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Abstract 

This thesis aims to determine how the prices of risk and their time dynamics for the market, size, value, 

profitability and investment risk factors explain the variation of expected excess returns on the S&P 500 

Sector Indices from 2001 to 2019. The motivation for evaluating these factors is to improve our 

understanding of both the time series and cross-sectional drivers of asset prices. This is helpful to investors 

that apply factor-based asset allocation strategies, as it optimizes their knowledge about the risk exposures 

of the S&P 500 Sector Indices and assists them in predicting returns on these equity portfolios with better 

accuracy. We employ a three-step linear regression model including dynamic prices of risk and estimate the 

S&P 500 Sector Indices’ risk exposures, unconditional prices and time-varying contributors to the price of risk 

functions of each risk factor. With these estimated parameters, we forecast the one-year ahead expected 

excess returns for all sector indices. We find that the sector indices are generally exposed to market, size, 

value and profitability risk, yet not to investment risk. Additionally, we observe that the unconditional prices 

of market, value and investment risk significantly assist in explaining the variation of the excess returns of 

the S&P 500 Sector Indices, with 4.18%, -5.90% and 8.98% per annum respectively. Moreover, we find 

evidence for time-varying prices of size, profitability and investment risk. The dividend and 10-year Treasury 

yields appear to affect the level of the prices of size and profitability risk, whereas the earnings and dividend 

yields influence the price of investment risk. Last, we predict that the excess returns for all sector indices are 

lower than their respective historical averages in the period of December 2019 to November 2020. 
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1 Introduction 

The underlying drivers for how specific asset prices fluctuate and at what time is imperative for many decision 

makers. Choices regarding monetary policy are affected by asset prices, as they could function as sources of 

information about the current and future levels of market risk, market expectations, economic shocks, output 

and inflation levels (Hördahl & Packer, 2007). Therefore, they do not only affect the decisions of professional 

investors, but they also exert influence on most people’s everyday lives. Given the current risks and rewards 

of different methods of saving, should I put my money into a bank deposit, stocks, real estate or cash? These 

types of questions are regularly asked by many ordinary people and their answers are conditional on the 

drivers of the risks and rewards of the assets considered.  

1.1 Motivation 

The drivers of asset prices represent opportunities for exposure to additional risk for potential investors in 

the hope of higher returns. Nevertheless, only being knowledgeable about the exposure options at one given 

point in time is not satisfactory. As with most things in life, proper timing is critical in the financial market. 

Hence, it would be of great added value if one could determine the predictors of assets’ risk and rewards. 

Therefore, this thesis is motivated by improving our understanding of both the time series and cross-sectional 

drivers of asset prices.  

Although it is practically the general consensus that by allowing components of asset pricing models to vary 

over time, we can more precisely determine and predict the expected excess returns on assets1, studies with 

static methods still compose a part of the literature in the field. Furthermore, in many empirical analyses 

evaluating specific settings or models specifications, researchers either assess the risk exposures of certain 

assets or the prices of these risks, but rarely both. Hence, by implementing dynamic components in an asset 

pricing model that allows for both these drivers of asset prices to be estimated, we can generate many useful 

insights simultaneously. Traditionally, it was assumed that the nature of risk solely came from exposure to 

the market as a whole, as formulated in the Capital Asset Pricing Model (Sharpe, 1964). In the past decades, 

other sources of risk have been shown to explain the variance in asset returns. A relatively recent asset pricing 

model specification by a renowned name in the field is the five-factor model introduced by Fama & French 

(2015), which has been shown to predict up to 94% of the variation in expected excess stock returns in the 

United States (US). We are of the opinion that by using these five factors as the sources of risk in our dynamic 

asset pricing model, we can make useful contributions to the existing knowledge about the cross-sectional 

and time series drivers of expected excess returns on stocks. Furthermore, it is our personal curiosity to apply 

advanced econometric models and to enhance our knowledge in the field of asset pricing.  

 
1 For further elaboration on this standpoint, we refer to the literature researched in Section 3.1. 
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1.2 Research Questions 

Following our motivation as stated above, the goal of this paper is to evaluate the cross-sectional and time 

series drivers of expected excess returns on stocks. More specifically, we investigate the expected excess 

returns on the S&P 500 Sector Indices. In Section 5.1, we further elaborate on this choice of assets. In this 

section, we present our main research question and the four sub-questions that complement it. This thesis 

pursues to answer the following research question: 

 

How do the prices of risk and their time dynamics for the market, size, value, profitability and investment 

factors explain the variation of expected excess returns on the S&P 500 Sector Indices? 

 

We can complement the research question with four sub-questions of interest: 

 

1. How are the excess returns of the S&P 500 Sector Indices exposed to different risk factors? 

2. How do various economic state variables explain the time variation in the price of risk functions? 

3. What risk factors are unconditionally priced in the cross-section of the S&P 500 Sector Indices and at 

what average price? 

4. What is the expected excess return on the S&P 500 Sector Indices going forward? 

 

We further elaborate on our specification of the risk factors and economic variables in the Literature Review 

and Data chapters. We hold the belief that our main research question can be answered by uncovering the 

answers to our sub-questions. 

1.3 Thesis Structure 

This section illustrates the general outline of this thesis. In short, we first seek to provide the reader with an 

understanding of the motivation behind our research and subsequently introduce them to some theories, 

tools and literature pertinent to our study. Thereafter, we define the methodology and data applied in our 

analyses. Last, we execute our empirical analysis, after which we summarize and discuss its results. We 

provide a description of the contents for each chapter in the following section. 

Chapter one has the primary role to familiarize the reader with the motivation and purpose of our research. 

We first provide arguments as to why we consider our empirical study to be relevant in the field and present 

our research questions. To concisely address our problem statement, we then report the hypotheses that 

are constructed based on the results and findings of relevant literature to our cause and specific 

characteristics in the data. 

Chapter two seeks to provide the theoretical tools that are imperative for interpreting the concepts and 
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methodology presented in this paper. We familiarize the reader with some fundamental theories in financial 

economics, such as asset pricing theory, the Capital Asset Pricing Model and the Fama-French Five-Factor 

Model, thereby enhancing the reader’s awareness of the context of this thesis. Furthermore, we establish 

and interpret the level of confidence required to reject our null hypotheses. 

Chapter three reports a review of scientific papers that have empirically assessed relevant models and 

variables in the same context as our paper. Other than justifying our model specification, this chapter also 

provides arguments for our expectations regarding the rejection of specific null hypotheses. The chapter 

consists of three sections. We start by comparing the performances of static and dynamic asset pricing 

models to justify our method of choice. Secondly, we determine which economic state variables have 

empirically been shown to significantly predict the variation of excess returns in the time series. In the last 

section, we justify the use of the risk factors as specified by Fama & French (2015) by presenting the findings 

of others using the same model specification.  

Chapter four outlines the methodology employed in our empirical analysis. First, we introduce the 

methodology and assumptions of multivariate Ordinary Least Squares estimation to provide a mathematical 

foundation for the other methods we adopt in the paper. Subsequently, we describe the vector 

autoregressive process employed on the economic state variables, which errors we use to estimate the risk 

exposures of the S&P 500 Sector Indices. Thereafter, we describe the methods applied to approximate the 

parameters in the price of risk function and the unconditional prices. Then, we present by what means we 

predict the one-year ahead excess returns for our set of test assets, after which we conclude by sharing some 

appraising and critical thoughts about the model application and providing possible extensions and 

alternatives to our employed methods. 

Chapter five presents the data evaluated in the empirical analysis and describes their characteristics. We first 

cover the set of S&P 500 Sector Indices. Thereafter, we discuss our specification of the risk factors and price 

of risk factors and justify their application. In the last section of this chapter, we present our thoughts on the 

quality of our data. 

Chapter six reports the results of our empirical application. First, we estimate the VAR(1) process on the 

economic state variables to obtain the errors that we employ in the approximation of the risk exposures. 

Second, we estimate the S&P 500 Sector Indices’ risk exposures to our risk factors. Furthermore, we illustrate 

their explanatory power by performing a variance decomposition on the returns of the S&P 500 Sector 

Indices. Thereafter, we employ our risk exposures to estimate the constants and the coefficients of the time-

varying components in the price of risk function. We apply these estimates in the successive section when 

we test for unconditional pricing of the risk factors. With all the required coefficients estimated, we can 

estimate the one-year ahead expected excess returns for all S&P 500 Sector Indices after using the estimated 
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coefficients of the VAR(1) to forecast the price of risk factors. 

Chapter seven has the purpose to summarize and discuss the findings of our paper. First, we evaluate the 

results from the empirical analysis to answer the research question and the sub-questions. Furthermore, we 

discuss our findings by relating them to the existing literature. Thereafter, we provide a general conclusion 

to this paper.  

Chapter eight puts the implications of our results into the perspective of factor-based investors and proposes 

future research possibilities for the academic field.  

Chapter nine lists the scientific articles, paper and books that we refer to throughout the thesis. 

Chapter ten embodies the paper’s appendices. 

1.4 Hypotheses 

In this section, we cover the empirically tested hypotheses in this thesis that assist in answering the research 

question and its sub-questions. We report the null hypotheses of our thesis in Table 1. We expect to reject 

most of the nulls, with the exception of a few. We provide arguments to some of our expectations in the 

Literature Review chapter, in which we present the findings of other papers that evaluate the same or similar 

hypotheses. Other hypotheses are formed based on certain characteristics of our raw data, as analyzed in 

the Data chapter. The hypotheses are tested in the Empirical Application chapter. 

 

Table 1. Null Hypotheses 

This table lists the null hypotheses of this thesis and our expectations regarding their rejection. The hypotheses are 
formed based on arguments presented in the Literature Review the Data chapters and tested in the Empirical 
Application. 

# Null Hypothesis Expectation 

1. The S&P500 Sector Indices are not significantly exposed to market risk Reject H0 

2. The S&P500 Sector Indices are not significantly exposed to size risk Reject H0 

3. The S&P500 Sector Indices are not significantly exposed to value risk Do not reject H0 

4. The S&P500 Sector Indices are not significantly exposed to profitability risk Reject H0 

5. The S&P500 Sector Indices are not significantly exposed to investment risk Do not reject H0 

6. There is no significant time variation in the price of market risk Reject H0 

7. There is no significant time variation in the price of size risk Reject H0 

8. There is no significant time variation in the price of value risk Reject H0 

9. There is no significant time variation in the price of profitability risk Reject H0 

10. There is no significant time variation in the price of investment risk Reject H0 

11. Market risk is not significantly priced in the cross-section of the S&P 500 Sector Indices Reject H0 

12. Size risk is not significantly priced in the cross-section of the S&P 500 Sector Indices Reject H0 

13. Value risk is not significantly priced in the cross-section of the S&P 500 Sector Indices Do not reject H0 

14. Profitability risk is not significantly priced in the cross-section of the S&P 500 Sector Indices Reject H0 

15. Investment risk is not significantly priced in the cross-section of the S&P 500 Sector Indices Reject H0 
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2 Theoretical Framework 

This chapter presents the theoretical foundation that is underlying our econometric analysis. First, we outline 

the core of asset pricing theory, introduce some established asset pricing models (APMs) and introduce some 

concepts often used in this field. Thereafter, we establish how we will approach hypotheses testing in this 

thesis. 

2.1 Asset Pricing Theory 

2.1.1 An Introduction to Asset Pricing 

Since we will empirically test a form of an asset pricing model in this thesis, it is important to introduce the 

underlying foundations of the field. As the name suggests, the field of asset pricing covers determining and 

explaining the prices of financial assets. The field is relevant, as mispricing of assets could lead to various 

problematic issues for firms and for the real economy. For example, it could lead to inefficient levels of 

investment for firms (Chang, Tam, Jun & Wong, 2007; Farhi & Panageas, 2004) and inefficient levels of 

consumption (Bird, Menzies, Dixon & Rimmer, 2011). These assets are presented in the form of financial 

securities (e.g., stocks, bonds, financial derivatives, commodities or cash) or a collection of these securities, 

called a portfolio. The assets promise future payoffs, although the magnitude and the timing of these payoffs 

are often uncertain. This causes the assets to become risky investment opportunities. Hence, investors expect 

compensation for taking this risk. In Asset Pricing Theory, the distinction is made between two types of risk: 

idiosyncratic and systematic risk. The former term entails all risk that is specific to the asset and has the ability 

to impact the individual security’s future payoffs negatively. Since this risk can be minimized through 

diversification, the process of reducing portfolio volatility by investing in a variety of assets, taking 

idiosyncratic risk ought not to be rewarded and is therefore not priced (Markowitz, 1953). By contrast, 

systematic risk entails the non-zero probability of events that negatively affect the entire market. Think about 

natural disasters, market crashes, inflation or regulatory policies. In contrast to the idiosyncratic risk, this risk 

cannot be mitigated through diversification and must therefore be priced. Furthermore, asset pricing theory 

covers the concept of the risk-free asset. This theoretical asset rewards an investor with the risk-free rate of 

return, the interest one would expect to earn from an absolutely risk-free investment with a predetermined 

duration. The risk-free asset is commonly proxied by short-dated government bonds, as they are considered 

to be relatively safe investments. As governments still have a non-zero probability to default, the discussion 

arises if these investments can genuinely be classified as risk-free, but this goes beyond the scope of this 

thesis.  
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2.1.2 The Capital Asset Pricing Model 

As can be deduced from our introduction to asset pricing theory, an investor’s expected return on an asset 

depends on three facets: the compensation for exposing capital to systematic risk, the asset’s sensitivity to 

this risk and the risk-free rate of return (Sharpe, 1964). This is the theoretical foundation of the Capital Asset 

Pricing Model, which is formulized as 

 

 𝔼[𝑅𝑖] − 𝑅𝑓 = 𝛼𝑖 + 𝛽𝑖(𝔼[𝑅𝑚] − 𝑅𝑓) (1) 

 

In this equation, 𝔼[𝑅𝑖] − 𝑅𝑓  is the expected excess return on asset 𝑖 over the risk-free rate. The compensation 

for taking systematic risk is expressed by 𝔼[𝑅𝑚] − 𝑅𝑓, which represents the excess return on the market 

portfolio, or the market risk premium. As this term is a source of risk, it can be labeled as a risk factor. The 

coefficient of the market risk premium, 𝛽𝑖, is asset 𝑖’s exposure or sensitivity to the systematic risk and is 

often referred to as the market beta. The intercept of equation (1), 𝛼𝑖, is commonly labeled as the asset’s 

alpha and displays the asset’s performance against the market. According to the Arbitrage Pricing Theory 

(APT) proposed by Ross (1976), an asset’s alpha does not really exist, as a significant alpha would merely 

imply a lack of inclusion of risk factors. The APT is therefore widely considered to be the fundamental theory 

behind multifactor asset pricing models that assume non-existent arbitrage opportunities given that the 

models are well-specified. If these arbitrage opportunities would exist, investors could exploit this market 

inefficiency by holding long-short arbitrage portfolios and earn a positive alpha on their investment. Since 

earning alpha is not related to taking any risk, it should not be priced. Therefore, 𝔼[𝛼𝑖] = 0.  

The CAPM model operates under a set of theoretical assumptions, as stated in (Arnold, 2008, p. 354) and 

displayed in Table 2. As this thesis has an empirical focus, testing whether these theoretical assumptions hold 

in real-world applications will not be covered. Nevertheless, we argue that sketching the context in which 

this model operates is essential for the perspectivation of our results. 

 

Table 2. CAPM Assumptions 

This table displays the assumptions underlying the Capital Asset Pricing Model  

All investors: All investors: 

• Try to maximize their own economic utility 

• Have homogeneous expectations of risk and 
return 

• Have simultaneous access to all information  

• Are diversified over a broad range of assets 

• Are risk-averse and rational agents 

• Are unable to influence prices 

• Have unrestricted access to lending and 
borrowing at the risk-free rate 

• Deal with assets that are divisible and liquid 

• Bear no taxes or transaction costs on trades 
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Despite the CAPM’s frequent use in academia, the model has empirically failed to explain the excess returns 

of assets in most of its applications (Fama & French, 2004). Therefore, many have introduced new risk factors 

to improve the explanatory power of the model. We theoretically cover the most relevant extension to the 

CAPM in the successive section and discuss some of the findings of other variants of the model in the 

Literature Review chapter. 

2.1.3 The Fama-French Asset Pricing Models 

After preliminary cross-sectional analysis on the effect of company size and book-to-market ratios on 

expected excess returns (Fama & French, 1992), Eugene Fama and Kenneth French introduced two new risk 

factors to the traditional CAPM; the Small Minus Big (𝑆𝑀𝐵) and High Minus Low (𝐻𝑀𝐿) factors (Fama & 

French, 1993). The 𝑆𝑀𝐵 factor is defined as the spread between the returns on portfolios including firms 

with small market capitalizations and the returns on portfolios including firms with large market 

capitalizations. According to the authors, it proxies the size-effect, which proposes that small-cap firms 

outperform large-cap firms in the long-run. Furthermore, the HML factor is represented by the spread in 

returns between portfolios with a high book-to-market ratio and portfolios with a low book-to-market ratio. 

These book-to-market based portfolios are often called value portfolios and growth portfolios respectively. 

Within sample, the addition of these two risk factors increases the explanatory power on stock returns from 

70% with the CAPM only to 90% with the three-factor model (FF3). The model is, to this day, used extensively 

in academia and cross-sectional empirical analyses of stock returns. In an attempt to further improve this 

explanatory power, they found evidence that the profitability of a firm influences their stock’s value premium 

(Fama & French, 1995) and that a firm’s total asset growth is negatively related to the average return of its 

stock (Fama & French, 2008). Hence, these two sources of risk were added to their three-factor model in the 

form of the Robust Minus Weak (𝑅𝑀𝑊) and the Conservative Minus Aggressive (𝐶𝑀𝐴) factors (Fama & 

French, 2015). The 𝑅𝑀𝑊 factor is defined as the spread between the returns on portfolios with high 

operating profitability ratios and the returns on portfolios with low operating profitability ratios. 

Furthermore, the 𝐶𝑀𝐴 factor is described as the spread between the returns on portfolios with relatively 

low total asset changes and portfolios with relatively high total asset changes. Ultimately, they present their 

five-factor model in the following form 

 

 𝔼[𝑅𝑖] − 𝑅𝑓 = 𝛼𝑖 + 𝛽
1,𝑖

(𝔼[𝑅𝑚] − 𝑅𝑓) + 𝛽
2,𝑖

𝑆𝑀𝐵 + 𝛽
3,𝑖

𝐻𝑀𝐿 + 𝛽
4,𝑖

𝑅𝑀𝑊 + 𝛽
5,𝑖

𝐶𝑀𝐴 (2) 

 

and found that the five-factor model (FF5) explains the variation of stock returns with greater precision in 

comparison to their three-factor model. They claim that by employing these two new factors, they enhance 

the explanatory power of the model on the variation in stock returns to up to 94%. 
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2.1.4 Market Prices of Risk 

In this section, we theoretically and mathematically discuss the concept of the price of risk for a certain risk 

factor. We start from the fundamental environment of the CAPM and further generalize the concept to a 

multivariate setting, since our model will assume the latter form. The price of risk is theorized as the 

aggregated coefficient of risk aversion, often referred to as lambda (𝜆). As described in Section 2.1.1, 

investors expect to be compensated for exposing themselves to risk. The expected level of compensation of 

exposure to a risk factor depends on how much risk that factor bears, i.e., how much it fluctuates. Therefore, 

in the case of the CAPM, the price of market risk can be expressed as a function of expected excess return 

on the market portfolio and the variance of the market portfolio (Hafner & Herwartz, 1999): 

 

 𝜆𝑚 =  
𝔼[𝑅𝑚] − 𝑅𝑓

𝜎𝑚
2  (3) 

 

Hence, by using calculus2, we can substitute equation (3) and into (1) to get an alternative formulation of the 

CAPM, 

 𝔼[𝑅𝑖] − 𝑅𝑓 = 𝛼𝑖 +
𝛴𝑚,𝑖

𝜎𝑚
2 ∙ 𝜆𝜎𝑚

2 = 𝛼𝑖 + 𝜆𝑚𝛴𝑚,𝑖, (4) 

 

and generalize the model into a multivariate linear form 

 

 𝔼[𝑹] − 𝑹𝒇 = 𝜶 + ℂ[𝑪, 𝑹]′𝝀 (5) 

 

where 𝑹, 𝑹𝒇 and 𝜶 are 𝑁 × 1 matrices of asset returns, risk-free rates and asset alphas respectively. 𝝀 

represents the prices of risk and is a 𝐾𝐶 × 1 vector and ℂ[𝑪, 𝑹] is the matrix of covariance coefficients 

between 𝑪 and 𝑹 has a 𝐾𝐶 × 𝑁 dimension. In this form, 𝑪 represents the vector of risk factors, with the 

number of individual factors defined as 𝐾𝐶 . 

2.1.5 Cross-Sectional and Time Series Analyses 

Furthermore, we would like to reflect on the difference between assessing expected excess return in the 

cross-section versus over time, as discussed in Cochrane (2009, p. 435). In the field of cross-sectional analysis 

of asset returns, one attempts to explain why asset 𝑖 yields higher returns than asset 𝑗. If a risk factor 

possesses explanatory power in this form of analysis, it is said to be significantly priced in the cross-section. 

Theoretically, one observation would be sufficient to test returns cross-sectionally, although in practice, the 

sample size is often increased to enhance the statistical power of the empirical analysis. Note that the order 

 
2 The formulization of the market beta is presented in Section 4.1 when we discuss OLS estimation. 
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of the observations is irrelevant and that therefore the development of the variables over time is not 

evaluated. Alternatively, in time series analysis of asset returns, one is concerned with the dynamics of the 

return of asset 𝑖 over time. The field covers examining how shocks to asset returns are related to shocks to 

other economic variables over time. For instance, if a shock to economic variable 𝑥 at time 𝑡 explains why 

the return on asset 𝑖 at time 𝑡 + ℎ (with ℎ > 0) is significantly more positive or negative than without the 

shock, variable 𝑥 is said to be a forecasting variable of the variation of asset 𝑖 in the time series.  

2.2 CAPM and Fama-French Critique 

The asset pricing models of the CAPM and the FF5 have received notable critique over the years. In this 

section, we cover those that are the most relevant for this thesis.  

First, although the models suggest that the risk exposures are constant, its nature is widely assumed to be 

time-varying (Adrian, Crump & Moench, 2015; Akdeniz, Salih & Caner, 2002; French, 2016b). Even though we 

acknowledge this critique, we also find evidence that employing time-varying risk exposures is less crucial to 

achieving robust model fits than implementing time-varying prices of risk (Adrian et al., 2015; Reeves, 2013). 

Furthermore, the CAPM’s inability to explain the volatility of stock returns (e.g., the model underestimates 

the returns on low beta stocks (Black, Jensen & Scholes, 1972)) could cause volatility arbitrage opportunities 

in the financial derivates market under the assumption that the CAPM holds (Baker & Wurgler, 2011; Blitz, 

Van Vliet & Baltussen, 2019). Additionally, both the CAPM and the FF5 employ historical data to predict the 

expected return of assets, while only assessing the past might not suffice to make inferences about the 

future. Therefore, an alternative approach might be to estimate betas that depend on future estimates of 

risk (French, 2016a). Moreover, the theoretical construction of the portfolio generating the market return, 

𝑅𝑚, insist on the inclusion of all types of investment opportunities held by all investors. As intuition suggests, 

such a portfolio does not exist in real-world settings and is therefore often proxied by stock market indices 

like the S&P 500 Index. Therefore, some academics argue that he CAPM (and hence the FF5) cannot be tested 

empirically and could lead to false inferences3 (Roll, 1977). Although this might raise a valid concern for the 

empirical applicability of this thesis, others find the selection of the market portfolio closest to the theoretical 

construct less relevant for empirical purposes (Stambaugh, 1982). As this discussion is still an open debate, 

we assume that for now, stock market indices proxy the market portfolio to a satisfactory extent. 

2.3 Hypotheses Testing 

In this thesis, we follow the custom of making inferences about an estimate’s statistical significance based 

on the p-value. We define the p-value as the probability of observing the null hypothesis under a specified 

distribution (Stock & Watson, 2015, p. 118). In an attempt to avoid Type I-errors, i.e., falsely rejecting the null 

 
3 This particular theoretical evaluation of the CAPM is often referred to as ‘Roll’s Critique’. 
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hypotheses, we aim to minimize this p-value. As is the custom, we will reject the null hypotheses when 𝑝 <

0.05. Furthermore, if 0.05 ≤ 𝑝 < 0.1, we will nevertheless reject the null hypotheses, although it will be 

mentioned that the statistical significance is merely weak. Moreover, if 𝑝 ≥ 0.1, we do not reject the null 

hypotheses and state that there is statistical insignificance. In this thesis, we use two types of distributions 

for hypothesis testing, namely the normal (Gaussian) distribution (𝒩(𝜇, 𝜎2)) for estimating individual 

parameters’ significance and the chi-square distribution (𝜒𝑘
2) in Wald Tests that assess the joint significance 

of a set of variables.  
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3 Literature Review 

In this chapter, we identify and assess empirical research within similar contexts of this thesis to determine 

the type of asset pricing model and variables to employ in the empirical analysis. First, we compare the 

findings of papers that compare static asset pricing models to their dynamic counterparts. Second, we 

evaluate the existing literature on economic variables that exhibit predictive power on the time variation of 

excess returns. Last, we assess the empirical results of the cross-sectional analyses of the risk exposures to 

the FF5 risk factors and unconditional prices of risk in settings evaluating similar sets of test assets.  

3.1 Static versus Dynamic Asset Pricing Models 

Since we are adopting components into our asset pricing model that could assume a static or a dynamic form, 

we believe that it is relevant to evaluate the literature that compares and comments on the difference in the 

accuracy of these two variants of asset pricing models. Adopting a dynamic asset pricing model has been 

thoroughly researched in the last forty years. The earliest papers have primarily investigated the effect of 

varying prices of market risk on expected excess returns, like the renowned US-focused paper by Bollerslev, 

Engle & Wooldridge (1988). Afterward, other academics have replicated these studies in different settings, 

e.g., Hafner & Herwartz (1999) in Germany. Both of these papers found that time-varying prices of market 

risk increased the performance of their model in comparison to the constant prices of market risk. As a 

consequence of the growing popularity of new (multi) factor models and innovative, dynamic modeling, the 

interest in investigating different risk factors in dynamic settings grew. As a result, various studies have 

empirically been shown that dynamic models with diverse risk factors enhance the accuracy of asset pricing 

models. For example, Harvey (1989) found that by allowing the conditional covariances of four risk factors to 

vary over time, the significant improvement of the R2s of the regressions suggest evident signs of time 

variation of these components. According to the authors, these results are consistent with Schwert & Seguin 

(1989), who report robust evidence against constant conditional covariances when employed in a model with 

the price of market risk as the coefficient of this covariance. Eight years later, De Santis & Gerard (1997) 

conducted an empirical comparison of models with constant versus time-varying prices of risk, assessing the 

dynamics of the dividend yield, term premium, default spread premium and 1-month Treasury bill returns. 

They observed an increase in the pseudo-R2 from 0.16% to 2.52% for the constant and time-varying prices of 

risk respectively, indicating an evident performance increase when explaining excess returns on stocks by 

employing a dynamic asset pricing model. The academic consensus has not drastically changed since then. 

More recent work has only seen more time-varying components being added to asset pricing models in 

addition to time-varying prices of risk. To illustrate, Adrian et al. (2015) found that introducing dynamic risk 

exposures into the model contributes positively to explaining stocks’ and bonds’ time-variation of excess 
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returns. Although this dynamic component does improve the model’s accuracy, the authors state that, 

consistent with the findings of Ferson & Harvey (1991), allowing prices of risk to be time-varying contributes 

to a much more significant extent than time-varying risk exposures. Contrastingly, papers in favor of static 

asset pricing models are much harder to find. To demonstrate, we mention the paper by Reeves (2013), who 

find that an asset pricing model with constant risk exposures yields more accurate forecasts of the risk 

exposures, thereby suggesting a reassessment of many topics in the realm of asset pricing. Although we do 

not reject the findings of this paper, we believe that the excessive amount of empirical evidence suggesting 

the superior performance of asset pricing models in dynamic settings is sufficient to allow some components 

of the model of this thesis to be time-varying. Table 3 provides a summary of the papers discussed in this 

section. 

 

Table 3. Literature on Static and Dynamic Asset Pricing Models 

This table summarizes existing literature that assesses asset pricing models in static and dynamic settings. For each 
individual paper, the table documents the preferred asset pricing model, the researched risk factors, assets, asset 
classes, time period and environment for the sample evaluated in the respective paper.  

Paper 
Preferred 

APM 
Risk factors 
researched 

Asset 
classes 

Assets 
researched 

Research 
environment 

Time 
period 

Adrian et al. 
(2015) 

Dynamic 𝑀𝑘𝑡, 𝑆𝑀𝐵, 
𝑇𝑆𝑌10 

Stocks and 
bonds 

US equities & 
US treasury 
portfolios 

US 1964-2012 

Bollerslev et al. 
(1988) 

Dynamic 𝑀𝑘𝑡 Stocks and 
bonds 

US equity index, 
bill and bond 
yields 

US 1959-1984 

De Santis & 
Gerard (1997) 

Dynamic 𝐷𝑌, 𝛥𝑇𝑆𝑀1, 
𝛥𝑇𝐸𝑅𝑀𝑆𝑇, 𝐷𝑆 

Stocks G7+CH equity 
indices 

G7 + 
Switzerland 

1970-1994 

Ferson & 
Harvey (1991) 

Dynamic 𝑀𝑘𝑡, 𝑇𝐸𝑅𝑀𝑆𝑇, 
𝐷𝑌, 𝐶𝑆, 𝑇𝑆𝑀1 

Stocks and 
bonds 

Individual US 
stocks, bills and 
bonds 

US 1964-1986 

Hafner & 
Herwartz (1999) 

Dynamic 𝑀𝑘𝑡 Stocks Individual 
German stocks 

Germany 1990-1996 

Harvey (1989) Dynamic 𝑀𝑘𝑡, 𝑇𝐸𝑅𝑀𝑆𝑇, 
𝐷𝑌, 𝐷𝑆 

Stocks US equity 
portfolios  

US 1941-1987 

Reeves (2013) Static 𝑀𝑘𝑡 Stocks Individual US, 
UK and 
Australian 
stocks 

US, UK and 
Australia 

1973-2009 

In this table, 𝑀𝑘𝑡 denotes the excess market return, 𝑇𝑆𝑀1 is the 1-month Treasury bill, 𝑇𝐸𝑅𝑀𝑆𝑇 resembles the 
short-term term premium (3-month Treasury bill minus 1-month Treasury bill), 𝐷𝑌 is the dividend yield and 𝐷𝑆 
represents the default spread premium (Moody’s BAA minus Moody’s AAA). A delta (𝛥) preceding a variable implies 
that the variable underwent a first-order differentiation.  
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3.2 Predictive Power of Economic Variables 

In the previous section, we have found arguments in favor of dynamic asset pricing models. Since the 

methodology used in Adrian et al. (2015) complies with this argument and has some favorable properties as 

later described and justified Section 4.7, their three-step linear regression model will be employed in the 

methodology of this thesis. Their model implies that the time-varying prices of risk are an affine function of 

price of risk factors; economic state variables that significantly predict the variation of excess returns in the 

time series. Therefore, it is imperative that we evaluate which economic variables possess this property 

according to other empirical analyses, so we can determine which variables we ought to introduce into our 

model. First, an intuitive note on stock returns. A return on a stock over a certain amount of time is composed 

of two components, its capital gains and the dividend that is has paid out. Therefore, in theory, the dividend 

yield (i.e., the amount of dividend received in a year divided by the stock’s market price) resembles a natural 

instrument for capturing a stock returns’ predictability (Ferson & Harvey, 1991). Empirically, that theory holds 

as well. For example, in Fama & French (1988), the relationship between lagged dividend yields and expected 

stock returns have been tested and labeled as significant for various time horizons. Another interesting result 

from this paper is that the dividend yield explains more of the variance of long-horizon returns in comparison 

to the short-term horizon. In De Santis & Gerard (1997), lagged dividend yields are regressed against the 

equity indices’ returns of the G7 countries and Switzerland and were found strongly significant4. 

Furthermore, Bali, Demirtas & Tehranian (2008) concluded that both the dividend yield and the earnings 

yield display a positive relationship with future stock returns in the time series. This result appears to hold 

when regressed both conditionally and unconditionally on other economic state variables. Their empirical 

analysis is not alone in claiming that the earnings yield can forecast excess returns on stocks. Shen (2000) 

evaluates the historical relationship between the stock market performance and the earnings yield and finds 

that stock prices tend to grow slowly in the long-run after a period of high earnings yields. Lastly, there is a 

compelling amount of research that assesses the predictive power of Treasury bond yields and the term 

structure. In a time span of three years, Keim & Stambaugh (1986), Campbell (1987) and Fama & French 

(1989) all reported that both future bond and stock returns can be predicted by long-term Treasury yields. 

Some 20 years later, Campbell & Thompson (2008) claimed that there is predictive information about 

expected equity returns contained in these same yields as well.  We conclude that there is a vast amount of 

literature, as summarized in Table 4, that states that dividend yields, earnings yields and long-term Treasury 

yields predict the variation of excess stock returns in the time series. Therefore, we will consider using these 

variables as the price of risk factors in our asset pricing model. 

 
4 In the same regression, four other, non-lagged variables were tested. 
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Table 4. Literature on the Predictive Power of Economic Variables 

This table summarizes some of the existing literature that has assessed economic variables’ predictive power of time 
variation of excess returns. For each individual paper, the table states the factors that have shown significant 
predictive power in the time series, as well as the assets under research and their classes. Last, the environment and 
time period of the empirical analysis is stated.   

Paper 
Significant 

forecasting power5 
Asset 

classes 
Assets researched 

Research 
environment 

Time period 

Bali et al. (2008) 𝐸𝑌, 𝐷𝑌 Stocks Individual US stocks US 1966-2002 

Campbell (1987) 𝑇𝑆𝑌𝐿𝑇 Stocks and 
bonds 

US equity, bill and bond 
portfolios 

US 1959-1983 

Campbell & 
Thompson 
(2008) 

𝑇𝑆𝑌𝐿𝑇 Stocks S&P 500 Index US 1927-2005 

De Santis & 
Gerard (1997) 

𝐷𝑌 Stocks 8 G7+CH equity indices G7 + 
Switzerland 

1970-1994 

Fama & French 
(1988) 

𝐷𝑌 Stocks US equity portfolios US 1927-1986 

Fama & French 
(1989) 

𝑇𝑆𝑌𝐿𝑇 Stocks and 
bonds 

US equity portfolios and 
100 bonds 

US 1927-1987 

Keim & 
Stambaugh 
(1986) 

𝑇𝑆𝑌𝐿𝑇 Stocks and 
bonds 

4 US bond and 3 US 
equity portfolios 

US 1928-1978 

Shen (2000) 𝐸𝑌 Stocks US equity index US 1957-2000 

In this table, 𝐸𝑌 denotes the earnings yield, 𝐷𝑌 is the dividend yield and the long-term Treasury yield is labeled as 
𝑇𝑆𝑌𝐿𝑇 

 
 

3.3 FF5-Factors: Risk Exposures and Unconditional Prices 

To identify which risk factors to evaluate in our model, we start by exploring variables that have shown 

remarkable explanatory power in the cross-section of stock returns. As beforementioned, Fama & French 

(2015) claim that with their five-factor model, they can explain up to 94% of the variation of stock returns for 

US data from 1963-20136. Since this explanatory power is relatively high, we consider the FF5 to be a 

convincing starting point for the specification of our risk factors. Nevertheless, for confirmation purposes and 

for forming expectations over our hypotheses, we wish to explore the current literature on this model and 

risk factors. We start with a note from the original paper of the model. Fama & French (2015) find that after 

adding the profitability (𝑅𝑀𝑊) and investment factor (𝐶𝑀𝐴) to the FF3, the model performance does not 

improve or deteriorate significantly by removing the value factor (𝐻𝑀𝐿), as the exposure of this factor to the 

other factors in the model captures the average value premium. They suggest that the purpose of an 

empirical research ought to determine what model specification to use. If the purpose is to assess abnormal 

 
5 In this column, only the significant economic variables related to stocks are mentioned.  
6 As covered in Section 3.3. 
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returns (i.e., alphas), they suggest dropping 𝐻𝑀𝐿. When the interest is focused on explaining portfolios 

exposures, they suggest specifying the model as is. Since one of the goals of this thesis is to assess the latter, 

we decide not to drop 𝐻𝑀𝐿 from the model specification but do take a skeptical standpoint towards finding 

significant 𝐻𝑀𝐿 risk exposures in equity portfolios. 

Since its introduction in 2015, the FF5 is empirically evaluated by a variety of other academics. For example, 

Zhou & Li (2016) assessed the model’s performance on 25 value-weighted US stock portfolios using EGARCH-

type volatilities and SSAEPD errors. They found that the risk exposures are jointly significant for all portfolios 

and that 19/25 portfolios are significantly exposed to all individual risk factors. Thereafter, Yang, Li, Zhu & 

Mizrach (2017) assessed the model’s performance in the US service sector using the same model specification 

as Zhou & Li (2016) and concluded that all risk exposures were both jointly and individually significant. 

Consequently, this paper also improves our confidence in the FF5’s ability to explain stock returns for 

individual industry or sector portfolios. This is relevant as we are assessing US sector portfolios in our own 

analysis, as we will further elaborate on in Section 5.1.  

In other countries, the performance of the model has not been as consistent. To illustrate, Martins (2015) 

found that in the Brazilian stock market, 𝑅𝑀𝑊 and 𝐶𝑀𝐴 show weak explanatory power in the variation of 

stock returns and Fama & French (2017) conclude that 𝐶𝑀𝐴 is a redundant factor in Japanese and European 

settings. Although these arguments do not imply we ought to remove profitability and investment risk from 

our model specification, we do acknowledge that they suggest limiting the generalization of our findings to 

solely the market that we are evaluating.  

Furthermore, literature on the empirical assessment of the prices of market, size, value, profitability and 

investment risk in the FF5 specification is scarce. To our best knowledge, Li (2018) is the only paper in the 

field that tests if, on average, the FF5 risk factors are cross-sectionally priced by employing the model in the 

form of its original specification. He found that all factors are positively and significantly priced in the cross-

section of US equity portfolios but 𝐻𝑀𝐿, which is estimated to be marginally negative but insignificant. It is 

important to note that this empirical research was employed with static prices of risk only. Some other 

empirical analyses have assessed the FF5 factors individually or clustered with other risk factors. Moskowitz 

(2003) concluded that the prices of risk of the factors in the FF3 specification provide remarkable explanatory 

power. Last, Adrian et al. (2015) established that in a model specification with market risk and long-term 

Treasury level risk, the 𝑆𝑀𝐵 factor is not significantly priced in the cross-section anymore7. While this might 

hint at insignificant cross-sectional pricing for size risk, the previously discussed papers found contradicting 

results. As these papers have specified their models closer to the FF5 than Adrian et al. (2015) and the 

insignificance might be due to the inclusion of bond portfolios, we expect that 𝑆𝑀𝐵 will be cross-sectionally 

 
7 We do note that their set of test assets contained bond portfolios in addition to equity portfolios. 
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priced in our empirical analysis. Based on the evidence presented in the relevant literature, we expect that 

solely 𝐻𝑀𝐿 will have an insignificant unconditional price, as stated in Table 1. Note that our expectations 

might still be slightly altered after a preliminary assessment of our dataset. 

Due to the lack of empirical research on dynamic asset pricing models employing the FF5’s risk factors 

specification, we believe that this paper provides a significant contribution to the academic literature in this 

field. The summary of the literature covered in this section is presented in Table 5. 

 

Table 5. Literature on the Risk Exposures and Unconditional Prices of Risk of the FF5 Factors 

This table summarizes the findings of literature that assesses the risk exposures and unconditional prices of risk for the 
risk factors 𝑀𝑘𝑡, 𝑆𝑀𝐵, 𝐻𝑀𝐿, 𝑅𝑀𝑊 and 𝐶𝑀𝐴 as introduced in Fama & French (2015). For each individual paper, the 
table documents the significant risk exposures, the significant unconditional prices, as well as the assets under research 
and their classes. Last, the environment and time period of the empirical analysis is stated. If an N.A. is stated, the paper 
has not investigated the respective topic. 

Paper 
Significant 

risk 
exposures 

Significant 
unconditional 

prices 

Asset 
classes 

Assets researched 
Research 

environment 
Time 

period 

Adrian et al. 
(2015) 

𝑀𝑘𝑡, 𝑆𝑀𝐵, 
𝑇𝑆𝑌10 

𝑀𝑘𝑡, 𝑇𝑆𝑌10 Stocks and 
bonds 

US equity & 
Treasury portfolios 

US 1964-2012 

Fama & 
French (2015) 

FF5 N.A. Stocks US equity portfolios US 1963-2013 

Fama & 
French (2017) 

FF5 N.A Stocks US and Canadian 
equity portfolios  

North-
America 

1990-2015 

Li (2018) N.A. 𝑀𝑘𝑡, 𝑆𝑀𝐵, 𝐶𝑀𝐴, 
𝑅𝑀𝑊 

Stocks US equity portfolios US 1972-2013 

Martins 
(2015) 

𝑀𝑘𝑡, 𝑆𝑀𝐵, 
𝐻𝑀𝐿 

N.A. Stocks Brazilian individual 
stocks 

Brazil 2000-2012 

Moskowitz 
(2003) 

N.A. 𝑀𝑘𝑡, 𝑆𝑀𝐵, 𝐻𝑀𝐿 Stocks All listed US CRSP 
equities 

US 1963-1997 

Yang et al. 
(2017) 

FF5 N.A. Stocks US service industry 
equity portfolio 

US 1990-2017 

Zhou & Li 
(2016) 

FF5 N.A. Stocks US equity portfolios US 1963-2013 

In this table, FF5 denotes the risk factors 𝑀𝑘𝑡, 𝑆𝑀𝐵, 𝐻𝑀𝐿, 𝑅𝑀𝑊 and 𝐶𝑀𝐴 from the Fama & French (2015) model 
specification, where 𝑀𝑘𝑡 is the market premium, 𝑆𝑀𝐵 is the size premium, 𝐻𝑀𝐿 is the value premium, 𝑅𝑀𝑊 represents 
the profitability premium and 𝐶𝑀𝐴 denotes the investment premium. Last, the 10-year Treasury yield is denoted by 
𝑇𝑆𝑌10. 
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4 Methodology 

In this chapter, we introduce the methodology employed in the empirical section of this thesis. We first 

discuss the Ordinary Least Squares estimation method in univariate and multivariate settings. Then, we 

introduce the methodology as proposed in Adrian et al. (2015), which is constructed as a three-step linear 

regression model: (1) A vector autoregression (VAR) on the economic state variables, (2) an OLS regression 

of the asset returns on the lagged price of risk factors and the error terms of the VAR, yielding risk exposure 

estimates, and (3) an OLS regression on the risk exposures, predictive slopes and constants obtained by the 

regression in the previous step, yielding the price of risk parameters. With these estimated risk exposures, 

we execute a variance decomposition of the asset returns. Additionally, the results of the three-step model 

are adopted in a closed-form expression to estimate the unconditional prices of the risk factors. Furthermore, 

the one-year ahead expected excess returns on the S&P 500 Sector Indices are predicted by employing the 

estimated risk exposures, VAR(1) error terms and prices of risk into our asset pricing model. Lastly, we discuss 

the strengths, weaknesses and possible alternatives of the model. 

4.1 Multivariate Ordinary Least Squares Estimation 

In our paper, we will apply methods that provide an alternative approach to estimating asset pricing models 

using multivariate Ordinary Least Squares (OLS) estimation. Hence, we believe it is vital that the terminology, 

formulization, assumptions and procedures of this technique are discussed in this section. As unknown 

parameters in OLS are estimated using a type of a linear least squares method, we start by defining a 

univariate Linear Regression Model, as described by Stock & Watson (2015, p. 159): 

 

 𝑌𝑖 =  𝛽0 + 𝛽1𝑋𝑖 + 𝑢𝑖,     𝑖 = 1, … , 𝑛 (6) 
 

where 𝑌𝑖  is the dependent variable (the regressand), 𝑋𝑖 is the independent variable (the regressor), 𝛽0 and 

𝛽1 are defined as the population regression line’s intercept and slope respectively and 𝑢𝑖  represents the error 

term. The estimates of the model’s parameters are then chosen by the OLS estimator, which attempts to fit 

the population regression line as close to the data as possible by minimizing the sum of squared residuals, 

 

 𝑆𝑆𝑅 = ∑ (𝑌𝑖 − �̂�0 − �̂�1𝑋𝑖)2
𝑛

𝑖=1
 (7) 

 

where �̂�0 and �̂�1 are the OLS estimators of 𝛽0 and 𝛽1 respectively. By using calculus, the formulae for �̂�0 and 

�̂�1 can therefore be found and formulized as 
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 �̂�1 =  
∑ (𝑋𝑖 − �̄�)(𝑌𝑖 − �̄�)𝑛

𝑖=1

∑ (𝑋𝑖 − �̄�)2𝑛
𝑖=1

=  
𝐶𝑜𝑣(𝑋, 𝑌)

𝑉𝑎𝑟(𝑋)
=  

𝛴𝑋,𝑌

𝜎𝑋
2  (8) 

 

 �̂�0 = Ȳ − �̂�1�̄� (9) 
 

 �̂�𝑖 = 𝑌𝑖 − �̂�0 − �̂�1𝑋𝑖,    𝑖 = 1, … , 𝑛 (10) 

 

where �̄� and �̄� are the means of 𝑋 and 𝑌 respectively, 𝛴𝑋,𝑌 is the (𝑋, 𝑌)th element of the covariance matrix 

𝜮 and 𝜎𝑋
2 (or alternatively, 𝛴𝑋,𝑋) the variance of 𝑋. In this thesis, we will estimate our parameters using 

multiple regressands and regressors at the same time. In this case, the model takes on the form of a 

multivariate linear regression. Therefore, equation (6) takes on the following form 

 

 𝒀 = �̃�𝑩 + 𝑼 (11) 
 

where 𝒀 is a 𝑁 × 𝑀 vector of regressands, �̃� = [𝜾𝑵¦ 𝑿] is a 𝑁 × (𝐾 + 1) matrix of regressors where 𝜾𝑵 is a 

𝑁 × 1 vector of ones, 𝑩 is a (𝐾 + 1) × 𝑀 vector of coefficients and 𝑼 is the 𝑁 × 𝑀 vector of residuals. As 

minimizing the sum of squared residuals is still the goal in multivariate OLS estimation, we now find  

 

 𝑆𝑆𝑅 = �̂�′�̂� = (𝒀 − �̃��̂�)
′
(𝒀 − �̃��̂�) = 𝒀′𝒀 − 2�̂�′𝑿′𝒀 + �̂�′𝑿′𝑿�̂� (12) 

  

and take the derivative of 𝑆𝑆𝑅 with respect to �̂� to find its minimum 

 

 
𝜕𝑆𝑆𝑅

𝜕�̂�
= −2𝑿′𝒀 + 2𝑿′𝑿�̂� = 0 (13) 

 

We therefore derive that 

 

 �̂� = (𝑿′𝑿)−1𝑿′𝒀 (14) 
 

4.2 VAR(1) on the Economic State Variables 

Vector autoregression is a multivariate time series model that attempts to estimate affine interdependencies 

among all endogenous variables. The evolution of these variables is dependent on all the endogenous 

variables’ lagged values and an error term, so that a VAR(𝑝) with 𝐾 time series regressions can be formulized 

as follows (Stock & Watson, 2015, p. 685): 
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 𝑿𝒕 = 𝝁 + 𝜱𝟏𝑿𝒕−𝟏 + 𝜱𝟐𝑿𝒕−𝟐 + ⋯ + 𝜱𝒑𝑿𝒕−𝒑 + 𝝊𝒕, 𝑡 = 1, … , 𝑇 (15) 

 

where 𝑿𝒕 is defined as a 𝐾 × 1 vector of variables, 𝝁 is a 𝐾 × 1 vector of constant terms, 𝜱𝒊 is a 𝐾 × 𝐾 matrix 

of regressor coefficients and 𝝊𝒕 a 𝐾 × 1 vector of error terms. The choice of 𝑝 determines the number of lags 

of the endogenous variables. In the context of this thesis, the assumptions imposed by Adrian et al. (2015) 

on this general VAR(𝑝) model include that 𝑿𝒕 are economic state variables that capture the market risk of an 

economy, following a first-order (𝑝 = 1) vector autoregressive process, VAR(1). Therefore, (15) can be 

rewritten as 

 

 𝑿𝒕 = 𝝁 + 𝜱𝑿𝒕−𝟏 + 𝝊𝒕, 𝑡 = 1, … , 𝑇 (16) 

 

where 𝑿𝒕 can be split into two types of factors, 𝑪𝒕 and 𝑭𝒕. The former is a 𝐾𝐶 × 1 vector of economic state 

variables that have displayed to significantly explain the variation of asset returns in cross-sectional studies 

of asset pricing models, henceforth called risk factors. Economic variables that have proven to be useful in 

predicting stock market returns, subsequently labeled as price of risk factors, are represented by the later, 

captured by a  𝐾𝐹 × 1 vector. Under the assumption that there are no variables in the model that act as both 

a risk factor and a price of risk factor, 𝐾 is defined as 𝐾 = 𝐾𝐶 + 𝐾𝐹 . If we stack all 𝑇 observations in this 

model, we then obtain 

 

 𝑿 =  𝝁 +  𝜱𝑿_ + 𝑽 (17) 

 

where  𝑿 = [𝑿𝟏 … 𝑿𝑻],  𝑿_ = [𝑿𝟎 … 𝑿𝑻−𝟏] and 𝑽 = [𝝊𝟏 … 𝝊𝑻] are 𝐾 × 𝑇. Since equation (17) is presented as 

a multivariate linear regression model, we can use OLS to estimate the coefficients of matrix 𝜱 by solving  

 

 �̂� = 𝑿 �̃�′_ (�̃�_ �̃�′_)−1 (18) 

 

as described in Section 4.1, where �̃�_ = [𝜾𝑻¦ 𝑿′_]′ and has the dimension of (𝐾 + 1) × 𝑇. The row of ones is 

inserted to replace the constant 𝝁. By rearrangement of equation (17) and using the estimator �̂� for 𝜱 

instead8, we can find the estimated error terms by solving 

 

 �̂� = 𝑿 − �̂� �̃�_ (19) 

 
8 Note that, since the constant was taken into the term �̃�_, the estimator �̂� has the dimension 𝐾 × (𝐾 + 1). 
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The goal of using the VAR(1) model is to extract the error terms from the autoregressive functions of the risk 

factors, as these errors have also been shown to be significant in explaining stock returns in cross-sectional 

asset pricing models (Campbell, 1996; Petkova, 2006). Hence, the first 𝐾𝐶  rows ought to be extracted from 

�̂�, yielding the 𝐾𝐶 × 𝑇 risk factors’ error term matrix �̂�.  

Since equation (18) is estimated by OLS, the estimated coefficients of the VAR are consistent and are jointly 

normally distributed in time series with many periods as also covered in Section 4.1 (Stock & Watson, 2015, 

p. 685). 

Nevertheless, a VAR model with many variables or many lags will have numerous coefficients to estimate, 

which can deteriorate the forecast accuracy of the economic state variables by introducing higher amounts 

of estimation error (Stock & Watson, 2015, p. 686). We therefore need to verify that the variables introduced 

into the VAR have a possible relationship to each other so we can validate their usefulness in predicting one 

another. The verification process applied to our own data is discussed in Section 5.2. 

Furthermore, one of the underlying assumptions of a vector autoregression is that the time series employed 

are stationary, i.e., their probability distributions are not time-dependent (Stock & Watson, 2015, p. 587). To 

check whether the dynamics of 𝑿 satisfy this assumption, one could test for the presence unit root in the 

time series sample by conducting tests like the Augmented Dickey-Fuller test9 (Dickey & Fuller, 1979) or the 

KPSS test10 (Kwiatkowski, Philips, Schmidt & Shin, 1992). In the case of the presence of a unit root, one could 

detrend the data by differencing, log-transforming, or both. In our case, Adrian et al. (2015) impose the 

assumption that all the 𝐾 eigenvalues of the matrix 𝜱 have a modulus less than one to ensure that the 

dynamics of 𝑿 are stationary instead. 

In structural VAR modeling, Granger causality tests can be conducted to analyze and model the construct of 

the economy to which the endogenous variables apply by exploring their causal effects (Granger, 1969). 

Although these tests might provide interesting insights, assessing the causal relationships between the 

economic state variables goes beyond the scope of this thesis, as the goal of our VAR modeling is to extract 

the error terms and to use the estimated coefficients for forecasting purposes.  

4.3 Estimating Risk Exposures 

In the dynamic asset pricing model proposed by Adrian et al. (2015), excess returns on assets are affine 

functions depending on three time-varying components; one component that represents the expectation of 

expected excess returns, another that captures the systematic risk exposure of an asset and a time-varying 

return pricing error. Therefore, the function can be formulized as 

 
9 In this test, H0: Unit root is present in the time series sample. 
10 In this test, H0: There is no unit root present in the time series sample. 
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 𝑹𝒕 =  𝜷′ (𝝀𝟎 + 𝜦𝟏 𝑭𝒕−𝟏) + 𝜷′ 𝒖𝒕 + 𝒆𝒕, 𝑡 =  1, … , 𝑇 (20) 

where 

 

 𝝀𝒕 =  (𝝀𝟎 + 𝜦𝟏 𝑭𝒕−𝟏),        𝑡 =  1, … , 𝑇 (21) 

 

and where 𝑹𝒕 is the 𝑁 × 1 vector of excess returns on an asset or portfolio of assets, 𝜷 is an 𝐾𝐶 × 𝑁 matrix 

of risk exposures, 𝝀𝟎 is a 𝐾𝐶 × 1 vector of constants in the price of risk function, 𝜦𝟏 is a 𝐾𝐶 × 𝐾𝐹  matrix of 

coefficients of the time-varying components in the price of risk function,  𝑭𝒕−𝟏 represents a 𝐾𝐹 × 1 vector of 

price of risk factors, 𝒖𝒕 is the 𝐾𝐶 × 1 vector of the risk factors’ error terms and 𝒆𝒕 represents the 

beforementioned return pricing error in a 𝑁 × 1 vector. Equation (21) represents the so-called price of risk 

function. Notice how, in comparison with the CAPM equation (1), there is no alpha (i.e., intercept) in the 

excess return function, as this is assumed to be zero11. After stacking all 𝑇 observations and rewriting 

equation (20), we obtain 

 

 𝑹 =  𝑩𝝀𝟎𝜾𝑻
′ + 𝑩(𝜦𝟏𝑭_)  +  𝑩𝑼 + 𝑬 (22) 

 

where 𝑹 = [𝑹𝟏 … 𝑹𝑻] has the dimension 𝑁 × 𝑇, 𝑼 = [𝒖𝟏 … 𝒖𝑻] is 𝐾𝐶 × 𝑇 matrix, 𝑭_ = [𝑭𝟎 … 𝑭𝑻−𝟏] is 

𝐾𝐹 × 𝑇, 𝜾𝑻 displays a 𝑇 × 1 vector of ones and 𝑬 = [𝒆𝟏 … 𝒆𝑻] is a 𝑁 × 𝑇 matrix. Furthermore, matrix 𝑩 has 

the dimension 𝑁 × 𝐾𝐶  and contains the assets’ exposures to the risk factors, which can be estimated using 

OLS after rewriting equation (22) and redefining its elements: 

 

 𝑨𝟎 = 𝑩𝝀𝟎,    𝑨𝟏 = 𝑩𝜦𝟏,    𝑨 = [𝑨𝟎¦ 𝑨𝟏¦ 𝑩 ] (23) 

 

 �̃� = [𝜾𝑻¦ 𝑭′_ ¦ 𝑼′]′,    �̂� = [𝜾𝑻¦ 𝑭′_ ¦ �̂�′]′ (24) 

 

 𝑹 =  𝑨𝟎𝜾𝑻
′ + 𝑨𝟏𝑭_ +  𝑩𝑼 + 𝑬 = 𝑨�̃� + 𝑬 (25) 

 

 �̂� = 𝑹�̂�′(�̂��̂�′)−1 (26) 

 

Since �̂� is merely composed of the estimates of the same elements as 𝑨, we can obtain the estimates for the 

 
11 As elaborated on in Section 2.1.2, this is since 𝔼[𝜶] = 0. 
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risk exposures �̂�, by extracting the last 𝐾𝐶  rows from this matrix. Replacing 𝑼 with �̂� in our model gives rise 

to the issue that we are estimating coefficients using regressors that have been estimated themselves. Hence, 

we are by construction redefining these regressors as being the true coefficients, which leads to a 

misestimation of the standard errors of �̂�. The coefficients of �̂� are still the Best Linear Unbiased Estimators 

(BLUE), but their standard errors are biased. To take care of this issue, we construct the heteroskedasticity 

robust standard errors of �̂� by introducing the uncertainty of the estimation of �̂� into their calculation, as 

proposed by Adrian et al. (2015). Then, we solve 

 

 Ѵ̂�̂� = 𝑇 ∙ ((�̂��̂�′)
−1

 ⊗ 𝑰𝑵) (∑ (�̂�𝒕�̂�′𝒕  ⊗ �̂�𝒕�̂�′𝒕))
𝑇

𝑡=1
((�̂��̂�′)

−1
 ⊗ 𝑰𝑵)) (27) 

 

 �̂��̂� = 𝑑𝑖𝑎𝑔(Ѵ̂�̂�) ∙
1

𝑇
 (28)12 

 

where 

 �̂��̂� =  [�̂�𝑨�̂�
¦ �̂�𝑨�̂�

¦ �̂��̂� ]′ (29) 

 

and �̂�𝒕 is obtained by unstacking all 𝑇 observations from �̂� and �̂�𝒕 = 𝑹𝒕 − �̂� �̂�𝒕. As we are predominantly 

interested in the standard errors of �̂� and the vector �̂��̂� has the dimensions (𝑁 ∙ (𝐾𝐶 + 𝐾𝐹 + 1) × 1, we 

extract the last 𝑁 ∙ 𝐾𝐶  rows from this vector, obtaining �̂��̂�. Last, to assign the correct heteroskedasticity 

robust standard errors to the corresponding coefficients of �̂�, we split the extracted rows into 𝐾𝐶  equal parts 

and consolidate these vectors to form one 𝑁 × 𝐾𝐶  matrix, henceforth labeled as �̂��̂�.  

To assess how much of the variation of the test assets can be explained by the estimated risk exposures, one 

can decompose the assets’ variances. Hence, the total variance of a test asset, the contribution to the 

variance of each risk factor and the residual variance (i.e., unexplained variance) can be calculated by solving 

 

 𝜎𝑅𝑖

2 = ∑ (𝑅𝑖,𝑡 − �̄�𝑖)2𝑇
𝑡=1 ,    𝑖 = 1, … , 𝑁 (30) 

 

 𝜎𝑈𝑉𝑖

2 = 𝜎𝑅𝑖

2 − �̂� �̂�𝒖 �̂�′,    𝑖 = 1, … , 𝑁 (31) 

 

 𝜎𝐶𝑖,𝑘

2 = �̂� �̂�𝒖  ∙ 𝛽𝒊,𝒌,    𝑖 = 1, … , 𝑁,     𝑘 = 1, … , 𝐾𝐶  (32) 

 

 
12 The function 𝑑𝑖𝑎𝑔(𝑸) implies taking all diagonal elements of a symmetric 𝐿 × 𝐿 matrix 𝑸, resulting in a 𝐿 × 1 vector. 
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where 

 �̂�𝒖 = �̂��̂�′ ∙  
1

𝑇
 (33) 

 

and where 𝜎𝑅𝑖

2 , 𝜎𝑈𝑉𝑖

2  and 𝜎𝐶𝑖,𝑘

2  represent the total, residual and individual factor variance for asset 𝑖 

respectively.  

4.4 Estimating Prices of Risk 

To estimate the parameters in the price of risk function, 𝝀𝟎 and 𝜦𝟏, we perform another OLS regression using 

the estimates found in equation (26). Recall that �̂�𝟎 and �̂�𝟏 are composed similarly to the parameters 

constructed in equation (23) and therefore, the price of risk functions’ parameters can be estimated using 

the OLS linear regression equations 

 

 �̂�𝟎 = (�̂�′�̂�)−1 �̂�′�̂�𝟎,    �̂�𝟏 = (�̂�′�̂�)−1 �̂�′�̂�𝟏 (34) 

 

Again, we face the issue of assuming that the regressors’ estimates are the true values of the parameters 

when solving these closed-form expressions. More specifically, replacing 𝑨𝟎, 𝑨𝟏, and 𝑩 by �̂�𝟎, �̂�𝟏, and �̂� 

respectively will not lead to biased estimates of �̂�𝟎 or �̂�𝟏, but will underestimate the standard errors of these 

prices of risk function’s parameters. To find the unbiased estimates of the heteroskedasticity robust standard 

errors of �̂�𝟎 and �̂�𝟏, as suggested by Adrian et al. (2015), we solve 

 

 Ѵ̂�̂� = (�̂�𝑭𝑭
−𝟏 ⊗ �̂�𝒖) + 𝓗�̂�(�̂�, �̂�) Ѵ̂�̂� 𝓗�̂�(�̂�, �̂�)′  (35) 

 

 �̂��̂� = 𝑑𝑖𝑎𝑔(Ѵ̂�̂�) ∙  
1

𝑇
 (36) 

 

where 

 �̂�𝑭𝑭 = �̃�_ �̃�′_  ∙
1

𝑇
 ,    �̃�_ = [𝜾𝑻¦ 𝑭′_]′ (37) 

 

 𝓗�̂�(�̂�, �̂�) = [(𝑰(𝑲𝑭+𝟏) ⊗ (�̂�′�̂�)
−1

 �̂�′)¦ (�̂�′ ⊗ (�̂�′�̂�)
−1

 �̂�′)] (38) 

 

 �̂��̂� =  [�̂�𝝀�̂�
¦ �̂�𝜦�̂�

]′ (39) 

 

and wherein equation (35), the first term accounts for the replacement of 𝑼 by �̂� and the latter term for 
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replacing 𝑨𝟎, 𝑨𝟏, and 𝑩 by �̂�𝟎, �̂�𝟏, and �̂� respectively. The vector �̂��̂� has the dimensions (𝐾𝐶 ∙ (𝐾𝐹 + 1)) × 1. 

To assign the correct heteroskedasticity robust standard errors to the corresponding coefficients of �̂�𝟎 and 

�̂�𝟏, we split the vector in (𝐾𝐹 + 1) equally sized vectors with 𝐾𝐶  rows. The first 𝐾𝐶 × 1 vector corresponds 

to the standard errors of �̂�𝟎, subsequently labeled as �̂�𝝀�̂�
. Ultimately, the remaining 𝐾𝐹  vectors are 

consolidated to form one 𝐾𝐶 × 𝐾𝐹  matrix, henceforth labeled as �̂��̂�, which represents the standard errors of 

�̂�𝟏. 

4.5 Estimating Unconditional Prices  

In asset pricing models that use constant prices of risk only, one could assess if a risk factor is significantly 

priced in the cross-section of test assets by only analyzing 𝝀𝟎, the intercept in the price of risk function. By 

being priced in the cross-section, it is implied that exposure to those factors results in significant variation in 

expected excess returns on a test asset. By contrast, in models that evaluate time-varying prices of risk, the 

average price of risk for a certain risk factor is now also dependent on the expectation of the price of risk 

factors, 𝔼[𝑭𝒕], and their contribution coefficients in the price of risk functions, 𝜦𝟏 (Adrian et al., 2015; Duffee, 

2002). Hence, to test for unconditional pricing, one can calculate the annualized average price of risk over 𝑇 

time periods by solving 

 

 �̄� =  (𝝀𝟎 + 𝜦𝟏𝔼[𝑭𝒕]) ∙ 𝑀 = (𝝀𝟎 + 𝜦𝟏 ∙ ∑ 𝑭𝒕

𝑇

𝑡=1
∙

1

𝑇
) ∙ 𝑀 (40) 

 

where 𝑀 accounts for the number of periods of 𝑡 in one year. In order to test whether the unconditional 

prices are statistically different from zero, we ought to find the heteroskedasticity robust standard errors for 

this statistic as well. Since replacing 𝝀𝟎 and 𝜦𝟏 by �̂�𝟎 or �̂�𝟏 invokes additional uncertainty again, the 

annualized standard errors are constructed as follows 

 

 Ѵ̂�̄� = (�̃�′𝑭 ⊗ 𝑰𝑲𝑪
)Ѵ̂�̂�(�̃�′𝑭 ⊗ 𝑰𝑲𝑪

)
′

+ �̃�𝟏(𝑰𝑲 −  �̂�)−1 �̂�𝝊 [(𝑰𝑲 −  �̂�)
−1

]
′

�̃�′𝟏 + �̂̂��̃� + �̂�′�̃�   (41) 

 

 �̂��̄� = �̂��̄� = 𝑑𝑖𝑎𝑔(Ѵ̂�̄�) ∙  
1

𝑇
∙ 𝑀 (42) 

 

where 

 �̂�𝝊 = �̂��̂�′ ∙
1

𝑇
 (43) 
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 �̂��̃� =  �̃�𝟏(𝑰𝑲 −  �̂�)−1 �̂�𝝊𝒖  (44) 

 

and where �̂�𝝊𝒖 is constructed by extracting the first 𝐾𝐶  columns from the matrix �̂�𝝊 and �̂� is formed by 

taking the last 𝐾 columns from �̂�.  

4.6 Predicting Expected Excess Returns 

With all parameters of equation (22) estimated, we can then predict what annualized expected excess returns 

our model would predict for all test assets. For example, we can assess the annualized one-year ahead 

expected excess return, i.e., the annualized excess return that an asset is expected to yield in the whole next 

year, by solving 

 

 
𝔼[𝑅1𝑌𝐴,𝑡] = (∑ 𝑅𝑡

𝑡+𝑀

𝑡+1
) ∙ 𝑀 

 

(45) 

By employing expectation over equation (22) and (19), substituting it into equation (45), plugging in our 

estimates and rearranging, we yield 

 

 𝔼[�̂�𝟏𝒀𝑨,𝒕] = (∑ �̂��̂�𝟎𝜾𝑻
′ + �̂�(�̂�𝟏𝔼[�̂�𝒕])  + �̂��̂� + �̂�

𝑡+𝑀

𝑡+1
) ∙ 𝑀 (46) 

 

 𝔼[�̂�𝒕]  = �̂� �̃�𝒕−𝟏 + �̂� (47) 

 

where 𝔼[�̂�𝟏𝒀𝑨,𝒕] is the 𝑁 × 1 matrix of one-year ahead expected excess returns, 𝔼[�̂�𝒕] is the 𝐾 × 1 vector 

of expected estimated values of the economic state variables and 𝔼[�̂�𝒕] is the 𝐾𝐹 × 1 vector of expected 

estimated values of the price of risk factors, which is extracted from the last 𝐾𝐹  rows of 𝔼[�̂�𝒕]. By assumption, 

𝔼[�̂�] = 𝟎. As 𝔼[�̂�𝒕] needs to be forecasted for 𝑡 + 1 to 𝑡 + 𝑀, we can estimate these values by employing 

the estimates from the VAR(1) model. Therefore we ought to iterate the VAR(1) forward 𝑀 times for every 

observation 𝑡. According to Kotzé (n.d.), this is done by solving 

 

 
𝔼[�̂�𝒕+𝒉|�̂�𝒕] = (𝑰𝐾 + �̂�1 + ⋯ + �̂�ℎ−1) �̂� + �̂�ℎ�̂�𝒕 + �̂�, 

∀ ℎ = 1, … , 𝑀        ⋀        ∀ 𝑡 = 1, … , 𝑇 
(48) 

 

where �̂� is the 𝐾 × 1 vector of constants from matrix �̂� and 𝑰𝐾  is the 𝐾 × 𝐾 identity matrix. As in this 

equation, the vector of constants �̂� is split from the original coefficient matrix again, �̂� returns to the 𝐾 × 𝐾 
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dimension. Additionally, 𝔼[�̂�] = 𝟎 by assumption. This iteration process yields 𝑇 vectors of 𝐾 × 1 forecasted 

economic state variables 𝔼[�̂�𝒕+𝒉|�̂�𝒕]. Thereafter, we take every last 𝐾𝐹  rows from all 𝑇 vectors to obtain 

𝔼[�̂�𝒕+𝒉|�̂�𝒕]. Moreover, we solve equation (46) for every 𝑡 and every ℎ and employ equation (45) for every 𝑡 

to yield the 𝑁 × 𝑇 matrix 𝔼[�̂�𝟏𝒀𝑨,𝒕] of one-year ahead expected excess returns. For estimation using static 

prices of risk, the unconditional prices from equation (40) are plugged into equation (46) to yield 

 

 𝔼[�̂��̄�] = (�̂��̄�𝜾𝑻
′ + �̂�) ∙ 𝑀 (49) 

 

where 𝔼[�̂��̄�] is a 𝑁 × 𝑇 matrix of expected excess returns over time, with constant numbers on every row. 

Again, by assumption, 𝔼[�̂�] = 𝟎.  

4.7 Reflection and Alternatives 

Our application of the three-step linear regression model proposed by Adrian et al. (2015) has its strengths 

and weaknesses. On the one hand, since the coefficients in both the VAR(1) model and the linear regression 

models thereafter are estimated using the Ordinary Least Squares (OLS) method, our estimator is consistent, 

computationally robust and efficient13. Additionally, our asymptotic multistage standard errors are 

constructed in a way that they account for using estimators in subsequent linear regression equations. This 

prevents us from using biased standard errors in our calculations for the p-values, which would affect our 

inferences about the outcome of our empirical application of the model.  Also, the introduction of non-zero 

values of the parameters 𝜱 and 𝜦𝟏 allow for dynamic time variation analysis, as opposed to static cross-

sectional asset pricing models like employed in e.g., Campbell, Lo & MacKinley (1997) or Fama & Macbeth 

(1973). The average pricing errors in this form of time series analysis are substantially smaller than their static 

counterparts using constant prices of risk14. Last, the ability of our methodology to both estimate the test 

assets’ exposures to the risk factors and prices of risk simultaneously is an advantage, as this is not commonly 

done in the existing literature that assesses FF5’s risk factors15. Therefore, combining these two results in 

one paper will generate new insights that will contribute to the existing knowledge in the context of dynamic 

asset pricing.  

On the other hand, the assumption that the dynamics of the economic state variables follow a stationary 

VAR(1) process restricts the possibility of finding the number of 𝑝 lags that truly minimize the error term 𝑽. 

If this assumption would not hold, overestimating 𝑽 could therefore bias the estimation of 𝑩 and therefore 

 
13 This is true if and only if the OLS assumptions hold. 
14 We illustrated studies that discuss the benefits of dynamic asset pricing modeling in Section 3.1. 
15 As covered in Section 3.3. 



Chapter 4. Methodology 
 

Page 31 of 85 
 

𝝀𝟎 and 𝜦𝟏. Hence, a possible alternative would be to determine the autoregressive order of the VAR(𝑝) based 

on certain information criteria like the Akaike Information Criterion (Akaike, 1973) or the Bayesian 

Information Criterion (Schwarz, 1978). Nevertheless, one has to be careful not to include too many lags, as 

every extra lag of 𝑝 quickly increases the number of parameters to be estimated. If this more complex VAR(𝑝) 

with 𝑝 > 1 results in a slight improvement only, one should consider applying the parsimony (i.e., simplicity) 

principle, though this assessment relies on one’s subjective evaluation on finding the right balance between 

omitted variable bias and parsimony (Enders, 2015). 

Furthermore, we propose an alternative forecasting method for predicting 𝝀𝒕. The model as it is proposes 

using the coefficients of the VAR(1) to predict the future values of 𝑭𝒕, while it assumes that the estimations 

for 𝝀𝟎 and 𝜦𝟏 will remain the same in the future. The future values of 𝑭𝒕 could be estimated using different 

autoregressive models, like an ARMA(𝑝,𝑞) model (Whittle, 1951). The benefit of including a moving average 

(MA) component into the model is to gain the ability to explore the possibility of modeling a potential linear 

dependency on the contemporaneous and past error terms of 𝑭𝒕. Additionally, the presence of GARCH 

effects can be assessed and implemented into the model if the (squared) errors of the ARMA(𝑝,𝑞) model 

exhibit autocorrelation for a more precise prediction of future volatility of 𝑭𝒕 (Bollerslev, 1986).  

Last, it may be possible to marginally improve the robustness of the model by replacing the constant risk 

exposures with time-varying counterparts (Adrian et al., 2015), although there is some empirical research 

that claims that this does not add any significant precision to the model (Reeves, 2013).  
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5 Data  

This chapter provides a description of the data employed in the empirical analysis of this paper. We cover 

our set of test assets, risk factors and price of risk factors. The arguments for the given specification of our 

dataset can be found in the Literature Review chapter. Lastly, we share our thoughts on the quality of the 

data.  

5.1 Test Assets: S&P 500 Sector Indices 

A majority of the literature on asset pricing and testing the Fama-French Factors contains analyses in the 

scope of the financial market of the United States16. Empirical findings in other financial environments have 

yielded vast amounts of deviating results when comparing them to their US counterparts. To illustrate, Fama 

& French (2017) tested their FF3 and FF5 models in more localized settings in Europe, North-America and 

Asia-Pacific and concluded that local versions of the models absorb most of the investment, profitability and 

value patterns that are present in average returns. Thus, these results differ significantly from similar 

empirical tests in the US (e.g., Fama & French (2015); Yang et al. (2017); Zhou & Li (2016)). We therefore 

believe that to compare our empirical results with sufficient scientific research properly, a focus on the 

American financial market is imperative. Additionally, while we could opt to analyze broad equity market 

indices like the S&P 500, NASDAQ, Dow Jones or NYSE, we are of the opinion that we could generate 

additional insights by analyzing different sectors of the US economy. In this way, we allow for differentiation 

between conclusions on the relationship of the risk factors and prices of risk on these sectors’ returns. This 

is helpful for investors operating in the US financial market with a wish to diversify or to expose themselves 

to a particular risk factor only. 

In 1999, Morgan Stanley Capital International (MSCI) and Standard & Poor’s (S&P), two global providers of 

financial market indices, joined forces to develop the Global Industry Classification Standard (GICS) industry 

taxonomy. It categorizes all firms to one of the possible 157 sub-industries. These sub-industries can, in 

decreasing order of granularity, be classified into 68 industries, 24 industry groups and 11 sectors. 

Subsequently, the companies included in the S&P 500 Index were also classified according to this taxonomy. 

We select the highest level of the GICS hierarchy, the sector level, to represent the test portfolios for our 

analysis. The motivation for this choice is twofold. First, we are concerned about the smaller number of firms 

included in each group of the lower-leveled classifications. This may make our findings too specific and will 

deteriorate our power to make generalizations. Additionally, choosing the highest level of the GICS taxonomy 

also complies with the principle of parsimony, since selecting one classification level lower than the sector 

 
16 We refer to the Literature Review chapter, with a special note to the Research Environment columns of Table 3, Table 
4 and Table 5. 
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level would more than double the number of test assets to assess in our analysis. In conclusion, the excess 

returns on the 11 S&P 500 Sector Indices will function as the sample of test assets in this thesis. We provide 

some general information about the sector indices in Table 6 to familiarize the reader with the different 

sectors. We will refer to the individual sectors in this thesis by stating their symbols. 

 

Table 6. General Description of the S&P 500 Sector Indices 

This table presents the 11 S&P 500 Sector Indices, their symbols and weights in the S&P 500 Index. Furthermore, the 
number of stocks that constitute every index and the three biggest individual stocks sorted on market capitalization 
are mentioned. The indices are rebalanced and reevaluated every quarter and follow a float-adjusted market cap 
weighting. The information is presented as of the 31st of August 2020 and is retrieved from official documents 
published by S&P Global on that day. 

Sector Symbol Weight Stocks Three biggest firms 

Consumer Discretionary 𝑆5𝐶𝑂𝑁𝐷 11.99% 61 Amazon, Home Depot, McDonald’s 

Consumer Staples 𝑆5𝐶𝑂𝑁𝑆 7.51% 33 Walmart, Procter & Gamble, Coca-Cola 

Health Care 𝑆5𝐻𝐿𝑇𝐻 13.50% 62 Johnson & Johnson, UnitedHealth, Merck & Co 

Industrials 𝑆5𝐼𝑁𝐷𝑈 7.94% 73 Union Pacific, Honeywell, UPS 

Information Technology 𝑆5𝐼𝑁𝐹𝑇 28.15% 71 Apple, Microsoft, Visa 

Materials 𝑆5𝑀𝐴𝑇𝑅 2.43% 28 Air Products & Chemicals, Sherwin-Williams, Ecolab 

Real Estate 𝑆5𝑅𝐸𝐴𝑆 2.51% 31 American Tower, Prologis, Crown Castle 

Communication Services 𝑆5𝑇𝐸𝐿𝑆 11.18% 26 Verizon, AT&T, CenturyLink 

Utilities 𝑆5𝑈𝑇𝐼𝐿 2.69% 28 NextEra Energy, Dominion Energy, Duke Energy 

Financials 𝑆𝑃𝐹 9.88% 66 Berkshire Hathaway, JPMorgan, Bank of America 

Energy 𝑆𝑃𝑁 2.23% 26 ExxonMobil, Chevron, ConocoPhillips  

 

 

The data on the monthly closing prices of the indices were obtained from Bloomberg and extend from 

December 2001 to November 2019 after transformations, yielding a time series of 216 observations. We 

transformed the indices’ closing prices by taking logs and differentiating, yielding the monthly returns. To 

obtain the excess returns, we then subtracted the risk-free rate. We collected the risk-free rate, which is 

proxied by the 1-month Treasury Bill rate, from the Kenneth French Library. To calculate the monthly excess 

return, we solved 

 

 𝑅𝑖,𝑡 = (ln (
𝑃𝑖,𝑡

𝑃𝑖,𝑡−1

) − 𝑅𝑓,𝑡) ∙ 100% = (ln(𝑃𝑖,𝑡) − ln(𝑃𝑖,𝑡−1) − 𝑅𝑓,𝑡) ∙ 100% (50) 

 

There are two arguments behind the use of log-transformed closing prices. First, log-returns have the 

convenient property to be continuous. This means that multiple returns can be simply summed up over a 

subsequent period to find the overall return for this time frame. Moreover, many of the empirical analyses 
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that are relevant for our study use log-returns in their analysis. To achieve conformity with the norm of the 

field, we believe that we should not deviate from the standard method employed to calculate returns.  All 

sector returns are stated in 𝑇 × 1 vectors. Henceforth, we define the 𝑁 × 𝑇 = 11 × 216 matrix as  𝑹 =

[𝑆5𝐶𝑂𝑁𝐷¦ 𝑆5𝐶𝑂𝑁𝑆¦ 𝑆5𝐻𝐿𝑇𝐻¦ 𝑆5𝐼𝑁𝐷𝑈¦ 𝑆5𝐼𝑁𝐹𝑇¦ 𝑆5𝑀𝐴𝑇𝑅¦ 𝑆5𝑅𝐸𝐴𝑆¦ 𝑆5𝑇𝐸𝐿𝑆¦ 𝑆5𝑈𝑇𝐼𝐿¦ 𝑆𝑃𝐹¦ 𝑆𝑃𝑁]′. We 

present the summary statistics of the log-transformed excess returns in Table 7, in which we annualized the 

raw data for presentation purposes in this table. 

 

Table 7. Summary Statistics for the S&P 500 Sector Indices’ Excess Returns 

This table presents the summary statistics for the monthly excess returns on the S&P 500 Sector Indices in annualized 
form. For each sector, the number of observations in the time series, mean, standard deviation, skewness, kurtosis, 
minimum return, first quartile value, median, third quartile value and the maximum return are presented. 
Histograms and distributions of these asset returns can be found in Appendix A. The sample period is 2001:12 – 
2019:11. For the description of the assets’ abbreviations, we refer to Table 6. 

Asset T Mean St. Dev. Skew. Kurt. Min Q1 Median Q3 Max 

𝑆5𝐶𝑂𝑁𝐷 216 7.80% 17.04% -0.62 5.03 -256.80% -17.16% 10.44% 47.04% 204.00% 

𝑆5𝐶𝑂𝑁𝑆 216 6.00% 10.77% -0.85 4.20 -141.00% -15.36% 9.72% 33.36% 71.76% 

𝑆5𝐻𝐿𝑇𝐻 216 5.88% 13.09% -0.65 3.94 -164.88% -17.16% 9.48% 33.24% 103.44% 

𝑆5𝐼𝑁𝐷𝑈 216 5.52% 17.67% -0.85 5.64 -251.76% -21.60% 12.36% 41.04% 195.84% 

𝑆5𝐼𝑁𝐹𝑇 216 8.04% 19.95% -0.60 4.52 -235.32% -26.04% 17.40% 51.00% 241.44% 

𝑆5𝑀𝐴𝑇𝑅 216 5.88% 19.68% -0.62 5.33 -300.84% -27.96% 8.16% 47.28% 194.52% 

𝑆5𝑅𝐸𝐴𝑆 216 5.04% 22.62% -1.51 12.83 -464.28% -24.00% 11.16% 46.08% 358.08% 

𝑆5𝑇𝐸𝐿𝑆 216 0.36% 18.50% 0.01 6.19 -208.32% -32.16% 2.88% 42.24% 332.04% 

𝑆5𝑈𝑇𝐼𝐿 216 4.44% 14.55% -1.03 4.78 -183.00% -16.80% 12.36% 36.48% 134.88% 

𝑆𝑃𝐹 216 2.04% 21.55% -1.20 7.90 -370.20% -28.68% 13.80% 40.68% 240.36% 

𝑆𝑃𝑁 216 4.20% 20.30% -0.47 3.73 -238.32% -31.80% 4.20% 50.88% 201.48% 

 

 

We note how different industries have different performances over our time sample. To illustrate, 𝑆5𝑇𝐸𝐿𝑆 

has had a meager average return over the last 20 years in comparison to the other sectors, while the standard 

deviation of its returns is relatively high for the average return. By taking approximately the same amount of 

risk, investing in 𝑆5𝐼𝑁𝐹𝑇 would have resulted in 7.68% higher returns on average. Furthermore, the data 

distribution seems to be negatively skewed and leptokurtic for all indices, with 𝑆5𝑇𝐸𝐿𝑆 being the only 

exception with a marginally positive skewness of 0.01. The leptokurtic distribution of the data is mainly due 

to the high fluctuation of the stock market returns around the financial crisis in 2008, when we observed 

more extreme observations than one would expect with a normal distribution. In Appendix A, we present 

the excess returns histograms along with the normal and empirical distribution curves for all 11 sector indices 

to obtain a better understanding of the data. Additionally, we visually test for approximate normality in our 

data distribution by comparing the empirical distributions to the normal distributions. We observe that most 
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of the empirical distributions sufficiently approximate the normal distributions. Nevertheless, the 

distributions of 𝑆5𝑅𝐸𝐴𝑆 and 𝑆𝑃𝐹 do display more extreme, negative levels of skewness and high levels of 

kurtosis. This is due is to the significant impact the financial crisis had on these sectors. The housing market 

went into a sharp decline as a result of collapsing subprime mortgages and the financial sector was put into 

distress due to these mortgages’ defaults. Nevertheless, with many distributions closely resembling 

normality and with a sample size of 216, we believe that our results will hold asymptotically. Lastly, we 

believe the histograms give the reader a clearer overview of the distribution of certain values relative to 

other methods like Q-Q plots. Although these plots may provide a better overview of the outliers in our 

dataset, we argue that the clarity of the histograms combined with our assumption of asymptotic results are 

sufficient arguments for merely conducting visual assessments of the histograms to check for normality. 

5.2 Risk Factors: The FF5 Factors 

In this section, we elaborate on the data of the five risk factors as proposed in Fama & French (2015). Monthly 

data on the risk premia of the market, size, value, profitability and investment factors are accessible from the 

online database of Kenneth French, one of the authors of the original FF5 paper. In Section 2.1.3, we 

explained in more detail what these risk factors represent and how they are calculated. From French’s 

database, we retrieve 216 monthly observations for the five risk factors, covering the same time frame as 

the S&P 500 Sector Indices returns. All risk factors were retrieved in 𝑇 × 1 vectors. Henceforth, we define 

𝑪 = [𝑀𝑘𝑡¦ 𝑆𝑀𝐵¦ 𝐻𝑀𝐿¦ 𝑅𝑀𝑊¦ 𝐶𝑀𝐴]′ as a 𝐾𝐶 × 𝑇 = 5 × 216 matrix. The summary statistics of the risk 

factors are provided in Table 8. 

 

Table 8. Summary Statistics for the Risk Factors of the FF5 

This table presents the summary statistics for the monthly risk premia of the FF5 risk factors. For each risk factor, the 
number of observations in the time series, mean, standard deviation, minimum return, first quartile, median, third 
quartile and the maximum return are presented. The sample period is 2001:12 – 2019:11. 

Risk factor T Mean St. Dev. Min Q1 Median Q3 Max 

𝑀𝑘𝑡 216 0.66% 4.14% -17.23% -1.59% 1.18% 3.22% 11.35% 

𝑆𝑀𝐵 216 0.19% 2.49% -6.24% -1.45% 0.21% 1.79% 6.81% 

𝐻𝑀𝐿 216 -0.01% 2.50% -11.18% -1.39% -0.17% 1.33% 8.29% 

𝑅𝑀𝑊 216 0.28% 1.98% -9.13% -0.75% 0.28% 1.20% 7.62% 

𝐶𝑀𝐴 216 0.11% 1.56% -3.33% -1.03% -0.04% 0.98% 5.41% 

 

 

We do not know if and to what extent these variables contribute to explaining the variation of excess returns 

in the cross-section until we have executed our empirical analysis. However, we can increase our confidence 

in the variables’ ability to possess valuable information to this cause by analyzing their correlation matrix 
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with our test assets. Hence, a correlation heatmap is provided in Figure 1, whereas the full correlation table 

can be found in Appendix B. 

First, we notice that the sector indices are all significant and positively correlated among each other and 

possess the tendency of approaching the correlation of one. This is due to the fact that they are exposed to 

systematic risk and therefore, they also tend to move together with the market portfolio. The magnitude of 

this exposure will be analyzed in Section 6.2. Applying this knowledge, we are more confident that our 𝑀𝑘𝑡 

factor properly proxies the systematic risk in the economy, as it seems that the sector indices that are more 

exposed to this risk factor also seem to be more positively correlated among each other. The fact that the 

factor’s correlation with the sector indices tends to be close to one also helps for this purpose. Furthermore, 

both 𝑆𝑀𝐵 and 𝐻𝑀𝐿 tend to be positively related to the sector indices, indicating that in periods with high 

return spreads between small & big firms and value & growth stocks, the returns on the sector indices 

gravitate towards the positive side of the spectrum. The opposite can be said for the overall negative 

correlation between the sector indices and 𝑅𝑀𝑊. This implies that a big spread in returns between the 

profitable and less-profitable firms is often accompanied by low returns on the sector indices. Additionally, 

𝐶𝑀𝐴 is not significantly correlated with any of the indices, except for the Information Technology sector. This 

deteriorates our confidence that this risk factor possesses valuable information on the variation of excess 

stock returns in the cross-section. We therefore adjust our expectation of Hypothesis #5, as we expect not 

to reject the null. Lastly, as many of the risk factors have significant correlations among each other, our 

confidence in having the right specification of our VAR(1) model has increased. The importance of this was 

highlighted in Section 4.2. 
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Figure 1. Correlation Heatmap of the S&P 500 Sector Indices and Risk Factors 

This figure provides a correlation heatmap of the S&P 500 sector Indices and risk factors. Correlations marked by × are 
statistically indistinguishable from zero. The exact values of the correlations can be found in the tables in Appendix B. 
The sample period is 2001:12 – 2019:11. 

 

 

 

5.3 Price of Risk Factors: TSY10, DY and EY 

We concluded Section 3.2 with the statement that there is a significant amount of literature that claims that 

dividend yields, earnings yields and long-term Treasury yields predict the variation of excess returns in the 

time series. As most of the empirical analyses discussed were executed in the context of the US financial 

market, we are generally confident that our data will show similar characteristics. Nevertheless, most of 

these studies have investigated these factors in different time periods than the one we are evaluating. To 

improve our confidence, we visually assess the dynamics of our data’s predictive power on excess returns in 

this chapter after introducing our proposed price of risk factors. 

First, to follow the examples of most of the papers that assess long-term Treasury yields17, we opt to 

investigate the yields on bonds with a maturity of 10 years (𝑇𝑆𝑌10). This specific yield represents the return 

an investor receives on a debt obligation with a 10-year maturity issued by the US government. Other than 

receiving the face value of the obligation at its maturity, the bond pays a fixed interest rate to the investor 

 
17 These papers are mentioned throughout Section 3.2. 
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semiannually. The 216 monthly observations for 𝑇𝑆𝑌10 are retrieved from the Federal Reserve Economic 

Data (FRED) database that is controlled by the Federal Reserve Bank of St. Louis. Furthermore, the dividend 

yield (𝐷𝑌) is expressed as the ratio between the amount of yearly dividend an asset pays to an investor 

relative to the price of the asset. Similarly, the earnings yield (𝐸𝑌) can be found by dividing the asset’s yearly 

earning by its price. To remain in the same domain of our test assets, we believe that it is appropriate to 

retrieve the dividend yields and earnings yields on the S&P 500 Index. The 216 monthly observations for 

these two factors were collected from the Bloomberg database. The dividend yield was the determinant of 

the latest observation in our dataset, as the data for 2020 was not yet available at the time of collection. All 

price of risk factors were retrieved in 𝑇 × 1 vectors. Henceforth, we define 𝑭 = [𝑇𝑆𝑌10¦ 𝐷𝑌¦ 𝐸𝑌]′. The 

summary statistics are provided in Table 9. 

 

Table 9. Summary Statistics for the Price of Risk Factors  

This table presents the summary statistics for the monthly values of the price of risk factors employed in the price of 
risk function. For each factor, the number of observations in the time series, mean, standard deviation, minimum 
return, first quartile, median, third quartile and the maximum return are presented. The sample period is 2001:12 – 
2019:11. 

Price of risk factor T Mean St. Dev. Min Q1 Median Q3 Max 

𝑇𝑆𝑌10 216 3.20% 1.06% 1.50% 2.30% 3.00% 4.14% 5.28% 

𝐷𝑌 216 2.00% 0.34% 1.35% 1.83% 1.96% 2.1% 3.81% 

𝐸𝑌 216 5.62% 0.80% 3.60% 5.09% 5.56% 6.08% 8.25% 

 

To evaluate the predictive power of these variables, we opt to visually assess the time series dynamics of the 

prices of risk when plotted against the ahead-looking returns of the S&P 500. For this purpose, we collect the 

monthly closing prices of this index for the 216 observations from Bloomberg and calculate their excess 

returns in an identical way to equation (50). We then generate several series of ahead-looking excess returns 

for different horizons by transforming the data in as follows  

 

 𝑅𝑌𝑀𝐴,𝑡 = (∑ 𝑅𝑡

𝑡+𝑌

𝑡+1
) (51) 

 

where 𝑅𝑌𝑀𝐴,𝑡 is the 𝑌-month ahead excess return at time 𝑡 and 𝑅𝑡  is the excess log-return on the S&P 500 

Index at time 𝑡. The ahead excess returns of the duration of one, two, three, six and 12 months are computed, 

losing the last 12 time series observations in the process. For illustrative purposes, we also keep the regular 

excess return in the matrix of ahead-looking returns. The summary statistics for these time series can be 

found in Appendix C. Additionally, we calculate the Pearson’s correlation coefficient between the ahead-

looking excess return series and the price of risk factors as follows 
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𝜌𝑅𝑌𝑀𝐴,𝐹𝑖

=
∑ (𝑅𝑌𝑀𝐴,𝑡 − �̄�𝑌𝑀𝐴)(𝐹𝑖,𝑡 −204

𝑡=1  �̄�𝑖)

√∑ (𝑅𝑌𝑀𝐴,𝑡 − �̄�𝑌𝑀𝐴)2204
𝑡=1 ∙ √∑ (𝐹𝑖,𝑡 − �̄�𝑖)2204

𝑡=1

 
(52) 

 

where �̄�𝑌𝑀𝐴  and �̄�𝑖  represent the averages of the time series of 𝑅𝑌𝑀𝐴  and 𝐹𝑖  respectively. We provide the 

correlation heatmap between 𝑹𝒀𝑴𝑨 on 𝑭 and the time series plot of the 12-month ahead excess return on 

𝑭 in Figure 2. 

 

Figure 2. Correlation Heatmap and Time Series Plots of 𝑹𝒀𝑴𝑨  on 𝑭  

This figure displays the correlation heatmap of 𝑹𝒀𝑴𝑨  on 𝑭 and the time series plots of the 12-month ahead excess 
return on 𝑇𝑆𝑌10, 𝐷𝑌 and 𝐸𝑌. The values of the plots’ Y-axes for are stated in percentages. The sample period is 2001:12 
– 2018:11. 
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In accordance with the literature on the predictive power of 𝑇𝑆𝑌10, 𝐷𝑌 and 𝐸𝑌 on the variation of excess 

returns in the time series18, we observe that both the correlations and the time series plots suggest significant 

predictive power of our specified price of risk factors. First, from the correlation heatmap, we determine that 

𝐷𝑌 and 𝐸𝑌 appear to be positively correlated with future returns. This observation is coherent with economic 

intuition, as positive shocks to dividends and earnings increase the value of a stock. 𝑇𝑆𝑌10 appears to have 

the opposite effect. Since it is a widely accepted idea that future returns are expected to be high when 

economic conditions are weak19, as proxied by low interest rates and therefore low yields on government 

bonds, this finding is coherent with intuition and scientific literature. Furthermore, the correlations seem to 

get stronger with the return horizon, which the exception for the 12-month return on the earnings yield, 

suggesting that the price of risk factors might forecast long-term excess returns with better accuracy than 

excess returns on the short-term. Visually, these findings can be confirmed by the plots in Figure 2. For 

example, in periods of high returns such as the period shortly after the financial crisis in 2008, the dividend 

and earnings yield were at their highest level in this time sample, while the yield on 10-year Treasury bonds 

experienced a significant negative shock.  

We merely display the 12-month ahead-looking return as its correlation with the price of risk factors is 

generally the strongest and the plot is less noisy by construction in comparison to the shorter-term 

counterparts, which makes it more practical to make visual inferences. In conclusion, being backed up by 

both scientific research and dynamics in our data, we are confident that our current specification of the price 

of risk factors has sufficient predictive power on the variation of excess stock returns. 

Lastly, we do not deny the potential presence of other variables that could display similar patterns and 

therefore could have been included as a price of risk factor in our model. Nevertheless, these variables have 

likely been less empirically researched or literature has displayed contradicting results. Furthermore, as we 

already include three variables in our current specification of the price of risk function, we are slightly hesitant 

to include additional variables, as we would thereby increase the probability of committing overspecification 

bias. 

5.4 Data Quality 

As all data collected for our empirical analysis are secondary, we believe that a short note on data quality is 

necessary. The S&P 500 Sector Indices’ prices, dividend yields and earnings yields are directly collected from 

Bloomberg through the Bloomberg Terminal, which is accessible from the CBS Library or from any of the 

other 325,000 terminals around the world (Bloomberg Finance LP, 2020). Their data are used by a significant 

share of intuitions in academics, finance and governments. Additionally, one of their extensions, Bloomberg 

 
18 As covered in Section 3.2. 
19 As elaborated on in Fama & French (1989). 
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Tradebook, is a renowned trading platform frequently used by risk managers, portfolio managers, market 

analysts and other financial professionals, using the same data. Hence, we are confident that the data 

collected from Bloomberg is of high quality. The data collected from Kenneth French’s data library, 

𝑀𝑘𝑡, 𝑆𝑀𝐵, 𝐻𝑀𝐿, 𝑅𝑀𝑊, 𝐶𝑀𝐴 and 𝑅𝑓, are partly coming from Bloomberg too. Prior to 2007, he collected his 

data from Morgan Stanley Capital International and thereafter from Bloomberg (French, 2020). The former 

is one of the world’s most acclaimed investment research firms and a trustworthy source for many financial 

professionals and institutions. Therefore, we are confident about the quality of their data too. Last, the data 

on the 10-year Treasury yields are collected from the Federal Reserve Economic Data database, which is 

provided by the Federal Reserve Bank of St. Louis. As this bank is one of the 12 regional Reserve Banks that 

make up the central banking system of the US, we are of the opinion that the data they provide ought to be 

of the highest quality. 
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6 Empirical Application 

The Methodology and Data chapters have laid the foundation for our empirical analysis, which we present in 

this chapter. First, we estimate the VAR(1) on the economic state variables so we can use its estimated errors 

to evaluate the S&P 500 Sector Indices’ risk exposures. We also use the VAR(1) coefficients to forecast the 

price of risk factors later in this chapter. Second, we estimate the S&P 500 Sector Indices’ risk exposures to 

our risk factors and illustrate their explanatory power by a variance decompositions of our test assets. 

Thereafter, we employ our risk exposures to estimate the constants and the coefficients of the time-varying 

components in the price of risk function. We apply these estimates in the successive section when we test 

for unconditional pricing of the risk factors. With all required coefficients estimated, we are able to estimate 

the one-year ahead expected excess returns for all S&P 500 Sector Indices. 

Although we do have confidence in the precision of the results of our empirical analysis, our model in itself 

does not provide economic explanations as to why certain estimated coefficients are significant, have a 

positive or negative sign or have specific values20. Nevertheless, we try to apply economic intuition to give 

context to some of the characteristics of our estimates. We note that these arguments ought to be critically 

assessed or empirically tested by future research before labeling them as correct. 

As we are dealing with multivariate analysis in matrix form, it is imperative to get the dimensions of the 

parameters and estimates right. Therefore, we briefly summarize the dimensions along with the description 

of the variables used in our empirical application in Table 10. 

Table 10. Dimensions and Description of the Variables 

This table displays the dimensions and descriptions of the variables applied in this empirical analysis. For a more 
detailed description and summary statistics, we refer to the Data chapter. 

Symbols Dimension Description 

Dimension values:   

𝑁 11 Number of test assets, i.e., the S&P 500 Sector Indices 

𝐾𝐶 5 Number of risk factors, i.e., the Fama-French Five Factors 

𝐾𝐹 3 Number of price of risk factors, i.e., 𝑇𝑆𝑌10, 𝐷𝑌 and 𝐸𝑌 

𝐾 𝐾𝐶 + 𝐾𝐹 = 5 + 3 = 8 Number of economic state variables 

𝑇 216 Number of observations in the time series (2001:12 – 2019:11) 

Variable description:   

𝑪 𝐾𝐶 × 𝑇 = 5 × 216 Matrix of the risk factors’ time series 

𝑭 𝐾𝐹 × 𝑇 = 3 × 216 Matrix of the price of risk factors’ time series 

𝑿 𝐾 × 𝑇 = 8 × 216 Matrix of the economic state variables’ time series 

𝑹 𝑁 × 𝑇 = 11 × 216 Matrix of the S&P 500 Sector Indices returns’ time series 

 

 
20 We note that answering these questions is also not the goal of this thesis. For an overview of the research question 
and its sub-questions, we refer to Section 1.2. 
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6.1 VAR Estimation 

As covered in Section 4.2, our model assumes that the systematic risk of the economy is captured by the 

economic state variables 𝑿, which follow a stationary VAR(1) process. First, we add a row of ones to 𝑿, so 

the results will yield an estimation for a constant in our model and subsequently lag the matrix by one period 

to yield �̃�_. Then, since the coefficients of a VAR(1) model using our methodology can be estimated by solving 

equation (18), we obtain the following results, as presented in Table 11. 

 

Table 11. Estimation Coefficients of the VAR(1) Process 

This table states the estimated coefficients of the parameters of the VAR(1) model on the economic state variables. The 

coefficient matrix, �̂�, is estimated by solving �̂� = 𝑿 �̃�′_ (�̃�_ �̃�′_)−1. Additionally, the standard errors are presented in 
parentheses and the last column states the adjusted R2 of the model. The sample period is 2001:12 – 2019:11. ***, ** and 
* represent significance at the 1%, 5% and 10% level respectively. 

 𝜇 Mkt𝑡−1 𝑆𝑀𝐵𝑡−1 𝐻𝑀𝐿𝑡−1 𝑅𝑀𝑊𝑡−1 𝐶𝑀𝐴𝑡−1 𝑇𝑆𝑌10𝑡−1 𝐷𝑌𝑡−1 𝐸𝑌𝑡−1 𝑅𝑎𝑑𝑗
2  

Mkt𝑡 
-4.08 

(2.87) 

0.11 

(0.08) 
-0.20 

(0.13) 
0.02 

(0.13) 
-0.15 

(0.17) 

0.01 

(0.21) 

-0.16 

(0.29) 

0.80 

(0.96) 

0.65* 

(0.40) 
0.02 

𝑆𝑀𝐵𝑡  
-1.12 

(1.68) 

0.11** 

(0.05) 

-0.26*** 

(0.08) 

0.04 

(0.08) 

-0.17 

(0.10) 

0.01 

(0.12) 

0.35* 

(0.17) 

0.87 

(0.56) 

-0.28 

(0.23) 
0.05 

𝐻𝑀𝐿𝑡 
-0.71 

(1.72) 

0.09* 

(0.05) 

-0.09 

(0.08) 

0.10 

(0.08) 

-0.01 

(0.10) 

0.22* 

(0.12) 

0.26 

(0.18) 

0.29 

(0.58) 

-0.14 

(0.24) 
0.04 

𝑅𝑀𝑊𝑡  
2.60* 

(1.34) 

-0.08* 

(0.04) 

0.13** 

(0.06) 

-0.01 

(0.06) 

0.12 

(0.08) 

0.09 

(0.10) 

0.04 

(0.14) 

-0.23 

(0.45) 

-0.36* 

(0.19) 
0.06 

𝐶𝑀𝐴𝑡 
0.47 

(1.09) 

0.02 

(0.03) 

-0.02 

(0.05) 

0.01 

(0.05) 

0.01 

(0.07) 

0.15* 

(0.08) 

0.11 

(0.11) 

-0.15 

(0.37) 

-0.08 

(0.15) 
0.01 

𝑇𝑆𝑌10𝑡  
-0.02 

(0.14) 

0.01* 

(0.00) 

0.00 

(0.01) 

0.00 

(0.01) 

0.00 

(0.01) 

-0.01 

(0.01) 

0.98*** 

(0.02) 

0.06 

(0.05) 

-0.01 

(0.02) 
0.96 

𝐷𝑌𝑡  
0.14* 

(0.07) 

0.00* 

(0.00) 

0.01 

(0.00) 

0.00 

(0.00) 

0.00 

(0.00) 

0.00 

(0.01) 

-0.00 

(0.01) 

0.94*** 

(0.02) 

0.00 

(0.01) 
0.91 

𝐸𝑌𝑡 
0.60*** 

(0.21) 

-0.01 

(0.01) 

0.01 

(0.01) 

0.00 

(0.01) 

0.00 

(0.01) 

-0.01 

(0.02) 

0.00 

(0.02) 

-0.14** 

(0.07) 

0.95*** 

(0.03) 
0.86 

 
 
As all variables in a VAR(𝑝) are interrelated, assessing the reaction of the system to a shock to one of the 

variables is relatively hard by evaluating the individual coefficient values. Additionally, as the purpose of this 

thesis does not include investigating the structure of the whole underlying economy, we believe that it is 

outside of the scope of this paper to assess the significance of the coefficients individually. However, the 

dynamics of the model could theoretically be evaluated by using impulse responses. These impulse responses 

would, after consulting economy theory or intuition to determine the order of the variables, give the reaction 

of the whole dynamic system to a one-time shock to one of the variables over time. 

Adrian et al. (2015) assume that the VAR(1) model is the correct specification and therefore, the significance 
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of the estimated coefficients is less relevant. We recognize that this specification assumption is a weakness 

of the model, as previously discussed in Section 4.7. 

Although the values and significance of the individual coefficients are hard to interpret and less relevant, we 

do want to make several remarks. First, only a small amount of the whole set of coefficients is significant. We 

interpret this as a sign that the model would require a more accurate specification if structural VAR modeling 

were of interest. Additionally, it appears that the price of risk factors seem to be more autocorrelated than 

the risk factors. This is represented by their own lagged coefficients in their respective autoregressive 

functions being close to one and highly significant. The p-values of the lagged variables’ coefficients of 

𝑇𝑆𝑌10, 𝐷𝑌 and 𝐸𝑌 are extremely small (𝑝 < 2 ∙ 1016) in their own respective autoregressive function than 

in comparison to those p-values of 𝑀𝑘𝑡, 𝑆𝑀𝐵, 𝐻𝑀𝐿, 𝑅𝑀𝑊 and 𝐶𝑀𝐴. Although the coefficient of 𝑆𝑀𝐵 is 

still significant and weakly significant for 𝐶𝑀𝐴, the p-values for all lagged risk factors in their respective 

autoregressive function are 𝑝 > 0.001. This high autocorrelation can be explained by the characteristics of 

the variables, as the values of the price of risk factors are generally at a stable level, with only small deviations 

over time. By contrast, as the risk factors are spreads of certain portfolio returns, their level is usually 

centered close to zero, with large positive and negative deviations relative to the mean of the series. These 

characteristics are represented by the difference in the ratio between the means and standard deviations for 

the two types of variables, as presented in their summary statistics in Table 8 and Table 9 in the Data chapter. 

The price of risk factors’ coefficients values of their own lagged values in their respective autoregressive 

function being close to one also explains the substantial difference in adjusted R2 in comparison to the other 

functions. As this means that the last value approximately duplicates itself for the next period, it thereby 

explains a lot of the variation in the function. Moreover, the choice for displaying the adjusted R2 instead of 

a regular R2 has been made to account for the large number of estimated parameters in this model, as it is 

likely that these two would display significantly different values in our current specification. 

Furthermore, we would like to comment on two coefficient values in ceteris paribus conditions, as they show 

evidence that is consistent with economic intuition. In the autoregressive function of the earnings yield, we 

observe that the coefficient estimate for the lagged dividend yield is negative and significant. When a firm 

pays out dividends, it chooses not to reinvest its retained earnings in new investment opportunities. This 

could negatively affect the firm’s earnings in the future, as they missed out on potential projects with a 

positive net present value. Additionally, the coefficient estimate for the lagged earnings yield in the market 

risk function is positive and significant. This could be a potential explanation for the effect of delayed earnings 

reporting, i.e., sticky earnings. To illustrate, say a firm publishes its earnings once a quarter with the next 

report including surprisingly positive earnings presented in April. Then, although they might have earned the 

high earnings in March, the stock price will not react to this news until April, increasing the returns with a 
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month delay. As this delayed reaction to reporting is true for any firm, it should be an effect present in the 

market portfolio as well. Although both of the beforementioned coefficient estimates are significant, we do 

want to express caution regarding the intuition behind our reasoning, as our model is complex and 

interrelated. We also do not deny the existence of other arguments that would be able to explain the 

significance of these coefficients.  

Additionally, employing our vector autoregressive model requires the dynamics of 𝑿 to be stationary. As 

mentioned in Section 4.2, we ensure that this assumption about the characteristics of our data is satisfied by 

testing that all 𝐾 eigenvalues of the matrix �̂� (less the column of constants) have a modulus less than one. 

We present the method of calculating the moduli of these eigenvalues and the results in Appendix D. Judging 

from the results found there, we conclude that the dynamics of 𝑿 are stationary. 

Last, using equation (19), we can find the estimated error matrix of the VAR(1) model, �̂�. Thereafter, the first 

five rows are extracted from �̂�, yielding the 5 × 216 risk factors’ estimated error term matrix �̂�, which we 

employ in the estimation of the risk exposures in the next section.  

6.2 Risk Exposures Estimation 

We apply equations (23) to (26) to estimate the risk exposures of the S&P 500 Sector Indices to the risk 

factors, �̂�. Afterward, we solve equations (27) to (29) to obtain the standard errors of the coefficients of �̂�. 

A coefficient heatmap of the results of this regression is presented in Figure 3, while the table including all 

coefficients, standard errors and significance levels is presented in Appendix E. Then, by applying equations 

(30) to (33), we can decompose the variance of all S&P 500 Sector Indices and illustrate the different sources 

of variance in waterfall charts. We display three waterfall charts in Figure 6 to illustrate residual and single-

source variance differences, whereas the complete set of 11 waterfall charts can be found in Appendix F. In 

the next sections, we will assess the exposures to each of the risk factors and test hypotheses 1-5. Thereafter, 

we investigate the different sources of return variance of all sector indices.  
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Figure 3. Estimated Risk Exposure Coefficient Heatmap  

This figure displays the estimated risk exposure coefficient heatmap of the S&P 500 Sector Indices to the risk factors. 

The coefficient matrix, �̂�, is estimated by solving �̂� = 𝑹�̂�′(�̂��̂�′)−1 and extracting the last five columns from matrix �̂�. 
If no risk exposure is displayed, it implies that the coefficient is statistically indistinguishable from zero. The exact values 
of the coefficients, standard errors and significance levels can be found in Appendix E. The sample period is 2001:12 – 
2019:11. 

 

 
 

6.2.1 Exposure to Market Risk 

Having a significant exposure to market risk can be interpreted as being significantly exposed to systematic 

risk. Particularly, the market risk exposure coefficient represents the expected percentage increase of a 

sector index return for every 1% increase in the return on the overall market portfolio, ceteris paribus. 

Systematic risk is a non-diversifiable risk, i.e., a portfolio with maximum diversification will still be exposed 

to the overall market risk. Therefore, one would expect a significant market risk exposure for all equity 

indices, regardless of the sector. Fortunately, this theory holds for our empirical analysis; 11/11 market risk 

exposures are individually statistically significant. Furthermore, they are also jointly significant according to 

the Wald Test21. Hence, we reject the null of Hypothesis #1. 

 
21 For the test statistic of this test, we make a reference to the table in Appendix E. 
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As expected, the estimated market risk exposure coefficients are roughly centered around one, indicating 

that the sector indices’ return dynamics are quite similar to that of the market portfolio. This is intuitive, as 

the S&P 500 Sector Indices can be viewed as subsets of the S&P 500 Index, which is often proxied as the 

market portfolio itself. Although this is true on aggregate, there are differences in the magnitude of market 

risk exposure between the sectors. Sectors with high market risk exposures are expected to have a higher 

probability of higher returns, but are also expected to be riskier, i.e., they have higher return volatility. To 

illustrate, the Consumer Discretionary and Information Technology sectors can be regarded as high-risk 

sectors, as their exposure to market risk is 1.35 and 1.43 respectively. In contrast, sectors like Utilities and 

Health Care could be labeled as low-risk sectors with risk exposures of only 0.69 and 0.91 respectively. 

Arguments as to why these differences exist could be traced to sectors being high-need or low-need sectors. 

In a bearish market, i.e., the economy is receding and stock prices are generally declining, there will still be a 

continuous need for utilities like electricity or services like health care. Therefore, the stocks of firms in these 

sectors will be hit less hard by a receding economy. Contrastingly, people are less likely to consume Consumer 

Discretionary goods (e.g., cars, restaurants, luxury goods, or retailing) or buy new IT-related products in 

bearish markets. Hence, firms in these sectors will most likely see significantly negative returns on their stock. 

6.2.2 Exposure to Size Risk 

Having a significant exposure to size risk can be interpreted as being significantly exposed to the performance 

of small firms over big firms. In other words, the size risk exposure coefficient represents the expected 

percentage increase of a sector index return for every 1% increase in the aggregated stock return of small 

firms relative to their bigger counterparts, ceteris paribus. Of the estimated coefficients, 8/11 size risk 

exposures are individually statistically significant. Furthermore, they are also jointly significant according to 

the Wald Test22. Although not all coefficients are individually significant, we hold the opinion that, since the 

majority is still distinguishable from zero, we have obtained sufficient evidence to conclude affirmatory to 

the presence of size risk exposure among the S&P 500 Sector Indices. Hence, we reject the null of Hypothesis 

#2. 

The composition of an index might be a potential explanator of their respective exposure to size risk. It would 

be intuitive that sector indices composed of relatively many stocks with a small market capitalization are 

more prone to changes in the returns of the size spread. In Figure 4, the breakdown of the S&P SmallCap 600 

Index is displayed, presenting a clear view on which sectors contain the highest numbers of small stocks. 

There seems to be a relation between the sign of our estimated size risk exposure and that sector’s 

contribution to the S&P SmallCap 600, as sectors containing the lowest number of small firms, e.g., 

 
22 The table in Appendix E presents the exact test statistic of this test. 
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Communication Services and Utilities, also seem to have the lowest, negative risk exposure (-0.6 and -0.36 

respectively). By contrast, Consumer Discretionary, the second largest contributor to the index, has a positive 

risk exposure of 0.17. This reasoning explains some of the size risk exposures, but not all. To illustrate, the 

third-largest contributor of small-cap stocks, Financials, appears to be negatively exposed to size risk to a 

significant degree.  

 

Figure 4. S&P SmallCap 600 Sector Breakdown  

This figure displays the sector breakdown of the S&P SmallCap 600 Index, indicating the market capitalization 
contribution to the index for each sector in percentages. The index includes relatively small US stocks with a market 
capitalization from $600M - $2.4B.  

 

Note. Figure is from the “S&P SmallCap 600 Factsheet” by S&P Global (2020). Retrieved September 9th, 2020, from 
https://www.spglobal.com/spdji/en/indices/equity/sp-600/. 

 

 

6.2.3 Exposure to Value Risk 

Being significantly exposed to value risk can be interpreted as having significant exposure to the performance 

of value firms over growth firms. More specifically, the size risk exposure coefficient represents the expected 

percentage increase of a sector index return for every 1% increase in the aggregated stock return of firms 

with high book-to-market ratios relative to low book-to-market firms, ceteris paribus. Given that only 

approximately half of the coefficients are individually significant (6/11) gives rise to a degree of skepticism 

about the presence of size risk exposure among the S&P 500 Sector Indices. Nevertheless, the coefficients 

are jointly significant according to the Wald Test23. Hence, we believe to have sufficient evidence to reject 

the null of Hypothesis #3. 

The rejection of Hypothesis #3 contradicts our expectations and empirical findings of others. As discussed in 

 
23 As shown in the table in Appendix E. 
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Section 3.3,  there is evidence that in a model specification including 𝑅𝑀𝑊 and 𝐶𝑀𝐴 on top of the traditional 

FF3 factors, the exposure to 𝐻𝑀𝐿 is captured by the other factors. Although the exposure is not significant 

in a substantial number of sectors, we cannot deny its strong presence in the others. Similarly to the S&P 

SmallCap 600 Index for small-cap stocks, we turn to the S&P 500 Value Index that is composed of value stocks 

to find possible explanations for the differences in value risk exposure. Although S&P Global does not define 

value stocks solely based on a high book-to-market ratio, but also on high earnings-to-price and the sales-to-

price ratios, we still believe that this index sufficiently proxies the value stocks in the US market. As the index 

is float-adjusted market capitalization weighted, we cannot completely isolate the value composition from 

the index, since two companies with the same book-to-market ratio could have a striking difference in market 

cap, resulting in significantly different contributions to the index. However, under the assumption that on 

aggregate, these differences roughly cancel each other out, some deductions can still be made. Two remarks 

are in order when comparing Figure 5 to our estimated 𝐻𝑀𝐿 risk exposures. First, we cannot attribute the 

sign of the value risk exposure to the contribution of the S&P 500 Value Index. To illustrate, the two largest 

contributors, Financials and Health Care, have a notable difference in the values of their value risk exposure 

with 1.26 and -0.22 respectively. Nevertheless, the mere presence of significant value risk does seem to have 

a relation with the contribution to the index, as 5/6 of the top contributors are also 5/6 of the significant risk 

exposures. We leave finding the underlying drivers for the differences in the values of the coefficients for 

future research. Moreover, with a value risk coefficient of 1.26 and a standard error of only 0.11, the value 

risk exposure of the Financials sector is the most significant of all risk exposures estimated in the table. This 

could be due to the fact that companies in the financial sector, e.g., banks, asset management companies 

and insurance firms, are well aware of the value effect24. Therefore many firms in this sector could have 

exposed their assets in accordance with the ‘value investing’ strategy, which could explain the highly 

significant, positive risk exposure.  

 
24 The value effect implies that, on average, value stocks outperform growth stocks. 
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Figure 5. S&P 500 Value Breakdown  

This figure displays the sector breakdown of the S&P 500 Value Index, indicating the market capitalization contribution 
to the index for each sector in percentages. The index includes value stocks, which is defined by S&P Global as stocks 
with a high book-, earnings-, or sales-to-price ratio. 

 

Note. Figure is from the “S&P 500 Value Factsheet” by S&P Global (2020). Retrieved September 9th, 2020, from 
https://www.spglobal.com/spdji/en/indices/equity/sp-500-value/. 

 

 

6.2.4 Exposure to Profitability Risk 

Significant exposure to profitability risk can be interpreted as being significantly exposed to the stock 

performance of profitable firms over less profitable firms. In other words, the profitability risk exposure 

coefficient represents the expected percentage increase of a sector index return for every 1% increase in the 

aggregated stock return of firms with high operating profitability relative to low operating profitability firms, 

ceteris paribus. Given that 7/11 of the coefficients are individually significant gives rise to a small degree of 

skepticism about the presence of size risk exposure among the S&P 500 Sector Indices. Nevertheless, the 

coefficients are jointly significant according to the Wald Test25. Hence, we find sufficient evidence to reject 

the null of Hypothesis #4. 

We believe that the exposure of different industries to profitability risk could be related to that sector’s 

number of innovative, small startups. Intuitively, young startups have a low (or even negative) operating 

profitability and often need capital injections to invest in investment opportunities to become operationally 

profitable. Therefore, if the spread in stock returns between profitable firms and non-profitable firms 

increases, the sectors that have the lowest numbers of startups ought to benefit the most. To illustrate, the 

Information Technology sector is viewed as a highly innovative sector with many young startups. Hence, 

negative exposure to profitability risk is expected. By contrast, due to high barriers of entry in the Energy 

 
25 For the test statistic of this test, we refer to the table in Appendix E. 
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sector, the number of startups is low and therefore, the incumbents of that sector would most likely profit 

from an increase in the profitability spread. Our estimations support this thought, as the IT and Energy sectors 

have profitability risk exposures of -0.6 and 0.59 respectively.  

6.2.5 Exposure to Investment Risk 

Having a significant exposure to investment risk can be interpreted as being significantly exposed to the stock 

performance of firms with conservative investment policies over firms with aggressive investment policies. 

Particularly, the investment risk exposure coefficient represents the expected percentage increase of a sector 

index return for every 1% increase in the aggregated stock return of firms with low total asset change relative 

firms with high total asset change, ceteris paribus. Merely 3/11 sectors seem to be significantly exposed to 

investment risk. Therefore, we do not have confidence in the general presence of investment risk exposure 

among the S&P 500 Sector Indices. Although the coefficients are jointly significant according to the Wald 

Test26, the test statistic of the test is very low relative to the other risk factors’. Combining these two 

arguments, we believe that we have sufficient evidence to conclude that our empirical application of the 

model supports not rejecting the null of Hypothesis #5.  

This result was expected, as both our preliminary data analysis and other empirical studies have suggested 

that 𝐶𝑀𝐴 does not explain the variation in stock returns27. We leave finding arguments for the differences in 

investment risk exposures among the sector indices for future research. 

6.2.6 Sector Indices’ Variance Decomposition 

We apply the methods for decomposing the variance of the S&P 500 Sector Indices returns, as introduced in 

Section 4.3. Some results are displayed in Figure 6, whereas the complete set of waterfall charts are 

presented in Appendix F. The variance decompositions display highly varying characteristics between sectors. 

First, the amount of residual variance, i.e., the variance that is not explained by our model, is very high for 

some sectors and very low in others. This can be partly explained by the fact that the variance of the errors 

of the autoregressive function of 𝑀𝑘𝑡28 are relatively high. This causes the first column of the �̂��̂�𝒖 matrix to 

have relatively high values in comparison to the other rows. In turn, this leads to the exposure to market risk 

being highly relevant in both the determination of the residual variance as in the general source of the 

variance of a sector’s returns. Naturally, also the other error covariances and other risk exposures are 

relevant, but the variance of the market error has the highest impact on aggregate given a certain level of 

total return variance. Therefore, we are able to explain significantly less of the variance of a sector if their 

market risk exposure is low and vice versa. This is illustrated by the low market exposure for e.g. 𝑆5𝑈𝑇𝐼𝐿 

 
26 For the test statistics of this test, we make a reference to the table in Appendix E. 
27 We discuss these characteristics in Section 5.2 and 3.3 respectively. 
28 As estimated in Section Error! Reference source not found.. 
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with a risk exposure of 0.69 and very high residual variance or by a high market exposure for e.g. 𝑆5𝐼𝑁𝐷𝑈 

with a risk exposure of 0.42 and a very low residual variance, as illustrated in Figure 3. The variance 

decompositions for the other indices show roughly the same pattern. 

Furthermore, the explanation for the different risk factors contributing variously to the variation of the sector 

returns is influenced by the same �̂��̂�𝒖 matrix, but with a heavier weight on the individual risk exposures, as 

this matrix is multiplied by the corresponding 𝛽𝑖,𝑘 element from the matrix �̂�. Therefore, the more significant 

risk exposures with higher absolute values, the more of the total variance can be explained. We assess the 

decomposition of the variance of the 𝑆𝑃𝐹 returns to illustrate an example. The risk exposures of 𝑆𝑃𝐹 are 

1.39, -0.31, 1.26, -0.43 and -0.51 for the variables of 𝑪 respectively, while the 10th row29 of the �̂��̂�𝒖 matrix is 

[17.51, 3.40, 6.04, -4.17, 0.49]. The negative fourth element of this row is not surprising; since all error 

covariances for the autoregressive function of 𝑅𝑀𝑊 are negative (except its variance) and the majority of 

the elements of �̂� are positive (most importantly the market risk exposures), all elements in the fourth 

column of �̂��̂�𝒖 are negative. This decreases the variance for all sector indices that have a positive profitability 

risk exposure and increases it for negative profitability risk exposures. In our example, we see that 𝑆𝑃𝐹’s 

significant and negative exposure to profitability risk therefore increases the variance of its returns by −0.43 ∙

−4.17 = 1.79. Similar calculations can be done for the sector indices or risk factors of one’s interest. Hence, 

these insights in the elements of �̂� and �̂�𝒖 generate valuable information for portfolio management and 

hedging purposes.  

 

 
29 𝑆𝑃𝐹 is represented in the 10th row of the return matrix 𝑹. 



Chapter 6. Empirical Application 
 

Page 53 of 85 
 

Figure 6. Subset of Waterfall Charts S&P 500 Sector Indices Variance Decomposition 

This figure displays waterfall charts for the variance decomposition of the returns of three S&P 500 Sector Indices: 
𝑆5𝑈𝑇𝐼𝐿, 𝑆𝑃𝐹 and 𝑆5𝐼𝑁𝐷𝑈. The total monthly variance is displayed on the y-axis, whereas the source of the variance, the 
total variance and the residual variance are displayed on the x-axis. The complete set can be found in Appendix F. The 
sample period is 2001:12 – 2019:11. 

     

 

 

6.3 Price of Risk Functions and Unconditional Prices Estimation 

After estimating the risk exposures, we can estimate the parameters in the price of risk function, i.e., the 

constants �̂�𝟎 and the coefficients of the time-varying prices of risk �̂�𝟏. Prior to the estimation process, we 

extract �̂�𝟎 from the first row of �̂� and �̂� ̂𝟏 from the second to sixth row. Thereafter, we solve equation (34) 

for the coefficient estimates and equations (35) to (39) for their standard errors. Also, tests for joint 

significance of all row-wise elements of matrix �̂�𝟏 are executed. Afterward, we solve equations (40) to (44) 

to estimate the unconditional prices of risk and their standard errors for each risk factor. Our estimations are 

presented in Table 12 and help us to test the hypotheses 6-15 in the next section. Also, by solving the price 
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of risk function in equation (21), we can plot the estimated prices of risk over time, which are presented in 

Figure 8. 

 

Table 12. Price of Risk Functions and Unconditional Prices Estimates 

This table states the estimated coefficients for all five price of risk functions and their annualized unconditional prices. 

The coefficients are estimated by solving �̂�𝟎 = (�̂�′�̂�)−1 �̂�′�̂�𝟎, �̂�𝟏 = (�̂�′�̂�)−1 �̂�′�̂�𝟏 and �̄� =  (𝝀𝟎 + 𝜦𝟏𝔼[𝑭𝒕]) ∙ 𝑀. 
Additionally, the standard errors are presented in parentheses and the “Wald Stats” represent the test statistics for the 
Wald Test, which assesses the joint significance of all coefficients for the time-varying prices of risk for each risk factor. 
The sample period is 2001:12 – 2019:11. ***, ** and * represent significance at the 1%, 5% and 10% level respectively. 

Risk factor �̂�𝟎 
�̂�𝟏 

𝑻𝑺𝒀𝟏𝟎 
�̂�𝟏 
𝑫𝒀 

�̂�𝟏 
𝑬𝒀 

�̄� 
Wald Stats 

�̂�𝟏 

𝑀𝑘𝑡 
-3.58 

(2.25) 
-0.11 

(0.23) 
0.38 

(0.77) 
0.63** 

(0.32) 
4.18*** 

(0.23) 
0.42 

𝑆𝑀𝐵 
-5.50*** 

(1.39) 
0.39*** 

(0.14) 
1.81*** 

(0.48) 
0.05 

(0.19) 
-4.46 

(3.98) 
180.24*** 

𝐻𝑀𝐿 
1.21 

(1.36) 
-0.05 

(0.14) 
-0.73 

(0.47) 
-0.02 

(0.19) 
-5.90*** 

(1.52) 
1.25 

𝑅𝑀𝑊 
3.11*** 

(1.11) 
0.43*** 

(0.11) 
-1.83*** 

(0.38) 
-0.07 

(0.15) 
5.09 

(3.80) 
31.84*** 

𝐶𝑀𝐴 
-5.74*** 

(0.95) 
-0.06 

(0.10) 
0.55* 

(0.33) 
0.73*** 

(0.13) 
8.98*** 

(2.27) 
62.46*** 

 

 

6.3.1 Price of Market Risk 

According to our empirical analysis, the estimated unconditional price of market risk, i.e., the average 

compensation that an investor expects for being exposed to market risk given the variation of the market 

portfolio, is an annual 4.18% and is statistically significant. Therefore, market risk is priced in the cross-section 

of the S&P 500 Sector Indices and hence, we reject the null of Hypothesis #11. The result is consistent with 

the literature, which also finds a positive and significant unconditional price of market risk (Adrian et al., 

2015; Li, 2018; Moskowitz, 2003). As one ought to be compensated for being exposed to systematic, non-

diversifiable risk, this empirical result follows economic intuition. As observed from Figure 8 and Table 12, 

we note that our price of market risk estimates follow a countercyclical pattern and have narrow confidence 

bands around them, as the standard error is very small relative to its estimate (0.23 and 4.18 respectively).  

Additionally, even though the earnings yield seems to contribute significantly to the price of risk function, 

the Wald Test yields an insignificant result, indicating that there is no significant time variation in the price of 

market risk. Therefore, against our expectation, we cannot reject the null of Hypothesis #6. One possible 

explanation might be that for our time sample, the price of market risk has not fluctuated that much because 

of the relatively stable earnings yields. Apart from some increased earnings yield volatility around the 
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financial crisis in 2008, it has steadily fluctuated between approximately 5% and 8%. To illustrate with another 

twenty-year sample, between 1970 and 1990, the yield fluctuated more aggressively between 5% and 14%30. 

We hypothesize that, if our empirical analysis had been analyzed that time period, we would have rejected 

the null for joint insignificance of the time-varying estimates in the price of market risk function. Furthermore, 

as all S&P 500 Sector Indices are positively exposed to market risk and the earning yield coefficient is positive, 

this implies that higher earnings yields predict higher expected excess returns, which is in line with economic 

intuition and the relevant literature as discussed in Section 3.2.  

Lastly, to visually demonstrate how the various price of risk factors contribute to the prices of risk over time, 

we present an example for the price of market risk in Figure 7. As our estimates in Table 12 suggested, we 

observe that the only significant contributor to the variability of the price of market risk, 𝐸𝑌, has a relatively 

elevated contribution in comparison to 𝑇𝑆𝑌10 and 𝐷𝑌. Its significant contribution is characterized in two 

ways. First, the average absolute contribution over the time sample is much higher than for the other two 

price of risk factors, with an annualized average contribution of 42.18%, 9.08% and -4.19% for 𝐸𝑌, 𝐷𝑌 and 

𝑇𝑆𝑌10 respectively. Second, the dynamics of the 𝐸𝑌 contribution resembles the dynamics of the price of 

market risk with remarkable precision. We illustrate the composition of the price of market risk with an 

observation from the time series plots. In our sample period, the price of market risk was at an all-time high 

around the financial crisis of 2008 and was accompanied by the highest levels of contributions for the 

dividend and earnings yields. Furthermore, the 10-year Treasury yield contribution was only marginally above 

its average31. For 𝐸𝑌 and 𝐷𝑌, this example supports the signs of their respective estimated coefficients in 

Table 12. Although this is not the case for 𝑇𝑆𝑌10, we argue that this is due to the only marginal increase and 

the low absolute shock to the contribution of 𝑇𝑆𝑌10 on the price of market risk. Moreover, while the 

dynamics in the dividend yield contribution display similar behavior as the price of market risk around the 

financial crisis, its coefficient in the price of market risk function is not significant. We argue that this could 

be due to the stickiness of dividends, while the stock prices drop instantly in bear markets32. In other periods 

with less volatile stock market returns, the dynamics in the dividend yield contribution only resembles the 

dynamics in the price of market risk marginally, as opposed to the earnings yield contribution. In Appendix 

G, we display the price of risk factors’ dynamic contributions to the price of risk functions for the other risk 

factors. 

 

 

 
30 The data discussed was assessed from the same source as our sample data, namely Bloomberg. 
31 More specifically, the highest price of market risk implied by our model was estimated for February 2009, with an 
annualized price of 32.66% and 𝐸𝑌, 𝐷𝑌 and 𝑇𝑆𝑌10 contributions of 61.95%, 17.30% and -3.69% respectively. 
32 The same argument could be applied to the stickiness of earnings. 
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Figure 7. Contributions to the Price of Market Risk over Time 

This figure provides the time series plots of the annualized estimated contributions of 𝑇𝑆𝑌10, 𝐷𝑌 and 𝐸𝑌 to the price of 
market risk, including the series’ averages over the time sample. Additionally, the time series evolution of the estimated 
price of market risk is displayed in the upper left panel33. The estimated contributions (�̂�) are calculated by solving 
�̂�𝑡,𝑀𝑘𝑡,𝑓 =  𝛬1,𝑀𝑘𝑡,𝑓 𝐹𝑡,𝑓 for all 𝑓 = 𝑇𝑆𝑌10, 𝐷𝑌, 𝐸𝑌 and all 𝑡 = 1, … , 𝑇. The sample period is 2001:12 – 2019:11.  

      

 

 

6.3.2 Price of Size Risk 

Furthermore, the estimated unconditional price of size risk, i.e., the compensation that an investor expects 

for being exposed to size risk given the variation in the spread between small and big firms, is statistically 

insignificant. Therefore, size risk is not priced in the cross-section of the S&P 500 Sector Indices and hence, 

we cannot reject the null of Hypothesis #12. This result is unexpected, as previous literature found evidence 

that contradicts this result (Li, 2018; Moskowitz, 2003). Nevertheless, Adrian et al. (2015) found that in their 

 
33 For the time series plot of the price of market risk including the confidence interval bands, we refer to Figure 8. 
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specification, size risk was not significantly priced in the cross-section either. But as their specification was 

not very similar to ours, we believed that a different specification could lead to different results. This finding 

implies that our empirical analysis disputes the existence of the renowned size-effect34 in the last 20 years. 

Visually, one can observe 𝑆𝑀𝐵’s insignificance by the wide confidence bands in Figure 8 that contains the 

value of zero over the majority of the time frame. Furthermore, the plot displays a countercyclical pattern. 

This supports the economic intuition that in bear markets, small firms struggle more than big firms, therefore 

increasing the risk of being exposed to the belief of outperforming small firms. In turn, the increased risk 

implies a high price of size risk. 

By contrast, we do find substantial evidence for time variation in the price of size risk, as both the coefficients 

of 𝑇𝑆𝑌10 and 𝐷𝑌 are statistically significant and the Wald Test rejects the null of joint insignificance of all 

coefficients for the time-varying parameters in the price of size risk function. Therefore, we reject the null of 

Hypothesis #7. Time-varying prices of size risk were also found in Adrian et al. (2015). 10-year Treasury yields 

seem to be positively contributing to the price of size risk. A possible explanation for this could be that high-

interest rate environments increase the opportunity costs of exposure to other strategies that ought to yield 

positive long-run returns, like the size-effect. Therefore, an investor could expect higher rewards for sticking 

to the small-firm strategy. Even though our results might dispute the existence of this effect in our test assets, 

note that opportunity costs are related to an investor’s expectation. If she believes that her small-firm 

strategy should yield positive results and another potentially more viable strategy presents itself, it will still 

increase her opportunity cost of remaining exposed to 𝑆𝑀𝐵. Furthermore, high dividend yields also 

contribute positively to the price of size risk. One could argue that small firms paying out more dividends 

instead of reinvesting is riskier, as they usually need capital to grow or to become profitable. Therefore, 

paying out dividends could increase the risk of losing future gains more significantly for small firms in 

comparison to big firms. Because of this increase of risk, investors with exposure to 𝑆𝑀𝐵 could expect a 

higher return in high dividend yields environments, ceteris paribus. The dynamic contributions of 𝑇𝑆𝑌10 and 

𝐷𝑌 on the price of size risk are presented in Appendix G. 

6.3.3 Price of Value Risk 

Additionally, the estimated unconditional price of value risk, i.e., the compensation that an investor expects 

for being exposed to value risk given the variation in the spread between value firms and growth firms, is an 

annual -5.90% and is statistically significant. Therefore, value risk is priced in the cross-section of the S&P 500 

Sector Indices and hence, we reject the null of Hypothesis #13. Its significance contradicts expectation, as Li 

(2018) found no evidence for cross-sectional value risk prices in the same specification of our model. As 𝐻𝑀𝐿 

 
34 For elaboration on the size-effect, we refer to Section 2.1.3. 
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is negative on average35, exposure to this factor ought to be negatively compensated as well, henceforth the 

negative unconditional price of value risk. The significantly negative effect is displayed in Figure 8, as the 

confidence interval usually does not contain the value of zero. 

Furthermore, we find no evidence for time-varying prices of value risk, since the Wald Test does not reject 

the null of joint insignificance of all coefficients for the time-varying parameters in the price of value risk 

function and none of the elements of �̂�𝟏 are statistically distinguishable from zero. Therefore, we do not 

reject the null of Hypothesis #8. To our best knowledge, there have been no empirical analyses that have 

assessed the dynamics of the price of value risk in this particular setup. Hence, we believe that this finding 

contributes to our current knowledge about value and growth stocks.  

6.3.4 Price of Profitability Risk 

Furthermore, the estimated unconditional price of profitability risk, i.e., the compensation that an investor 

expects for being exposed to profitability risk given the variation in the spread between firms with high 

operating profitability and low operating profitability, is statistically insignificant. Therefore, profitability risk 

is not priced in the cross-section of the S&P 500 Sector Indices and therefore, we cannot reject the null of 

Hypothesis #14. This result was unexpected, as it is inconsistent with the empirical results found in Li (2018), 

who concluded that profitability risk is significantly priced in the cross-section of the US equity market. The 

confidence interval of profitability risk often contains the value of zero, as displayed in Figure 8, explaining 

its insignificance.  

Additionally, both the coefficients of 𝑇𝑆𝑌10 and 𝐷𝑌 are statistically significant and the Wald Test rejects the 

null of joint insignificance of all coefficients for the time-varying parameters in the price of profitability risk 

function. Hence, we find concrete evidence for time variation in the price of profitability risk and therefore 

reject the null of Hypothesis #9. Presumably, this result of our empirical analysis has not been researched by 

others yet and hence contributes significantly to the knowledge in the field. It could be argued that higher 

interest rates increase interest costs for firms and therefore influence their profitability. Hence, the volatility 

of stock returns between profitable and non-profitable firms could increase in the future. Therefore, an 

investor will expect higher returns for the risk that she is taking when exposed to a specific long-term 

profitability strategy, explaining the positive coefficient �̂�1 of 𝑇𝑆𝑌10. Higher dividend yields seem to 

decrease the price of profitability risk. This is intuitive, as high dividends signal solid profitability levels and 

thereby lower the risks on positively exposed 𝑅𝑀𝑊 portfolios. The time-varying contributions of the price of 

risk factors to the price of profitability risk are plotted in Appendix G. 

 
35 As displayed in Table 8. 
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6.3.5 Price of Investment Risk 

Last we cover the price of investment risk. It appears to be the only risk factor that is both priced in the cross-

section of S&P 500 Sector Indices and displays significant time variation. The compensation that an investor 

expects for being exposed to investment risk given the variation in the spread between firms with low asset 

growth and high asset growth, is statistically significant and positive with an annual 8.98%. We reject the null 

of Hypothesis #15. Our results are in line with the findings in several papers that have empirically tested 

investment risk in similar settings (Fama & French, 2017; Yang et al., 2017; Zhou & Li, 2016). As displayed in 

Figure 8, the price of investment risk displays a countercyclical pattern.  

As with market risk, the dynamics of the price of investment risk seem to be related to the level of the 

earnings yield, since we find its estimated coefficient to be significant and positive. The dividend yield is 

merely weakly significant in the price of investment risk function. Furthermore, the Wald Test rejects the null 

of joint insignificance of all coefficients for the time-varying parameters in the price of risk function. Hence, 

we find evidence for time variation in the price of investment risk and therefore reject the null of Hypothesis 

#10. In environments with high earnings yields, firms have, ceteris paribus, more capital that they can employ 

to invest in new projects. Firms with a more aggressive investment stance will spend a more significant 

proportion of these higher earnings on new projects. This affects the return spread with the firms with a 

conservative investment stance. As investments are risky, it will increase the volatility of 𝐶𝑀𝐴 and therefore 

the price of investment risk. One can assess the dynamics of the 𝐸𝑌 contribution to the price of investment 

risk in Appendix G. 
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Figure 8. Dynamics of the Prices of Risk 

This figure provides the time series plots of the estimated prices of risk for all risk factors by our dynamic asset pricing 

model. The estimates are calculated by solving �̂�𝒕 =  (�̂�𝟎 + �̂�𝟏 𝑭𝒕). Additionally, the blue, dotted lines represent the 95% 

confidence intervals of our estimates. The sample period is 2001:12 – 2019:11.  
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6.4 One-Year Ahead Expected Excess Returns 

One of the benefits of our methodology is the ability to forecast excess returns further than one month 

ahead. Using the coefficients of the VAR(1) model, we can forecast economic state variables and implement 

them into our price of risk functions to predict the excess returns of the S&P 500 Sector Indices. As hinted at 

in Section 4.6, we forecast the returns of these sectors over the next 12 months for every observation in our 

time sample by applying the methods introduced in that section. Additionally, we also apply equation (45) 

on the raw data of 𝑹 to compare the precision of our in-sample forecasts to the one-year ahead historical 

returns36. We present a subset of the returns’ time series in Figure 9 and give a full overview of all sector 

indices in Appendix H. Moreover, Table 13 presents the expected monthly returns for the year after our final 

observation in the time frame. 

When analyzing the plots in Figure 9, we can make several remarks. First, the plots show that there is a 

significant benefit from dynamic asset pricing modeling. The dynamic return estimates approximately follow 

the pattern of the historical returns, as opposed to the static estimates using the unconditional prices of risk 

that give the same estimates over the whole time frame. Additionally, there are differences in how accurate 

our dynamic estimates are in comparison to the historical returns. To illustrate this difference, the dynamic 

estimates in the plots for 𝑆5𝐶𝑂𝑁𝐷 and 𝑆𝑃𝐹 predict the historical returns very well, whereas the spread 

between the historical returns and the predicted returns is much larger for 𝑆5𝐶𝑂𝑁𝑆 and 𝑆5𝑇𝐸𝐿𝑆. The 

differences in our model’s explanatory power of return variance between sectors can be traced back to the 

variance decomposition, as discussed in Section 6.2.6. Furthermore, credit has to been given to our model’s 

ability to not only predict common variation to some degree, but also to its capability to forecast stock market 

crashes to some extent. For instance, although our model generally tends to underestimate the magnitude 

of the crash, it displays a significant drop of one-year ahead expected returns before the financial crisis of 

2008. This ability seems to extend out-of-sample as well. Even though in November 2019, the last observation 

in our dataset, the world was not introduced to the Coronavirus yet, all dynamic return plots appear to display 

a significant drop in one-year ahead expected return for the last year of the dataset, indicating lower 

expected excess returns in the period from December 2019 to November 2020 relative to the months before 

that. Hence, our model signals the lower levels of expected return before the stock market crash of 2020 due 

to the outbreak of the Coronavirus. Looking at the monthly forecasts in Table 13 though, our model does 

underestimate the magnitude of the crash, since the returns are still positive. We observe that throughout 

the year, expected returns are generally increasing. This is due to the characteristics of our model, as VAR(1) 

point forecasts converge to the unconditional mean of the process when ℎ, the forecast horizon, goes to 

 
36 By doing this, we lose the last 12 observations of our time series for the historical data. 
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infinity. As the levels of the monthly expected returns in the table are lower than their respective means 

throughout the whole forecasting process, the expected monthly returns are increasing. Last, we want to 

assess the level of the one-year ahead expected returns using a static asset pricing model. Although they are 

not identical, the level of expected average return roughly approximates the means of the returns found in 

the historical data, as found in Table 7. Therefore, our model correctly predicts what sector yields higher 

average returns in comparison to others.  

 

Table 13. Expected Excess Returns of the S&P 500 Sector Indices 

This table presents the expected monthly excess log-returns of the S&P 500 Sector Indices for 2019:12 – 2020:11 in annualized 
percentages. Additionally, the one-year ahead expected excess return for the last observation in our time frame, November 2019, is 
presented and equals the average of all monthly elements. The last column represents the annualized excess return estimated by 
the static form of our asset pricing model. For the description of the assets’ abbreviations, we refer to Table 7. 

Sector  Dec19 Jan20 Feb20 Mar20 Apr20 May20 Jun20 Jul20 Aug20 Sep20 Oct20 Nov20 Year �̂��̄� 

𝑆5𝐶𝑂𝑁𝐷 0.12% 2.88% 3.24% 3.48% 3.72% 3.96% 4.20% 4.44% 4.68% 4.92% 5.04% 5.28% 3.83% 5.14% 

𝑆5𝐶𝑂𝑁𝑆 1.20% 0.96% 1.20% 1.44% 1.56% 1.80% 2.04% 2.16% 2.40% 2.52% 2.76% 2.88% 1.90% 4.37% 

𝑆5𝐻𝐿𝑇𝐻 2.04% 3.12% 3.24% 3.48% 3.60% 3.84% 3.96% 4.08% 4.32% 4.44% 4.56% 4.68% 3.79% 6.00% 

𝑆5𝐼𝑁𝐷𝑈 1.32% 3.12% 3.48% 3.72% 3.96% 4.20% 4.44% 4.68% 4.92% 5.16% 5.40% 5.52% 4.18% 5.17% 

𝑆5𝐼𝑁𝐹𝑇 1.92% 5.88% 6.12% 6.48% 6.72% 7.08% 7.32% 7.56% 7.80% 8.04% 8.28% 8.52% 6.81% 8.03% 

𝑆5𝑀𝐴𝑇𝑅 1.32% 3.72% 3.96% 4.20% 4.56% 4.80% 5.04% 5.28% 5.52% 5.64% 5.88% 6.12% 4.66% 6.73% 

𝑆5𝑅𝐸𝐴𝑆 2.52% 3.12% 3.24% 3.36% 3.60% 3.72% 3.84% 3.96% 4.08% 4.20% 4.32% 4.44% 3.69% 4.92% 

𝑆5𝑇𝐸𝐿𝑆 -0.48% 1.92% 2.28% 2.76% 3.12% 3.48% 3.84% 4.20% 4.56% 4.92% 5.16% 5.52% 3.44% 1.85% 

𝑆5𝑈𝑇𝐼𝐿 1.56% 1.56% 1.68% 1.80% 2.04% 2.16% 2.28% 2.52% 2.64% 2.76% 2.88% 3.00% 2.23% 4.40% 

𝑆𝑃𝐹 5.04% 4.20% 4.44% 4.56% 4.68% 4.92% 5.04% 5.16% 5.28% 5.40% 5.52% 5.64% 4.99% 2.13% 

𝑆𝑃𝑁 1.20% 2.40% 2.64% 2.88% 3.00% 3.12% 3.36% 3.48% 3.60% 3.84% 3.96% 4.08% 3.13% 6.63% 
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Figure 9. One-year Ahead Expected Excess Returns 

This figure displays the one-year ahead expected excess return time series plots for four S&P 500 Sector Indices: 
𝑆5𝐶𝑂𝑁𝐷, 𝑆𝑃𝐹, 𝑆5𝐶𝑂𝑁𝑆 and 𝑆5𝑇𝐸𝐿𝑆. The plots display three series each: the historical returns (black, dotted), the 
dynamic expected returns (blue) and the static expected returns (red). All excess returns are stated in annualized 
percentages. The complete set can be found in Appendix H. The sample period is 2001:12 – 2019:11. For the historical 
returns, we lose the 12 last observations in the data set, therefore only displaying values until 2018:11. 
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7 Discussion and Conclusion 

In the previous chapter, we have presented the results of our empirical analysis. In this chapter, we employ 

these results to answer the research question and the sub-questions based on the outcomes of our 

hypothesis tests and discuss our findings by relating them to existing literature. Thereafter, we finalize this 

section by giving a general conclusion to this paper.  

7.1 Research Questions 

We aim to answer the research questions proposed in Section 1.2 using the results of the Empirical 

Application chapter and contextualize our findings with the academic research covered in the Literature 

Review chapter. We first address the results to the sub-questions and combine their findings to answer the 

main research question of this paper.  

1. How are the excess returns of the S&P 500 Sector Indices exposed to different risk factors? 

We find that the S&P 500 Sector Indices are generally exposed to market, size, value and profitability risk, 

yet not to investment risk. All sectors display a positive risk exposure to market risk, which seems to be 

centered around one. For the size, value and profitability risk, the exposures differ per sector both in sign 

and in magnitude. The sector indices are generally not exposed to investment risk, as only a few exhibit a 

significant exposure. The authors of the original model specification of our risk factors found that exposure 

to the other factors would capture the average value premium, which we find no evidence for. Additionally, 

most empirical analyses with similar model specifications researching investment risk found that this risk 

factor has the ability to significantly explain the variation of stock returns, which our results seem to 

contradict.  

2. How do various economic state variables explain the time variation in the price of risk functions? 

We conclude that the prices of size, profitability and investment risk display significant time variation in our 

time sample, whereas the prices of market and value risk seem relatively constant. We find that the level of 

the dividend yield in the economy contributes significantly to the time variation of all time-varying prices of 

risk. This price of risk factor appears to both increase and decrease the prices of risk, depending on the risk 

factor. Additionally, we find that the level of the 10-year Treasury yield significantly increases the prices of 

size and profitability risk, but has no influence on the time variation in the price of investment risk. The time 

variation for the latter is mostly dependent on the level of the earnings yield in the economy. The result 

showing a positive contribution of the 10-year Treasury yield to the price of size risk contradicts the findings 

in Adrian et al. (2015), as they find a negative relationship between the level of this price of risk factor and 

the price of size risk. Nevertheless, they also found a positive contribution to the price of size risk with the 

level of the dividend yields, which we do find evidence for. To our best knowledge, there is no other research 
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on the contributors to the time variation of the price of profitability and investment risk and hence, our 

findings provide insightful additions to the literature in this field. 

3. What risk factors are unconditionally priced in the cross-section of the S&P 500 Sector Indices and at 

what average price? 

The results of our empirical analysis conclude that market, value and investment risk are unconditionally 

priced in the cross-section of the S&P 500 Sector Indices returns, while we find no evidence for unconditional 

pricing of size and profitability risk. Market and investment risk are positively priced at an annual 4.18% and 

8.98% respectively, whereas we find a negative unconditional price for value risk at -5.90% per annum. 

Presumably, Li (2018) provides the only literature that investigates unconditional pricing of the Fama-French 

Five Factors. Our findings agree with his on the unconditional prices of market and investment risk, which he 

deems positive and significant. Although his estimate on the price of value risk was negative, which is in 

accordance with our findings, he found that this price was statistically indistinguishable from zero. 

Additionally, he found evidence for unconditional pricing of size and profitability risk, which our findings do 

not support. 

4. What is the expected excess return on the S&P 500 Sector Indices going forward? 

By employing the estimates from our multistage linear regressions, we predicted the one-year ahead returns 

for all S&P 500 Sector Indices on the final observation in our time frame, which is November 2019. Our model 

seems to display the ability to predict stock market crashes to some extent, although the magnitude of these 

crashes is usually slightly underestimated. Possibly due to this ability, our model predicts lower average 

returns on stocks in 2020, as our one-year ahead predictions for November 2019 are relatively low and have 

already displayed a significant drop in the months before that. Therefore, our model appears to find some 

preliminary evidence for the 2020 stock market crash due to the outbreak of the Coronavirus. Additionally, 

the differences in expected returns between the sectors approximate the historical spreads in returns 

between the sectors, as the sectors with the highest historical average returns display the highest one-year 

ahead expected excess returns and vice versa. More specifically, our model predicts that the sectors with the 

highest returns one-year going forward are the IT, Financials, Materials and Industrials sectors with an 

annualized expected excess return of 6.81%, 4.99%, 4.66% and 4.18% respectively. Sectors with the lowest 

expected excess returns include the Consumer Staples, Utilities, Energy and Communication Services sectors 

with 1.90%, 2.23%, 3.13% and 3.44% respectively. The sectors with average expected excess returns in the 

set of sector indices include the Real Estate, Health Care and Consumer Discretionary sectors with annual 

expected excess returns of respectively 3.69%, 3.79% and 3.83%.  
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Research Question: How do the prices of risk and their time dynamics for the market, size, value, 

profitability and investment factors explain the variation of expected excess returns on the S&P 500 Sector 

Indices? 

In this thesis, we find evidence that the level of the prices of market, value and investment risk help to explain 

the variation of expected excess returns on the S&P 500 Sector Indices on average. While the prices of market 

and value risk are relatively stable, the price of investment risk displays significant time variation related to 

the level of the earnings yield and dividend yield in the economy. Although we find no evidence of significant 

unconditional pricing of size and profitability risk, their prices of risk do display significant time variation 

depending on the level of the 10-year Treasury yield and the dividend yield. Therefore, they could be more 

helpful at explaining the variation of the S&P 500 Sector Indices’ returns in time periods where these prices 

of risk display more extreme values. Last, as we find that the S&P 500 Sector Indices are generally exposed 

to all researched risk factors but investment risk, the price of investment risk is less relevant in explaining the 

variation of the excess returns for the majority of these indices.  

7.2 Conclusion 

This thesis assesses how the prices of risk and their time dynamics for the market, size, value, profitability 

and investment risk factors explain the variation of expected excess returns on the S&P 500 Sector Indices 

from 2001 to 2019. The motivation for evaluating these factors is to improve our understanding of both the 

time series and cross-sectional drivers of asset prices, as this is imperative for both policy makers and 

investors. The literature reviewed in this paper assists in justifying the form of our asset pricing model, as 

well as the right specification of the variables. We found that there is evidence that employing time-varying 

prices of risk ought to significantly improve the model’s precision in explaining the variation of stock returns. 

Furthermore, regardless of some papers with minor skepticism towards some of the risk factors, we present 

various empirical analyses that show the extraordinary explanatory power of the Fama-French Five Factors 

for the variation in US equity returns. Additionally, we find evidence that the 10-year Treasury yield, the 

dividend yield and the earnings yield possess explanatory power about future excess stock returns and are 

therefore specified as our price of risk factors. These price of risk factors should assist to explain the time 

variation of the prices of risk. By employing a three-step linear regression model with dynamic components, 

we are able to assess not only the prices of risk for the risk factors and their time dynamics but also the S&P 

500 Sector Indices’ risk exposures to these factors. Additionally, we assess the individual drivers of the time 

variation in the prices of risk and forecast the one-year ahead expected excess returns for the different 

sectors. First, we find that the sector indices are generally exposed to market, size, value and profitability 

risk, yet not to investment risk. The exposures do vary quite significantly per sector, both in values as in 

significance. Furthermore, we observe that the unconditional prices of market, value and investment risk are 
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helpful in explaining the variation on the returns of the S&P 500 Sector Indices, with average levels of 4.18%, 

-5.90% and 8.98% per annum respectively. Whilst we find that the price of investment risk has a time-varying 

nature that comoves mostly with the level of the earnings yield and, to a lesser extent, the dividend yield in 

the economy, we conclude that the prices of market and value risk are generally stable over our researched 

time frame. Despite the lack of evidence of cross-sectional pricing of size and profitability risk, we do find 

that the level of their prices of risk is dependent on the level of the 10-year Treasury yield and the dividend 

yield. Therefore, these prices of risk could be helpful in explaining the variation of the S&P 500 Sector Indices 

in times with more extreme values of these price of risk factors. By employing our model’s estimated 

parameters, we are able to predict each sector’s expected excess one-year ahead return, thereby indicating 

the indices’ performances over the year after our last observation, which is November 2019. We predict that 

the IT, Financials, Materials and Industrials sectors will yield the highest returns in this period, with an 

expected excess return of an annual 6.81%, 4.99%, 4.66% and 4.18% respectively. Furthermore, the sectors 

with the lowest forecasted profitability include the Consumer Staples, Utilities, Energy and Communication 

Services with an expected excess return of 1.90%, 2.23%, 3.13% and 3.44% per annum respectively. All 

expected excess returns for the next year are generally lower than the historical average, as our model seems 

to possess the ability to predict the low stock returns in 2020 due to the outbreak of the Coronavirus to a 

marginal extent. Our findings are helpful to investors that apply factor-based asset allocation strategies, as it 

optimizes their knowledge about the risk exposures of the S&P 500 Sector Indices and assists in predicting 

returns on these equity portfolios, thereby enhancing their ability to improve their performance. 
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8 Perspectives and Future Research 

Our paper has provided insightful results that improve our understanding of the time series and cross-

sectional drivers of the excess returns on the S&P 500 Sector Indices. In this chapter, we put the implications 

of these results into the perspective of factor-based investors and propose future research for the academic 

field.  

Investors allocate their assets based on certain beliefs of risks and rewards that accompany their investment 

strategy. Therefore, it is imperative to them that they correctly understand the drivers of their portfolio’s 

expected return and volatility. Applying the insights generated in this paper, they can enhance their 

understanding of why investing in certain S&P 500 Sector Indices generate certain returns. Additionally, by 

assessing the current values of the contributors to the prices of risk, they are able to forecast the expected 

returns on these indices. To illustrate, an investor that manages a portfolio with many stocks that have been 

classified in the Energy Sector could opt to sell some of these stocks when she expects the dividend yields in 

the economy to drop. This is due to the Energy Sector’s positive exposure to size risk and the dividend yield’s 

positive contribution to the price of risk function for size risk. Hence, decreasing dividend yields imply a lower 

price of size risk and therefore a relatively lower expected excess return on stocks in the Energy Sector, ceteris 

paribus. In this way, she can manage her portfolio to align with the desired level of expected return. Note 

that this implication is based on the assumption that the effects found in this thesis will persist in the future, 

which is not a certainty.   

Furthermore, our results and applied methodology give rise to various other questions left unanswered. First, 

future research could attempt to find explanations for why certain indices are exposed to specific risk factors. 

The same applies to our findings on significant unconditional prices or significant contributors to the price of 

risk function. Although we may provide the reader with economic intuition, we note that these arguments 

ought to be theoretically assessed or empirically tested to improve our confidence in the drivers of our 

results. Additionally, as the specification of our test assets contains returns on US-based sector indices 

covering the last two decades, we note that we cannot generalize our findings to the same sectors in other 

countries or different time frames. Therefore, research can be conducted in these environments to assess 

whether we find similar effects. Obtaining these insights will provide us with the ability to delimit the correct 

scope of our findings. Furthermore, it would be interesting to employ some of the proposed extensions or 

alternatives to our methodology, as discussed in Section 4.7. For instance, it could be assessed weather 

including time-varying risk exposures improves the precision of our predictions for the expected excess 

returns. Moreover, one could try different specifications of a VAR(𝑝) model to truly minimize the errors of 

the vector autoregressive process. Last, alternative forecasting models may be employed to more accurately 

estimate the future values of the prices of risk factors, depending on the characteristics of the data. 



Chapter 9. Bibliography 
 

Page 69 of 85 
 

9 Bibliography 

Adrian, T., Crump, R. K., & Moench, E. (2015). Regression-based estimation of dynamic asset pricing models. 

Journal of Financial Economics, 118(2), 211–244. 

Akaike, H. (1973). Information theory and an extension of the maximum likelihood principle. (B. N. Petrov, & 

F. Csaki, Eds.). 2nd International Symposium on Information, 267–281. 

Akdeniz, L., Salih, A. A., & Caner, M. (2002). Time-Varying Betas Help in Asset Pricing: The Threshold CAPM. 

Studies in Nonlinear Dynamics & Econometrics, 6(4). 

Arnold, G. (2008). Corporate financial management. Pearson Education. 

Baker, M., & Wurgler, J. (2011). Benchmarks as Limits to Arbitrage: Understanding the Low Volatility 

Anomaly. Financial Analysts Journal, 67(1), 40–54. 

Bali, T. G., Demirtas, K. O., & Tehranian, H. (2008). Aggregate Earnings, Firm-Level Earnings, and Expected 

Stock Returns. Journal of Financial and Quantitative Analysis, 657–684. 

Bird, R., Menzies, G., Dixon, P., & Rimmer, M. (2011). The economic costs of US stock mispricing. Journal of 

Policy Modeling, 33(4), 552–567. 

Black, F., Jensen, M. C., & Scholes, M. (1972). The Capital Asset Pricing Model: Some Empirical Tests. 

Blitz, D., Van Vliet, P., & Baltussen, G. (2019). The volatility effect revisited. The Journal of Portfolio 

Management, 46(2), 45–63. 

Bloomberg Finance LP. (2020). The Terminal: Bloomberg Professional Services. Retrieved September 7, 2020, 

from https://www.bloomberg.com/professional/solution/bloomberg-terminal/ 

Bollerslev, T. (1986). Generalized Autoregressive Conditional Heteroskedasticity. Journal of Econometrics, 31, 

307–327. 

Bollerslev, T., Engle, R. F., & Wooldridge, J. M. (1988). A Capital Asset Pricing Model with Time-Varying 

Covariances. Journal of Political Economy, 96(1), 116–131. 

Campbell, J. (1996). Understanding risk and return. Journal of Political Economy, 104(2), 298–345. 

Campbell, J., Lo, A., & MacKinley, A. (1997). The Econometrics of Financial Markets. The Econometrics of 

Financial Markets. 

Campbell, J. Y. (1987). Stock Returns and the Term Structure. Journal of Financial Economics, 18(2), 373–399. 

Campbell, J. Y., & Thompson, S. (2008). Predicting Excess Stock Returns Out of Sample: Can Anything Beat 

the Historical Average? Review of Financial Studies, 21(4), 1509–1531. 

Chang, X., Tam, L. H. K., Jun, T., & Wong, G. (2007). The real impact of stock market mispricing — Evidence 

from Australia. Pacific-Basin Finance Journal, 15, 388–408. 

Cochrane, J. (2009). Asset Pricing. Princeton University Press. 

De Santis, G., & Gerard, B. (1997). International Asset Pricing and Portfolio Diversification with Time-Varying 



Chapter 9. Bibliography 
 

Page 70 of 85 
 

Risk. Journal of Finance, 52(5), 1881–1912. 

Dickey, D. A., & Fuller, W. A. (1979). Distribution of the Estimators for Autoregressive Time Series With a Unit 

Root Distribution of the Estimators for Autoregressive Time Series With a Unit Root. Journal of the 

American Statistical Association, 74(366), 427–431. 

Duffee, G. (2002). Term Premia and Interest Rate Forecasts in Affine Models. Journal of Finance, 57(1), 405–

443. 

Enders, W. (2015). Applied Econometric Time Series (Vol. IV). John Wiley & Sons Inc. 

Fama, E. F., & French, K. R. (1988). Dividend Yields and Expected Stock Returns. Journal of Financial 

Economics, 22(1), 3–25. 

Fama, E. F., & French, K. R. (1989). Business Conditions and Expected Returns on Stocks and Bonds. Journal 

of Financial Economics, 25, 23–49. 

Fama, E. F., & French, K. R. (1992). The Cross-Section of Expected Stock Returns. Journal of Finance, 47(2), 

427–465. 

Fama, E. F., & French, K. R. (1993). Common risk factors in the returns on stocks and bonds. Journal of 

Financial Economics, 33, 3–56. 

Fama, E. F., & French, K. R. (1995). Size and Book-to-Market Factors in Earnings and Returns. Journal of 

Finance, 50(1), 131–155. 

Fama, E. F., & French, K. R. (2004). The Capital Asset Pricing Model: Theory and Evidence. Journal of Economic 

Perspectives, 18(3), 25–46. 

Fama, E. F., & French, K. R. (2008). Dissecting anomalies. Journal of Finance, 63(4), 1653–1678. 

Fama, E. F., & French, K. R. (2015). A five-factor asset pricing model. Journal of Financial Economics, 116(1), 

1–22. 

Fama, E. F., & French, K. R. (2017). International tests of a five-factor asset pricing model. Journal of Financial 

Economics, 123(3), 441–463. 

Fama, E. F., & Macbeth, J. D. (1973). Risk, Return, and Equilibrium: Empirical Tests. Journal of Political 

Economy, 81(3), 607–636. 

Farhi, E., & Panageas, S. (2004). The real effects of stock market mispricing at the aggregate: Theory and 

Empirical Evidence. 1–55. 

Ferson, W. E., & Harvey, C. R. (1991). The Variation of Economic Risk Premiums. Journal of Political Economy, 

99(2), 385–415. 

French, J. (2016a). Back to the Future Betas: Empirical Asset Pricing of US and Southeast Asian Markets. 

International Journal of Financial Studies, 4(3), 1–15. 

French, J. (2016b). Estimating Time-Varying Beta Coefficients: An Empirical Study of US & ASEAN Portfolios. 



Chapter 9. Bibliography 
 

Page 71 of 85 
 

The Spread of Financial Sophistication through Emerging Markets Worldwide. 

French, K. R. (2020). Current Research Returns. Retrieved September 7, 2020, from 

https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html 

Granger, C. W. J. (1969). Investigating Causal Relations by Econometric Models and Cross-spectral Methods. 

Econometrica, 37(3), 424–438. 

Hafner, C. M., & Herwartz, H. (1999). Time-Varying Market Price of Risk in the CAPM - Approaches, Empirical 

Evidence and Implications. Humboldt-Universität zu Berlin, Wirtschaftswissenschaftliche Fakultät. 

Harvey, C. R. (1989). Time-Varying Conditional Covariances in Tests of Asset Pricing Models. Journal of 

Financial Economics, 24, 289–317. 

Hördahl, P., & Packer, F. (2007). Understanding asset prices: an overview. 

Keim, D. B., & Stambaugh, R. F. (1986). Predicting Returns in the Stock and Bond Markets. Journal of Financial 

Economics, 17(2), 357–390. 

Kotzé, K. (n.d.). Vector autoregression models. Retrieved September 9, 2020, from 

https://kevinkotze.github.io/ts-7-var/ 

Kwiatkowski, D., Phillips, P. C. B., Schmidt, P., & Shin, Y. (1992). Testing the null hypothesis of stationarity 

against the alternative of a unit root How sure are we that economic time series have a unit root ?. 

Journal of Econometrics, 54, 159–178. 

Li, Y. (2018). Investment and profitability versus value and momentum: The price of residual risk. Journal of 

Empirical Finance, 46, 1–10. 

Markowitz, H. (1953). The Utility of Wealth. Journal of Political Economy, 60(2), 151–158. 

Martins, C. C. (2015). Pricing Assets with Fama and French 5-Factor Model: a Brazilian market novelty. 

Encontro Brasileiro de Finanças, 15, 23–25. 

Moskowitz, T. J. (2003). An Analysis of Covariance Risk and Pricing Anomalies. The Review of Financial Studies, 

16(2), 417–457. 

Petkova, R. (2006). Do the Fama – French Factors Proxy for Innovations in Predictive Variables ? Journal of 

Finance, 61(2), 581–612. 

Reeves, J. J. (2013). Constant vs. Time-Varying Beta Models: Further Forecast Evaluation. Journal of 

Forecasting, 32(3), 256–266. 

Roll, R. (1977). A Critique of the Asset Pricing Theory’s Tests Part I: On past and potential testability of the 

theory. Journal of Financial Economics, 4(2), 129–176. 

Ross, S. A. (1976). The arbitrage theory of capital asset pricing. Journal of Economic Theory, 13(3), 341–360. 

S&P Global. (2020). S&P SmallCap 600 Sector Breakdown. S&P SmallCap 600. Retrieved September 9, 2020, 

from https://www.spglobal.com/spdji/en/indices/equity/sp-600/#overview 



Chapter 9. Bibliography 
 

Page 72 of 85 
 

Schwarz, G. (1978). Estimating the Dimension of a Model. The Annals of Statistics, 6(2), 461–464. 

Schwert, W. G., & Seguin, P. J. (1989). Heteroskedasticity in stock returns, Unpublished working paper 

(University of Rochester, Rochester, NY). 

Sharpe, W. F. (1964). Capital asset prices: A theory of market equilibrium under conditions of risk. Journal of 

Finance, 19(3), 425–442. 

Shen, P. (2000). The P/E Ratio and Stock Market Performance. Economic Review-Federal Reserve Bank of 

Kansas City, 85(4), 23–36. 

Stambaugh, R. F. (1982). On the exclusion of assets from tests of the two-parameter model: A sensitivity 

analysis. Journal of Financial Economics, 10(3), 237–268. 

Stock, J., & Watson, M. (2015). Introduction to Econometrics. Peason Education Limited. 

Whittle, P. (1951). Hypothesis testing in time series analysis. In Almqvist & Wiksells boktr. (Vol. 2). 

Yang, Q., Li, L., Zhu, Q., & Mizrach, B. (2017). Analysis of US Sector of Services with a New Fama-French 5-

Factor Model. Applied Mathematics, 8(9), 1307–1319. 

Zhou, W., & Li, L. (2016). A New Fama-French 5-Factor Model Based on SSAEPD Error and GARCH-Type 

Volatility. Journal of Mathematical Finance, 3, 711–727. 

 



Chapter 10. Appendices 
 

Page 73 of 85 
 

10 Appendices 

10.1 Appendix A – S&P 500 Sector Indices Returns Histograms 

Figure 10. Histograms and Distribution Plots Excess Returns S&P Sector Indices  (1/2) 

This figure displays the histograms, normal distribution and empirical distribution plots of six S&P 500 Sector Indices: 
𝑆5𝐶𝑂𝑁𝐷, 𝑆5𝐶𝑂𝑁𝑆, 𝑆5𝐻𝐿𝑇𝐻, 𝑆5𝐼𝑁𝐷𝑈, 𝑆5𝐼𝑁𝐹𝑇 and 𝑆5𝑀𝐴𝑇𝑅. The values on the x-axis are stated in annualized 
percentages. The sample period is 2001:12 – 2019:11.  
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Figure 11. Histograms and Distribution Plots Excess Returns S&P Sector Indices  (2/2) 

This figure displays the histograms, normal distribution and empirical distribution plots of five S&P 500 Sector Indices: 
𝑆5𝑅𝐸𝐴𝑆, 𝑆5𝑇𝐸𝐿𝑆, 𝑆5𝑈𝑇𝐼𝐿, 𝑆𝑃𝐹 and 𝑆𝑃𝑁. The values on the x-axis are stated in annualized percentages. The sample 
period is 2001:12 – 2019:11.  
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10.2 Appendix B – Correlation S&P 500 Sector Indices and Risk Factors 

Table 14. Correlation Values of the S&P 500 Sector Indices and our Risk Factors 

This table reports the correlation values of the S&P 500 Sector Indices and our risk factors. The sample period is 2001:12 – 
2019:11. 

 𝑀𝑘𝑡 𝑆𝑀𝐵 𝐻𝑀𝐿 𝑅𝑀𝑊 𝐶𝑀𝐴 𝑆5𝐶𝑂𝑁𝐷 𝑆5𝐶𝑂𝑁𝑆 𝑆5𝐻𝐿𝑇𝐻 𝑆5𝐼𝑁𝐷𝑈  𝑆5𝐼𝑁𝐹𝑇  𝑆5𝑀𝐴𝑇𝑅 𝑆5𝑅𝐸𝐴𝑆 𝑆5𝑇𝐸𝐿𝑆 𝑆5𝑈𝑇𝐼𝐿 𝑆𝑃𝐹 𝑆𝑃𝑁 

𝑀𝑘𝑡 1 0.35 0.18 -0.5 -0.03 0.93 0.7 0.77 0.92 0.87 0.87 0.68 0.61 0.47 0.86 0.68 

𝑆𝑀𝐵 0.35 1 0.28 -0.33 0.16 0.36 0 0.09 0.32 0.2 0.32 0.3 0 0.03 0.3 0.3 

𝐻𝑀𝐿 0.18 0.28 1 -0.03 0.45 0.2 0.13 -0.01 0.26 -0.07 0.2 0.31 -0.02 0.02 0.49 0.22 

𝑅𝑀𝑊 -0.5 -0.33 -0.03 1 -0.08 -0.41 -0.1 -0.38 -0.4 -0.56 -0.38 -0.3 -0.3 -0.18 -0.46 -0.22 

𝐶𝑀𝐴 -0.03 0.16 0.45 -0.08 1 0 0.09 -0.09 0.04 -0.14 0 0.03 0.08 0 0.06 0.01 

𝑆5𝐶𝑂𝑁𝐷 0.93 0.36 0.2 -0.41 0 1 0.66 0.67 0.87 0.79 0.8 0.69 0.55 0.37 0.81 0.54 

𝑆5𝐶𝑂𝑁𝑆 0.7 0 0.13 -0.1 0.09 0.66 1 0.65 0.65 0.52 0.55 0.56 0.53 0.55 0.6 0.41 

𝑆5𝐻𝐿𝑇𝐻 0.77 0.09 -0.01 -0.38 -0.09 0.67 0.65 1 0.68 0.6 0.61 0.52 0.47 0.42 0.64 0.42 

𝑆5𝐼𝑁𝐷𝑈  0.92 0.32 0.26 -0.4 0.04 0.87 0.65 0.68 1 0.75 0.85 0.67 0.56 0.39 0.84 0.63 

𝑆5𝐼𝑁𝐹𝑇  0.87 0.2 -0.07 -0.56 -0.14 0.79 0.52 0.6 0.75 1 0.73 0.52 0.59 0.38 0.66 0.5 

𝑆5𝑀𝐴𝑇𝑅 0.87 0.32 0.2 -0.38 0 0.8 0.55 0.61 0.85 0.73 1 0.61 0.49 0.35 0.73 0.71 

𝑆5𝑅𝐸𝐴𝑆 0.68 0.3 0.31 -0.3 0.03 0.69 0.56 0.52 0.67 0.52 0.61 1 0.36 0.47 0.71 0.38 

𝑆5𝑇𝐸𝐿𝑆 0.61 0 -0.02 -0.3 0.08 0.55 0.53 0.47 0.56 0.59 0.49 0.36 1 0.46 0.44 0.43 

𝑆5𝑈𝑇𝐼𝐿 0.47 0.03 0.02 -0.18 0 0.37 0.55 0.42 0.39 0.38 0.35 0.47 0.46 1 0.32 0.4 

𝑆𝑃𝐹 0.86 0.3 0.49 -0.46 0.06 0.81 0.6 0.64 0.84 0.66 0.73 0.71 0.44 0.32 1 0.49 

𝑆𝑃𝑁 0.68 0.3 0.22 -0.22 0.01 0.54 0.41 0.42 0.63 0.5 0.71 0.38 0.43 0.4 0.49 1 

 
 
 

10.3 Appendix C – Ahead Excess Returns Summary Statistics 

Table 15.Summary Statistics for 𝑅𝑌𝑀𝐴 

This table presents the summary statistics for the regular returns and the 1, 2, 3, 6 and 12-months ahead excess 
returns of the S&P 500 Index. For each return series, the number of observations in the time series, mean, standard 
deviation, minimum return, first quartile, median, third quartile and the maximum return are presented. The sample 
period is 2001:11 – 2018:12. 

Asset T Mean St. Dev. Min Q1 Median Q3 Max 

𝑅 204 0.42% 4.04% -18.56% -1.66% 0.99% 2.84% 10.23% 

𝑅1𝑀𝐴 204 0.38% 4.10% -18.56% -1.70% 0.99% 2.84% 10.23% 

𝑅2𝑀𝐴 204 0.81% 6.11% -28.08% -1.94% 1.93% 4.66% 17.17% 

𝑅3𝑀𝐴 204 1.26% 7.63% -35.86% -1.86% 2.46% 5.93% 22.35% 

𝑅6𝑀𝐴 204 2.66% 11.71% -55.68% -0.36% 4.74% 8.56% 32.82% 

𝑅12𝑀𝐴 204 6.18% 16.11% -59.34% 2.84% 10.08% 14.36% 40.72% 
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10.4 Appendix D – Moduli of Eigenvalues 

 

The vector of eigenvalues of �̂� can be found by solving for ξ in the equation 

 

 |�̂� − 𝛏 𝐈𝑲| = 𝟎 (53) 

  

where 𝐈𝑲 is an 𝐾 × 𝐾 = 8 × 8 identity matrix and 𝟎 is the 𝐾 × 1 = 8 × 1 zero vector. As the eigenvalue 

vector contains complex numbers, denoted in the form 𝜔 = 𝑥 + 𝑖𝑦, the vector of moduli |𝝎| can be found 

by solving 

 

 |𝜔𝑖| = √𝑥𝑖
2 + 𝑦𝑖

2,    𝑖 = 1, … , 8 (54) 

 

for each element 𝑖 in the vector of eigenvalues ξ. The results are presented in Table 16. As all the values in 

the vector are smaller than one, we conclude that the dynamics of 𝑿 are stationary. 

 

Table 16. Transposed Eigenvalues’ Moduli of the Estimated VAR(1) Coefficient Matrix �̂� Less the Constants  
 

#1 #2 #3 #4 #5 #6 #7 #8 

0.97 0.97 0.91 0.18 0.13 0.10 0.08 0.01 
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10.5 Appendix E – S&P 500 Sector Indices Risk Exposures 

 

Table 17. Risk Exposure Estimates for the S&P 500 Sector Indices to the Risk Factors 

This table states the estimated risk exposures for the S&P 500 Sector Indices to the various risk factors. The coefficient 

matrix, �̂�, is estimated by solving �̂� = 𝑹�̂�′(�̂��̂�′)−1 and extracting the last five columns from matrix �̂�. Additionally, 
the standard errors are presented in parentheses and the “Wald Stats” represent the test statistics for the Wald Test, 
which assesses the joint significance of all risk exposures for the respective risk factor. The sample period is 2001:12 
– 2019:11. ***, ** and * represent significance at the 1%, 5% and 10% level respectively. 

Asset 𝜷𝑴𝒌𝒕  𝜷𝑺𝑴𝑩  𝜷𝑯𝑴𝑳 𝜷𝑹𝑴𝑾 𝜷𝑪𝑴𝑨 

𝑆5𝐶𝑂𝑁𝐷 
1.35*** 

(0.16) 
0.17*** 

(0.05) 

0.03 

(0.08) 

0.31*** 

(0.08) 

0.13 

(0.10) 

𝑆5𝐶𝑂𝑁𝑆 
0.86*** 

(0.16) 

-0.35*** 

(0.05) 

-0.10 

(0.08) 

0.60*** 

(0.10) 

0.49*** 

(0.11) 

𝑆5𝐻𝐿𝑇𝐻 
0.91*** 

(0.20) 

-0.29*** 

(0.06) 

-0.22** 

(0.10) 

-0.05 

(0.11) 

0.02 

(0.12) 

𝑆5𝐼𝑁𝐷𝑈 
1.42*** 

(0.19) 

-0.05 

(0.06) 

0.19** 

(0.10) 

0.25*** 

(0.09) 

0.12 

(0.13) 

𝑆5𝐼𝑁𝐹𝑇 
1.43*** 

(0.24) 

-0.29*** 

(0.07) 

-0.53*** 

(0.09) 

-0.60*** 

(0.11) 

-0.08 

(0.19) 

𝑆5𝑀𝐴𝑇𝑅 
1.50*** 

(0.26) 

0.05 

(0.09) 

0.05 

(0.11) 

0.26* 

(0.14) 

0.04 

(0.19) 

𝑆5𝑅𝐸𝐴𝑆 
1.23*** 

(0.37) 

0.08 

(0.17) 

0.56*** 

(0.19) 

0.18 

(0.26) 

-0.28 

(0.28) 

𝑆5𝑇𝐸𝐿𝑆 
1.13*** 

(0.41) 

-0.60*** 

(0.10) 

-0.43** 

(0.18) 

0.10 

(0.19) 

0.96*** 

(0.23) 

𝑆5𝑈𝑇𝐼𝐿 
0.69** 

(0.35) 

-0.36*** 

(0.10) 

-0.19 

(0.16) 

0.25 

(0.16) 

0.28 

(0.19) 

𝑆𝑃𝐹 
1.39*** 

(0.20) 

-0.31*** 

(0.06) 

1.26*** 

(0.11) 

-0.43*** 

(0.14) 

-0.51*** 

(0.13) 

𝑆𝑃𝑁 
1.24*** 

(0.35) 

0.23** 

(0.10) 

0.17 

(0.17) 

0.59*** 

(0.22) 

-0.05 

(0.22) 

Wald Stats. 6657.40*** 130.67*** 206.86*** 146.95*** 61.43*** 
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10.6 Appendix F – Waterfall Charts Variance Decomposition 

Figure 12. Waterfall Charts S&P 500 Sector Indices Variance Decomposition (1/2) 

This figure displays waterfall charts for the variance decomposition of the returns of six S&P 500 Sector Indices: 𝑆5𝐶𝑂𝑁𝐷, 
𝑆5𝐶𝑂𝑁𝑆, 𝑆5𝐻𝐿𝑇𝐻, 𝑆5𝐼𝑁𝐷𝑈, 𝑆5𝐼𝑁𝐹𝑇 and 𝑆5𝑀𝐴𝑇𝑅. The total monthly variance is displayed on the y-axis, whereas the 
source of the variance, the total variance and the residual variance are displayed on the x-axis.  
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Figure 13. Waterfall Charts S&P 500 Sector Indices Variance Decomposition (2/2) 

This figure displays waterfall charts for the variance decomposition of the returns of five S&P 500 Sector Indices: 
𝑆5𝑅𝐸𝐴𝑆, 𝑆5𝑇𝐸𝐿𝑆, 𝑆5𝑈𝑇𝐼𝐿, 𝑆𝑃𝐹 and 𝑆𝑃𝑁. The total monthly variance is displayed on the y-axis, whereas the source of 
the variance, the total variance and the residual variance are displayed on the x-axis.  
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10.7 Appendix G – Price of Risk Contributions 
 
 

Figure 14. Contributions to the Price of Size Risk over Time 

This figure provides the time series plots of the annualized estimated contributions of 𝑇𝑆𝑌10, 𝐷𝑌 and 𝐸𝑌 to the price of 
size risk, including the series’ averages over the time sample. Additionally, the time series evolution of the estimated 
price of size risk is displayed in the upper left panel. The estimated contributions (�̂�) are calculated by solving �̂�𝑡,𝑆𝑀𝐵,𝑓 =

 𝛬1,𝑆𝑀𝐵,𝑓 𝐹𝑡,𝑓 for all 𝑓 = 𝑇𝑆𝑌10, 𝐷𝑌, 𝐸𝑌 and all 𝑡 = 1, … , 𝑇. The sample period is 2001:12 – 2019:11.  
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Figure 15. Contributions to the Price of Value Risk over Time 

This figure provides the time series plots of the annualized estimated contributions of 𝑇𝑆𝑌10, 𝐷𝑌 and 𝐸𝑌 to the price of 
value risk, including the series’ averages over the time sample. Additionally, the time series evolution of the estimated 
price of value risk is displayed in the upper left panel. The estimated contributions (�̂�) are calculated by solving �̂�𝑡,𝐻𝑀𝐿,𝑓 =

 𝛬1,𝐻𝑀𝐿,𝑓 𝐹𝑡,𝑓 for all 𝑓 = 𝑇𝑆𝑌10, 𝐷𝑌, 𝐸𝑌 and all 𝑡 = 1, … , 𝑇. The sample period is 2001:12 – 2019:11.  
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Figure 16. Contributions to the Price of Profitability Risk over Time 

This figure provides the time series plots of the annualized estimated contributions of 𝑇𝑆𝑌10, 𝐷𝑌 and 𝐸𝑌 to the price of 
profitability risk, including the series’ averages over the time sample. Additionally, the time series evolution of the 
estimated price of profitability risk is displayed in the upper left panel. The estimated contributions (�̂�) are calculated by 
solving �̂�𝑡,𝑅𝑀𝑊,𝑓 =  𝛬1,𝑅𝑀𝑊,𝑓 𝐹𝑡,𝑓 for all 𝑓 = 𝑇𝑆𝑌10, 𝐷𝑌, 𝐸𝑌 and all 𝑡 = 1, … , 𝑇. The sample period is 2001:12 – 2019:11.  
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Figure 17. Contributions to the Price of Investment Risk over Time 

This figure provides the time series plots of the annualized estimated contributions of 𝑇𝑆𝑌10, 𝐷𝑌 and 𝐸𝑌 to the price of 
investment risk, including the series’ averages over the time sample. Additionally, the time series evolution of the 
estimated price of investment risk is displayed in the upper left panel. The estimated contributions (�̂�) are calculated by 
solving �̂�𝑡,𝐶𝑀𝐴,𝑓 =  𝛬1,𝐶𝑀𝐴,𝑓 𝐹𝑡,𝑓 for all 𝑓 = 𝑇𝑆𝑌10, 𝐷𝑌, 𝐸𝑌 and all 𝑡 = 1, … , 𝑇. The sample period is 2001:12 – 2019:11.  
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10.8 Appendix H – One-Year Ahead Expected Excess Returns 
 

Figure 18. Complete Set One-year Ahead Expected Excess Returns (1/2) 

This figure displays the one-year ahead expected excess return time series plots for six S&P 500 Sector Indices: 
𝑆5𝐶𝑂𝑁𝐷, 𝑆5𝐶𝑂𝑁𝑆, 𝑆5𝐻𝐿𝑇𝐻, 𝑆5𝐼𝑁𝐷𝑈, 𝑆5𝐼𝑁𝐹𝑇 and 𝑆5𝑀𝐴𝑇𝑅. The plots display three series each: the historical 
returns (black, dotted), the dynamic expected returns (blue) and the static expected returns (red). All excess returns 
are stated in annualized percentages. The sample period is 2001:12 – 2019:11. For the historical returns, we lose 
the 12 last observations in the data set, therefore only displaying values until 2018:11. 
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Figure 19. Complete Set One-year Ahead Expected Excess Returns (2/2) 

This figure displays the one-year ahead expected excess return time series plots for five S&P 500 Sector Indices: 𝑆5𝑅𝐸𝐴𝑆, 
𝑆5𝑇𝐸𝐿𝑆, 𝑆5𝑈𝑇𝐼𝐿, 𝑆𝑃𝐹 and 𝑆𝑃𝑁. The plots display three series each: the historical returns (black, dotted), the dynamic 
expected returns (blue) and the static expected returns (red). All excess returns are stated in annualized percentages. 
The complete set can be found in Appendix H. The sample period is 2001:12 – 2019:11. For the historical returns, we lose 
the 12 last observations in the data set, therefore only displaying values until 2018:11. 

      

 


