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I 

 

Abstract 

Enterprises in the mining industry operate in unpredictable environments, which exposes them to 

highly volatile cash flows. Simultaneously, they must spend significant upfront capital expenditures 

to finance their investments. Because of these factors, traditional valuation techniques might fail to 

accurately assess a project’s value. This study strives to appraise, how ROV in the mining industry 

can be used to improve the capital-budgeting decision process. Further, we combine an ROV-based 

explanation with a strategic assessment, why international companies have started to divest their 

holdings in South African gold mines in favor of Ghanaian ones. We do so by comparing hypothetical 

investment opportunities in a South African underground mine with a Ghanaian open-pit mine. To 

simulate each project’s volatility, we incorporate stochastic gold prices, exchange rate, and operating 

costs via Geometric Brownian Motions. We use the All-In Sustaining Costs calculated from a basket 

of companies to obtain the starting value of the operating costs and the mining Producer Price Index 

of each respective country to approximate its volatility and drift. Next, we use the Least-Squares 

Monte Carlo method to deduct the value of flexibility inherent in each mine design. We find that the 

Ghanaian mine has a higher NPV without the option inclusion, which reinforces our qualitative 

assessment. Further, we find that the options add significant value for both projects, making the 

overall project value difference smaller. Furthermore, the inclusion of a stochastic exchange rate 

parameter has a considerable impact on both mine designs, and yet seems to be underutilized in the 

mining ROV literature. Most importantly, we deduct that ROV is highly valuable for volatile 

industries to improve the decision-making process of capital budgeting problems. 
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1 Introduction 

Setting the Scene  

Shareholder Value Creation. A framework, which defines a company’s ultimate and sole purpose to 

maximize its value for its owners. Regardless of the statement’s validity, it is undeniable that any 

enterprise is majorly driven by the aim to be profitable. Firm profitability in turn is majorly dependent 

on its long-term investments, which means that they must be chosen wisely both from a financial and 

strategic perspective. A lack of foresight might affect a company’s prosperity dramatically as 

investments are often irreversible. At the same time, there is distinct uncertainty around capital 

budgeting decisions not only caused by micro and macroeconomic events, but also endogenous firm 

characteristics that increase the complexity of investments. To be able to price investments, a variety 

of valuation techniques have been developed over the last century. Techniques based on discounting 

static cash flows are valuation methods that are still popular in the finance industry as of today. 

Nevertheless, projects exhibit significant differences throughout industries. Some sectors for example 

are highly volatile or are particularly influenced by financial or economic shocks. A logical 

implication is that managers working in uncertain environments might not only be interested in 

comparing the sole financial benefit between investment alternatives, but also the flexibility each 

project offers to navigate the uncertainty of the future. It might be fundamental to quantify it since 

the inclusion of flexibility allows managers to greatly improve their decision-making process, and 

therefore increase project and firm value. Yet, classic valuation techniques are unable to price those 

projects since flexibility is something intangible and its value cannot be assessed from a mere stream 

of fixed cash flows. Trying to assess the economic value of something that neither shares 

characteristics with traditional assets, nor is tangible has thus become a frequent topic of discussion. 

The most used technique to overcome this problem is the real option valuation (ROV), which bases 

its framework on the theory of financial options. Every investment opportunity is considered to 

possess a multitude of options that the management has the right to exercise, if underlying certain 

conditions are being met.  

Mining firms are prime examples of companies operating in volatile markets. They are intertwined 

in global financial markets through the sale of commodities, and often operate in countries 

characterized by political instability and social injustice. Additionally, geological surveys can only 

approximate the commodity quality and quantity within a given area.  
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At the same time, the mining industry is characterized by significant capital expenditures: excavation 

machinery, the bidding for excavation rights, and environmental rehabilitation projects are some 

examples that require enormous upfront investments. Given that these initial costs are required 

despite the inherent volatility of not knowing a mine’s future profitability, traditional valuation 

techniques will either fail to provide a precise project value, or even imply that suboptimal projects 

should be chosen over alternatives. Using ROV instead could give managers a better capability to 

accurately price in the embedded flexibility of for example being able to start or abandon mining 

activities based on new information.  

 

Identifying the Research Gap 

Based on these characteristics, we consider the mining industry to be a sector where flexibility could 

have a sizeable impact on a project’s value. Several authors have questioned the use of traditional 

valuation methods to evaluate mining projects and instead recommended the use of ROV, arguing 

that it improves the valuation procedure. However, the existing literature on investment opportunities 

in a strategic context is scarce; to our knowledge, no literature exists that compares mine investment 

alternatives in an international setting using real option valuation. Furthermore, a multitude of 

researchers use ROV techniques that are unable to fully integrate the volatility inherent in a mining 

project, as their approach is limited to only include one or two sources of volatility. Lastly, some 

authors use models that are incomplete from a parameter perspective. These factors might impact a 

manager’s ability to choose correctly between investment alternatives. 

Hence, we investigate how an ROV model, which fits the characteristics of the mining industry, can 

be used to evaluate the flexibility of investment projects. Specifically, we research if ROV can be 

used for improving capital budgeting decisions by comparing alternative investment opportunities 

from a traditional valuation and ROV perspective. To conduct this study, we analyze two alternative 

gold mining ventures in South Africa and Ghana, which are financed by a hypothetical US-company. 

South Africa has been a cornerstone of the industry but has recently been overtaken by Ghana as the 

continent’s largest gold producer. Using these two countries as a case study will thus not only allow 

us to assess how identical types of flexibility are priced for different mine designs, but might also 

provide valuable information on why firms are choosing Ghana over South Africa for their 

prospective mines. To do so, we derive three stochastic and nine deterministic variables to form a 

more complete model than currently offered by the literature.  
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These parameters will incorporate the country differences, including amongst other things economic 

factors, operating cost structures, and geological characteristics. Consequently, we try to deliver a 

model that places major significance on the parameters chosen, particularly the ones used to simulate 

the project’s volatility, to extract the countries’ differences. Hence, applying the ROV framework 

within a strategic context will expand the current literature by providing a more realistic use-case 

with an expanded model. 

 

2 Delimitations 

As part of our study, we impose certain restrictions to make the study feasible from a practical 

standpoint. The first restrictions refer to the lifespan and timing of the mines: we assume that the 

development time of the mines is merely a year, if the opening option is exercised, meaning that they 

would generate cash flows from the subsequent year onwards. Further, we model them to not include 

a decommissioning or rehabilitation period once the abandonment option is exercised. Lastly, we 

define the total potential investment period of the project as 30 years, which means that every year 

the opening option is not exercised, the firm forfeits its right to mine for one year. The reason for 

doing so is that it simplifies computational needs significantly, but also gives us the opportunity to 

incorporate the fact that mining rights are often auctioned off on a timespan basis, i.e., there is a real 

trade-off between waiting to open the mine due to unfavorable conditions and being able to mine the 

area for the maximum timespan.  

The second restriction is imposed on the options within the mine: We only consider opening and 

abandonment options, but not for example a temporary closure or compound options. Furthermore, 

we assume them to be independent, which allows us to use their values in an additive fashion. We 

will address the independence issue in subsequent chapters.  

The third restriction relates to the definition of the gold reserves within the mine. We assume that 

both mines excavate the commodity at a constant quantity and constant grade of gold. In reality, 

commodity reserves within a mine are not uniform, and firms are not excavating at the constant rate. 

We address this in section 5.4.  
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3 Literature Review 

What started with Myers (1977) introducing the concept of real options, has since evolved into a 

broad field research: A variety of topics have been investigated, from the identification of real options, 

over the actual valuation process of real options, to niche studies like the managerial influence of real 

option execution. Since the available literature is quite extensive, we will limit our scope on 

contrasting the existing literature of ROV within a mining industry context. 

Brennan & Schwartz (1985) were arguably the first authors to evaluate a mining project within a real 

option context. Besides stochastic copper prices, their model includes the options to open, temporarily 

close, or permanently abandon the mine, as well as to increase the production rate depending on the 

copper price. A convenience yield for holding the commodity rather than the option itself is also 

included in the valuation model (Brennan & Schwartz, 1985). The authors show that traditional Net 

Present Value (NPV) methods are unfit to value mines, as the inclusion of options have a significant 

impact on the project value (Brennan & Schwartz, 1985). This claim is widely supported within the 

mining real option literature (Colwell, Henker, Ho, & Fong, 2003; Costa Lima & Suslick, 2006; 

Dehghani, Ataee-pour, & Esfahanipour, 2014; Dimitrakopoulos & Abdel Sabour, 2007; Haque, 

Topal, & Lilford, 2016; Topal & Ramazan, 2012). Further, Brennan & Schwartz (1985) find that 

modelling the commodity price as stochastic is crucial in the mining industry due to significant 

uncertainty within a project. 

Colwell et al. (2003) use Brennan & Schwartz’ model to conduct a valuation study on Australian 

mines. They note that while options increase the value of mining projects over all evaluated mines, 

the value of options between the firms differs heavily. Hence, the usefulness of real option valuations 

for an individual firm might be limited compared to traditional NPV methods (Colwell et al., 2003). 

Moreover, they find that the input parameters have a significant impact on the value of the options 

inherent in mining projects, i.e., the need to accurately choose the values for the parameters is of 

crucial importance (Colwell et al., 2003). The gold mine value in their model is most affected by 

changes in the gold prices and to a lesser extent in the average extraction cost, while the gold volatility 

has the least impact on the value (Colwell et al., 2003). The apparent minimal influence of gold price 

volatility not only contrasts Brennan & Schwartz, which state that commodities should be modelled 

stochastically due to the importance of volatility inclusion; other literature also finds a significant 

relationship between (the gold price) volatility and the project value on a theoretical and empirical 

basis (Costa Lima & Suslick, 2006; Haque, Topal, & Lilford, 2014; Moel & Tufano, 2002; Zhang, 
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Nieto, & Kleit, 2015). For example, Moel & Tufano research the impact of gold price and operating 

cost from empirical data by examining 285 North American gold mines between 1988 and 1997. 

They find that higher gold price volatility will lead to managers being more cautious of exercising 

options, i.e., open mines will be more likely to stay open, and closed mines are more likely to remain 

closed (Moel & Tufano, 2002). Hence, according to the authors, gold price volatility has a definitive 

impact on the decisions made according to their findings.  

Additionally, the commodity price has a significant impact on whether options are exercised or not. 

For example, an opening option is only exercised if copper prices are sufficiently high to offset the 

capital expenditures of the mine opening (Brennan & Schwartz, 1985). In comparison, options to 

temporarily close or permanently abandon the mine are only exercised if the commodity price is low 

enough to justify paying the closure or abandonment costs rather than accepting negative cash flows 

(Brennan & Schwartz, 1985). Similarly, the value of the closure option increases (decreases) with 

increases (decreases) of the operating cost, while the value of the closure option decreases (increases) 

with increases (decreases) of the gold price (Colwell et al., 2003).  

Some authors incorporate multiple volatility sources in their models. Dimitrakopoulos & Abdel 

Sabour (2007) use the Least-Squares Monte Carlo (LSM) algorithm to analyze an Australian gold 

mine with a life span of three years. To evaluate an abandonment option, they consider the uncertainty 

of geological reserves within the mine, as well as the gold price and exchange rate. They find that 

real option valuations deliver a higher net mine value of 11-18% compared to NPV calculations, and 

that the spread of NPV values between different simulations is larger than the value from the ROV. 

Further, entirely different projects might be chosen under real option calculation, i.e., not only the 

project value but also the decision basis changes (Dimitrakopoulos & Abdel Sabour, 2007).  

Costa Lima & Suslick (2006) use a model of differential equations to incorporate stochastic gold 

prices and operating costs. Further, they correlate the stochastic variables, based on the argument that 

with increasing gold prices, mining companies will also excavate gold from low-yield mines, which 

increases their operating costs. Low gold prices in contrast will in the long run also lead to lower 

operating costs for the same reason. Additionally, the authors incorporate taxation and inflation in 

their model, but forfeit the inclusion of dividend yields. The authors discover that their project’s 

volatility is significantly higher than the volatility of the commodity price, and that its value is 

severely impacted by volatility changes. An increase in the gold volatility increases the NPV, while 

an increase in operating cost volatility decreases it.  
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Because of the high volatility sensitivity, they argue that mining investments should include multiple 

volatility sources, as the sole inclusion of a stochastic commodity paramater might distort the project 

value. By proving that the commodity price has an impact on the project value, they further reject 

Colwell et al.’s claim. (Costa Lima & Suslick, 2006).  

Ajak & Topal (2015) research the impact of options on an operational level as opposed to a strategic 

one. They argue that the flexibility to switch between mine desgins is a particularly valuable from an 

operational perspective, as it is reverible and thus can be carried out multiple times. They use a 

Discounted-Cash-Flow (DCF) model to value the base mine, and consequently price the option based 

on commodity price and mineral deposit uncertainty. The authors find, in accordance with financal 

option theory, that the higher uncertainty & flexbility, the higher the option value; including the 

option to switch on average increases the project value by 8-15% (Ajak & Topal, 2015).  

Dehghani, Ataee-pour, & Esfahanipour (2014) use a variety of real option valuation models to 

evaluate the Indonesian Grasberg copper mine with uncertain copper prices and operating costs. For 

their main valuation model, they use multidimensional binomial trees. There are four possibilities of 

the uncertain variables to change at each node: both copper price and operating costs increase, copper 

price increases while operating costs decrease, copper price decreases while operating costs increase, 

both copper price and operating costs decrease. Subsequently, they compare the NPV of the different 

models with the real NPV of the mine. The authors discover that their multi-dimensional binomial 

tree is the most accurate in approximating the NPV by a significant degree, followed by Monte Carlo 

simulations, and ultimately traditional DCF methods (Dehghani et al., 2014) 

In comparison, Haque, Topal, & Lilford (2016) offer an elaborate model in terms of options 

considered. They include both the standard options to open and abandon, but also the options to 

expand and temporarily close. Further, the authors consider the gold price to be stochastic and 

incorporate a country risk premium to value an Australian gold mine via the Finite Difference 

Method. They find that lowering the country risk premium to zero increases the project value by 

0.97% compared to the base case. Also, they discover that there are high costs in mining-related 

projects due to the temporary closure & reopening costs. Nonetheless, the net gain of including the 

aforementioned options heavily outweighs the costs associated with temporary closure (Haque et al., 

2016). 
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4 Theory 

In this chapter, we provide insights into the economic and socio-political factors of South Africa and 

Ghana. Furthermore, we highlight the characteristics of traditional valuation techniques such as DCF 

models and consequently introduce the framework of financial and real options. Following that, we 

explain the different possibilities to value said options. Lastly, we describe important frameworks 

related to the simulation of our model’s stochastic parameters. 

 

4.1 The Republic of South Africa  

In the following section, we offer an overview of the economic situation of South Africa. Further, we 

introduce the mining industry by explaining important background factors such as commodity reserve 

quality, and subsequently present the mining industry within the country. Finally, we highlight the 

current challenges in the South African mining industry to further contrast upside and downside risks 

a firm could experience, if it decides to operate a mine there.  

 

Economic Makeup 

The Republic of South Africa (South Africa) is the most southern country on the African continent 

and its 2nd largest economy (Naidoo, 2020). In 2018, South Africa’s Gross Domestic Product (GDP) 

was US Dollar (USD) 368.29bn, accounting for 15.8% of its continents GDP (The World Bank, 

2018a, 2018b). GDP growth has been relatively stagnant between 2013 and 2018, with an average 

growth rate of 1.34% per annum in those years (The World Bank, 2018a). The Central Intelligence 

Agency (CIA) of the United States and the World Bank both classify the nation as an emerging and 

middle-income economy (Central Intelligence Agency, 2020b; The World Bank, 2020). The domestic 

economy is fairly diversified, with 10% of its GDP coming from its primary, 20% from its secondary, 

and 70% from its tertiary sector, respectively (Statistics of South Africa, 2019). The primary sector 

is defined as the agglomeration of raw materials and includes the mining sector, while the secondary 

sector consists of construction and manufacturing (Kenessey, 1987). Lastly, the tertiary sector 

includes the service and trading sectors (Kenessey, 1987). 
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Income and wealth within South Africa are highly centralized. To assess wealth and income equality, 

we use the Gini coefficient and the Human Development Index (HDI). A Gini coefficient of zero 

means that everyone has the same income, or wealth respectively, while a value of one means that 

one individual holds all income or wealth. The country’s Gini coefficient was 0.630 in 2014, making 

it the world’s most unequal society in terms of income distribution (The World Bank, 2014). Further, 

its wealth Gini coefficient was 0.806 in 2018, which is also one of the highest in the world, indicating 

that the country’s wealth is held by few individuals (Credit Suisse, 2018). In comparison, the Human 

Development Index measures life expectancy at birth, the expected years of schooling and mean years 

of education, as well as the Gross National Income per capita (United Nations Development 

Programme, 2020). It is standardized between zero and one, with one being the highest and zero being 

the lowest value. The HDI of South Africa was 0.705 in 2018, which puts the nation into the “medium 

human development” HDI bracket (United Nations Development Programme, 2019). The HDI can 

be expanded to include the inequality within the respective country, giving a similar estimate as the 

Gini coefficient. South Africa belongs to the “low human development” group with its Inequality-

Adjusted HDI of 0.463, ranking it 104 out of 150 measured countries.  

The International Country Risk Guide (ICRG) offers another point of view on the macroeconomic 

situation of the country and displays annual data from 1984 onwards. It consists of 22 factors, which 

are then agglomerated to political, financial and economic risks, and finally an overall index. The 

higher the index value, the lower the overall risk of a country is (PRS Group, 2019). Between 1984 

and 2019, South Africa’s index values have been relatively stagnant in terms of political and 

economic risks but improved from a financial perspective. On a total level, its index has increased 

slightly throughout the assessment period. Interestingly however, all three subindices have 

deteriorated within in the last decade, indicating that its economy has become more volatile over the 

last decade (PRS Group, 2019).  

 

Gold Mining Industry Background & Highlights in South Africa 

Gold ore is found in various reservoir types. The United States Geological Survey classifies gold 

reserves based on their composition: lode deposits are primary gold deposits and are usually 

embedded in larger rock formations (Butterman & Amey, 2005; Rashotte, 2016). In comparison, 

placer deposits are secondary deposits, i.e., smaller reserves closer to the surface.  
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While the latter are almost exclusively mined through surface mines, lode deposits is both excavated 

through surface and underground mines (Butterman & Amey, 2005; World Gold Council, 2020a). 

The theoretical gold production of a mine is dependent on the volumetric gold ore amount it can mill, 

as well as the grade it hosts. The grade of gold describes the purity of the ore, i.e., how much gold 

can be extracted from the raw stone. Hence, the higher the milling capacity and grade of gold of a 

mine, the higher the theoretical extraction, as well as subsequent refinery and gold production.  

Gold mining within South Africa has a long-standing tradition, starting in the 1880s with a gold rush, 

which also led to the foundation of Johannesburg and its nickname “The City of Gold” (The Natural 

Sapphire Company, n.d.). Further, the vast gold reserves allowed South Africa to become the biggest 

economy on the African continent in the 20th century and as of today, the country has supplied 40% 

of the world’s gold in circulation (The Natural Sapphire Company, n.d.) Today, gold mining is still 

an integral part of the South African economy and accounts for over 5% of its Gross Domestic 

Product, making it crucial for the health of the primary sector (Minerals Council South Africa, 2019; 

Statistics of South Africa, 2019; The World Bank, 2018b). Nevertheless, its influence on the global 

gold market has vanished over the last decades: South Africa supplied only 3.7% of global gold in 

2019, making it the world’s 12th largest gold producer (United States Geological Survey, 2020).  

From a geological perspective, South Africa is in a particular position. While the country has the 3rd 

largest gold mine reserves in the world after Australia and Russia, its gold deposits are mostly present 

in the deeper earth layers (Mineral Council Of South Africa, 2019; Neingo & Tholana, 2016; United 

States Geological Survey, 2020). This causes 95% of South Africa’s mines to be underground; in 

fact, the country also hosts the world’s deepest mines (Mineral Council Of South Africa, 2019; 

Neingo & Tholana, 2016). These characteristics increase the costs of operating a mine. 

 

Current Challenges in the Gold Mining Industry 

The South African gold mining industry is currently experiencing serious downward pressure from 

degrading quality of gold reserves, increasing cost structures, and rising competition from other 

countries. While firms in other developed mining markets have extensively automated their mines 

via sophisticated machinery, it is difficult to do so in South African mines for three reasons: First, the 

location of ore deposits deep within stone formations makes it expensive to drill extensive and large 

tunnels, and thus impossible to fit bulky machinery.  
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Second, the proximity to the earth’s inner core creates high heat in the shafts, which would also lead 

to an earlier onset of material failure for those machines. Third, most miners lack the education 

necessary for operating advanced mining machinery (Neingo & Tholana, 2016). 

Instead, firms primarily depend on physical labor to extract the gold, with labor costs accounting for 

over 35% of all input costs in South African mines (Mineral Council Of South Africa, 2019; Neingo 

& Tholana, 2016). The dependency on human work is a serious issue, as the labor availability and 

labor productivity have declined significantly over the last decade (Mineral Council Of South Africa, 

2019; Neingo & Tholana, 2016). At the same time, labor costs have increased 10% year-over-year 

since 1999 (Fellows, n.d.). The pressure of increasing labor costs is further enhanced by a high union 

percentage in South African mines, which for example also have called for a five-month strike at one 

of South Africa’s largest mining companies at the end of 2018 (Minerals Council South Africa, 2020). 

Additional factors to impact South African mines are of political and socio-economic nature. As 

indicated by the two Gini coefficients, the country is suffering from serious inequalities. The 

widespread labor unrests in 2012 were potentially caused by the high inequality within South Africa, 

as well as dissatisfaction of working conditions (Neingo & Tholana, 2016). Furthermore, the Youth 

League of the African National Congress, the youth wing of the former ruling party, called for the 

nationalization of the nation’s mines in 2011 (York, 2011). And, the South African government has 

a significant impact on the cost-structure of mining companies, too: the Mineral Council of South 

Africa (2019) approximates that 50% of all input costs in the mining sector are influenced by 

administered prices and state-owned enterprises, which highlights the danger of a worsening political 

environment. 
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Figure 1: Grade of Gold and Gold Production 

Source: (Chamber of Mines of South Africa, 2017). Own compilation. 

 

Not only political and labor issues however, but also mineral-related problems have increased the 

uncertainty for enterprises. Between 2004 and 2015, the average grade of gold found in South African 

mines has deteriorated from 4.72 to 2.68 g/ton (Chamber of Mines of South Africa, 2017). During 

the same period, annual gold production dropped from 282.03 to 120.85 metric tons (Chamber of 

Mines of South Africa, 2017). And, the average grade of gold is expected to drop to 1g/ton in 2050 

(Muller & Frimmel, 2010). Figure 1 shows the development of the grade of gold and annual gold 

production. As gold production is a factor of gold ore milled and grade of gold, South African mines 

need to increase their milling capacity to keep their gold production stable, which increases their 

operating costs. Further, Mudd (2007) notes that there is an inverse exponential relationship between 

the grade of gold and its associated mining costs: the lower the grade of gold, the higher the energy 

consumption such as water, energy, and reactants is needed to extract gold from the ore, increasing 

the production costs per ounce. And despite the critical cost increases, the real sales of gold, i.e., the 

gold sales adjusted for inflation, have decreased by 16% between 2013 and 2018 (Mineral Council 

Of South Africa, 2019; Neingo & Tholana, 2016). 

The Producer Price Index (PPI) is another indicator to evaluate the cost development within a country 

or industry. As defined by the OECD and calculated by the Statistics Bureau of South Africa, the PPI 

is a “measure of the change in prices of goods either as they leave their place of production or as they 

enter the production process” (OECD, 2020).  
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It excludes taxes, as well as transport and trade margins and is able to measure the changes in the 

prices of locally produced products (OECD, 2020; Statistics of South Africa, 2020b). A subversion 

of the general PPI exists for the mining industry, too. Instead of measuring the overall cost changes 

of produced products, it measures price changes within the mining industry. Please note that from 

this point, if we are mentioning the PPI, we are always specifically referring to the mining PPI of 

each country, and not the general PPI. Figure 2 presents the monthly development of the South 

African mining PPI with a value at 100 at the December closing of 2012. The mining PPI is a 

specialized sub-index focused on the relative price development within the mining industry.  

Figure 2: Producer Price Index of the Mining Industry in South Africa 

Source: (Statistics of South Africa, 2016, 2020b). Own compilation. 

 

As shown, the mining PPI has risen significantly between January 2012 and December 2019 with a 

Compound Annual Growth Rate (CAGR) of 7.00%. The inflation rate, which is measured as monthly 

changes in the Consumer Price Index (CPI), has been growing with a CAGR of 5.12% (Statistics of 

South Africa, 2020a). Figure 3 shows the monthly changes in PPI and inflation rate in per cent. The 

PPI has substantial monthly fluctuations and grows at a higher rate compared to the inflation, 

supporting our hypothesis that the South African mining industry is under intense cost pressure.  

Lastly, the South African economy has been experiencing unfavourable exchange rates against the 

US dollar (Fxtop, 2020b).  
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While a lower exchange rate can be beneficial from an export perspective as goods become cheaper 

for foreign purchasers, local mining companies are reliant on foreign goods: Imported products such 

as mining equipment account for 12% of all input costs for mines (Mineral Council Of South Africa, 

2019). Thus, drifting exchange rates can negatively impact a firm’s performance, which is why it is 

typically hedged on a corporate basis. This might also explain why hedging against unfavourable 

exchange rate movements is a major cost factor for South African mines, having spent on average 

over USD 75m1 in just 2017 (Mineral Council of South Africa, 2018).  

Figure 3: Monthly Mining PPI growth vs. Inflation (CPI) of South Africa  

Source: (Statistics of South Africa, 2016, 2020b, 2020a). Own compilation. 

 

4.2 The Republic of Ghana  

The Republic of Ghana has certain characteristics that make it an interesting country to analyze and 

contrast to South Africa. Considering the strong social development in the past two decades, Ghana 

has become a country with solid social capital and an improved economic outlook; the economy has 

continued its expansion in 2019 with a strong GDP growth of 7.1% (African Development Bank, 

2020). Furthermore, the country has shifted towards a tertiary economy, with 57.2% of its total GDP 

coming from services, while secondary and primary industries account for the remaining 24.5% and 

18.3%, respectively (Central Intelligence Agency, 2020a).  

 

1 Using the monthly average USD/ZAR exchange rate of 2017 
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Additional improvements at a macroeconomic level contributed to boost the country’s outlook as 

well, placing Ghana consistently among the world’s ten fastest-growing economies (African 

Development Bank, 2020). 

Despite the strong economic growth, its Gini coefficient has shown a moderate increase from 0.35 in 

1987 to an index value of 0.45 in 2018 (The World Bank, 2019). Comparing it with the South African 

in value of 0.63 especially, we find a significant difference. Furthermore Ghana’s HDI and Inequality-

adjusted HDI were 0.596 and 0.427 in 2018 respectively, implying that the country is in the “medium 

human development” bracket like South Africa (United Nations Development Programme, 2019). 

When considering the ICRG values, Ghana shows a remarkable increase in all three subsectors. 

Furthermore, its global index value has almost doubled from the 80s, recently surpassing the South 

African one (PRS Group, 2019). The country has especially improved from an economic perspective, 

but has made significant gains in the financial and political risk categories (The PRS Group, 2019). 

Specifically the political improvement can partially be explained by the Ghanaian government, which 

has taken important steps toward democracy with a multi-party government, thanks to an independent 

judiciary system (The World Bank, 2019). 

In conclusion, we can clearly see the commitment demonstrated by the Ghanaian government in 

continuously improve its domestic situation, supported as well by the previously mentioned matters. 

 

Gold Mining Industry Highlights in Ghana 

Given the country’s colonial name Gold Coast, it is clear how much importance and impact the 

mining sector historically has had on its society (International Council on Mining & Metals, 2015). 

Since the first documentation of gold mining in 1493, the country has produced 80 million ounces of 

gold until 1997, and further accounted for 36% of total world gold output from 1493 to 1600 

(Amponsah-Tawiah, 2011). In addition, the mining industry started to attract foreign investments 

after 1983, when Ghana launched the Economic Recovery Program (ERP) with the goal to develop a 

market-oriented approach. While the mining sector now is largely foreign owned, the government 

holds a minority equity stake of 10% in every gold mine. Further, the small scale mining industry is 

still reserved only for domestic firms (International Council on Mining & Metals, 2015).  

Despite the fact the United Nations do not define Ghana as a mining economy, it is now Africa’s 

biggest gold producer measured by annual gold production (Njini, 2019).  
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Furthermore, the gold mining industry accounts for 95% of the country’s total mineral revenue 

(International Council on Mining & Metals, 2015). Figure 4 illustrates the yearly Ghanaian and South 

African gold output.  

The Ghanaian gold production has increased by 6.7% between 2014 and 2018, while the South 

African one has decreased by 14.3%. In 2018, Ghana has surpassed South African gold production, 

marking an important economic milestone. The reason for South Africa’s decreasing gold production 

is mostly due to increasing costs and to the physical challenges of mining what we can consider the 

deepest mines on earth. In contrast, Ghana profits from lower operating costs and more relaxed 

policies that encourage new projects (Njini, 2019).  

Figure 4: Gold Production in Million Ounces 

 

Source: (Njini, 2019). Own compilation. 

 

The Ghanaian government banned administered mining activities in 2017 for the main reason of 

environmental protection. Nevertheless, illegal small-scale gold mines remain a problem for the 

Ghanaian mining industry. In fact, small illegal mines are mostly responsible for the gold production 

increase between 2017 and 2018. They increased their yearly production by 34.4%, while large-scale 

ones did not materially grow over the same period. 

Despite the fact that the ban was only marginally effective in curbing domestic illegal mining, the 

Ministerial Committee on Illegal Mining made strong progress on expelling illegal foreign miners 

(Oxford Business Group, 2019).  
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Current Challenges in the Gold Mining Industry 

To understand how Ghana became Africa’s biggest gold producer, it is necessary to investigate the 

causes and consequences of its success. Ghana as a developing country is suffering from 

infrastructural bottle necks. One such bottle neck is related to Ghana’s electricity grid: the sharp 

economic upswing in Ghana has pushed it beyond its capabilities. The impact of electricity outages 

on Ghana’s economy were in fact so severe throughout the last years, that the World Bank considered 

electricity as the second most important problem enterprises were facing within the country (Mathrani 

et al., 2013).  

Figure 5: Total Primary Energy Consumption (Quadrillion BTU2) 

Source: (International Energy Statistics, 2018). Own compilation.  

 

Figure 5 shows the energy consumption increase in Ghana from 1990 to 2017, illustrating the strain 

on the electrical grid and supporting infrastructure. Furthermore, a study conducted in 2014 estimated 

an average daily value disruption of $2.1 million from the energy crisis, representing a total loss of 

2% of the yearly GDP (Kumi, 2017). It is clear that to sustain the growth of the mining industry, the 

issues related to power demand must be solved.  

 

2 British Thermal Unit: measures the quantity of heat required to raise the temperature of one pound of liquid water by 1 

degree Fahrenheit (Administration U.S. Energy Information, 2020) 
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Nevertheless, the Ghanaian government invests in substantial infrastructure advancements. 

According to the Oxford Business Group (2019), one of the main problems that has been tackled in 

the recent years concerns the reliability of electricity supply; Alfred Baku, executive vice-president 

and head of Gold Fields’ West Africa operations mentioned that “In the past years, stability of power 

supply and reduced tariffs, partly attributable to the presence of the IPPs (Independent Power 

Producers) in the power sector, have significantly improved the operating environment.” (Oxford 

Business Group, 2019). Furthermore, the Ghanaian government has been able to continuously 

increase foreign investments through successful legislative changes, like long-lasting industry 

regulations and the reduction of illegal activity (Oxford Business Group, 2019).  

Moving forward, we present the development of the Producer Price Index in Figure 6 as another 

indicator to evaluate the cost development experienced by the country.  

Figure 6: Producer Price Index of the Mining Industry in Ghana 

Source: (Ghana Statistical Service, 2012-2020). Own compilation. 

 

Ghana’s PPI has risen considerably between 2012 and 2019, showing a Compound Annual Growth 

Rate (CAGR) of 17.33% between 2012 and 2019. For comparison, the South African PPI’s CAGR 

is 7.00% over the same period. This indicates that while current operating costs are lower than for 

South Africa, its cost base is increasing rapidly.  
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Furthermore, we compare the monthly growth rate of the PPI with the monthly inflation change as 

shown in Figure 7. The fluctuations experienced by the inflation rate are less extreme than the ones 

from the PPI, hinting that increasing competition rather than the inflation itself is causing the 

operating costs to appreciate. 

Figure 7: Monthly Mining PPI growth vs. Inflation (CPI) of Ghana 

Source: (Ghana Statistical Service, 2012-2020). Own compilation. 

 

In conclusion, Ghana has a considerably positive future economic outlook, especially regarding the 

strong improvements from a macroeconomic standpoint together with an estimated 6.1% real GDP 

growth during 2019 (International Monetary Fund, 2020). The key to meet the expectations would be 

to maintain the relatively recent stability gained in the past years. However, this crosses the path of 

the 2020 election cycle and of the challenges facing the energy and mining sector (The World Bank, 

2019) in addition to the illegal small-scale gold mines problem. If the expectations will be matched, 

Ghana has all the credentials to keep the leading place in the mining industry.  
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4.3 Capital Budgeting 

In this section we describe the basic concepts of our assumptions. We start by reviewing the topic of 

Capital Budgeting. Subsequently, we will introduce the Real Option argument and explain why it is 

- in particular situations - a better approach compared to traditional methods. 

  

Introduction 

Capital Budgeting is the process of companies deciding which future projects and investments to 

undertake. During this process, firms analyze investment alternatives by comparing future 

consequences of each project; emphasis is put on the profitability of each project. Hence, the main 

purpose of Capital Budgeting is to understand how a particular investment decision will impact firm 

cash flows and the firm’s value. In general, a company will undertake every project that has a positive 

Net Present Value (NPV), i.e., generates value, for its shareholders; however, since the amount of 

capital is limited, it is necessary to determine which projects will yield the highest return (Berk & 

DeMarzo, 2017). From a practical point of view, the first step in the process is to forecast incremental 

earnings of the project as a result of those investments. Then, we must determine the impact on the 

firm’s available cash to obtain the project’s free cash flow; at this point different techniques can be 

applied to evaluate the overall project according to the intrinsic nature (Berk & DeMarzo, 2017). 

Since this is not the main purpose of this paper, we will only briefly introduce the most common 

techniques. 

 

Net Present Value 

The main concept of Net Present Value is that a monetary amount received today is more valuable 

than the same amount received in the future, as this money has the potential to generate earnings in 

the future. The value of the project is determined by discounting the forecasted cash flow by a rate 

that represents the cost of capital, which is the expected return that investors could earn on an 

investment with similar risk and maturity (Berk & DeMarzo, 2017). The present values of the cash 

inflow are subsequently compared to the initial investment; a positive NPV means that the project is 

profitable and will be accepted, while a negative NPV would lead to the rejection of a project.  
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The NPV of the project can be computed as followed: 

𝑁𝑃𝑉 = ∑   
𝐶𝑎𝑠ℎ 𝐹𝑙𝑜𝑤𝑖

(1 + 𝑟)𝑖
− 𝐼𝑛𝑖𝑡𝑖𝑎𝑙 𝐼𝑛𝑣𝑒𝑠𝑡𝑚𝑒𝑛𝑡

𝑛

𝑖=1

 

If we define cash flows as the profits obtained by the investment project, we can rewrite the above 

equation as:  

𝑁𝑃𝑉 = ∑   
𝑞𝑖𝑆𝑖 − 𝐶𝑜𝑠𝑡𝑖

(1 + 𝑟)𝑖
− 𝐼𝑛𝑖𝑡𝑖𝑎𝑙 𝐼𝑛𝑣𝑒𝑠𝑡𝑚𝑒𝑛𝑡

𝑛

𝑖=1

 

Assuming 𝑞𝑖 and 𝑆𝑖 respectively as the quantity sold and the spot price (Schwartz, 2013).  

 

Internal Rate of Return  

The Internal Rate of Return (IRR) is another popular tool to determine the profitability of a project. 

It is defined as the discount rate, which makes the NPV of the cash flows equal to zero (Berk & 

DeMarzo, 2017). The higher the IRR, the better it is to undertake the project, making the IRR useful 

in comparing multiple projects on a relatively even basis.  

0 = 𝑁𝑃𝑉 = ∑   
𝐶𝑎𝑠ℎ 𝐹𝑙𝑜𝑤𝑖

(1 + 𝐼𝑅𝑅)𝑖
− 𝐼𝑛𝑖𝑡𝑖𝑎𝑙 𝐼𝑛𝑣𝑒𝑠𝑡𝑚𝑒𝑛𝑡

𝑛

𝑖=1

 

 

Decision Tree Analysis (DTA) 

This method is considered an effective tool, if the project involves contingent decisions. It shows a 

map that illustrates the different decisions, their costs, the possible outcomes and their probability 

and payoff. In this approach the NPV is calculated using the expected value (EV) of an event, which 

is the product between the probability of occurrence and its outcome expressed in cash flow value. 

The challenging part of this method is to determine the probabilities, as they are subjective and yet 

the most important input (Kodukula & Papudesu, 2008). 
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Criticism of Traditional Methods 

On one hand, the methods introduced in the previous section already proved to be effective in many 

applications and they have been employed for several decades project valuations. On the other hand, 

they are unreliable tools under certain conditions. Cash flows are forecasted for example when the 

NPV of a project is being determined, implying that future decisions are fixed by the firm and that 

flexibility in decision making is being ignored (Kodukula & Papudesu, 2008; Miller & Park, 2002). 

Furthermore, it is crucial to understand the concept of risk and how it is accounted in for the above 

methods. The goal of the following section is to introduce the reader to the main challenges of these 

methods and explain why a more sophisticated technique is necessary. Firstly, we will introduce the 

main concepts about risk, secondly, we will discuss the problems related to the discount rate.  

In the financial literature, a commonly accepted definition of risk is the likelihood of the real outcome 

differing from the expected one. We can relate this likelihood to the standard deviation of the real 

outcomes - from historical values - around the expected value, with higher standard deviations 

equaling higher risk. It follows the main concepts about risk: the higher the amount of risk an investor 

is willing to take, the higher the potential returns are; and we define risk premium as the additional 

return an investor would expect by investing on a risky asset compared to a risk-free asset such as a 

U.S. Treasury bond (Kodukula & Papudesu, 2008). One of the main challenges an analyst will face 

is to forecast the distribution that represents the risk level of the project to apply the appropriate 

discount rate. We can identify two factors that determine the discount rate for a given cash flow 

stream: the uncertainty directly associated to the cash flow and the type of risk we are facing. On the 

latter, we can distinguish between systematic (market) and idiosyncratic risk. The term market risk 

refers to all risk that is possible to associate to the value of a traded security (Kodukula & Papudesu, 

2008). From a project valuation perspective, we can consider the market forces that can affect the 

future cash flows, such as demand and competition, as market risks. Idiosyncratic risks instead are 

related to factors within the firm, e.g., its efficiency on developing and delivering the project through 

all the different phases; an investor is willing to pay a risk premium only for the market risks and not 

for the idiosyncratic, therefore breaking down the type of risk associated with the cash flow is 

fundamental (Kodukula & Papudesu, 2008).  

A commonly applied discount rate is the Weighted Average Cost of Capital (WACC). As the name 

implies, it is a discount rate that calculates the weighted average of the cost of equity and the cost of 

debt, adjusting the latter for the tax shield (Berk & DeMarzo, 2017).  
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However, despite its popularity, WACC has two inherent issues: First, it assumes that the company 

or project manager will keep the ratio between cost of capital and debt constant. Considering that the 

debt and equity are market values, they would need to be rebalanced constantly in order to keep the 

ratio stable (Copeland & Tufano, 2004). Second, the WACC of the company is usually taken as a 

discount rate for simplicity purposes. However, in theory debt and equity investors base their required 

rate of return on projects, not on companies, meaning that the WACC of a project might be under- or 

overstated depending on the risk profile of the firm (Brandão, Dyer, & Hahn, 2005). Additionally, 

WACC only considers downside risk, as the model cannot incorporate unlikely, but profitable 

occurrences (Kodukula, 2006). Hence, the NPV of the project might be distorted.  

 

Risk-Neutral Framework 

In the previous section, we briefly introduced techniques based on discounted cash flow. While it is 

undeniable that in many scenarios NPV is effective in delivering accurate results, it fails to capture 

specific elements of today’s corporate world. A major drawback of traditional NPV models is that 

they fail to capture the flexibility within a project, as the cash flows cannot be adjusted throughout 

the project’s lifetime (Schwartz, 2013). Similarly, investment decisions are defined as being executed 

with certainty (Copeland & Tufano, 2004). But not only the rigidity of NPV are negatively impacting 

its accuracy: traditional discount rates such as WACC are lackluster for the reasons mentioned in the 

earlier section. Taking exit options as an example, identifying appropriate discount rates can be 

demanding to impossible.  

In these cases, applying a risk-neutral valuation approach instead of a traditional NPV model can be 

helpful to capture flexibility. Within risk-neutral valuation models, the adjustment for risk is made in 

the probability distribution of cash flows as opposed to an adjusted discount rate (Schwartz, 2013). 

The resulting NPV equation is the following:  

𝑁𝑃𝑉 = ∑   
𝑞𝑖𝐹𝑖 − 𝐶𝑜𝑠𝑡𝑖

(1 + 𝑟𝑓)
𝑖

− 𝐼𝑛𝑖𝑡𝑖𝑎𝑙 𝐼𝑛𝑣𝑒𝑠𝑡𝑚𝑒𝑛𝑡

𝑛

𝑖=1

 

Where 𝑞𝑖 is the quantity produced and 𝐹𝑖 is the future price, in contrast to the classic method where 

spot prices are used. Futures prices are the expected future spot prices under the risk-neutral 

distribution.  
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The reasoning behind this approach, mainly comes from the finding of Cox & Ross (1976), showing 

that in an efficient market without arbitrage opportunities, a probability function exists such that 

securities can be priced by discounting them in a risk-neutral model. Briefly, applying risk-neutral 

probabilities let us make use of all the information that are assumed in futures prices when considering 

the different flexibilities implied in the project (Schwartz, 2013). In conclusion, simulating several 

different paths for the stochastic variables with the Monte Carlo method, let us model the implied risk 

in the cash-flows, thus implying a risk-free discount rate. In contrast, as the static NPV method 

includes only individual cash-flow values regardless their uncertainty, it is necessary to discount them 

by the implied risk.  

 

4.4 Options Theory 

Before we can introduce the concept of real option valuation, it is necessary to understand what 

options are and in particular what factors affect their value. In this chapter we will introduce the basic 

concepts and terminology of options theory, starting from financial options and moving forward to 

the description of real options. We will take special focus on American style options with dividends, 

as they closely model options in the real world. 

 

Introduction 

A financial option is a derivative instrument that gives the owner the right and not the obligation to 

buy or sell an underlying asset at a fixed price over a specified time period. In the case of stock 

options, the underlying are equity securities, meanwhile for currency options, the underlying is cash 

denominated in different currencies. In the case of stock options, in general one contract is an 

agreement to buy or sell 100 shares. Depending on the type of contract, we can distinguish between 

American, European, and Exotic options. The first one is the most common on the market, and it 

allows the owner to exercise the option at any time before and including the final date called the 

expiration date. A European option allows the owner to exercise the option only on the expiration 

date. Exotic options are, as the name implies, specific options with differing expiration dates, payoff 

structures, exercise prices, and underlying assets compared to European and American options 

(Corporate Finance Institute, n.d.).  
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Exotic options of special interest for our real option valuation are Bermudian, Compound, and 

Extendible options. Bermudian option’s exercise gets its name from the fact that its exercise 

flexibility lies between American and European options, just like Bermuda has its geographical 

location between the US and Europe. In detail, it can be exercised at maturity, but also has 

predetermined exercise dates between option inception and maturity. It thus differs from American 

options, which can be exercised at any point before option maturity. Compound options are options 

that depend on another option, i.e., the underlying of the compound option is an option itself; hence, 

compound options have at least two expiration dates and strike prices. An extendible option is a 

broader version of a compound option, which includes the flexibility to extend the maturity date at 

the discretion of the option holder (Corporate Finance Institute, n.d.; Shokrollahi, 2019).  

 

Terminology 

We can distinguish two different types: A call option gives the owner the right to buy the asset, while 

a put option gives the right to sell the underlying. Since an option is essentially a contract between 

two parties, for every owner there is an option writer who takes the opposite side of the contract. The 

buyer of the contract has a long position, while the option writer has a short position. When the owner 

of the contract decides to exercise his right, the price at which he buys or sells the underlying is called 

strike price. Obviously, options are exercised only when there is a gain. If the option is in the money, 

the option writer will fund the gain.  

The value of an option, also called option premium, consists of an intrinsic and extrinsic value. The 

intrinsic value describes the value of in-the-money options, that is the positive difference between 

current stock price and strike price; for out-of-the-money options, its intrinsic value is zero (Kenton, 

2019). The more an option is in the money, the higher the intrinsic value. In contrast, the extrinsic 

value consist of the time value and its implied volatility (Turner, 2018). The time value increases with 

increasing maturity length, as it allows the option holder to acquire more information until the option 

expires (Hull, 2017). Further, the option becomes more valuable, the more volatile the underlying is 

(Turner, 2018). This is because the more volatile a stock, the higher the potential gains or losses from 

holding the underlying. Holding the option however entitles you to gain from favorable movements 

of the underlying without committing to unfavourable ones. Thus, an option holder at a maximum 

can at a maximum only lose his option premium, while the option writer commits to higher theoretical 

losses. Thus, the option writer needs to be compensated more for volatile stocks.  
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Payoffs at Expiration  

Since we consider the value of any security being determined by the future cash flows, we will 

determine the option’s payoff using a numerical example. Let us suppose that we have a long position 

in a call option with a strike price of €100. If the spot price of the stock is higher than the strike price 

on the expiration date, for example €120, we will exercise the call and buy the stock at €100, granting 

us a profit of €20. However, if the spot price is lower than the strike price, we would not exercise the 

option, and only incur losses related to the option premium.  

Figure 8: Call vs. Put Payoff 

 

 

We can summarize the payoff in the following equation, where S is the stock price, K the strike price 

and C is the value of the call option: 

𝐶 = max (𝑆 − 𝐾, 0) 

In the case of a put option, the holder will exercise it only, if the stock price S is below the strike price 

K. In the example, the put option holder would profit from exercising the option, as long as the spot 

price would be below €100. Therefore, the payoff of a put is: 

𝑃 = max (𝐾 − 𝑆, 0) 

Put-Call Parity 

The relationship between European call and put options and the same underlying asset must be 

arbitrage free, otherwise an investor could take advantage of the mispriced instrument (Berk & 
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DeMarzo, 2017). For this reason, we introduce this important concept initially outlined by Stoll 

(1969): The price of a call option implies a certain fair price for a corresponding put option with the 

same strike price, underlying asset and expiry date. For example, if we construct two different 

portfolios with the same payoff, the Law of One Price requires that they have the same price. For 

example, the payoff of a portfolio consisting of a stock and a put option on the same underlying is 

equal to purchase a risk-free bond and a call option under the assumption of no dividends (Berk & 

DeMarzo, 2017). 

We can write the relation in a more formal way: 

𝑆 + 𝑃 = 𝑃𝑉(𝐾) + 𝐶 

The left side of this equation represents the cost of buying the stock and a put option with K as strike 

price; the right side indicates the cost of buying a zero-coupon bond with K as face value and a call 

option with strike price K (Berk & DeMarzo, 2017). The equation can be rearranged in order to 

explicitly show the relationship for which the price of a European call equals the price of an identical 

put plus the stock minus the price of a bond maturing on the expiration date. 

𝐶 = 𝑃 + 𝑆 − 𝑃𝑉(𝐾) 

We can see the call option as a combination of a levered position in the stock and an insurance against 

a drop in the stock price. In case of a dividend paying stock, we would have to modify the portfolio 

to take the dividends earned into account. In this case the put-call parity can be written as: 

𝐶 = 𝑃 + 𝑆 − 𝑃𝑉(𝐷𝑖𝑣) − 𝑃𝑉(𝐾) 

Where the call option corresponds to a levered position in the stock without dividend and an insurance 

against a drop in the stock price. To conclude, we have to mention that the put-call parity holds only 

for European options; for American options it would hold only if the option is not exercised earlier 

(Hull, 2017).  
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4.5 Real Options 

In the previous section, we focused on the valuation procedures of financial assets. In this section, we 

will examine the concept of real options, intended as the opportunity or the right to pursue a specific 

business decision, e.g., capital investment, after new information is learned. It is important to stress 

that real options exist in nearly every investment opportunity, such as the possibility to expand the 

investment or to abandon it in an adverse scenario. This added flexibility is difficult to assess using 

traditional techniques; being able to evaluate these options certainly improves the decision-making 

process and can, if carried out correctly, add considerable value to the project. Additionally, simple 

techniques based on DCFs for example routinely underestimate investment projects that have real 

options embedded (Trigeorgis, 1993). However, the discussion of the valuation techniques and of the 

different approaches will be treated in the next section; here, we will introduce the building blocks of 

real options from a more pragmatic point of view.  

 

Option to Abandon 

In the scenario of an unsuccessful project, the firm might be able to reduce its loss by abandoning the 

venture; as uncertainty on the payoff clears out, we abandon the project, if cash flows are sufficiently 

negative (Kodukula & Papudesu, 2008). Having this opportunity increases the value of the overall 

project as the downside is limited (Berk & DeMarzo, 2017). We can see this as having an American 

put option on the underlying with the closure costs as the strike price; in practice, we will have a 

protection against losses higher than the closure costs. It is clear that in some cases, the added value 

could strongly impact the decision-making process. To conclude, the value of the option comes from 

the avoided losses that the firm would have incurred without this additional flexibility.  

 

Option to Expand 

This option allows the company to increase the size of the investment if the situation turns out to be 

better than expected. It is of significant value for high-growth companies, particularly during 

economic booms (Kodukula & Papudesu, 2008). Often this opportunity can be underestimated by the 

management; notably, when a firm undertakes a project, it automatically gets the option to further 

invest in projects that firms outside of the industry cannot (Berk & DeMarzo, 2017).  
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We can compare this to having an American call option on the value of the additional capacity, where 

the strike price is the cost of the expansion. The strike price can vary according to the initial 

investment, e.g., if additional capacity was already built-in on the initial investment the strike could 

be reasonably low. In practice, some projects with initial negative NPVs could be accepted in the 

alternative where the value of the expansion option is high enough to make it profitable. 

 

Option to Wait 

This type of option is included in every investment project. In case of having a marginal or relatively 

negative NPV together with high uncertainty in the short term, a company can decide to wait until 

the uncertainty decreases. If and when the payoff is supposed to be higher than the investment, the 

implied decision would be to accept the project at that exact time (Kodukula & Papudesu, 2008). To 

summarize, the company has a call option on the underlying project with the project's cost as strike 

price; the premium paid in this case would be the additional expenditure on additional research during 

the waiting period. Deferral options are most valuable in scenarios where the company has proprietary 

technology or exclusive ownership rights, such as in the case of a mine concession, and no missed 

revenues are given to the competitors. 

 

Compound, Independent, and Mutually Exclusive Options 

The type of options discussed above are considered part of the simple building blocks of the real 

option theory and in many cases, can be seen as singular claims on the underlying. However, when 

considering the options available in a capital budgeting project, it is important to recognize that the 

individual claims can interact in different ways with each other. Valuing them as single independent 

options can thus overestimate the value of the project (Trigeorgis, 1993). The methodology used to 

capture the interactions between simple options proposed by Gamba (2005) relies on the assumption 

that the links among the options allow the analyst to recognize the hierarchy and the 

interdependencies existing between the different claims. Furthermore, as discussed by Trigeorgis 

(1993), the extent to which the different claims interact also depends on different factors: whether the 

type of option is the same or not (relatively to both put/call and American/European combinations), 

the moneyness degree, and the order of execution.  
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Depending on the relationship we can identify simple interactions, such as having both the 

opportunity to delay an investment and expand it in the case of better than expected conditions; in 

this scenario the option to expand would be available only after the opening option is exercised, 

effectively establishing what we identify as compound option (Gamba, 2005). Differently, the 

management could have several different alternatives simultaneously and exercising one or more 

options could eliminate some or all the other choices; considering that generally real options exhibit 

traits of American options, we would have to address particular attention to the option timing 

automatically included in this particular exercise choice (Gamba, 2005).  

Nevertheless, there are situations where the management has access to a set of independent or 

mutually exclusive options. For a portfolio of independent options, an individual option value is not 

influenced by exercising other options within the portfolio; therefore, the total value of this embedded 

flexibility is the sum of the value of the single options. Mutually exclusive options as implied by the 

name itself, are a portfolio of options where exercising one option would erase the other one (Gamba, 

2005). In conclusion, it is necessary to carefully analyze and evaluate the magnitude of the interaction 

originating from having multiple real options on the same underlying to produce solid results. Since 

the simulation model includes real options as well, we will further address this trait in the 

methodology.  

 

4.6 Option Valuation 

Below, we introduce the main techniques to value financial and real options. Each valuation technique 

offers distinct advantages and disadvantages over each other.  

 

Black-Scholes-Merton Model (BSM) 

In this section we will discuss the valuation framework relative to option pricing developed by Robert 

Merton, Myron Scholes and Fischer Black in 1973. As mentioned by Berk & DeMarzo (2017), the 

introduction of these techniques changed the finance sector tremendously by enhancing the growth 

in the types of financial securities on the market, and built the foundation for modern financial 

engineering. The main principle used in the derivation of the model is that assuming that options are 

correctly priced in the market, it is not possible to construct portfolios of long and short positions that 

generate risk-free returns (Black & Myron Scholes, 1973).  
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Thus, the BSM model assumes that no arbitrage opportunities exist in the market, meaning that the 

derivative’s payoff can be perfectly replicated by a portfolio, which is then used to price the derivative 

(Juneja, 2010). The no-arbitrage argument is based on the assumption of friction-less markets with 

the following “ideal conditions” (Black & Myron Scholes, 1973):  

(1) “The short-term interest rate is known and constant through time” 

(2) “The stock price follows a random walk in continuous time with a variance rate proportional 

to the square of the stock price. Thus the distribution of possible stock prices at the end of any 

finite interval is log-normal. The variance rate of the return on the stock is constant” 

(3) “The stock pays no dividends or other distributions” 

(4) “The option is “European” that is, it can only be exercised at maturity” 

(5) “There are no transaction costs in buying or selling the stock or the option” 

(6) “It is possible to borrow any fraction of the price of a security to buy it or to hold it, at the 

short-term interest rate” 

(7) “There are no penalties to short selling. A seller who does not own a security will simply 

accept the price of the security from a buyer, and will agree to settle with the buyer on some 

future date by paying him an amount equal to the price of the security on that date” 

As can be seen from the above conditions, certain restrictions are imposed in order to derive the 

model, one of them being that BSM can only evaluate European style options. Note that American 

call options on non-dividend paying stocks are equally priced to European call options on the same 

underlying, as the call option value increases with time to maturity, meaning that it will never be 

exercised early (Brealey, Myers, Allen, & Mohanty, 2012). Hence, we can also price American call 

options, given that the stock does not carry discrete dividends or continuous dividend yield payments. 

In contrast, European and American put option values differ even on non-dividend paying stocks due 

to the time-value of money (Brealey et al., 2012). If for example the stock price dropped to zero 

during the option’s lifespan, we would immediately exercise it, because we would achieve the 

possible maximum payout. A later exercise date would only diminish the potential returns of an 

earlier investment date (Brealey et al., 2012).  

We will only provide the final equations of BSM, since the focus is not on the derivation itself, but 

the model’s implications and potential use cases. Formally, a call option on a European non-dividend 

paying stock can be calculated via (Berk & DeMarzo, 2017; Black & Myron Scholes, 1973): 

𝐶(𝑆𝑡, 𝑡) = 𝑆𝑡 ∗ 𝑁(𝑑1) − 𝑁(𝑑2) ∗ 𝑃𝑉(𝐾) 
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with, 

𝑆𝑡 = Current Stock Prices 

𝑃𝑉(𝐾) = Present value of a risk-free zero-coupon bond paying K on the maturity date 

𝑑1 =
ln [

𝑆𝑡

𝑃𝑉(𝐾)
]

𝜎√𝑇
+

𝜎√𝑇

2
 

𝑑2 = 𝑑1 − 𝜎√𝑇 

Similarly, a put option can be expressed via the Put-Call parity (Berk & DeMarzo, 2017): 

𝑃(𝑆𝑡, 𝑡) = (1 − N(𝑑2)) ∗ 𝑃𝑉(𝐾) − 𝑆𝑡 ∗ (1 − N(𝑑1)) 

While the standard BSM model does assume non-dividend paying stocks, it can be extended to 

include either discrete dividends or continuous dividend yields. Dividends lower the stock price value, 

once it trades ex-dividend (after the dividend payment). Hence, they lower call option values while 

increasing put option values, as the holder of a call option will not be entitled to the dividend payment 

With a one-time discrete dividend payment, the stock price can be lowered by subtracting the present 

value of the dividend payment from the actual stock price. The adjusted stock price S* will then be 

used for the call or put valuation (Berk & DeMarzo, 2017). Formally:  

𝑆∗ = 𝑆 − 𝑃𝑉(𝐷𝑖𝑣) 

with, 

𝑃𝑉(𝐷𝑖𝑣) = 𝐷𝑖𝑠𝑐𝑟𝑒𝑒𝑡 𝑑𝑖𝑣𝑖𝑑𝑒𝑛𝑑 𝑦𝑖𝑒𝑙𝑑/(1 + 𝑟𝑟𝑓)
𝑇𝑑𝑖𝑣

 

𝑇𝑑𝑖𝑣 = Time of the dividend payment, [0, 𝑇] 

𝑟𝑟𝑓 = Risk free rate 

The BSM model can be easily modified to accommodate a wide range of continuous variables such 

as dividend or convenience yields. A continuous dividend yield can be included into the cumulative 

normal distribution of 𝑑1, with the rest of the model being unchanged. The equation of 𝑑1 accordingly 

changes to (Damodaran, 2011), with 𝑞 being the continuous dividend yield 

𝑑1 =
ln (

𝑆
𝐾) + (𝑟 − 𝑞 +

𝜎2

2
) 𝑡

𝜎√𝑇
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The Binomial Model  

The binomial model was by developed by Cox, Ross, & Rubinstein, (1979) after a suggestion by 

William Sharpe, and offers an alternative option pricing model to the earlier described Black-Scholes-

Merton model. Like the BSM, it assumes efficient markets without arbitrage opportunities. A key 

difference between the two is that BSM uses a continuous time frame, while the binomial model 

assumes a discrete one. In each period, the underlying can only increase or decrease in value. By 

using the no-arbitrage argument, the authors were able to derive the incremental movement factors 

of the underlying u and d, as well as the risk-neutral probability p that the underlying increases 

(Brealey et al., 2012; Cox et al., 1979). Formally:  

𝑝 =
𝑟 − 𝑑

𝑢 − 𝑑
 

𝑢 = 𝑒𝜎∗√∆𝑡 

𝑑 =
1

𝑢
 

with,  

𝑟 = 𝑒𝑟𝑓∗∆𝑡 

∆𝑡 = Time interval between the discrete nodes as a fraction of the option maturity 

𝑢 = The incremental increase of the underlying, [𝑢 ≥ 1] 

𝑢 = The incremental decrease of the underlying, [𝑑 ≤ 1] 

The above risk-neutral probability 𝑝 holds, as long as interest rates are above zero. An important 

feature of the model is that physical probabilities are transformed into risk-neutral probabilities, 

meaning that a project’s payoff can be discounted by the risk-free rate, simplifying the need to define 

the right discount rate. Further, it makes the option value independent of the investor’s risk awareness 

(Cox et al., 1979). 

Using the variables u and d, we can model an European binomial tree with the stock, call, and put 

movements (Cox et al., 1979): 
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Figure 9: Stock Value and Options Movements 

 

Source: (Cox et al., 1979). Own compilation. 

 

The binomial model can in theory be extended to an infinite number of branches. Having calculated 

the option value at maturity (in the tree 𝑇 = 2) we can now recursively calculate the call and put 

values for 𝑡 = 1, and subsequently 𝑡 = 0 via risk-neutral probabilities (Cox et al., 1979):  

𝐶𝑢 =
𝑝 ∗ 𝐶𝑢𝑢 + (1 − 𝑝) ∗ 𝐶𝑢𝑑

1 + 𝑟𝑓
, 𝐶𝑑 =

𝑝 ∗ 𝐶𝑢𝑑 + (1 − 𝑝) ∗ 𝐶𝑑𝑑

1 + 𝑟𝑓
 

𝑃𝑢 =
𝑝 ∗ 𝑃𝑢𝑢 + (1 − 𝑝) ∗ 𝑃𝑢𝑑

1 + 𝑟𝑓
, 𝑃𝑑 =

𝑝 ∗ 𝑃𝑢𝑑 + (1 − 𝑝) ∗ 𝑃𝑑𝑑

1 + 𝑟𝑓
 

𝐶 =
𝑝 ∗ 𝐶𝑢 + (1 − 𝑝) ∗ 𝐶𝑑

1 + 𝑟𝑓
, 𝑃 =

𝑝 ∗ 𝑃𝑢 + (1 − 𝑝) ∗ 𝑃𝑑

1 + 𝑟𝑓
 

For American options, we compare the immediate exercise payoff with the option value at each node. 

As the immediate exercise payoff is equal to the option value at maturity (the ultimate node), we do 

not need to adjust the payoff functions at 𝑇 = 2 in the example. However, the option values at time 

𝑡 = 1 need to be modified (Cox et al., 1979): 

𝐶𝑢 = max [𝑆𝑢 − 𝐾,
𝑝 ∗ 𝐶𝑢𝑢 + (1 − 𝑝) ∗ 𝐶𝑢𝑑

1 + 𝑟𝑓
] , 𝐶𝑑 = 𝑚𝑎𝑥 [𝑆𝑑 − 𝐾,

𝑝 ∗ 𝐶𝑢𝑑 + (1 − 𝑝) ∗ 𝐶𝑑𝑑

1 + 𝑟𝑓
] 

𝑃𝑢 = max [𝐾 − 𝑆𝑢,
𝑝 ∗ 𝑃𝑢𝑢 + (1 − 𝑝) ∗ 𝑃𝑢𝑑

1 + 𝑟𝑓
] , 𝑃𝑑 = max [𝐾 − 𝑆𝑑,

𝑝 ∗ 𝑃𝑢𝑑 + (1 − 𝑝) ∗ 𝑃𝑑𝑑

1 + 𝑟𝑓
] 
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Similarly, the respective call and put value at t = 0 becomes: 

𝐶 = max [𝑆 − 𝐾,
𝑝 ∗ 𝐶𝑢 + (1 − 𝑝) ∗ 𝐶𝑑

1 + 𝑟𝑓
] , 𝑃 = max [𝐾 − 𝑆,

𝑝 ∗ 𝑃𝑢 + (1 − 𝑝) ∗ 𝑃𝑑

1 + 𝑟𝑓
] 

The binomial model thus has a significant advantage over BSM, as we are operating in a discrete 

timeframe and calculate the payoff function at each time node, making the inclusion of American 

type options simple (Cox et al., 1979). Bermudian options can be calculated the same way, with the 

restriction that the value at nodes, where the option is not exercisable, is calculated like a European 

option.  

For dividend paying stocks, we need to distinguish between stocks with a continuous dividend yield, 

and discrete dividend payments. Continuous dividend yields can be incorporated into the risk-neutral 

probability (Hull, 2017):  

𝑝 =
𝑒(𝑟−𝑞)∗∆𝑡 − 𝑑

𝑢 − 𝑑
 

with,  

𝑞 = Continous dividend yield 

As can be seen from the equation, the risk-neutral probability of the upper brunch is lower compared 

to non-dividend distributing stocks. This is because dividend payments, which option holders are not 

entitled to, reduce the value of stock. Hence, call options are priced lower, while put options are 

priced higher. The adjusted risk-neutral probabilities can be used for both European and American 

style options (Nwozo & Fadugba, 2014). Note that American options still need to be calculated by 

comparing immediate payoffs with holding the option, however.   

In comparison, factoring in discrete dividend payments into binomial trees is more manual. First, the 

ex-dividend value of the stock at the time of the dividend payment needs to be calculated. If for 

example the firm pays out a dividend of 5% at time 𝑡 = 1, we need do adjust the stock values 𝑆𝑢 and 

𝑆𝑑 by lowering their value by 5%. Take a cum-dividend stock value of €1000 at the upper node 𝑢 as 

an example: After the dividend payment, the stock value will drop to €950. The stock value at time 

𝑡 = 2 will subsequently be calculated with the original movement factors 𝑢 and 𝑑, but with the 

lowered stock value at nodes 𝑢 and 𝑑. The calculation of European style options is thus not majorly 

impacted. For American options, the calculation is more complicated and relies on how the timing of 

the dividend payments are defined:  
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If we consider dividend payments to be distributed after the option is executed at a certain node, we 

have to add dividend payment into the value of immediate exercise. If the dividend payment is 

distributed before an option holder can exercise his right, then it has no effect on the immediate 

exercise value at that time node (Van der Wijst, n.d.). 

 

Monte Carlo Simulation 

Monte Carlo simulations are different from BSM and binomial trees in the sense that the development 

of the underlying’s price is simulated, assuming a certain distribution. Usually, it involves thousands 

of simulations to achieve a distribution without major outliers. Subsequently, the discounted option 

payoff is calculated for each simulation, and then the discounted payoff average is taken over all 

simulation paths (Boyle, 1977; Hammersley & Handscomb, 1964).  

While the option calculation via Monte Carlo simulations is simple, the underlying mechanisms are 

more complex. One of the key assumptions of monte Carlo simulations is the Law of Large Number, 

which states that the over a large number of simulations, their average will converge against the 

theoretical expected value (Graham & Talay, 2013). Furthermore, Monte Carlo simulations calculate 

derivative values under the risk-neutral measure similarly to BSM and binomial trees; the reason for 

using the risk-neutral discount rates is that the asset itself and its derivative have different risk profiles, 

which make it necessary to apply differing, risk-adjusted discount rates (Pontificia Universidade 

Catolica Do Rio De Janeiro, 2008). Instead of doing so, it is possible to use risk-neutral measures; 

however, it is necessary to find a portfolio that adequately replicates the derivative of the underlying 

security in order to be able to value it under the risk-neutral measure (Juneja, 2010). This in turn 

requires markets to be complete so that each derivative has a perfect replicating portfolio (Juneja, 

2010). Please refer to Juneja (2010) for the proof that we can use the risk-neutral measure for 

stochastic assets following a Geometric Brownian Motion (GBM).  

Assuming the risk-neutral world and an asset with a stochastic price, we can model the underlying’s 

movement as a Geometric Brownian Motion, i.e., that it follows the stochastic differential equation 

(Hull, 2017). Please refer to section 4.7 for a detailed overview of the process. 
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By dividing the underlying’s movement into several smaller movements, we are able to price exotic 

derivatives, which are dependent on the overall price curve of the underlying and not only its terminal 

value. Following the simulations, we can then calculate the discounted payoff for each simulation. 

For European calls and puts, the following equations hold (Hull, 2017): 

𝐶𝑎𝑙𝑙 𝑝𝑎𝑦𝑜𝑓𝑓0 =  𝑒−𝑟𝑓∗𝑇 ∗ 𝑚𝑎𝑥[0, 𝑆𝑇 − 𝐾] 

𝑃𝑢𝑡 𝑝𝑎𝑦𝑜𝑓𝑓0 =  𝑒−𝑟𝑓∗𝑇 ∗ 𝑚𝑎𝑥[0, 𝐾 − 𝑆𝑇] 

Hence, the average option values become: 

𝐶𝑎𝑙𝑙 𝑣𝑎𝑙𝑢𝑒0 = ∑ 𝐶𝑎𝑙𝑙 𝑝𝑎𝑦𝑜𝑓𝑓0𝑖

𝑁

𝑖=1

 

𝑃𝑢𝑡 𝑣𝑎𝑙𝑢𝑒0 = ∑ 𝑃𝑢𝑡 𝑝𝑎𝑦𝑜𝑓𝑓0𝑖

𝑁

𝑖=1

 

 

Least-Squares Monte Carlo Simulation (LSM) 

However, it is not possible to value American style options via vanilla Monte Carlo simulations due 

to their forward-looking procedure nature (Gamba, 2005). Instead, we will use Longstaff and 

Schwartz’s (2001) framework to accurately price American calls and puts with the Least-Squares 

Monte Carlo simulation method. LSM makes it possible compare the value of immediate exercise 

with the implied value of holding the option for each time period by regressing the “ex post realized 

payoffs from continuation on functions of the values of the state variables” (Longstaff & Schwartz, 

2001, p. 114). The mechanism of regressions permits the determination of the Bellman equation, 

which is needed for the dynamic programming feature of American-style options and thus for the 

optimal stopping policy of American-style option (Gamba, 2005; Schwartz, 2013). 

LSM assumes that for each simulation the future cash flows of the option, i.e., the continuation value, 

are represented in the matrix C, which is priced in the risk-neutral measure Q. Thus, C describes the 

expected remaining discounted cash flows of the option at a certain time t, if the option is not 

exercised. 𝐹(𝜔, 𝑡) is the value of continuation (Longstaff & Schwartz, 2001). Formally: 

𝐹(𝜔, 𝑡𝑘) = 𝐸𝑄 [ ∑ exp (∫ 𝑟(𝜔, 𝑠)𝑑𝑠)𝐶(𝜔, 𝑠; 𝑡, 𝑇)|ℱ𝑡𝑘

𝑡𝑗

𝑡𝑘

𝐾

𝑗=𝑘+1

] 
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with, 

𝜔 = A certain simulation path 

𝑠 =  Stopping time of the option 

𝐶(𝜔, 𝑠; 𝑡, 𝑇) = Remaining cash flows 

𝑡𝑘 = Discrete exercise time of the option, 𝑇] 

ℱ𝑡𝑘
= Information set at time 𝑡𝑘 

Subsequently, we can start estimating the conditional values of continuation by recursively regressing 

the discounted option payoff at maturity = 𝑇𝑘 (𝑌) on the value of the underlying (X) and X2 for all 

paths of the option simulation, which are in the money at time 𝑇𝑘 − 1. We do not consider paths, 

which are not in the money at time 𝑇𝑘 − 1 in order to keep the estimation as efficient as possible. 

Further, we need to recursively estimate the option values due to the mechanics of American options: 

The continuation value of the option might change between 𝑡𝑘 and 𝑡𝑘−1, making it more attractive to 

exercise the option at time 𝑡𝑘−1 and thus changing the following cash flows of the option (Longstaff 

& Schwartz, 2001).  

After having regressed 𝑌 on X and X2, we compared the value of immediate exercise at  𝑇𝑘 − 1 with 

the expected value of continuation �̂�(𝜔, 𝑡𝑘) and choose the highest value. We repeat these steps 

recursively until we achieve the option value at time 0, where we take the average value over all 

simulations (Longstaff & Schwartz, 2001).  

In the following Table 1, we will illustrate the framework with an example: assume that we want to 

price an American put with the following value matrix for the underlying and a strike price of 50 and 

risk-free rate of 5%:  
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Table 1: Value Paths of the Underlying 

Simulation 𝑡 = 0 𝑡 = 1 𝑡 = 2 𝑡 = 3 𝑇 = 4 

1 50.00 52.00 56.00 45.00 47.00 

2 50.00 53.00 48.00 47.00 52.00 

3 50.00 58.00 30.00 37.00 40.00 

4 50.00 45.00 55.00 48.00 45.00 

5 50.00 80.00 75.00 65.00 48.00 

 

The second step consist in calculating the cash flow matrix at maturity T = 4. Cash flows are positive, 

if the value of the underlying is below the strike price of 50 (in the money), and zero otherwise. As 

the authors underline, the payoff displayed are the same as if the option were European rather than 

American. 

Table 2: Cash Flow Matrix at T = 4 

Simulation 𝑡 = 0 𝑡 = 1 𝑡 = 2 𝑡 = 3 𝑇 = 4 

1 — — — — 3.00 

2 — — — — 0.00 

3 — — — — 10.00 

4 — — — — 5.00 

5 — — — — 2.00 

 

Subsequently, we discount the payoffs at T = 4 to t = 3 for the simulations, which are in the money 

at the earlier point in time. Note that while simulation five is in the money at time T = 4, we do not 

consider it, because it is out of the money at time t =3  as Table 2 illustrates. Hence, we only use the 

following simulations for the regression, with X being the value of the underlying at time t = 3, and 

Y being the discounted payoff as shown in Table 3.  
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Table 3: Regression Input at t = 3 

Simulation 𝑋 𝑋2 𝑌 

1 45.00 2,025.00 2.85 

2 47.00 2,209.00 0.00 

3 37.00 1,369.00 9.51 

4 48.00 2,304.00 4.76 

5 — — — 

 

At this point, we need to compare the expected payoff from not exercising the option conditional on 

the underlying price in the previous period. As mentioned in the previous section, we regress 𝑌 on 

both the constant 𝑋 and 𝑋2 resulting in the following conditional expectation function: 

𝐸[𝑌|𝑋] = 259.70 − 11.8074X + 0.1363X2 

Through this equation, we can now generate the expected values in the second column and comparing 

them with the values obtained by exercising the option at time 3.  

Table 4: Exercise/Continuation Comparison at t = 3 

Simulation Exercise Continuation 

1 5.00 4.38 

2 3.00 5.84 

3 13.00 9.43 

4 2.00 6.98 

5 — — 

 

We can see that in this scenario it is better to exercise the option at time 3 for the first and third 

simulation. In the following table we display the cash flows received according to the optimal strategy 

described above: 
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Table 5: Cash Flow Matrix at t = 3 

Simulation 𝑡 = 0 𝑡 = 1 𝑡 = 2 𝑡 = 3 𝑇 = 4 

1 — — — 5.00 0.00 

2 — — — 0.00 0.00 

3 — — — 13.00 0.00 

4 — — — 0.00 5.00 

5 — — — 0.00 2.00 

 

The same procedure is applied until we identify the optimal stopping rule for each time. We then 

obtain the overall cash flow matrix for each path; therefore, we can proceed with discounting the 

values at time zero and calculating the average over all the simulations and that represents the 

American put option value. The goal of this section was to familiarize the reader with the theoretical 

framework, which is the reason why the procedure was not fully shown. 

 

4.7 Time Series Analysis 

Efficient Market Hypothesis 

Since the main approach of our model relies on the simulation of different paths that the underlying 

variables follow, we always must consider the implications of the Efficient Market Hypothesis 

(EMH). As mentioned by Campbell, Lo, & MacKinlay (2012), the origins of the Efficient Markets 

Hypothesis can be traced back to the beginning of 19th century, with the conclusion that in an efficient 

market price changes must be unforecastable, if they are incorporating the expectations and 

information of all market participants. Fama (1970) summarized this concept in his most famous 

paper: “A market in which prices always fully reflect available information is called efficient”.  
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This proposed definition relies on several important assumptions: 

(1) Rational traders in competitive markets 

(2) Prices being the result of supply and demand 

(3) New information being available to all market participants 

(4) New information immediately reflects in the asset prices. 

In their turn, the assumptions lead to different implications: (A) Prices fully reflect all available 

information and price changes follow a random walk, (B) the risk and expected return trade-off is a 

‘fair game’ and abnormal returns must be zero and (C) there is no possible arbitrage (Fama, 1970). 

It is important to mention that the EMH comes with one major drawback identified in the literature 

as the joint hypothesis. Supposing that we want to test this theorem, we are automatically testing two 

hypotheses: (i) the market is efficient and (ii) the relation between risk and return is known. If the 

model is rejected it is impossible to know if either the market is truly inefficient or the model is wrong 

or both; the clear consequence is that the Efficient Market Hypothesis can never be tested (Campbell 

et al., 2012).  

 

Strong and Weak Stationarity 

The concept of stationarity plays an important role particularly referred to the way time series behave 

in time; therefore, the consequences are crucial points in relation to the way we simulate our 

underlying variables. In a simple way, stationarity implies that a time series maintains its properties 

throughout time, and this aspect can generate many issues for our analysis. Brooks (2019) identifies 

spurious regressions as one of the main problems of using non-stationary time series. Suppose that 

two time series are randomly generated as independent and random with each other, regressing one 

on the other should simply result in a low R2 and insignificant coefficients. This is not the case if they 

are both trending over time, in fact in this scenario a regression could show high R2 even if the time 

series are completely independent from construction; the correlation could appear significant and will 

lead to a relation without actual meaning. 
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It is important to distinguish between specific cases, as outlined by Brooks (2019) we can define a 

process as weakly stationary if it meets the following conditions:  

(1) The mean of the process is constant thorough time: 𝐸(𝑟𝑡) = 𝑢 

(2) The variance of the process is finite and constant through time: 𝑉𝑎𝑟(𝑟𝑡) = 𝜎2 < ∞ 

(3) The covariance of the process is finite and not affected by time, only by 𝑠: 

 𝛾0 = 𝐶𝑜𝑣(𝑟𝑡, 𝑟𝑡−𝑠) < 0 for 𝑠 ≠ 0 

Noticeably, condition (3) is relatively to the autocovariances structure that determines how an 

observation y is related to its previous values, and for stationary time series the autocovariance 𝛾 

depends only on the difference between 𝑡 and 𝑡 − 1; as consequence, the covariance between 𝑦𝑡 and 

𝑦𝑡−1 equals the covariance between 𝑦𝑡−10 and 𝑦𝑡−11. To summarize, in a weak-stationary process 

only the first two moments (mean and variance) are constant over time. In contrast, strong stationarity 

requires all four moments to be constant over time (mean, variance, skewness and kurtosis) (Brooks, 

2019). If we assume strict stationarity, the joint distribution of returns (𝑟𝑡1, … , 𝑟𝑡𝑘) would be identical 

to that of (𝑟𝑡1+𝜏, … , 𝑟𝑡𝑘+𝜏) at all lags 𝜏; thus, the distribution depends only on the intervals separating 

the dates and not on the date itself (Hamilton, 1994). Considering this assumption to restrictive we 

do not impose conditions on moments higher than the second. The presence of stationarity has 

important implications on time series analysis regarding its consequences; in particular, stationary 

time series display three undesirable characteristics (Brooks, 2019). Firstly, the persistence of 

“shocks” in non-stationary time series will never die out. In other words, the impact of shocks on 

price processes will make them expand indefinitely. By contrast, in stationary series the effect of a 

shock converges to 0 as the number of lags increases. Secondly, non-stationarity, as previously 

mentioned, can cause spurious regressions. Thirdly, the test statistics lose their asymptotic properties, 

i.e., the t-statistic will not anymore follow a t-distribution and the F- statistic will no longer follow a 

F-distribution.  
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Mathematical Background 

One of the most important concepts of our simulation model will be the random walk hypothesis, 

therefore we believe it is useful to introduce the theoretical notions on which it is based on. We will 

begin by introducing the definition of stochastic process and then moving to the description of the 

Brownian Motion. We can define a stochastic process as a variable that changes over time in a way 

that can be considered in part random (Hull, 2015). The simplest example of a stochastic process is 

considered the discrete-time discrete-state random walk, where a variable 𝑦0 at every time (𝑡 =

1, 2 … ) can take a lower or higher value with the same probability of 
1

2
 (Dixit & Pindyck, 1994). The 

jumps are independent of each other; therefore we can describe the process as: 

𝑦𝑡 = 𝑦𝑡−1 + 𝜀𝑡 

Since the parameter εt has the same properties, this equation closely resembles the one in the previous 

section; however, in this case we call it a discrete process because yt can only take discrete values. If 

the starting value of our variable is set to 0 we can then identify the following properties of the 

distribution: 

(1) for odd values of 𝑡 the possible values of 𝑦𝑡 are (−𝑡, … , −1   1, … , 𝑡) 

(2) for even values of 𝑡 the possible values of 𝑦𝑡 are (−𝑡, … , −2. 0, 2, … , 𝑡). 

At this point it is important to notice that the range of possible values that 𝑦𝑡 can assume increase 

with 𝑡, and the same applies to the variance of 𝑦𝑡; as a consequence, 𝑦𝑡 is a non-stationary process.  

In order to generalize this process, we can relax the assumption of having the same probability for an 

upward or downward jump: we set p as the probability of a higher jump and q = (1 − p) as the 

opposite, with p > q. A process with these assumptions is called random walk with drift, since at t =

0 for t > 0 the expected value of the random variable is greater than zero and increases with t. We 

can take a further step in the generalization of the process by letting the size of each jump be normally 

distributed; we refer to this type of process as a discrete-time continuous-state stochastic process 

(Dixit & Pindyck, 1994). An important example of the last introduced process is the first-order 

autoregressive (AR) process, AR(1), given by the following equation: 

𝑦𝑡 = 𝜇 + 𝜙𝑦𝑡−1 + 𝜀𝑡 
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Due to the importance of this model for our estimations, we will examine it in more details in the next 

section by introducing its main properties and implications. For now, it is important to mention that 

every type of random walk or the AR(1) process are considered Markov processes: The probability 

distribution for yt+1 depends uniquely on yt without any consideration on what happened before t 

(Hull, 2017). Typically, stock prices are presumed to follow a Markov process; the main implication 

is that the probability distribution of the price, at any point in the future, does not depend on the 

specific behavior of the stock price observed in the past. This attribute of stock prices is consistent 

with the weak form of market efficiency, where the present price of a stock captures all the 

information contained in past prices; competition in the marketplace ensure that both these aspects 

hold (Hull, 2015). 

 

Brownian Motion 

An essential stochastic process that needs to be mentioned, is a specification of the Markov process 

known as the Brownian motion or Wiener process. Originally the Brownian motion has been used in 

physics to describe motion of particles, however it is broadly used in the finance industry to model 

fluctuations of assets’ prices3. From Dixit & Pindyck (1994) we can formally define y(t) as Wiener 

process if the changes ∆y corresponding to a time interval ∆t exhibits the following properties:   

(1) The change ∆y during a small period of time ∆t is 

∆𝑦 = 𝜀𝑡√∆𝑡 

where 𝜀𝑡 is normally distributed with a mean of zero a standard deviation of 1. 

(2) The random variable 𝜀𝑡 is serially uncorrelated implying that the values of ∆𝑦 for any two 

different short time intervals are independent. We can then infer that ∆𝑦 is normally 

distributed with mean and variance of respectively: 𝐸(∆𝑦)=0 and 𝑉𝑎𝑟(∆𝑦) = ∆𝑡. It then 

follows that 𝑦 follows a Markov process and the variance of the change in a Wiener process 

grows linearly with the time horizon. 

In order to apply this process to our analysis we can generalize it into its simplest version that is the 

Brownian motion with drift (Dixit & Pindyck, 1994).  

 

3 See also: (Kac, 1947) 



 

 

45 

 

Firstly, we let ∆t become infinitesimally small in order to express the increment of the Wiener 

process, dz, in a continuous time as dz =  εt√∆t. Afterwards, we can define the general Wiener 

process for y in terms of dz as: 

𝑑𝑦 = 𝑎 𝑑𝑡 + 𝜎 𝑑𝑧 

where 𝑑𝑧 is the increment of the Wiener process as mentioned earlier, 𝑎 represents the drift parameter 

and 𝜎 is the variance parameter.  

 

The Random Walk  

Considering that the random walk model is a specification of the more general autoregressive model 

(AR), we will start by introducing the main properties of the latter. A general AR process implies that 

the current value of the variable y depends only on the value that it took in the previous period 

additionally to an error term. The general equation of an autoregressive model of order p, AR(p), can 

be written as:  

𝑦𝑡 = 𝜇 + 𝜙1𝑦𝑡−1 + 𝜙2𝑦𝑡−2 + ⋯ + 𝜙𝑝𝑦𝑡−𝑝 + 𝜀𝑡 

where the last term 𝜀𝑡 is a white noise disturbance term and 𝜇 is a drift.  

The parameter 𝜙 determines the level of mean reversion and depending on its value we can 

distinguish between cases: 

- if 𝜙 = 1 the process can be defined as a random walk 

- if 𝜙 = 0 the process is called AR(0) and results in a white noise process 

- if 𝜙 < 1 the process is stationary, and the impact of shocks will gradually fade away; this is 

the weakly stationary case 

- if 𝜙 > 1 this is considered the explosive case, as the impact of any shock will increase 

exponentially with time 

The above equation can be shortened and generalized as an autoregressive process of order p, AR(p) 

using the summation operator: 
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𝑦𝑡 = 𝜇 + ∑ 𝜙𝑖𝑦𝑡−1 + 𝜀𝑡

𝑝

𝑖=1

 

The process presents the following properties: 

(1) conditional mean: 𝐸𝑡(𝑦𝑡+𝑇) = 𝜙𝑇𝑦𝑡 + 𝜇
1−𝜙𝑇

1−𝜙′
  

(2) conditional variance: 𝑉𝑎𝑟𝑡(𝑦𝑡+𝑇) = 𝜎2 1−𝜙𝑇

1−𝜙2  

(3) conditional covariance: 𝛾0 = 𝐶𝑜𝑣(𝑦𝑡, 𝑦𝑡) = 𝑉𝑎𝑟(𝑦𝑡) =
𝜎2

1−𝜙2 and 𝛾𝑠 = 𝐶𝑜𝑣(𝑦𝑡, 𝑦𝑡−𝑠) =

𝜙𝑠 𝜎2

1−𝜙2   

The above properties show important insights with regard of the auto correlation function (ACF) and 

the partial auto correlation function (PACF). We define auto correlation as:  

𝜌𝑠 =
𝛾𝑠

𝛾0
 

An AR(p) process will show slowly decaying ACF, in contrast PACF, which measures the correlation 

between observations at two different lags after controlling or the effects of observations at 

intermediate lags, will be insignificant after lag p (Brooks, 2019).  

After building basic concepts on autoregressive models, we can consider a random walk a stochastic 

process where each successive change in the variable is gathered independently from a probability 

distribution with mean zero. We can now write the general formula of the random walk as an AR(1) 

process: 

𝑦𝑡 = 𝜇 + 𝑦𝑡−1 + 𝜀𝑡 

where the white noise process has the following properties: 𝔼[𝜀𝑡] = 0, 𝐶𝑜𝑣[𝜀𝑡, 𝜀𝑠 ] = 0 for 𝑠 ≠ 𝑡, 

𝑉𝑎𝑟[𝜀𝑡] =  𝜎2 < ∞. Thus, this imply that it is not possible to use previous values of 𝜀𝑡 to forecast 

future values (Brooks, 2019). Depending on the assumptions on the error term we can distinguish 

between different types of random walk.  
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The simple version is the one outlined above, where 𝜀𝑡 is independently and identically distributed 

with mean 0 and variance 𝜎2; if 𝜀𝑡 is also normally distributed, the random walk is equivalent to an 

arithmetic Brownian motion (Campbell et al., 2012).  

 

5 Methodology 

In this chapter, we will discuss the methods used to conduct our research by outlining the overall 

approach we decided to follow, together with discussing which kind of data we used and the 

underlying assumptions necessary for the simulation model. As we are analyzing both the South 

African and Ghanaian gold market, we will contrast the similarities and differences of the two 

countries in terms of data selection. 

In the previous sections, we introduced many theoretical concepts that are the foundations of our 

research. In this part, we will move the focal point towards a more pragmatic view, which allows for 

a better illustration of the overall reasoning backing our research question. Firstly, we start by 

examining the implications that each real option valuation model would bring; this is fundamental 

since every model comes with upsides and downsides. Secondly, we present the data methodology 

approach by exploring several topics such as the choice of data collection and the description of 

empirical testing procedures regarding stationarity.  

 

5.1 Choice of Option Valuation Model 

The Black-Scholes-Merton model has the advantage of being a closed-form solution, presenting a 

straightforward way to calculate exact option results for European-style financial options (Mun, 2004; 

Willigers & Hansen, 2008). Additionally, sensitivity analyses can be easily conducted by changing 

one or several endogenous variables. However, the BSM model has severe weaknesses for the 

valuation of real options: Its mathematical background is complex, which makes it difficult to 

understand the underlying movements of the model and creates a rigidness in terms of model 

flexibility (Copeland & Tufano, 2004; Mun, 2004). For example, BSM cannot be modified to reflect 

changing volatilities throughout the project period, additional volatility sources, multiple decision 

lattices, compound options, or earlier exercise dates (Dimitrakopoulos & Abdel Sabour, 2007; 

Willigers & Hansen, 2008). The ability to include additional input parameters is essential in deducting 

realistic option prices, as projects are highly unique and thus require as much adaptability as possible. 
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Moreover, real option complexity requires projects to be modelled as an American or Bermudian 

option, as projects may have a near infinite amount of exercise dates (Dimitrakopoulos & Abdel 

Sabour, 2007). Take a launch of product “ABC” as an example: The launch is a call option, with the 

strike price being the investment needed. As soon as the management sees ABC as profitable, it can 

immediately exercise its right to start the project. Due to the flexibility, ABC must either be modelled 

as an American or Bermudian option, depending on the assumptions about the exercise dates. 

Similarly, Block (2007) notes that the expiration dates (T) are often unknown for real options, 

rendering BSM impractical. For the above reasons, we will not consider BSM as a model of choice. 

In comparison, binomial trees and Monte Carlo simulations offer distinctive advantages over BSM. 

While binomial trees require more mathematical calculations than BSM due to the tree branch layout, 

they are less convoluted and more intuitive. This is important from a practical point of view, as this 

characteristic allows people without significant exposure to real option valuations to understand and 

perform real option valuations (Copeland & Tufano, 2004). Moreover, it is possible to value 

American options via binomial trees, which is an important model characteristic for real options 

(Hull, 2017). 

Nevertheless, binomial models also carry disadvantages for the valuation of real options: The typical 

approach of binomial trees is to find a replicating portfolio at each node, as the approach is rooted in 

traditional option-pricing theories. This requires complete markets to find a portfolio of securities that 

perfectly replicates the payoff of the underlying in every state of the prospective periods, which is 

difficult to obtain for non-financial assets (Brandão et al., 2005). Additionally, the tree layout is a 

bottleneck of the model. With every timestep, the number of nodes increases by a factor x. Using a 

binomial tree, the factor is 2; taking the project ABC as an example, the number of nodes would 

increase from two to four nodes between time 2 and 3, from four to eight between time 3 and 4 and 

so on. Since we define the mine project as an option with maturity of T = ten years, our binomial tree 

would have 1025 nodes in total4. The complexity of the binomial approach thus increases 

substantially in the number of time periods, which makes the approach strenuous from a 

computational and managerial perspective (Dimitrakopoulos & Abdel Sabour, 2007). Using more 

advanced models such as trinomial trees further increases the impracticality of the approach.  

 

4 Total nodes = 1+210 
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Brandão et al. (2005) provide a solution to make the tree more compact by only fully expanding 

profitable paths, but even using their suggested approach, the tree becomes unmanageable at a certain 

time span. Moreover, the binomial model cannot be adapted to incorporate changing volatilities, as 

the risk-neutral probabilities are deducted using one volatility value and constant throughout the tree.  

Thus, binomial models are in between BSM and Monte Carlo simulations in terms of flexibility and 

range of use. As we consider multiple stochastic input parameters and volatility sources in the model, 

binomial trees are unfit as our model of choice, leaving us with Monte Carlo simulations. The latter 

has the advantage of being extremely flexible, which gives us the possibility to incorporate an infinite 

number of variables with an effect on the underlying asset (Boyle, 1977). Furthermore, Monte Carlo 

simulations not only deliver a point estimate for our option valuation, but also provide us with a 

movement path and option value distribution: The distribution provides useful information about the 

likelihood of each option value, which is a strong alternative to the needed sensitivity analysis in 

BSM and binomial trees (Brealey et al., 2012).  

However, Monte Carlo simulations do have certain drawbacks compared to BSM and binomial trees. 

Standard errors measure the standard deviation of the sampling distribution, i.e., how strongly the 

individual simulations differ from the overall sample mean (Hammersley & Handscomb, 1964). For 

Monte Carlo simulations, the standard error has an “inverse proportional relationship to the square 

root of the number of simulation trials”, meaning that a large number of simulations have to be 

performed in order to reduce it (Boyle, 1977). Furthermore, the Law of Large number requires a 

significant number of simulations in order to adequately converge against the theoretical option value, 

with differing guidelines of at least 1,000 simulations (Darthmouth University, n.d.; Graham & Talay, 

2013). Both make Monte Carlo simulations more computing intense than binomial trees and closed-

form solutions such as BSM. Moreover, its simplicity and flexibility make it necessary to design 

specific option valuation models for differing projects. This not only greatly increases the time spent 

on Monte Carlo simulations in order to define the input variables accurately and to make the right 

model assumptions, but it also increases the probability of creating subpar models, leading to 

inaccurate real option valuations (Brealey et al., 2012). Lastly, normal Monte Carlo simulations are 

unable to value American options (Boyle, 1977).  
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In comparison, LSM allows us to negate the biggest weak point of Monte Carlo simulations by being 

able to value American and Bermudian options5, while retaining most of the simplicity and the overall 

advantages of the vanilla Monte Carlo version. Hence, we will use the LSM model to evaluate our 

project as it combines the advantages.  

 

5.2 Stationarity Testing 

As we described in section 4.7, we must determine whether the time series of the input parameters, 

which we assume to be stochastic, are in fact so or if they follow other types of processes. It is worth 

mentioning that the actual testing procedures carried out in chapter 6 are not based on the monthly 

observations themselves, but the natural logarithm of the values in order to take advantage of their 

more convenient properties such as6:  

(1) Log-normality: assuming prices are log-normal (given limited liability), log-returns will be 

normal, thus enabling us to use standard statistics  

(2) Approximate raw-to-log equality: for very small returns from short holding durations, they 

are approximately close in value  

(3) Time-additivity: compounding returns are simply ∑ log(1 + 𝑟𝑖) = log(𝑝𝑛) − log (𝑝0)𝑖 , and 

in case returns diverge from normality the sum of this will converge to normality as per central 

limit theorem (assuming finite mean and variance) 

(4) Simple integration and differentiation through use of 𝑒𝑥 

If our time series do not present a unit root, we cannot assume that the price movements are random 

and thus using a stochastic process like GBM to simulate them is not feasible. Literature suggests that 

the stationarity condition is often not met for economic data; if the stationarity condition is only 

present after the time series is differentiated i-times, the time series is defined as integrated of order i 

(Brooks, 2019) . There are different approaches to determine this order, starting from a simple 

graphical inspection: in many cases the behavior of ACF and PACF described in section 4.7 provide 

solid and conclusive results.  

 

5 See also: Section 4.6 for more detail 

6 See also: (Botha, 1980) 
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However, this approach could be too subjective, and therefore using empirical statistical test might 

enhance the testing reliability (Brooks, 2019). Since the list of unit root tests is quite extensive, we 

decided to make use of the more acknowledged procedures as they suit the implied characteristics of 

our time series best (Arltová & Fedorová, 2016). Therefore, we will tackle the stationarity testing by 

combining the augmented Dickey-Fuller (ADF) and Kwiatkowski-Phillips- Schmidt-Shin (KPSS) 

tests, as well as the Philipps and Perron (PP) test7.  

The augmented Dickey-Fuller procedure tests the null hypothesis that the time series has a unit root 

against the alternative that the variable was generated from a stationary process. The null hypothesis 

is specified as 𝜙 = 1 in the equation  

𝑦𝑡 = 𝜙𝑦𝑡−1 + 𝑢𝑡 

against 𝜙 < 1 as the alternative hypothesis. The “augmented” version was developed after the 

original test was criticized for having too little power to distinguish between the non- stationary case 

and a near non-stationary case (Brooks, 2019). The Phillips and Perron test can be computed using 

the same equation as previously mentioned; furthermore the null and the alternative hypothesis are 

alike with the ADF test (Wang & Tomek, 2004). Both of these tests have been criticized for mostly 

the same motivations, as they can fail to identify a stationary process if the unit root is close to the 

non-stationary boundary, for example when 𝜙 = 1 or 𝜙 = 0.95 (Brooks, 2019). In the solution 

proposed by Kwiatkowski et al. (1992) the equation describing the time series is written as:  

𝑦𝑡 = 𝜉𝑡 + 𝑟𝑡 + 𝜀𝑡 

where the parameters (from left to right) represent a deterministic trend, a random walk, and a 

stationary error. The underlying reasoning is that the random walk component does not affect the 

variability of the data generating process (Wang & Tomek, 2004). This approach tests the null 

hypothesis that the time series is stationary around a trend, against the alternative of a unit root.  

When evaluating the results, we have to carefully consider the reliability of every testing method 

according to the attributes of the values; for example, while the KPSS test proved to be more suitable 

for shorter time series, its predictive power diminishes for longer series (Arltová & Fedorová, 2016).  

 

7 See also: (Dickey & Fuller, 1979; Kwiatkowski et al., 1992; Phillips & Perron, 1988) 
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We are confident that using these tests in a complimentary way and thus testing both the unit root 

hypothesis and the stationarity hypothesis, allows us to distinguish between the different 

specifications of stationarity and to deliver solid results. Kwiatkowski et al. (1992) confirms the 

combined test application to deliver valid results. To conduct the actual tests, we will use STATA SE 

15 as main software. Furthermore, we use Visual Basic For Applications (VBA) for the simulation 

of the stochastic variables and the overall valuation of the model and its LSM algorithm. 

 

5.3 Choice of Stochastic Variables 

In this section, we introduce the selected stochastic variables: gold prices, exchange rate, and 

operating costs. For each variable and country, we use monthly observations. Subsequently, we 

illustrate the simulation process i.e., GBM that would be applied in the case where our variables are 

proven to be stochastic.  

 

5.3.1 Gold Prices 

The gold market shows unique characteristics that we have to take into account. First of all, this 

commodity trades in over-the-counter (OTC) transactions, shares of exchange-traded funds (ETFs) 

and with futures and options. The OTC market has the highest volume, with three distinguished 

trading centers: London, Zurich and New York. The London Bullion Market Association (LBMA) 

shows the highest number of trades, and for this reason is considered the focal point for OTC 

transactions (“Gold Trading Markets and Exchanges,” n.d.).  

For our analysis, we use prices from the London Bullion Market Association, gathered from the 

World Gold Council (2020b), in order to have the most reliant values. The time series is composed 

by monthly observations from January 1970 to December 2019 and represents the price per ounce in 

US Dollars. As the LBMA represents a global market, we are able to use the reported figures for both 

the South African and Ghanaian LSM model without the need to adjust the numbers.  

Figure 10 shows the price development within the selected period. It is important to specify that 

although for the empirical analysis we use the logarithm of prices and returns, the values below refer 

to the original time series in order to have a pragmatic interpretation of the values.  
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From a first subjective graphic inspection, the time series of gold prices does not seem to follow a 

stationary process; in addition related papers such as Smith (2002) support the hypothesis of 

considering gold prices as unpredictable. Nevertheless, we cannot reach any conclusion from only a 

quick subjective interpretation, therefore we will develop the necessary testing procedures in the 

dedicated section. 

Figure 10: Gold Prices [Jan. 1970 – Dec. 2019] 

Source: (World Gold Council, 2020b). Own compilation. 

 

5.3.2 Exchange Rate 

Exchange Rate Parameter 

We must include exchange rate volatility in our model, as we assume that we are a US-based firm 

and hence affected by unfavourable exchange rate movements. The gold price is affected by exchange 

rate movements, as we assume that we sell produced gold on each respective local market, which 

hence not only exposes us to unfavourable movements for the operating costs, but also top line 

revenue. In order to be consistent with the estimation window of gold prices, we consider an equal 

time span from Jan. 1970 – Dec. 2019 with monthly observations for South Africa, which we have 

obtained from Fxtop and verified with exchange rate data from the Wharton Research Data Services8 

(Fxtop, 2020b; University of Pennsylvania, 2020).  

 

8 The Wharton Research Data Services only provide USD/ZAR data between Jan 1971 – Jan 2019 
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Unfortunately, the Ghanaian Cedi (GHS) was first introduced in July 2007 and Fxtop only provides 

data from April 2008 onwards, which is why we use an estimation window between Apr. 2008 – Dec. 

2019 (Fxtop, 2020a). Even though this does bias the estimation window somewhat, we believe that 

using a shorter estimation window for Ghana will still yield satisfactory results; this is because the 

missing frame of 9 months is relatively short. Figure 11 and Figure 12 show the development of the 

respective exchange rates over time.  

Figure 11: US Dollar (USD) to South Africa Rand (ZAR) [Jan. 1970 – Dec.2019] 

Source: (Fxtop, 2020b). Own compilation. 

 

The literature concerning stochastic exchange rates is quite broad and concluding remarks are difficult 

to find; as mentioned by Hakkio (1986) there have been several studies which proved that exchange 

rate follows a random walk under certain conditions, but some of these do not appear to hold. For 

example, Jorion & Sweeney (1996) find that comparing exchange rates of the G-10 countries between 

1973-1993 shows strong evidence for mean-reversion for these exchange rates. But, Glaus & Thoma 

(2017) find a mean-reverting component in only 60% of all tested exchange rates. And, a major 

finding in the literature is provided by Meese & Rogoff (1983), where they concluded that a random 

walk model would have predicted major-country exchange rates as well as any other candidate 

models. Thus, there is inconclusive evidence whether exchange rates are mean-reverting or not. 

Extrapolating from Glaus & Thoma’s findings, it is important to note that every exchange rate is 

unique, and that it is difficult to apply the same model characteristics to all exchange rates.  
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Since the exchange rates of the Ghanaian Cedi and South African Rand against the US Dollar have 

deteriorated significantly in value over the sample period, we find it difficult to support the hypothesis 

of mean-reversion. Nevertheless, However, we will conduct the relative testing procedure in chapter 

6 to produce reliable conclusions. 

Figure 12: US Dollar (USD) to Ghanaian Cedi (GHS) [Apr. 2008 – Dec.2019] 

Source: (Fxtop, 2020a). Own compilation. 

 

Currency Hedging  

Considering that companies can be heavily affected by the foreign exchange rate, we assume that the 

firm is able to actively hedge the currency risk. This is an important feature of the model, considering 

that the company is affected by unfavourable exchange rate movements not only from a cost but also 

revenue perspective. Thus, the exchange rate (FX) rate can have a huge impact on the net cash flows 

(Lonergan, 2004). Usually, the most common derivatives adopted to hedge against currency risk are 

considered forward contracts (Hull, 2015), but other instruments such as cross currency swaps are 

also common in the industry (Armstrong, Galli, Ndiaye, & Lautier, 2009). Considering that currency 

hedging itself is not focus of our research, we will not extend this argument in detail. Nevertheless, 

given its undeniable importance we will consider the assumption of hedging the exchange risk in the 

model through a simple approximation. Recall that as the FX rate is assumed to be stochastic and that 

its behavior depends on the parameters 𝜇 and 𝜎, which are estimated from historical values.  
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Hedging the risk implies that the cash flows will be less affected by the fluctuations in the exchange 

rate, and ceteris paribus by 𝜇 and 𝜎. In practice we consider a parameter called FX hedge (𝜓) that 

denotes the level of hedging, ranging from 0 (no hedge) to 100% (total hedge); thereafter, we will 

proportionally decrease drift rate and volatility accordingly. To make things clearer, the new drift rate 

will be computed as: 𝜇𝐻 =  𝜇𝐹𝑋(1 − 𝜓), and the same procedure applies to 𝜎 as well. We are aware 

of the simplistic approximation implied by this procedure, but at the same time we find it reasonable 

to lower the impact of the exchange rate on the cash flows with this technique. Another reason to 

introduce this parameter comes from the approximation of 𝜇 and 𝜎 based on historical values; 

expecting that the exchange rate will continue to behave in the same way as in the past can be seen 

as unrealistic and can produce biased results. In conclusion, the motivation to introduce the parameter 

𝜓 is twofold: Firstly, we want to develop a model that includes realistic assumptions, and we believe 

that expecting the company to hedge currency risk is sound. Secondly, 𝜓 reduces the impact of the 

variability of the exchange rate. 

 

5.3.3 Operating costs 

In order to assess the operating costs of the model mines, we could build two baskets of gold mining 

companies operating in South Africa and Ghana and average each basket’s costs on a month-to-month 

basis. However, data availability and data quality are an important issue for the following reasons: 

First, most mining companies are global enterprises and only report their operating costs on a 

consolidated level in their annual reports or financial statements. In contrast, it is crucial to use local 

operating costs for the model, as the cost structures between countries vary significantly due to the 

reasons mentioned in section 4.1. Using global operating costs would thus distort the volatility and 

starting value for the operating cost simulation. Second, companies release their financial figures on 

a quarterly basis, mismatching our monthly-step model. Third, operating costs as defined by 

Generally Accepted Accounting Principles (GAAP) do not fully capture the true operating costs of 

capital-intensive industries such as mining; in fact, the lack of clarity regarding the cost reporting of 

gold mining companies caused the World Gold Council to elaborate a new cost measure in 2013, 

being the All-In Sustaining Costs (AISC). The goal is to provide investors an in-depth overview of 

the industry-specific recurring costs (Yapo & Camm, 2017). Therefore, we will use AISC for 

determining the starting values, and the Producer Price Index to approximate the volatility.  
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This measure includes continuing capital expenditures such as continued exploration, as well as study 

costs to maintain mine operations (World Gold Council, 2018). It does, however, not include capital 

expenditures related to the first exploration, development, and closure of the mine (World Gold 

Council, 2018). The benefit of using AISC is thus twofold: It provides a more detailed cost figure 

than the GAAP operating costs, and also gives us the opportunity to isolate opening and abandonment 

costs as an explicit input parameter in order to refine the LSM model further.  

The downside of using AISC is that it is a non-GAAP measure, which means that firms can 

manipulate this figure, despite the guidance by the World Gold Council on what is expected to be 

included. Further, the financial figure is a recent development and thus does not offer data availability 

over an extensive period. Nevertheless, we consider using AISC as a spot value for the simulation to 

be sound.  

To approximate the starting AISC for the South African model, we use companies which are either 

exclusively operating in the South African underground gold mining business or report the AISC of 

their South African underground gold mining business separately. The companies and their respective 

mines Pan-African resources (Barberton and Evander), Sibanye Stillwater (underground operations 

of Beatrix, Driefonstein, and Kloof), and Gold Fields (South Deep) all fulfil these criteria. However, 

as we are striving to model a medium-sized underground mine in South Africa, we need to be 

conscious about choosing the weighting of each individual company. Sibanye Stillwater and Gold 

Fields are both conducting much larger mining operations in their respective mines than Pan African 

Resources. With increasing mine size, the grade of gold typically decreases, while the AISC per gram 

of gold mine increases. This is because with increasing mine sizes, companies are forced to either 

mine less gold-dense ores, which decreases the gram per gold figure, or use more energy, chemicals 

etc. to be able to achieve the same yield. Hence, we are giving Pan African Resources a weight of 

50%, and the remaining two companies a weight of 25% to calculate the AISC. Using their latest 

financial figure we calculate an average AISC of ZAR/kg 681,666 (Gold Fields, 2020; Pan African 

Resources, 2019; Sibanye Stillwater, 2020). Note that Pan African resources and Gold Fields report 

their AISC on an USD/oz basis. For the USD/ZAR conversion, we used the average of the monthly 

USD/ZAR exchange rates in between January 2019 and December 2019 (Fxtop, 2020b). Because the 

model is calibrated on gram figures, we need to divide the AISC, yielding an AISC of ZAR/g 

681.6660.  
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We follow the same process for Ghana, starting from identifying the key players in the country and 

moving forward to draw accurate approximation of the needed values. Since for this country our goal 

is to model an open-pit mine, we need to be careful in selecting appropriate companies and their 

related mines, as values differ heavily according to the structure of the mine. As starting point we 

used the guidelines suggested by the Ghana Chamber of Mines (2018), where it is possible gathering 

fundamental insights on the industry as well as having an overview of the biggest producers; since 

the most recent report is from 2018, we will then use the most recent figures from the annual reports. 

The selected companies and their relative mines that fit our project are: Goldfields (Tarkwa), 

Newmont (Akyem and Ahafo) and AngloGold Ashanti (Iduapriem). Deciding to proceed with these 

firms does not come only from the fact that they are the biggest producers, but also because they 

disclose values at a project level; using aggregate numbers of an overall company who owns mines 

in different continents would lead to biased numbers, far from representing the country’s peculiarities. 

Furthermore, the chosen mines are mostly open-pit which forms another step towards increasing the 

accuracy of the model. Since in this case there are no specific discrepancies and the mines analyzed 

are in line with the simulated one, we proceed with computing the average of the values. By applying 

the relative conversion and by using the average of the monthly USD/GHS exchange rates in between 

January 2019 and December 2019 (Fxtop, 2020b), we reach the value of 159.2412 GHS/g9. 

Literature indicates that the overall volatility of a mining project might be equal to the volatility of 

the commodity price being minded (Dixit & Pindyck, 1994). However, using the commodity 

volatility to model stochastic operating costs is only possible, if the operating costs and commodity 

price are perfectly correlated, which is not the case in reality (Costa Lima & Suslick, 2006). 

Comparing the monthly log returns of the South African mining PPI and commodity price between 

January 2012 and December 2019, we only find a correlation of 24.06%. Analyzing the Ghanaian 

mining PPI’s and gold price’s movements between January 2013 and 2019, we find a correlation of 

40.28%. Both correlation figures are in our opinion too low to justify a uniform volatility for the 

commodity price and operating costs. Hence, we will use the mining PPI of each country to calculate 

the operating costs’ volatility. Nonetheless, to use the PPI as a proxy for the volatility of the operating 

costs, we must proof that it is a stochastic process like for the gold price and the exchange rate. We 

will do so in section 6.3. 

 

9 Note: The Ghanaian operating costs are USD/g 29.8594, while the South African operating costs are USD/g 47.1757 
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To approximate the South African operating cost volatility, the South African mining Producer Price 

Index is a natural choice. First, it is a standardized index by a South African government agency and 

covers a diversified basket of companies, which reduces error terms. Second, it is available on a 

monthly basis and thus matches the frequency of our simulations. Third, the PPI only considers local 

operations for its cost calculation basis, which is an important aspect, as we only want to include the 

volatility of the South African mining sector to emulate macroeconomic risk. Fourth, it has been 

available since 1980. In contrast, the South African mining PPI includes all mining sectors, not only 

gold, which could distort the volatility figures. The Statistics Bureau of South Africa reports the 

weight of gold and other metal ores as 28.31% of the overall mining PPI in 2019, which poses a 

problem to calculate an isolated volatility figure for gold operating costs (Statistics of South Africa, 

2020b). However, the data frequency and length of availability are significant advantages over the 

AISC, which is why we are using the mining PPI despite its potential drawbacks. As a database for 

South Africa, we use the mining PPI between January 2012 and December 2019, which is reported 

by the Statistics of South Africa (Statistics of South Africa, 2016, 2020b). Because the South African 

index was reset to the value of 100 at December closing of 2016, we need to calibrate its values 

between 2016 and 2019 to correctly match the figures from previous years. Although we have 

theoretical access to data back to 1980, we decided to forego on calculating the all-time volatility, 

because the South African statistics bureau routinely changes the base year, which introduces 

additional complexity in terms of rebalancing the index figures. More importantly, the mining 

industry in recent years has experienced significant volatility, which means that using a drawn-out 

estimation window could potentially bias the volatility figures.  

Likewise, we use the mining PPI between January 2012 and December 2019 as reported by the Ghana 

Statistical Service to approximate the monthly operating cost volatility of the Ghanaian mine (Ghana 

Statistical Services, 2020b, 2020a). Please note that the index values between January 2012 and 

December 2012 were removed from the Ghana Statistical Service website; it is however still possible 

to retrieve the index values from the same website.10 Further, we are using the consolidated mining 

PPI reported by the Ghanaian statistics bureau.  

 

10 See also: (Ghana Statistical Services, 2012d, 2012c, 2012f, 2012g, 2012e, 2012a, 2012i, 2012h, 2012b) 
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While they currently also divide the general mining PPI into further sub-indices, the database of those 

is more limited, having only been implemented recently11. We aware that this approximation does 

not isolate the true operating cost volatility of gold mining firms, but is a reasonable proxy to portray 

the cost development of the industry.  

For South Africa, we calculate a monthly operating cost volatility 𝜎 of 2.4944% and monthly return 

𝜇 of 0.5697%. The values for Ghana are significantly higher, with a monthly operating cost volatility 

of 4.0662% and monthly return of 1.1775%, respectively. The reason for this stark difference is that 

Ghana as a developing country has experienced higher inflation rates in terms of increasing standard 

of living etc. However, while we believe that the higher operating cost volatility is reasonable for 

Ghana, we find that an operating cost return of Ghana twice the return of South Africa is 

unreasonable. Hence, we reduce the monthly return of Ghana to 0.8%, which still represents a 40.44% 

increase compared to the monthly return of South Africa. The reason for lowering the value is that 

we believe it to be unreasonable that the operating costs of a Ghanaian mine will double every year 

in the future, as extrapolated from the data. To specify, South Africa is a more developed nation and 

thus has a more mature cost inflation than Ghana, which makes it possible to more accurately forecast 

operating cost increases and thus does not make it necessary to manually adapt its estimation 

parameters. By lowering the value, we still reflect the fact that Ghanaian mining companies have to 

cope with higher relative cost increases, but still keep the cost increases somewhat realistic. 

Nonetheless, we will conduct sensitivity analyses to assess the impact of different parameter 

estimations.  

 

5.3.4 Simulation of Stochastic Variables 

In the positive alternative where we prove that the variables follow a random walk process, we can 

start to simulate the different paths. It is important to notice that since the actual testing will occur in 

the next chapter, throughout this section we already assume randomness for a practical advantage. 

Since gold is essentially the most important underlying asset, we will describe the process applied to 

its prices; clearly the same procedure would be applied to the other stochastic variables as well.  

 

11 Further division into “mining of metal ores”, “mining of non-ferrous metal ores”, “other mining and quarrying”, 

“quarrying of stone, sand & clay”, and “mining and quarrying n.e.c.” 
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As discussed by Shafiee & Topal (2010), the literature on price modelling methods is quite broad, 

but the foundations rely on two classical approach: the geometric Brownian Motion and the mean 

reversion model also called Ornstein–Uhlenbeck process12. We decided to apply the former method 

as it is more in line with our research regarding the unit-root tests; furthermore, considering the goal 

of modelling a real project, our approach follows the one seen in Costa Lima & Suslick (2006), where 

both commodity price and operating costs are considered evolving as GBM. The same assumption is 

found also in Mayer & Kazakidis (2007), where the main intention is to quantify the flexibility given 

by real options; considering the alignment of objectives, we can consider the GBM a solid assumption 

in the model. However, considering the focus of this paper on assessing the impact of real options on 

the mining industry with a real-life project, we decided to do not put extreme emphasis on developing 

stochastic process. Furthermore, it is worth to clarify that the gold prices we simulate have to be 

considered as nominal prices. Since we use these values to build the cash flows stream of the 

hypothetic mine, we have to consider the nominal selling price of gold otherwise we would obtain 

biased values. This implication supports the usage of the geometric Brownian Motion as well; the 

mean reverting property loses its impact when we consider nominal values as they will be positively 

biased by the inflation rate. We know that a stochastic process that follows a GBM is characterized 

by a stochastic differential equation mentioned in the section 4.7 we make use of the Itô's 

interpretation13 to find the appropriate solution that allow us to simulate prices with the following 

equation: 

𝑆𝑡 = 𝑆0 𝑒[(𝜇−
1
2

𝜎2)∆𝑡+𝜎𝜖𝑡√∆𝑡] 
 

As we can see there are two variables that shape the process, 𝜇 and 𝜎. The former one is defined as 

the expected return or drift, and represents the risk of the return on the underlying asset; we can see 

it as the expected return earned by an investor in a short period of time (Hull, 2015). Since different 

timeframes will lead to different values of the aforementioned parameters, we need to carefully select 

an estimation window which will lead to reliable results. Clearly it is impossible to know which values 

will produce solid results a priori, therefore the different distributions need to be compared and 

analyzed.  

 

12 See also: (Uhlenbeck & Ornstein, 1930) 

13 See also: (Itô, 1951) 
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We will start by considering a general case without many restrictions, i.e., we will estimate 𝜇 and 𝜎 

on the maximum available period for each stochastic variable14. The parameter 𝜎 portrays the 

standard deviation of the underlying, in particular the proportional change in the gold price over a 

small interval of time ∆𝑡 is depicted as 𝜎√∆𝑡 (Hull, 2015). In our simulation, this value is estimated 

as the standard deviation of log-returns over the period; furthermore, 𝜇 is calculated as the average 

log-return over the same period. Considering that changing the estimation window requires unit-root 

testing and further qualitative assessments, we will leave the detailed discussion for the next chapter. 

However, we will mainly evaluate the results based on the distribution assumed by the stochastic 

variables over the next ten years horizon. If the obtained values are too far from being realistic, we 

will consider changing the estimation window. 

Since our ∆𝑡 refers to monthly steps and we simulate values for 10 years, we obtain 10,000 simulated 

paths each with 120 steps. Clearly it is impossible to graphically visualize all the possible paths, 

therefore in Figure 13 we illustrate the development of the first 150 simulations subsequently to the 

real price of the last 3 years (marked in red). Notably, the distribution converges towards a range of 

more probable values despite the presence of few extreme paths.  

Figure 13: Simulated Monthly Gold Prices - 10 Years Horizon 

 

 

14 We consider the maximum estimation window as January 1970 – December 2019 for the gold price and exchange rate 

volatility of South Africa, a maximum estimation window as April 2008 – December 2019 for the exchange rate volatility 

of Ghana, and a maximum estimation window as January 2012 – December 2019 for the operating cost volatility. 
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5.3.5 Estimation Windows 

The values obtained for the stochastic variables using the maximum estimation window might be 

hard to justify. Hence, we will use South Africa’s deterministic parameters and benchmark the results 

of the model using different stochastic input parameters in terms of volatility, drift, and correlation 

between the gold price and operating costs. This will allow us to derive realistic input parameters. 

Subsequently, we will apply the selected estimation window to Ghana in order to keep the model 

results comparable and coherent.  

In total, we have identified five different estimation windows for the stochastic variables, with the 

base case being the maximum estimation window for all variables (Jan 1920 – Dec 2019). Case 2 

uses a 30-year estimation window for the gold and exchange rate return & volatility. Since we are 

assuming that the project duration is fixed at 30 years, we find it reasonable to match the estimation 

window with the project duration and check the model results. Therefore, we will estimate the 

parameters for the gold price and the exchange rate using values from January 1990 to December 

2019. Unfortunately, since it is not possible to retrieve the time series of PPI for the same period, 

regarding the operational costs, we will use the same estimation window as the Base case (January 

2012 - December 2019). In comparison, Case 3 uses an estimation window consistent for every 

stochastic variable. Since the PPI values are available only from January 2012, we will consider this 

same window also for gold prices and the exchange rate when estimating the parameters 𝜇 and 𝜎. 

Matching the estimation window could be interesting since all the stochastic processes will be 

generated from inputs based on the same period. This adjustment could provide better results since 

all the 𝜎 and 𝜇 values are likely to incorporate the same economic events experienced in this time 

frame. Case 4 introduces a correlation coefficient for the simulation of the random variables between 

the gold and operating costs, using volatility and return figures of the base case. We believe that 

models without a correlation coefficient might be too restrictive, as those assume that the cost 

structure utterly independent from the movements in the commodity prices. Costa Lima & Suslick 

(2006) proposed that a correlation value of 100% might be too high, which we also consider too 

extreme and difficult to justify. In order to find a more reliable parameter, we compared the monthly 

time series of PPI with gold prices from 2012 to 2019, and we found a correlation slightly higher than 

24%. We then applied the methodology suggested by Hull (2017) when two variables are following 

correlated stochastic processes. Case 5 uses the correlation coefficient, while using the 30-year 

estimation window for gold and exchange rate. Hence, case 5 is a combination of case 2 and 4.  
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Finally, case 6 is a combination of case 3 and 4, by using the estimation window of case 3 with the 

correlation coefficient of case 4. 

 

5.4 Choice of Deterministic Variables 

In the following section, we derive the model’s deterministic & fixed parameters for both South Arica 

and Ghana. It is important to note that we are assuming two different kind of mine designs, based on 

the geological differences of the countries. As mentioned in the theory section, most firms in South 

Africa are operating underground mines since the gold deposits are situated deep within the earth 

layer; this makes the excavation of gold expensive. However, those firms are able to achieve a high 

grade of gold, because the gold density within the excavated rocks is high. Enterprises mining gold 

in Ghana in contrast are dealing with opposite mining circumstances: While gold is situated closer to 

the earth surface, which makes mining activities cheaper, the yield is considerably lower, requiring a 

higher annual excavation rate to produce the same tonnage of gold.  

 

Grade of Gold and Average Annual Ore Extraction Rate 

In order to assess how high the average grade of gold for South African mines is, we can use the 

figures reported by the Chamber of Mines of South Africa. In 2015, their members reported an 

average grade of gold of 2.68 g/ton of ore mined (Chamber of Mines of South Africa, 2017). 

However, the companies that we used to approximate the operating costs have reported significantly 

different figures. Sibanye Stillwater, the company with the lowest average gold grade in our analysis, 

has reported an average grade of gold of 0.7 g/ton in 2019 (Sibanye Stillwater, 2020). However, only 

considering their underground mines, the average grade of gold was 4.85 g/ton (Sibanye Stillwater, 

2020). A similar pattern is observed for Gold Fields and Pan African Resources: Their grade of gold 

for underground mines in 2019 was 4.1 g/ton and 8.00 g/ton respectively (Gold Fields, 2020; Pan 

African Resources, 2019). Thus, it is highly likely that the figure reported by the Chamber of Mines 

of South Africa not only includes underground mines, but also surface mines mining placer deposits, 

which significantly reduces the reported average grade of gold. A second potential explanation for 

the discrepancy is that our selected enterprises achieve higher yields compared to other firms, as 

smaller mines might not have access to advanced mining techniques. The large gap in reported 

numbers is a strong indicator for the need to choose the mining location wisely.  
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Because we do not have access to proprietary geological surveys, we instead estimate our grade of 

gold based on the reported firm numbers. Gold Fields and Sibanye Stillwater both operate large 

underground mines, having excavated 1,666,000 and 5,811,000 tons of gold ore p.a. respectively 

(Gold Fields, 2020; Sibanye Stillwater, 2020). In comparison, Pan African Resources operates 

smaller-scale mines and achieved to excavate 311,606 tons (Pan African Resources, 2019). In line 

with our previous argumentation, medium-scale mines typically can achieve the highest grade of 

gold, because they are able to concentrate on high yield sections, while also being able to afford 

advanced equipment. Hence, Pan African Resources can achieve a better gold yield compared to the 

other two surveyed companies. However, the approximation is limited in the sense that we cannot 

approximate the grade of gold from a basket of companies only operating medium-scale mines due 

to the missing data basis; only using the figure from Pan African Resources could however prove to 

be too unreliable for the reason that this mine might operate in an exceptionally gold-dense area. 

Instead, we approximate the South African mine’s grade by giving a 50% weight to the figures from 

Pan African Resources. Doing so will provide a higher grade of gold, as desired, while also hedging 

our estimation against unreasonable parameter figures. Hence, using the average of the firms’ figures 

with a 50% of Pan African Resources and 25% for the remaining companies, we calculate an average 

grade of gold of 6.4225 g/ton.  

We then apply the same reasoning for Ghana, with the only difference being that the Ghana Chamber 

of Mines does not disclose the overall grade achieved in the country, thus it is necessary to compute 

the average of the obtained grade by using the values published from the annual reports. Although it 

is possible to collect AISC values for every distinct site, in the specific case of Newmont it is not 

possible to have the different gold’s grade of both mines; nevertheless, the available value refers only 

to the Ghanaian sites thus it does not compromise the overall accuracy. The grades achieved by the 

three companies do not differ heavily from each other, in fact Newmont, AngloGold Ashanti and 

Gold Fields reported respectively a grade of 2.01, 1.67 and 1.17 g/ton (AngloGold Ashanti, 2020; 

Gold Fields, 2020; Newmont, 2020a). We can infer from the previous argumentation that since the 

mines are fairly similar regarding size and structure, obtaining similar values is in line with our 

expectations as well as having the highest grade in the biggest producer; moving forward we compute 

an average grade of 1.62 g/ton that will be used as input in the model.  
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In conclusion, according to the standard guidelines provided by the World Gold Council on the grade 

of gold, our hypothetic mines are respectively considered of average grade in South Africa and 

medium-high grade for Ghana15. 

 

Timespan of the Mine 

In general, a mining project undergoes the following process (The World Bank, 2016; World Gold 

Council, 2020c):  

(1) Mine exploration 

(2) Mine development 

(3) Mine operation 

(4) Mine decommissioning 

(5) Mine reclamation 

The World Gold Council (2020c) estimates that the average exploration length of gold mine lies 

between one to 10 years, depending for example on the depth of the reservoir. During this time, 

geological surveys are performed, and the overall profitability of the mine is assessed. If the 

profitability is deemed to be sufficient, the mine operator will begin to develop the mine, which 

typically requires between one to five years (World Gold Council, 2020c). In comparison, The World 

Bank (2016) estimates the average lead time, i.e., both exploration and development, to be ten years.  

After the mine’s development is finished, gold will typically be extracted for ten to thirty years (World 

Gold Council, 2020c). Pan African Resources for example estimates the extraction period of one of 

their mines as twenty years (Pan African Resources, 2020). Newmont, another mining firm, considers 

their typical mine lifespan from discovery to closure to be thirty years (Newmont, 2020b).  

Once the mine has finished operations, it needs to be decommissioned and eventually reclaimed. 

Decommissioning defines the process of physically closing the mine and restoring the surrounding 

environment as much as possible; further, they have to safely dispose of hazardous materials and 

chemicals used to extract the gold from its ore.  

 

15 World Gold Council guidelines: average grade for an underground mine ranges from 5 to 8 g/ton; for open pit mine 

ranges from 0.5 to 1.5 g/ton, higher than 1.5 is considered high grade. 
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Reclamation in comparison describes the long effort of sustained maintenance of the former mine site 

in order to fully restore its natural vegetation and wildlife. Both will depend on the area excavated 

and overall damage taken by the environment. Decommissioning a gold mine will take up to five 

years, while the reclamation takes up to 10 years (World Gold Council, 2020c).  

Concluding, there is no literature consensus about the lifespan of a gold mine. For example, 

developing a South African underground mine will typically require a longer lead time than shallow 

Ghanaian surface mines due to their depth. Instead, we simplify the model and consider a 

development time of one year, and no decommissioning or reclamation period. Further, we will 

consider a total maximum lifespan of 30 years for both South Africa and Ghana. Defining the mine 

as having a maximum lifespan of 30 years is of significant importance, as it introduces a major trade-

off between receiving the cash flows of a certain year by exercising the option now, and holding the 

option to exercise it later on. Such a constraint can be justified by for example introducing excavation 

rights auctioned off by the government, which are limited to a certain timeframe. If for example a 

company received the rights to mine gold in South Africa from 2020 onwards, the government could 

introduce a maximum timeframe until 2050, after which the terrain needs to be restored to its pre-

mining state. 

 

The Risk-Free Rate 

Choosing the right discount rate can be difficult for projects using physical probabilities. For example, 

it would be difficult to assess how the US-based firm is affected by changes in the USD/ZAR 

exchange rate. As we are operating in the risk-neutral measure in LSM simulations however, we only 

need to find the “right” risk-free rate. One way to approximate to the risk-free rate is through United 

States Treasury bills and bonds. Using this approximation, the risk-free rate is equal to the United 

States Treasury bond yield with the same maturity as the project (Berk & DeMarzo, 2017). However, 

their yields are suppressed compared to market rates, as investors do not have to keep capital, which 

is the case for other instruments with miniscule risk (Hull, 2017). Further, as the yields are set by the 

U.S. treasury, they do not fully reflect market conditions and instead are used as macroeconomic tools 

in recessions to for example issue liquidity (Berk & DeMarzo, 2017).  
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Instead, Hull & White (2013) suggest using either London Inter-Bank Offered Rate (LIBOR) or 

Overnight-Indexed Swaps (OIS) rates for the pricing of derivatives. Both LIBOR and OIS mirror 

market movements better than treasury yields, which is why they are preferred over the latter in the 

pricing of derivatives. LIBOR, short for London Inter-Bank Offered Rate, is the interest rate that 

banks have to pay in order to borrow funds from other banks (Berk & DeMarzo, 2017). It thus 

describes short-term borrowing and lending between financial institutions with the highest credit 

rating (Hull & White, 2013). LIBOR was used to price all derivative kinds before the financial crisis, 

as it was deemed to be almost risk-free; looking at the spread between LIBOR and treasury yields 

however, the financial crisis proofed that LIBOR rates are, in fact, not risk-free (Berk & DeMarzo, 

2017). Overnight Indexed Swaps in comparison are instruments, in which one party agrees to pay a 

fixed rate for certain period, for example one month, and the counterparty agrees to pay the geometric 

average of the overnight rates over the same period (Hull, 2017). The argumentation of using OIS 

rates is that the chance of default overnight is tiny (Hull, 2017). Hence, we can use a chain of 

overnight yields, i.e., OIS, to price the derivative over a certain period. While LIBOR can be used to 

value uncollateralized derivatives, Hull & White (2013) ultimately argue that OIS are better risk-free 

estimates than LIBOR.  

While the authors do bring up an interesting point, the central challenge of finding LIBOR or OIS 

rates for the pricing of a long-term project cannot be understated: In our case, we approximate the 

project lifetime to be between 20 – 30 years. There simply is no LIBOR or OIS available for this 

timespan. Hence, we will use the average 30-year U.S. treasury bond yield between March 2019 and 

February 2020, which is 2.432% (U.S. Department of the Treasury, 2020). 

 

Opening and Closure Costs 

Similarly to the timespan of the mine, defining the opening and closure costs for either the South 

African or Ghanaian mine are arduous. There is almost no academic and business consensus on the 

true costs of a mine. One reason for this is that the costs naturally have significant differences 

depending on the type and size of the mine. The larger and deeper a mine is, the more costly on 

average it will be to open and subsequently close it. Further, there are additional cost factors such as 

the type of terrain the mine is situated in. For example, drilling a mine in an area with hard material 

to drill through will increase material fatigues of machinery and drilling accessories. Because of these 

issues, we set the opening and closure costs to a relatively arbitrary figure of USD 50m each. 
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However, we will run sensitivity analyses on how changes in the aforementioned costs impact the 

options inherent in the mining project, as well the mines’ NPVs.  

 

Corporate Tax rate and Additional Governmental Fees 

Even though we model the company as US-based, it will be taxed in either South Africa or Ghana 

due to the local sale of the produced gold. It is important to note that mining companies in reality do 

not pay taxes if their cash flows in the respective year are negative; instead, they would receive tax 

cuts applicable for the next profitable year. This however is similar to our model, where the tax rate 

reduces negative cash flows. Thus, we do not need to include explicit tax cuts in the model, as we 

implicitly include them through the reduction of negative cash flows. For South Africa, 

PricewaterhouseCoopers reports that the marginal corporate taxation rate for gold mines is 28%, if 

the gold mining firm exceeds ZAR 550,000 (PricewaterhouseCoopers, 2019). The chamber of mines 

of South Africa however reported that the effective tax rate for gold mining companies in 2014 was 

25% (Reuters, 2015). A potential reason for the discrepancy between the marginal and effective tax 

rate could be that gold mining companies with a profit margin below 5% are exempt from taxation 

(Deloitte South Africa, n.d.). Due to the fact that newly opened mines are not eligible for the taxation 

exemption rule, we will use the theoretical rate of 28% for the model calculation (Deloitte South 

Africa, n.d.).  

In comparison, Ghana’s tax rate for mining companies is higher at a rate of 35% (KPMG, 2014; 

Malden & Osei, 2018). Further governmental costs of the Ghanaian government for gold mining 

companies exist through royalty fees, as well an automatic equity participation: First, the vast 

majority of gold mining companies operating in Ghana have to pay an annual royalty between 3-5% 

depending on the gold price (Malden & Osei, 2018). Second, the Ghanaian government as per law a 

free 10% equity stake in every new gold mine (Malden & Osei, 2018). We will not include a 

fluctuating royalty fee because it is complex to implement due to its nature. Companies will only 

need to pay a fee if the gold price is sufficiently high, which in turn requires additional factors to 

define. Instead, we assume a flat royalty fee of 4% which is added to the tax rate of 35%, resulting in 

an overall tax rate of 39%. In comparison, the reason for being able to include the equity stake in the 

taxation rate is that de facto an equity stake will reduce positive cash flows by 10%, but it will also 

reduce negative cash flows by 10%, as the government will then need to fiscally support to a mine 

with unprofitable cash flows.  
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While it is somewhat questionable whether the Ghanaian government will in fact support gold mines 

in years with unprofitable cash flows, it is reasonable as an approximation. Thus, assuming that the 

firm pays another 10% tax on the net income, the total taxation rate for the Ghanaian mine is 45.1%, 

which is significantly higher than the tax rate for mining companies operating in South Africa.  

 

Terminal Growth Rate 

The terminal growth rate is defined as the constant long-term factor, with which a company’s cash 

flows grow year-over-year after the explicit forecasting period of the cash flows has ended (Berk & 

DeMarzo, 2017). The terminal growth rate can be approximated via different mechanisms by for 

example using the country’s GDP growth or inflation rates. Further, a company cannot generate a 

long-term terminal growth rate that is higher than its country’s GDP growth, as a country consists of 

a combination of high- and low-growth companies (Damodaran, n.d.-a). This is because companies 

in their terminal growth stage will, with a very strong conviction, not develop highly advanced 

products or technologies. Hence, those companies will be unable to achieve higher than GDP-growth 

rate returns. Further, Damodaran argues that in the long run, the terminal growth rate is equal to the 

risk-free rate, which is equal to the nominal GDP growth rate (Damodaran, n.d.-a). This is due to the 

reason that if the risk-free rate is higher than the growth rate, an investor would rather pick the risk-

free asset to invest in, as it will be able to achieve higher returns than the risky asset (Damodaran, 

n.d.-a). But, the growth rate of a company in its terminal stage cannot be higher than the risk-free 

rate, as the spread between the GDP growth and risk-free rate is due to the performance of fast 

growing companies (Damodaran, n.d.-a). 

Since we model the gold mine with a relatively short terminal rate of 20 years, the above 

argumentation becomes less relevant. It is however useful in terms of finding the right terminal 

growth rate for each of the country’s gold mines. We will use the real GDP growth rate of each 

country as reported by the International Monetary Fund, because it allows us to exclude the inflation 

effect on cash flows; using a nominal GDP growth figure in comparison would require us to also 

include the inflation effect in the risk-free rate, which we do not (Damodaran, n.d.-b). South Africa 

was reported to have a real GDP growth rate of 0.2% in 2019, while Ghana achieved a real GDP 

growth rate of 6.1% in the same year (International Monetary Fund, 2020).  
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5.5 Model Development 

The mining industry is inherently complex due to its significant capital expenditures and exposure to 

global uncertainties. To summarize, we will model a medium scale mine in South Africa, which is 

operated by an American firm. Because most gold in South Africa is excavated subterranean, we will 

model it as an underground mine (Butterman & Amey, 2005). The mining project has a maximum 

lifespan of 30 years, with an explicit forecasting period of 10 years. During this time period, the 

project manager can decide to exercise options. Afterwards, it enters the terminal period of 20 years. 

While it is common for project and firm valuations to assume that the project will generate returns 

infinitely, this is strictly not the case for mines. Eventually, the ore deposits in the mine are exhausted, 

and the mine shuts down.  

Table 6 shows the input parameters and their respective names in the subsequent equations. The 

subscripts t,I indicate the value of the stochastic variables for the different time periods t of each 

simulation i, which will be used for the later financial analysis.  

Table 6: Model Parameters 

Input Parameters Model name 

Gold price (ZAR/g) 𝑆𝑡,𝑖 

Operating costs (ZAR/g) 𝑂𝑃𝐸𝑋𝑡,𝑖 

Exchange rate (USD/ZAR) 𝐹𝑋𝑡,𝑖 

Ore grade (g/ton) GO 

Average annual ore production (tons) 𝑄𝑇 

Annual risk-free rate* (%) 𝑟𝑓 

Initial opening costs (USDm) 𝐶𝐴𝑃𝐸𝑋𝑜𝑝𝑒𝑛 

Abandonment costs (USDm) 𝐶𝐴𝑃𝐸𝑋𝑎𝑏𝑎𝑛𝑑𝑜𝑛 

Terminal growth rate (%) g 

Effective tax rate (%) 𝜏 

Notes: Annual risk-free rate is converted to a continuously compounding rate for the discount factor within LSM algorithm 

 

The gold price, operating costs, and exchange rates are assumed to be stochastic and are thus 

simulated for each period.  
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Additionally, the project is defined as dividend-paying, as it generates cash flows at the end of each 

year. At the end of each year t, the mine operator receives cash flows that depend on the value of the 

gold price, operating costs, and exchange rate for that simulation i. For each cash flow calculation, 

we use the year-end value of the respective stochastic variable, i.e., the value in December. The cash 

flows are represented by: 

𝐶𝑎𝑠ℎ 𝑓𝑙𝑜𝑤𝑡,𝑖 = (𝑆𝑡,𝑖 − 𝑂𝑃𝐸𝑋𝑡,𝑖) ∗ 𝐺𝑂 ∗ 𝑄𝑇 ∗
1

𝐹𝑋𝑡,𝑖
∗ (1 − 𝜏) 

Further, we need to extend the cash flow calculation in order to evaluate the value of the underlying, 

i.e., the project itself, because the cash flows are only equivalent to yearly stock dividends. The 

distinction between cash flows and underlying is crucial for our real option valuation due to how we 

define our project: If for example the option to open a mine is only exercised at time t = 7, all cash 

flows from previous years are lost. In company valuations or projects with an infinite timespan, this 

is no major concern, as those draw the majority of their implied value from the terminal period. In 

our project however, it is only running for a certain period, which means that lost cash flows during 

the explicit time frame majorly impact the project value. It is thus a trade-off between holding the 

option and exercising it early in order to receive the cash flows at the beginning of the project.  

In general, the asset value at a certain time t is equal to all future discounted expected cash flows 

(Sick, 1989). Hence, we will calculate the expected project values for each simulation and time 

periods by discounting all future expected cash flows to their respective time. To illustrate, the 

expected value for a certain simulation at time t = 8 is equal to the cash flows of time t =8, 9, and 10, 

as well as the terminal value. Cash flows from t = 9 onwards are discounted to t = 8 with their 

respective discount factor. The forward project value at time t for each simulation is thus: 

𝐸[𝑃]𝑡,𝑖 = 𝐸 [ ∑ (𝑆𝑡,𝑖 − 𝑂𝑃𝐸𝑋𝑡,𝑖) ∗ 𝐺𝑂 ∗ 𝑄𝑇 ∗
1

𝐹𝑋𝑡,𝑖
∗ e−(𝑇−𝑡)∗𝑟𝑓

𝑇=10

𝑡

+ 𝐸[𝐶𝐹𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑙]𝑖 ∗ e−(𝑇−𝑡)∗𝑟𝑓] 

𝐸[𝐶𝐹𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑙]𝑡,𝑖 = 𝐸 [ ∑ (𝑆𝑓𝑖𝑛𝑎𝑙,𝑖 − 𝑂𝑃𝐸𝑋𝑓𝑖𝑛𝑎𝑙,𝑖) ∗ 𝐺𝑂 ∗ 𝑔𝑤 ∗ 𝑄𝑇 ∗
1

𝐹𝑋𝑓𝑖𝑛𝑎𝑙,𝑖
∗ 𝑒−𝑤∗𝑟𝑓

𝑊=20

𝑤=1

] 

with, 

- 𝑆𝑓𝑖𝑛𝑎𝑙,𝑖: The gold price per gram of gold for simulation i, 𝑆𝑓𝑖𝑛𝑎𝑙,𝑖 = 𝑆𝑇,𝑖 

- 𝑂𝑃𝐸𝑋𝑓𝑖𝑛𝑎𝑙,𝑖: Operating costs per gram of gold for simulation i, 𝑆𝑓𝑖𝑛𝑎𝑙,𝑖 = 𝑆𝑇,𝑖 
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- 𝐸𝑥𝑅𝑓𝑖𝑛𝑎𝑙,𝑖: USD/ZAR exchange rate for simulation i, 𝐸𝑥𝑅𝑓𝑖𝑛𝑎𝑙,𝑖 = 𝐸𝑋𝑅𝑇,𝑖 

- 𝑤: Period within the terminal timeframe  

As shown above, we assume that the terminal gold price, operating costs, and exchange rate are equal 

to the last generated value for each simulation i. Hence, they are constant from year eleven to thirty.  

The NPV of each mine is thereafter calculated as the average of the discounted cash flows over 10,000 

simulations, consisting of the explicit forecasting and terminal period and it including both the cost 

to open a mine at t = 0 and the cost to abandon the mine at T = 30. To specify, the NPV calculation 

for each mine thus is a Monte-Carlo-based DCF, deducting the investment costs to arrive at the NPV. 

Because it is a risk-neutral valuation, it differs from a normal DCF and NPV in the sense that we do 

not discount the cash flows with WACC or an equivalent cost of capital, but with the risk-free rate. 

Additionally, we define the project to include Bermudian options. While enterprises can exercise their 

mining options in reality with little constraints, we limit the options as exercisable at the end of each 

year during the explicit forecasting period. The reason for doing so is that it will significantly decrease 

the computational complexity related to the LSM algorithm, as a project with American options 

would make it necessary to choose infinitely small simulation time steps from a theoretical standpoint 

and would thus also require us to choose the regression intervals as infinitely small. By describing 

the options as Bermudian however, we eliminate both issues and define clear boundaries at the same 

time. Further, most enterprises do not continuously evaluate their options. Instead, it is realistic to 

assume that they outline major strategic targets such as mine opening and closures on a yearly basis. 

We have identified two different options in the mining project: 

(1) The option to open the mine, if cash flows are expected to be greater than the initial investment 

costs 

(2) The option to abandon the mine, if cash flows are expected to be smaller than the closure costs 

 

Option to Open (Defer) the Mine 

It is important to note that the dividend payments majorly affect the call valuation. Without dividends, 

the option price would be equal to an European call option. However, as the option holder however 

is only entitled to receive the yearly cash flows if they exercise the call, it can be defined as Bermudian 

call on a dividend-paying stock.  
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Consequently, the project manager must make weigh up the decision between waiting, which might 

lower the overall project value due to a loss of revenues, and the flexibility gained by not exercising 

early. The payoff of the call option at t for a simulation i is thus decided by: 

𝐶𝑎𝑙𝑙 𝑝𝑎𝑦𝑜𝑓𝑓𝑡,𝑖 = 𝑚𝑎𝑥[𝐸[𝑃]𝑡,𝑖 − 𝐶𝐴𝑃𝐸𝑋𝑜𝑝𝑒𝑛, 0] 

 

Option to Abandon the Mine 

The option to abandon is virtually present in every project, and it is considerably valuable in the cases 

where the NPV is slightly positive but nevertheless there is a great potential for losses (Kodukula & 

Papudesu, 2008). In our case, the structure of this option is mostly similar to the one just described, 

with the difference that in this case we consider an already established mine and it implies that we do 

not consider the opening costs. The abandonment option is equal to a put on a dividend-paying stock, 

where the strike price is the equal to the closing costs. As consequence, in cases where the present 

value of future cash flows is more negative than the closing costs, the management exercises the to 

close the mine; the flexibility imbedded comes from the amount of money that we do not lose by 

exercising the option compared to running an unprofitable mine until the end of the terminal period. 

The payoff function is thus: 

𝑃𝑢𝑡 𝑝𝑎𝑦𝑜𝑓𝑓𝑡,𝑖 = 𝑚𝑎𝑥[𝐶𝐴𝑃𝐸𝑋𝑎𝑏𝑎𝑛𝑑𝑜𝑛 − 𝐸[𝑃]𝑡,𝑖, 0] 

Please note that from now on, we use the terms opening option and call interchangeably to describe 

the opening option, while we use the terms abandonment option and put to describe the abandonment 

option. Thus, call and put are synonyms for the two inherent options in the mines. 

 

Independence of the Options 

Considering that our project has two inherent options, we will need to investigate whether there is a 

potential interaction between them due to the reason stressed in section 4.5: A simple addition of the 

NPV with each option value is only possible, if the opening and abandonment option are considered 

to be independent; compound and mutually exclusive options will require a different treatment.  

The first step will be to identify the factors that impact on the joint probability of exercising both 

options. As suggested by Trigeorgis (1993) we will focus on the type of option involved, the 

difference in maturity and the moneyness degree.  
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These factors will determine whether we can consider them as independent options, or whether we 

will have to further extend our analysis in the case where the interaction is not negligible. The main 

reasoning behind comes from the fact that when we have two consecutive options, we need to be 

aware of the cases where the first one could be written on a higher underlying i.e., the project value 

in addition to the second available option value; the degree of adjustment needed in the first option’s 

value will increase as the joint probability of double exercising increases as well (Trigeorgis, 1993). 

To reiterate our specific case, we assume that the management has the flexibility to defer the opening 

until more favorable conditions, thus they have access to an Bermudian call option; they also have 

the flexibility however to close the mine in the case of a negative outlook, thus considered as a 

Bermudian put option. Our goal will be to evaluate the impact of the cases where both options are 

exercised. If this number will be relatively small compared to the number of simulations computed, 

we can proceed with the sum of the individual value. We are aware that even if the probability of 

joint executing is small, there should still be an impact but for practical reasons we will only extend 

the analysis in the case where this eventuality is not negligible. In addition, Trigeorgis (1993) 

considers a similar case on real options where a call precedes a put, suggesting that when two opposite 

options are available the low conditional probability could make possible to approximately add the 

separate options. In conclusion, we will discuss the findings and conclusions on the options’ additivity 

problem in section 7.2.  

 

6 Stationarity Testing of Stochastic Variables 

In this section we will analyze the behavior that the time series of gold prices, PPI and exchange rate 

follow; the main goal is to understand if their movements are predictable rather than random. In order 

to do so, we use the testing procedures introduced in section 5.2. The analysis relatively to the PPI 

index and to the exchange rate refer to South African values; clearly, the same procedures are 

conducted for Ghana likewise. Please refer to Appendix A-1 for the extended testing results. 

 

6.1 Gold Prices  

In the common literature, evidence showed that in highly liquid and competitive markets prices are 

said to be weakly efficient; being weakly efficient means that the historical values do not suggest 

information about the future, resulting in a random walk process (Fama, 1965).  
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While the literature suggest that gold prices are also weakly efficient (Botha, 1980)16, due to the 

intrinsic peculiarities of the commodity market in contrast to the stock market, it is necessary to 

conduct further analysis. The random walk hypothesis infers that if the gold market is efficient, 

participants cannot predict future price changes on the basis of the historical behavior. Essentially, it 

implies that gold prices are random around its intrinsic value, making the price of today the best 

estimator of tomorrow’s price. An important concept relatively to the random walk theory is 

stationarity, as introduced in detail in the theory section. In the general literature, prices are considered 

to be non-stationary data, with the consequence of having high correlation with only the previous 

value. By applying the relative testing procedures we obtain the following values: 

Table 7: Stationary Testing on Log-Prices of Gold 

Augmented Dickey-Fuller 

t-statistic 

[p-value] 

KPSS 

Phillips-Perron 

t-statistic 

[p-value] 

-2.3870 

[0.1454] 
𝐻0: Rejected 

-2.3650 

[0.1519] 

Notes: * / ** / *** indicates rejection of unit root hypothesis at 10 / 5 / 1 percent. If we reject the null hypothesis in both tests we have 

evidence of stationarity 

 

As expected, we cannot reject the null hypothesis that the time series displays a unit-root at the 1% 

significance level. Both the ADF and the PP tests indicate that 1 is a root of the process’ equation, 

meaning that the prices follow a random walk as demonstrated in the previous section. The KPSS test 

as well confirms it, by rejecting the null hypothesis of being stationary. In the following Table 8, we 

further examine the structure of the time series by analyzing the pattern of the auto correlation and 

partial auto correlation functions. From the results we can clearly see the strong auto correlation in 

prices decaying slowly after each lag; remember that each lag represents a period of one month, thus 

even after 10 lags the auto correlation is still fairly persistent and significant according to the Q-test.  

 

16 See also: (Ntim, English, Nwachukwu, & Wang, 2015; Smith, 2002; Tschoegl, 1980) 
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A pattern of slowly decreasing ACF can be interpreted as a signal of non-stationarity, however from 

Brooks (2019) we know that we cannot infer this implication only from a graphical inspection but we 

need more tests. However, the presented pattern seems to describe an AR(1) process with a relatively 

close to 1 coefficient; furthermore the PACF is only significant at lag 1, implying that all the 

expectation of tomorrow’s price are included only in today’s value. There is no relation between the 

current price and the value at any lags greater than 1, this is due to the fact that ACF considers auto 

correlation cumulatively, while PACF controls for the impact of intermediate lags. In conclusion, as 

already mentioned we cannot infer much from only a graphical inspection, but nevertheless the results 

seem pointing in the direction of a random walk process, or in a more specific way an AR(1) process.  

Table 8: ACF and PACF for Log-Gold Prices 
     

 [-1        0        1]    [-1        0         1] 

Lag AC PAC Q Prob>Q [Auto Correlation]   [Partial Autocor.] 

        

1 0.9906 0.9999 594.67 0.0000  ——— ——— 

2 0.9822 0.1070 1180.2 0.0000  ———                  

3 0.9747 0.0655 1757.8 0.0000  ———                  

4 0.9674 -0.0196 2327.8 0.0000  ———                    

5 0.9601 0.0636 2890.1 0.0000  ———                    

6 0.9524 -0.0758 3444.4 0.0000  ———                    

7 0.9431 -0.1819 3988.8 0.0000  ——— 

 

8 0.9351 0.0128 4524.9 0.0000  ———                    

9 0.9271 -0.0188 5052.7 0.0000  ———                    

10 0.9207 0.1018 5574.3 0.0000  ———                    

 

We know from the theory section that a possible tool to remove stationarity is by calculating the first 

difference; the new time series is computed as the changes from one period to the next, thus in our 

case it represents the monthly returns of gold price. In the following table we illustrate the results 

produced by the same testing procedure: 
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Table 9: Stationarity Testing on Log-Returns of Gold Prices 

Augmented Dickey-Fuller 

t-statistic 

[p-value] 

KPSS 

Phillips-Perron 

t-statistic 

[p-value] 

-23.8576*** 

[0.0000] 
𝐻0: Not Rejected 

-23.8695*** 

[0.0000] 

Notes: * / ** / *** indicates rejection of unit root hypothesis at 10 / 5 / 1 percent. If we reject the null hypothesis in both tests we have 

evidence of stationarity. 

 

From the obtained value it is clear that Log-Returns show evidence of stationarity; we reject the null 

hypothesis that there is a unit root at the 1% significance level. This result is consistent with our 

previous findings: if returns are random and they follow a stationary process crossing the long term 

mean frequently, as a consequence prices follow a random walk and are defined as being integrated 

of order 1 (Brooks, 2019); in Figure 14 the time development of Log-Returns is depicted.  

Figure 14: Historic Monthly Gold Log-Returns [Jan. 1970 – Dec. 2019] 
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In the following chart we compare the distribution of the realized log-returns with the theoretical 

normal distribution to highlight potential peculiarities. We can infer that the empirical distribution of 

the actual returns shares common features with the Gaussian curve, besides that the former has 

“fatter” tails and the central tendency is higher; this means that the theoretical normal distribution 

underestimates the probability of extreme gains and losses.  

Figure 15: Histogram of Monthly Gold Log-Returns [Jan. 1970 – Dec. 2019] 

 

 

Furthermore, by conducting normality test such as the Shapiro-Wilk and the Shapiro-Francia tests we 

confirm that the null hypothesis of normality is rejected.17 As outlined by Brooks ( 2019), financial 

time series are more likely to be characterized by a curve with larger tails and higher peak about the 

mean, which is defined as leptokurtic; the same conclusion is reached also by Smith (2002). From 

our findings, we can infer that due to the implicit aspects of the values a non-normal distribution 

would provide a better description of returns. To conclude, we are aware of the relevance of this last 

aspect of the random walk model but does not influence the conclusion of randomness; the main 

reason is that we are investigating whether or not price changes are predictable and we have seen that 

it is not the case despite their distribution (Botha, 1980). Consequently, we can proceed to simulate 

its development by using a stochastic process with the appropriate parameters. 

  

 

17 See also: (Shapiro & Francia, 1972; Shapiro & Wilk, 1965) 
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6.2 Exchange Rate 

In the same way, we proceed by conducting the same stationarity tests on the time series composed 

by the USD/ZAR exchange rate. While the literature on gold price and its properties is quite broad, 

it is not the case for the exchange rate, as we have mentioned in the dedicated section. Therefore, we 

do not have any expectations on the results as opposed to the previous case. The results obtained are 

listed in the following table: 

Table 10: Stationarity Testing on Exchange Rate (USD/ZAR) 

Augmented Dickey-Fuller 

t-statistic 

[p-value] 

KPSS 

Phillips-Perron 

t-statistic 

[p-value] 

0.8449 

[0.9923] 
𝐻0: Rejected 

0.4517 

[0.9833] 

Notes: * / ** / *** indicates rejection of unit root hypothesis at 10 / 5 / 1 percent. If we reject the null hypothesis in both tests we have 

evidence of stationarity. 

 

From the results obtained we can clearly infer that the time series of the historical values of the 

exchange rate between USD and ZAR does not have stationarity traits. Both the ADF and the PP 

show a p-value close to 1, meaning that the null hypothesis is considerably far from being rejected. 

We then proceed to investigate stationarity in the first-order differenced time series (i.e., returns), 

starting from graphing the historical values and moving forward with the testing results. 

Figure 16: Historic Monthly Exchange Rate Log-Returns [Jan. 1970 – Dec. 2019] 
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From a first graphical inspection, we can see how the values tends to move around the 0 value, 

suggesting stationarity traits. Since we cannot infer statistical behaviors only from a graphical 

inspection, in Table 11 we conduct the described analytical tests. 

Table 11: Stationarity Testing on Log-Returns of Exchange Rate (USD/ZAR) 

Augmented Dickey-Fuller 

t-statistic 

[p-value] 

KPSS 

Phillips-Perron 

t-statistic 

[p-value] 

-17.7915*** 

[0.0000] 
𝐻0: Not Rejected 

-17.6321*** 

[0.0000] 

Notes: * / ** / *** indicates rejection of unit root hypothesis at 10 / 5 / 1 percent. If we reject the null hypothesis in both tests we have 

evidence of stationarity. 

 

From the value obtained, we can strongly infer that the time series of log-returns on the exchange rate 

is stationary. As described in the previous analysis, if returns are random and they follow a stationary 

process, as a consequence prices follow a random walk and are defined as being integrated of order 

1 (Brooks, 2019). In conclusion, our results point in the same direction as Meese & Rogoff (1983), 

hinting that a random walk model can describe the exchange rate development. 

 

6.3 Operating Costs 

In contrast to the previous stochastic parameters, we do not have literature regarding the stationarity 

of the mining PPI as clearly the application of this index on simulations is almost not existing. By 

conducting a brief graphic inspection from Figure 2, we could expect that the index is not stationary; 

however, as we already stressed a graphic inspection is not conclusive at all. First, we will analyze 

the stationarity of the index itself. Appendix A-1 shows the results of the applied testing.  
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Table 12: Stationarity Testing of Producer Price Index  

Augmented Dickey-Fuller 

t-statistic 

[p-value] 

KPSS 

Phillips-Perron 

t-statistic 

[p-value] 

0.5400 

[0.9860] 
𝐻0: Rejected 

0.7090 

[0.9900] 

Notes: * / ** / *** indicates rejection of unit root hypothesis at 10 / 5 / 1 percent. If we reject the null hypothesis in both tests we have 

evidence of stationarity. 

 

All tests show that the Producer Price Index is not stationary. Both the ADF and the PP show a p-

value close to 1, meaning that the null hypothesis non-stationarity is considerably far from being 

rejected. As a next step, we analyze whether the monthly log returns of the Producer Price Index are 

stationary or not. Table 13 shows the results of our analysis. 

Table 13: Stationarity Testing on Log-Returns of Producer Price Index 

Augmented Dickey-Fuller 

t-statistic 

[p-value] 

KPSS 

Phillips-Perron 

t-statistic 

[p-value] 

-8.8470*** 

[0.0000] 
𝐻0: Not Rejected 

-8.810*** 

[0.0000] 

Notes: * / ** / *** indicates rejection of unit root hypothesis at 10 / 5 / 1 percent. If we reject the null hypothesis in both tests we have 

evidence of stationarity. 

 

Because 𝐻0 is rejected both in the ADF and Philips-Perron tests, we can deduce that the monthly log 

returns of the PPI are stationary, which implies that the time series of the PPI can be defined as a 

random walk and being integrated of order 1 (Brooks, 2019). This conclusion supports our hypothesis 

that the operating costs are stochastic and that we can use the PPI to approximate the cost’s monthly 

volatility. 
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7 Project Analysis 

7.1 Refinement of Estimation Window 

We now analyze the model’s validity by first analyzing South Africa’s model outputs with diverging 

input parameters as discussed in section 5.6. The starting values used to simulate the stochastic 

parameters will be equal throughout each design, as well as the volatility and monthly return of the 

operating costs. The reason for not varying the estimation parameters of the operating costs is that 

the data availability is limited due to the short data window; we will only vary the volatility and return 

parameters of the gold price and exchange rate. Additionally, the overall intention is to increase the 

accuracy of our results by sharpening the mode’s dynamics.  

As seen from Table 14, there are huge discrepancies in the NPV, call, and put values. The base case 

achieves the highest NPV and option values. In comparison, using a 30-year estimation range for the 

gold price and exchange rate has substantial effects on both NPV and option values. This is due to 

the fact that the drift of the operating costs is now significantly higher than the drift of the gold prices, 

which creates a high frequency of highly negative values, and thus a negative NPV of USD 

(459.26m). The scenario’s call value is also heavily reduced to USD 291.96m, while the abandonment 

option’s value gains from the negative values, which increases its value to USD 670.12m. Case 3 has 

the lowest NPV of the three first cases, which is due to the same reason as for the impact on case 2: 

Case 3 has a negative monthly return of gold, and thus the highest spread between operating cost and 

gold return.  Additionally, this case also boasts the highest put value with an almost worthless call 

value, because it has the highest frequency of negative cash flows. 
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Table 14: Model Results for Different Parameters  

 Gold USD/ZAR Corr. NPV Call Put 

Scenario 𝜇 (%) 𝜎 (%) 𝜇 (%) 𝜎 (%) 𝜌 (%) Value in USDm 

Base 0.63 5.60 0.56 3.42 0 262.33 822.92 485.05 

Case 2 0.37 4.44 0.54 3.42 0 (459.26) 299.45 669.70 

Case 3 (0.01) 4.46 0.64 3.15 0 (1,172.07) 57.01 1,111.97 

Case 4 0.63 5.60 0.56 3.42 24.06 261.78 762.67 428.58 

Case 5 0.37 4.44 0.54 3.42 24.06 (459.81) 251.07 619.98 

Case 6 (0.01) 4.46 0.64 3.15 24.06 (1,172.59) 38.33 1091.70 

Notes: 𝜇 and 𝜎 are monthly log-returns and volatility thereof 

 

While the gold return has an enormous impact on the profitability of a project and its option values, 

the impact of the exchange rate in the choice of estimation window is negligible, as both the monthly 

return and volatility do not differ significantly throughout the cases. The introduction of a correlation 

coefficient however materially changes option values: Between the cases without and with the 

correlation between gold and operating costs, option values are lower for the cases with correlation. 

At the same time, the NPV remains almost equal. This is due to the fact that correlation makes the 

cash flow distribution narrower, i.e., it further reduces extreme values.   

Concluding, we find NPV-positive projects only for the base case and case 4. However, we do not 

define the best estimation window as only based on having the highest NPVs and option values. 

Instead, we also compare the NPV histograms of the cases for our decision basis. Contrasting the 

distributions of the 6 cases, we find that cases 3, 5, and 6 are the most normally distributed as shown 

in Appendix A-2. Since cases 3 and 6 have a negative monthly gold return, which we find to be 

unreasonable, we will use the 30-year estimation window coupled with a correlation coefficient to 

conduct the subsequent sensitivity analyses for South Africa. Additionally, we will also use the 30-

year estimation window to calculate Ghana’s model results, as well as its sensitivity analysis. 
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7.2 Project Value Comparison  

Having determined the preferential estimation window for the parameters of the stochastic 

parameters, we can now use the LSM algorithm to determine the option values for the investment 

opportunities in South Africa and Ghana, with Table 15 showing the input parameters used. We begin 

by analyzing the potential underground mine in South Africa.  

Table 15: Input Parameter for the South African and Ghanaian Mine 

Constant input parameters South Africa Ghana 

Gold – (USD/g) 49.5357 

Gold – 𝜎 (%) 4.44 

Gold – 𝜇 (%) 0.37 

Operating Costs – (USD/g) 47.1757 29.8594 

Operating Costs – 𝜎 (%) 2.49 4.07 

Operating Costs – 𝜇 (%) 0.57 0.80 

Exchange Rate (USD/ZAR)/(USD/GHS) 14.4495 5.3330 

Exchange Rate – 𝜎 (%) 3.42 0.54 

Exchange Rate – 𝜇 (%) 3.10 1.23 

Ore Grade (g) 6.4225 1.6191 

Average Annual Ore Production (tons) 400,000 1,000,000 

Annual risk-free rate* (%) 2.43 

Initial Opening Costs (USDm) 50.00 

Abandonment Costs (USDm) 50.00 

Terminal Growth Rate (%) 0.20 6.10 

Effective Tax Rate (%) 28.00 45.10 

Notes: Annual risk-free rate is converted to a continuously compounding rate for the discount factor within LSM algorithm 
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We find that the average NPV of the South African mine without the inclusion of options is USD 

(459.81m), meaning that a firm without an opportunity to exercise either option would not invest in 

the South African mine. For the alternative investment project in a Ghanaian open pit mine, we find 

that the project is an NPV-positive investment of USD 2.68m. Comparing only the NPVs, an 

enterprise would undeniably invest in the Ghanaian mine. Additionally, we calculate an opening 

option value of USD 251.07m and abandonment option value of USD 619.98m for the South African 

mine. In comparison, the opening and abandonment option are worth USD 260.98m and USD 

193.87m, respectively for the Ghanaian mine. Thus, that the Ghanaian call is more valuable than its 

put, while the reverse relationship is true for the South African mine. Comparing between the mines, 

we see that the Ghanaian call is more valuable than the South African one, while the South African 

put is more valuable than its Ghanaian counterpart.  

Looking at how often each option is exercised, we find that the call for the South African mine is 

exercised in 3,030 simulations, while the put is exercised in 7,007 cases, respectively. Interestingly, 

the options are exercised together in 105 simulations, given the chance. In comparison, the call option 

for the Ghanaian mine is exercised in 5,068 cases out of 10,000 simulations. Further, the mine’s put 

option is exercised in 4,805 cases, with both options being exercised in 78 simulations. We deduct 

two important types of information from the frequency: First, we know that the mining project in 

South Africa has a significantly higher downward exposure, as the Ghanaian mine has a call 

frequency that is 67.26% higher than the South African one, while also having a put frequency that 

31.43% lower than the South African mine. Second, the fact that the options are only seldomly 

exercised in the same simulations supports our argumentation that we can consider the options to be 

independent of each other, which could make it possible to add the option values together. To be 

more specific, we mentioned in the sections 4.5 and 5.5 which factors we need to consider when 

evaluating the joint probability of exercising both claims: the type of the option, maturity and 

moneyness degree; these factors need to be evaluated in conjunctions with a pragmatic assessment of 

the overall project. Having two opposite type of options as assumed in the model, reduces the joint 

probability since they would be exercised in opposite scenarios; the degree of interaction could 

become so negligible that adding the individual value would not produce distorted results. However, 

the options share the same time to maturity, which could increase the joint probability. Nevertheless, 

considering the relatively short time horizon of 10 years, and the joint execution is miniscule for both 

mines, we believe that this factor will have a relatively low impact on the joint execution.  
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Examining the moneyness degree, literature suggests that it is less appropriate to add up the option 

values when they are most needed, i.e., when they are deep in the money. In the specific model, the 

call option would be extremely valuable in the alternative of positive cash flows, while the opposite 

holds true for the put option. As a consequence, the scenarios where both options are deep in the 

money in the same simulation are almost not existing given the low probability of a simulation having 

highly positive and negative cash flows. Moreover, an additional complication that we have to 

consider relates to having subsequent options. Literature suggests that in some cases, the latter option 

could be written on a higher underlying than anticipated, being the underlying plus the former option 

value; likewise, the same applies in the opposite way, a prior option could be differently valued if it 

is followed by another valuable option. We tackle this controversy by evaluating the number of cases 

in our model where both options would be executed together and considering their relative 

probability. Regarding South Africa, we have 105 cases where both options are exercised, 

representing a 1.05% probability on the overall cases; moreover, in Ghana we have 78 cases with 

joint execution representing a 0.78% probability. Considering the small chance of joint execution in 

both countries, we believe that proceeding by summing the option values will not produce remarkably 

distorted value; we are aware of their not complete independence, but at the same time we consider 

this impact to be fairly negligible.  

Hence, we can calculate the overall project value as the sum of the NPV, and the option values. We 

will use the term project value from now on to refer to the overall value of the mines, which includes 

both the NPV and the option values. The South African mine has an overall project value of USD 

411.24m, while the Ghanaian mine has an overall value of USD 457.53m. We deduct two important 

consequences from the option inclusion: First, incorporating flexibility into the projects will add 

sizable value for both mining projects. Two, while the Ghanaian project value is still higher than the 

South African one, the difference between the two become smaller. The reason for the stark difference 

in NPVs, as well as why the Ghanaian call is more valuable than its put, while the South African put 

is more valuable than its call can be deducted from the distribution of the NPVs and options. Figure 

17 shows the distribution of both South Africa’s and Ghana’s NPVs. Even though the distribution of 

the South African NPVs is relatively normally distributed, 71.75% of them are negative. This in turn 

is the consequence of the gold and operating cost starting values being relatively close in value: The 

higher monthly return of the operating costs compared to the gold’s return causes the majority of cash 

flows, and thus NPVs, to be negative over the explicit simulation period.   
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Figure 17: Distribution of NPVs (USDm) 

 

 

In contrast, we find that only 51.29% of the Ghanaian’s NPVs are negative,  despite the tangibly 

higher operating cost drift compared to the South African mine. There are four components, which 

cause the Ghanaian mine to have a higher frequency of positive cash flows, as well as less extreme 

cash flows as illustrated by the extreme NPV values in Figure 17. First, even though the latter 

investment opportunity has a higher operating cost drift, the difference between the gold and 

operating cost starting value is higher than in South Africa’s case, which causes more cash flows to 

be positive. Second, the correlation coefficient between the gold and operating costs is higher for the 

Ghanaian mine. A higher correlation coefficient decreases the frequency of extreme cash flows 

because if for example one parameter is increasing (decreasing), the other one is also more likely to 

increase (decrease). Third, the taxation rate of Ghana is significantly higher, which further decreases 

the frequency of extreme values. Fourth, the South African mine is more heavily impacted by 

changing gold prices, since its annual gold production (calculated as grade of gold * annual ore 

extraction rate) is higher than the Ghanaian one.  
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Figure 18: Distribution of Call Values (USDm) 

 

 

The impact of more extreme values in South Africa’s investment opportunity are also reflected in the 

value spread of the options within the simulations. Figure 18 shows the histogram of the call value 

frequency, excluding the cases where the call option has a value of zero. Looking at the figure, we 

see that the call option in Ghana’s mining project is exercised more often, but that the range of call 

values in the South African mining project is larger. For example, 194 calls have an equal or higher 

value than USD 2,500m in the South African mine, while only 61 calls for the Ghanaian mine have 

such values.  The pattern of extreme values is even more so pronounced for the put value distribution, 

which is shown in Figure 19. While the Ghanaian mine has more puts with a value below USD 500m, 

the frequency of put values above it decreases quickly, while the frequency of the South African put 

values is mostly stable until a put value of USD 1,300m, from which it thereafter decreases slowly. 

To illustrate, the South African’s simulation produces 334 puts with a value equal or higher USD 

2,300m, while Ghana only produces 34 puts that match this criterion.   

However, determining that the project value of the Ghanaian mine is higher by using a single point 

estimate is not reliable. Hence, we will conduct sensitivity analyses to compare the sensitivity of both 

mine values to changing input parameters, as well as to analyze if and under what circumstance the 

South African mine is more profitable than the Ghanaian mine.  
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Figure 19: Distribution of Put Values (USDm) 

 

 

7.3 Sensitivity Analyses 

In the following, we will analyze the impact of relaxing some of the assumptions on the final value. 

It is important to note that by modifying one of the variables such as correlation, we will keep all 

other variables constant (ceteris paribus) to fully evaluate the effect of the inspect variable. 

Specifically, we focus on the volatility of gold and operating costs, the starting value and 𝜇, the 

correlation between them, the hedging factor, the opening and closure costs of the mine. The reason 

for analyzing volatility and correlation is that those are mostly exogenous factors for gold mines and 

we strive to highlight the effect of changing those underlying assumptions for the model. 

Furthermore, we want to investigate how much the model mines are exposed to unfavorable currency 

movements. Lastly, we investigate the impact of the opening and closure costs on the model results, 

as the literature and other resources do not offer a conclusive overview. 
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7.3.1 Volatility 

In theory, option values gain significantly with increasing volatility, as the project becomes more 

uncertain. We will investigate this claim by first modifying the gold volatility while keeping all other 

gold-unrelated input parameters constant. We believe that the drift18 also has a noteworthy impact on 

the option value, which is why we investigate the impact of gold volatility in conjunction with it. 

Thus, we have effectively identified four different scenarios: During our first two analyses, we change 

the gold volatility or the operating cost volatility respectively, while keeping the drift of the changing 

parameter at a constant level19. Setting 3 and 4 in comparison differ in the sense that we do not fix 

their drift at a specified value; instead, the drift in those settings is variable and changes with changing 

volatility inputs. Thus, the difference is that for scenario 3 and 4, the drift of gold and operating costs 

decreases in increasing volatility levels and might cause the option values to be lower than in the 

constant drift scenarios. Further, it is important to mention that we only analyze one volatility source 

at a time, i.e., we keep the operating cost volatility constant while investing the impact of the gold 

volatility, and vice versa. 

From our analyses, we find the effect of increasing the gold or operating cost volatility for setting 3 

and 4 essentially is offset by a decrease in the drift. Thus, the NPV and option values increase 

significantly slower than for setting 1 and 2. Even though setting 3 and 4 are important to analyze 

from a theoretical perspective, we will only analyze setting 1 and 2 for the due to their more realistic 

implications; please refer Appendix A-3 to see the full results of the South African and Ghanaian 

mine, including all four settings. Thus, when referring to either the gold or operating cost volatility 

analyses, we describe the scenarios of constant drift. 

Looking at Figure 20, we find that for low gold or operating cost volatilities, the South African NPV 

is more negative than the Ghanaian one and that the Ghanaian NPV with 0% operating cost volatility 

is the only positive NPV. Further, the NPV for both mines with an operating cost volatility 0% is 

higher than their NPV with 0% gold volatility. This is caused by the fact that a low operating cost 

volatility for either mine decreases the frequency of negative cash flows, and thus a higher NPV.  

 

18 Drift = 𝜇 − 0.5 ∗ 𝜎2 

19 Based on the 30 year and correlation model. e.g., the monthly gold return will stay constant at 0.3708% throughout 

changing volatility levels. The model with a constant gold drift will have a constant drift of 0.2723%. 
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The relation of NPVs within and between the mines however changes with increasing volatility levels. 

We find that for both mine designs, an increase in the gold volatility will as expected increase their 

NPVs, while an increase in the operating cost volatility will decrease their NPVs. For the South 

African mine, the NPVs converge at an approximate volatility level of 3.5. Afterwards, the NPV 

impacted by the gold volatility exceeds its counterpart affected by the operating cost volatility. In 

comparison, the volatilities of the Ghanaian mine must reach a level of 4.2% so that the NPV impacted 

by the gold volatility is higher. Further, comparing the NPVs between the mines, we see that the 

South African NPV is only higher than the Ghanaian one, once the gold volatility reaches a level of 

approximate 9.8%. Nevertheless, this represents a yearly volatility of 33.95%20, which is extreme. 

Lastly, the South African NPV is always lower than the Ghanaian one for increasing operating cost 

volatilities. 

Figure 20: Comparison of Mine NPVs for Different Volatilities 

 

 

Overall, the South African mine is much more susceptible to changing volatility levels than the 

Ghanaian mine. The South African’s NPV increases more severely for the increases in gold volatility, 

while it also decreases more severely by increasing the operating cost volatility.  

 

 

20 𝜎𝑦𝑒𝑎𝑟𝑙𝑦 =  √12 ∗ 𝜎𝑚𝑜𝑛𝑡ℎ𝑙𝑦  (Berk & DeMarzo, 2017) 
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For example, the South African mine increases from USD (685.18m), for 0% gold volatility to USD 

4,212.01m for 15% gold volatility, while the Ghanaian mine only increases from USD (136.31m) to 

2,932.68m for the same interval. In contrast, the South African mine decreases from USD (383.60m) 

for 0% operating cost volatility to USD (6,353.27m) for 15%, while the Ghanaian mine only 

decreases from USD (109.88m) to USD (2,873.83m). This higher sensitivity explains, why the South 

African NPVs intercept at a lower volatility than the Ghanaian ones, and why the South African NPV 

is more valuable for high gold volatilities. 

Figure 21 shows the call value for the two mining projects. For low volatilities, the call values of 

both mines are higher for 0% operating cost volatility than 0% gold volatility. To explain this, we 

need to consider the fact that operating costs have a negative impact on cash flows. Hence, with a low 

volatility the positive drift of the operating costs does not have a significant impact on the cash flows, 

and thus leads to a higher figures on average. In comparison, we find the opposite effect for the 

scenarios of gold volatility analysis. With a low level, the positive drift of gold does not have an 

strong impact on the cash flows, which thus creates lower average call values compared to the case 

with low operating cost volatility. Comparing the four values, we see that the value of the South 

African mine with 0% gold volatility is the lowest, which can be explained by the fact that the South 

African mine is more reliant on the gold volatility to produce positive cash flows.  

Likewise to the NPVs, the relation however changes with higher volatility levels. As expected, 

increasing the operating cost volatility for either mine will not affect the call value as much as 

increases in gold volatility. The call for the South African mine increases from USD 268.09m for 0% 

operating cost volatility to USD 511.04m for 15% operating cost volatility, while the Ghanaian mine 

only increases from USD 302.33m to USD 344.43m for the same interval. Nevertheless, we find 

significant differences between them: Even though the South African mine has a lower call value for 

0% operating cost volatility, it increases by 90.62% in value with a volatility of 15% and surpasses 

the other mine’s call value at a volatility of 3.2%. In comparison, the Ghanaian mine only increases 

by 13.92% during the same interval. The reason for this is the higher operating cost drift of the 

Ghanaian mine, which creates a higher downward pressure on the cash flows, creating more negative 

values.  
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Figure 21: Comparison of Mine Call Values for Different Volatilities 

 

 

Moreover, the call value of both mines gains significantly by increasing the gold volatility: the South 

African call increases from USD 34.05m to USD 5,083.17m, and the Ghanaian call increases from 

USD 154.61m to USD 3,288.21m by increasing the gold volatility from 0% to 15%. Again, the South 

African mining project is more sensitive to volatility changes and its call value increases by 

14,830.42%, while the Ghanaian mine only increases by 2,026.79%. Nevertheless, we find as 

expected a somewhat exponential relationship between the call and gold volatility. 

Looking at the abandonment option value in Figure 22, we find a differing picture compared to the 

calls: For a volatility of 0%, the put of the South African mine is more valuable than for the Ghanaian 

mine, regardless of 0% gold or operating cost volatility. To explain this, we need to consider that a 

put hedges us against negative cash flows. Because the South African mine design has a higher 

frequency of highly negative cash flows, it makes the abandonment option a more valuable tool. 

Furthermore, the South African’s put with a gold volatility of 0% is USD 615.40m and increases to 

USD 794.23m for a gold volatility of 15%, which represents a 29.06% value increase. In comparison, 

the put of the Ghanaian mine increases from USD 225.86m to USD 291.89m, which is a 29.24%. 

Additionally, the put for the South African mine increases from USD 560.80m to USD 6,765.01m by 

changing the operating cost volatility from 0% to 15%; the put for the Ghanaian mine changes from 

USD 124.77m to USD 3,149.29m over the same interval.  
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The reason for the South African puts being more valuable is due to the fact that the project has a 

higher percentage of negative cash flows than the Ghanaian mine. However, even though the South 

African put is more than twice the value of the Ghanaian put in absolute terms, the South African put 

only increases by 1,106.32%, while the Ghanaian put increases by 2,424.04% in value due to its 

higher operating cost drift than South Africa.   

Figure 22: Comparison of Mine Put Values for Different Volatilities 

 

 

Concluding, we find that both types of options increase significantly in their respective volatility. The 

opening option value increases considerably with increases in gold volatility. The gold volatility 

creates more extremely positive cash flows and increases the overall frequency of positive values. 

The abandonment option value in contrast increases quickly with increases in operating cost volatility 

because it creates more extremely negative cash flows and increases the overall frequency of negative 

cash flows. 

 

7.3.2 Volatility Matrix 

Next, we investigate the impact of joint changes in the gold and operating cost volatilities. We identify 

these parameters as the main drivers of the variability on the cash flows. Figure 23 shows the NPV 

values for a combination of different gold and operating cost volatilities of the South African mine.  
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Please refer to Appendix A-4 for the full results. Overall, we find the highest NPV of USD 4,288.21m 

at a gold volatility of 15%, and operating cost volatility of 0%. Further, we find the lowest NPV of 

USD (6,578.63m) at a gold volatility of 0% and an operating cost volatility of 15%.  

Figure 23: Comparison of NPV Matrices 

 

 

In comparison, the Ghanaian mine has its highest NPV of USD 3,043.44m at a gold volatility of 15%, 

and operating cost volatility of 0%, and its lowest NPV of USD (3,000.05m) at a gold volatility of 

0% and operating cost volatility of 15%. Even more interesting, a 15% gold and 15% operating cost 

volatility in Ghana’s case will produce an NPV of USD 68.95m, which is higher than the NPV of 

USD (25.55m) for 0% gold and 0% operating cost volatility. But, the NPV for South Africa’s mine 

with both parameters having 15% volatility is USD (1,681.45m), which is less than its NPV of USD 

(608.97m) for 0% volatility. Concluding, we find the same behavior in the 3D NPV plain, as 

discussed in the scenario of only changing one volatility at the same time: The Ghanaian mine’s NPV 

is less affected by volatility changes, and thus bottoms out at a less negative NPV for an operating 

cost volatility of 15%, but also increases less for increasing gold volatility. Increasing the gold 

volatility will increase the NPV value, while an increase in the operating cost volatility does indeed 

lower the NPV value. This is in line with our model expectation, as a higher gold volatility for a given 

operating cost volatility will increase the amount of highly positive cash flows due to a high volatility 

and positive drift. However, the interaction between the volatility figures changes throughout the 

matrix. For example, the South African mine requires a spread of 7% between the volatility figures 

for its NPV to first turn positive.  
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Thereafter, the spread can shrink with the NPV still being positive, as seen for example with a gold 

volatility of 14% and operating cost volatility of 12%. The spread required in Ghana’s mine is 

obviously less, with an initial value of 2% to produce the first positive NPV. 

Figure 24: Comparison of Call Value Matrices 

 

 

 

Next, we will analyze the impact of varying both the gold and operating cost volatilities on the 

opening and abandonment option values. Figure 24 shows the development of the call option values. 

While the call options values are zero for the scenario where both gold and operating cost volatility 

is zero, their values increase exponentially in their volatility levels thereafter. We find the highest call 

value for both the South African and Ghanaian mine at 15% gold volatility and 0% operating cost 

volatility, with a value of USD 5,159.98m and USD 3,405.44m, respectively.  

Furthermore, we discover that the South African call value gains in both volatilities, until the gold 

volatility hits a level of 7%. Afterwards, increasing the operating cost volatility will decrease the call 

value. In contrast, the call inherent in the Ghanaian mine exhibits diverging results: It only increases 

in both volatilities until the gold volatility reaches a level of 6%, and is thereafter more negatively 

affected by increases in the operating cost volatilities. Concluding, as noted before, the South African 

mine’s call option becomes more valuable from an investment perspective due to its higher volatility 

sensitivity, after the gold volatility increases to 6% or the operating volatility increases to 7%. The 

highest value difference is found at their peak, with a total difference of 1,754.54m.  
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Figure 25: Comparison of Put Value Matrices  

 

 

We observe the opposite pattern for the impact of gold and operating cost volatility on the 

abandonment option values, as shown in Figure 25. For both countries, the highest values exist at a 

gold volatility of 0% and operating cost volatility of 15%. For the South African mine, the value is 

USD 6,931.10m, while the option for the Ghanaian mine has a value of USD 3,266.38m; the peak’s 

delta between the two options is thus higher than the difference in the call values. Additionally, the 

South African put value is higher or equal for all cases than the Ghanaian mine and gains more in 

terms of absolute value, but the Ghanaian mine’s put gains more in relative terms. Furthermore, the 

South African put gains value in both volatilities, until the operating cost volatility hits a level of 5%, 

after which increases in gold volatility decrease the put value; for the Ghanaian option, the threshold 

is 6%. However, like for the calls, a 1% increase in operating cost volatility offsets the decrease from 

enhancing the gold volatility.  

Comparing the call and put values within the projects, we find that the put for the South African mine 

is more valuable in 172 out of the 256 analyzed cases, which represents 67.19% of all cases. For the 

Ghanaian mine, the put is only more valuable in 116, i.e., 45.31%, of all cases. Hence, the South 

African mine gains particularly from the inclusion of the put option in the model, while the Ghanaian 

mining project gains more by including the call option in the model. This makes sense, as the 

frequency of negative cash flows is higher for the South African firm, which inherently gives the put 

a higher value for low volatilities compared to its project’s call.  
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This can also be seen by comparing the put values between the investment projects, with the South 

African one having a much higher value for low volatilities. In contrast, the Ghanaian’s operating 

cost drift is significantly higher than the South African one, but the spread between the gold and 

operating costs is higher for Ghanaian base case, which necessitates a high operating cost volatility 

for the cash flows to turn negative. 

Figure 26: Comparison of Project Values Matrices 

 

 

Lastly, we compare the two mine’s overall project value, which includes the NPV as well as both 

options. If the overall project value is below zero, the firm would not invest in the project. Hence, the 

barrier in the graphs is USD 0m. The Ghanaian mine reaches this bottom threshold only once for a 

gold and operating cost volatility of 0%. In comparison, the South African investment is worthless in 

nine cases, where the volatility of both parameters is below or equal to 2%. The maximum project 

value for both mines is achieved at a gold volatility of 15% and operating cost volatility of 0% with 

the South African mine having a value of USD 10,214.99m and the Ghanaian mine having a value of 

USD 6,744.06m. Further, we find that for low volatilities, the Ghanaian’s project value is significantly 

higher. However, with increasing volatilities, the South African project becomes more valuable: it is 

more valuable in 217, i.e., 84.77%, out of 256 cases. In comparison, the South African NPV without 

the option inclusion is higher in only 16.80% of all cases. This discrepancy between the NPV and 

overall project value highlights, why the option inclusion for highly volatile projects is of substantial 

importance.  
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7.3.3 Operating Cost: Starting Value and Monthly Change 

Next on, we conduct sensitivity analysis on the starting value of the operating costs and its monthly 

change 𝜇. We begin by discussing the impact of changes of the starting value to simulate the operating 

costs. Figure 27 shows the impact of relative operating cost changes in percent (x-axis) on the project 

value of each mine. Furthermore, the green and red line are the project value of each mine as discussed 

in section 7.2. We find that the South African project value’s slope is stronger, i.e., it increases more 

for a decreasing starting value, but also decreases quicker for increasing operating costs. This can be 

explained by the fact that, as explained earlier, the South African mine is generally more sensitive to 

parameter changes than the Ghanaian one. Further, a relative cost increase of 5% results in a total 

higher operating cost increase for the South African mine, considering that its base operating cost is 

also higher.  

Figure 27: Project Values for Operating Cost Deviations 

 

 

Furthermore, we discover that if the operating costs of both mines decrease by ~9%, the South African 

mine is more valuable. Lastly, we observe that if the South African starting value decreases more 

than ~2.5%, it will be more valuable than the Ghanaian base value, and that if the Ghanaian starting 

value increases by more than ~4.4%, it will become less valuable than the South African base value. 

Figure 28 in comparison shows each mine’s project values for different operating cost 𝜇.  
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Likewise to the above analysis, we see that the South African’s project value decreases quicker in 

increasing 𝜇: The South African mine is more valuable than the Ghanaian one for a µ lower than 

~0.075%, its project value eventually becomes negative; because a negative project value would not 

be executed, its value is zero for a 𝜇 of 0.9% and 1.0%.  

Figure 28: Project Values for Changing 𝝁 

 

Additionally, as long as the 𝜇 of the Ghanaian investment is below a level of ~0.83%, it will have a 

higher project value than the South African base case. In contrast, the South African mine becomes 

more valuable than the Ghanaian base case, if its 𝜇 drops below ~0.54%.  

 

7.3.4 Other Factors 

Further, we also need to consider the impact of the other input parameters on the investment 

alternatives. We begin doing so by analyzing the influence of the FX hedging factor 𝜓 on the model. 

Looking at Figure 29, we find a significant impact of it on both options, as well as overall project 

value; this is especially true for the Ghanaian mine: while its project value is lower than the South 

African for low hedging factors, it increases more rapidly and surpasses its alternative investment 

opportunity at a hedging factor of ~58%. To illustrate, increasing the hedging factor from 0% to 100% 

will increase the South African call value by 59.43%, while it increases its Ghanaian counterpart by 

263.43%.  

We observe the same pattern for the Ghanaian put (project value), which increases by 380.45% 

(362.81%) while the South African put (project value) only increases by 62.69% (76.96%).  
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This shows the importance of the hedging factor: Assuming that the mining investments are unable 

to hedge any kind of movement between US Dollar and their respective local currency, the South 

African project value is USD 126.47m higher, which would mean that the investors would prefer this 

mine. With access to hedging instruments however, the project choice depends on the percentage that 

is possible to be hedged. 

Figure 29: Impact of Hedging Factor Changes 

 

The reason for the higher impact on the Ghanaian mine is due to parameter differences. Comparing 

the volatility and drift of the mines, we see that while their volatilities are comparable, the drift of the 

Ghanaian exchange rate is 100.26% higher. A higher drift in the exchange rate will create higher 

exchange rate values, and thus “compress” both negative and positive cash flows. This is because a 

higher exchange rate in the denominator will decrease the cash flow in the nominator. With the 

introduction of a hedging factor however, we mitigate this factor of the exchange rate on the cash 

flows, which will consequently increase the call and put values as they draw an large percentage of 

their value from extreme values. This also the reason why the put for the Ghanaian mine increases 

the most in relative terms: Its operating costs have a significantly higher drift than the operating costs 

of the South African mine, which will create a high frequency of highly negative cash flows. With 

the hedging factor, those negative cash flows are more negative than without it, which makes the put 

particularly valuable for the Ghanaian mine.  
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Table 16: Opening & Abandonment Cost Sensitivity 

South Africa (USDm)  Ghana (USDm) 

Opening/

Aband. 
NPV 

Call 

Value 
Put Value 

Project 

Value 
 

Opening/

Aband. 
NPV 

Call 

Value 
Put Value 

Project 

Value 

0 (385.50)   258.25   648.83   521.59   0.00  76.99   286.55   215.18   578.73  

20 (415.22)   252.50   635.73   473.01   20.00  47.26   276.12   206.43   529.81  

40 (444.95)   246.87   622.68   424.60   40.00  17.54   265.96   197.99   481.49  

60 (474.67)   241.35   613.55   380.22   60.00 (12.19)   256.08   189.82   433.71  

80 (504.40)   235.92   600.79   332.31   80.00 (41.91)   246.50   181.81   386.39  

100 (534.13)   230.65   584.22   280.74   100.00 (71.64)   237.18   176.19   341.73  

120 (563.85)   225.42   571.70   233.27   120.00 (101.37)   228.15   168.72   295.51  

140 (593.58)   220.35   559.25   186.02   140.00 (131.09)   219.42   163.72   252.05  

160 (623.31)   215.38   547.03   139.10   160.00 (160.82)   211.00   156.58   206.75  

180 (653.03)   210.52   534.93   92.41   180.00 (190.55)   202.84   149.79   162.08  

200 (682.76)   205.76   523.11   46.11   200.00 (220.27)   194.96   143.26   117.94  

 

Furthermore, we conduct sensitivity analyses on the opening and closure costs of the mines. Since 

we have simultaneously increased both the opening and closure costs (e.g., from USD 20m to USD 

40m), the NPV is affected both by a higher opening price in t = 0 and a closure price in T = 30. Table 

16 shows the shows the results for the NPV, options, and overall project values. We see that the NPV, 

as expected, decreases linearly while the options decrease almost linearly, with a somewhat lower 

impact for higher strike prices. Thus, we find two interesting results from the analyses: For one, an 

increase of USD 20m in the call strike price will initially decrease the South African call by USD 

~5m, while it will decrease the Ghanaian one by ~10m. In contrast, an increase of USD 20m in the 

put strike price will initially decrease the South African put by USD ~13m and the Ghanaian one by 

USD 9m, respectively. The reason for the discrepancy is that the South African call (put) is exercised 

in roughly 25% (75%) in the cases. Because we take the average of the option value throughout 

10,000 simulations, the South African call is thus less impacted by a strike price increase. The same 

mechanism holds for the Ghanaian options. Second, the reason why the Ghanaian project is 

decreasing more for small strike price is caused by the distributions of the mines:  
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The Ghanaian investment has a lower frequency of extreme cash flows. Thus, a strike price increase 

from USD 20m to USD 40m will have a more significant impact on the Ghanaian mine, as more 

options will not be in the money anymore. For high strike prices however, the Ghanaian project value 

is decreasing less than the South African project value as it has fewer extreme cash flows. 

Nevertheless, changing the costs of the mines have relatively small impacts on the overall project 

values, assuming that both mines have the same costs to open or close.  

Further sensitivity analyses are conducted on the impact of the correlation between gold and operating 

costs. Appendix A-6 shows the impact of changing correlations for both the South African and 

Ghanaian mine. Because the impact of parameter changes on the NPV and option values was 

unremarkable, it will not be discussed in this section. 
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8 Discussion  

Following the sensitivity analysis, we now discuss the central results of our study. In the base case, 

the Ghanaian investment project achieves a higher NPV than the South African one. While the former 

produces a positive NPV of USD 2.68m, the latter has a negative NPV of USD (459.81m). 

Additionally, we find that the Ghanaian mine has a narrower distribution for its NPV, which is 

somewhat surprising to us. We suspected it to show a higher volatility and spread within the cash 

flows, considering that its operating cost drift is 50% higher than the South African mine. However, 

this can be explained by the model factors: The Ghanaian mine is taxed at a higher rate, has a higher 

correlation between the gold and operating costs, and exhibits a significantly larger exchange rate 

drift than its South African counterpart. As mentioned before, a higher exchange drift causes more 

unfavourable exchange rate movements, and thus lowers both positive and negative cash flows. 

Likewise, a higher correlation reduces the amount of extreme cash flows because the gold and 

operating costs are more likely to move in the same direction for different simulations.  Furthermore, 

the South African mine is more heavily impacted by gold price movements as its annually mined 

gold, calculated as grade of gold multiplied by annual extraction rate, is higher than the Ghanaian 

one. These four components narrow the bandwidth of the Ghanaian cash flows, and thus NPVs and 

option values; the higher impact of the gold volatility also explains, why the South African’s NPV 

distribution is exhibiting a higher kurtosis, as it is more heavily impacted by extreme gold prices. 

Thus, looking only at the NPVs, the capital budgeting decision is in strong favor of the Ghanaian 

mine. In fact, a company that only considers NPV as its decision basis would not invest in the South 

African mine even without alternatives, as it would destroy shareholder value. The preference for the 

Ghanaian mine is consistent with the current situation of several international mining companies 

divesting their equity investments in South African mines to start excavation activities in Ghana 

(Warwick, 2019). As reflected in the model parameters, South African mines are experiencing 

significant downward pressure related to the high level of operating costs. Decreasing labor 

productivity, strikes, and governmental intervention are some of the factors that discourage new 

investments. In contrast, Ghana offers a much lower production cost base and further has been able 

to improve its economic, financial, and political climate significantly over the last decade as measured 

for example by the ICRG. Not only the NPV difference itself, but also the lower annual cash flow 

sensitivity could be a reason, why companies prefer to invest in Ghanaian mines:  
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Stability and resistance to unfavourable market movements might be key factors for mining 

companies seeking out potential investments. Hence, judging solely by the average NPVs and their 

distributions, the reason why mining firms are leaving the South African market for Ghana might be 

explained.  

However, factoring in project flexibility has a substantial influence on the results: The options add 

considerable value for both mines, with the South African project value increasing from USD 

(459.81m) to USD 411.24m, and the Ghanaian project value increasing from USD 2.68m to 457.53m. 

Even though the sole NPVs difference is substantial, the inclusion of the options severely reduces the 

spread between the overall project values, making the investment decision opaquer. The reason for 

the South African mine being impacted more severely by the flexibility inclusion is that it has more 

highly volatile cash flows, which create a higher total option value. We discover the same pattern 

from the sensitivity analysis in section 7.3.1: the higher the volatility, the more valuable the options 

within the projects are. Overall, this supports our hypothesis that for volatile industries, traditional 

valuation techniques might be inadequate, as they do not factor in flexibility. However, our discovery 

contrasts the findings of other authors, which find only modest value gains between 8-18% from the 

option inclusion (Ajak & Topal, 2015; Dimitrakopoulos & Abdel Sabour, 2007). A potential reason 

for the discrepancy between our and Ajak & Topal’s results is that they research the impact of 

switching option. Intuitively, a switching option on an operational level will have a less severe impact 

than a strategic option on whether a mine should be opened or not. Further, Dimitrakopoulos & Abdel 

Sabour only include an abandonment option in contrast to two options, and further evaluate the 

flexibility value on a three-year horizon, while options in our model can be exercised on a ten-year 

horizon. As options partially draw their value from their time to maturity, a longer maturity date will 

increase the option value as it gives the option holder more flexibility to acquire information that can 

improve the decision-making process. This could be another reason, why the options in our model 

add a higher relative percentage in value. Lastly, they assume a yearly gold volatility of 13%, which 

corresponds to a monthly volatility of 3.75%. Naturally, our model at a maximum monthly volatility 

of 15% will produce significantly more extreme cash flows, with translates into higher option values. 

Additionally, we find a noteworthy impact of the exchange rate on both mines, particularly the 

Ghanaian one: Both NPV and overall project value are severely impacted by unfavourable exchange 

rate movements, as shown by the sensitivity analyses of the hedging factor 𝜓.  
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Assuming that companies would hedge below 58% of their FX exposure, the South African mine 

would be the preferable investment choice according to the sensitivity analysis. Within the reviewed 

literature, we find that only Dimitrakopoulos & Abdel Sabour (2007) include a stochastic exchange 

rate component. However, they do not report a significant impact of it on the overall project value. A 

key difference is that they simulate their exchange rate between US Dollar and Australian Dollar via 

a mean-reverting process; in contrast, we simulate the exchange rates as GBMs. The impact of the 

non-mean-reverting exchange rate highlights two aspects, which seem to be overlooked by other 

authors: First, the actual exchange rate exposure of gold mines is higher than previously assumed, 

which makes the inclusion of an exchange rate component necessary. Second, this also illustrates that 

a hedging component should likewise be included, considering that mining companies spend a 

considerable amount of time and money on hedging themselves against unfavourable movements.  

Looking at the volatility matrices of gold and operating costs, the Ghanaian NPV is higher in 83.20% 

of all cases. Furthermore, while only 30.86% of all South African mining NPVs are positive, 48.83% 

are positive for the Ghanaian mine. Overall, we see that the South African mine requires a higher 

difference between the volatility levels of the two stochastic parameters to be profitable. This is line 

with our expectation, considering that the Ghanaian mine has a higher difference between the starting 

values of gold and the operating costs and thus can absorb higher cash flow fluctuations & produce 

positive NPVs even in periods of high uncertainty. Literature supports the notion that Ghanaian mines 

have higher profit margins due to their lower cost base (Njini, 2019).  

Also, the South African mine is much more sensitive to operating cost volatility changes than the 

Ghanaian one, expressed in the fact that the NPV decreases significantly more percentagewise for 

increases in operating costs. Nevertheless, increasing the overall project volatility does not 

necessarily lower its NPV; only an increase in operating cost volatility does so while increases in 

gold volatility lead to increases in NPVs.  

Similar to the base case, the inclusion of options to calculate the overall project value materially 

changes the preference of investment. Figure 30 shows a comparison between the aforementioned 

NPV and project value volatility matrices. It indicates in how many cases the South African mine is 

preferred by comparing sole project NPVs, and by comparing total project values; a filled square 

indicates a higher value for the South African mine, while a white square indicates a higher value for 

the Ghanaian mine. We find that the Ghanaian mine is only more valuable for low levels of volatility.  
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Higher uncertainty in contrast lead to the South African mine having a significantly larger project 

value due to being more sensitive to volatility increases. Interestingly, the cases where the South 

African mine is preferred are almost perfectly mirrored. Thus, the argument of the Ghanaian mine 

being the better investment opportunity is somewhat questionable. Even just a 1% increase in gold 

volatility from the base case (~4% gold volatility and operating cost volatility for both models), will 

lead to the South African mine having a higher overall project value. Looking solely at the NPVs 

would mean that the South African design is chosen in only 16.80% of the cases, while the overall 

project values indicate a higher value for the South African mine in 84.77% through the matrix.  

Figure 30: NPV vs. Project Value Preference 

 

 

Despite the preference for the South African mine in the majority of sensitivity cases, it is crucial to 

mention however that a 1% increase in monthly volatility is significant, as it translates to a 3.46% in 

yearly volatility; a gold volatility increase of such magnitude would have a sizable impact on the 

global gold market. Further, we do not expect the operating costs’ 𝜇 to increase even further: For both 

South Africa and Ghana, the cost increase between 2012 to 2019 has been enormous, with the South 

African PPI increasing by 49.15% and the Ghanaian PPI increasing by 206.07%, respectively. Lastly, 

with high volatility levels, further increases have an increasingly diminishing probability, meaning 

that for example a volatility increase from 2% to 3% is more likely than a volatility increase from 7% 

to 8%. As a consequence, the majority of these scenarios have a relatively low probability of 

occurring, despite South Africa exhibiting a higher value in a great number of cases.  
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Furthermore, we deduct from the sensitivity analyses that even small parameter changes might have 

a serious impact on the investment choice. As shown in section 7.3.3, even seemingly minor 

parameter deviations such as monthly operating cost µ or the starting value might change the decision 

basis considerably. However, even if the point estimate of the NPV and overall project value are not 

without fault, we can extrapolate the overall direction of the model; the Ghanaian mine is less volatile 

than the South African one and should be chosen by companies that prefer less uncertain cash flows.  

Considering it from a realistic perspective, the results show how marginal most mining operations 

are at the moment: Small movements in the operating costs or gold prices have a significant impact 

on the profitability of the firm, which makes it even more important to incorporate flexibility in the 

valuation model. With ROV, firms can price potential future decisions such as the reaction to 

unpredicted price shocks, which is not possible with traditional valuation techniques. Other authors 

have argued for the same findings, stating that ROV is more a strategic tool to evaluate the general 

direction of a project’s value rather than its exact point estimate (Lewis & Spurlock, 2004; Miller & 

Park, 2002). 

To conclude the discussion, our findings are concurrent with the literature, as stated in this and chapter 

3 and, that  

• For volatile projects and industries, incorporating flexibility via options can add substantial 

value  

• The discrepancy between “vanilla” NPV and project value highlights that valuation 

techniques that do not price flexibility are inadequate to evaluate complex investments 

• The relation between commodity price and operating costs determines which type of option 

is exercised. The expectation of low profit margins leads to a higher probability of the 

abandonment option being exercised, while the expectation of high profit margins will 

increase the probability of the opening option being exercised ceteris paribus all other 

parameters 

• Option values increase exponentially for their respective volatility. Calls increase 

exponentially in gold volatility, while puts increase exponentially in operating cost volatility 

• The most important advantage of ROV over traditional valuation techniques seems to be the 

inclusion of future management decisions rather than an accurate point estimate in terms of 

project value 
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9 Conclusion  

9.1 Central Findings  

We have expanded the existing real option valuation literature on the mining sector by applying a 

strategic insight onto a quantitative model: By using the Least Squares Monte Carlo method, we have 

illustrated how the capital budgeting decision for capital-intensive and volatile industries are 

impacted via the pricing of inherent project flexibility. Further, this study tried to quantify country 

differences by introducing specific parameters to provide a perspective on why companies are 

choosing Ghana over South Africa for investments opportunities. To do so, we have put particular 

emphasis defining a model with several parameters to be able to highlight economic discrepancies, 

such as operating cost structure, taxation, and exchange rate. To approximate each mine’s operating 

cost parameters, we have used the All-In Sustaining Cost and the mining Producer Price Index. We 

acknowledge that the AISC and PPI as calculated by us will most likely not be used from firms to 

deduct operating cost parameters. Nevertheless, we believe that introducing these parameters as a 

way to approximate operating costs might be of use for researchers in the future.  

We found that without the option inclusion, the Ghanaian mine was significantly more valuable, 

which supports the current investment environment of preferring Ghanaian mining opportunities. 

Including the options to open and abandon however, the difference between the mines’ project values 

becomes smaller, which confirms our hypothesis that pricing flexibility for highly volatile and 

capital-intensive industries adds considerable value. Consequently, this suggests that traditional 

valuation techniques that do not factor in flexibility might be unable to accurately price volatile 

projects. Additionally, conducting sensitivity analyses of the model parameters, we show that the 

South African mine should be preferred in a multitude of sensitivity cases from a strictly quantitative 

view. Nevertheless, the findings must be counterweighed with a qualitative assessment. Further, we 

have identified a significant impact of the exchange rate, which seems to be underestimated in other 

literature. Most importantly, we have shown how valuable ROV is from a practical perspective for 

mining firms, since even small parameter movements have a sizeable impact on the overall project 

value. With traditional valuation techniques, it is impossible to incorporate future decisions that – 

based on our findings – are of crucial importance to ensure a firm’s long-term profitability.  
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9.2 Managerial Implications 

From a practical perspective, we discover that South African mining projects are more volatile than 

its Ghanaian counterpart. This seems to discourage investments in the country’s mining ventures, as 

enterprises do not factor in the inherent real options of such projects. Consequently, this omission 

seems to undervalue South African mines significantly. Extrapolating from the model, those still can 

be profitable, if the flexibility to react to new information is accounted for.  

From an overall perspective, the use of real option valuation is of advantage for any enterprise that is 

unable to forecast future cash flows due to uncertainties. As we have demonstrated, factoring in 

flexibility might change the overall decision basis of investment alternatives. Furthermore, we 

consider that ROV is of crucial importance for industries that are volatile or where firms must commit 

large capital expenditures to fund the project. A company that for example must commit USD 500m 

to develop a mine will be more cautious to invest than a company that is more flexible in its 

investment decisions. Thus, actively factoring in the flexibility the management has, such as reacting 

to changing market conditions, will be of immense value. Nevertheless, we believe that ROV should 

be used in conjunction with traditional valuation techniques to highlight the differences between the 

two approaches. We do not claim that ROV are superior in every use case, but that they can add 

accuracy to an otherwise too rigid method; a combination of ROV and other valuation techniques is 

the most likely to yield accurate results (Miller & Park, 2002).  

Additionally, we identify the model parameters as the biggest hurdle to achieve accurate results. This 

realization is important, as we have presented a specific use case of LSM. The model is relatively 

modular and can be tailored to fit a management’s specific need. A lack of parameters will be less of 

an issue for enterprises, as they have access to proprietary knowledge. For example, a company might 

have access to a specific option such as expanding the mined area, while another company would 

have to incur significant expenditures due to a lack of machinery or the need to re-negotiate 

government contracts and can thus incorporate a more accurate strike price for its option. Or, the 

management could define an interval of volatility ranges for the project, which seem reasonable to 

them, in order to find a range of ROV values instead of relying on a point estimate (Lewis & Spurlock, 

2004). And, a firm can define the probability distribution of each volatility estimate to further refine 

the range of values (Lewis & Spurlock, 2004).  
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Furthermore, the model is a simplification of reality in the sense that it assumes project preferences 

in a vacuum; if for example the US-based company already had operations in South Africa but none 

in Ghana, it would likely choose a South African investment project as it is costly and time-intensive 

to build up a subsidiary in a foreign country. In contrast, a company that has operations in Ghana 

would prefer to invest in the Ghanaian mine for the same reason. To expand on this notion, a company 

might be interested in investing in the South African mine as it believes it to be the more valuable 

investment in the long-term; having access to a local market for example would give it easier access 

to future investments. Thus, despite a lower overall project value, a company might be interested in 

investing in the South African mine, considering that the country still has the 3rd largest gold reserves 

in the world (United States Geological Survey, 2020). And, a company might be interested in 

investing in one type of mine despite an inferior project value, because of existing machinery and 

expertise for underground mines for example. Hence, we believe that using the model alongside a 

qualitative assessment of the respective investment opportunity will provide a more robust basis for 

a firm’s capital budgeting decisions.  

While not center of this study, it is also important to stress that while ROV offer an alternative view 

to DCFs for example from a theoretical perspective, a company’s management can be a bottleneck 

for two reasons: For one, ROVs assume optimal exercise of the embedded options, which is difficult 

to achieve in reality; sub-optimality can reduce an option’s value significantly (Mcgrath, 1999; Song, 

Makhija, & Kim, 2015). Thus, it is of crucial importance to define under which circumstances an 

abandonment option for instance shall be exercised, and if such a scenario does occur that the 

management immediately exercises their option. Second, while literature agrees that ROV is superior 

to traditional valuation techniques in certain conditions, it seems as if managers disregard this novel 

approach despite their knowledge of it (Block, 2007; Willigers & Hansen, 2008). Managers using 

ROV should further be aware of the consequences of ROV. For example, it might recommend the 

investment in projects, which are unprofitable in the short-term; this is because ROV considers a 

project’s flexibility value over its whole lifespan and not only the positivity of its cash flows (Miller 

& Park, 2002). Consequently, it will require investors to shift their perspective from short-term 

profitability to a sustainable long-term success (Miller & Park, 2002). 
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9.3 Limitations & Further Research 

Even though the results from the model support our hypothesis, it is important to stress that every 

model is a simplification of reality. From a pure software perspective, we are limited in the simulation 

size of each respective parameter due to computational constraint of VBA. While we have conducted 

10,000 simulations for each variable on a monthly basis, an increase in the simulations to for example 

1,000,000 would reduce the relative frequency of extreme parameter values, which we have tried to 

fix by adjusting the estimation window. For the same reason, we have defined the options as being 

Bermudian, since it will reduce the necessary steps to evaluate the options via backward induction 

compared to theoretically infinitely small steps for valuing American options. Furthermore, a 

potentially more effective method of variance reduction within the parameter simulations would have 

been to apply a variance reduction technique, like control variates or partial averaging; combining 

both estimation windows and variance techniques could lead to further improvements. Further, we 

have used a conjunction of three different statistical tests to check for stationarity of the stochastic 

parameters. Even though literature suggests that the tested parameters are stochastic, and that a 

combined use of these tests reports reliable results, we could have used additional tests to further 

strengthen our hypothesis of stationarity. 

Most importantly, we identify our chosen parameter values as the biggest limitation of our study. This 

is particularly the case for the operating costs, grade of gold, annual extraction rate, as well as opening 

and abandoning costs as these are not fully publicly available information. While this is not a 

particular concern for enterprises as they have access to proprietary information, it is for academic 

researchers. By modelling operating costs as stochastic, we somewhat limit our estimation error by 

only having to define the general direction of the operating costs, rather than using one deterministic 

value for each mine. Nevertheless, we must estimate the starting values, volatilities, and drifts using 

the AISCs and the mining PPIs. Furthermore, as there is some evidence that the geological reserve 

size of a mine can be modelled as stochastic (Dimitrakopoulos & Abdel Sabour, 2007). An extension 

of this study could also be to include such a stochastic parameter to replace the annual extraction rate 

and grade of gold. By modelling the reserves as stochastic, it will not only extend the model to rely 

less on one deterministic input parameter but also remove the limitation of the maximum lifetime of 

the time. Having access to varying gold reserves will yield more accurate results, as some mines 

might be able to mine for 30 years while another mine might exhaust the mineral reserves within 5 

years.  
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Additionally, the inclusion of a stochastic reserve parameter will also create the possibility to include 

other options in the model, which it currently lacks. The option to expand, contract, or temporarily 

close the mine might be particularly impacted based on acquiring new information about the gold 

reserves in the mine. For example, a firm would expand its operations within a simulation of high 

reserves, while it might wish to contract its annual extraction rate from a company with low reserves. 

Furthermore, we assume the opening and abandonment option to be independent.  

Moreover, we believe that further research needs to be conducted on a factor that accurately represents 

the hedging percentage applied by mining firms. As shown, the exchange rate has a significant 

impact, which mining firm would try to hedge; however, hedging is commonly associated with high 

costs due to unforeseen exchange rate movements. Thus, a factor to represent hedging costs to 

contrast the country differences might improve the capital budgeting decision even further. Further 

research would thus be necessary to identify, whether the exchange between two specific countries is 

seen as mean-reverting or a GBM as the impact of a mean-reverting exchange rate is comparably 

less; the inclusion of a stochastic exchange rate or hedging factor is thus more important if assumed 

to be a GBM.  
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12 Appendix 

Appendix A-1: Stationarity Testing for Stochastic Variables 

Table 17: Stationarity Test Results 

Period 

Augmented Dickey-Fuller 

t-statistic 

[p-value] 

KPSS 

Phillips-Perron 

t-statistic 

[p-value] 

Gold Prices 

Jan. 1970 – Dec. 2019 
-2.4863 

[0.1189] 
𝐻0: Rejected 

-2.4630 

[0.1248] 

Jan. 1990 – Dec. 2019 
-0.0014 

[0.9584] 
𝐻0: Rejected 

0.1670 

[0.9704] 

Jan. 2012 – Dec. 2019 
-2.328 

[0.1630] 
𝐻0: Rejected 

-2.3120 

[0.1682] 

Gold Log-Returns 

Jan. 1970 – Dec. 2019 
-23.8314*** 

[0.0000] 
𝐻0: Not Rejected 

-23.8436*** 

[0.0000] 

Jan. 1990 – Dec. 2019 
-21.1073*** 

[0.0000] 
𝐻0: Not Rejected 

-21.2039*** 

[0.0000] 

Jan. 2012 – Dec. 2019 
-10.0865*** 

[0.0000] 
𝐻0: Not Rejected 

-10.1372*** 

[0.0000] 

Exchange Rate: USD/ZAR Spot Value 

Jan. 1970 – Dec. 2019 
0.6575 

[0.9889] 
𝐻0: Rejected 

0.2816 

[0.9765] 

Jan. 1990 – Dec. 2019 
-0.3307  

[0.9210] 
𝐻0: Rejected 

-0.5895 

[0.8733] 

Jan. 2012 – Dec. 2019 
-1.5335 

[0.5169] 
𝐻0: Rejected 

-1.5506 

[0.5084] 

Exchange Rate: USD/ZAR Log-Returns 

Jan. 1970 – Dec. 2019 
-17.7582*** 

[0.0000] 
𝐻0: Not Rejected 

-17.6057*** 

[0.0000] 
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Jan. 1990 – Dec. 2019 
-13.9274*** 

[0.0000] 
𝐻0: Not Rejected 

-13.8005*** 

[0.0000] 

Jan. 2012 – Dec. 2019 
-8.1937*** 

[0.0000] 
𝐻0: Not Rejected 

-8.1498*** 

[0.0000] 

Exchange rate: USD/GHA Spot Value 

Jan. 2010 – Dec. 2019 
0.2434 

[0 .9746] 
𝐻0: Rejected 

0.4042 

[0.9817] 

Jan. 2012 – Dec. 2019 
-0.5353 

[0.8849] 
𝐻0: Rejected 

-0.4758 

[0.8967] 

Exchange rate: USD/GHA Log-Returns 

Jan. 2010 – Dec. 2019 
-10.9240*** 

[0.0000] 
𝐻0: Not Rejected 

-10.9331*** 

[0.0000] 

Jan. 2012 – Dec. 2019 
-9.9315*** 

[0.0000] 
𝐻0: Not Rejected 

-9.9331*** 

[0.0000] 

Producer Price Index: South Africa Spot Value 

Jan.2012 – Dec. 2019 
-0.5402 

[0.9860] 
𝐻0: Rejected 

0.7088 

[0.9900] 

Producer Price Index: South Africa Log-Returns 

Jan.2012 – Dec. 2019 
-8.8467*** 

[0.0000] 
𝐻0: Not Rejected 

-8.8098*** 

[0.0000] 

Producer Price Index: Ghana Spot Value 

Jan. 2012 – Dec. 2019 
1.0159 

[ 0.9944] 
𝐻0: Rejected 

1.0220 

[0.9945] 

Producer Price Index: Ghana Log-Returns 

Jan.2012 – Dec. 2019 
-7.9562*** 

[ 0.0000] 
𝐻0: Not Rejected 

-7.8874*** 

[0.0000] 

Notes: * / ** / *** indicates rejection of unit root hypothesis at 10 / 5 / 1 percent. If we reject the null hypothesis in both tests we have 

evidence of stationarity. 
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Appendix A-2: Histograms for Different Estimation Windows 

Figure 31: Histogram of Case 1 

 

Figure 32: Histogram of Case 2 
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Figure 33: Histogram of Case 3 

 

Figure 34: Histogram of Case 4 
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Figure 35: Histogram of Case 5 

 

Figure 36: Histogram of Case 6 
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Appendix A-3: Sensitivity Analysis (7.3.1): Volatility 

Table 18: South Africa – Volatility Sensitivity (Gold / Operating Costs) 

NPV (USDm)  Call Value (USDm)  Put Value (USDm) 

Volatility Setting 1 Setting 2 Setting 3 Setting 4  Volatility Setting 1 Setting 2 Setting 3 Setting 4  Volatility Setting 1 Setting 2 Setting 3 Setting 4 

0% (608.97)  (598.26)  (565.42)  (509.30)   0%  34.05   268.09   81.48   243.94   0%  615.40   560.80   447.31   621.91  

1% (618.42)  (607.70)  (574.87)  (518.75)   1%  33.91   252.93   78.11   232.65   1%  600.89   554.62   443.36   606.21  

2% (655.92)  (645.21)  (612.37)  (556.25)   2%  58.10   248.68   103.97   240.20   2%  595.05   588.27   468.94   610.42  

3% (722.75)  (712.03)  (679.20)  (623.08)   3%  112.31   256.02   153.24   266.58   3%  597.34   659.06   518.99   630.91  

4% (821.19)  (810.48)  (777.64)  (721.52)   4%  201.15   271.63   219.09   308.56   4%  609.21   776.19   584.58   673.56  

5% (954.68)  (943.97)  (911.14)  (855.02)   5%  324.56   293.17   293.87   362.59   5%  630.37   933.52   662.68   728.03  

6% (1,128.02)  (1,117.31)  (1,084.47)  (1,028.35)   6%  483.55   317.96   373.87   425.57   6%  650.60   1,131.07   742.27   788.25  

7% (1,347.63)  (1,336.91)  (1,304.08)  (1,247.96)   7%  681.24   343.89   456.47   494.18   7%  666.86   1,376.50   823.81   854.38  

8% (1,621.97)  (1,611.26)  (1,578.42)  (1,522.30)   8%  923.72   369.57   539.90   566.58   8%  687.42   1,676.68   899.47   923.77  

9% (1,962.09)  (1,951.38)  (1,918.54)  (1,862.43)   9%  1,218.93   394.15   623.05   640.91   9%  706.53   2,040.64   980.52   994.34  

10% (2,382.35)  (2,371.64)  (2,338.80)  (2,282.69)   10%  1,578.48   417.32   705.08   716.21   10%  724.74   2,483.16   1,060.59   1,065.04  

11% (2,901.41)  (2,890.70)  (2,857.86)  (2,801.74)   11%  2,017.71   438.95   785.54   791.28   11%  741.29   3,022.64   1,138.92   1,134.86  

12% (3,543.55)  (3,532.84)  (3,500.00)  (3,443.88)   12%  2,557.00   459.04   863.82   865.45   12%  756.66   3,683.46   1,215.69   1,203.06  

13% (4,340.50)  (4,329.79)  (4,296.96)  (4,240.84)   13%  3,222.68   477.02   939.33   936.94   13%  770.33   4,497.51   1,290.46   1,269.00  

14% (5,333.91)  (5,323.20)  (5,290.36)  (5,234.24)   14%  4,049.54   493.55   1,011.56   1,006.75   14%  782.73   5,506.38   1,362.96   1,332.05  

15% (6,578.63)  (6,567.92)  (6,535.08)  (6,478.97)   15%  5,083.17   511.04   1,080.18   1,081.21   15%  794.23   6,765.01   1,432.49   1,391.73  
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Table 19: Ghana – Volatility Sensitivity (Gold / Operating Costs) 

NPV (USDm)  Call Value (USDm)  Put Value (USDm) 

Volatility Setting 1 Setting 2 Setting 3 Setting 4  Volatility Setting 1 Setting 2 Setting 3 Setting 4  Volatility Setting 1 Setting 2 Setting 3 Setting 4 

0% (685.18)  (383.60)  (136.31)   109.88   0%  34.05   268.09   154.61   302.33   0%  615.40   560.80   225.86   124.77  

1% (674.46)  (393.05)  (129.71)   105.15   1%  33.91   252.93   143.38   284.70   1%  600.89   554.62   208.42   112.21  

2% (641.63)  (430.55)  (109.48)   86.85   2%  58.10   248.68   151.24   271.10   2%  595.05   588.27   196.10   117.63  

3% (585.51)  (497.38)  (74.90)   54.33   3%  112.31   256.02   180.25   263.06   3%  597.34   659.06   190.59   145.32  

4% (504.15)  (595.83)  (24.70)   6.43   4%  201.15   271.63   231.36   260.95   4%  609.21   776.19   191.74   190.12  

5% (394.64)  (729.32)   42.94  (58.60)   5%  324.56   293.17   305.05   263.25   5%  630.37   933.52   197.40   258.72  

6% (253.00)  (902.66)   130.56  (143.20)   6%  483.55   317.96   401.37   269.54   6%  650.60   1,131.07   205.94   345.75  

7% (73.88)  (1,122.26)   241.57  (250.65)   7%  681.24   343.89   522.51   277.72   7%  666.86   1,376.50   216.27   465.49  

8%  149.75  (1,396.61)   380.42  (385.28)   8%  923.72   369.57   672.36   286.74   8%  687.42   1,676.68   227.16   609.05  

9%  427.07  (1,736.73)   552.99  (552.77)   9%  1,218.93   394.15   855.84   296.06   9%  706.53   2,040.64   238.08   779.84  

10%  770.00  (2,156.99)   766.88  (760.57)   10%  1,578.48   417.32   1,080.39   305.29   10%  724.74   2,483.16   248.66   995.37  

11%  1,194.07  (2,676.05)   1,032.03  (1,018.39)   11%  2,017.71   438.95   1,355.46   314.16   11%  741.29   3,022.64   258.53   1,268.22  

12%  1,719.49  (3,318.19)   1,361.38  (1,338.96)   12%  2,557.00   459.04   1,693.90   322.52   12%  756.66   3,683.46   267.91   1,589.77  

13%  2,372.68  (4,115.14)   1,771.90  (1,739.06)   13%  3,222.68   477.02   2,112.77   330.43   13%  770.33   4,497.51   276.53   2,002.75  

14%  3,188.31  (5,108.54)   2,285.87  (2,240.85)   14%  4,049.54   493.55   2,634.43   337.74   14%  782.73   5,506.38   284.56   2,510.70  

15%  4,212.01  (6,353.27)   2,932.68  (2,873.83)   15%  5,083.17   511.04   3,288.21   344.43   15%  794.23   6,765.01   291.89   3,149.29  

 



 

 

135 

 

Appendix A-4: Sensitivity Analysis (7.3.2): Volatility Matrices 

Table 20: South Africa – NPVs for Different Volatilities (USDm) 

Gold 

OPEX 

0% 1% 2% 3% 4% 5% 6% 7% 8% 9% 10% 11% 12% 13% 14% 15% 

0% (608.97)  (598.26)  (565.42)  (509.30)  (427.94)  (318.44)  (176.80)   2.32   225.96   503.27   846.21   1,270.27   1,795.69   2,448.89   3,264.52   4,288.21  

1% (618.42)  (607.70)  (574.87)  (518.75)  (437.39)  (327.88)  (186.24)  (7.12)   216.51   493.83   836.76   1,260.83   1,786.25   2,439.44   3,255.07   4,278.77  

2% (655.92)  (645.21)  (612.37)  (556.25)  (474.89)  (365.39)  (223.75)  (44.63)   179.01   456.32   799.26   1,223.32   1,748.75   2,401.94   3,217.57   4,241.27  

3% (722.75)  (712.03)  (679.20)  (623.08)  (541.72)  (432.21)  (290.58)  (111.45)   112.18   389.50   732.43   1,156.50   1,681.92   2,335.11   3,150.74   4,174.44  

4% (821.19)  (810.48)  (777.64)  (721.52)  (640.16)  (530.66)  (389.02)  (209.90)   13.74   291.05   633.99   1,058.05   1,583.47   2,236.67   3,052.30   4,075.99  

5% (954.68)  (943.97)  (911.14)  (855.02)  (773.66)  (664.15)  (522.51)  (343.39)  (119.76)   157.56   500.49   924.56   1,449.98   2,103.17   2,918.80   3,942.50  

6% (1,128.02)  (1,117.31)  (1,084.47)  (1,028.35)  (946.99)  (837.49)  (695.85)  (516.73)  (293.10)  (15.78)   327.15   751.22   1,276.64   1,929.84   2,745.46   3,769.16  

7% (1,347.63)  (1,336.91)  (1,304.08)  (1,247.96)  (1,166.60)  (1,057.09)  (915.46)  (736.33)  (512.70)  (235.38)   107.55   531.62   1,057.04   1,710.23   2,525.86   3,549.56  

8% (1,621.97)  (1,611.26)  (1,578.42)  (1,522.30)  (1,440.94)  (1,331.44)  (1,189.80)  (1,010.68)  (787.04)  (509.73)  (166.79)   257.27   782.69   1,435.89   2,251.52   3,275.21  

9% (1,962.09)  (1,951.38)  (1,918.54)  (1,862.43)  (1,781.06)  (1,671.56)  (1,529.92)  (1,350.80)  (1,127.17)  (849.85)  (506.92)  (82.85)   442.57   1,095.77   1,911.39   2,935.09  

10% (2,382.35)  (2,371.64)  (2,338.80)  (2,282.69)  (2,201.32)  (2,091.82)  (1,950.18)  (1,771.06)  (1,547.43)  (1,270.11)  (927.18)  (503.11)   22.31   675.50   1,491.13   2,514.83  

11% (2,901.41)  (2,890.70)  (2,857.86)  (2,801.74)  (2,720.38)  (2,610.88)  (2,469.24)  (2,290.12)  (2,066.48)  (1,789.17)  (1,446.23)  (1,022.17)  (496.75)   156.45   972.08   1,995.77  

12% (3,543.55)  (3,532.84)  (3,500.00)  (3,443.88)  (3,362.52)  (3,253.02)  (3,111.38)  (2,932.26)  (2,708.62)  (2,431.31)  (2,088.37)  (1,664.31)  (1,138.89)  (485.69)   329.94   1,353.63  

13% (4,340.50)  (4,329.79)  (4,296.96)  (4,240.84)  (4,159.48)  (4,049.97)  (3,908.33)  (3,729.21)  (3,505.58)  (3,228.26)  (2,885.33)  (2,461.26)  (1,935.84)  (1,282.65)  (467.02)   556.68  

14% (5,333.91)  (5,323.20)  (5,290.36)  (5,234.24)  (5,152.88)  (5,043.38)  (4,901.74)  (4,722.61)  (4,498.98)  (4,221.66)  (3,878.73)  (3,454.66)  (2,929.24)  (2,276.05)  (1,460.42)  (436.72)  

15% (6,578.63)  (6,567.92)  (6,535.08)  (6,478.97)  (6,397.60)  (6,288.10)  (6,146.46)  (5,967.34)  (5,743.71)  (5,466.39)  (5,123.46)  (4,699.39)  (4,173.97)  (3,520.77)  (2,705.15)  (1,681.45)  
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Table 21: Ghana – NPVs for Different Volatilities (USDm) 

Gold 

OPEX 

0% 1% 2% 3% 4% 5% 6% 7% 8% 9% 10% 11% 12% 13% 14% 15% 

0% (25.55)  (18.95)   1.27   35.86   86.06   153.70   241.32   352.32   491.18   663.75   877.64   1,142.78   1,472.14   1,882.66   2,396.63   3,043.44  

1% (30.27)  (23.67)  (3.44)   31.15   81.34   148.98   236.60   347.61   486.47   659.03   872.92   1,138.07   1,467.42   1,877.94   2,391.91   3,038.72  

2% (48.52)  (41.92)  (21.69)   12.90   63.10   130.74   218.36   329.36   468.22   640.79   854.68   1,119.82   1,449.18   1,859.70   2,373.67   3,020.48  

3% (80.94)  (74.34)  (54.11)  (19.52)   30.68   98.32   185.94   296.94   435.80   608.37   822.26   1,087.40   1,416.76   1,827.28   2,341.25   2,988.06  

4% (128.69)  (122.09)  (101.86)  (67.27)  (17.08)   50.56   138.18   249.19   388.05   560.61   774.50   1,039.65   1,369.00   1,779.52   2,293.49   2,940.30  

5% (193.53)  (186.93)  (166.70)  (132.11)  (81.91)  (14.27)   73.35   184.35   323.21   495.78   709.67   974.81   1,304.17   1,714.69   2,228.66   2,875.47  

6% (277.86)  (271.26)  (251.04)  (216.45)  (166.25)  (98.61)  (10.99)   100.01   238.87   411.44   625.33   890.47   1,219.83   1,630.35   2,144.32   2,791.13  

7% (384.98)  (378.38)  (358.15)  (323.56)  (273.37)  (205.73)  (118.10)  (7.10)   131.76   304.32   518.21   783.36   1,112.71   1,523.23   2,037.21   2,684.02  

8% (519.20)  (512.60)  (492.37)  (457.78)  (407.58)  (339.94)  (252.32)  (141.32)  (2.46)   170.11   384.00   649.14   978.50   1,389.02   1,902.99   2,549.80  

9% (686.18)  (679.58)  (659.35)  (624.76)  (574.57)  (506.93)  (419.30)  (308.30)  (169.44)   3.12   217.02   482.16   811.51   1,222.04   1,736.01   2,382.82  

10% (893.34)  (886.74)  (866.51)  (831.92)  (781.72)  (714.08)  (626.46)  (515.46)  (376.60)  (204.04)   9.86   275.00   604.35   1,014.88   1,528.85   2,175.66  

11% (1,150.36)  (1,143.76)  (1,123.53)  (1,088.94)  (1,038.75)  (971.11)  (883.48)  (772.48)  (633.62)  (461.06)  (247.16)   17.98   347.33   757.86   1,271.83   1,918.64  

12% (1,469.94)  (1,463.34)  (1,443.11)  (1,408.52)  (1,358.33)  (1,290.69)  (1,203.07)  (1,092.06)  (953.20)  (780.64)  (566.75)  (301.60)   27.75   438.27   952.24   1,599.05  

13% (1,868.80)  (1,862.20)  (1,841.97)  (1,807.38)  (1,757.18)  (1,689.54)  (1,601.92)  (1,490.92)  (1,352.06)  (1,179.50)  (965.60)  (700.46)  (371.11)   39.42   553.39   1,200.20  

14% (2,369.04)  (2,362.44)  (2,342.21)  (2,307.62)  (2,257.42)  (2,189.78)  (2,102.16)  (1,991.16)  (1,852.30)  (1,679.73)  (1,465.84)  (1,200.70)  (871.34)  (460.82)   53.15   699.96  

15% (3,000.05)  (2,993.45)  (2,973.22)  (2,938.63)  (2,888.44)  (2,820.80)  (2,733.17)  (2,622.17)  (2,483.31)  (2,310.75)  (2,096.86)  (1,831.71)  (1,502.36)  (1,091.83)  (577.86)   68.95  
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Table 22: South Africa – Call Values for Different Volatilities (USDm) 

Gold 

OPEX 

0% 1% 2% 3% 4% 5% 6% 7% 8% 9% 10% 11% 12% 13% 14% 15% 

0%  -     0.49   27.32   101.40   210.67   350.19   521.10   727.81   976.80   1,277.28   1,641.32   2,084.34   2,626.77   3,295.17   4,124.31   5,159.98  

1%  0.23   1.97   26.49   92.89   197.04   333.42   502.24   707.33   955.16   1,254.82   1,618.05   2,060.45   2,602.34   3,270.26   4,099.02   5,134.35  

2%  16.74   18.40   44.03   102.18   196.56   325.00   488.06   689.30   934.03   1,231.14   1,592.14   2,032.67   2,572.98   3,239.68   4,067.40   5,134.53  

3%  55.13   53.09   75.18   125.37   208.52   326.60   480.61   674.33   913.54   1,206.28   1,563.90   2,001.53   2,539.54   3,203.97   4,029.78   5,062.51  

4%  100.99   95.87   113.45   156.80   229.18   336.22   479.97   664.17   895.29   1,181.31   1,533.30   1,966.68   2,501.11   3,162.41   3,985.51   5,015.98  

5%  146.92   139.87   154.07   191.52   255.33   351.36   484.70   658.91   880.26   1,157.88   1,502.60   1,929.24   2,458.15   3,114.88   3,934.36   4,961.55  

6%  190.66   182.38   193.89   226.76   284.03   370.65   493.16   657.45   868.77   1,136.55   1,472.30   1,891.31   2,412.67   3,063.11   3,876.99   4,899.03  

7%  231.31   222.17   231.41   260.77   312.87   391.99   504.69   658.71   860.30   1,117.58   1,443.39   1,852.69   2,365.90   3,008.32   3,814.64   4,830.62  

8%  268.72   258.83   266.35   293.03   340.99   414.04   518.81   662.04   853.61   1,101.26   1,416.51   1,815.23   2,317.63   2,951.15   3,748.75   4,756.02  

9%  302.87   292.14   298.64   322.87   367.32   435.91   533.55   668.29   848.58   1,086.29   1,391.34   1,779.33   2,270.67   2,892.14   3,679.55   4,677.54  

10%  334.01   322.98   327.45   350.15   392.05   456.48   548.83   675.87   846.60   1,072.93   1,367.46   1,744.63   2,224.88   2,833.97   3,608.26   4,594.20  

11%  362.44   350.88   355.04   374.78   415.15   476.22   563.83   684.33   846.76   1,061.45   1,344.79   1,710.89   2,179.47   2,776.99   3,536.94   4,509.01  

12%  388.09   376.43   380.03   397.73   436.07   494.38   577.90   693.32   848.15   1,053.53   1,323.65   1,678.19   2,134.74   2,720.06   3,468.21   4,422.21  

13%  412.02   399.69   402.18   420.42   454.82   511.40   591.24   701.99   850.30   1,047.65   1,306.37   1,646.24   2,091.17   2,662.59   3,397.75   4,340.38  

14%  431.64   421.01   422.99   440.39   472.95   527.12   603.99   710.32   853.59   1,042.79   1,288.70   1,614.10   2,047.40   2,606.22   3,325.97   4,254.38  

15%  453.08   440.42   441.83   458.31   489.25   541.06   616.16   718.15   856.29   1,039.01   1,276.13   1,590.95   2,001.89   2,549.73   3,255.10   4,166.23  
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Table 23: Ghana – Call Values for Different Volatilities (USDm) 

Gold 

OPEX 

0% 1% 2% 3% 4% 5% 6% 7% 8% 9% 10% 11% 12% 13% 14% 15% 

0%  -     52.41   112.81   182.77   264.20   359.51   471.71   604.59   762.98   953.00   1,182.53   1,461.68   1,803.60   2,225.41   2,749.53   3,405.44  

1%  46.32   54.00   101.95   167.75   247.16   341.34   471.99   585.16   743.14   932.82   1,162.07   1,440.99   1,782.73   2,204.40   2,728.40   3,384.23  

2%  86.87   82.07   109.57   162.96   235.55   325.80   434.64   565.16   721.81   910.53   1,138.99   1,417.31   1,758.57   2,179.81   2,703.42   3,358.90  

3%  122.51   113.46   128.55   168.49   230.98   313.81   417.87   545.12   699.40   886.15   1,113.09   1,390.18   1,730.38   2,150.81   2,673.72   3,328.59  

4%  153.96   142.85   151.10   180.77   232.70   307.04   403.94   525.61   675.83   859.63   1,084.41   1,359.63   1,698.22   2,117.24   2,639.01   3,292.89  

5%  181.81   169.48   173.66   196.28   239.19   304.44   393.62   508.45   652.69   831.86   1,052.90   1,325.17   1,661.68   2,078.93   2,599.02   3,251.39  

6%  206.54   193.41   194.94   212.60   248.70   305.50   386.37   493.93   631.44   804.37   1,019.89   1,288.04   1,620.91   2,035.08   2,552.95   3,203.61  

7%  228.58   214.87   214.56   228.70   259.55   305.54   382.10   481.72   612.10   778.03   987.14   1,249.24   1,576.92   1,987.05   2,501.32   3,148.59  

8%  248.27   234.15   232.48   244.02   270.74   315.50   381.19   471.92   594.54   753.36   955.23   1,210.28   1,531.40   1,935.31   2,444.52   3,087.73  

9%  265.90   251.48   248.73   258.27   281.81   321.98   382.02   465.95   578.95   729.94   924.43   1,171.79   1,485.08   1,881.56   2,383.93   3,020.70  

10%  281.72   267.05   263.41   271.41   292.45   328.87   384.24   461.89   567.66   708.11   894.49   1,133.96   1,439.21   1,826.74   2,320.43   2,949.76  

11%  295.97   281.11   276.74   283.53   302.44   335.87   386.80   459.57   558.43   690.79   865.69   1,096.64   1,393.27   1,772.59   2,255.98   2,875.23  

12%  308.79   293.74   288.81   294.59   311.80   342.60   389.94   458.07   551.16   676.23   841.56   1,059.93   1,347.42   1,717.16   2,191.71   2,799.41  

13%  320.39   305.21   299.74   304.62   320.46   349.15   393.45   457.11   545.68   663.65   821.06   1,027.96   1,301.45   1,661.33   2,125.16   2,722.87  

14%  330.87   315.49   309.70   313.80   328.44   355.20   396.91   456.92   540.54   653.35   802.61   1,000.65   1,260.06   1,604.52   2,057.54   2,643.09  

15%  340.34   324.87   318.77   322.23   335.83   361.06   400.46   457.30   536.18   644.24   786.68   975.34   1,225.07   1,551.59   1,987.75   2,561.50  
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Table 24: South Africa – Put Values for Different Volatilities (USDm) 

Gold 

OPEX 

0% 1% 2% 3% 4% 5% 6% 7% 8% 9% 10% 11% 12% 13% 14% 15% 

0%  -     477.85   483.41   510.78   545.54   576.12   608.40   637.52   664.51   689.16   711.53   731.75   749.52   765.49   780.67   793.80  

1%  497.65   491.68   492.22   511.68   541.10   572.23   602.89   626.59   652.33   676.13   697.88   717.32   734.95   751.02   765.29   778.83  

2%  561.03   554.95   549.09   560.43   578.50   601.65   626.21   645.70   668.41   689.50   709.11   727.01   743.18   758.38   771.95   783.98  

3%  674.87   661.47   652.39   649.16   654.67   666.19   685.43   702.56   714.66   731.54   747.61   762.35   776.57   789.16   800.60   811.36  

4%  827.19   810.85   796.48   783.35   776.77   776.80   779.23   790.34   799.87   810.54   821.10   826.23   835.98   845.27   854.52   863.43  

5%  1,009.27   991.34   973.29   953.73   939.18   927.82   919.62   916.10   914.45   915.75   918.64   927.53   927.08   937.72   943.37   948.91  

6%  1,226.60   1,207.36   1,186.14   1,163.81   1,140.89   1,119.46   1,102.06   1,089.02   1,078.75   1,070.76   1,062.88   1,059.47   1,055.39   1,053.38   1,052.76   1,058.38  

7%  1,487.70   1,467.56   1,444.14   1,417.77   1,389.43   1,360.02   1,332.44   1,308.57   1,287.52   1,269.51   1,255.69   1,242.28   1,231.73   1,222.95   1,212.08   1,205.56  

8%  1,799.78   1,778.99   1,753.75   1,724.50   1,691.73   1,656.63   1,620.70   1,585.95   1,555.07   1,526.23   1,499.63   1,478.18   1,456.36   1,438.23   1,422.20   1,407.80  

9%  2,173.67   2,152.44   2,125.68   2,094.02   2,057.82   2,017.99   1,975.12   1,931.83   1,889.76   1,851.26   1,814.35   1,779.26   1,748.80   1,718.12   1,691.07   1,667.03  

10%  2,624.32   2,602.66   2,574.84   2,541.11   2,501.90   2,457.94   2,409.77   2,358.84   2,306.85   2,257.09   2,209.80   2,164.07   2,119.84   2,079.58   2,039.07   2,002.75  

11%  3,170.62   3,148.68   3,120.02   3,084.56   3,042.78   2,995.36   2,942.70   2,885.14   2,825.12   2,763.42   2,705.13   2,648.10   2,592.73   2,538.11   2,483.52   2,435.62  

12%  3,837.24   3,814.93   3,785.67   3,748.85   3,704.99   3,654.32   3,597.65   3,534.92   3,467.13   3,396.42   3,324.81   3,256.36   3,188.51   3,121.96   3,055.45   2,987.31  

13%  4,656.04   4,633.53   4,603.70   4,565.74   4,520.05   4,466.66   4,406.30   4,339.04   4,264.86   4,185.74   4,102.83   4,020.10   3,940.19   3,860.07   3,780.50   3,700.67  

14%  5,668.96   5,646.31   5,615.93   5,577.06   5,529.78   5,474.05   5,410.40   5,339.08   5,259.51   5,172.36   5,080.36   4,983.47   4,888.61   4,795.18   4,700.91   4,606.23  

15%  6,931.10   6,908.27   6,877.50   6,837.74   6,789.16   6,731.42   6,664.82   6,589.52   6,505.47   6,411.60   6,310.51   6,202.75   6,090.30   5,981.60   5,872.17   5,761.69  
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Table 25: Ghana – Put Values for Different Volatilities (USDm) 

Gold 

OPEX 

0% 1% 2% 3% 4% 5% 6% 7% 8% 9% 10% 11% 12% 13% 14% 15% 

0%  -     14.36   57.05   90.87   120.88   147.93   172.21   193.90   213.26   230.70   246.44   260.60   273.57   285.34   295.88   295.17  

1%  19.56   19.62   52.31   81.60   109.52   135.07   158.42   179.49   198.51   215.57   231.13   245.17   257.99   269.63   280.19   278.61  

2%  81.90   70.85   77.43   95.11   116.66   138.79   159.22   177.91   196.13   212.36   227.06   239.84   251.96   263.06   273.12   271.82  

3%  147.25   132.57   127.43   131.71   143.18   157.91   173.93   190.04   205.26   219.59   232.89   245.08   256.38   266.74   276.30   276.83  

4%  225.39   207.99   196.10   191.13   192.77   199.10   207.97   218.59   229.90   241.13   252.04   262.34   272.03   280.94   289.29   289.03  

5%  318.62   297.40   282.69   271.11   263.73   257.08   262.99   267.25   270.47   277.19   284.57   292.08   299.55   307.39   313.92   312.39  

6%  420.38   401.01   382.56   365.70   351.90   346.70   334.66   331.30   329.86   330.21   332.13   335.34   332.12   348.63   351.44   350.23  

7%  547.98   534.08   507.90   487.65   468.48   451.31   436.34   425.22   416.86   410.35   405.79   402.91   401.63   401.45   402.22   404.62  

8%  706.86   686.39   664.62   641.94   612.65   589.90   568.28   548.24   538.58   525.01   506.91   503.48   489.63   483.30   481.27   478.26  

9%  884.15   863.53   840.61   815.90   789.66   762.44   739.45   708.63   689.09   667.92   648.96   631.56   609.72   602.13   582.04   578.30  

10%  1,105.95   1,083.34   1,067.14   1,040.89   1,012.14   981.36   949.45   910.40   877.68   845.96   818.93   793.62   770.03   747.50   730.73   707.54  

11%  1,381.59   1,360.36   1,336.00   1,308.57   1,270.33   1,236.27   1,199.77   1,163.78   1,124.49   1,090.79   1,052.06   1,018.53   986.26   954.67   922.79   895.68  

12%  1,712.46   1,691.03   1,666.13   1,637.72   1,605.07   1,568.63   1,528.87   1,486.46   1,441.16   1,394.22   1,346.46   1,292.17   1,250.60   1,212.84   1,177.54   1,131.54  

13%  2,116.43   2,094.85   2,069.23   2,039.54   2,005.35   1,966.70   1,924.08   1,882.83   1,833.18   1,779.32   1,723.17   1,665.54   1,610.37   1,560.44   1,502.95   1,454.36  

14%  2,626.48   2,604.70   2,578.67   2,548.27   2,512.91   2,472.40   2,426.74   2,376.02   2,321.12   2,261.58   2,197.47   2,136.69   2,069.96   2,002.50   1,935.01   1,874.32  

15%  3,266.38   3,244.54   3,218.14   3,187.07   3,150.49   3,108.38   3,060.43   3,006.69   2,947.15   2,882.85   2,811.70   2,735.86   2,656.52   2,572.84   2,501.81   2,429.63  
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Table 26: South Africa – Total Project Values for Different Volatilities (USDm) 

Gold 

OPEX 

0% 1% 2% 3% 4% 5% 6% 7% 8% 9% 10% 11% 12% 13% 14% 15% 

0%  -     -     -     102.87   328.26   607.87   952.71   1,367.65   1,867.27   2,469.71   3,199.06   4,086.37   5,171.98   6,509.55   8,169.49   10,241.99  

1%  -     -     -     85.83   300.75   577.77   918.89   1,326.79   1,824.00   2,424.77   3,152.70   4,038.59   5,123.54   6,460.73   8,119.38   10,191.95  

2%  -     -     -     106.36   300.17   561.26   890.52   1,290.38   1,781.44   2,376.96   3,100.51   3,983.00   5,064.91   6,399.99   8,056.91   10,159.78  

3%  7.25   2.52   48.37   151.45   321.47   560.58   875.47   1,265.44   1,740.38   2,327.31   3,043.94   3,920.37   4,998.03   6,328.25   7,981.13   10,048.31  

4%  107.00   96.24   132.28   218.63   365.80   582.36   870.18   1,244.61   1,708.90   2,282.91   2,988.39   3,850.96   4,920.56   6,244.35   7,892.32   9,955.41  

5%  201.51   187.24   216.22   290.23   420.85   615.02   881.81   1,231.62   1,674.96   2,231.19   2,921.72   3,781.33   4,835.21   6,155.78   7,796.53   9,852.95  

6%  289.25   272.43   295.56   362.22   477.93   652.61   899.36   1,229.74   1,654.42   2,191.53   2,862.34   3,702.00   4,744.70   6,046.33   7,675.21   9,726.57  

7%  371.39   352.82   371.48   430.58   535.70   694.91   921.68   1,230.95   1,635.12   2,151.70   2,806.62   3,626.58   4,654.67   5,941.50   7,552.57   9,585.74  

8%  446.54   426.56   441.68   495.22   591.78   739.24   949.71   1,237.32   1,621.64   2,117.76   2,749.34   3,550.68   4,556.68   5,825.27   7,422.47   9,439.03  

9%  514.45   493.21   505.77   554.47   644.08   782.34   978.75   1,249.31   1,611.17   2,087.69   2,698.77   3,475.74   4,462.04   5,706.03   7,282.01   9,279.67  

10%  575.97   554.00   563.49   608.57   692.62   822.60   1,008.41   1,263.65   1,606.02   2,059.90   2,650.08   3,405.58   4,367.02   5,589.05   7,138.47   9,111.78  

11%  631.65   608.86   617.20   657.60   737.55   860.70   1,037.29   1,279.35   1,605.40   2,035.70   2,603.69   3,336.83   4,275.46   5,471.54   6,992.54   8,940.41  

12%  681.78   658.52   665.70   702.69   778.55   895.68   1,064.17   1,295.99   1,606.66   2,018.64   2,560.09   3,270.24   4,184.36   5,356.33   6,853.59   8,763.16  

13%  727.56   703.43   708.92   745.33   815.39   928.09   1,089.21   1,311.81   1,609.58   2,005.13   2,523.86   3,205.08   4,095.52   5,240.01   6,711.23   8,597.73  

14%  766.69   744.12   748.56   783.21   849.86   957.80   1,112.66   1,326.78   1,614.11   1,993.48   2,490.33   3,142.90   4,006.77   5,125.35   6,566.45   8,423.89  

15%  805.55   780.77   784.24   817.08   880.80   984.39   1,134.52   1,340.33   1,618.06   1,984.22   2,463.18   3,094.31   3,918.21   5,010.55   6,422.12   8,246.47  
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Table 27: Ghana – Total Project Values for Different Volatilities (USDm) 

Gold 

OPEX 

0% 1% 2% 3% 4% 5% 6% 7% 8% 9% 10% 11% 12% 13% 14% 15% 

0%  -     47.82   171.14   309.50   471.14   661.14   885.24   1,150.82   1,467.42   1,847.45   2,306.61   2,865.07   3,549.31   4,393.42   5,442.04   6,744.06  

1%  35.60   49.95   150.82   280.49   438.03   625.39   867.02   1,112.26   1,428.12   1,807.43   2,266.12   2,824.22   3,508.14   4,351.98   5,400.50   6,701.56  

2%  120.25   111.00   165.32   270.97   415.30   595.33   812.21   1,072.43   1,386.17   1,763.67   2,220.74   2,776.97   3,459.70   4,302.57   5,350.21   6,651.21  

3%  188.83   171.69   201.87   280.68   404.83   570.04   777.73   1,032.10   1,340.47   1,714.10   2,168.24   2,722.67   3,403.51   4,244.82   5,291.27   6,593.47  

4%  250.67   228.75   245.34   304.63   408.39   556.71   750.10   993.38   1,293.78   1,661.37   2,110.95   2,661.62   3,339.25   4,177.70   5,221.80   6,522.22  

5%  306.91   279.96   289.65   335.28   421.00   547.25   729.96   960.06   1,246.38   1,604.82   2,047.13   2,592.07   3,265.40   4,101.00   5,141.61   6,439.26  

6%  349.06   323.16   326.47   361.85   434.35   553.58   710.03   925.24   1,200.17   1,546.02   1,977.35   2,513.85   3,172.85   4,014.06   5,048.72   6,344.97  

7%  391.58   370.57   364.30   392.78   454.66   551.12   700.33   899.84   1,160.72   1,492.69   1,911.14   2,435.51   3,091.26   3,911.74   4,940.75   6,237.23  

8%  435.93   407.95   404.73   428.18   475.81   565.46   697.15   878.84   1,130.67   1,448.47   1,846.13   2,362.91   2,999.53   3,807.63   4,828.78   6,115.80  

9%  463.87   435.43   430.00   449.40   496.91   577.50   702.17   866.28   1,098.60   1,400.99   1,790.40   2,285.50   2,906.31   3,705.72   4,701.98   5,981.82  

10%  494.33   463.64   464.04   480.37   522.87   596.14   707.23   856.83   1,068.74   1,350.04   1,723.28   2,202.57   2,813.59   3,589.11   4,580.01   5,832.96  

11%  527.19   497.71   489.21   503.16   534.02   601.03   703.08   850.87   1,049.29   1,320.52   1,670.58   2,133.15   2,726.87   3,485.11   4,450.60   5,689.54  

12%  551.31   521.43   511.83   523.79   558.55   620.54   715.75   852.47   1,039.12   1,289.81   1,621.28   2,050.50   2,625.76   3,368.27   4,321.50   5,530.01  

13%  568.03   537.85   527.00   536.77   568.63   626.31   715.61   849.02   1,026.81   1,263.47   1,578.62   1,993.04   2,540.71   3,261.19   4,181.50   5,377.43  

14%  588.31   557.75   546.17   554.44   583.93   637.82   721.50   841.79   1,009.37   1,235.19   1,534.23   1,936.65   2,458.67   3,146.20   4,045.70   5,217.38  

15%  606.67   575.97   563.69   570.66   597.89   648.65   727.71   841.81   1,000.02   1,216.35   1,501.52   1,879.49   2,379.23   3,032.59   3,911.69   5,060.08  
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Appendix A-5: Sensitivity Analysis (7.3.3): Operating Cost: Starting Value and 

Monthly Change 

 

Table 28: Operating Cost Sensitivity (% Monthly Drift) 

South Africa (USDm)  Ghana (USDm) 

OPEX 

µ (%) 
NPV 

Call 

Value 

Put 

Value 

Project 

Value 
 

OPEX 

µ (%) 
NPV 

Call 

Value 

Put 

Value 

Project 

Value 

0.0  748.94   847.92   54.85   1,651.72   0.0  768.57   798.35   2.50   1,569.42  

0.1  587.70   730.49   91.84   1,410.03   0.1  706.34   739.84   3.26   1,449.44  

0.2  407.80   614.55   147.27   1,169.62   0.2  636.69   676.66   9.31   1,322.66  

0.3  206.97   503.15   229.45   939.57   0.3  558.70   609.37   17.15   1,185.23  

0.4 (17.34)   399.86   341.39   723.91   0.4  471.34   538.72   30.04   1,040.10  

0.5 (267.98)   307.51   490.62   530.15   0.5  373.45   466.16   50.29   889.90  

0.6 (548.18)   228.59   679.33   359.74   0.6  263.71   394.52   81.53   739.77  

0.7 (861.54)   163.89   924.57   226.92   0.7  140.68   325.71   128.22   594.60  

0.8 (1,212.14)   113.81   1,212.32   113.99   0.8  2.68   260.98   193.87   457.53  

0.9 (1,604.54)   75.81   1,561.27   0     0.9 (152.15)   202.38   281.87   332.10  

1.0 (2,043.89)   48.62   1,976.33   0     1.0 (325.89)   151.94   396.82   222.87  
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Table 29: Operating Cost Sensitivity (% Deviations of Base Starting Value) 

South Africa (USDm)  Ghana (USDm) 

OPEX (% 

deviation) 

OPEX 

(ZAR/G) 
Call Value Put Value Project Value  

OPEX (% 

deviation) 

OPEX 

(GHS/G) 
Call Value Put Value Project Value 

-25%  511.25   244.55   524.12   217.36   -25%  119.43   340.15   444.64   59.10  

-20%  545.33   103.68   454.07   284.98   -20%  127.39   272.65   401.14   78.72  

-15%  579.42  (37.20)   392.62   362.11   -15%  135.35   205.16   361.26   104.09  

-10%  613.50  (178.07)   338.57   440.33   -10%  143.32   137.66   324.78   131.00  

-5%  647.58  (318.94)   291.71   526.70   -5%  151.28   70.17   291.42   161.03  

0%  681.67  (459.81)   251.07   619.98   0%  159.24   2.68   260.98   193.87  

5%  715.75  (600.68)   215.87   717.41   5%  167.20  (64.82)   233.39   231.50  

10%  749.83  (741.56)   185.55   821.15   10%  175.17  (132.31)   208.53   269.73  

15%  783.92  (882.43)   160.47   929.22   15%  183.13  (199.81)   186.14   307.98  

20%  818.00  (1,023.30)   138.61   1,041.26   20%  191.09  (267.30)   166.17   351.84  

25%  852.08  (1,164.17)   119.35   1,156.78   25%  199.05  (334.80)   148.39   397.52  
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Appendix A-6: Sensitivity Analysis (7.3.4): Other Factors 

 

Table 30: Hedge Ratio Sensitivity 

South Africa (USDm)  Ghana (USDm) 

Hedge 

Ratio 
NPV 

Call 

Value 

Put 

Value 

Project 

Value 
 

Hedge 

Ratio 
NPV 

Call 

Value 

Put 

Value 

Project 

Value 

0% (356.12)   186.37   451.87   282.13   0% (17.42)   108.10   64.97   155.65  

10% (366.70)   192.90   465.95   292.16   10% (15.15)   121.92   76.12   182.89  

20% (378.47)   200.18   484.77   306.49   20% (12.71)   137.74   89.22   214.26  

30% (391.55)   208.33   505.80   322.58   30% (10.08)   155.91   104.55   250.37  

40% (406.08)   217.40   529.24   340.56   40% (7.25)   176.80   122.39   291.94  

50% (422.18)   227.47   558.77   364.06   50% (4.19)   200.89   143.08   339.77  

60% (440.03)   238.66   587.76   386.39   60% (0.90)   228.73   165.45   393.28  

70% (459.81)   251.07   619.98   411.24   70%  2.68   260.98   193.87   457.53  

80% (481.74)   264.84   651.76   434.87   80%  6.55   298.43   227.16   532.14  

90% (506.05)   280.14   691.27   465.37   90%  10.75   342.02   266.25   619.02  

100% (533.02)   297.13   735.14   499.25   100%  15.33   392.86   312.16   720.36  
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Table 31: Correlation Sensitivity 

South Africa (USDm)  Ghana (USDm) 

Corr. NPV 
Call 

Value 

Put 

Value 

Project 

Value 
 Corr. NPV 

Call 

Value 

Put 

Value 

Project 

Value 

(1.0) (471.60) 461.72 847.82  837.94   (1.0) 4.27 456.08 371.22  831.57  

(0.9) (466.16) 448.69 829.32  811.85   (0.9) 4.07 446.39 359.07  809.53  

(0.8) (464.09) 434.21 812.48  782.60   (0.8) 3.74 435.73 348.52  787.99  

(0.7) (462.65) 419.08 795.84  752.28   (0.7) 3.28 424.75 337.95  765.99  

(0.6) (461.57) 403.40 778.83  720.67   (0.6) 2.69 413.08 327.15  742.92  

(0.5) (460.74) 387.36 761.55  688.17   (0.5) 1.97 400.89 316.08  718.94  

(0.4) (460.13) 370.91 744.14  654.92   (0.4) 1.11 388.26 304.66  694.03  

(0.3) (459.68) 353.93 726.26  620.50   (0.3) 0.10 375.09 292.92  668.10  

(0.2) (459.40) 336.40 708.03  585.03   (0.2) (1.11) 361.42 280.94  641.25  

(0.1) (459.26) 318.22 689.08  548.03   (0.1) (2.62) 347.19 265.18  609.75  

0.0 (459.26) 299.45 669.70  509.89   0.0 (5.95) 332.12 262.01  588.18  

0.1 (459.39) 279.97 649.59  470.17   0.1 4.33 316.21 248.76  569.30  

0.2 (459.66) 259.58 628.75  428.67   0.2 4.25 299.26 232.28  535.79  

0.3 (460.07) 238.32 603.30  381.56   0.3 4.03 281.13 212.96  498.12  

0.4 (460.61) 215.89 584.14  339.42   0.4 3.67 261.55 194.40  459.63  

0.5 (461.31) 192.16 556.45  287.30   0.5 3.15 240.13 174.17  417.46  

0.6 (462.18) 167.12 534.18  239.11   0.6 2.46 216.33 151.72  370.51  

0.7 (463.26) 140.37 506.57  183.68   0.7 1.55 189.31 126.31  317.17  

0.8 (464.63) 111.61 476.56  123.55   0.8 0.37 157.32 93.15  250.84  

0.9 (466.48) 80.35 443.35  57.22   0.9 (1.31) 115.63 54.97  169.28  

1.0 (471.05) 46.14 405.65 -  1.0 (5.73) 32.57 0.25  27.10  

 

 


