61.01 65.25
A 40.51 17.00 17.00 2.31 1.44 99.41 136.94
BBB 47.46 17.00 17.00 4.03 1.98 127.38 130.91
BB 51.98 17.00 17.00 16.46 3.19 130.11 132.23
B 77.65 17.00 17.00 36.30 4.35 200.79 202.04

Table 11: Jump Risk-Aversion - (2) Leverage Ratio (in %): target per credit class to which the model is
calibrated, (3) Total equity premium (in %), (4) Historical default probabilities (Hull, 2018), (5) Jump
risk-premium in the total risk-premium, (6) Market credit spread (in %), (7) Jump-diffusion model yield
spread as a fraction of observed credit spreads (in %), (8) Bates model yield spread as a fraction of
observed credit spreads (in %).

When including a large jump risk-premium, we can find that the fraction of credit
risk indeed increases for all maturities and classes. Now, for IG bond spreads we gen-
erate higher spreads, but still very low for the short term. While five-year and ten-year
attributes more than the entire spread, namely 117% and 111%, one-year still only ac-
counts for 16%. On the other hand, we can also conclude that the fraction for HY bonds
increases well above 100% for ten-year maturity, an overvaluation not only attributed to
model misspecification of defaults at time T , no covenants, high bankruptcy cost and
noisy data, but also the implausibility of applying such a large compensation for jumps
across maturities and classes.

33Note that the level of 17% is not an empirically chosen variable, but an arbitrary level for the
evaluation of how the results changes when investors requires a large compensation for jumps.
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Nevertheless, this approach leads to the fact that an unconstrained risk-premium could
potentially explain any deviations from the physical process used to calibrate to the default
frequencies and the risk-neutral process used in pricing, just as GBY (2020) concluded.
Thus, the important question regarding what a reasonable excess compensation once ac-
counting for additional extensions such as jump risk. While arbitrarily setting parameters
to match phenomenons is the very form of data mining, one most pivot from the question
regarding picking reasonable sets of parameters. Similarly concluded in the famous equity
premium puzzle, one must implicitly pick an extremely high risk-aversion parameter in
order to explain the high historical excess equity returns relative stock volatility as well as
the low variation in aggregate consumption (Mehra and Prescott, 1985). The interesting
evaluation is whether the compensation for jumps will differ under more extreme proba-
bilities under the actual distribution, and how theories of behavioral economics from the
likes of Ellsberg (1961), Knight (1921) and Kahneman and Tversky (1979) can support
such an analysis. This discussion will be continued in section 9.

8.7 Robustness

The results obtained in section 8.1 to 8.6 suggest that the conclusions drawn from the base
case model hold fairly well for various extensions. The question remains how the results
change while changing the input parameters. For this, the calibration has been redone
with different parameters. As target variables the leverage ratio, risk-premium, payout
rate, default probabilities as well as bankruptcy costs have been chosen. As observed, the
model implied credit spreads generally underestimate the market credit spreads. Keeping
this in mind, the new parameters have been chosen to favor higher implied credit spreads.
So, any potential underestimation of input parameters can be disregarded as explanation.
This calibration has only been conducted for the base case model since the model spreads
did not differ so drastically that it should be expected to draw different conclusions by
choosing different models. The following input parameters robustness checks have been
conducted:

(i) Leverage ratio: table 12 shows the credit spreads obtained, when using the leverage
ratios that are based on market value of debt and market value of assets from HH
(2012).

(ii) Risk-premium: for the credit spreads obtained when decreasing and increasing the
average equity risk-premium by two percentage points respectively, see table 13.

(iii) Default probability: see table 13 to find the spreads obtained when choosing 50%

higher default probabilities.
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(iv) Payout rate: see table 13 for credit spreads obtained when assuming that the payout
ratio is two percentage points lower than before.

(v) Recovery rate: this is the only robustness check that has been done on the basis of
the Black-Cox model (1976). It is assumed that the recovery rate decreases to 45%

from 51%. The results are also displayed in table 13.

(vi) Bankruptcy cost: in table 14 the results from the upper and lower bound (23% and
10%) of bankruptcy costs suggested by Andrade and Kaplan (1998) are exhibited.

Since the leverage ratios are based on book value of debt and market value of equity
and are additionally higher than those found by HH (2012) the ratios chosen for the first
sensitivity analysis are taken from HH’s (2012) analysis. Table 12 provides an extensive
comparison between the results obtained in the base case model and the results obtaine
when using HH (2012) leverage ratios. Column 2 through 4 provides information on the
base case results. Column 6 displays the leverage ratios underlying the analysis by HH
(2012), which are based on market value of debt as well as market value of equity. Column
7 displays the implied credit spread obtained using these ratios, all other things equal.
Then, column 8 shows the difference between the fraction of the observed yield spread
due to credit risk according to the two approaches. Meaning, the interpretation for the
1Y-AA value is, when decreasing the leverage ratio to 21.18% the credit spread found,
explains 0.26% less of the observed yield spread.

Implementing these leverage ratios provides the opportunity to view the effects of
a change in the leverage ratio in varying magnitude. For example, in the AA-class the
leverage ratio decreases by nearly 15pp. For the A-class this is around 9pp, where for
the BB-class it even increases by 155bps. Additionally, this change can be tracked over
different maturities.

For the one-year maturity it is very clear that the only considerable impact is exerted
on the B-class. The leverage ratio here decreases by more that 25pp which is even larger
than in the AA-class. Still, the drop is hundredfold of the AA decrease, indicating the
leverage ratio cannot be the only trigger. This indicates that a higher risk-premium as
well as a higher default probability amplify the the decrease. For the five-year maturity
the magnitude of the decrease seems very proportional to the decrease of the ratio. The
highest decrease is observable for the AA-class, which drops by around 13pp. A similar
impression is gained for the ten-year maturity. Overall the decrease here is smaller than
10pp. Now, although this sensitivity analysis does not provide information on the ro-
bustness of the credit-spread puzzle, it does give a good impression on the impact of the
leverage ratios overall. Since the leverage ratios underlying this analysis are already higher
than those found in HH (2012) some degree of conservatism can be insinuated. Overall,
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the changes are of a moderate scale and robustness concerning this input parameter can
be well advocated.

Credit class LR Base Case LR Robustness
implied
spread

in % implied
spread

diff. in % of
obs. spread

1Y Maturity
AA 35.78 0.01 2.18 21.18 0.01 -0.26
A 40.51 0.03 7.66 31.98 0.03 -0.64
BBB 47.46 0.10 8.38 43.28 0.10 -0.40
BB 51.98 0.49 20.76 53.53 0.50 0.30
B 77.65 3.07 103.69 65.70 2.28 -26.52

5Y Maturity
AA 35.78 0.12 37.75 21.18 0.08 -12.59
A 40.51 0.28 34.53 31.98 0.22 -7.10
BBB 47.46 0.58 31.90 43.28 0.52 -3.34
BB 51.98 1.79 43.93 53.53 1.83 0.89
B 77.65 6.03 83.03 65.70 5.28 -10.41

10Y Maturity
AA 35.78 0.31 20.74 21.18 0.19 -7.59
A 40.51 0.69 47.87 31.98 0.55 -9.70
BBB 47.46 1.11 56.13 43.28 1.01 -5.22
BB 51.98 2.43 75.95 53.53 2.46 1.10
B 77.65 6.25 143.77 65.70 5.91 -7.80

Table 12: Robustness Check - Leverage Ratio - (2) leverage ratios used in initial analysis, (3) implied
credit spread found in initial analysis of base case model, (4) fraction due to credit risk according to base
case, (5) leverage ratios retrieved from HH’s (2012) analysis, (6) implied credit spread obtained when
using HH (2012) leverage ratios, (7) difference between fraction due to credit risk according to base case
and robustness ratios.

When observing table 13 it is important to note that all values displayed in this table
are in terms of the difference between the robustness and calibrated credit spread as a
fraction of the observed yield spread. So, as mentioned before it displays by how many
percentage points the model-implied credit spread in relation to the average observed
spread decreases when decreasing the equity risk-premium by two percent points. Please
find the actual obtained spreads in the appendix. Also, the reference value for the recov-
ery rate is found in table 10 so that the implied spread in column 2 cannot be used for
that comparison.

The mechanics at play considering the increase in default probability should be ob-
vious. Both the risk-premium and the payout rate affect the drift of the asset process.
Ceteris paribus, a higher premium positively affects the credit spread, just as higher pay-
out rate negatively affects the drift and thus also leads to higher credit spread. As before,
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the change for short-term investment grade bonds are very small for all parameters in the
base case model and are therefore negligible. HH (2012) indicate that it might be advan-
tageous to use realized risk-premium instead of the Bhandari (1988) approach, because
realized default rates were also used. The realized asset risk-premiums found in this data
(untabulated) are much higher than the ones actually used. Nevertheless, in this respect,
the use of higher asset risk-premiums is interesting and justifiable. It can be seen that
this has substantial effects on the obtained results. For all five- and ten-year maturity
bonds it increases by nearly by 20pp in average. The changes for the decrease are equally
severe. Still, for the most classes even when using the higher risk-premiums it would not
yield a credit spread that is able to explain the spreads observed at the market. Thus, it
is concluded that the results are robust, yet sensitive, under cautiously chosen changes in
the risk-premium.

Credit class Model Equity risk prem. Def. prob. Payout rate Rec. rate
spread 2pp inc. 2pp dec. 50% inc. 2pp inc. of 45%

1Y Maturity
AA 2.18 0.59 -0.48 1.01 1.03 4.83
A 7.66 2.05 -1.70 3.49 3.59 14.24
BBB 8.38 2.11 -1.80 3.73 3.86 11.76
BB 20.76 3.98 -3.58 9.35 9.57 18.49
B 103.69 19.77 -19.31 30.96 37.87 49.33

5Y Maturity
AA 37.75 23.98 -17.33 12.32 18.26 28.25
A 34.53 18.41 -14.56 10.57 16.21 21.83
BBB 31.90 14.20 -12.22 8.96 14.51 16.86
BB 43.93 11.90 -11.58 14.96 17.97 15.80
B 83.03 10.65 -11.10 19.73 26.14 22.91

10Y Maturity
AA 20.74 13.19 -10.38 4.92 11.91 11.39
A 47.87 22.73 -20.49 10.47 25.40 22.47
BBB 56.13 21.42 -20.90 11.24 28.25 23.39
BB 75.95 19.46 -20.16 23.82 30.78 21.10
B 143.77 19.51 -20.20 52.67 57.43 30.42

Table 13: Robustness Check - (2) the implied model spread found in the base case model of section 7,
(3) model-implied credit spread obtained when using a 2pp higher average equity risk-premium in the
approach by Bhandari (1988), (4) model-implied credit spread obtained when default probabilities used
in calibration problem increase by 50%, (5) model-implied credit spread, when choosing a 2pp higher
payout rate, (6) model-implied credit spread obtained in the Black-Cox model (1976), when lowering the
recovery rate to 45%; note that all values are displayed as the difference of robustness can calibrated
spread as fraction of the observed yield spread, (7) model-implied credit spread obtained when setting
the risk-free rate to 0% in the base case model.

When looking at the increase of the default probability, especially for the five-year and
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ten-year maturities, the model-implied spreads increase between 9pp and 52pp, with an
average of about 17pp. The 52pp increase corresponds to the ten-year B-spread, where
the initial default probability is 36.30% already and thus increases by 18.15pp. This in-
crease is very large, thus partly justifies the relatively large increase in spread. An average
of around 17pp is fairly high, but, as for the risk-premium, even considering these high
default probabilities the credit spreads still cannot account for the entire observed spread
in the most cases. This signals further robustness regarding this input parameter.

Viewing the change induced by a higher payout ratio, the magnitude of the increase
in model-implied spread is with an average of 25pp higher than in the two prior cases.
There is again a very large increase of the ten-year B-spread. Yet, overall even with these
values there still remains a distinctive credit spread puzzle among investment grade bonds.

Credit class BC Base Case BC Robustness
implied
spread

in % implied
spread

diff. in % of
obs. spread

1Y Maturity
AA 23 0.01 2.18 10 0.01 -0.93
A 23 0.03 7.66 10 0.02 -3.27
BBB 23 0.10 8.38 10 0.06 -3.55
BB 23 0.49 20.76 10 0.29 -8.27
B 23 3.07 103.69 10 1.73 -45.19

5Y Maturity
AA 23 0.12 37.75 10 0.08 -13.24
A 23 0.28 34.53 10 0.19 -11.76
BBB 23 0.58 31.90 10 0.39 -10.56
BB 23 1.79 43.93 10 1.32 11.62
B 23 6.03 83.03 10 4.62 -19.48

10Y Maturity
AA 23 0.31 20.74 10 0.22 -5.94
A 23 0.69 47.87 10 0.51 -12.73
BBB 23 1.11 56.13 10 0.83 -14.17
BB 23 2.43 75.95 10 1.99 13.82
B 23 6.25 143.77 10 5.43 -18.93

Table 14: Robustness Check - Bankruptcy Costs - (2) bankruptcy cost used in initial analysis in percentage
(upper bound of Andrade and Kaplan (1998) analysis), (3) implied credit spread found in initial analysis
of base case model, (4) fraction due to credit risk according to base case, (5) bankruptcy cost used in
robustness check in percentage (lower bound of Andrade and Kaplan (1998) analysis), (6) implied credit
spread obtained when for lower bound bankruptcy costs, (7) difference between fraction due to credit
risk according to base case and robustness ratios.

The only robustness test on the Black-Cox model (1976) indicates that this model is
robust regarding a change of the recovery rate. The average change of the credit spread
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amounts to about 20pp. Again, viewing the total spread that this yields, it can be noted
that the main conclusions from the section 8.5 are unchanged.

Now, for the last robustness check, we evaluate the sensitivity of the imposed bankruptcy
cost. We know that the choice of 23% of firm value is the upper bound suggested by An-
drade and Kaplan (1998), but does on the other hand fit very well with Davydenko’s
(2010) argument of firms’ default boundary of 66% of debt face value, whereas Bhabra
and Yao (2011) concludes that more bankruptcy costs accrues over the three following
years after the time of bankruptcy. In addition, Bhabra and Yao (2011) finds that firms
with lower bankruptcy costs has a higher fraction of tangible assets, and vice versa for
firms with more intangible assets. Moreover, with an increasing fraction of intangibles of
total assets, bankruptcy costs should increase as well (Lim et.al., 2020). The results of
comparing the boundaries of Andrade and Kaplan (1998) can be found in table 14. The
results are in line with what we would expect, namely that the states of default becomes
more costly, and for credit classes with a higher default frequency, this becomes more
evident.
The average fraction of credit risk in observed spreads for IG bonds is now about 4%, 23%

and 31% for one-, five- and ten-year maturities respectively. Thus, the fraction decreases
in average by 3%, 12% and 10% for IG bonds when the bankruptcy cost decreases from
23% to 10%.

All in all, even when using input parameters that constitute a upper bound of the re-
spective parameters they are still not able to yield results that suffice to explain observed
yields.
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9 Discussion

The discussion is structured such that first models, which are not part of the initial analy-
sis, will be reviewed and their specific implications on the credit spreads are outlined. The
choices of structural model often contributes with specific economic extensions similarly
as we have seen in our analysis. Nonetheless, we observe a credit spread puzzle for IG
bonds independent of model choice, and we are hence bound to expect that even if the
choices of models is limited, the results of HH (2012) regarding incapabilities of generat-
ing sufficiently high spreads will remain. The unique characteristics of other models can
nevertheless contribute with interesting results and lead to further discussion, and thus
important not to neglect.

Following, we will evaluate and discuss implicit assumptions that were made during
this analysis are reviewed on their impact and plausibility.

9.1 Inclusion of other models

Since there is a vast amount of credit risk models to choose from, the analysis needed
to be restricted to a smaller sub-sample of models. This leaves open the question if
different models might generate credit spreads, which can track the market credit spreads
more closely. The compilation of models is justified by the assessment of the underlying
assumptions. The assumption of constant volatility for example can undoubtedly be
questioned by viewing the development of asset returns over time and be rejected by a
simple test for heteroscedasticity (Dumar and Dankar, 2011). This is also true for the
assumption of a diffusion type asset process. The presence of jump processes reflected
in excess kurtosis is a long researched phenomenon. As both modifications seem natural
for the asset process, these and their combination through the Bates Model are the first
models considered for the sub-sample. Another critical assumption is to exclude default
before maturity. Thus, the inclusion of a first-passage of time model allows for a new
interesting points of interpretation, as the assumption of only default is not empirically
correct. Nevertheless, through this selection of models a few fundamental credit risk
models are omitted from the analysis. Some of the models, which are not part of the
initial analysis, and the suspected results are discussed and in this subsection. The goal
here is not to provide a detailed description of the model, but rather to outline the
underlying mechanics of each model and to dwell into the implication on the matter of
credit spreads.
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9.1.1 Stochastic Interest Rate Models

One underlying assumption of the base case model is that interest rates are assumed to
be constant. As interest rates depend on daily market movements and can always be
heavily influenced by central bank decisions, this is clearly not the case. The introduction
of a stochastic risk-less interest rate can be easily obtained by assuming an Vasicek model
for interest rates (Vasicek, 1977). Note that in this model negative interest rates are
possible, but the probability of for these are small, given realistic parameters, and future
expected values are always positive (Longstaff and Schwartz, 1995). In the Vasicek Model
the interest rate follows an Ornstein-Uhlenbeck process. Together with the asset process
this can be described under measure Q as follows (Lando, 2004)

dVt
Vt

= (µ− δ)dt+ σV (ρdW 1
t +

√
(1− ρ2)dW 2

t )

dr = κ(θ − r)dt+ σrdW
1
t ,

(26)

whereW i
t are two i.i.d. variables withW i

t ∼ N(0, t), i ∈ (1, 2). The interest rate dynamics
are mean-reverting, where κ is the factor of mean-reversion and θ can be thought of as the
interest rate risk-premium. Now, when pricing an option it needs to be considered that its
underlying discount factor correlates with its payoff. This correlation comes through µ in
the asset process, being the risk-premium added to the risk-free rate, and the independent
random variableW 1

t that influences both the asset and risk-free rate process. Still, because
the interest rate has a deterministic volatility it is possible to obtain a closed-form solution
for a call option, i.e. equity, at time 0. This is given by

S(V, 0) = V Φ(d1)−Dp(0, T )Φ(d2), (27)

where

d1 =
ln V

Dp(0,T )
+ 1

2
Σ2
V,T (T )√

Σ2
V,T (T )

d2 = d1 +
√

Σ2
V,T (T )

Σ2
V,T (T ) =

∫ T

0

(
2ρσV σrb(T − t) + σ2

rb
2(T − t) + σ2

V

)
dt.

According to Lando (2004) an interest rate volatility of 0.015 is the consensus level of
empirical research. Longstaff and Schwartz (1995) implement stochastic volatility in a
framework with default risk. Throughout their paper a correlation of ρ = −0.25 is used.
HH (2012) implement the approach by Longstaff and Schwartz (1995) as well and use
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parameters of
κ = 0.226; θ = 6.2%; σr = 4.68%

In general, a decrease of the interest rate will have a positive impact on credit spreads.
The lower interest rate will decrease the drift in the asset process and this will increase the
risk-neutral probability of default, which is reflected in the prices. The general negative
effect of interest rates on spreads can be transferred on the correlation as well. So that a
higher correlation between interest rate and asset value will lead to higher credit spreads
through a decrease in the drift when interest rates drop and an increase in the drift when
interest rates rise. But on the other hand, the impact of volatility on credit spreads
has been found to be less significant (Lando, 2004). Which has lead to the neglect of
stochastic interest rate in many empirical investigations. Longstaff and Schwartz (1995)
on the other hand find strong evidence for including stochastic interest rates in the model.
They find that credit spreads are determined by mainly two factors, being an asset value
factor and an interest rate factor. Needless to say, that the empirical analysis is based
on the time period from 1977 to 1992, where interest rates have played a more important
role than the period considered in this study. Figure 9 substantiates this argument. The
interest rate curve, measured by the one-year US-treasury rate, has been essentially flat
over a large part of the examined time period. Indicating that interest rate uncertainty
will not have been a major concern.

Figure 9: 1-Y Treasury Constant Maturity Rate from 01.01.2005 until 31.12.2019
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9.1.2 Stationary Leverage Ratio

Another assumption that has been made for every model considered in this analysis so
far is that the capital structure of a company cannot vary during the lifetime of a bond.
This assumption most likely will not hold as the fairly frequent issuance of new bonds or
even equity impacts the capital structure. By loosening this assumption it is possible to
obtain new interesting insights and implications for credit spreads.

The interesting contribution of Collin-Dufresne and Goldstein’s (2001) model is the
departure from exogenous economic factor, to rather examine firm behavior during the
lifetime of the bond. Buying a vanilla call option will have the same strike at maturity
as when purchase, but a firm level of debt is not a deterministic constant. Therefore, the
assumption of modeling the firm value as options depending on deterministic debt levels
can impose limitations.

Based on the observation that leverage ratios seem stationary, Collin-Dufresne and
Goldstein (2001) build a first-passage of time model, where the default threshold k evolves
dynamically over time. Default is triggered when the asset value drops below this thresh-
old. The dynamics of asset and of default threshold can be described by

yt =

(
µ− δ − 1

2
σ2

)
dt+ σdWt

dkt = λ (yt − v − kt) dt,
(28)

where y = lnV . Else is the notation in line with before. The leverage ratio process here
is thus modeled by the default threshold and to put it in the words of the authors, it is "a
more general definition of leverage, namely the log-ratio of firm value to a default threshold
that reflects the market value of total liabilities of the firm." (p. 1934, Collin-Dufresne
and Goldstein, 2001). Then, as can be seen in equation (28), the firm will increase the
default threshold, when the threshold lies below the target leverage ratio yt − v and the
firm will decrease the threshold otherwise. In order to see the closed-form solution under
the risk-neutral measure for bond prices produced by this model please see the original
paper by Collin-Dufresne and Goldstein (2001).

When examining the credit spreads produced by their model Collin-Dufresne and
Goldstein (2001) find that especially regarding longer maturities for investment grade
bonds, the predictions of their model fare better than a first-passage of time model without
this underlying leverage process. Next, when considering speculative grade bonds they
generally find a lower spread than a model with constant boundary would, but they do
find that their yield structure is upwards sloping. The latter is in line with the empirical
literature and the former is a consequence of the mean reversion. Meaning that highly
levered firms in the model will lower their ratio as this is now dependent on the long-
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run target, whereas before the ratio was set. HH (2012) implement the model with the
following parameters

λ = 0.2; yt − v = 38%

HH (2012) find that the model-implied credit spreads are fairly similar to their base case
model. This, as seen before in this analysis as well, can be explained by the fact that
the model looses the ability to produce the characteristic results when it is calibrated to
match historical default rates, since the underlying assumption which amplifies the credit
spread of high rated firms is that they might make use of their advantageous position and
increase their leverage.

While the model contributes with very interesting economical extensions, we would
not expect any significant changes in our results implementing it.

9.1.3 Counter-cyclical Risk-Premium

A model of significance to possibly add in the selection of structural credit risk models
is the extension of the base case model with stochastic risk-premiums. Making the asset
risk-premium capture the business cycles would empirically fit that the risk-premium
could increase significantly in states with high default rates and thus high default risk.
From Chen et.al. (2008) as well as from BGY (2020), we know that adjustments to the
risk-premium can indeed match BBB-AAA credit spreads, and following our recurrent
discussion about the wedge between the calibration under the physical measure P and
pricing under the risk-neutral measure Q, inclusion of this model is certainly of interest.

Now, in terms of the addition to the structural model, the counter-cyclical asset risk-
premium model is simply that the risk premium in the asset dynamics under measure P
follows an Ornstein-Uhlenbeck process, which has been observed throughout this analysis
for stochastic volatility under the Heston model as well as the stochastic interest model
previously discussed.

dπt = κπ (π̄ − πt) + σπdW
π
t (29)

The economical contribution of this model follows from our discussion about how the
risk-premium should naturally follow the fact that the risk-premium is lower in booming
economic states, and higher in recessions which is something that is applicable for sample
period underlying this analysis.34 As we recall from the discussion about Campbell and
Cochrane’s (1999) habit formation model and will further discuss in more detail in sec-
tion 9.2.7 the pricing kernel discounts future cash-flows more if the future consumption is
expected to be as high as the marginal utility decreases, and vice versa. Therefore, the

34See figure 7 in the data section for an illustration of the time series of the credit spread, emphasizing
different macroeconomic environments.
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macroeconomic outlook has an effect on the pricing kernel, and an implementation of this
stochastic process along with a negative correlation between W π

t and WA
t captures this

empirical fact.
However, despite the fact that this model increases yield spread as expected in HH’s

(2012) analysis, the quantifiable magnitude is limited, and there is still a significant credit
spread puzzle. This is also in line with Chen et.al. (2008), where the implementation of
Campbell and Cochrane’s (1999) habit formation rejected a solution for the credit spread
puzzle when the default boundary was fixed at a constant level, but contributed with
potential results for a solution once the habit formation was combined with a model
allowing for spiking default boundaries, i.e. economically implementing states with sig-
nificant credit risk. While it is not surprising that once applying a structural model that
increases risk-premium and default boundaries in recessions and vice versa in booms in-
creases spreads while calibrated to historically low default frequencies, it is interesting to
evaluate the parsimonious implementation under a set of empirically reasonable parame-
ters.

In our sample period, we have periods of both low risk and low market volatility as
well as the financial crisis. This is indeed an interesting separation, as the post-crisis
period from 2009-2019 illustrates a period with low credit risk, and should thus also im-
ply lower future marginal utility of consumption, leading to a lower pricing kernel, future
cash-flows discounted more and thus a decrease in the expected return and risk-premium.
As we have a constant risk-premium in all models, this sub-sample period should hence
exaggerate the risk-premium, just as the risk-premium is understated in recessions. While
adjusting35 the risk-premium in our robustness check generates higher credit spreads, it
is still not enough to explain the credit spread puzzle for IG bonds. Relating this to Chen
et.al.’s (2008) examination of Campbell and Cochrane’s (1999) habit formation model
with a constant default boundary36, these results are not surprising. Therefore, we do
not expect any changes to the analysis of the results by the ceteris paribus addition of a
stochastic risk-premium.

9.1.4 Leland’s Model of Optimal Capital Structure

The objective of the now presented model, is to create a setting in which an optimal
capital structure can arise. This will be orientated by the work of Leland (1994) and
Leland and Toft (1996). Similar to the Black-Cox model (1976) and the model by Collin-

35Recall that we either increase/decrease the premium by 2pp/-2pp, not an implementation of a
stochastic premium explaining business cycles.

36Recall that Chen et.al. found that the credit spread puzzle could be resolved with a countercyclical
risk-premium and spiking default boundary, capturing the effect of both increasing risk-premiums in
recessions and correlated default frequencies.
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Dufresne and Goldstein (2001) the debt is assumed to be perpetual and pays a constant
coupon C. This coupon must be financed by equity as the firm value is assumed to be
independent of the choice of capital structure. Thus, the firm defaults only if asset value
falls under some specified default boundary. Emulated from traditional trade-off theory
models, the optimal firm value is the trade-off between a firm value enhancing tax-shield
effect of debt and bankruptcy costs in case of default. Finally, in contrast to the model
by Collin-Dufresne and Goldstein (2001) it is assumed that the face value of debt is static
once it has been issued. The asset dynamics in this framework can be described by

dVt
Vt

= (r − δ) dt+ σdWt. (30)

The process being under the risk-neutral measure Q and the notation stays as before.
The model is now solved in the way that first for a given coupon and boundary at which
bankruptcy is triggered VB, the value of debt, equity and firm value is determined. Leland
(1994) derives the value of debt to be

D(V ) =
C

r
+

[
(1− α)VB −

C

r

]
PB.

Here, α denotes the fraction of the assets lost in case of bankruptcy, denotes the and
PB = V

Vb

−X , where X = 2r
σ2 , describes an elementary security with a payoff of 1 at default,

i.e. the Arrow-Debreu price of default. The value debt can be interpreted as the risk-
free value of debt, C

r
, minus the the embedded shareholder’s default option. The total

firm value is the sum of three components, namely the assets, the benefits through the
tax-shield and the potential losses due to bankruptcy. To find the exact formulas for the
components, please view Leland (1994). Then, the value of equity can be found by the
total firm value lesser the value of debt. Now, having found the value of the firm, debt
and equity as can be seen in Leland (1994) the level of firm value at which shareholders
declare bankruptcy is

VB = (1− τ)
C

r + 1
2
σ2
,

where τ denotes the tax rate. Finally, as a last step to solve the model, the shareholders
maximise their claim, that is equity plus the proceeds of the debt issue. Since this amounts
to firm value, the shareholder chooses the coupon so that firm value is maximised. C∗ is
found to be as follows

C∗(V ) = V [(1 +X)h]−
1
X . (31)

Please see Leland (1994) for the definition of h. The interesting part of the model viewed
as a structural model of credit risk, however, is especially the endogenous choice of the
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default boundary by the shareholders. The default boundary increases in the coupon as
the it is an expense paid by the shareholder. Additionally, it decreases in the tax rate
and also implicitly decreases by higher bankruptcy costs since these decrease the optimal
coupon chosen, which in turn affects the default boundary.

Leland and Toft (1996) extend the previous model by introducing debt maturity as
well. However, the setting is very similar to Leland (1994). Here, it is emphasised that
credit risk for very short maturities is essentially zero, in line with the base case model.
HH (2012) the model by Leland and Toft (1996) in their analysis. They implement the
assuming perpetual debt again, which leads their results to be higher than their base case
simulation. They find that for investment grade bonds the fraction attributable to credit
risk amounts to nearly 40% (Huang and Huang, 2012), However, this again is due to the
implementation of a perpetual bond and comparing this to a ten-year bond, according to
HH’s (2012) reasoning.

9.1.5 Reduced Form Models

Although this analysis entirely relies on the use of structural models, for the sake of
completeness, a very brief overview over reduced form models is provided in this section,
as they have contributed substantially to the topic of credit risk analysis. In general,
credit risk can empirically be modeled in two different ways, namely using a structural
credit risk model or a reduced form model. Structural models have been covered in very
much detail throughout this analysis. They assume that the information about firms
assets, liabilities and other characteristics as asset volatility is complete and sufficient
in order to make predictions over default. For example, to be very exact it would be
necessary to specify the recovery of every claimant in the case of default and having a
fairly complicated firm capital structure in place this task can get very challenging. In
comparison, reduced form models do not make these assumptions, define default as an
stochastic event, so that default happens at a random time with a given default intensity.
Reduced-form models were first introduced by Jarrow and Turnbull (1992, 1995). Here, a
stochastic term-structure of default-free interest rates and a stochastic, maturity specific
credit risk spread are assumed and default is modeled via a Poisson process (Jarrow and
Turnball, 1995). Jarrow and Protter (2004) argue for reduced form models as they say
that considering the hedging and pricing of bonds the information set considered should
be the one available to the market and not the firm’s executives. The approach has
received a lot of attention and various subsequent extensions and modifications have been
published (to name only a few: Jarrow, Lando and Turnball (1997); Lando, (1998); Duffie
and Singelton (1997, 1999)).
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9.2 Review of Underlying Assumptions

It has been indicated throughout the text that some assumptions, which were necessary
to make, may have a unintentional effect on the actual final results. These assumptions
will now be revisited.

9.2.1 Valuation of Coupon Paying Bonds

As indicated in the methodology section, we price bonds not according to coupon paying
bonds but as discount bonds, i.e. the yield of the bond will be the logarithmic difference of
the face value of the bond and the present value of the bond over its maturity. One would
think that it is possible to obtain the fair price of a bond by simply implementing the
general structure of the Merton model for each component separately. This is seemingly
straightforward, yet tedious. However, this is not the case, and a more rigorous technique
is presented by Lando (2004), which we will leave for the curious reader. On the other
hand, it would be theoretically conceivable to derive a zero-curve for each company by
bootstrapping, based on the coupon-bearing bonds they have outstanding. This then relies
on the assumption placed on the relation between the points in time. For extrapolation
these assumptions are presumably more influential than for interpolation. Nevertheless,
since this approach is still not assumption-free and its success is dependent on the bond
data available, we decided to fare with the aforementioned approach. While comparing
the implied yield from our models to the yield to maturity is empirically not perfect, our
approach remains relevant since:

1. All models except the Black-Cox model only allow for default at maturity. In
line with this, implementing a model with constant payments defined in the asset
payout rate, and where coupon payments "accumulate" to maturity is not irrelevant.
Adding coupons to the bond while maintaining the assumption of no default to
maturity should not affect the generated implied credit risk.

2. The implied spread from the discount bond should be closely related to the yield-to-
maturity of bonds with constant maturities, especially for short maturity m´bonds.

In short, when adding coupons to the pricing structure, first-time passage models should
be considered as well as the assumption of asset sales, i.e. the equity owners optimal
decisions in paying coupons under further assumptions of what they can do with the assets.
Similarly, the Black-Cox model should be implemented with coupons, as the present value
of the bond becomes very low and the payoff in the states of defaults implicitly becomes
larger.37 This becomes very evident for longer maturities.

37See discussion in section 8.5
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When pricing debt as a discount bond that can only default at maturity, we know
that we cannot receive any payments during the lifetime of the bond, but we also know
that the bond cannot default until maturity. On the other hand, pricing debt in the more
empirical manner according to a first-time passage model with coupons and covenants,
the payments are deterministic, but default time stochastic.

9.2.2 Market vs. Book Value of Debt

Another assumption that became necessary over the course of the study, is that book
value of assets is a significantly different approach from market value of assets and hence
the implicit determination of leverage ratios. This assumption can certainly become prob-
lematic as has been observed in BGY (2020) who are able to draw an entirely different
conclusion as the paper on which they have based their analysis (Feldhütter and Schaefer,
2018).

The background here is that firstly theory requires to use market value of debt and
equity. While this assumption might hold fairly well for debt that is not strongly affected
by the risk of default, especially for more risky debt the deviation between market and
book value of debt can become quite drastic. For less risky debt this is less problematic,
because debt payoff in case of no default is well foreseeable. Still, for more risky debt the
book value might imply a higher leverage ratio than it is actually the case. The market
value of risky debt will be smaller than the book value and then, calculating the leverage
ratio for more risky firms, besides having more debt in place generally the book value will
additionally overestimate the actual value, leading to an even higher calculated leverage
ratio.

It can be seen in section 7 that the leverage ratio used in this analysis are compara-
bly higher than previous estimations, like HH (2012) for example. This implies higher
estimated credit spreads in section 8. Due to problems regarding the data availability
though, this assumption was made. Anyway, it can be seen in section 8 that the models
used still underestimate observed yield spreads and if any, higher leverage ratios imply
higher spreads, as explained in the robustness check as well. All in all, it can be con-
cluded that although the assumption is certainly problematic, it does not have negative
implications for this analysis.

9.2.3 On-the-run vs. of-the-run Bonds

The constant maturity approach explained in section 7, which has been used to gather as
many observations as possible for a given maturity, may have some unfavorable impact
on bond yields. The reason for this is that at each point in time for a given maturity
the observations consist of bonds which may have been just issued and on the other side
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bonds which are in the market for several years at that point. The issue here refers
to the "on-the-run of-the-run basis trade" (Pedersen, 2015). It has been observed that
on-the-run bonds trade at lower yields as comparable off-the-run bonds (Gürkaynak and
Wright, 2012). Since the trading volume and therefore the liquidity of on-the-run bonds
is generally higher than for off-the-run bonds, the yield spread of recently issued bonds
can be lower. This can be seen as compensation for off-the-run bonds that trade at higher
yields due to a higher risk of illiquidity.

However, in the sample used in this analysis are various different bonds with various
different initial maturities so that it is impossible to track the influence of this anomaly. It
can be assumed though that the effect will balance out by pure randomization. Moreover,
even if there is an impact, it is most likely fair to call it marginal.

9.2.4 Performance of the Characteristic Functions

We know that using the characteristic function and the fast fourier transform to price
bonds is superior in speed and thus extremely efficient in calibration problems. Never-
theless, we will go through a performance check of the model by estimating option prices
via the characteristic function and compare to the standard Black-Scholes model as well
as a Monte Carlo simulation pricing method using Euler scheme discretization.

To carry out this performance test, the parameters will remain the same for the same
models and different estimation techniques, and the strike will remain at 100 for each
pricing point. Furthermore, we will vary the asset value to 50, 100 and 150 to get a
clear overview of OTM, ATM and ITM pricing for each method. For the Euler scheme
discretization, we assume 252 trading days that we simulate over, and we thus have an
approximation error of dt = 1/252. For each pricing point, we simulate 252 × 100, 000

random outcomes. For the Monte Carlo Jump-Diffusion model, the probability of a jump
is λdt The results comparing the different methods are found in table 15, where BS stands
for Black-Scholes, FT fourier transform and MC Monte Carlo. While we see that the mod-
els seems to yield very similar results independent of the distance to the strike price, we
can conclude how closely FT and BS are for the Black-Scholes model, where the price is at
least the same to the third decimal. Therefore, our conclusion is that the performance of
implementing the characteristic function in our pricing methodology is stable and trust-
worthy, and we have greater reasons to hold the Monte Carlo simulations responsible to
small discrepancies due to model approximation and potentially too few simulations. In
addition, we can also spot the subtle characteristics of the volatility smirk discussed in the
review of the Heston model, where ITM calls for the Heston model and Jump-diffusion
model generates higher prices relative the base-case with constant maturity, indicating a
higher implied volatility for lower strikes. However, the small difference supports Bates’
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Base Heston Jump
Case Model Diffusion

OTM Call
BS 50 0.120
FT 50 0.120 0.089 0.155
MC 50 0.124 0.090 0.163

ATM Call
BS 100 13.005
FT 100 13.005 12.966 13.458
MC 100 13.033 13.016 13.517

ITM Call
BS 150 52.684
FT 150 52.684 52.817 52.929
MC 150 52.756 52.941 53.112

Table 15: Performance Check - (2) call option
prices using the standard Black-Scholes closed
form solution with strike=100, (3) call option
prices using the Heston model with strike=100,
(4) call option prices using the Jump-diffusion
model with strike=100, (5) call option prices
using the Bates model with strike=100.

(2000) argument of choosing implausibly high parameters is needed to get a significant
difference. All used algorithms can be found in the appendix.

9.2.5 Equity Risk-Premium vs. Asset Risk-Premium in Calibration

As we are looking at asset dynamics in our methodology, implementing the equity risk-
premium in the drift of the asset dynamics under the physical measure P is evidently
not entirely correct. From HH (2012), it is however argued that the equity premium and
the asset premium are closely related, and can work as an approximation. The asset
risk-premium can be defined as the weighted risk-premium contributed from equity and
debt, and thus should be slightly less than the equity-premium. The analysis regarding
overemphasizing the credit spread puzzle is therefore not relevant, but might instead, due
to this, underestimate it. With our calibrated models and implied credit spreads, we
estimate the implied asset risk-premium as follows:

λEi (1− `i) + λDi `i
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Where `i is the leverage ratio for the representative firm of credit class i. Note that the
risk-premium for λDi consist only of the risk from credit, and the contribution of other
factors to the credit spread are not included here. This would hence, as opposed to simply
using the equity premium, underestimate the true asset premium.

9.2.6 Critique on Historical Default Probabilities

When calibrating the model to match historical default probabilities, the implicit assump-
tion that historical default probabilities are the correct way to assess the approximate risk
of default is made. As shown explicitly in the paper by FS (2018) this approach is very sus-
ceptible to two different kind of errors. First, when relying on default rates measured over
a relatively limited time period sampling errors arise quickly. FS (2018) give the example
that the 95% confidence interval for a 10-year BBB rated firm would be [1.15%,12.78%] if
the true value were 5.09%.38 This is of course very large and hence problematic. Second,
default rates are, according to FS (2018) intrinsically skewed as the events are correlated.
So either there are few or there are many defaults. As can be imagined during the typical
business cycle.

FS (2018) have, based on this awareness, developed a model in which more reliable
default frequencies are derived. This is achieved in a Black-Cox (1976) setting by assum-
ing that all firms share the same default boundary. Hence, the information that riskier
firms provide over the location of that true single default boundary can be used for less
risky firms as well.

However, this analysis is oriented after the work by HH (2012) and the crucial method-
ological step to calibrate to historical default frequencies is followed, although it is prone
to inaccuracy.

9.2.7 Risk-Aversion, Risk-Premiums and Investor Biases

From our results and from results presented by many other articles, most closely followed
in HH’s (2012) findings, the credit spread puzzle regarding the large observed credit spread
relative what could possibly be explained for is clearly prominent. This is, however,
under the assumptions we have implemented in our calibration approach, leaving a more
sophisticated empirical analysis of extending the models to match risk-premiums that
could potentially suggest solutions to the puzzle. As we have seen, one of the most
interesting aspects in our and previously examined analyses (see for example Chen et.al.
(2008), BGY (2020), HH (2012)) is the more in-depth focus on the wedge between the
asset process under the physical measure and the pricing process under the risk-neutral

38The example is taken directly from FS(2018)
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measure. In table 11, the results clearly emphasizes the fact that, alluded to before,
an unconstrained risk-premium can mitigate the the credit spread puzzle for short-term
maturity and IG bonds. The question remains what reasonable parameters can be used.

As discussed, Chen et.al. (2008) suggests a solution to the puzzle when implementing
Campbell and Cochrane’s (1999) habit formation utility in the pricing kernel combined
with spikes in the default barrier. To illustrate the counter-cyclicality of the risk-premium,
we can from Hansen and Jagannathan (1991) show the following relation:

E [ri]− rf = −Cov (M, (1 + ri))

E [M ]
(32)

The left hand side is the risk-premium and E [M ] is the pricing kernel, or simply the
stochastic discount factor, sometimes referred to as the fundamental equation of asset
pricing. We more specifically define it as

E [M ] = β
U ′ (Ct+1)

U ′ (Ct)

Here, β is a constant representing time impatience of consumption. Above, we can intu-
itively see how the SDF discounts future cash-flows more strongly if the expected future
consumption is high, as the marginal expected future consumption decreases. Apply-
ing this fact to equation (32), we can see how an increase in the SDF decreases the
risk-premium. This emphasizes the conclusions of Chen et.al.39 (2008) and the general
relevance of macroeconomic cycles and its application to the risk-premium in the endeav-
our of examining potential solutions to the credit spread puzzle.

Now, the discussion of risk-aversion can be extended to further empirical work of be-
havioral applications and the determinants of risk, which can be defined as measurably risk
and unmeasurable uncertainty, primarily discussed and presented in the Ellsberg Paradox
(1961). According to Ellsberg, people are averse to ambiguity and uncertainty, something
that is also empirically backed up by Kahneman and Tversky (1979). These findings
emphasizes the violations of standard expected utility when the subjective perception of
uncertainty is present. Specifically, people are not just risk-averse, but also ambiguity
averse. Furthermore, from Knightian uncertainty, risk and ambiguity is separated by the
unique probability distribution and the unknown probability distribution (Knight, 1921).
As Hogarth and Einhorn (1985) states, well-defined probability distributions might be-
come ambiguous. What is more, according to Hogarth and Einhorn people are not just
averse to ambiguity within risks, but also ambiguity seeking for chances. This means

39The Habit formation utility by Campbell and Cochrane (1999) is a parsimonious extension of CRRA,
and can be defined as U (C) = (C−X)1−γ

1−γ , where C − X is the excess consumption. Note that it is not
only defined for C > X.
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that people are subjectively exaggerating tail events, and people’s prior distributions in
Bayesian statistical inference tends to perceive tail events to appear more frequently than
they do.

The key takeaway and application from Ellsberg (1961), Kahneman and Tversky
(1979), Knight (1921) and Hogarth and Einhorn (1985) to our analysis of credit risk and
credit spreads is the attempt to define a potential contribution of ambiguity to the credit
spread. First, let us take use an illustrative example, where we can envision an agent
presented to decision A and B, where decision A has a small risk of a high loss and a large
chance of no payment and decision B has a certain relatively small loss.

• Decision A: Pay $50,000 with a 0.1% probability

• Decision B: Pay $50

Theory from Ellsberg, Kahneman and Tversky, Knight and Hogarth and Einhorn tells
us that people generally prefers insurance, i.e. decision B over decision A. Furthermore,
when presented the decisions as gains, people tend to prefer the lottery with payoff of
$50,000 with a probability of 0.1% or nothing at all over a certainty of $50 exhibited as
decision C over decision D below.

• Decision C: Gain $50,000 with a 0.1% probability

• Decision D: Gain $50

Not surprisingly, most market participants does not evaluate credit securities such as
bonds depending on the true and implied default probabilities, but on the yield compared
to the risk-free rate. However, an estimation of the difference of the implied risk-neutral
default probabilities compared to the true probabilities could create a foundation of an
interesting analysis how the theories stated above could possibly fit the theories of behav-
ioral economics presented above.

The evaluation of the potential relevance in explaining high jump risk-premiums for
short-term IG bonds would be particularly interesting. Increasing the jump risk-premium
significantly would indeed get somewhat satisfactory fractions of credit risk in credit
spreads. However, on the behalf of very high yields for longer maturities. The question
might not be concerning the relevant structure of implementing jump risk in risk-neutral
pricing, but looking at utility models that will allow for extreme aversion to negative
outcomes that are very unlikely, and risk seeking for positive outcomes that are very
likely.
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10 Summary

In this paper, we examined what portion of observed corporate bond yield spreads is
attributable to credit risk under a recent sample period that includes the financial crisis
and the post-crisis period. The analysis includes various different structural credit risk
models using the Merton model as base case. New underlying economic assumptions
regarding the parameter and variable choices are imposed. We find strong evidence of
the persistence of the so-called credit spread puzzle for short-term IG bonds, where only
6-10% of the credit spread is attributable to credit risk. This is true with the exception
of the Black-Cox model that is able to generate higher spreads in the short-term, but
comparably lower spreads in the long-term. Consistent with previous literature we find
that for longer maturities and HY bonds, the fraction increases (HH, 2012). For the
base-case model, we get that the fraction of credit risk in IG credit spreads amounts to
6%, 34% and 42% for one-, five- and ten-year respectively. The assumptions regarding
cost of bankruptcy, risk-premiums and leverage ratios are all picked at upper boundary
levels, making the result very robust to input parameters, which is well supported from
the generous robustness checks.

While the calibration of the jump-diffusion model with a 3% jump-risk contribution to
the risk-premium generates a small fraction of credit risk for short-term IG bond spreads,
somewhat satisfactory levels of credit risk are produced for five- and ten-year maturities.
The increase in credit spreads is due to the expensiveness of jump to default under the
risk-neutral probabilities with the upper boundary level of bankruptcy cost presented by
Andrade and Kaplan (1998) of 23%, a higher level than imposed by HH (2012). With an
increase in the fraction of intangible assets relative total assets over the last decades (Lim
et.al., 2020), this is however not an irrelevant assumption.

Finally, in line with findings from BGY (2020), an implausibly large jump risk-premium
can, not surprisingly, generate larger fractions of credit risk to observed spreads. This
implies an extreme aversion to big losses given the low observed historical default fre-
quencies. It may be interesting to examine the question whether if theory of behavioral
economics can potentially support an the extreme aversion for very unlikely negative
events, while being more modest for more frequent events. This could be a fruitful dis-
cussion to complement the emphasizes of HH (2012), Chen et.al. (2008) and Chen (2010)
underlining macroeconomic environments and business cycles explained by variability in
the risk-premium. Investor compensation for risk is seemingly a potential answer to the
credit spread puzzle, but yet to be explained for the general consensus under empirical
estimations of plausible assumptions.
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A Appendix

A.1 Robustness - Further Results

Credit class Model Equity risk prem. Def. prob. Payout rate Rec. rate
spread 2pp inc. 2pp dec. 50% inc. 2pp dec. of 45%

1Y Maturity
AA 0.01 0.02 0.01 0.02 0.02 0.10
A 0.03 0.04 0.02 0.04 0.04 0.23
BBB 0.10 0.13 0.08 0.15 0.15 0.59
BB 0.49 0.58 0.40 0.71 0.71 1.71
B 3.07 3.65 2.50 3.98 4.19 6.65

5Y Maturity
AA 0.12 0.19 0.06 0.15 0.17 0.23
A 0.28 0.43 0.16 0.37 0.41 0.46
BBB 0.58 0.83 0.36 0.74 0.84 0.78
BB 1.79 2.27 1.32 2.40 2.52 1.67
B 6.03 6.81 5.23 7.47 7.93 4.41

10Y Maturity
AA 0.31 0.50 0.15 0.38 0.48 0.29
A 0.69 1.01 0.39 0.84 1.06 0.55
BBB 1.11 1.53 0.70 1.33 1.67 0.77
BB 2.43 3.05 1.78 3.19 3.41 1.15
B 6.25 9.56 7.08 8.54 8.75 2.65

Table 16: Robustness Check - (2) the implied model spread found in the base case model of section
7, (3) model-implied credit spread obtained when using a 2 pp lower average equity risk premium in
the approach by Bhandari (1988), (4) model-implied credit spread obtained when default probabilities
used in calibration problem increase by 50%, (5) model-implied credit spread obtained when choosing a
2pp lower payout rate, (6) model-implied credit spread obtained when setting the recovery rate in the
Black-Cox model (1976) to 45%

A.2 General algorithms

We are thankful for the widespread supply of codes and inspiration from the open-source
network of R, and in using the scripts for the characteristic functions, we have been
inspired by algorithms based on the "NMOF" package in R (Schumann, 2019), (Gilli et.
al, 2020).

A.2.1 Pricing and default of characteristic functions

# Pro b a b i l i t y o f d e f au l t , [ 1 − equat ion ( 6 ) ]
PDCF <− function ( c f , S , X, tau , r , q , rp , . . . ,

uniroot . control = l i s t ( ) , uniroot . i n f o = FALSE) {
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ucon <− l i s t ( i n t e r v a l = c (1 e−5, 2 ) ,
t o l = .Machine$double . eps ^0.25 ,
maxiter = 1000)

ucon [names(uniroot . control ) ] <− uniroot . control

P2 <− function (om, S ,X, tau , r ,q , rp , . . . )
Re(exp(−1 i ∗ log (X) ∗ om) ∗ c f (om, S , tau , r , q , rp , . . . ) /

(1 i ∗ om) )
vP2 <− 0 .5 + 1/pi ∗ i n t e g r a t e (P2 , lower = 1e−8, upper = Inf ,

s ubd i v i s i o n s =4000 ,
S , X, tau , r , q , rp , . . . ) $value

Defau l t <− 1− vP2

Defau l t
}

# Bond p r i c i n g s t r u c t u r e [ equat ion ( 7 ) ]
Bond <− function ( c f , S , X, tau , r , a , q = 0 , . . . , implVol = FALSE,

uniroot . control = l i s t ( ) , uniroot . i n f o = FALSE) {
ucon <− l i s t ( i n t e r v a l = c (1 e−5, 2 ) ,

t o l = .Machine$double . eps ^0.25 ,
maxiter = 1000)

ucon [names(uniroot . control ) ] <− uniroot . control

P1 <− function (om, S , X, tau , r , q , . . . )
Re(exp(−1 i ∗ log (X) ∗ om) ∗ c f (om − 1 i , S , tau , r , q , . . . ) /

(1 i ∗ om ∗ S ∗ exp ( ( r−q) ∗ tau ) ) )
P2 <− function (om, S ,X, tau , r ,q , . . . )

Re(exp(−1 i ∗ log (X) ∗ om) ∗ c f (om, S , tau , r , q , . . . ) /
(1 i ∗ om) )

vP1 <− 0 .5 + 1/pi ∗ i n t e g r a t e (P1 , lower = 1e−8, upper = Inf ,
s ubd i v i s i o n s =6000 ,
S , X, tau , r , q , . . . ) $value

vP2 <− 0 .5 + 1/pi ∗ i n t e g r a t e (P2 , lower = 1e−8, upper = Inf ,
s ubd i v i s i o n s =6000 ,
S , X, tau , r , q , . . . ) $value

r e s u l t <− exp(−r ∗ tau ) ∗ X ∗ vP2 + exp(−q ∗ tau ) ∗

90



(1 − a ) ∗ S ∗ (1− vP1 ) ;

r e s u l t
}

A.2.2 Characteristic functions under physical measure P

# Base−case model [ equa t ion (10 ) ]
cfBSM_PD <− function (om, S , tau , r , q , rp , v )

exp(1 i ∗ om ∗ log (S) + 1 i ∗ tau ∗ ( r + rp − q) ∗ om −
0 .5 ∗ tau ∗ v ∗ (1 i ∗ om + om ^ 2))

# Heston model [ equa t ion (14 ) ]
c fHeston_PD <− function (om, S , tau , r , q , rp , v0 , vT , rho , k , sigma )

{
i f ( sigma < 1e−8)

sigma <− 1e−8
d <− sqrt ( ( rho ∗ sigma ∗ 1 i ∗ om − k)^2 + sigma^2 ∗

(1 i ∗ om + om ^ 2))
g <− ( k − rho ∗ sigma ∗ 1 i ∗ om − d) /

( k − rho ∗ sigma ∗ 1 i ∗ om + d)
c f 1 <− 1 i ∗ om ∗ ( log (S) + ( r + rp − q) ∗ tau )
c f 2 <− vT∗k/ ( sigma^2)∗ ( ( k − rho ∗ sigma ∗ 1 i ∗ om − d) ∗

tau − 2 ∗ log ( (1 − g ∗ exp(−d ∗ tau ) ) /
(1 − g ) ) )

c f 3 <− v0 / sigma^2 ∗ ( k − rho ∗ sigma ∗ 1 i ∗ om − d) ∗
(1 − exp(−d ∗ tau ) ) / (1 − g ∗ exp(−d ∗ tau ) )

exp( c f 1 + c f2 + c f3 )
}

# Jump−d i f f u s i o n model [ equa t ion (17 ) ]
cfMerton_PD <− function (om, S , tau , r , rp , q , v , lambda , muJ, vJ )

{
om1i <− om ∗ 1 i
c f 1 <− om1i∗log (S) + om1i∗tau∗ ( r + rp −q−0.5∗v−lambda∗muJ) −

0 .5∗ (om^2)∗v∗tau
c f 2 <− lambda ∗ tau ∗ (exp( om1i ∗ log (1 + muJ) −

0 .5 ∗ om1i ∗ vJ − 0 .5 ∗ vJ ∗ om^2) − 1)
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exp( c f 1 + c f2 )
}

# Bates model [ equa t ion (18 ) ]
c fBate s_PD <− function (om, S , tau , r , rp , q ,

v0 , vT , rho , k , sigma , lambda , muJ, vJ )
{

i f ( sigma < 1e−8)
sigma <− 1e−8

sigma <− max( sigma , 1 e−4)
om1i <− om ∗ 1 i
d <− sqrt ( ( rho∗sigma∗om1i − k)^2 + sigma^2 ∗ ( om1i + om^2) )
g <− ( k − rho∗sigma∗om1i − d) / ( k − rho∗sigma∗om1i + d)
c f 1 <− om1i ∗ ( log (S) + ( r +rp − q) ∗ tau )
c f 2 <− vT∗k / ( sigma^2) ∗ ( ( k − rho∗sigma∗om1i − d) ∗ tau −

2 ∗ log ( (1 − g ∗ exp(−d ∗ tau ) ) /
(1 − g ) ) )

c f 3 <− v0/sigma^2∗ ( k − rho∗sigma∗om1i − d)∗(1 − exp(−d∗tau ) ) /
(1−g∗exp(−d∗tau ) )

c f 4 <− −lambda ∗ muJ ∗ om1i ∗ tau + lambda ∗ tau ∗
((1+muJ)^( om1i ) ∗ exp( vJ∗ ( om1i/2) ∗ ( om1i−1) )−1)

exp( c f 1 + c f2 + c f3 + c f4 )
}

A.2.3 Characteristic functions under risk-neutral measure Q

# Black−Scho l e s model [ equa t ion (10 ) ]
cfBSM <− function (om, S , tau , r , q , v )

exp(1 i ∗ om ∗ log (S) + 1 i ∗ tau ∗ ( r − q) ∗ om −
0 .5 ∗ tau ∗ v ∗ (1 i ∗ om + om ^ 2))

# Heston model [ equa t ion (14 ) ]
c fHeston <− function (om, S , tau , r , q , v0 , vT , rho , k , sigma )

{
i f ( sigma < 1e−8)

sigma <− 1e−8
d <− sqrt ( ( rho ∗ sigma ∗ 1 i ∗ om − k)^2 + sigma^2 ∗

(1 i ∗ om + om ^ 2))
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g <− ( k − rho ∗ sigma ∗ 1 i ∗ om − d) /
( k − rho ∗ sigma ∗ 1 i ∗ om + d)

c f 1 <− 1 i ∗ om ∗ ( log (S) + ( r − q) ∗ tau )
c f 2 <− vT∗k/ ( sigma^2)∗ ( ( k − rho ∗ sigma ∗ 1 i ∗ om − d) ∗

tau − 2 ∗ log ( (1 − g ∗ exp(−d ∗ tau ) ) /
(1 − g ) ) )

c f 3 <− v0 / sigma^2 ∗ ( k − rho ∗ sigma ∗ 1 i ∗ om − d) ∗
(1 − exp(−d ∗ tau ) ) / (1 − g ∗ exp(−d ∗ tau ) )

exp( c f 1 + c f2 + c f3 )
}

# Jump−d i f f u s i o n model [ equa t ion (17 ) ]
cfMerton <− function (om, S , tau , r , q , v , lambda , muJ, vJ )
{

om1i <− om ∗ 1 i
c f 1 <− om1i∗log (S) + om1i∗tau∗ ( r −q−0.5∗v−lambda∗muJ) −

0 .5∗ (om^2)∗v∗tau
c f 2 <− lambda ∗ tau ∗ (exp( om1i ∗ log (1 + muJ) −

0 .5 ∗ om1i ∗ vJ − 0 .5 ∗ vJ ∗ om^2) − 1)
exp( c f 1 + c f2 )

}

# Bates model [ equa t ion (18 ) ]
c fBate s <− function (om, S , tau , r , q ,

v0 , vT , rho , k , sigma , lambda , muJ, vJ ) {
i f ( sigma < 1e−8)

sigma <− 1e−8
sigma <− max( sigma , 1 e−4)
om1i <− om ∗ 1 i
d <− sqrt ( ( rho∗sigma∗om1i − k)^2 + sigma^2 ∗ ( om1i + om^2) )
g <− ( k − rho∗sigma∗om1i − d) / ( k − rho∗sigma∗om1i + d)
c f 1 <− om1i ∗ ( log (S) + ( r − q) ∗ tau )
c f 2 <− vT∗k / ( sigma^2) ∗ ( ( k − rho∗sigma∗om1i − d) ∗ tau −

2 ∗ log ( (1 − g ∗ exp(−d ∗ tau ) ) / (1 − g ) ) )
c f 3 <− v0/sigma^2∗ ( k − rho∗sigma∗om1i − d)∗(1 − exp(−d∗tau ) ) /

(1−g∗exp(−d∗tau ) )
c f 4 <− −lambda ∗ muJ ∗ om1i ∗ tau + lambda ∗ tau ∗
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((1+muJ)^( om1i ) ∗ exp( vJ∗ ( om1i/2) ∗ ( om1i−1) )−1)
exp( c f 1 + c f2 + c f3 + c f4 )

}

A.2.4 Algorithm for calibration using the characteristic function

PD_Cal ib_[MODEL] <− function ( x ){

S <− 1 ∗ (1/ l r [ i ] )
X <− 1
tau <− t
r <− rt
q <− payout [ i ]
rp <− a s s e t_r i s k_prem [ i , ]
v <− x
[THETA] <− [THETA_P] #Model s p e c i f i c parameters under P

PD_Data <− Defau l t_data [ i , t ]
PD <− PDCF( c f = c fBates_PD, S = S , X = X, tau = tau ,

r = r , q = q , rp = rp ,
v = v , [THETA] = [THETA_P] )

Result <− (PD − PD_Data)^2

return ( Result )

}

Cal ib_[MODEL]_Resu l t s <− DEoptim(PD_Cal ib_[MODEL] ,
lower = c ( 0 ) ,
upper = c ( 1 ) ,
DEoptim . control (NP =50,

itermax = 100))

Pr i ce_[MODEL] <− function ( x ){

c f <− c f [MODEL]
S <− 1 ∗ (1/ l r [ i ] )
X <− 1
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tau <− t
r <− rt
a <− 0 .23
q <− payout [ i ]
v <− x
[THETA] <− [THETA_Q] #Model s p e c i f i c parameters under Q

Bond <− Bond( c f = cf , S = S , X = X, tau = tau , r = r ,
a = a , q = q ,
v = v , [THETA] = [THETA_Q] )

Yie ld <− − log (Bond/X)/tau
spread <− Yie ld − r

return (c (Bond , Yield , spread ) )

}

A.2.5 Black-Cox algorithms

# Densi ty and c a l i b r a t i o n func t i on [ p a r t l y equat ion (24 ) ]
PD_Cal ib_Blackcox <− function ( x ){

V <− 1 ∗ (1/ l r [ i ] )
FV <− 1
L <− FV ∗ 0 .66
r <− rt
d <− payout [ i ]
rp <− r i s k_prem [ i , ]
tau <− t
PD_data <− Defau l t_data [ i , t ]

mu <− ( r + rp − d − 0 .5 ∗ x )/sqrt ( x )
b <− log (L/V)/sqrt ( x )

Defau l t <− pnorm( ( b − mu ∗ tau )/sqrt ( tau ) ) + exp(2 ∗ mu ∗ b) ∗
pnorm( ( b + mu ∗ tau )/sqrt ( tau ) )

D i f f <− ( Default−PD_data)^2

95



return ( D i f f )
}

# Black−Cox p r i c i n g
Pr i ce_Blackcox <− function ( x ){

V <− 1 ∗ (1/ l r [ i ] )
FV <− 1
L <− FV ∗ 0 .66
r <− rt
d <− payout [ i ]
tau <− t
r ecovery <− 0 .51

mu <− ( r − d − 0 .5 ∗ x )/sqrt ( x )
b <− log (L/V)/sqrt ( x )
a <− r ecovery/0 .66

H <− function (V_new){
Nd2 <− ( ( log (V_new/L) + ( r − d − 0 .5∗x )∗tau )/

( sqrt ( x ) ∗ sqrt ( tau ) ) )
r e s u l t <− exp(− r ∗ tau ) ∗ pnorm(Nd2)

return ( r e s u l t )
}

C <− function (V_new , L_new){
d1 <− ( ( log (V_new/L_new) + ( r − d + 0 .5∗x )∗tau ) )/

( sqrt ( x )∗sqrt ( tau ) )
d2 <− d1 − sqrt ( x )∗sqrt ( tau )
Call <− exp(− d ∗ tau ) ∗ V_new ∗ pnorm( d1 ) − exp(− r ∗ tau ) ∗

L_new ∗ pnorm( d2 )

return (Call )
}
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Part_1 <− L ∗ H(V_new = V)
Part_2 <− L ∗ ( (L/V)^(2∗ r/x−1)) ∗ H(V_new = (L^2)/V)
Part_3 <− C(V_new = V, L_new = L)
Part_4 <− ( (L/V)^(2∗ r/x−1)) ∗ C(V_new = (L^2)/V, L_new = L)
Part_5 <− C(V_new = V, L_new = FV)
Part_6 <− ( (L/V)^(2∗ r/x−1)) ∗ C(V_new = (L^2)/V, L_new = FV)

Blackcox_1 <− Part_1 − Part_2 + Part_3 − Part_4 −
Part_5 + Part_6

fp <− pnorm( ( b − mu ∗ tau )/sqrt ( tau ) ) + exp(2 ∗ mu ∗ b) ∗
pnorm( ( b + mu ∗ tau )/sqrt ( tau ) )

Blackcox_2 <− a ∗ L ∗ fp

Bond <− Blackcox_1 + Blackcox_2
y i e l d <− − log (Bond/FV)/tau
spread <− y i e l d − r

return (c (Bond , y i e ld , spread ) )

}

A.2.6 Monte Carlo simulation algorithms

# Black−Scho l e s Euler scheme d i s c r e t i z a t i o n
GBM_Euler <− function ( x ){

V <− x
K <− 100
rp <− 0 .06
r <− 0 .01
var <− 0 .1
t <− 252
maturity <− 1
dt <− 1/t

set . seed (1 )
nr <− 100000
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Resu l t s <− matrix (nrow = nr , ncol = 1)

for ( j in 1 : ( nr ) ){
for ( i in 1 : ( t∗maturity −1)){
dW <− rnorm(1 , sd = sqrt (dt ) )
V1 <− V[ i ] ∗ exp ( ( r − 0 .5 ∗ var ) ∗ dt + sqrt (var ) ∗ dW)
V[ i +1] <− V1

}
Resu l t s [ j , ] <− V[ t ]

}
Call_payo f f <− pmax( Resu l t s [ , 1 ] − K, 0)
Call <− exp(− r ∗ maturity ) ∗ mean(Call_payo f f )

return (Call )
}

# Heston Euler scheme d i s c r e t i z a t i o n
Heston_Euler <− function ( x ){

V <− x
K <− 100
r <− 0 .01
var <− 0 .1
var_b <− 0 .1
t <− 252
maturity <− 1
dt <− 1/252

G <− 0 .1
Ka <− 3
Rho <− −0.5

set . seed (1 )
nr <− 100000

Resu l t s <− matrix (nrow = nr , ncol = 1)
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for ( j in 1 : ( nr ) ){
for ( i in 1 : ( t∗maturity −1)){
dW <− rnorm(1 , sd = sqrt (dt ) )
dW_s <− Rho ∗ dW + rnorm(1 , sd = sqrt (dt ) ) ∗ sqrt (1 − Rho^2)
V1 <− V[ i ] ∗ exp ( ( r − 0 .5 ∗ var [ i ] ) ∗ dt + sqrt (var [ i ] ) ∗ dW)
var1 <− var [ i ] + Ka ∗ (var_b − var [ i ] ) ∗ dt +

G ∗ sqrt (var [ i ] ) ∗ dW_s
var1 <− i f e l s e ( var1 < 0 , 0 , var1 )
V[ i +1] <− V1
var [ i +1] <− var1

}
Resu l t s [ j , ] <− V[ t ]

}

Call_payo f f <− pmax( Resu l t s [ , 1 ] − K, 0)
Call <− exp(− r ∗ maturity ) ∗ mean(Call_payo f f )

return (Call )
}

# Jump−Di f f u s i on Euler scheme d i s c r e t i z a t i o n
Jump_Euler <− function ( x ){

V <− x
K <− 100
rp <− 0 .06
r <− 0 .01
var <− 0 .1
t <− 252
maturity <− 1
dt <− 1/252

lambda <− 3
muJ <− 0
vJ <− 0.05^2
j_d r i f t <− exp(muJ) − 1
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set . seed (1 )
nr <− 100000

Resu l t s <− matrix (nrow = nr , ncol = 1)

for ( j in 1 : ( nr ) ){
for ( i in 1 : ( t−1)){
dW <− rnorm(1 , sd = sqrt (dt ) )
dJ <− i f e l s e ( rpois (n = 1 , lambda = lambda ∗ dt ) > 0 ,

rnorm(1 , mean = muJ − vJ ∗ 0 . 5 ,
sd = sqrt ( vJ ) ) , 0)

V1 <− V[ i ] ∗ exp ( ( r − D − lambda ∗ j_d r i f t − 0 .5 ∗ var ) ∗
dt + sqrt (var ) ∗ dW + dJ )

V[ i +1] <− V1
}
Resu l t s [ j , ] <− V[ t ]

}

Call_payo f f <− pmax( Resu l t s [ , 1 ] − K, 0)
Call <− exp(− r ∗ maturity ) ∗ mean(Call_payo f f )

return (Call )
}
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