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Executive summary  

This thesis seeks to illuminate how investors may withdraw optimally from their retirement 

portfolio, considering personal attributes, to maximize their lifetime utility. It thereby challenges 

the popular existing research conducted by Cooley et al. (1999) which investigates a sustainable 

withdrawal rate, mainly by using the overlapping period method. 

The main finding of the thesis is, that the personal attributes of the investors heavily impacts their 

recommended payment plans, suggesting that the generic sustainable withdrawal rate presented by 

Cooley et al. (1999) hardly can be used as a basis for planning retirement.  

To do this, this study specifies a utility framework, which is being used as a tool for assessing 

investor utility by given payout plans, considering a series of personal traits, mainly including 

subjective discount rate, constant relative risk aversion, time horizon, habit consumption and the 

loss aversion of the investor. The thesis then assesses optimal investor payout plans with an 

exogenously given rate of return, thus excluding risk.  

Subsequently the study introduces uncertainty on the investment assets, making the optimization 

problem more complex. To assess risk, the thesis considers two assets with their simulated returns 

being provided by Monte Carlo simulation and bootstrapping simulation, over a 30-year time 

horizon. These are then indexed and used for providing optimal payment plans considering lower 

returns given by the utilization of tail risk measures such as Value at Risk. The thesis finally 

attempts to show the diversity in optimal withdrawals by applying the utility framework to the 

fictious case examples, and by using the data from the simulations. Despite only being a fictious 

case, the stereotypical investors each represent qualities which are relatable to real life investors.  
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1. Introduction 

This section starts by introducing the background and motivation for the thesis. The problem 

statement is then introduced along with the research question and the related sub questions. 

Following this, the delimitations of the study are presented along with their place in the related 

literature and their contribution. Finally, an outline of the thesis is presented. 

1.1. Background 

For many people, retirement is the end game after working for many years. They save and invest 

their hard-earned money for being able to sustain themselves in retirement, and financial 

institutions have built an entire industry around financial planning and management of pension 

funds. Recently it has become clear, that in order to sustain our standard of living and supporting 

the economic growth we must work longer than before. This is also enhanced by the fact that our 

life expectancy is ever increasing.  

The thought of working for that many years is a hard pill to swallow for many people, which in 

turn has seen a movement rise for people that wish to retire earlier. The movement is called FIRE 

which is an acronym for Financial Independence Retire Early. The FIRE movement are people 

dedicated to frugality and extreme savings, with some people saving and investing up to 70% of 

their income. By decreasing their standard of living early on and investing, they hope to finance 

an early retirement, way before the traditional retirement age. After retiring early, followers of 

FIRE intend to live of withdrawals from their invested portfolio, and by staying invested in the 

financial markets they hope that they can sustain this for many years (Kerr, 2020). 

In order to keep their withdrawals, investors need choosing a withdrawal rate that is sustainable in 

the long run. Many researchers have tried to determine such a rate, and the most touted sustainable 

withdrawal rate is 4%. The withdrawal rate of 4% has later been dubbed the 4%-rule, due to its 

significance as a rule of thumb for people who plan to retire early. The 4%-rule was initially 

presented by William P. Bengen in his article “Determining Withdrawal Rates Using Historical 

Data” in 1994. Here he finds that, historically a yearly withdrawal rate of 4% of the initial capital 

has been sustainable for around 50 years, even when adjusting the withdrawals for inflation. The 

4%-rule was made famous in the article by Cooley et al. (1999). This study has later been cited as 

The Trinity Study, due to the authors being from the Trinity College. It is almost always brought 
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up when discussing sustainable withdrawal rates, and the rule of thumb for most FIRE people is 

that they need to save enough capital such that the 4% withdrawals sustain their consumption, 

since it is sustainable.  

1.2. Motivation 

While the criterion for portfolio success in Cooley et al. (1999) was whether or not the investor’s 

portfolio survives until a predefined terminal date, the study does not consider consumer choice 

and consumer preference (Perloff, 2012, p. 95). By only examining the impact of fixed withdrawal 

rates on the portfolio survival rates, the study entirely neglects that investors are different from 

each other and that they may in fact increase individual utility by consuming more, despite 

increasing shortfall risk or even consuming unevenly every year. This leads to the question of, 

whether it really makes sense to only perceive the portfolio survival at the terminal date as a 

measure of success? Especially in a world where consumers face different opportunities at 

different stages of their lives and where these same consumers have different investment decision 

preferences. 

Another issue with Cooley et al. (1999), also known as The Trinity Study, is its binary view on 

defining negative terminal value as failure and positive terminal value as success, and thereby not 

being able to distinguish the level of terminal wealth of the portfolios. This leads to the fallacy of 

considering portfolios that barely survives equal to portfolios with large terminal values, while 

entirely distinguishing portfolios that barely survives with the ones that barely does not. Realizing 

that investors are different, and some may prefer portfolios with low (or even negative) terminal 

values if sufficiently compensated in the beginning of their investment horizon, can be considered 

critical for determining and comparing portfolios with each other, since it may change the 

recommended payout completely.  

Understanding how consumers maximize their individual utilities, and which properties lie behind 

this decision, can be seen as a crucial information for both themselves and for the portfolio 

advisors, who are responsible for planning a sustainable withdrawal rate for the investors that gives 

them the highest well-being subject to economical constraints.  
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1.3. Problem statement and research question 

Previous research has shown that a 4% withdrawal rate from a stock-dominated portfolio is the 

highest sustainable withdrawal rate possible with a 30-year investment horizon. This safe 

withdrawal rate however does not consider individual investors’ characteristics, like risk aversion, 

habit consumption, loss aversion and subjective discount rates. This may lead to investors choosing 

a suboptimal withdrawal rate when accounting for personal factors.  

Given these personal characteristics, a 4% withdrawal rate might not be the optimal withdrawal 

rate, nor the best payment plan for the investor despite being sustainable. Some might prefer to 

increase shortfall risk for higher consumption in the earlier stages of retirement. In this thesis, we 

suggest a change of discourse from a “safe and sustainable withdrawal rate” to the “personal 

optimal withdrawal rate”. 

The problem at hand in this thesis is then the following: 

Previous research suggests a 4% withdrawal rate from a stock-dominated retirement portfolio since 

it is sustainable, but this may not be the best suggestion for all investors, since people are inherently 

different when it comes to risk aversion, habit consumption, loss aversion and subjective discount 

rates. 

Therefore, we try to answer the following research question in order to illuminate the problem at 

hand: 

“How can investors withdraw optimally from their retirement portfolio, accounting for 

personal characteristics?” 

Furthermore, to answer the research question we will answer the following sub questions as well: 

- How can one specify a model for choosing the optimal withdrawals? 

- What would the optimal withdrawals for an investor look like in a world without risk? 

- How does the optimal withdrawals perform when uncertainty is introduced? 

- How does the choice of optimal withdrawals and asset allocations differ for different 

investor types? 
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1.4. Delimitations 

As pointed out by the theory of Munk (2017, p. 30) and Romer (2012, p. 50) the framework for 

determining utility of consumption in the first section of the analysis will not consider uncertainty 

of the investments, neither in regard to consumption nor in regard to the return on the portfolio. 

This delimitation includes setting the portfolio return rate exogenously, and without any 

fluctuations. In the simulation setting, the aspect of riskiness in portfolio returns is introduced by 

simulating asset returns and inflation rates and then applying the utility framework. 

Additionally, Munk (2017, p. 29) suggests a framework using both discrete and continuous time, 

whereas this study refrains to only use the prior to ensure compatibility with the Diamond Model. 

The assumption of discrete time also makes interpretation easier for the investor, who would rather 

have discrete monthly/annual consumption rather than a consumption as a function over time 

maximizing utility.  

Neither life expectancy, conditional life expectancy, nor healthy life expectancy is considered in 

this thesis, as it for instance has been done in the article by Finke et al. (2011). The exclusion of 

life expectancy simply suggests that the framework developed in this section will assume healthy 

investors until the terminal date 𝑇 after which the investor dies and leaves the model. This 

assumption also ensures better compatibility to the framework of Cooley et al. (1999). 

Additionally, investors are already assumed to be retired in this model, thus omitting the salary 

savings part suggested both by Munk (2017) and Romer (2012), while however still allowing an 

exogenously given portfolio size to grow with the rate of return, which again increases 

comparability to the article of Cooley et al. (1999). This thesis only assumes two possible ways 

for the consumer to use money (a) consumption, or (b) investment, which is thereby in line with 

the theory presented by Munk (2017) and Romer (2012). An example of this delimitation could be 

buying real estate for personal use, or other types of fixed investments that cannot easily be turned 

into cash and may contain high amounts of idiosyncratic risk.  

Finally, a delimitation for both the Monte Carlo and bootstrapping simulation methodologies, is 

that the simulations are not supposed to predict the future stock and bond returns as accurately as 

possible. The simulations are primarily supposed to support the analysis of optimal withdrawal 

rates in the utility framework. They are not meant to offer any indication of how the future of 
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stocks, bonds and inflation will look like. Hence the simpler ways of simulating the future 

economic scenarios in this thesis. However, we will examine the effect of bootstrapping returns 

from an empirical distribution of historical returns, where no prior assumptions are made about 

the distribution, compared to using Monte Carlo simulations where the returns are assumed to be 

log-normally distributed.  

1.5. Contribution 

We have only found one other article that also uses a utility framework to analyze optimal 

investment decisions for retirement portfolios. The study in question is by Finke et al. (2011) and 

it analyzes how investors risk attitudes impact the optimal asset allocations and withdrawal rates. 

Even though the study by Finke et al. (2011) also applies a utility framework in the shortfall risk 

analysis of retirement income, like we intend to do here, the study is significantly different 

compared to this thesis. Both studies use a constant relative risk-aversion (CRRA) utility function, 

in order to determine utility from a given investment decision, but the one used in this thesis 

implements several other factors, including loss aversion, subjective discount rate and habit 

consumption. 

We have not found any other study that handles utility the way we do, which in turn separates the 

research in this thesis from other studies in the topic of financial retirement planning. 
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2. Theory 
In this chapter we will look at theory and previous literature surrounding the topic of sustainable 

withdrawal rates from pension savings. The first section is a literature review of relevant studies 

specifically about sustainable withdrawal rates, whereas the second section is a review of literature 

in which other simulation methods are being utilized. Finally, primary theory regarding the setup 

of the utility function in question for this thesis is presented. 

2.1. Literature review 

Pensions and safe withdrawal rates have been the subject of a lot of research due to the topic 

relevant for nearly everyone in modern society. Almost everyone is interested in retiring someday, 

and in order to fulfill this, one would need a sizeable amount of money to live off. This money is 

usually invested, and the question is then how much one can withdraw to live off without running 

out of funds. One answer to this question is the 4%-rule which states that one can safely withdraw 

4% annually adjusted for inflation without draining her pension. The rule is often used as the go 

to when discussing withdrawal rates, especially in the FIRE community which has recently seen a 

sharp increase in popularity. The question remains whether the 4%-rule remains relevant in today’s 

investment climate and whether the research method holds up to modern standards. Another reason 

to question the 4%-rule is that local factors may influence the retiree’s sustainable withdrawal rate. 

Local factors could be taxes or pensions schemes. 

The scope of this literature review is to map out some of the early and most prominent literature 

surrounding safe withdrawal rates and the 4%-rule. Following this, some critiques of the 4%-rule 

and the method used to find it is presented. Finally, literature discussing the alternative approach 

of using Monte Carlo simulation is presented.  

2.1.1. Safe Withdrawal Rates and the 4%-rule 

William P. Bengen was the first to argue for the 4%-rule in his article “Determining Withdrawal 

Rates Using Historical Data” from the October 1994 issue of the “Journal of Financial Planning”. 

Bengen used historical data to determine a safe withdrawal rate based on prior return data. He did 

this by calculating the portfolio longevity, that is, the amount years before exhausting the portfolio 

assets. He finds that one can sustain a 4% inflation-adjusted withdrawal rate for 35 years by 

utilizing a 50-75% stock allocation with the remaining amount invested in bonds.  
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Using the same data as Bengen (1994) did in his article, Cooley, Hubbard and Walz (1998) made 

a study which extended upon Bengen’s study. Cooley et al. (1998) used the overlapping payout 

periods method to examine the effect of a range of withdrawal rates on terminal portfolio values. 

The payout periods examined was 15, 20, 25 and 30 years and the range of withdrawal rates were 

3% through 12%. Their main finding is that for stock-dominated portfolios, withdrawal rates of 

3% and 4% are not only sustainable but maybe even conservative. Retirees withdrawing 3% to 4% 

annually from a stock-dominated portfolio may find themselves leaving behind large sums of 

money which could have been spent during retirement instead. For shorter payout periods, e.g. 15 

years or less, withdrawal rates of 8% to 9% from stock-dominated portfolios has historically been 

sustainable.  

Cooley, Hubbard and Walz (1999) update their previous study, by instead using monthly 

withdrawals and monthly portfolio returns. Cooley et al. (1999) finds that the overall results of the 

analysis is the same as in Cooley et al. (1998), that a 4% withdrawal rate is sustainable in a stock-

dominated portfolio. Furthermore, they find that monthly variations in stock and bond returns 

seems to reduce portfolio success rates for withdrawal rates at or above 8%. 

2.1.2. The 4% Rule in a modern perspective 

Scott et al. (2008)criticized the 4% Rule in their paper “The 4% Rule – At What Price?”.  

They argue that the rule implies that one should finance a constant, non-volatile spending plan 

using a risky, volatile investment strategy. They found out that the rule was wasteful, and that a 

typical rule allocates 10% to 20% of a retiree’s initial wealth to surpluses and an additional 2% to 

4% to overpayments. They also discovered that often the 4% rule’s spending plan is wasteful since 

many retirees may actually prefer a different, cheaper plan. Their findings suggest that a dynamic 

withdrawal rate could optimize the retirement spending plan. 

Pfau (2010) addresses the critique that the findings of Cooley et al. (1998) is not relevant for more 

recent retirees. Pfau finds that the results from Cooley et al. (1998) withstands despite more recent 

data, including return data from during the financial crisis of 2008. 

Cooley, Hubbard and Walz (2011) repeated their own study from 1998 with more recent data like 

Pfau (2010) did. Their findings revealed that if you are planning to withdraw a fixed amount 

through retirement you can sustain a 7% withdrawal rate. Adjusting the withdrawals for inflation 
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each year will decrease the sustainable withdrawal rate to 4%-5% from a portfolio containing at 

least 50% large-company stocks. 

Pye (2010) studied the effects of sudden increases in consumption needs on retirement savings and 

withdrawals. The study argues that most research of safe withdrawal rates are done with respect 

to uncertainty about investment returns, but they do not consider uncertainty in required spending. 

Pye (2010) finds that when considering the risk that emergency spending needs may occur during 

retirement the sustainable withdrawal rate decreases from 4% to 3%. This implies that one would 

require significantly more savings to sustain the same standard of living. 

2.1.3. Summary of literature review 

To summarize, there has been a lot of research done on finding sustainable withdrawal rates, but 

questions have arisen concerning the findings and the methods used. Most literature suggests that 

a 4% withdrawal rate is sustainable from a stock-dominant portfolio. While most literature focuses 

on the investment side, some suggest that the consumption side is necessary to consider as well. 

Increased spending needs in retirement was found to reduce the sustainable withdrawal rate to 3%.  

2.2. Literature review of simulation studies 

The overlapping periods method by which the 4% rule was founded has been criticized, since the 

sample observations are highly interdependent. This could create statistically misleading results 

and motivate the use of Monte Carlo simulation in further studies. 

In Cooley et al. (2003) they examine the shortfall risk problem using both Monte Carlo simulation 

and overlapping periods methodology. The study compares the two methodologies. Specifically, 

regarding the Monte Carlo simulations, they assume that the monthly continuously compounded 

security returns are normally distributed, which in turn means that the security prices are generated 

from a lognormal distribution. Furthermore, they incorporate an ARMA(1,1) model in their 

generation of equity returns in order to account for the fact that equity returns may be mean 

reverting, which they find evidence for in their data. They did not find that bond returns and 

inflations rate are mean reverting. The monthly corporate bond prices are generated from a 

lognormal distribution as well, while the inflation rates are generated from a normal distribution. 

Their findings are similar to related research, in that stock-dominated portfolios outperform bond-

dominated portfolios. The differences in the estimated portfolio success rates from both 
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methodologies are rather significant at the midrange of the withdrawal rates (6%-10%). The lack 

of variance in results at the upper and lower bounds of withdrawal rates may stem from the 

portfolio success rates naturally being bounded at 0% and 100%. The success rates will tend to 

cluster around those limits and the difference between methodologies will of course be 0.  

Another related study which uses Monte Carlo simulations is the study by Blanchett and Blanchett 

(2008). Here they run a 10000-run Monte Carlo simulation to test different potential scenarios 

where returns and standard deviations varies. Like Cooley et al. (2003) they also assume that 

returns follow a normal distribution. Their research goal is to examine the sensitivity of the 

assumptions when determining a sustainable withdrawal rate from a distribution portfolio, and that 

it is not to formulate rules for choosing a withdrawal rate. For these reasons, the simplicity of 

assuming normally distributed returns is preferred. They noticed that over longer periods, returns 

will have a much greater impact on the success rate of a given portfolio than the standard deviation 

will have. They also realized that future expected returns for a 60/40 stock/bonds portfolio is 

estimated to be 1% to 2% less than historical returns. Combining this with fees and taxes, the total 

return reduction is estimated to be between 1% and 4% which dramatically changes the success 

probability of a portfolio given a 4% withdrawal rate.  

Another Monte Carlo study of sustainable withdrawal rate is the study by Pfau (2012).  

Pfau, similar to both of the previous examples, generates simulated returns from a lognormal 

distribution and tries to setup a framework for estimating sustainable withdrawal rates and 

appropriate asset allocations for clients based on the planner’s expectations for the capital markets, 

asset choices, planning horizon, shortfall risk and risk aversion. The study is also concerned with 

examining sensitivities of various assumptions and the effects of these on the results. The study 

concludes that sustainable withdrawal rates do depend on capital market expectations, retirement 

durations, asset allocations and acceptable failure probabilities.  

Spitzer et al. (2007) moves away from the assumption that returns are normally distributed and 

instead uses a bootstrap algorithm which in turn uses resampling with replacement. The study 

samples from annual real rates of return from 1926 through 2005 for the S&P 500 and 

intermediate-term U.S. Treasury bonds. The bootstrap algorithm used to generate their data is the 

following. First, a number between 1926 and 2005 is randomly generated and the real returns of 

stocks and bonds are obtained. This retains the asset class correlations. Afterwards, the end-of-
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year value of the portfolio is calculated using these returns and withdrawals. These steps are 

repeated for each time period, for a total of 30 years. This is done 10000 times for each combination 

of asset allocation and withdrawal strategies, for which there are a total of 1491. The study 

concludes that a withdrawal rate rule is inappropriate without referencing asset allocation and 

shortfall risk toleration of the investor. The study also concludes that the 4%-rule is not always 

correct, as Bengen (1994) concluded. They also conclude that the expected remaining terminal 

amount is positively affected by the stock percentage and negatively affected by the withdrawal 

rate. Overall, the results from the study can be used to examine the consequences of sustainable 

withdrawal rates and shortfall risk.  

Finally, there is the study from Finke, Pfau and Williams (2011). The study examines shortfall risk 

by looking at expected utility of the retirement plan. The data simulation method used in the study 

is bootstrapping from annual returns data. The bootstrapping process draws randomly with 

replacement from the historical returns, which is the same as in the paper by Spitzer et al. (2007). 

For the stock data the study uses the U.S. S&P 500 index and intermediate-term U.S. government 

bonds for the bonds data. Furthermore, they use inflation data to calculate real asset returns, real 

remaining wealth, and inflation-adjusted withdrawals. Lifespans of the investors are treated as 

random, where the probabilities are based on actuarial survival probabilities. As mentioned, the 

study implements a utility framework to look at expected utility of different withdrawal rates and 

asset allocation strategies. They look at the expected utility tradeoff between increased 

consumption earlier in retirement versus less consumption later in retirement. Reversing the 

problem if consumption is low early in retirement then shortfall risk during retirement decreases. 

Another feature of the utility framework is the idea of diminishing marginal returns and risk-

aversion, which in combination leads to different outcomes for investors who have different 

tolerances for risk. The study concludes that the 4% withdrawal rate may only be appropriate for 

risk averse clients who also have a moderate guaranteed income source. More risk tolerant 

investors can accept greater shortfall probabilities and will then prefer higher withdrawal rates 

along with a riskier retirement portfolio. A more risk tolerant investor could prefer a withdrawal 

rate between 5% to 7% along with a guaranteed income of $20.000. If the guaranteed income 

increases to $60.000, then the optimal stock allocation increases by 10 to 30 percentage points and 

the optimal withdrawal rate increases by 1 to 2 percentage points.  
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2.3. Primary Theory 

In the section below, the primary literature, is discussed for determining an adequate utility 

function for retired investors, searching for the sustainable withdrawal rate to increase their 

lifetime utility. The theory utilized for this purpose stems mainly from the theory of the 

Overlapping Generations model, The Diamond Model (Romer, 2012, pp. 77-93); and at the 

Preferences for multidate consumption plans (Munk, Dynamic Asset Allocation, 2017, pp. 28-35).  

2.3.1. Diamond model 

Perloff’s (2012, pp. 106-107) definition of an utility function is that it compares the utility 

connected to different bundles of goods, which can then help a consumer choosing the one that 

provides the highest utility. The utility should thus rather be perceived as an ordinal rather than a 

cardinal measure, since the utility value does not represent anything else than the relative position 

of well-being that different bundles of goods may offer to the investor.  

Despite covering a substantially more extensive concept, Peter Diamond follows a similar mindset 

when determining the utility function in the Overlapping Generations Model (OLG), the Diamond 

model (Romer, 2012, p. 77). The OLG models mainly cover the macroeconomic consequences of 

having the population of a society being born at different times (thus saving and working 

asymmetrically), and how this impacts the ideal level of capital per educated worker (balanced 

growth path). It also covers the microeconomic decisions of each individual in the economy whom 

are assumed to maximize their utility based on a set of assumptions and variables (Romer, 2012, 

pp. 49, 77-78).  

In contrast to other OLG models (e.g. the Ramsey-Cass-Koopmans model (Romer, 2012, pp. 49-

77)), the diamond model assumes that people only live for two periods thus suggesting a simple 

discrete time model (Romer, 2012, p. 77). In the first period they work, consume and save (when 

young), while they may only consume their savings in the second period. In the beginning of the 

second period, a new generation of young people is born, hence the OLG. 

While it is the case that the Diamond Model is mainly interested in investigating the dynamics of 

a variety of macroeconomic variables and how they may impact society, it is seen as primary 

literature based on the microeconomic dimension of determining the life time utility function 

described by the Diamond Model (Romer, 2012, p. 78):  
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𝑈𝑡 =
𝐶1𝑡

1−θ

1 − θ
+

1

1 − ρ
⋅

𝐶2𝑡+1
1−θ

1 − θ
, θ > 0, ρ > −1  

Where the variables are defined as following (Romer, 2012, pp. 78, 50-51): (1) 𝑈𝑡 being the 

lifetime utility of the investor, (2) 𝐶𝑡1 being the period t consumption when young and 𝐶𝑡2 being 

the period t consumption when old, (3) ρ being the subjective discount rate, with the additional 

dynamics that if 

ρ < 0 

individuals place greater weight on period 1 consumption than future consumption. If 

 ρ > 0 

the situation is reversed, and finally for both cases 

ρ > −1 

ensures that individuals weight the utility of the second period consumption positively. 

Finally, (4) 𝜃 being the coefficient of relative risk aversion, and (5) 𝑢(𝐶(𝑡)) being the point utility 

of consumption at time t. 

Romer (2012, pp. 50-51) then defines the coefficient of constant relative risk aversion 𝜃 as: 

𝜃 =
−𝐶(𝑡) ⋅ 𝑢′′(𝐶(𝑡))

𝑢′(𝐶(𝑡))
 

While, 

𝑢(𝐶(𝑡)) =
𝐶(𝑡)1−𝜃

1 − 𝜃
,      𝜃 > 0 

While neither the utility function in the Diamond model nor in Munk’s framework (see below) 

includes uncertainty in their models, 𝜃 is not directly relevant as such. Since 𝜃 however also 

determines the individual’s willingness to shift consumption between periods, (where 𝜃 → 0 

means indifference between time periods while a high 𝜃 will signify the inverse). 
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Finally, the diamond model, includes the rate of return r, by saying that all saved investor funds 

from period one, subtracted her period one spending 𝐶1𝑡, will be available for spending in the 

second period (Romer, 2012, pp. 78-79): 

𝐶2𝑡+1 = (1 + 𝑟𝑡+1) ⋅ (𝑤𝑡𝐴𝑡 − 𝐶1𝑡) 

where (7) 𝑟 being the rate of return for savings and (8) 𝐴𝑡𝑤𝑡 being the lifetime income of the 

investor. 

It is finally notable to look closer at the variables: 𝜃, 𝜌 𝑎𝑛𝑑 𝑟, which all are very similar yet still 

distinguishably different. While 𝑟 is defined as the rate of return on the retirement portfolio the 

other two variables are more subjective to the individual consumer. 𝜌 is the discount rate, which 

the individual places on consumption today rather than consumption tomorrow, while 𝜃 should be 

perceived as a measure for constant relative risk aversion. 

While this thesis is neither interested in the macroeconomic considerations of the Diamond Model 

nor in following all of its assumptions, this model still offers relevancy for this paper by offering 

a framework to compare payments from a portfolio over time, with the goal of maximizing the 

wellbeing of investors rather than solely her portfolios ability not to run dry. 
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2.3.2. Preference for multidate consumption plans 

Remembering that the Diamond Model offers a framework to determine the ideal consumption 

plan (and thus also a savings plan), over two periods, it is also important to consider that both 

consumption in period one and two are directly depended on other variables. 

Namely: 

𝑈(𝐶1𝑡, 𝐶2𝑡−1) =
𝐶1𝑡

1−θ

1 − θ
+

1

1 + ρ
⋅

𝐶2𝑡
1−θ

1 − θ
, θ > 0, ρ > −1  

Can be rewritten to the following 

𝑈(𝜌, 𝜃, 𝑟, 𝐴𝑡𝑤𝑡) =
𝐶1𝑡

1−θ

1 − θ
+

1

1 + ρ
⋅

𝐶2𝑡
1−θ

1 − θ
 

As of the equation above it is further evident that the intertemporal consumption in the Diamond 

Model being directly dependent on the consumption of the other period, thus both being connected. 

While the Diamond Model thus assumes that consumption in each period is both directly 

dependent on the consumption rate in the other period, and both consumption levels being directly 

determined by the underlying variables 𝜌, 𝜃, 𝑟 and 𝐴𝑡𝑤𝑡; the utility function presented by Munk 

sees it somewhat differently.  

In the section Preferences for multidate consumption (Munk, 2017, pp. 28-35), Munk presents a 

discrete time framework (compatible with the framework from the Diamond Model), while 

emphasizing that the consumption in each period, does not directly depend on each other, and is 

additive (Munk, 2017, p. 29): 

𝑈(𝑐0, 𝑐1, … , 𝑐𝑇) = ∑ 𝑢𝑡(𝑐𝑡)

𝑇

𝑡=0
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Where 𝑈 being defined as the lifetime utility, 𝑐𝑡  as the point consumption of the investor, 𝑇 being 

the terminal year and 𝑢𝑡 being the point utility (often as a function of consumption). 

While acknowledging its shortcomings this framework is meant to illustrate the connection 

between the utility of consumption for the individual investor, for finding the optimal consumption 

bundle, rather than a macroeconomic model. An important takeaway from this framework is its 

expansion from two time periods, to covering multiple.  

For including the impatience of consumers over time, the multidate consumption plan framework 

then adds the subjective discount rate 𝛿 , while acknowledging that this would require risk neutral 

consumers, since the consumption in the future may not be guaranteed: 

𝑈(𝑐0, 𝑐1, … , 𝑐𝑇) = ∑ 𝑒−𝛿𝑡𝑢𝑡(𝑐𝑡)

𝑇

𝑡=0

 

Where 𝛿 is subjective time preference rate (similar to 𝜌 from the Diamond Model). 

The utility function presented by Munk, also includes Habit Formation (Munk, 2017, p. 30), 

suggesting that the individual investor gets used to the consumption level presented to her at any 

point in time, and then expects the same utility in the future. For this concept Munk presents the 

following closed form expression: 

𝑈(𝑐0, 𝑐1, … 𝑐𝑇, ℎ0, ℎ1 … , ℎ𝑇) = 𝐸[∑ 𝑒−𝛿𝑡𝑢(𝑐𝑡, ℎ𝑡)
𝑇

𝑡=0
] 

Where ℎ𝑡 is a measure of living standard. 

This finally leads to the function for point utility:  

𝑢(𝑐, ℎ) =
1

1 + 𝛾
(𝑐 − ℎ)1−𝛾 ,          𝛾 > 0, 𝑐 ≥ ℎ 

Where 𝛾 is constant relative risk aversion, that is equal to 𝜃 in the Diamond Model. 

Munk (2017, p. 30) then suggests that determining ℎ𝑡 may be done either as an expression of (1) 

minimum level of consumption needed by the investor, (2) an average of past consumption, (3) 

consumption of friends/family or even simply (4) consumption based on the state of the economy.  
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Similarly as the Diamond Model, it is found that people with high constant relative risk aversion 

prefers a smoothened consumption over time, while people with low constant relative risk aversion 

are more indifferent (Munk, 2017, p. 30). 

In the later section of Munk (2017, pp. 59-62) a multiperiod discrete time framework for asset 

allocation opens up for further expanding the utility function, to also including terminal wealth, 

thus including inheritance as variable constraint on the consumption over time (Munk, 2017, p. 

62): 

𝑈(𝑐𝑜 , 𝑐1, … , 𝑐𝑡 𝑁−1, 𝑊𝑇) = ∑ 𝑒−𝛿𝑡𝑛𝑢𝑡(𝑐𝑡)

𝑇

𝑡=0

+ 𝑒−𝛿𝑇�̅�(𝑊𝑡) 

Where �̅�(𝑊𝑡) ≠ 𝑢(𝑐), that is, point utility of wealth is different from point utility of consumption.  

2.3.3. Tail Risk  

Considering a world of risk, where investors besides wanting to properly compound their savings, 

are also occupied with how much money being at stake if being out of luck, the concept of tail risk 

becomes important. Munk (2018, p. 59) mentions the two main ways to consider tail risk being 

the (1) Value at Risk (VaR) and the (2) Conditional Value at Risk also known as the expected 

shortfall (CVaR), the most predominant of the two being VaR.  

Starting with VaR, Munk (2018, p. 59) defines it as the maximum loss on an asset over a certain 

time period T with a certain probability p, thus meaning p’th percentile of the asset’s distribution 

of rate of return. It is then implied that the investor by knowing the VaR (often returning a low or 

even negative rate of return), will be able to conduct an informed decision on whether or not to 

invest, given that she is also provided the expected rate of return (or at least the median rate of 

return). While providing more ease to the model, Munk (2018, p. 59) however makes it clear that 

VaR can be utilized using any distribution seen fit to the given case.  

Being defined similarly to VaR, CVaR is rather the expected rate of return (wealth or even utility 

attached to it) given a certain state of the asset (Munk, 2018, p. 63). This thus also suggests that 

VaR ≥ CVaR always holds, since VaR is defined as the best state in the same given bad state of 

the asset¸ if of course both are considering the same asset during the same time horizon. 
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Considering that the issue at hand being measures of tail risk, the risk averse investors are usually 

more interested in the left tail VaR and CVaR than the right-hand side (since the expectations to 

the rate of return still being the average). To this issue Munk (2018, pp. 59-61) suggests that the 

most common percentiles being p = 0,01   or p = 0,05, while however also noting that would 

strongly depend on the investor characteristics, and the question at hand.   

2.3.4. Summary of primary theory 

In contrast to the Diamond Model, Munk’s framework for deciding the preferences for multidate 

consumption plans may be extended from exclusively covering two periods to cover any 𝑡 periods, 

despite both being in discrete time. Both theories include a parameter for constant relative risk 

aversion and discount rate, that are both exogenously given. Munk’s framework further includes 

the habit formation, whereas the function varies between the individual consumers, including that 

investors may not only require 𝑐𝑡 > 0 but 𝑐𝑡 − ℎ𝑡 > 0 with ℎ being the habit consumption rate. 

For measuring risk, Munk additionally mentions VaR and CVaR, which are both expressions of 

tail risk. VaR considering, the best-case scenario portfolio return in a given bad economy state (or 

worst case scenario in a bad economy state), while CVaR considers a conditional average in a 

given state of the economy. Both being heavily used both empirically and theoretically.  
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3. Methodology 

In this chapter we will discuss the methodology used in the thesis. First the scientific considerations 

are discussed and presented. Following with the methodology for the analysis, starting with the 

utility framework, and then explaining the optimization process. Then the stereotypical investors 

are presented, and their characteristics are explained. Finally, we discuss the methodology used in 

the simulation study. 

3.1. Scientific considerations 

Considering the research questions, the following thesis aims to solve a challenge concerning 

pensioners needing a tool and a proper framework that, given certain societal and private 

assumptions, can optimize their happiness during retirement. Since this thesis is rather illuminating 

the topic of pensions savings than solving practical problems for a specific group, this thesis takes 

the shape of being a science oriented thesis in contrast to the potential financial institutions and 

private investors who may set up a subsequent application oriented challenges (Møller, 1990, pp. 

15-26).  

In this section the choice of paradigm, ontology, epistemology, methodology and usefulness is 

discussed, and it is found that despite certain advantages in other paradigms, that the post-

positivistic paradigm makes up the foundation of this study. Finally, this study assumes the role of 

the reflective practitioner (Langergaard, Rasmussen, & Sørensen, 2006), thus reflecting the 

underlying assumptions for important findings, which may then enhance or entirely reshape the 

research, thus using the double competence (Langergaard, Rasmussen, & Sørensen, 2006). 

3.1.1. Paradigm 

Thomas Kuhn (1962, p. 15) defines a paradigm as an unprecedented study attracting researchers 

away from competing models, while also illuminating a series of new and open-ended challenges 

which may subsequently be solved by new research. This definition is then further enhanced by 

Guba (1990, p 17) who simply defines it as the basic set of believes that guides action. Guba then 

pinpoints four overall paradigms (Guba, 1990), that can be characterized as constructs of three 

main components, being (1) the epistemology, (2) ontology and (3) methodology. These will all 

be subsequently discussed in detail, as well as how this thesis relates to these concepts.  
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In this thesis the paradigm of post-positivism is chosen (Guba, 1990, pp. 20-23), since it is assumed 

that an objective reality exists, meaning that the ontology is realistic, hence the believe that for 

instance financial wealth can affect individual utility, and that financial markets, may behave 

somewhat predictably and systematically, thus not assuming the epistemology being strictly 

subjective. It is however also believed that that the natural laws driving the financial markets are 

too complex to be fully understood, thus the ontology being critically realistic, meaning that 

despite the belief that reality is objective, the exact findings of this thesis may be somewhat 

uncertain (especially in the long run) due to the many potentially excluded variables, that may 

influence the financial markets, and thus the returns. This paradigm stands much in contrast to the 

constructivist paradigm, where the ontology is rather perceived relativistic, meaning that there is 

no such thing as an objective reality, and where the epistemology is subjectivist meaning that 

reality varies from person to person. Despite belonging to the post-positivist paradigm, this study 

acknowledges the field of behavioural finance, that the truth may often be depending on individual 

reality constructs rather than objectively evident facts. In the case of this study this could for 

instance mean that the actual utility function may depend on more than just an array of variables 

with some of them being unknown, hence the critical realistic ontology.  

Despite suggesting certain possibilities, this study, will strictly omit the relativistic ontology and 

assume that a reality does exist, however also acknowledges that this thesis, may often encounter 

situations, where the array of variables impacting certain critical values are not known, e.g. utility 

of money and risk aversion.  

3.1.2. Scientific Methodology 

Since this thesis operates within the paradigm of post-positivism, thus acknowledging the complex 

reality where simple petri dish studies are not possible due to the many potential omitted variables 

(as in simple positivism), it is seen as necessary to include as many sources to this study as possible 

(Guba, 1990, p. 21).  

Guba (1990) suggests that the more sources (methods, theories, empirical data, etc.) are used, the 

higher the usefulness of the thesis, and the clearer the interpretation of the findings will be. Since 

this paper investigates a theoretical problem the high number of sources will mainly be assured by 

multiple theoretical sources and methods suggested by those (Adolfsen, 1998). 
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3.1.3. Scientific quality prerequisites 

Most researchers agree to the following four classical research criteria that new research should 

contain, for being able to contribute to the gabs of the existing literature, and thereby – in the case 

of this thesis – finding optimal withdrawals for retirees. These criteria consist of (1) measurement 

validity, (2) internal validity, (3) reliability and (4) replicability (Andersen, Hansen, & 

Klemmensen, 2012, p. 97). Despite everyone being able to agree to the fulfilment of it, it is often 

challenging to fulfil one criterion without neglecting others. Additionally, the ideal weight on each 

criterion varies with the choice of paradigm the thesis operates within, and the research question 

attempted answered (Guba, 1990). Guba (1990, p. 21-22) presents four dilemmas regarding the 

fulfilment of these criteria, however only two of them are relevant for this thesis. 

(1) the trade-off between rigor and relevance suggesting weather the thesis should focus on internal 

validity or replicability (Guba, 1990, p. 21). This means that if certain variables are kept fixed in 

a potential model, thus assuring high internal validly, replicability is neglected, in the sense that it 

will not be possible to properly utilize the research in other countries when only investigating 

Danish investors.. Hence the research question, this thesis attempts to develop a broadly useful 

model where the focus will mainly be on replicability rather than internal validity. The thesis is 

however aware of this trade-off. 

The second dilemma (2) is the tradeoff between precision and richness, referring to whether to use 

quantitative or qualitative data. Despite being possible to collect both types of data, the logistical 

challenge of this is too big, meaning that this study refrains of this (Kvale, 2007). This thesis 

focuses on precision rather than richness for properly being able to illuminate the sustainable rate, 

while omitting individual financial and psychological considerations, that may also illuminate the 

rate at an entirely different level. 
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3.2. The Utility Function  

The section below presents a framework for determining the size of portfolio withdrawals 

(payments plan) maximizing the investor utility. For doing this, this section will go through the 

utilized utility function and the related variables. Then the methodology will seek to illuminate the 

model constraints, necessary for being able to optimize the investors utility. Finally, the 

methodology section seeks to illuminate the methodology behind the sensitivity analysis of the 

included variables. 

3.2.1. The Utility Function 

For best integrating the features and advantages of both the Diamond Model’s and Munk’s utility 

framework that are discussed in section 2.3 the utility function used in this thesis looks as 

following: 

𝑈(𝑐1, 𝑐2, … 𝑐𝑇, 𝑊𝑡 ) = �̅�(𝑊𝑇) + ∑ 𝑢𝑡(𝑐𝑡)

𝑇

𝑡=1

 

=
𝑊𝑇

1−𝜃

1 − 𝜃
⋅ (1 + 𝜌)−(𝑇−1) + ∑

(𝑐𝑡 − ℎ)1−𝜃

1 − 𝜃
⋅ (1 + 𝜌)−(𝑡−1)         

𝑇

𝑡=1

𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 𝑤ℎ𝑒𝑟𝑒 ∶  (𝑐𝑡 − ℎ) ≥ 0 

 + ∑ −
(−(𝑐𝑡 − ℎ))

1−𝜃

1 − 𝜃
⋅ (1 + 𝜌)−(𝑡−1) ⋅ 𝑠                                   𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 𝑤ℎ𝑒𝑟𝑒 ∶  (𝑐𝑡 − ℎ) < 0

𝑇

𝑡=1

 

 

Where the subjective discount factor being larger than negative one 𝜌 > −1, CRRA being larger 

than 0 and smaller than one 1 > 𝜃 > 0, the loss aversion factor 𝑠 > 1, and 𝑊𝑡 < 𝑊𝑀𝑖𝑛  for all time 

𝑡. 

The variables are defined as the following (1) 𝑈 being the total lifetime utility of investor, (2) 

𝑢𝑡(𝑐𝑡) being the point utility of time t, (3) �̅�𝑇(𝑊𝑇) point utility of terminal wealth at time T, (4) 

𝑐𝑡 consumption, (5) 𝑊𝑡  being the investors wealth at time t, (5) 𝑊𝑀𝑖𝑛  being the minimal wealth 

required at any t, (6) 𝜃 being the constant relative risk aversion parameter of the investor, that is 

the parameter for willingness of intertemporal consumption. 
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It should additionally be noted that when CRRA diminishes towards zero from one 1 > 𝜃 → 0, it 

suggests that the individual will accept shifting consumption between periods, while 𝜃 →

1 suggests that the individual will be more reluctant to shifting consumption between periods. 

Additionally (7) 𝜌 is the subjective discount rate for the investor, (8) 𝑠 is the investors loss aversion 

factor and (9) ℎ being the consumption habit (required capital to maintain standard of living) of 

the investors. Equally as already noted in section 2.3.1 the subjective discount rate of the investor 

has the following dynamics: 

𝜌 > 0: individuals place higher value on early consumption 

−1 < 𝜌 < 0: individuals place higher value on late consumption 

𝜌 = 0: individuals are indifferent to when consumption happens 

Lastly the following should be noted 

�̅�(𝑊𝑇 , 𝜃, 𝜌) =
𝑊𝑇

1−𝜃

1 − 𝜃
⋅ (1 + 𝜌)−(𝑇−1) 

𝑢𝑡(𝑐𝑡, 𝜃, 𝜌, 𝑠) =
(𝑐𝑡 − ℎ)1−𝜃

1 − 𝜃
⋅ (1 + 𝜌)−(𝑡−1)                            𝑖𝑓 (𝑐 − ℎ) ≥ 0   𝑎𝑛𝑑 

            = −
(−(𝑐𝑡 − ℎ))

1−𝜃

1 − 𝜃
⋅ 𝑠 ⋅ (1 + 𝜌)−(𝑡−1)                        𝑖𝑓 (𝑐 − ℎ) < 0   

 

The overall intuition to the model being that the lifetime utility consists of two components, (a) 

consumption and (b) terminal wealth. It should be noted that while this somewhat violates the 

assumption of the Diamond Model, that investors may not save money after retirement, the 

assumption however stays within scope of Munk’s utility framework, as discussed in section 2.3.  
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3.2.2. Constant Relative Risk Aversion 

While assuming that investors are risk averse, thus not wanting to accept a zero-mean risk, it may 

not be as straight forward to assume CRRA (Munk, 2017, p. 18). Acknowledging that there are 

many different utility functions that include elements of risk aversion, utility of consumption and 

of wealth, the CRRA utility function has still been chosen since it is broadly considered as the 

most exact (Munk, 2017, pp. 25-26) & (Munk, 2018, p. 231) and the most realistic (Munk, 2017, 

p. 26).  

While this may be true other utility functions, such as the simple quadratic utility of wealth (Munk, 

2018, p. 229), or the Hyperbolic Absolute risk aversion (HARA) (Munk, 2017, p. 22), may also 

be relevant. These are also presented below. 

Noting that ARA and RRA respectably being: Absolute Risk Aversion (ARA) and the Relative 

Risk Aversion (RRA) (Munk, 2017, p. 22): 

𝐴𝑅𝐴(𝑐) = −
𝑢′′(𝑐)

𝑢′(𝑐)
 

𝑅𝑅𝐴(𝑐) = 𝑐 ⋅ 𝐴𝑅𝐴 

 

With quadratic utility of wealth being:  

𝑢(𝑐) = 𝛼 + 𝛽𝑐 + 𝛾𝑐2 

HARA if: 

𝐴𝑅𝐴(𝑐) = −
𝑢′′(𝑐)

𝑢′(𝑐)
=

1

𝛼𝑐 + 𝛽
;    𝛼 &  𝛽 𝑏𝑒𝑖𝑛𝑔 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠 𝑡ℎ𝑎𝑡 𝑚𝑎𝑘𝑒 𝛼𝑐 + 1 > 1  

𝑅𝑅𝐴 =
1

𝑐
 

CRRA if: 

𝐴𝑅𝐴(𝑐) = −
𝑢′′(𝑐)

𝑢′(𝑐)
=

𝜃

𝑐
 

𝑅𝑅𝐴 = 𝜃 
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The ARA being the second order derivative of 𝑈 with respect to 𝑐 divided by the first order 

derivative of the same. As discussed in the section 3.2.3, the utility function used in this thesis 

assume diminishing marginal returns of consumption. This means the nominator will thus 

exponentially go from negative infinity towards zero, with the growth in c, while the denominator 

will be a hyperbola, starting in infinity, and growing towards zero with the growth in c.  

The case of the quadratic utility function is considered weak, since utility may be declining by an 

increase in c, if either 𝛾 < 0, 𝑜𝑟 𝛾 > 0 𝑎𝑛𝑑 𝑢(𝑐)𝑀𝑖𝑛 > 0 (Munk, 2018, p. 230). Since this fit 

badly with the intuition of greedy investors, this utility function can hardly be utilized. This is 

additionally not the only issue with the quadratic utility function, but these will not be discussed 

further in this thesis. 

It can be noted that both HARA and CRRA accounts for 𝑢′(𝑐) > 0, 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙𝑙𝑦 → 0, and 

𝑢′′(𝑐) < 0, 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙𝑙𝑦 → 0, with some exceptions for the HRRA utility (e.g. if 𝛼 = 0). 

While there are in fact empirical scientific results showing that both utility function may represent 

real investor utility rather than simply being theoretical (Munk, 2017, p. 26). 

The main difference in the two functions is that the (1) CRRA utility assumes that ARA to be 

linearly declining as a function of c, while the (2) HARA assumes ARA to be a hyperbola. 

Additionally (1) sees RRA to be constant while (2) does not restrain to RRA being fixed.  

While both may be used, an overwhelming share of recent theory suggests the CRRA to be more 

accurate to describe the investor, than any other utility function including the HARA (Munk, 2017, 

p. 26).  

3.2.3. Point utility from consumption  

To determine the utility gained from consumption across the lifetime, the model takes the 

willingness for intertemporal consumption, the discount rate, the consumption habit, and the 

consumption itself into account.  

If keeping the utility equation from section 3.2.1 in mind, this is done by looking at the size of 

consumption and subtracting it with the minimal expectation to the same in form of consumption 

habit. This means that if the payment exceeds the minimal expectations, the investor will be happy 

(gaining positive utility) while if the payment is lower than the minimal expectation, the investor 

will be sad (gaining negative utility).  
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Afterwards the expression is raised to the power of 1 − 𝜃 and divided by 1 − 𝜃, which is the 

relative risk aversion for the given investor, thus her willingness to shift consumption over time. 

The closer 𝜃 being to 1, the harder the individual will try not to exceed the habit consumption in 

some periods, if it can lead to payments that are lower than the habit consumption in other periods.  

Another notable change from both Munk’s utility framework and the Diamond Model is the 

inclusion of counting negative point utilities. Since the function demands taking the 1 − θ root of 

the consumption, the function may run into the issue of obtaining complex numbers, when the 

consumption is smaller than the habit to the same. To prevent the model from yielding complex 

numbers, the function counts the point utilities where: (𝑐 − ℎ) ≥ 0, differently from the point 

utilities where (𝑐𝑡 − ℎ) < 0, by changing the sign and multiplying by 𝑠, thus making an parallel 

negative utility function for all consumptions where (𝑐 − ℎ) < 0, but with a steeper slope. 

When making the part of the function where (𝑐𝑡 − ℎ < 0) more convex than the part where (𝑐 −

ℎ) ≥ 0, it is due to the research made by both (Markowitz, 1959) and (Kahneman & Tversky, 

1979). Despite not agreeing to certain details of how utility is affected by wealth, both agree that 

regardless of the amount in question, investors in general avoid symmetric bets, thus suggesting 

that 𝑢(𝑐𝑦 − ℎ) > |𝑢(−(𝑐𝑦 − ℎ)| (Markowitz, 1959, p. 154). 

While Markowitz (1959) has no actual evidence for the above, Kahneman & Tversky (1979) 

documented the very concept in their article about the prospect theory after conducting specific 

research with test participants to their risk/return preferences. Apart from finding that the left hand 

side of the vertical axis (loss), was commonly convex, while the right hand side (gains) was 

commonly concave; they also found that the point of the function were the marginal utility of 

wealth was highest, in the reference point, (𝑐𝑡 − ℎ) in this case.  

In figure 1 this issue is visualized by looking at the point utility function of consumption, by letting 

utility be on the vertical axis and consumption be on the horizontal axis. Thus, utility being positive 

when 𝑐𝑥 > ℎ, while being more negative in absolute terms when 𝑐𝑦 < ℎ, when |𝑐𝑥 − ℎ| = |𝑐𝑦 −

ℎ|, where x and y, are any two time values between 0 and T.  

To include the concept of a steeper aversion of losses than of gains, the framework used in this 

thesis adds a disutility factor 𝑠 > 1 to the function, that determines the additional steepness of the 
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loss-curve compared with the gains-curve in the case that (𝑐𝑡 − ℎ) < 0, so that the term looks as 

following: 

−
(−(𝑐𝑡 − ℎ))1−𝜃

1 − 𝜃
⋅ 𝑠             𝑠 > 1;          𝑖𝑓 (𝑐𝑡 − ℎ) < 0 

 

To account for the investors common preference to early consumption both mentioned by Munk 

(2017) and Romer (2012) the term is then multiplied by (1 + 𝜌)−(𝑡−1), thus noting that the first 

period consumption is not discounted, while all subsequent periods being discounted more and 

more. It is notable that Munk (2017) discounts a bit differently by multiplying the term with 𝑒−𝛿𝑡, 

while they both however are intuitively equal to each other. The main reason why Munk (2017) 

uses 𝑒 instead of simply 1, is the fact that it is easier to differentiate and integrate, thus fitting much 

better to the continuous model, not further investigated in this thesis. Also, to note that while this 

function starts in 𝑡 = 1, Munk’s (2017) starts in t= 0. Finally, while not being different from 

Figure 1 - Point utility of consumption, Source: Own production 
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neither Munk’s utility framework nor the Diamond Model framework, the function allows a 

negative discount rate as long as 𝜌 > −1. This means that investors do not need to strictly be 

impatient and may in fact appreciate late consumption rather the present consumption. While a 

negative subjective discount rate may sound like an abstract concept it may be more relevant in 

present times when individuals and even social planners may be interested in pushing consumption 

into the future due to the possible connection between current consumption and climate change 

(Groth, 2014, pp. 118-119).  

3.2.4. Utility from terminal wealth 

As previously shown, point utility from terminal wealth is calculated as: 

�̅�𝑇(𝑊𝑇)
𝑊𝑇

1−𝜃

1 − 𝜃
⋅ (1 + 𝜌)−(𝑇−1) 

Equally to the point utility of consumption, the individuals utility from terminal wealth needs to 

be risen to the power of (1 − 𝜃), and then multiplied by 
(1+𝜌)−(𝑡−1)

1−𝜃
 , in order to account for the 

relative risk aversion and the individuals time preference to consumption.  

Since the investor never actually gets access to utilize the entire portfolio, the size of the wealth is 

only interesting in the last period (when it does not provide more payments) and needs to be passed 

on either to the investor herself or to her children (inheritance). While the Trinity Study’s (Cooley, 

Waltz, & Hybbard, 1999) main point of interest being if the terminal wealth is positive or negative, 

this thesis allows the wealth at all-time 𝑡 to only be as low as 𝑊𝑀𝑖𝑛 . As 𝑊𝑀𝑖𝑛  may for instance be 

the minimal inheritance she wishes to leave behind, it is assumed that the investor can at no point 

in time have less money that what 𝑊𝑀𝑖𝑛  allows, regardless if being a positive or a negative value. 

While this being possible in the first section of the analysis, due to the assumption of non-volatile 

asset returns, this assumption about 𝑊𝑀𝑖𝑛 will later be removed in the simulation setting.  

The mathematical reasoning behind the restriction is additionally, that when solving for optimal 

utility by changing the size of the payments, the result may be converging solutions, where 

𝑊𝑇  𝑜𝑟 𝑖𝑛 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑎𝑛𝑦 𝑊𝑡 may converge to very extreme solutions that are rarely realistic for an 

investor to actually utilize. Apart from that, the point utility of the final wealth is very similar to 

the point utilities for consumption, with the main exception that the individual no longer includes 

habit ℎ, as she is no longer requires her habitual consumption.  
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3.2.5. Variables and dynamics in the utility function 

While 𝜌, 𝑇, 𝜃, 𝑠, ℎ, 𝑊0 𝑎𝑛𝑑 𝑊𝑀𝑖𝑛  all are exogenous inputs to the model, and consumption 𝑐𝑡, U, 

and 𝑊𝑡=1,2,…𝑇 all being endogenous variables determined by the model, it is necessary to determine 

the properties of a final crucial variable and some last dynamics of the utility function. Note, that 

the remaining non-introduced variable in this section is the rate of return 𝑟. 

Specifying 𝑊𝑡, that is endogenous in the model, is done in the following way: 

It is additionally noted that 𝑊0 is the exogenously given initial value of the investment portfolio, 

all subsequent portfolio values are endogenous, thus multiplied by 1 + 𝑟 and then subtracted by 𝑐: 

𝑊𝑡 = 𝑊𝑡−1 ⋅ (1 + 𝑟) − 𝑐𝑡                    𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 = 1, … , 𝑇 

 Which thus yields that the terminal wealth is given as: 

 

𝑊𝑇 = 𝑊𝑇−1 ⋅ (1 + 𝑟) − 𝑐𝑇 

  

After adding this, the final variable to be determined by the function is the consumption vector or 

payment plan: 𝑐𝑡  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 = 1, … , 𝑇. 
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3.2.5.1. Numerical values of the exogenous variables 

The following section will explain how optimal payment plans for stereotypical investors with 

exogenously given characteristics are found. Since this thesis does not cover a closed form solution 

for the ideal payment plan given these characteristics, a realistic set of exogenously given variables 

appear necessary for being able to make a useful case analysis for the investors. As mentioned 

already this includes the variables: 𝜌, 𝑇, 𝜃, 𝑠, ℎ, 𝑟, 𝑊0 , 𝑎𝑛𝑑 𝑊𝑀𝑖𝑛 . 

Noting the difference between the individual discount factor 𝛿 and subjective discount rate 𝜌, 

being discussed in section 2.3.2 and 3.2, most theory suggests 𝛿 being for most individuals being 

around 0.9 − 1 thus indicating 𝜌 being between 0 − 10% for most individuals (Frederick, 

Loewenstein, & O'Donoghue, 2020, pp. 379-380).  

The investment horizon of investors may on the other hand potentially have any length shorter 

than the investors lifetime. For creating consistency to the study of Cooley et al. (1999), the thesis 

however chooses to primarily examine a horizon where 𝑇 = 30.  

While Munk (2012, p. 28) and Munk (2017, p. 26) actually suggests that 𝜃 for a normal investor 

is likely between 1-4, he also notes that the utility values associated to this value being rather 

unintuitive, since they may give negative utility values from actions making the investor happy. 

He however also notes that since the utility values alone represent an ordinal measure rather than 

an actual value that it should be permitted (Munk, 2017, p. 15). Acknowledging the strange utility 

values being associated to 𝜃 > 1, this thesis will thus base its analysis in the cases where 1 > 𝜃 >

0, due to this giving more intuitive results (Munk, 2018, p. 233).  

Noticing the resemblance between the habit consumption ℎ, and the withdrawal rate 𝑤 described 

by Cooley et al. (1999), the ℎ will be set to take values between 2% of 𝑊0 and 8% of 𝑊0.  

The rate of return on the portfolio is a somewhat more blurred exogenous variable than the others. 

In the section where r is exogenous, 𝑟𝑎𝑛𝑛𝑢𝑎𝑙 will simply be set to 5.5% corresponding to the 

expected annual rate of rate of return on global developed market stocks given in the society 

presumptions (Rådet for pensionsprognoser, 2019). Further in the analysis 𝑟𝑎𝑛𝑛𝑢𝑎𝑙 will also be 

examined, namely how different levels of asset allocation between bonds and stocks, can affect 

the investor’s portfolio, considering the Value at Risk as well. In the simulation setting however, 

r only serves as input to the Monte Carlo simulation model.  
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For reaching a high level of applicability, the 𝑊0 is not denoted any currency, nor does the actual 

numerical value represent any particular absolute amount and is thus relevant for any investor 

regardless her level of wealth. 𝑊0 should thus be considered a total investment portfolio, where 

ℎ and 𝑊𝑀𝑖𝑛 are fractions of same. Despite this, 𝑊0 has in the examples below been set to 5,000,000 

for all investors. It is strongly noted that the number in itself has no meaning, which means that 

investors, using the examples below, may simply adjust their own 𝑊0 or scale it to fit with the 

5,000,000. Similarly, 𝑊𝑀𝑖𝑛 has been set to 10% of the initial stock 𝑊0 for most cases while 

investigating certain small deviations to this percentage when the investor is either keen to save 

more, or not to save at all. Again, note that in the simulation setting 𝑊𝑚𝑖𝑛 is not used. Instead a 

fixed inflation-adjusted withdrawal rate is used. 

3.3. The optimal payment plan 

When looking at the section above it is clear that all optimal point consumptions 𝑐𝑡
∗, the ones giving 

the highest utility, depend on the remaining optimal time consumptions and the optimal terminal 

wealth 𝑊𝑇
∗: 

𝑐𝑡
∗(𝑐𝑜 , … , 𝑐𝑡−1

∗ , 𝑐𝑡+1
∗ , … , 𝑐𝑇

∗ , 𝑊𝑇
∗) 

The optimal payment plan is solved using the Excel Solver add-in (Microsoft Office, 2020). 

Specifically, it is done by maximizing the total life time utility U, with the characteristics described 

above, and the constraints that all payments ct are strictly positive, while the portfolio value in all 

periods is strictly above the level of minimum inheritance WMin as appearing in appendix G.  

Note that the Excel Solver offers three solving methods, namely (a) Linear Programing Simplex 

(b) Generalized Reduced Gradient (GRG) Nonlinear and (c) Evolutionary. For optimizing the 

payment plans we use method (b) and (c). While hardly meeting the conditions of linear 

programming, the optimization problem described above may be solved both by the GRG 

Nonlinear and the Evolutionary method.  

The reason why both methods can be utilized is due to their complimentary features to find the 

optimal payment level in each period. While the GRG Nonlinear method may provide a fast, local 

maxima (being very conditional on the initial values) in optimizing the investors lifetime utility, 

by taking the partial derivative and setting it equal to zero, the given solution may not be the global 
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maxima. It would thus be possible for the investor to put together a payment plan giving a higher 

utility (Young, 2020).  

On the other hand, the Evolutionary method is driven by a comparative algorithm, which due to 

its compromise on speed, attempts to compare as many payments plans with each other as possible, 

ultimately giving the best “guess”. Knowing this, the utilized optimization method, is a 

combination of the Evolutionary method and the GRG Nonlinear, by first using the Evolutionary 

method to guess the most adequate initial values, while afterwards solving for the local maxima 

(thus hopefully the global maxima) with the GRG Nonlinear method (FrontlineSolvers, 2020).  

3.4. Sensitivity analysis  

After finding the optimal payment plan, the payment plan’s sensitivity to changes in other variables 

is analyzed, including 𝜃, 𝑠, 𝜌, 𝑊𝑀𝑖𝑛 , ℎ, 𝑇 𝑎𝑛𝑑 𝑊0. Here it is described how the analysis is 

performed. 

Noting that all the mentioned exogenous variables are included in all the point utilities, simple 

partial derivation would not suffice to investigate payment plan sensitivities to the variable, while 

total derivation would be too time consuming, due to the extensive size of the function, and 

multiple local maxima.  

The utilized method to analyze the sensitivity of the optimal payment plan to changes in the input 

variables, is thus also to use the Excel Solver, while having to adjust the variables for each given 

change. 

The sensitivity analysis will take its reference point in the most average investor stereotype of the 

examined generic investor stereotypes, namely Neutral Nancy. That is, the baseline values for the 

utility function in the sensitivity analysis is those of Neutral Nancy. The impact on the total utility 

of the optimal payment plan caused by a change in one exogenous input variable at a time is then 

analyzed (See appendix G). 
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3.5. Case study 

After analyzing the sensitivity of the optimal payment plan of the exogenously given input 

variables (see section 4.1), the analysis in the section of the thesis, will conduct a case study of a 

series of pre-selected investor stereotypes. While all using the utility function as described above, 

all the stereotypical investors are assumed to be different regarding the exogenously given input 

variables.  

It is be stressed, that despite the obviously connotated stereotypical investor names, all investors 

in general are still assumed to be impatient regarding consumption, risk averse, required to leave 

some inheritance, etc. This will for instance mean that Neutral Nancy, will just be assumed to have 

a somewhat moderate risk aversion, in contrast to not being risk averse at all.  

The input variables given to the stereotypical investors below are intended to be purely illustrative 

of the point that the exogenously given input variables have an effect on the optimal payment plan, 

and to have the numbers be as realistic as possible for the investor wanting to utilize this 

framework. For this reason, both the names of the stereotype investors and their preconditioned 

input variables are purely fictious, while however attempting to incorporate a sense of reality. 

Finally, it should be noted that the stereotypical investor Neutral Nancy is considered the most 

average investor and for this reason  

3.5.1. Stereotypical Investors 

In order to compare the investor differences, and how their differences impact their preferred 

payment plan, all exogenous traits (variables) of the investors are kept equal to the one of Neutral 

Nancy as in accordance to the post-positivist paradigm. The view is therefore that for better being 

able to understand the differences between the individual variables, each stereotypical investor 

will have her own trait. Additionally, the exogenous variables length of investment horizon T, 

habit consumption h, and initial wealth W0 will be kept equal for all investors. The set of 

exogenously given variables for each investor is presented in table 1, bellow.  

  



33 
 

Table 1 - Stereotypical Investor description 

 𝜌 𝜃 𝑊𝑀𝑖𝑛  𝑊0 T S r 

NN 5% 50% 500,000 5,000,000 30 2 5.5% 

RR 10% 20% 500,000 5,000,000 30 1.5 5.5% 

AA 0 80% 500,000 5,000,000 30 2.5 5.5% 

CC 5% 50% 0 5,000,000 30 2 5.5% 

LL 5% 50% 1,000,000 5,000,000 30 2 5.5% 

GG -5% 50% 500,000 5,000,000 30 2 5.5% 

 

3.5.1.1. Neutral Nancy (NN) 

The most generic of the stereotypical investors, who is assumed to take the most neutral values of 

all the stereotypical investors.  

3.5.1.2. Risky Rick (RR)  

Has a lower CRRA θ, and is thus more willing to exchange risk for expected return. RR is also 

less loss averse, thus giving him a s closer to 1, and finally he is much more impatient in regard to 

consumption than the other investors, suggesting a higher ρ. 

While this optimization problem does not contain risk, CRRA is also an expression of the investors 

willingness to shift consumption between periods, which RR, is rather happy to do.  

3.5.1.3. Averse Avery (AA) 

Being opposed to RR, Averse Avery has a high CRRA, being reluctant of exchanging gains in 

some periods to the cost of losing out in others. Simultaneously AA cares little about when 

spending takes place and is thus often willing to sacrifice spending today for spending in the future 

if this can bring him a minimal reward. 

3.5.1.4. Childless Charlie (CC) 

Being childless, CC prefers to die penniless, thus not minding 𝑊𝑀𝑖𝑛 . 

3.5.1.5. Legacy Lucy (LL) 

Being opposed to CC, Legacy Lucy wishes to leave much of her fortune to her family and will 

thus not permit herself of spending whatever heritage she wants to leave behind. 
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3.5.1.6. Green Greta (GG) 

GG is rather concerned about the negative consequences consumption today may have on the 

environment. She will prefer consumption in the future to consumption today, even if this may end 

up costing her money.  

3.5.2. Optimal payment plans in a world with risk 

While no volatile returns, are assumed for most part of the analysis concerning the optimal 

payment plan, this section removes this assumption, thus acknowledging a certain level of 

uncertainty in the investors’ portfolios, mainly given by the chosen asset allocation. When 

including risk in the analysis the objective is rather to compare the optimal payment plan, described 

in detail in section 3.2, with sustainable withdrawal rate found by Cooley et al. (1999), at a constant 

rate of 4% ⋅ 𝑊0 per year proposed by the 4%-rule.  

It should be noted that the optimal payment plan is not entirely optimal (despite its name) since it 

optimizes the utility by creating a payment plan designed for an exogenously given rate of return 

rate of return ((in this case 5.5%) (the expectations to the stock return given by the society 

presumptions (Rådet for pensionsprognoser, 2019)). 

While it is obvious that a tailor-made optimal payment plan outperforms the 4%-rule, when return 

is known before hand, the situation may be reversed in the case of the investor over- or 

underestimating the annual rate of return on her portfolio. 

Similar to section 4.4 the investor will in case of premature default simply withdraw whatever is 

left, and will not be able to take additional debt for maintaining her consumption, thus giving: 

𝐶𝑡
𝑎𝑐𝑡𝑢𝑎𝑙 = 𝑊𝑡 − 𝐶𝑡      𝑖𝑓   𝑊𝑡 − 𝐶𝑡 > 𝑊𝑀𝑖𝑛 

 

To investigate how the optimal payment plan performs for each of the stereotypical investors, the 

analysis first defines the likely set of rate of returns, utilizing the VaR and CVaR (note section 

2.3.3), given by a simulation of 10,000 returns of stocks, bonds and the inflation rate over a period 

of 30 years, divided by 360 to obtain the average monthly returns, thus getting 𝑟𝑡,𝑡+1; 𝐴𝑣𝑒𝑟𝑎𝑔𝑒 =

𝑟𝑡,𝑡+360

360
 from appendix G. The simulation methodology is explained in more detail in section 3.6 



35 
 

Afterwards the real stock- and bond returns are found by subtracting the average monthly inflation 

rate, followed by dividing the term by 1 plus the inflation rate (Munk, 2018, p. 35) (Note Appendix 

G): 

𝑟𝑡,𝑡+1;𝐴𝑣𝑒𝑟𝑎𝑔𝑒
𝑟𝑒𝑎𝑙 =

𝑟𝑡,𝑡+1;𝐴𝑣𝑒𝑟𝑎𝑔𝑒
𝑛𝑜𝑚𝑖𝑛𝑎𝑙 − 𝐼𝑡,𝑡+1;𝐴𝑣𝑒𝑟𝑎𝑔𝑒

1 + 𝐼𝑡,𝑡+1;𝐴𝑣𝑒𝑟𝑎𝑔𝑒
 

After finding the real rates of return for the two asset classes, the returns on the investment 

portfolios, partly invested in stocks and bonds to stay in line with Cooley et al. (1999), are found 

by weighting the returns from the individual asset classes (Munk, 2018, p. 39): 

𝑟𝑝 = 𝑤𝑟1 + (1 − 𝑤)𝑟2 

Where 𝑟𝑝 is the return on the portfolio, 𝑟1 & 𝑟2 are the returns on each of the asset classes, while 𝑤 

is the weight in asset 1 on each portfolio. Afterwards, the return distribution for each portfolio is 

found by indexing them from lowest to highest (Note Appendix G). 

When obtaining the distribution of rate of return for each of the portfolios, the VaR tables are 

created, simply by matching the probability 𝑝 (see section 2.3.3 and figure 2 below), with the 

corresponding percentile of the portfolio rate of returns (Note Appendix G).  

 

Figure 2 - Value at Risk, Source: Munk (2018, p. 39) 
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The average monthly returns are then annualized by adding 1 to the monthly return, raising the 

entire term to the power of 12, followed by subtracting the term with one (Munk, 2018, p. 30): 

𝑟
𝑡,+𝑡+

1
12

𝑐𝑜𝑚𝑝
= (1 + 𝑟

𝑡,+𝑡+
1

12

𝑐𝑜𝑚𝑝
)

12

− 1 

After obtaining the VaR table of annualized real rates of return the VaR utilities for the 

stereotypical investors may be found (note section 3.5), by applying the payment plan described 

above.  

The same VaR returns are used for finding the VaR total utilities, for a withdrawal strategy 

considering the sustainable withdrawal rate suggested by Cooley et al. (1999), namely to 

withdraw Ct = 4% ⋅ W0. 

The purpose of keeping the expectation of E[r] = 5,5% while the actual returns for different levels 

of VaR differs, for both the optimal payment plans and the sustainable withdrawal rate for all of 

the stereotypical investors, is to show the associated impact on utility if one over- or underestimates 

the rate of return. This should not be mistaken for a sensitivity analysis of how the payment plan 

changes to fluctuations in r, which is already done in section 4.1, but rather a comparison of how 

well the optimal payment plan and the sustainable payment plan performs with different rates of 

return than anticipated.  

Afterwards, the VaR return table and VaR total utility table is examined again, however this time 

by considering the distribution to be normal given by the society presumptions, with mean and 

variance, suggesting that r ~ N(µ, σ2) (Rådet for pensionsprognoser, 2019).  

The annual rate of return for the five different portfolios mentioned above, is then given as: 

e(rp) = w ⋅ e(r1) + (1 + w)e(r2), while the annual standard deviation, considering the 

correlation between the asset classes is given as (Munk, 2018, p. 80): 

σpf = √(w2 ⋅ σ1
2 + (1 − w)2 + 2w(1 − w)ρσ1σ2 

Where σpf, σ1 and σ2 are the standard deviations for the portfolio, asset 1 and asset 2, while w is 

the weight of asset one, and ρ being the correlation between asset 1 and asset 2.  
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Because of the assumption of normally distributed returns it is no longer necessary to index the 

returns manually from lowest to highest, but instead it is possible to find the inverse of the normal 

cumulative rate of return distribution, for the associated mean and standard deviation, which is 

done in Excel by using the Norm.Inv function (Microsoft Office, 2020). After obtaining the VaR 

rates of return, the VaR utility table can be constructed equally as described above.  

Finally, this part of the analysis covers CVaR considering the data from the bootstrapping 

simulation (equally as VaR above). For constructing the CVaR rate of return tables, it is necessary 

to remember that it is defined as the expected return, given the highest x percentile returns are 

removed, thus being a conditional rate of return (Munk, 2018, p. 63): 

𝐶𝑉𝑎𝑅𝑟(𝑝) = µ𝑟  | r < 𝑉𝑎𝑅𝑟(𝑝))  

The CVaR rate of return tables are then constructed by removing the highest simulated average 

rate of return depending on the level of p, taking the average of the remaining rates of return, and 

lastly repeating the steps described above for being able to construct the CVaR utility tables for 

the investors. 
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3.6. Simulation study 

In this section the methodologies behind the simulation of stocks and bonds return data are 

explained, starting with the Monte Carlo simulation (MCS) and then the bootstrapping simulation 

(BS). The overall methodological approach is explained along with the data collection process, 

and then finally the choice of simulation models is justified. 

The decision of choosing what withdrawals to make from your pension savings is indubitable 

riddled with uncertainty and variability. The savings are most likely invested in risky assets like 

stocks and bonds. Financial returns from stocks and bonds are unpredictable, which means that 

one’s decision regarding what withdrawals to make from one’s portfolio is made harder by 

uncertainty. In some cases, one would be lucky and even accounting for the withdrawals made 

from the portfolio, one’s portfolio value would have appreciated over time. The opposite could be 

true as well. Even if one is very conservative with pension withdrawals, one could end up 

exhausting their savings long before planned. For this reason, it is very important to account for 

the uncertainty when choosing a sustainable withdrawal rate. 

Previously, this problem has been analyzed by using overlapping payout periods. The most known 

examples being Bengen (1994) and Cooley et al. (1998, 1999, 2003a, 2011). In this approach, one 

examines historical periods to determine the success rates of portfolios. Given a 30-year horizon, 

you would first examine the period t to t+30, with t being the year for the first observation. You 

continue like this by examining the period of t+1 to t+31. You continually do this until the terminal 

year of the examined payout period is equal to the year of your last observation, T. It is argued that 

this yields a sample size of T – t – h, with h being equal to the investment horizon being analyzed. 

Starting in the year of 1930 and ending in 2020, and analyzing an investment horizon of 30 years, 

would yield a sample size of 2020 – 1930 - 30 = 60 payout periods, from which one could analyze 

the outcomes of the portfolios.  

But this way of obtaining data does not yield data that are representative of the population, which 

we are interested in. Since asset returns are uncertain, then by using the overlapping payout periods 

method to sample our data, we obtain a sample which is not random. The realization of the stock 

market from 1930 to 2020 only represents one random outcome, which can also be seen as the sum 

of a lot of smaller random outcomes. There is an infinite number of other outcomes which could 

have happened instead of the one which actually happened. It is unlikely that the upcoming 90 
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years will look exactly like the last 90 years. The observations in the sample are also not chosen 

by chance and they are also not independent from each other, making all statistical results invalid. 

In order to make any generalizable conclusions about the risk given a certain asset allocation and 

withdrawal rate, we had to obtain truly random samples. For this reason, we chose to use two 

different approaches to simulate the data, both of which have their pros and cons, respectively. 

These will be compared later, along with the results obtained from using the different sampling 

methods. By sampling observations randomly and independently we seek to make conclusions 

which are statistically valid. By simulating our sample of portfolio outcomes, we intend to 

calculate the expected utility for each portfolio combination and for each investor. This will allow 

us to analyze whether investor characteristics changes the optimal withdrawal rate and optimal 

asset allocation. 

3.6.1. Simulation methodology 

In this following section, we will explain how we use Monte Carlo simulation and bootstrapping 

to simulate stock and bond returns and inflation rates. The simulated returns are used to create 

paths of portfolio returns. By applying the utility framework to our withdrawals from the 

portfolios, we can obtain a large sample and use it to calculate expected utility of each investment 

decision combination.  

The first method to be explained is the Monte Carlo simulation using a slightly modified geometric 

random walk algorithm. Afterwards, the bootstrapped simulations approach is explained. Finally, 

the method for calculating utility from the portfolio withdrawals will be explained. But before 

explaining the simulation methods and the utility calculation process, the overall approach for the 

simulation study will be explained.  

In the simulation study we start by simulating 30 years of monthly stock and bond returns, as well 

as inflation rates. The returns data is then locked in the rest of the analysis, meaning that we use 

the same data throughout the simulation study to assure consistent results in the analysis. Both the 

Monte Carlo simulation and bootstrapping simulation are done 10.000 times, in order to obtain a 

large sample. The simulations are done in the statistical programming software R. The graphics in 

the simulation study are also made in R (The R Foundation, 2020). The returns and inflation rates 

are simulated after setting the seed, in order to make the results reproduceable for others. The seed 
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used for the bootstrapping simulation is ‘16000’ and ‘17000’ for the Monte Carlo simulation. 

These are set using the set.seed() function that is native to R, before running each simulation. 

After simulating the returns data and inflation rates we calculate portfolio outcomes by specifying 

withdrawal rate and asset allocation in a function written in R by ourselves. The function in 

question uses the following algorithm: 

𝐹𝑜𝑟 𝑡 = 0: 

𝑊0 = 𝑤𝑖𝑡ℎ𝑑𝑟𝑎𝑤𝑎𝑙 𝑟𝑎𝑡𝑒 ⋅ 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 

𝐼𝑛𝑖𝑡𝑖𝑎𝑙 𝑝𝑜𝑟𝑡𝑓𝑜𝑙𝑖𝑜 𝑣𝑎𝑙𝑢𝑒 (𝐼𝑃𝑉0) = 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 − 𝑊0 

𝑃𝑜𝑟𝑡𝑓𝑜𝑙𝑖𝑜 𝑣𝑎𝑙𝑢𝑒0 (𝑃𝑉0) = 𝑠𝑡𝑘 ⋅ 𝐼𝑃𝑉 ⋅ (1 + 𝑟0
𝑠) + (1 − 𝑠𝑡𝑘) ⋅ 𝐼𝑃𝑉 ⋅ (1 + 𝑟0

𝑏) 

 

𝐹𝑜𝑟 𝑡 = 1, … , 𝑛 𝑎𝑛𝑑 𝐼𝑃𝑉𝑡 > 0: 

𝑊𝑡 = 𝑊𝑡−1 ⋅ (1 + 𝑖𝑛𝑓𝑙𝑎𝑡𝑖𝑜𝑛𝑡−1) 

𝐼𝑃𝑉𝑡 = 𝑃𝑉𝑡−1 − 𝑊𝑡 

𝑃𝑉𝑡 = 𝑠𝑡𝑘 ⋅ 𝐼𝑃𝑉𝑡 ⋅ (1 + 𝑟𝑡
𝑠) + (1 − 𝑠𝑡𝑘) ⋅ 𝐼𝑃𝑉𝑡 ⋅ (1 + 𝑟𝑡

𝑏) 

 

𝐹𝑜𝑟 𝐼𝑃𝑉𝑡 ≤ 0: 

𝑊𝑡 = 𝑃𝑉𝑡−1 

𝐼𝑃𝑉𝑡 = 𝑃𝑉𝑡−1 − 𝑊𝑡 = 0 

 

This algorithm is done for each simulated path in order, such that the stock returns, bond returns 

and inflation rates for the first portfolio path are all taken from path 1. As mentioned, this is done 

10,000 times. For the bootstrapping simulation, the use of this methodology means that we 

preserve historical pairwise means, correlation, and standard deviation (Finke, Pfau, & Williams, 

2011). This will be explained more in section 3.6.3. where we explain the bootstrapping algorithm.  
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This algorithm is made such that withdrawals Wt are made in the beginning of each period, after 

calculating the inflation-adjusted withdrawal, where the inflation is based on previous periods 

inflation rate. Wt is subtracted from the initial value, which is the amount of money that our case 

investors has prior to their first withdrawal. This gives the helper value initial portfolio value, that 

is IPVt, that should not be confused with the initial value. Afterwards the portfolio appreciation or 

depreciation is calculated, where 𝑠𝑡𝑘 is the percentage of stocks in the portfolio, 𝑟𝑡
𝑠 is the stock 

return in period t, and 𝑟𝑡
𝑏 is the bond return in period t. This is done to represent a portfolio that 

rebalances to original asset allocation after each period. Finally, if the algorithm reaches a point 

where the normal inflation-adjusted withdrawal would make the initial portfolio value equal to or 

less than 0, the withdrawal amount is set to the remaining portfolio value and remaining portfolio 

value is then equal to 0. Afterwards, portfolio value will be 0 until the end of the simulation. 

The algorithm for calculating the portfolio paths could be done in a simpler way, but in order to 

later calculate the utility at each consumption point, we had to store each withdrawal and price 

point for all time t and paths. 

The simulation study analysis is done in R and is based on the simulated returns and inflations 

rates. The portfolios analyzed here are generated by the portfolio algorithm, and the resulting data 

is then analyzed in various ways in R. The programming packages used for tables and plots in this 

part of the analysis are ‘dplyr’ for data handling and transformation, ‘ggplot2’, ‘scales’, ‘grid’ and 

‘gridExtra’ for the plots. Finally, ‘flextable’ was used to make the tables that display summary 

statistics for the portfolios. The same programming packages were used for the part of the 

simulation study where the utility framework is applied.  

3.6.2. Monte Carlo simulation 

In this section we will present and explain the algorithm used for the Monte Carlo simulation of 

asset returns and inflation rates. The algorithm we use is slightly modified from the geometric 

Brownian motion models that are often used in finance to simulate stock prices. This modification 

is done due to the fact that we need to simulate the stock returns and not the actual stock prices.  

3.6.2.1. Geometric Brownian motion 

The geometric random walk algorithm is based on the geometric Brownian motion (GBM) model 

for stock prices. In the GBM model, each stock is characterized by its historical mean and variance 
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but all realizations of the stock price are independent of previous realizations (Shonkwiler, 2013, 

p. 11). 

The mathematical theory behind Brownian Motion is sometimes referred to as Wiener process, 

named after the developer of the theory, Norbert Wiener. A Wiener process can be described by 

letting 𝑊𝑡 , 𝑡 ≥ 0 describe the position of a Brownian particle at time t and 𝑊0 = 0. The axioms of 

the Wiener process are: 

1. Every increment 𝑊𝑡+ℎ − 𝑊𝑡 is normally distributed with mean 0 and variance 𝜎2ℎ 

where 𝜎 is a fixed parameter 

2. For every pair of separated time interval, the increments in those time intervals are 

independent random variables with distributions as in Axiom 1. 

3. 𝑊𝑡 is continuous at t = 0. 

Axiom 2 is the one that make future realizations independent of previous realizations (Shonkwiler, 

2013, pp. 7-8). The math behind the Geometric Brownian Motion model is out of scope for this 

thesis, but the stochastic process in GBM can be described by the following function 

(randomservices.org, 2020)  

𝑋𝑡 = exp [(𝜇 −
𝜎2

2
) 𝑡 + 𝜎𝑍𝑡] , 𝑍𝑡~𝑁(0,1) 

The 𝜇 −
𝜎2

2
 is the drift parameter and 𝜎 is the volatility parameter. 𝑍𝑡 is the standard normal random 

variable in time t.  

The function we used was instead the one presented to us by supervisor Johan Stax Jakobsen, PhD, 

from his teaching slides from his course Quantitative Methods (Jakobsen, 2019): 

𝑆𝑡 = 𝑆𝑡−ℎ ⋅ exp ((𝜇 −
𝜎2

2
) ℎ + 𝜎√ℎ ⋅ 𝑍𝑡) , 𝑍𝑡~𝑁(0,1) 

Here the volatility parameter 𝜎 is periodically adjusted by h, where h is ∆𝑡. Monthly frequency 

would mean that ℎ =
1

12
.  

As mentioned, we modified the function in the following way in order to simulate rate of returns 

instead of simply stock prices: 
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𝑟𝑡 =
𝑆𝑡

𝑆𝑡−ℎ
− 1 = exp ((𝜇 −

𝜎2

2
) ℎ + 𝜎√ℎ ⋅ 𝑍𝑡) − 1, 𝑍𝑡~𝑁(0,1) 

Since we are only interested in the rate of returns from stocks that were to be used in the portfolio 

generating function, this function served its purpose. Examining the portfolio generating function 

in section 3.6.1. we see that the 1 and 𝑆𝑡−ℎ  is simply added later again. 

Finally, one can derive that in the GBM model returns are normally distributed and stock prices 

are log-normally distributed (Jakobsen, 2019). This fits well with the fact that stock prices cannot 

be negative, but it adds another assumption in that we have to assume normally distributed stock 

returns. Furthermore, since all price movements are random we also have to assume that the 

Efficient Market Hypothesis is correct (Shonkwiler, 2013, p. 21). 

The Efficient Market Hypothesis states that financial markets are efficient, in that the current stock 

prices already holds all information available to investors. In the strong sense of Efficient Market 

Hypothesis all insider information is reflected in the price as well (Shonkwiler, 2013, p. 21). 

These assumptions are of course that, only assumptions, but we assume they hold when analyzing 

the results from the GBM model and when we use them later on. 

The bond returns and inflation rates are simulated too, but in a simpler way. For both we assume 

that their returns follow a normal distribution, and simply draw returns from those distributions. 

Finally, the algorithm used to simulate returns and inflation rates can be presented: 

𝐹𝑜𝑟 𝑡 = 1, … , 𝑛 𝑎𝑛𝑑 𝑝 = 1, … ,10000 

𝑟𝑡,𝑝
𝑠 = exp ((𝜇𝑟 −

𝜎𝑟
2

2
) ℎ + 𝜎𝑟√ℎ ⋅ 𝑍𝑡) − 1, 𝑍𝑡~𝑁(0,1) 

𝑟𝑡,𝑝
𝑏 = 𝑁𝑡,𝑝, 𝑁𝑡,𝑝~ (

𝜇𝑏

𝑓
,

𝜎𝑏

√𝑓
) 

𝑖𝑡,𝑝 = 𝑁𝑡,𝑝, 𝑁𝑡,𝑝~ (
𝜇𝑖

𝑓
,

𝜎𝑖

√𝑓
) 
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Where 𝑡 is time, 𝑝 is current path, and h is ∆𝑡. 𝜇 𝑎𝑛𝑑 𝜎 are the respective means and standard 

deviations of the stocks, bonds, and inflation rate. Each simulated rate was stored in a data matrix 

for later use in the portfolio generating function. 

3.6.2.2. Inputs for the Monte Carlo simulation 

As one can see from the previous algorithm, some inputs are required in order to simulate the 

needed data. 

For the expected means and the standard deviations for the stocks and bonds we used the 

parameters that are published by the Council of Pension Forecasts in the Society Presumptions of 

2020 (Rådet for pensionsprognoser, 2019). These presumptions are used by pension planners in 

Denmark in order to advise clients on decisions regarding their pension savings.  

The Council of Pension Forecasts publish both short term and long term expected values of returns 

and standard deviations, but for simplicities sake we use the long-term rates even in the first 10 

years of simulations. In the society presumptions stocks have a long term expected annual return 

of 6.5% and standard deviation of 18%. Bonds have an expected annual return of 3.5% and 8% 

standard deviation. Their long term expected correlation is 0. 

The Society Presumptions does not mention any standard deviation of inflation, but they do specify 

that they expect a 2% annual inflation rate in the long term. Instead we find that a 1% standard 

deviation of inflation is suitable, according to FEDS notes on inflation volatility (Hulseman & 

Detmeister, 2019). The data from this article is calculated and based on data published by the US 

Bureau of Labor Statistics for the Consumer Price Index. 

3.6.3. Bootstrapping with replacement 

In this section we will present the bootstrapping simulation methodology. We will explain the 

thoughts and considerations, and the practical aspects of the simulation method. Finally, the data 

collection and transformation process belonging to the bootstrapping simulation is explained. 

Bootstrapping is essentially a resampling method where one repeatedly draws samples from a data 

set in order to obtain population statistics. Resampling is very important in modern statistics, and 

especially in data science, where resampling is used to obtain additional information on the fit of 

statistical learning models. By resampling and fitting the given model on each new sample, one 

can obtain more information compared to only fitting the model once on the training data. Two of 
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the most common resampling methods are cross-validation and the bootstrap. While the cross-

validation method is most commonly used for model assessment, the bootstrap is used in many 

different contexts. The bootstrap is most commonly used to provide a measure of accuracy of a 

parameter estimate or a statistical learning method, but in our case, we will use the bootstrap to 

resample asset returns and inflation rates in order to obtain more samples for estimating the 

expected portfolio outcomes and expected utility (James, Witten, Hastie, & Tibshirani, 2014, p. 

175). 

As well as obtaining statistical valid results by resampling asset returns and inflation rates, we also 

preserve historical means, correlations, and standard deviations. Another positive result of using 

this method is that we do not have to assume anything about the distributions of our data, since we 

will be resampling from an empirical distribution of historical returns (Finke, Pfau, & Williams, 

2011). 

One important assumption though is that the historical means, correlations, and standard deviations 

are representative of the future. This cannot be known of course, but we must assume this in order 

to use this method.  

As mentioned, the bootstrap uses resampling with replacement in order to obtain more samples. 

In this thesis, this method is implemented by the following algorithm: 

𝐹𝑜𝑟 = 1, … , 𝑛 𝑎𝑛𝑑 𝑝 = 1, … , 𝑠 

𝑅𝑎𝑛𝑑𝑜𝑚𝑙𝑦 𝑑𝑟𝑎𝑤 𝒏 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑤𝑖𝑡ℎ 𝑟𝑒𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 1 𝑎𝑛𝑑 𝑶𝒃𝒔 𝑎𝑛𝑑 𝑠𝑡𝑜𝑟𝑒 𝑖𝑛 𝑎 𝑣𝑒𝑐𝑡𝑜𝑟  

𝑈𝑠𝑒 𝑠𝑎𝑚𝑝𝑙𝑒𝑑 𝑣𝑒𝑐𝑡𝑜𝑟 𝑡𝑜 𝑖𝑛𝑑𝑒𝑥 𝑠𝑡𝑜𝑐𝑘𝑠, 𝑏𝑜𝑛𝑑𝑠 𝑎𝑛𝑑 𝑖𝑛𝑓𝑙𝑎𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟𝑠 

𝑆𝑡𝑜𝑟𝑒 𝑖𝑛𝑑𝑒𝑥𝑒𝑑 𝑎𝑠𝑠𝑒𝑡 𝑎𝑛𝑑 𝑖𝑛𝑓𝑙𝑎𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟𝑠 𝑖𝑛 𝑖𝑛𝑑𝑖𝑣𝑖𝑑𝑢𝑎𝑙 𝒏 ⋅ 𝒔 𝑚𝑎𝑡𝑟𝑖𝑐𝑒𝑠 

𝑅𝑒𝑝𝑒𝑎𝑡 𝑓𝑜𝑟 𝑝 = 1, … , 𝑠 

Where n is the number of observations in each path and s is the number of paths. 

This algorithm utilizes the function sample() in R, to randomly draw n numbers between 1 and the 

number of observations (Obs) in our data set of stock and bond returns, and inflation rates. Then 

this vector is saved and used to index the data from our data sets, for each asset and inflation. As 

an example, if our randomly sampled vector is [3, 1010, 873, 3] then the stock return vector used 
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for constructing the portfolios will be the actual returns in month 3, 1010, 873 and 3 of our real-

life data set, and in that order. In the next section the data collection and handling will be explained, 

as well as the details about each data set. 

In order to obtain return and inflation data for 10000 paths and 360 months, we run this resampling 

method 10000 times for stocks, bonds, and inflation rates. Thus, we end up with 3 matrices that 

each consist of 360 rows and 10000 columns, where rows represent the month for the observation 

and the column represents a simulated path. This data is then used in the portfolio generating 

algorithm described earlier. 

3.6.3.1. Data collection and transformation for the bootstrapping simulation 

As mentioned, the data used for the bootstrap simulation is actual real-life data of returns from 

stocks and bonds, and inflation rates. The collection and handling of this data are described in this 

section. 

The period used for the data was monthly rates in the period between January 1934 and February 

2020. This period was chosen in other to accommodate the available data on the 3-month Treasury 

Bill rates. This gives us 1034 observations to sample from, which we deemed to be enough. 

Starting with stock return data, we used the American S&P 500 index. The closing price adjusted 

for dividends and stock splits was downloaded from finance.yahoo.com (Yahoo, 2020). After 

downloading the closing prices and importing the data to R, we calculated the monthly returns 

which were to be resampled later. 

The bond return data is based on the 3-month Treasury Bill (TB3MS) secondary market rates. We 

tried to obtain data on Treasury Bonds, but this would have halved the available data for the 

resampling. The TB3MS data was available from FRED published by the Federal Reserve Bank 

of St. Louis (Federal Reserve Bank of St. Louis, 2020). After downloading the data, we calculated 

the monthly rates instead of the annualized ones and divided by 100, in order to obtain the rates in 

percent. This was again done in R. 

For the inflation rates, we again retrieved data from FRED. We used the Consumer Price Index for 

All Urban Consumers: All Items in U.S. City Average (CPIAUCNS) (Federal Reserve Bank of St. 

Louis, 2020). Again, this data was imported to R, and the monthly rates was calculated. 
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3.6.4. Utility framework in the simulation setting 

Finally, the application of the utility framework in the simulation setting will be explained.  

In order to calculate the utility from the withdrawals of a given portfolio, we wrote a function in 

R. The function took inputs for 𝜃, 𝜌, habit consumption, loss aversion, paths, frequency, and initial 

value. For each simulated portfolio we also had to supply the given withdrawals, terminal values 

of the portfolios and the inflation data. The inflation data had to match with the simulation method 

from which the portfolios were generated. 

Supplying these inputs allowed us to calculate the utility of each withdrawal and from the terminal 

portfolio values. The habit consumption was adjusted to inflation, like the withdrawals are.  

For all point utilities we had to differentiate between consumption surplus to habit consumption 

and consumption below habit consumption, due to the nature of the utility function described in 

section 3.2. In order to obtain the total utility for a given simulated portfolio, the point utility in 

each of the 360 periods was summed and added to the utility from the terminal portfolio values. 

This was done for all 10000 paths. The function then returns a vector containing total utility for 

each path, from which we could derive expected total utility for each investor, asset allocation and 

withdrawal rate. This was done by calculating the mean of the total utility vector. This was done 

for 2 simulation methods, 4 habit consumption levels, 4 investors, 7 withdrawal rates and 5 asset 

allocations, for a total of 1120 times. This required some computational power, but was practically 

done by using loops in R.  
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4. Analysis 

In this chapter the results of the analysis are presented. First present the results from the sensitivity 

analysis, where we see how a change in the inputs affect utility and optimal payment plans. Next, 

we examine the optimal payment plans for our stereotypical investors. After the case study, we 

include risk in the same analysis. Finally, we present the results from the simulation study, where 

we use simulated returns instead of deterministic returns. 

4.1. Sensitivity Analysis 

The section below will analyze the sensitivities of the optimal payment plans to the change in the 

variables in the model. It will additionally seek to find the sensitivity of the investors total utility 

to changes in the model variables. The following sensitivity analysis is done by investigating the 

effects of changes in one variable at a time, in accordance to the fact that this paper is post-

positivist, and only for the investor Neutral Nancy, which the paper sees being the most 

stereotypical investor, and thus the baseline case. The changes in independent variables, are done 

by reasonably sized values also being discussed in section 3.2.5. 

It should finally be disclaimed that since the model is an optimization and not a regression, the 

impact the variables will have on the payment plan of Neutral Nancy, may be completely opposed.  

4.1.1. Time to Maturity 

As standing out from figure 3, a reduction in T reduces the amount of payout years, and somewhat 

also increases the payouts in each year. This seems to be the case for every 5-year reduction 

performed on the figure, while increased payout is bigger when 𝑇 → 0. The reason for this may 

simply be, that a 5-year reduction when T is already small corresponds to a higher relative change, 

than when T is high thus also impacting the payouts more.  
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Figure 3 - Payment plan Sensitivity in Time to Maturity, Source: Own production 

In Figure 4, it is notable that the absolute changes in total utility are marginal, even in big 

reductions in T. In this case it is very important to remember that a sole extension of T without 

any adjustments in the payment plan, may be catastrophic for the utility of investor since this 

signifies that the last years of the investment horizon will purely generate disutility. 

 

Figure 4 - Utility sensitivity to changes in T, Source: Own production 
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The reason why the investors utility only increases minimally when reducing the time, may be 

explained by the fact that she will not need the savings to stretch over time to the same degree as 

before. On the other hand, it should also be noted that the shorter the time period, the vaguer the 

possibility of utilizing the compounding effect for generating more cash from the investment 

returns. Since her habit consumption only is 4% (200,000) all the payments are generating positive 

utility.  

4.1.2. Rate of Return 

Changes in 𝑟 strongly impacts the payment plan. As appearing in figure 5, a higher expectation to 

the rate of return, will also in most cases permit higher payments. One notable point being the 

curious payout plan when 𝑟 =  0 . Here the investor will make a large withdrawal in the initial 

period, and afterwards take smaller withdrawals, than she needs for satisfying her habit 

consumption h. This can be explained by the fact that she, is impatient by 𝜌, while not gaining any 

portfolio return by waiting, and may thus only increase her utility by having a large payout in the 

beginning. Since the dissatisfactory payments however strongly generates disutility, she will still 

prioritize certain payments during her investment horizon, these will however be descending. The 

same dynamics of a tradeoff between 𝜌 and 𝑟 is present, where a higher r initially will make the 

investor have marginally smaller payouts for later to be rewarded by much stronger compounded 

payouts in the later periods. 

 

Figure 5 - Payment plan sensitivity in rate of return, Source: Own production 
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Meanwhile it appears in Figure 6, that the lifetime utility strongly increases, to changes in the rate 

of return. This is however hardly surprising since, it simply means, that when the investor has 

access to more funds, in the same amount of time.  

 

 

Figure 6 - Utility Sensitivity to changes in rate of return, Source: Own production 
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4.1.3. Subjective Discount Rate  

Looking at figure 7, a decline in 𝜌 will simply make the investor more patient, and thus be willing 

to postpone her payments, which will thus allow a higher degree of compounding to take place. 

 

Figure 7 - Payment plan Sensitivity in Investor Impatience (low degree), Source: Own production 

It is well illustrated in figure 7 and 8, that the cases where 𝜌 > 4% the corresponding payment 

plan will be descending, while the cases where 𝜌 < 4% the corresponding payment plans are 

ascending. 

 

Figure 8 - Payment plan Sensitivity in Investor Impatience (high degree), Source: Own production 
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consumption, she will to a much higher degree utilize the positive benefits of compounding on her 

portfolio. It should however also be noted that this picture would be inverse if the rate of return 

for the entire investment horizon would be negative. It should additionally be strongly underlined 

that since 𝜌 is an exogenously given variable that is simply describing the investor profile, it is not 

possible to increase investor utility, by simply increasing 𝜌. 
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4.1.4. Constant Relative Risk Aversion Parameter 

Being in line with the theory it appears from figure 10, that the investor with 𝜃 → 1, have a much 

stronger tendency to smoothen her consumption to a flat line, than investors where 𝜃 → 0. It is 

notable that the investors seem to get most benefit from a patient payment plan regardless of 𝜃 

increases or decreases from the initial 50%. This may be because lowering 𝜃, will enhance the 

effect of better seizing small opportunities of additional gains throughout the investment horizon, 

and thus focus on the compounding the portfolio, while an increase in 𝜃 will lead to complete lack 

of interest in having different sized payouts (close to a fixed annuity) which by coincidence, is 

lower than 𝜃 in the initial years, while higher in the ultimate years.  

 

Figure 10 - Payment plan Sensitivity in CRRA, Source: Own Production 

 When looking at figure 11, it seems clear that reducing 𝜃 → 0 strongly enhances the lifetime utility of 
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4.1.5. Minimal Required Terminal Wealth 

When looking at the figures 12, 13 and 14, it becomes clear that the impact on payment plans 

caused by lowering 𝑊𝑀𝑖𝑛 is negligable. This is regardles whether the decrease is minor or major. 

 

A reason for this might be, that the utility of 𝑊𝑀𝑖𝑛  is discounted equally to the last cashflow of the 

payment plan 𝐶𝑇. It is thus logical, that these properties will approximately have the same value 

for a given investor, given that 𝑊𝑀𝑖𝑛 is not required higher than 𝐶𝑇, due to constraints. Since 𝐶𝑇 =

263,500 (≈ 5% 𝑜𝑓 𝑊0) in the benchmark case, it would be logical that when 𝑊𝑀𝑖𝑛  is lower than 
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Figure 12 - Payment plan Sensitivity to Inheritance (low degree), Source: Own production 
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this amount, then the payment plan will remain unaffected. It is however curious to see that even 

when 𝑊𝑀𝑖𝑛 > 5% the payment plans are still only marginably different to the ones below, with a 

bit smaller payments throughout the payment plan.  

 

Figure 13 - Payment plan Sensitivity to Inheritance (high degree), Source: Own production 

 

 

Figure 14 - Utility Sensitivity to changes in the minimal required terminal wealth, Source: Own production 
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4.1.6. Sum-up 

While neither the changes in 𝑊𝑀𝑖𝑛 nor in 𝑇 impacts the lifetime utility of the benchmark investor 

Neutral Nancy , a reduction in 𝑇 however still impacts the payment plan since she will take out 

higher payments each year. Both the investor payment plan and lifetime utility are highly contigent 

on 𝑟 (and the expectations to same), since this variable expresses how much the investor should 

utilize compounding, in contrast to her impatience to consumption.  

The variables 𝜌 and 𝜃, have the highest impact on the lifetime utility, while changes in 𝜃 only 

modestly changes the actual payout plan. Changes in 𝜌, have drastic consequences on the payout 

plan, where 𝜌 → 0 makes the investor very patient, 𝜌 → ∞, makes the investor impatient, and 𝜌 →

−∞ makes her delay payments which makes her fully utilize the compounding effect on her 

portfolio.  
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4.2. Case Analysis 

This section investigates the construction of optimal payment plan and the corresponding 

investment portfolio plan, of the Stereotypical investors, being discussed in detail in section 3.5.1. 

It will namely look at, how the investors should react on changes in the habit consumption ℎ, and 

how this may affect their optimal payment plan and investment portfolio over time. Lastly this 

section looks at a series of corresponding properties to the payment plan for Neutral Nancy, such 

as the withdrawal rate of a dynamic portfolio (in contrast to a withdrawal rate of the initial 

portfolio). The main purpose of this section being to illuminate which payment plans may be 

recommended to investors, and how these differ from each other.  

4.2.1. Neutral Nancy Payment Plan 

As appearing in figure 15, 16 and appendix A, the payment plan of Neutral Nancy, gets more 

smoothened by a large h, while a small h, permits larger payments in the beginning of the 

investment horizon and lower payments in the end of it. This is mainly explained by the Neutral 

Nancy’s loss aversion being discussed in section 3.2.3. This means that the ideal payment plan 

seeks higher withdrawals in the beginning of her investment horizon, for as long as the habit 

consumption ℎ, is covered throughout the investment horizon. 

 

The reason why the high payments occur in the beginning of the investment horizon fits in line 

with her subjective discount rate 𝜌, being positive, thus being better to set surplus gains in the 

beginning of her investment horizon. One curious exception to this however being the case where 

 -

 100.000

 200.000

 300.000

 400.000

 500.000

 600.000

 700.000

 800.000

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

A
n

n
u

al
 w

it
h

d
ra

w
al

 

Time (years)

Neutral Nancy Payment Plan

h =2% h =4% h =6% h =8%
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ℎ = 8%. This may be explained by the fact that since 8% ⋅ 𝑊𝑂 ≈ 400.000, the investor may not 

be able to cover h, throughout the entire investment horizon, as seen if ℎ = 6%, but will need to 

accept that some periods, will have to be covered by less funds. As it appears from appendix G, 

the total utility in the case of ℎ = 8% is < 0. This means that the investor may have to reconsider 

if retirement is in fact the right choice, since it will not satisfy her expectations to consumption 

throughout most of her investment horizon.  

It may be noted that while the investor in case of insufficient funds to satisfy ℎ (ℎ = 8%) and in 

case of low expectations to ℎ, will be induced to high spending in the beginning of her investment 

horizon, it is still curious, that all the different levels of ℎ, still ends with the investor, only wanting 

to satisfy 𝑊𝑇 = 𝑊𝑀𝑖𝑛  rather than 𝑊𝑇 > 𝑊𝑀𝑖𝑛 . The reason for this may likely be the same as 

discussed in section 4.1.5, basically suggesting that as long as 𝑊𝑀𝑖𝑛 > 𝐶𝑇, then 𝑊𝑀𝑖𝑛  is the ideal 

𝑊𝑇. 

 

Finally when looking at appendix C and B, it is curious that the relative withdrawal rate of NN’s 

dynamic portfolio (meaning the 
𝑐𝑡

𝑊𝑡
 rather 

𝑐𝑡

𝑊0  
) regardless of ℎ stays well over four percent, and in 

all of the cases where NN ends up with a positive total lifetime utility (when ℎ < 8%) the relative 

withdrawal rates, will approach well over 25%. This alone is a strong indication of the deprivation 

of lifetime consumption opportunities that the 4%-rule, may cause investors to be impacted by.  
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4.2.2. Risky Rick Payment Plan  

As standing out from figure 17 and 18, Risky Rick, equally to NN, also prefers his payments to be 

higher in the beginning of the investment horizon when ℎ → 0 standing in contrast to a smoothened 

consumption when ℎ is high, with the exception when ℎ is so large that it may not be sustained 

during the investment horizon. 

 

The similarity between these two investors is additionally also enhanced by the fact that they would 

also both prefer to exhaust their terminal portfolio to the bare minimum of 𝑊𝑀𝑖𝑛. 
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Figure 18 - Investment Portfolio Risky Rick, Source: Own production 
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4.2.3. Averse Avery Payment Plan  

Standing in contrast to both RR and NN, Figure 19 shows a substantially different withdrawal 

pattern of Averse Avery. When at first not including the case where ℎ = 8%, a low ℎ allows the 

investor to make low withdrawals in the beginning of the investment horizon, allowing him to 

fully utilize the compounding effect, and take big payouts in the end of the horizon. Since Averse 

Avery has no impatience 𝜌, he loses no utility by utilizing the compounding effect. When ℎ grows 

however, AA is forced to increase his initial withdrawals to avoid to hardly sanctioned his lifetime 

utility by not satisfying his habit consumption ℎ. A notable exception to this is the case where ℎ =

8%. In this case it seems that AA accepts that he cannot have 8% payouts throughout the entire 

investment horizon. He then tries to minimize the periods where 𝑐𝑡 > ℎ, to a minimum by having 

rather low payments in the initial period to properly compound the investment capital. As a result, 

he reaches 𝑐𝑡 ≥ ℎ ≈ 400.000 by period 17, roughly 2 periods earlier than when ℎ = 2%. The 

price for this however being that the last 10 payments when ℎ = 8% are smaller than when ℎ <

2%. Figure 18, well enhances the concept of how strong the compounding effect is when 

comparing payment plans with a high ℎ, with the ones where ℎ is low. 

Figure 20 perfectly enhances the already discussed compounding effect, that is ensured when the 

initial payments are low, compared to when they are high (e.g. if ℎ = 2% compared to the case 

when ℎ = 6%). 
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4.2.4. Childless Charlie & Legacy Lucy Payment Plan  

While having a remarkably similar payment plan as NN¸ figure 21 shows that Childless Charlie in 

broad terms only prefers taking marginally higher payouts, since he is no longer bound by the 

requirements of leaving inheritance 𝑊𝑀𝑖𝑛  behind. 

While the cases where 2% ≤ ℎ ≤ 6%, follows the same principal as discussed in section 4.2.1, 

namely that when ℎ = 2 the investor will allow herself to compound her portfolio to a larger scale 

principally, since it is easier for her to cover 𝑐𝑡 ≥ ℎ throughout the investment horizon than when 

her ℎ = 6%. Meanwhile it is curious to examine the case where ℎ = 8%. In contrast to the case 

of NN, Childless Charlie here attempts to sustain 𝑐𝑡 > ℎ for as much time as possible, which is 

now possible for much longer than earlier due to the higher amount of available funds. While it 

would also be possible for CC to simply have a few high payouts in the beginning of his investment 

horizon to properly satisfy his impatience term 𝜌, like in the case of NN, higher investor utility is 

yielded by properly compounding the investment portfolio, and have many equal payouts 

marginally above ℎ.  
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Figure 20 - Investment Portfolio Averse Avery, Source: Own production 
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Figure 22, clearly enhances both the fact that the investor seeks to utilize the available funds, when 

made free for him, While it should not be forgotten than none of the investors actually leave the 

account dry, since this term is still a source of investor utility, which in contrast to the other terms, 

can not yield negative values, as long as 𝑊𝑀𝑖𝑛 > 0.  

When looking at Figure 23, it appears evident that LL is somewhat the opposite to CC, in the sense 

that the payment plan is very similar to NN while just having somewhat smaller payments for 

reaching the requirement of a high inheritance. In general, all payments are smaller, and the 
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Figure 21 - Payment Plan Childless Charlie, Source: Own production 

Figure 22 - Investment Portfolio Childless Charlie, Source: Own production 
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extreme case where ℎ = 8% the case of many equally sized withdrawals slightly > ℎ can no longer 

be afforded, thus the steeply declining trend.  

 

 

Figure 24, further enhances that investors do not want to 𝑊𝑇 > 𝑊𝑀𝑖𝑛 which is roughly 20% of 𝑊0 when 

most payouts 𝑐𝑡 are between 2% − 4%, thus 𝑊𝑇 in all cases being equal to 𝑊𝑀𝑖𝑛. 

 

Figure 24 - Investment Portfolio Legacy Lucy, Source: Own production 
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4.2.5. Green Greta Payment Plan  

Standing in high contrast to all the other investors, the optimal payment plan for GG, being very 

small payments in the initial periods of the investment horizon, for later to accept rather substantial 

payments in the final periods. 

 

Figure 25 - Payment Plan Green Greta, Source: Own production 

This is without much doubt caused by GG’s negative 𝜌 coefficient, causing her to get more utility 

from consuming later rather than sooner. When adding this phenomenon up, with the already 

positive rate of return, GG has little incentive left to have any withdrawals in the  

initial periods at all, mainly being motivated by her 𝜃 > −1. A curious element about GG’s 

payment plan being the minor impact of the habit consumption h. The reason for this may simply 

be, that the reward for letting the capital investment untouched for a few periods, have so great 

benefits (both in the sense of compounded returns and reluctance to present time spending), that it 

pays-off to have a few underfinanced initial periods.  

 Figure 26, also makes GG investment portfolio stand out from the other investers quite a lot. This 

is due to the very high terminal values, 𝑊𝑇 ends up approaching regardless the level of ℎ. It is 

notable that GG does not let her portfolio being compounded indefinately, but on the contrary 

starts having rather larger withdrawals after the 13th period, making her 𝑊𝑡 roughly be following 

a parabolic trend. This phenomenon is naturaly due to the fact that GG, still gets utility of 

consumption and does thus need to realize it eventually.  
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Figure 26 - Investment Portfolio Green Greta, Source: Own production 

 

4.2.6. Sum-up  

All the optimal portfolios for the stereotypical investors, were exposed to a broad variety of forces, 

explained in detail in section 3.2. This makes it somewhat hard to assess which particular force 

makes each individual optimal payment plan take its shape. That being said most of the investors 

are recommended to respect their habit consumption h, and strongly recommended to reconsider 

retiring if multiple periods cannot be properly financed. This was for all investors very evident in 

the case of ℎ = 8%, where investors basically ignored their loss aversion parameter kink, since 

every period was simply a loss, thus making the kink largely irrelevant.  

 

4.3. Case Study of the Optimal Portfolio in a World with Risk 

The analysis above considers the changes in optimal payout plans in a world without risk. While 

this assumption may be appealing to most investors, it is hardly realistic. For showing the optimal 

payout plan in a world with risk, the section below utilizes the average real returns of 10.000 

simulations of S&P-500-stocks and intermediate-term U.S. Treasury bonds over a 30-year 

investment horizon, to compute pairwise portfolios, consisting of the two assets.  
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This section looks at different levels of Value at Risk for each of the stereotypical investors, for 

the differently weighted portfolios, and illustrates how a deviation in the rate of return may impact 

investor utility, in case that she still follows the optimal withdrawal strategy from section 4.2. 

While using VaR of the historical simulation returns as the only risk measure for most investors, 

this section further utilizes Conditional Value at Risk, and VaR for the society presumptions (Rådet 

for pensionsprognoser, 2019) for NN. Finally, this section also seeks to identify the impact of 

deviations in the rate of return for NN, in case of varying habit consumption h, while all investors 

are simply investigated for ℎ = 4%. 
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4.3.1. Risk Measures  

Being evident from figure 27, a guaranteed rate of return over 30 years is hardly likely regardless 

on whether the investor prefers stocks or bonds. 

 

Figure 27 and 28, also strongly indicates that despite bonds being the safe option, stocks almost 

always outperforms them, only having a worse performance in the case of 5% VaR and in the case 

of 10% CVaR, while being much better on average, and even better in some of the optimistic cases 

where 𝑉𝑎𝑅 > 50%. 

 

Figure 27 - Value at Risk Rate of Returns, Historical Simulations, Source: Own production 

Figure 28 - Conditional Value at Risk Rate of Returns, Historical Simulations, Source: Own production 
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It is additionally curious to see, how much simple investment (in any portfolio) greatly outperforms 

not to invest one’s portfolio, simply by leaving it as cash to be inflated. Suggesting that even the 

very risk averse investor should at least consider investing in bonds.  

When looking at figure 29 and 30, a similar trend seems obvious when considering the society 

presumptions, instead of the historical simulations.  

 

The obvious difference however being that both VaR and CVaR in the case of the society 

presumption, yields much more extreme values than in the case of the historical simulations. While 

part of the explanation lies on that fact that the future is not just a replica of the past, thus yielding 

different expectations to the rate of return, the main reason is simply that while the historical 

simulation approach provided average rates of return over a 30-year period, the society 

presumptions approach, were simply taken one period at the time. By doing this, the historical 

simulation approach yielded smaller fluctuations than the society presumptions approach simply 

due to the fact that the prior utilizes the law of large numbers, while the latter does not (Newbold, 

Carlson, & Thorne, 2013). 

Figure 29 - Value at Risk Rate of Returns, Society presumptions, Source: Own production 



70 
 

 

4.3.2. Case Analysis 

In this section the case analysis is presented, for each stereotypical investor starting with the 

baseline, that is Neutral Nancy. 

4.3.2.1. Neutral Nancy  

When comparing Neutral Nancy’s optimal payment plan (Figure 31 and 33) with the 4%-rule 

payment plan (figure 32 and 34), it immediately becomes obvious that lifetime utility is much 

different. In the case of ℎ = 4, it is obvious that the 4%-rule consistently gives a lower utility than 

in the case of the optimal payment plan.  

 

Figure 30 - Conditional Value at Risk Rate of Returns, Society presumptions, Source: Own production 

Figure 31 - VaR Investor Utility, Neutral Nancy, h=4%, Optimal Payouts, Source: Own production 
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It is particularly notable that this happens regardless of the fact that the 4%-rule is made by using 

the overlapping periods method (Cooley, Waltz, & Hybbard, 1999), thus solely utilizing 

autocorrelated historical data, while the optimal payments plan was based on the society 

presumptions (Rådet for pensionsprognoser, 2019), thus mainly looking at expectations to the 

future.  

The consistent lower utility in case of the 4%-rule compared with the optimal payout plan appears 

to hold regardless of the stock allocation, and even in case that the investor strictly prefers to keep 

her money in cash.  

An exception to this rule, however being in the case of a 25%-stock allocation, where the 4%-rule 

slightly overperforms, the optimal payment plan in the optimistic scenarios where 𝑉𝑎𝑅 > 50%, 

while it however starts underperforming in the risky scenario, making the means equal, and only 

appealing to the risk-loving investor, who is restricted in investing a larger portion of her wealth 

in risky assets.  

Figure 32 - VaR Investor Utility, Neutral Nancy, h=4%, 4%-rule Payouts, Source: Own production 
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When looking further at the figures, it is additionally curious that most of the payment plans are 

in fact not sufficiently large to ensure a positive lifetime utility of the investors, with the possible 

exception, when a sufficiently large share of the investment portfolio is invested in risky assets. 

  

 

 

Using CVaR as a risk measure, yields somewhat lower investor utilities, than using VaR. 

Regardless of the somewhat lower utility index values, the take-away from figure 35, is that when 

removing the best case scenarios, the probability of getting positive lifetime utilities are in fact 

rather low, and only possible when a substantial part of the investor’s portfolio is being invested 

in risky stocks. With that being said, the CVaR risk measure offers a quite similar interpretations 

as the VaR risk measure, in the sense, that it is still rather a rather bad idea to follow this payment 

plan for Neutral Nancy if she is reluctant to invest in risky assets and especially if she is reluctant 

to invest at all.  

Figure 33 - VaR Investor Utility, Neutral Nancy, h=4%, Optimal Payouts, Index, Source: Own production 

Figure 34 - VaR Investor Utility, Neutral Nancy, h=4%, 4%-rule Payouts, Index, Source: Own production 
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Figure 35 - CVaR Investor Utility, Neutral Nancy, h=4%, Optimal Payouts, Index, Source: Own production 

When looking at figure 36, being the VaR table of investor utility considering the returns given by 

the society presumptions (figure 32), it stands quite clear, that the results are much different, than 

the given by the historical simulations. The main result being that most of the utility index values 

are very extreme, regardless if investing in risky or non-risky stocks.  

 

Apart from that, it is also curious to note that most utility values, are positive in the cases where 

𝑉𝑎𝑅 > 50%, and negative in the cases where 𝑉𝑎𝑅 < 50%, roughly regardless of the stock 

allocation.  

While the optimal payout plan for NN consistently outperformed the 4%-rule (see appendix G), 

there was however one exception, for the habit consumption ℎ = 2%. As standing out from figure 

37 and 38, the 4%-rule offers a marginally better utility to NN, thus challenges the applicability of 

the optimal payment plan. Before any conclusions can be drawn, it is however important to 

consider that the optimal payment plan, does only optimize for the rate of return 𝑟 = 5,5%, thus 

the expectations to same according to the society presumptions, rather than the VaR returns, 

offered by equally weighted historical simulations.  

VaR / Stock Allocation 0% 25% 50% 75% 100% Cash only

99% -0.80% -0.18% 0.67% 1.62% 2.95% -2.48%

95% -0.82% -0.29% 0.28% 1.07% 1.90% -2.50%

90% -0.85% -0.36% 0.09% 0.58% 1.08% -2.52%

75% -0.88% -0.64% -0.29% -0.01% 0.28% -2.54%

50% -0.94% -0.76% -0.65% -0.39% -0.31% -2.55%

25% -1.11% -0.84% -0.83% -0.83% -0.83% -2.57%

10% -1.17% -0.93% -1.15% -1.25% -1.32% -2.58%

5% -1.21% -1.17% -1.31% -1.40% -1.70% -2.60%

1% -1.26% -1.29% -1.46% -1.86% -2.00% -2.63%

VaR / Stock Allocation 0% 25% 50% 75% 100%

99% 5.42% 5.73% 7.68% 13.18% 27.43%

95% 4.93% 5.30% 6.38% 8.73% 13.72%

90% 3.02% 5.05% 5.89% 7.33% 10.03%

75% 1.02% 2.36% 5.23% 5.86% 6.72%

50% -0.66% 0.26% 1.47% 2.96% 4.98%

25% -1.80% -1.18% -1.26% -1.42% -1.85%

10% -2.54% -2.00% -2.61% -3.45% -4.02%

5% -3.04% -2.54% -3.27% -4.34% -5.11%

1% -3.72% -3.25% -4.45% -5.35% -6.17%

Figure 36 - VaR Investor Utility, Neutral Nancy, h=4%, Optimal Payouts, Index, Society presumptions, Source: Own 
production 
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The reason for this outperformance can additionally be explained by the fact that NN, in case of a 

low h, prefers high initial payments, and expects the remaining withdrawals mostly to be offered 

by a high annual compounding on her investment portfolio. When the rate of return however is 

lower, the result being that she actually spends more initially than she can afford, giving her very 

low levels of utility in the end of her investment horizon when comparing when the more 

conservative 4%-rule. That being said, the results the optimal payment plan still offers somewhat 

similar utilities, and still performs rather well in the case of a high stock allocation.  

 

 
Figure 37 - VaR Investor Utility, Neutral Nancy, h=2%, 4%-rule Payouts, Source: Own production 

 
Figure 38 - VaR Investor Utility, Neutral Nancy, h=2%, Optimal Payouts, Source: Own production 
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4.3.2.2. Risky Rick 

Considering figure 39 and 40, it becomes evident that RR not only always prefers the optimal 

payment plan to the 4%-rule but is even always offered a positive utility from the optimal payment 

plan, regardless of the level of 𝑟. 

The reason for this strong performance of the optimal payment plan for RR, compared to the 4%-

rule, is mainly caused by RR’s high level of impatience. When recalling that RR’s optimal 

withdrawal plan, initially offers very high withdrawals while later offers rather small withdrawals, 

it gives us reason to believe that a negative change in the rate of return, will only result in even 

smaller payments in the end of RR’s investment horizon, while not causing a substantial difference 

in the offered utility, since RR cares mostly about his initial payments anyway.  

It is rather notable that this hold, regardless if RR chooses to allocate his wealth in stocks, bonds 

or cash; and even still provides him with a positive lifetime utility in the worst-case scenarios.  

While not being the case for investors such as AA and GG, who are highly dependent on being 

able to compound their fortune, Risky Rick is the prime example of the difference between 

sustainable- and optimal withdrawal rate. Since RR, cares a lot about present time spending, and 

much less about the possibility of his portfolio running dry a few years early, the optimal payment 

plan is his preferred option.  

 

Figure 39 - VaR Investor Utility, Risky Rick, h=4%, 4%-rule Payouts, Index, Source: Own production 
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Figure 40 - VaR Investor Utility, Risky Rick, h=4%, Optimal Payouts, Index, Source: Own production 

4.3.2.3. Averse Avery  

Being somewhat similar to the case of NN and GG, while being quite the opposite case of RR, 

Averse Avery’s optimal payment plan is very vulnerable to changes in the rate of return. 

Considering that AA’s main strategy in the optimal payment plan, being that he initially withdraws 

small payments from his portfolio, in order to properly compound his fortune for being able to 

take both large payments in the later part of his investment horizon and ending up, with a large 

𝑊𝑇. When the rate of return is smaller, this very much affects him in the way, that (1) he still 

sacrifices a lot of present time consumption for being able to compound his investment, (2) his 

large withdrawals are too big for being supported for very long, thus (3) offering him both a low 

𝑊𝑇 and 𝑐𝑡 𝑤ℎ𝑒𝑛 𝑡 → 30.  

 

Figure 41 - VaR Investor Utility, Averse Avery, h=4%, 4%-rule Payouts, Index, Source: Own production 
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This phenomenon can to a very high degree be seen on figure 41 and 42, where AA in almost all 

cases prefers the conservative 4%-rule, to his optimal payment plan for 𝑟 = 5,5% it should be 

noted that the optimal portfolio still offers rather decent utility values for AA as long as he puts his 

investment in stocks, and expects to be a bit lucky, in the sense that 𝑟 should be no smaller than 

4%. That being said, AA is a good example of a relative common investor, who despite preferring 

a custom made optimal payment plan, is rather sensitive to r, and should thus definitely consider  

which risk he is willing to take in respect to the rate of return, when customizing his optimal 

payment plan.  

 

Figure 42 - VaR Investor Utility, Averse Avery, h=4%, Optimal Payouts, Index, Source: Own production 

 

4.3.2.4. Green Greta  

When looking at the most extreme of the stereotypical investors, Green Greta is in fact rather 

similar to AA. Also being very dependent on her ability to compound her portfolio, it becomes 

clear from figure 43 and 44 that GG is offered a much higher utility by following the 4%-rule. 

Clearly this is not because the 4%-rule makes much sense for GG, who would still much more 

prefer to compound her wealth only to withdraw a bit initially and almost all in the end. 
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The problem with the optimal payment plan again being that it since r=5,5 is much more than 

most of the cases suggested by the historical simulations, GG overestimates her ability to 

compound, and is thus highly punished for her substantial withdrawals in the later end of her 

investment horizon e.g. 𝑐𝑡 > 500,000 𝑤ℎ𝑒𝑛 𝑡 > 15.  

 

Figure 44 - VaR Investor Utility, Green Greta, h=4%, Optimal Payouts, Index, Source: Own production 

  

VaR / Stock Allocation 0% 25% 50% 75% 100% Cash only

Max -1.76% 0.00% 2.95% 4.32% 6.49% -2.57%

99% -1.94% -0.92% 2.26% 3.21% 4.30% -2.61%

95% -1.96% -1.22% 0.74% 2.72% 3.49% -2.62%

90% -1.98% -1.43% 0.03% 2.44% 3.11% -2.63%

75% -2.00% -1.61% -0.83% 0.82% 2.52% -2.64%

50% -2.11% -1.76% -1.41% -0.71% 0.34% -2.65%

25% -2.17% -1.96% -1.75% -1.52% -1.25% -2.73%

10% -2.19% -2.10% -2.00% -1.98% -1.97% -2.76%

5% -2.20% -2.18% -2.19% -2.20% -2.21% -2.77%

1% -2.22% -2.23% -2.40% -2.44% -2.59% -2.79%

Min -2.38% -2.47% -2.77% -2.96% -3.10% -2.82%

Mean -2.11% -1.76% -1.42% -0.78% 0.31% -2.66%

Figure 43 - VaR Investor Utility, Green Greta, h=4%, 4%-rule Payouts, Index, Source: Own production 
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4.3.3. Sum-up 

Given the results from the case study of the optimal portfolio, considering a world of risk, it 

becomes clear that it is crucial for all investors, to consider the expectation to the rate of return, 

and to customize their optimal payment plan upon it.  

It became clear that most investors, prefer their optimal payment plan even when the rate of return 

is lower, and are in general much more prone to accept their customized payment plan than the 

4%-payment plan when their investor profile prescribes them as being more impatient. The notable 

investors for illustrating this, were Neutral Nancy, Risky Rick, Averse Avery, and Green Greta. 

Curious being that while NN is rather impatient, she only prefers the 4%-rule when ℎ ≤ 2%, since 

she then starts taking high withdrawals. RR always prefers the optimal payment plan, due to his 

high impatience level, while both Averse Avery and especially Green Greta, were so affected by a 

decline in the rate of return, that they in general preferred the safe 4%-rule while acknowledging 

its flaws.   
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4.4. Simulation study analysis 

In this chapter we will analyze the data generated by each of the three different simulation methods: 

Monte Carlo simulation and bootstrapping. As mentioned, the goal of the simulation study is to 

understand how investing in risky assets affects the optimal withdrawal rate and asset allocation. 

Previously, we have looked at the utility-maximizing withdrawal plan in a risk-free environment. 

In the simulated world, we will instead examine the expected utility for a given investor for 

different withdrawal rates and asset allocations, in order to choose the optimal investment 

decisions. 

In the first part of this chapter, the focus will be to analyze the simulated portfolios, to see how the 

decisions of asset allocation and withdrawal rate impacts the sustainability of the portfolios. As 

mentioned, this will tell us the endurance of each portfolio, but it does not tell us how to allocate 

or consume optimally. Therefore, the utility framework will be applied to the simulated portfolios 

in the second part of this chapter. In this part, we seek to understand how personal characteristics 

affect the optimal asset allocation and withdrawal rate. Finally, we will again conduct a case study, 

looking at our set of typical investors and their optimal investment decisions, except this time the 

case study will be based on the simulated data. This will show how multiple changes to the personal 

characteristics will change the optimal investment decisions.  

 

4.4.1. Simulated portfolios 

Prior to applying the utility-framework we will look at the portfolios on which it is applied. The 

distributions of the terminal values for different asset allocations and withdrawal rates are 

analyzed, and it is also shown how many portfolios that survived the entire investment period. The 

results of this chapter will be interesting to keep in mind when the utility-framework is applied 

later, because one will be able to see how the individual’s optimal withdrawal rate will differ from 

the most sustainable withdrawal rate in each case. 

Figure 45 shows the summary statistics of the terminal portfolio values from the Monte Carlo 

simulated (MCS) asset returns and inflation rates. The figure shows the mean, minimum, first 

quartile, median, third quartile and max values, for the withdrawal rates between 2% and 8% and 

stock allocations between 0% and 100%. The initial invested amount is 5 million DKK. 
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Figure 45 - Summary statistics of MCS portfolios, Source: Own production 

Looking at Figure 45, it is clear that lower withdrawal rates result in higher expected terminal 

value, as one would expect. Another thing which is immediately noticeable, is that a higher stock 
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allocation leads to a higher expected terminal value. This again makes sense since higher stock 

allocations are riskier. That is, we see more extreme outcomes when the stock allocation is high 

which skews the mean of the distribution of portfolio values.  

All simulated portfolios have a strictly positive expected terminal value, but we see that the higher 

withdrawal rates from a bond dominated portfolio leads to outcomes that are dangerously close to 

0 terminal savings, e.g. a 8% withdrawal rate in a 100% bond portfolio has an expected terminal 

value of 1.876 DKK. Furthermore, we see from the figure that more than 75% of the simulated 

cases with this withdrawal rate and asset allocation yields in a total depletion of savings. This 

percentage is probably even higher, and the positive expected value is only positive due the 

skewness which stems from the very extreme positive outcomes. 

In fact, we can see that, starting at a 4% withdrawal rate more than 25% of the simulated cases 

result in a total depletion of savings. At a 5% withdrawal rate this number increases to more than 

50% of cases resulting in depletion.  

Looking at Figure 46, summary statistics are again presented, this time for the bootstrapping 

simulated (BS) asset returns and inflation rates. The expected terminal values from this simulation 

resemble their counterparts from the MCS a lot, with some deviations which can be expected when 

dealing with randomly generated data.  

One thing immediately noticeable is that some combinations of withdrawal rate and asset 

allocations result in scenarios with 0 expected terminal value. That is, all cases in these scenarios 

ends up depleting the savings. This can be seen in Figure 46, for withdrawal rates above 4% and 

with a stock allocation between 0% and 25%.  

Besides this, the data seems to show the same results for the BS as for the MCS. For each 

withdrawal rate, a greater stock allocation has a higher expected value than a bond dominated 

portfolio, and for each asset allocation, a higher withdrawal rate leads to a lower expected value. 

Also showcased in both simulations is that the expected value seems to be heavily positively 

skewed, as a result of the unbounded positive potential. For higher withdrawal rates though, most 

cases result in total depletion of savings, even when expected value is positive. 
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Figure 46 - Summary statistics of BS portfolios, Source: Own production 

Next up is a look at the distributions of each combination of asset allocations and withdrawal rates. 

Figure 47 shows a histogram of the distributions of average real returns for stock allocations of 

respectively 0%, 25%, 50%, 75% and 100%. The simulation outputs monthly returns, but the real 

returns in Figure 47 are annualized. The blue dotted line marks the mean of each distribution.  
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Figure 47 - Real average returns from MCS, Source: Own production 

For each distribution we see that the average real return is positive and increasing as one increases 

the exposure to stocks in their portfolio. Each distribution is bell curved as expected, which is due 

to the assumption of normality in returns. At 0% stocks the average real return is around 1.5% in 

contrast to the almost 5% for a 100% stock portfolio. This is further support for the notion that 

higher stock allocations support higher withdrawal rates in retirement. This is also expected due 

to the higher expected return of stocks compared to bonds. Remember that for the Monte Carlo 

simulation, an expected return of 6.5% is used for stocks and 3.5% for bonds. Inflation is expected 

to be 2% each year in the simulation. Respectively, volatility was set as 18%, 8% and 1% for 

stocks, bonds, and inflation.  

The larger volatility for stocks compared to bonds is also shown in Figure 47. The first histogram 

shows a taller distribution with more returns located around the mean, due to the fact that the bonds 
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have lower volatility than stocks. The opposite is true for the last histogram, which shows a flatter 

distribution of returns. The greater exposure to stocks means that volatility is larger, which leads 

to more extreme cases. One can see that there are quite a few extreme cases, with real average 

returns of over 12% during the 30-year period in the simulation. There are even cases of the real 

average return being around 18%. Even when accounting for a withdrawal rate of 8%, the portfolio 

would experience an average return of 10% during the 30 years. This is the reason we saw terminal 

portfolios values in the hundreds of millions in Figure 45.  

Of course, the volatility works both ways meaning that we also see more negative average real 

returns when increasing exposure to volatile stocks. Most of these negative real returns are in the 

range between 0% and -2%, but at a 100% stock allocation we see larger negative real returns. In 

the most extreme case, we have an average real return of -8%, but most of the more extreme ones 

are in the range of -4% to -6%.  

In Figure 48, real average return distributions are again shown but this time the returns have been 

generated using a bootstrapping process from empirical distributions of stock and bond returns and 

inflation rates. One can immediately spot that the distributions are quite different from those in 

Figure 47. For the 100% bond portfolio we see that the mean real return is close to 0%. The bell 

curved distribution has little variance, meaning that most returns are centered quite closely around 

the mean. Almost all real returns are within 1% of the mean. Like in Figure 47, we see that the 

expected real return increases with the exposure to stocks, and likewise with the volatility. For a 

100% stock portfolio we see that the mean real return increases to just above 4%. The distribution 

of real returns here is also flatter and more spread out due to increased volatility. Again, we see 

that extreme examples of real average returns increase with stock exposure, with some of the more 

extreme ones being around 15%. In the opposite end the real returns average just about -7%, with 

most of the extreme cases being between -3% and -6%. 

In Figure 49 the percentage of final capital still paying after 30 years for the Monte Carlo simulated 

portfolios is shown for each asset allocation and withdrawal rate. Naturally, percentage of 

portfolios still paying after 30 years decreases as withdrawal rate increases when compared to the 

same stock allocation. An interesting pattern to note in Figure 49, is that the stock allocation that 

has the highest percentage of portfolios still paying after 30 years increases with the selected 

withdrawal rate.  
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Figure 48 - Real average returns from BS, Source: Own production 

As an example, the portfolio with the highest percentage of final capital still paying is a portfolio 

with 25% stocks for a 2% withdrawal rate. For a 4% withdrawal rate the optimal stock allocation 

increases to 50%, and at a 5% or above withdrawal rate the optimal asset allocation 100% stocks.  

As summarized earlier, theory suggests a 4% withdrawal rate should be sustainable for 30 years 

but from the simulations here we can see that the highest obtainable success rate at a withdrawal 

rate of 4% is 71.24%. At a 5% withdrawal rate the success rate of your portfolio lasting 30 years 

is at most 46.68%. At 6% it is 32.1%, at 7% it is 21.33% and at 8% it is only 13.95%. For the 

lower withdrawal rates, we see that at a 2% withdrawal rate the success rate is really close to being 

faultless at 99.96% and at 3% it decreases to 95.41%. 

Figure 50 is the same figure but shows success rates for the bootstrapping simulated portfolios 

instead. The data showcased here looks fairly similar to the MCS portfolios in Figure 49. 
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Figure 49 - % of final capital still paying (MCS) by withdrawal rate (right), Source: Own production 

One immediately noticeable difference is that fact that the extreme asset allocations seems to 

dominate, whereas the MCS portfolios with the highest success rate had a slower transition from 

0% stocks to 100% stocks. In Figure 50 we see that the optimal allocation is either 0% stocks or 

100% stocks, albeit it is close between portfolios between 0% and 50% stocks at a 2% withdrawal 

rate, and again between 0% and 25% stocks at a 3% rate. 

The portfolios in Figure 50 with the largest success rates have similar success rates to those in 

Figure 49. For a 2% withdrawal rate the largest success rate is almost the same at 100%, and again 

at 3% with a 97.37% success rate. At a 4% withdrawal rate the difference is more pronounced at 

a 66.28% withdrawal rate versus the 71.24% from the MCS. Again at 5% the rates are similar, 

with the success rate being 46.96% from the BS simulations. At 6%, 7% and 8% the success rates 

were 31.34%, 19.67% and 11.74% versus their counterparts of 32.1%, 21.33% and 13.95%. 

Overall, we can see that the results generated from each simulation method are mostly similar with 

only few pronounced differences. 
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Figure 50 - % of final capital still paying (BS) by withdrawal rate (right), Source: Own production 

In Figure 51 we see the percentage of capital paying over time for the Monte Carlo simulated 

portfolios. As before, the percentage of portfolios alive is shown for each withdrawal rate and for 

different asset allocations but this time it is shown over the course of the investment horizon, that 

is 30 years.  

Comparing the different withdrawal rates we see that lower withdrawal rates tend to decline slower 

than higher withdrawal rates, which is expected. The more you take out each month, the faster you 

will deplete your capital. Comparing the asset allocations instead, it looks like that the 100% stock 

portfolio tends to decline faster than the others, before making a comeback towards the end of the 

30-year investment horizon. The 0% stock allocation is the opposite. Slowly but surely it declines, 

and at withdrawal rates of 4% or higher it always ends up worse than the others. Stock exposures 

between the two extremes looks to be a mixed bag, during their lifetime they switch positions quite 

often. 
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Figure 51 - % of capital paying over time (MCS) by withdrawal rate (right), Source: Own production 

Looking at Figure 52 that shows percentage of capital paying over time for bootstrapping 

simulated portfolios we see almost the same data and pattern again. One thing is clearly different 

though, and that is the fact that decreasing stock exposure leads to sharper declines. Remembering 

Figure 48, which showed real returns from the bootstrapping simulation, we saw that the real return 

distribution was closely centered around 0%. This can probably explain why we see such a sharp 

decline in portfolios with less exposure to stocks. At higher withdrawal rates, one would need to 

have exposure to stocks in order to increase the chances of your portfolio surviving. With low 

withdrawal rates, the meager returns from the bonds are enough to secure the survival of your 

portfolio for all 30 years in most cases.  
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Figure 52 - % of capital paying over time (BS) by withdrawal rate (right), Source: Own production 

  



91 
 

4.4.2. Sum-up 

In this part of the analysis we have explored how the simulated portfolios fare during the 30-year 

investment horizon, for different asset allocations and withdrawal rates. This was done for data 

generated by both Monte Carlo simulation and bootstrapping from an empirical distribution. 

We find that the distribution of real average returns become flatter as stock exposure increases, 

which is due to the increasing portfolio volatility. Likewise, the mean of the distributions increases 

as well due to the greater upside potential of a larger stock exposure. 

The shortfall risk of each portfolio combination is also explored, and we find that as withdrawal 

rate increases one can decrease shortfall risk by increasing stock exposure. That is, for lower 

withdrawal rates between 2% and 4% one would be better off by having a stock allocation between 

25% to 50%. The low stock allocations become infeasible when one increases their withdrawal 

rate above 4%. At higher withdrawal rates we see that stock allocations between 75% and 100% 

are most optimal. Earlier theory has suggested that withdrawal rates of 4% are sustainable for a 

30-year investment horizon, but we find that only 66%-70% of portfolios survive all 30 years at 

this withdrawal rate. A 3% withdrawal rate instead seems more feasible, where just about 95% of 

portfolios survive at a stock allocation between 0% and 50%. Higher withdrawal rates are much 

more unsustainable, with a 5%, 6%, 7% and 8% withdrawal rate having respectively only a 47%, 

32%, 21% and 14% survival rate in the Monte Carlo simulations. All results here seem to be 

consistent for both the Monte Carlo simulation and bootstrapping simulation.  

Finally, we looked at the percentage of capital still paying over time for the portfolio combinations. 

Here we find that increasing the withdrawal rate leads to portfolios failing earlier as expected. 

Furthermore, the rate of portfolios failing over time seems to be decreasing as one increases their 

portfolio stock allocation. We find that the percentage of capital still paying for bond-dominated 

portfolios plummets to 0% quickly, whereas the percentage of capital still paying declines slower 

over time for stock-dominated portfolios. This is an important finding since we are interested in 

the results at the end of the 30-year investment horizon. If we were to experiment with examining 

the 10-, 15- and 20-year horizons we could obtain completely different results. 
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4.4.3. Analysis of utility for case investors 

In this next chapter, the utility-framework is applied on our portfolio combinations and the optimal 

withdrawal rates for each case investor will be analyzed. The case investors used in this part of the 

analysis is Neutral Nancy, Risky Rick, Averse Avery, and Green Greta. Each case investor, as 

shown earlier, has different preferences for delayed consumption, risk, and losses, and analyzing 

their behavior in combination with the simulated portfolios can help us see how each investor 

would choose their optimal withdrawal rate and asset allocation. The optimal combination is 

analyzed for a habit consumption of 2%, 4%, 6%, and 8% for all the previously mentioned 

investors. 

4.4.3.1. Neutral Nancy 

First, we will analyze the optimal portfolios decisions for our case investor Neutral Nancy.  

For each asset allocation and withdrawal rate the conjecture of expected utility is plotted in 

Figure 48. In this case, the habit consumption was set to 2%. Despite of this, Neutral Nancy in 

this case would prefer a withdrawal rate of 5% and a stock allocation of 50%. This combination 

yields the largest expected utility of all, even though the investor’s habit consumption was only 

2%. As mentioned, the habit consumption is the bare minimum for our investor and thus yields 

little utility. This figure also showcases the fact that the investor would prefer more consumption, 

even at a cost. The cost in this case is the increased portfolio shortfall risk. Despite the huge 

difference in survival rates of portfolios between a 2% withdrawal rate and 5% withdrawal rate, 

Neutral Nancy would still prefer a 5% withdrawal rate. 

Another interesting finding is that Neutral Nancy prefers a 50% stock allocation, but as shown in 

Figure 49 the stock allocation with the highest survival rate was a 100% stock allocation. This is 

where the percentage of capital paying over time is important. As shown in Figure 53, a 100% 

stock allocation only becomes the best choice in the end of our investment horizon.  
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Figure 53 - Expected utility for Neutral Nancy, h = 2%, Source: Own production 

In fact, for a 5% withdrawal rate the percentage of capital still paying for a portfolio with 50% 

stocks only decreases below the 100% stock portfolio in the end. Combining this knowledge, 

with the fact that our investor discounts future consumption more it suddenly makes sense why 

Figure 54 - Expected utility for Neutral Nancy, h = 4%, Source: Own production 
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she would prefer a 50% stock portfolio in the beginning even though we know that a 100% stock 

portfolio has a higher survival rate after 30 years.  

In Figure 54 we see the same figure but for a habit consumption of 4%. The point of diminishing 

marginal returns to utility seems to shift slightly to the right in the graph, but the optimal 

portfolio decisions are still a 5% withdrawal rate and a stock allocation of 50%. This point, 

where increasing consumption decreases total expected utility, also shows that our investor will 

not continue to sacrifice portfolio safety for consumption now. Basically, the increase in shortfall 

risk of increasing the withdrawal rate above 5% is not worth it to our investor. 

 

Figure 55 - Expected utility for Neutral Nancy, h = 6%, Source: Own production 

Figure 55 again increases habit consumption, this time to 6%. The point of diminishing marginal 

returns to utility shifts again, but this time the optimal portfolio decisions does too. At a habit 

consumption of 6%, the optimal decision is for Neutral Nancy to withdraw 7% yearly from a 

portfolio with a stock allocation of 75%, albeit it being close to the utility from a 100% stock 

portfolio. We know that the shortfall risk at a 7% withdrawal is huge, in that only 1 in 5 

portfolios survive the 30 years, but it is simply not worth it to decrease consumption below 

habitual consumption. 
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Finally, in Figure 56 we increase habit consumption to 8%. Now we see the effect of habit 

consumption even more, since no other withdrawal rate comes close in total expected utility 

compared to the 8% withdrawal rate. In this case, we see that the investor prefers a 100% stock 

portfolio too, albeit the 75% stock portfolio is close also. This is likely due to the fact that a 

100% stock portfolio is 100 times more likely to survive 30 years in our simulations, compared 

to a 50% stock portfolio. This factor increases as stock exposure decreases. 

The results found for Neutral Nancy here were based on the MCS. The same figures but for the 

bootstrapping simulations can be found in Appendix B, but one of the only differences compared 

to the MCS, is that the preference to stock exposure increases faster. This is likely due to the BS 

bond real returns being on average lower than the same for the MCS. Also, in the first case 

where habit consumption is set to 2%, the preferred withdrawal rate is 4% compared to 5% in 

MCS. 

 

Figure 56 - Expected utility for Neutral Nancy, h = 8%, Source: Own production 
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4.4.3.2. Risky Rick 

Now we will analyze the expected utility for all portfolio combinations for our next investor, 

Risky Rick. Again, this is done for habit consumption in the interval of 2% to 8% and for both 

MCS and BS. 

First noticeable thing about Risky Rick’s expected utility curve in Figure 57, is that it looks very 

different from Neutral Nancy’s curve. For Risky Rick, expected utility is rising as a function of 

the difference between actual consumption and habit consumption. We see in Figure 57 that 

Risky Rick prefers a withdrawal rate of 8% and that the optimal stock allocation is 75%, but 

almost tied with 100% stock allocation. 

Despite the 8% withdrawal rate having a very low chance of lasting 30 years, Risky Rick prefers 

a riskier approach. He is impatient and does not mind the risks associated with a higher stock 

exposure. Also he is less afraid of losses compared to Neutral Nancy for example. 

 

 

 

Figure 57 - Expected utility for RR, h = 2%, Source: Own production 
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Figure 58 again shows the expected utility curve, but for habit consumption set to 4% instead. 

Again we see the same curvature in the figure, and optimal withdrawal rate is again 8% with the 

75% stock allocation slightly edging 100% stocks.  

 Withdrawal rates below the habitual consumption rate yield disutility linearly, which can also be 

seen in Figure C1 and Figure C2 located in Appendix C. These figures show expected utility at a 

habit consumption of 6% and 8%, and we again see the same curve as before but again shifted 

such that consumption below habit consumption yields disutility linearly as withdrawal rates 

decrease. 

The figures in this section shows an extreme case with a very risk-loving investor. The calculated 

expected utility seems to match the expectations of a risk-loving investor, with the investor being 

very impatient, less risk averse and less loss averse. Furthermore, the results here are consistent 

between the MCS and BS portfolios, except that the differences in expected utility between stock 

allocations in the BS portfolios are greater which again could be due to the lower expected bond 

returns in said simulation. 

 
Figure 58 - Expected utility for RR, h = 4%, Source: Own production 
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4.4.3.3. Averse Avery 

Next up in our case investor analysis of expected utility is Averse Avery. As the name suggests 

Averse Avery is supposed to be more risk averse, in that he does not discount future 

consumption, is more risk averse in general and also dislikes losses more. 

These presumptions about Averse Avery seems to hold up when one examines Figure 59. Here 

we see Averse Avery’s expected utility at a habit consumption set to 2%. We see that although 

he prefers to withdraw 3%, 1% more than his 2% habit consumption, he strongly dislikes risks 

and the associated risks of increasing withdrawal rates above 3% leads to sharp declines in 

expected utility.  

The point of diminishing marginal returns to utility from increasing the withdrawal rate looks to 

incur earlier than for our other investors so far. We saw Risky Rick who seemingly could not 

consume enough. Neutral Nancy’s expected utility curves decreased slower than Averse Avery’s 

does here, again showing that Averse Avery is indeed averse of risks and more afraid of losses.  

 

 

Figure 59 - Expected utility of AA, h = 2%, Source: Own production 
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Another interesting finding from Figure 59 is that Averse Avery looks to prefer less exposure to 

stocks. At the preferred withdrawal rate of 3%, Averse Avery seems to prefer a stock exposure 

between 25% and 50%. These two allocations are very close in expected utility at a 3% 

withdrawal rate. 

In Figure 60 habit consumption is set to 4% and again we see the same shift in the curve as seen 

for the previous investors. The pattern is the same for the given investor, but the entire curve 

shifts to the right to match the change in habit consumption. At this habit consumption level, 

Averse Avery prefers to withdraw 5% with a stock allocation between 50%-75%. 

Again increasing habit consumption to respectively 6% and 8%, we see in Figure D1 and Figure 

D2 that the curve shift again. Interestingly, even Averse Avery seems to prefer larger stock 

exposures as his habit consumption increases. This is probably due to the fact that as habit 

consumption increases, one would like higher withdrawal rates to match it. These higher 

withdrawal rates are best supported by higher stock exposures, as these have a greater chance of 

survival during the whole investment horizon. 

 

 

Figure 60 - Expected utility for AA, h = 4%, Source: Own production 
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Looking at Figure D3 through Figure D6 also confirms that for Averse Avery the results here are 

consistent between the MCS and BS portfolios. Again, we notice larger disparity between stock 

allocations in the BS portfolios. 

4.4.3.4. Green Greta 

Next is the peculiar example of Green Greta who is supposed to be against excess consumption, 

be very patient and more risk neutral.  

Looking at Figure 61, we see that her expected utility resembles the curves we saw in the case of 

Neutral Nancy. One difference though is that Green Greta prefers a lower consumption as 

expected. Her preferred withdrawal rate is 4% at a habit consumption of 2%. But it is close to the 

3% withdrawal rate in total expected utility. Furthermore, her preferred stock allocation is 50% 

stocks, but again it is almost tied with 25% stocks. We can see that these results fit well with the 

investor description. She strongly dislikes excess consumption, in that greater withdrawal rates 

like 7% and 8% yields strong disutility.  

 

Figure 61 - Expected utility for GG, h = 2%, Source: Own production 
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For Figure 62 we see the same pattern. At a habit consumption of 4% Green Greta prefers to 

withdraw 5% with a stock allocation between 50% and 75%. Looking at this figure we see that if 

she were to increase or decrease her withdrawal rate, she would actually prefer to withdraw 4% 

instead of 6%. This fits the bill of Green Greta, who is risk neutral but values consumption in the 

future higher. The 6% withdrawal rate would allow fewer withdrawals in the later stages of the 

investment horizon due to depleting portfolios, meaning the disutility from these missing 

withdrawals are greater for Green Greta compared to Neutral Nancy for example. 

This is also the reason we see portfolios that allow for these late-stage withdrawals ranking 

higher than the opposite. The extreme portfolios with 0% stocks and 100% stocks both are more 

likely to deplete earlier, compared to the portfolios that lie in between these.  

As habit consumptions increases to 6% and 8% respectively in Figure E1 and Figure E2, we see 

that her expected utility from higher stock allocation portfolios have increased above lower stock 

allocations. Again this is due to the higher stock allocations being more likely to be able to 

support higher withdrawal rates. 

 

Figure 62 - Expected utility for GG, h = 4%, Source: Own production 
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The results found here are mostly consistent with the BS portfolios as well. Again, as in previous 

cases, the only difference is that higher stock allocations are more preferable since the bond 

returns in this simulation are lower on average compared to the MCS. The expected utility 

figures for the BS portfolios for Green Greta can be found in Appendix E. 

4.4.4. Sum-up 

In the previous utility analysis of the case investors we tried to show how preferences to withdrawal 

rates and asset allocations change as investor characteristics change. We applied a utility-

framework to portfolios where portfolio returns, and inflation were simulated by both Monte Carlo 

simulation and bootstrapping from an empirical distribution of returns. This was done so that 

expected utility for each investment decision could properly be evaluated.  

The results from the analysis showed that the investment decisions which yield the highest 

expected utility, are highly dependent on investor characteristics. We saw that even for investors 

with the same habit consumption, the optimal withdrawal rate and asset allocation varied in each 

individual case. More impatient investors whose rho were relatively large preferred higher 

withdrawal rates, and vice versa for more patient investors. Investors with higher theta value each 

consumption point including final wealth more than investors with a lower theta. We saw that 

investors with a higher theta would prefer a lower withdrawal rate and less exposure to stocks. 

Again, investors that are the opposite with lower theta values preferred the opposite. Finally, 

investors with a higher loss aversion showed a preference to comparable lower withdrawal rates 

and less stock exposure. Again, the opposite is true, for investors with lower loss aversion.  

For all investors though, we saw that consumption below their habitual consumption were never 

preferable. This was the case even for the risk-averse investor. At higher habit consumption levels, 

he would prefer to consume more and run the risk of depleting his funds, compared to consuming 

less than he was used to.  

The results described in this chapter were consistent between both the Monte Carlo simulated 

portfolios and the bootstrapping simulated portfolios. There were some slight differences in 

preferences to asset allocations, but these can be explained by the lower average bond returns in 

the empirical distribution, compared to the Monte Carlo simulated ones. 
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5. Discussion  

In this section we will discuss the results and research design from this thesis. Some important 

assumptions and implications of the thesis is also discussed, and finally suggestions for future 

research are presented. 

5.1. Are people rational? 

The results of the case examples in the simulation setting relies on the assumption that the 

examined decision taker is rational and aims to maximize expected utility. But several studies have 

shown that people do not always act like expected utility theory would expect them to. 

The Allais Paradox was first presented by Maurice Allais in 1953. The paradox shows 

inconsistencies between the decisions made by actual people and the expectations from an 

expected utility point of view. In the experiment, Allais first gives the test person a choice between 

two gambles. After choosing between the first gambles, they get another set of two gambles. 

According to expected utility theory, any rational person would choose the first gamble in both 

sets or the second gamble in both sets. However, they would not choose the first gamble in the 

first set and the second gamble in the second set, or vice versa. In the experiment though, Allais 

showed that many people violated the expectations for rational behavior (Allais, 1953).  

Another critique of expected utility theory is the popular prospect theory presented by Daniel 

Kahneman and Amos Tversky in 1979. In this article they show that choices between risky 

prospects show several inconsistencies with expected utility theory, and instead present a 

framework where prospects are framed as gains and losses instead of absolute values. The propose 

that investors who are to decide between anything that gives a perceived gain or perceived loss, 

will choose the option that gives the highest perceived gain even though the options actually give 

the same gains or losses. That is, they propose that losses causes greater emotional pain for an 

individual compared to the same amount of gains would, e.g. a fair gamble where one could either 

lose 50 DKK or gain 50 DKK. In the expected utility framework, an investor would take the 

gamble since it is fair. In the prospect theory, the chance of a loss would weight more heavily and 

discourage the investor from taking on the gamble (Kahneman & Tversky, 1979). 

These considerations from previous research has been implemented in this thesis, by implementing 

habit consumption and loss aversion as parameters in the utility function. By using habit 
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consumption, we frame higher or lower withdrawal rates compared to the habit consumption level 

as gains or losses compared to previous consumption levels. The loss aversion parameter then 

reflects the fact that investors are more unhappy with losses. 

Despite prospect theory not being perfect either, we believe that the implementation of these 

considerations makes our results more consistent with the presently accepted theory of decisions 

under risk.  

5.2. Low CRRA Values 

This thesis does not consider the constant relative risk aversion parameter being higher than one 

𝜃 > 1, primarily to enhance the intuitive ease of the results. It is argued by Munk (2018, p. 233) 

and discussed in detail in section 3.2.5.1 that most investors actually have a somewhat higher 

CRRA, suggesting that: 4 > 𝜃𝑟𝑒𝑎𝑙 > 1. This is mainly evident from the fact that the utility function 

from section 3.2.1 would not work arithmetically when 𝜃 > 1 - due to the investor always wanting 

to consume less than her habit consumption h (see figure 59). 

 

 

 

Figure 63 - Utility function when θ =2, c_t is variable and other variables being 0, Source: Own production 
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The problem is attempted solved by firstly Munk (2018, p. 233) who suggests simply to add a 

large constant to 𝑐𝑡, for avoiding the issue of having 𝑐𝑡 < ℎ. While this is a possible solution, it is 

hardly useful for this thesis, since this solution simultaneously eliminates the purpose of adding 

the term h.  

Another possible solution to the problem is simply to invert the 𝑐𝑡 − ℎ function for all cases where 

𝑐𝑡 − ℎ < 0, for staying in line with the already discussed prospect theory discussed in detail in 

section 3.2.3. The problem of doing this is that, since the global minimum of the function is in the 

point where 𝑐𝑡 − ℎ > 0 𝑎𝑛𝑑 𝑐𝑡 − ℎ → 0, since the point utility in exactly that point is 𝑈(𝑐𝑡) →

−∞, it is thus impossible to include the term in the case where 𝑐 < ℎ, since the term cannot be 

sanctioned with less utility than −∞, even if transformed. 

It can thus finally be noted that even though this thesis does not exclude the habit consumption h 

neither the cases where 𝑐𝑡 < ℎ, due to its significance to the research question of being able to 

evaluate and compare the performance of both depleted- and surviving portfolios. It should still be 

noted that despite the lack of reality enforced by a too low 𝜃, the intuitive sense of giving risk-

loving investors, a low 𝜃 while risk-averse investors a high 𝜃, even when 𝜃 > 1, still perfectly 

holds (Munk, 2018, p. 269).  

5.3. Future suggested research 

When finding the optimal payment plans for the investors given their personal characteristic, the 

payments plans were found without including any dynamical asset allocation, suggesting that the 

investors would keep a constant risk profile throughout their entire investment horizon, and 

without evaluating performance of their assets at any other time than at the beginning of their 

investment horizon. While this undoubtably makes the optimization process easier, it is doubtable 

that it would be beneficial for investors, to simply stick to their payment plan regardless of what 

may happen to their savings, and their remaining lifetime. While not going further into how 

investors could have conducted dynamic asset allocation it is notable that when for instance 

looking at how asset allocation is adjusted at the major Danish pension funds (Appendix F), that 

investors tend to keep a majority of their assets in stocks, when their time horizon is long, and 

systematically replace the risky assets with less risky assets as they get closer to the retirement 

date.  
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Another practical issue excluded in this thesis, is that the investor may end her investment horizon 

(e.g. by dying), at another time than planned. Finishing the investment horizon at an odd time, may 

have a large impact on the payment plan which is for instance shown in section 4.1, and should 

thus be taken seriously, since dying too early may mean, lost utility in the form of dying with too 

much money, while dying too late, may also mean lost utility, in form of too low consumption in 

the last years of life.  

A possible way to mitigate the problem an early or late death, could thus be solved by simply 

adding the dimension of risk to the model equally as it was done in section 4.3, simply by replacing 

the risk of the investment portfolio giving a different rate of return than expected, to the risk of 

dying at another time than expected. The way to optimize wealth could now be to take the sum 

product of probability weights, with the utilities associated with each U(T), somewhat in a similar 

way as was used in the sections 4.3 and 4.4. It could then be possible to solve for the best payout 

plan, considering both the risk of the rate of return and of life expectancy. When conducting the 

risk analysis of life expectancy it would however be necessary to note that life expectancy hardly 

can be described as being normally distributed, due to its heavy right side skew (US National 

Library of Medicine National Institutes of Health, 2012). It would thus either be necessary to 

somehow transform the function, or again bootstrapping the data, while definitely having to 

consider the trend in growing life expectancy.  

The dimension of taking early or late death into consideration has been excluded in this thesis 

mainly to maintain compatibility to the paper of Cooley et al. (1999), in order to assure more 

general applicative value, rather than being specific for the individual investor. The compatibility 

issue is additionally also the reason why this paper has not looked more closely at local tax rates, 

public and private pension schemes, nor any other country specific issues, which may have had an 

impact for the investor. The reason again being that the scope of this paper is to illuminate the 

possibility of independent or early retirement without the involvement of a government entity, 

without restrictions to the withdrawal to be neither constant, nor sustainable. 
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6. Conclusion  

After investigating the ideal withdrawal rates and payment plans for individual investors, it is 

concluded in this thesis, that personal traits and characteristics have a major impact on the selection 

of their optimal payment plan. This impact becomes clear by the fact that investors with their 

optimal withdrawal rate and payment plans, often may liberate spending for the most suitable time, 

rather than having a sustainable withdrawal rate allowing only a minimal shortfall risk, thus 

providing the investor with more lifetime utility. A utility framework has been selected for 

evaluating the optimal withdrawal rate and payment plan for the investors, mainly considering the 

investors’ levels of constant relative risk aversion, loss aversion, habit consumption, actual 

consumption, wealth, and subjective discount rate. This utility framework, has subsequently been 

utilized for finding the optimal payment plan for investors in a world without risk, thus allowing 

investors to simply assume that the rate of return on risky stocks, to be given. It has additionally 

been used for analyzing the performance of optimal payment plans, considering stocks to be risky, 

and additionally comparing the performance of the safe withdrawal rate with the optimal payment 

plans for each investor, given that portfolio returns, differ from the expectation. Lastly the utility 

framework, have been utilized for evaluating various constant withdrawal rates for different 

investors, seeing which perform best and under which circumstances. 

It is found in the thesis, that both the optimal withdrawal rates and optimal payment plans, are 

highly sensitive to the investor profile, often suggesting that the sustainable and optimal 

consumption plans differ greatly. It is additionally found that investors, are often not satisfied with 

withdrawing the same amount constantly, especially emphasized by the subjective discount rate. 

This was particularly notable when comparing two of the most distinctive investors Risky Rick 

and Green Greta, who showed to prefer very different strategies, respectively with decreasing 

withdrawals and increasing withdrawals.  It is additionally found that optimal asset allocation also 

is highly dependent on the personal traits of the investor, often suggesting that risky stocks are the 

better choice, when the investment horizon is long, and when the investors habit consumption is 

high. It is however also found in the case study that a high allocation in risky stocks, always 

outperforms less-risky bonds with respect to expected investor utility. 

It is finally found that that the optimal payment plans, and withdrawal rates are highly dependent 

on the rate of return, suggesting that investors need considering their risk profile highly before 
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customizing their payment plans. For this purpose, the 4%-rule may be an easy solution, since it 

is often safer than the optimal portfolio, while it however ignores most investor traits, and is thus 

not recommended. 

7. Managerial Implications 

As life expectancy, living standards and the public retirement age are on the rise, the interest in 

early and independent retirement has never been higher. Despite the various both public and 

private pension schemes, initiative plans, legal regulation and benefit plans, concerning traditional 

retirement, the independent retirement schemes are somewhat still unchartered, both academically 

and practically. This tendency being further emphasized by the fact, that the most dominant 

research in the field only considers the sustainable withdrawal rate of 4%, (Cooley, Waltz, & 

Hybbard, 1999), suggesting a loss of potential for investors wanting to retire early, while not 

desiring an annual withdrawal rate of 4%. 

Considering that this thesis finds that investors have infinitely different preferences to their post-

retirement consumption, which would thus be advisable and beneficial to consider both for 

themselves, retirement planners and possibly even social planners. Considering better possibilities 

for an independent retirement scheme is thus not only crucial for the niche investors in the FIRE 

community, but also to the ordinary investors by providing them with higher utility in the shape 

of their wealth spent more appropriately, financial advisors who may capitalize on this by being 

able to offer an more adequate service to their customers, and finally even social planners who 

may utilize this to better meet the desires of the voters, and thus improve their political position.  
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Appendices 
 

Appendix A – Neutral Nancy payment plan details 
 

 

Figure A1 – Relative Withdrawal rate of Neutral Nancy’s Initial portfolio, Source: Own production 

 

 

Figure A2 – Relative Withdrawal rate of Neutral Nancy’s Initial portfolio, Source: Own production 
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Figure A3 – Relative Withdrawal rate of Neutral Nancy’s Initial portfolio, Source: Own production 
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Appendix B - Neutral Nancy expected utility (MCS and BS) 
 

 

Figure B1 – Neutral Nancy expected utility (BS), h = 2%, Source: Own production 

 

 

Figure B2 – Neutral Nancy expected utility (BS), h = 4%, Source: Own production 
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Figure B3 – Neutral Nancy expected utility (BS), h = 6%, Source: Own production 

 

 

Figure B4 – Neutral Nancy expected utility (BS), h = 8%, Source: Own production 
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Appendix C - Risky Rick expected utility (MCS and BS) 
 

 

Figure C1 – Risky Rick expected utility (MCS), h = 6%, Source: Own production 

 

  

Figure C2 – Risky Rick expected utility (MCS), h = 8%, Source: Own production 
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Figure C3 – Risky Rick expected utility (BS), h = 2%, Source: Own production 

 

 

Figure C4 – Risky Rick expected utility (BS), h = 4%, Source: Own production 
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Figure C5 – Risky Rick expected utility (BS), h = 6%, Source: Own production 
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Figure C6 – Risky Rick expected utility (BS), h = 6%, Source: Own production 

 

 

Appendix D - Averse Avery expected utility (MCS and BS) 
 

 

Figure D1 – Averse Avery expected utility (MCS), h = 6%, Source: Own production 
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Figure D2 – Averse Avery expected utility (MCS), h = 8%, Source: Own production 

 

 

Figure D3 – Averse Avery expected utility (BS), h = 2%, Source: Own production 
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Figure D4 – Averse Avery expected utility (BS), h = 4%, Source: Own production 

 

 

Figure D5 – Averse Avery expected utility (BS), h = 6%, Source: Own production 

 



122 
 

 

Figure D6 – Averse Avery expected utility (BS), h = 8%, Source: Own production 

 

Appendix E - Green Greta expected utility (MCS and BS) 
 

 

Figure E1 – Green Greta expected utility (MCS), h = 6%, Source: Own production 
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Figure E2 – Green Greta expected utility (MCS), h = 8%, Source: Own production 

 

 

Figure E3 – Green Greta expected utility (BS), h = 2%, Source: Own production 
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Figure E4 – Green Greta expected utility (BS), h = 4%, Source: Own production 

 

Figure E5 – Green Greta expected utility (BS), h = 6%, Source: Own production 
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Figure E6 – Green Greta expected utility (BS), h = 8%, Source: Own production 

 


