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Executive Summary 

The objective of this thesis is to find the optimal asset allocation for retirement portfolios in 

the accumulation and decumulation phase for people retiring prior to the statutory age. This is 

followed by a comparison with empirical data to determine if investors are following an opti-

mal allocation. Four portfolios are constructed for this purpose with two models for each phase. 

These portfolios are the foundation for answering our research questions on what the optimal 

allocation is and whether retirement portfolios are aligned with it. 

 

We find it essential to present the underlying motivations, assumptions and components prior 

to answering the research questions in order for the reader to obtain a comprehensive under-

standing of the models. This is done by devoting chapters to the Financial Independence, Retire 

Early (FIRE) movement, asset classes, methodology and model construction. 

 

Our models are based on data from the beginning 1960 to end 2019, thus covering a 59-year 

period. This has allowed us to capture numerous business cycles and obtain results which apply 

to both bull and bear markets. The optimal portfolios are built on acquired and simulated 

monthly returns for equities and bonds, adjusted for inflation. The allocations indicated by the 

optimal models are compared with data from the Employee Benefit Research Institute (EBRI). 

The EBRI data set includes 27.1 million participants and assets of more than USD 2 trillion. 

 

The four optimal models should be considered as two pairs which both amount to a total of 60 

years spent in the accumulation and decumulation phase. The first pair entails 15 years in the 

accumulation phase followed by 45 years in the decumulation phase. The second pair entails 

an accumulation phase of 20 years and a decumulation phase of 40 years. The combined period 

of 60 years has been determined based on the average life expectancy and when people, who 

retire prior to the statutory age, typically start saving. The final models have each been based 

on 100,000 simulations using Monte Carlo methods. 

 

We find that empirical retirement portfolios are overweight in equities compared to the optimal 

models in both the accumulation and decumulation phase. The risk-return relationship of retir-

ees’ portfolios in the accumulation phase could be maximized by devoting a larger share to 

fixed income investments. In the decumulation phase, investors are not adequately rebalancing 

portfolios, and thus continue with the objective of generating instead of preserving wealth.  
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1. Introduction and Motivation 

This section introduces the reader to the topic and underlying factors that are motivating this 

thesis. First, we present the background of the early retirement movement which has served as 

an inspiration for this thesis. Second, the reader is given an overview of motivations that have 

influenced the research objectives. 

 

1.1 Background 

The Financial Independence, Retire Early (FIRE) is a movement which motivates its followers 

to retire early through achieving financial independence. The movement has been around for 

more than a decade and keeps gaining traction among millennials. Simultaneously, the official 

retirement ages are increasing, and the younger generations are skeptical of being able to re-

ceive any public pension they are contributing into. 

 

Advocates of FIRE intend to maximize their savings rate and portfolio value in order to achieve 

financial independence. The goal is to accumulate enough assets until the passive income can 

cover living expenses post retirement. Work becomes optional after reaching the goal of finan-

cial independence, thus allowing retirement decades earlier than the statutory retirement age. 

 

The central ideas behind the FIRE movement originate from the book “Your Money or Your 

Life” (Robin & Dominguez, 1992) and two research papers from the late nineties. The two 

papers are "Determining Withdrawal Rates Using Historical Data" (Bengen W. P., 1994) and 

“Retirement Spending: Choosing a Sustainable Withdrawal Rate” (Cooley, Hubbard, & Walz, 

1998). These works provide the fundamentals of combining simple living with income from 

investments in order to obtain financial independence. However, these papers have primarily 

been focusing on the safe withdrawal rate, whereas this thesis seeks to investigate the optimal 

portfolio composition. 

 

A potential early retiree’s prime objective is to invest their savings in the most optimal way, 

given limitations of law, regulations and private investment opportunities. The purpose of the 

portfolio is to provide adequate returns on the selected investments for a given level of risk. 

These returns are then used to finance the beneficiaries’ consumption when retired. 

 



 9 

Increased investment opportunities for private investors and the globalization of financial mar-

kets over the past decades have created the opportunity to broaden the scope of diversification 

of investments. In accordance with modern portfolio theory, this decision should be based on 

each market’s risk and return combination, together with the correlations across markets.  

 

Diversification makes it possible to achieve lower portfolio risk without decreasing the ex-

pected return, assuming low correlation between returns. Regardless of these benefits, research 

has shown that investors tend to not allocate assets in the most optimal way. Typical factors, 

such as incoherence between assets and investment objectives, tend to be larger than proposed 

by theory (Jorion & Khoury, 1996). 

 

1.2 Motivation 

The FIRE movement has gained prominence following an array of obstacles the society is 

facing. The two most significant obstacles are, first, a late expected statutory retirement age for 

millennials and, second, demographic changes that make receiving public pension benefits less 

likely in the future. The welfare of future and current retirees relies on the performance of their 

investment portfolios. It is consequently of great importance that the retirees invest in a manner 

that is aligned with both the legislative authorities and modern portfolio theory.  

 

We have been unable to find any academic research on asset allocation for voluntary early 

retirement. With this in mind, we find it relevant to analyze whether early retirees should invest 

in any different manner than those retiring at the statutory retirement age. And further evaluate 

whether current retirement portfolios are allocated in an optimal way.  

2. Research Questions 

In this section we introduce the research objectives that this thesis revolves around and how 

they are answered. We start out by outlining four research questions that are the foundation of 

this thesis. This is followed by a subsection on delimitation, which explains where the emphasis 

has been placed and the procedure used to answer the research questions. 
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2.1 Research Objectives 

The following research questions are going to be answered in our examination of the optimal 

retirement portfolio: 

 

1. What is the optimal asset allocation for a retirement portfolio in the accumulation 

phase with the objective of maximizing the risk-return relationship? 

2. What is the optimal asset allocation for a retirement portfolio in the decumulation 

phase with the objective of maximizing time until ruin? 

3. Do the actual portfolios held by investors deviate from the optimal asset allocation? 

4. Can empirical findings and theory explain the differences between the allocations 

chosen by investors and the proposed optimal allocations? 

The objective of the first and second research question is to determine the optimal asset allo-

cation for retirement portfolios based on historical data. We analyze the historical data of the 

relevant asset classes to conduct simulations based on Monte Carlo methods. This allows us to 

generate future projections based on historical evidence. The optimal asset allocation for a 

retirement portfolio in the accumulation phase will be the one that maximizes return given 

some level of risk, which in financial literature is measured by the Sharpe ratio. Thus, we will 

maximize the Sharpe ratio, which in Modern Portfolio Theory (MPT) is referred to as the Tan-

gency Portfolio (Benninga, 2014). Given the choice of assets and simulations using Monte 

Carlo methods, it will not be a portfolio that can be classified using the MPT, but the theoretical 

framework still applies. 

 

In the decumulation phase, the optimal model we are researching is the one which maximizes 

time until ruin. We have defined ruin as a situation where the retiree is unable to make the next 

predetermined withdrawal from the portfolio due to insufficient funds. This research question 

is somewhat different than what we have found in the previous literature, where the researchers 

have focused only on the average time until ruin. We believe that our method delivers a similar 

objective, but with the additional information and security of knowing the minimum time as 

well.  

 

In the third research question, we compare the asset allocation of our optimal portfolios to the 

actual portfolios held by investors. This analysis will illustrate whether investors allocate assets 

in the most rational way. Lastly, potential deviations between the optimal and actual portfolios 
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will be discussed, where the objective is to explain the underlying factors that affect the differ-

ences. 

 

Before answering the research question, we will provide the reader with an overview of the 

Financial Independence, Retire Early (FIRE) movement, asset classes and methodology which 

have been applied. This is essential to understand the underlying motivations, assumptions and 

components to obtain a comprehensive view of the portfolios. Thus, Figure 1 illustrates how 

the thesis is structured. 

 

 

Figure 1: Structure of Thesis (Authors' Creation) 

 

2.2 Delimitations 

Some limitations must be imposed in order to create coherency and maintain focus throughout 

the thesis. 

 

2.2.1 Data 

The optimal portfolio allocation will be based on the split between stocks and bonds. To find 

this optimal split, we have used historical data to represent each asset class. The S&P 500 has 

been chosen to represent the equities asset class. There have been multiple reasons for choosing 

the S&P 500. First, we wanted to capture a global stock index because of the proven effect of 
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both international diversification, but also diversification arising from increasing the number 

of holdings. The S&P 500 does both since it is widely acknowledged benchmark for stock 

markets and because it includes a substantial number of companies. The S&P 500 is highly 

exposed to global capital flows as most of the listed companies operate internationally 

(Vanguard, 2019). Second, the S&P 500 has reached a size that supports its role as the global 

benchmark. The S&P 500 represents 85% of the U.S. stock market, and the U.S. stock market 

in turn represents well over 50% of the global stock market (Deutsche Börse, 2020). From 

financial theory we know that investors define which portfolio should be the market portfolio, 

and the capital flows to the S&P 500 is a strong evidence that this index is one (Benninga, 

2014). Third, returns across stock markets have become more correlated with time. Thus, ad-

ditional international diversification benefits from using a more global benchmark would have 

been limited.  

 

For the fixed income asset class, we have chosen U.S. 10-year Treasury bonds. There are three 

main reasons for choosing Treasury bonds, which all relate to its role as a global benchmark. 

First, as an obligation of the U.S. government, investors consider Treasury bonds to be without 

default risk. Given the safety and position of the U.S. government, Treasury bonds are a bench-

mark for risk-free rates (Benninga, 2014). Second, Treasury bonds are used as a benchmark for 

hedging and pricing other fixed income instruments. For instance, when a new bond is issued, 

it is typically marketed based on a spread to the government yield (Fabozzi, 2011). Third, the 

market is large and liquid. A liquid market assures that the observed prices are aligned with 

investor consensus, and the investments can efficiently be bought or sold from a retirement 

portfolio (Berk & DeMarzo, 2019). 

 

The data sets for both stocks and bonds have the same characteristics. The data sets date back 

59 years, from the start of 1960 to the end of 2019. We have chosen to analyze a 59-year period 

since it allows us to capture many business cycles with a number of bull and bear markets. As 

such, the returns for both asset classes converge to the real expected value over time compared 

to the pitfall of just capturing a single bull or bear market, which would not be representative 

of a normalized period. The returns are computed on a monthly basis as it allows for more 

observations, which brings us closer the real expected value according to the Law of Large 

Numbers. Every monthly return has been inflation-adjusted since it allows us to take real in-

flation into consideration in our proposed optimal models. The returns on the respective assets 

have been calculated such that the interest on bonds and dividends on stocks are assumed to be 
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reinvested. This should also be the case in a retirement portfolio in order to maximize the effect 

of compounded interest and to avoid excess cash in the portfolio. 

 

Due to the FIRE movement being more popular in the U.S., we are going to use empirical 

portfolio data from that country. We have used data on 401(k) accounts to find the allocation 

of actual retirement portfolios. This is an extensive data set released by the Employee Benefit 

Research Institute (EBRI) in 2018. It has been essential that the data used for the optimal and 

actual models represents realistic investment opportunities for retail investors that can be easily 

liquidated. 

 

2.2.2 Model Methodology and Restrictions 

The analysis of the optimal retirement portfolio will be based on a variety of frameworks, 

where we have taken a theoretical perspective since it is the preferred approach when uncer-

tainty is high. Modern Portfolio Theory (MPT) introduced the concept of efficient portfolios, 

and thus serves as one of the original theoretical frameworks behind this thesis. The theoretical 

aspects of diversification are also taken into account. Additional models that we have used 

include the Capital Asset Pricing Model (CAPM) and the International Capital Asset Pricing 

Model (ICAPM). The CAPM and ICAPM are acknowledged as foundational theories behind 

the explanation of expected returns. Lastly, the simulations are based on the Monte Carlo meth-

ods approach. Each of these theories are widely acknowledged and greatly used in portfolio 

management. The theories will be presented in more depth later in our thesis and provide foun-

dational knowledge when researching the optimal asset allocation. 

 

Our models are based on two main assumptions, which are that investors have equal access to 

information and investing and have equal utility functions. Furthermore, taxes have not been 

taken into consideration and the market is assumed to be frictionless. 

 

For both of the two pairs of models, we have assumed the total number of years in the accu-

mulation and decumulation phase to be 60 years. 60 years has been chosen due to two main 

factors. First, the average life expectancy in the developed world is c. 80 years now but has 

been rising. Second, advocates of the FIRE movement are on average in their thirties when 

they start saving for early retirement. Furthermore, we have conducted a total of 100,000 Monte 
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Carlo simulations for each model, since that has been indicated to be the optimal number of 

trials by various scholars (Liu, 2017).  

 

In the first accumulation model, we have assumed a duration of 15 years. Since we for previ-

ously mentioned reasons have chosen to work with monthly data, this amounts to 180 months. 

Out of those 240 return simulations, we simulate the ending balance 10,000 times each time 

the simulations are run. The final accumulation phase model has been an average of running 

the whole set-up 10 times, thus amounting 100,0000 simulations of the ending balance by max-

imizing the risk-return relationship. 

 

In the first decumulation model, which accompanies the 15-year accumulation model, the du-

ration is 45 years. This amounts to 540 months, where returns for both asset classes again are 

simulated. Our objective in the decumulation phase is to maximize the time until ruin. This is 

again found by simulating 10,000 ending balances for 10 times, thus amounting to 100,000 

portfolio balances. 

 

The second pair of models have an identical set-up. The accumulation model has a duration of 

20 years, amounting to 240 months. Stock and bond returns are simulated for each month to 

find 10,000 different ending balances. The whole model is run 10 different times, just as in the 

pair mentioned previously. 

 

The decumulation model following the 20-year accumulation model has a duration of 40 years, 

or 480 months. Simulations of 10,000 ending balances are again executed 10 times. The models 

are analyzed thoroughly later in our thesis. 

 

3. Financial Independence, Retire Early (FIRE) Movement 

The aspiration of this section is to provide the reader with fundamental knowledge about the 

Financial Independence, Retire Early (FIRE) movement. We start by giving an overview of the 

FIRE movement’s history and its increasing media coverage. This is followed by reasons of its 

increased prominence, including rising average life expectancy, statutory retirement ages and 

changing working culture. This section ends with a literature review, which demonstrates what 

we are adding to the field of academic literature. 
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3.1 History and Media Coverage 

Previous studies have defined retirement as complete withdrawal from work, with no possibil-

ity of returning to the labor force at unreduced benefits (Brugiavini, 2001; Wang, Beehr, & 

Bowling, 2012). In this thesis we are following a similar definition, however, we are assuming 

no return to the labor force.  Historically, transition into retirement has depended on retirement 

eligibility, health related factors, social norms and labor demand factors. While having a paid 

job until old-age retirement is still seen as normality today, there is a growing number of people 

that have taken a different route. 

 

Early retirement has been a hot topic for nearly a century as advertised by the Investors Syndi-

cate already in 1930s (Sabatier, 2019). Nowadays, the concept has been picked up mostly by 

millennials, gathering under the movement of Financial Independence, Retire Early – or FIRE 

for short. FIRE is a lifestyle in which a person receives a sustainable source of income, which 

is not reliant on paid work or government transfers (Perrone, Vickers, & Jackson, 2015). The 

lifestyle is often associated with voluntary retirement earlier in life as the individual does not 

need to retain a paid job any longer. 

 

It is believed that the foundation of the movement was laid by the best-selling authors, Robin 

and Dominiquez, in their book “Your Money or Your Life” in 1992 (Tergesen & Dagher, 

2018). The book popularized the idea of achieving financial independence through reducing 

consumption and increasing savings. More than a decade after being published the book in-

spired many financial bloggers online, most notably Early Retirement Extreme by Jacob Lund 

Fisker, who started blogging his journey in 2007 (Fisker, 2007) and Mr. Money Mustache by 

Pete Adeney, who started in 2011 (Adeney, 2011). 

 

By definition, financial independence allows people to maintain their lifestyle of choice. How-

ever, a commonality between many followers of FIRE is that they are enjoying a truly mini-

malist lifestyle. For example, Fisker intrigued his followers by retiring at the age of 33 and 

living on just $8,000 or less a year. In his opinion, “spending money is a failure to solve prob-

lems by smarter means” (Fisker, 2020). In a similar fashion, Adeney also retired in his early 

thirties through a rather frugal lifestyle. He has revealed to live on approximately $20,000 a 

year as a family of three (Adeney, 2017). 
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As FIRE bloggers started to gain popularity, a small number of enthusiasts started a financial 

independence forum on reddit.com. The main subreddit started to take off around 2017 and has 

now over 700,000 subscribers alongside many smaller country-specific ones (reddit.com, 

2020). The members discuss topics ranging from how to reduce costs to investment strategies 

as well as psychological help for those that are struggling to reach their goals. The forum is 

probably the largest FIRE-focused platform online, averaging nearly 900 new comments every 

day (Subreddit Stats, 2020). 

 

In 2018, the Harris Poll conducted a large in-depth survey on the FIRE movement. The survey 

included 1,503 people of whom 753 were financially independent or on the path to becoming 

one. The survey found that the average age for starting the journey towards financial independ-

ence was 37. The average age for reaching, or planning to reach, financial independence was 

57, thus making the accumulation phase around 20 years (Ameritrade, 2018). 

 

The study also shows that people who are financially independent are also more financially 

literate. When asked about financial and lifestyle decisions, the financially independent are 

more likely to avoid high interest rate debt, stick to a budget, reduce spending and invest in the 

stock market compared to those that are not. However, neither group believed that achieving 

FIRE is worth it if it requires them to reduce travel or to ‘live like they’re broke’ (Ameritrade, 

2018). 

 

In the past few years the FIRE movement has been heavily popularized by many large media 

outlets and financial advisors like Forbes, Financial Times, YahooFinance, Dave Ramsey and 

many more (Berger, 2019; Barrett, 2019; Whiteman, 2019; Hogan, 2020). However, the pop-

ularity has not come without its critique. 

 

While most do not see an issue with young people developing savings habits, FIRE followers 

are often criticized for taking it to the extremes. As the speed at which one can become finan-

cially independent comes down to the savings rate, the golden rule for some is indeed to save 

50-70% of their income, a prime example of which is the blogger Fisker. The critics see such 

high savings rate to be unachievable, and even more importantly, depriving one of everyday 

enjoyments (Barrett, 2019). 
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The second problem FIRE opposers argue is the investment strategy of the advocates. People 

aspiring to reach financial independence typically try to get there as soon as possible. While 

cutting back on costs is the more common way of achieving FIRE, the critics believe that highly 

risky investment strategies are being used to enhance the process. It is therefore possible that 

people, who unknowingly take on more risk than they can tolerate, will end up in a worse 

position than when working for longer and using more conservative strategies (Hulbert, 2019). 

The argument is further backed by the fact that many of the adherents have had the benefit of 

being invested in the stock market during one of the longest bull markets in history. 

 

The third argument against FIRE is the overly simplistic math behind it. The infamous 4% rule 

is by far the most used withdrawal strategy. In the 1994 paper Bengen found that a portfolio 

divided 50/50 between stocks and bonds would never run out of money as long as the annual 

withdrawal rate remains below 4% of the initial portfolio value (Bengen W. P., 1994). Stem-

ming from this finding, FIRE followers consider themselves financially independent once they 

have reached a portfolio value of at least 25 times their annual spending. For the people cutting 

back costs to a bare minimum, a portfolio of USD 500,000 is considered sufficient to retire and 

this is what financial planners take issue with. In 2018, Suze Orman made headlines saying 

that people need at least USD 10,000,000 in order to retire early. According to Orman, there 

needs to be a large emergency fund for unexpected expenses. That, added with regular expenses 

for maintaining an average life standard, means that the portfolio cannot be anything less than 

10 million USD according to Orman (Orman, 2018). 

 

And then there is the more philosophical question of “what is the point of saving?”. Admittedly, 

early retirees often do not have a large budget to play with. The purpose of retiring early is to 

have more free time and flexibility, however, that flexibility can become constrained if there 

is no money to fund consumption. Most people, who are seeking financial independence, prefer 

to retire on Fat FIRE, which is to have savings worth more than USD 2 million. However, 

around 8% of future early retirees do plan to retire on less than USD 500,000 (Ameritrade, 

2018), making the budget for those very conservative for many decades to come. 
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3.2 Increasing Importance 

3.2.1 Demographics of Developed Countries 

The Demographic Transition theory is a model which describes population changes as society 

develops. The theory was originally published by Warren Thomas in 1929, but Frank W. 

Notestein further developed a more formal model in 1945 (Thomas, 1929; Notestein, 1945). It 

demonstrates the historical shift in the demographic composition in societies as education, 

technology and economic wealth becomes more advanced. Overall, there is a shift from high 

birth and death rates to low birth and death rates as society progresses. 

 

3.2.1.1 Stage One 

Stage One is linked with pre-industrial society and is characterized by both high death and birth 

rates. The balance of death and birth rates results in a society where population growth is slow. 

Given its features, this stage is called the “High Stationary Stage” (Notestein, 1945). 

 

Death rates are high in Stage One since the society is not developed, resulting in a lack of 

knowledge and occasional shortage of food and water. In more developed societies these are 

minority causes of death. With such high death rates also among children there is little incentive 

to control fertility and thereby the birth rates (Ibid). 

 

3.2.1.2 Stage Two 

Stage Two is when there is a rise in population since birth rates remain constant, but death rates 

decrease. The decrease in death rates is primarily because of two factors. First, improvements 

in water and food supply because of more advanced agricultural practices. Second, society 

experiences substantial improvements in knowledge of particularly healthcare which reduces 

mortality (Ibid). 

 

In Stage One, the vast majority of deaths occur within the first 5-10 years of life. Thus, a con-

sequence of Stage Two is the demographic composition. The lower death rates cause an in-

creasing survival of children leading to a generally younger population. This effect is rein-

forced as the increased number of children reproduces since they maintain the fertility rate of 

the previous generation (Ibid). 
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3.2.1.3 Stage Three 

Stage Three transitions the population towards slow growth due to a decrease in birth rates. 

The rate of decline is dependent on the given social and economic factors where faster ad-

vancements leads to more rapid birth rate decreases. Population growth will remain slow unless 

birth rates fall below replacement level which is 2.1 births per woman (Ibid). 

 

More developed societies provide higher education and increased opportunities for both men 

and women. Especially women have more opportunities outside the household leading to less 

births. Women who pursue careers or advanced education are more likely to never start a family 

or have less children. Stable population growth provides various advantages to a nation since 

many citizens are in the work force. Thus, Stage Three often carries with it a significant number 

of developments (Ibid). 

 

3.2.1.4 Stage Four 

Stage Four is characterized by both low birth and death rates leading to stabilizing population 

growth. The decrease in birth and death rates is because of strong healthcare systems, wealthy 

economies and educated citizens. The combination of these factors leads to a declining fertility 

rate until it reaches replacement level (Ibid). 

 

Despite a stabilizing population growth, Stage Four does have a higher population as a result 

of the earlier progressions. Even with a small rate of increase, annual growth can still be sig-

nificant as a result of a large population. Stage Four is an optimal place for a nation since 

population growth is gradual (Ibid). 

 

However, Stage Four strains societies as the transition can create a reversed age period. Both 

birth and death rates are low, but since birth rates earlier have been higher than replacement 

levels, it results in an older population. Younger generations have to finance certain public 

welfare measures, but since there are significantly fewer people in the work force relative to 

the older age group, the welfare benefits become increasingly harder to sustain (Ibid). 

 

3.2.2 Effect of Pension Policy on Statutory Retirement Age 

Pension systems in the vast majority of Western societies are facing challenges from the aging 

population. As a result of an increasing ratio between pension recipient-to-contributors, the 
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financing of the existing pension system has come under pressure as costs are rising more than 

revenue. In various countries, an early retirement policy further increased the financial pressure 

of existing pension policies (Walker, 2009). Politicians noticed the problem in the late 1980s 

and as a result implemented several reforms (Redaymulvey, 2000). Pathways towards early 

retirement were closed, labor market activation was introduced, and statutory retirement ages 

increased (Naumann, 2014). The reforms proved to be successful to an extent, but vital chal-

lenges remain. 

 

Post the economic upswing of the 1960s, the developed world faced challenges which were 

further reinforced by the oil crisis (Naegele & Walker, 2007). To counteract the recession, 

countries implemented an early retirement policy, which shifted older workers into retirement 

as an alternative to unemployment. Additionally, politicians wanted to make way for younger 

people to join the labor market. These policies made it economically attractive for most elderly 

workers to transition into retirement earlier than before (Palmer, 2002). Employers were sup-

porters of this policy as it provided the option to dismiss older employees (Ebbinghaus & 

Hofäcker, 2013). The policy created a culture where it was common to exit the labor market 

before the statutory retirement age. The average retirement age fell across countries and con-

sequently, so did older workers’ employment rates (Ebbinghaus, 2008). 

 

After becoming aware of the financial problems that early retirement programs were creating 

following demographic aging, politicians decided to shed light on the problem. To counteract 

the problems, several reforms were introduced including raising the statutory retirement age to 

support the continuation of the welfare states (Palmer, 2002). When entering the 2000s, the 

programs encouraging early retirement were abolished and replaced by continuing learning 

measures to improve the attractiveness of the older workforce. Countries are actively attempt-

ing to increase the employment rate of older workers and implement anti age-discrimination 

measures (Börsch-Supan, Brandt, Litwin, & Weber, 2013). The older workers have success-

fully adapted to the changing workplace and unemployment rates have been gradually falling 

(Ebbinghaus & Hofäcker, 2013). On average across nations, the employment rate of European 

men in the age group of 60-64 rose to 40% in 2010 compared to 30% in 1990 (OECD, 2013). 

Countries continue to counteract the pressure which the demographic aging is putting on the 

welfare states. 
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3.2.3 Further Changes in the Pension System 

The specifics of how a pension system works vary vastly across the developed countries. Com-

monality that most systems share is providing wealth redistribution and some level of insurance 

to the contributors. The objective of the redistribution component is to ensure a sufficient in-

come level needed to sustain the minimum living standard in the economy. The purpose of the 

insurance component is to provide an adequate replacement rate for a worker in order to sustain 

a target standard of living during retirement. 

 

As a general rule, the redistribution component of a pension system is covered by a Pay-As-

You-Go (PAYG) defined benefit scheme. Thus, the pensions of current retirees are funded by 

taxes levied on the current workforce. In the three-pillar pension system, the redistribution 

component is mainly covered by the first pillar. Across the member states of the European 

Union, the first pillar’s target replacement rate amounts to a little over 21% (Lannoo, Barslund, 

Chmelar, & Werder, 2014). 

 

The greater part of the insurance component of a pension system is covered by the second pillar 

in a three-pillar system. The second pillar is linked to a worker’s income and/or the number of 

years spent in the workforce. The pillar is therefore usually fully or partially funded, meaning 

that the retirement benefits are paid from the individual’s own contributions. In countries with 

a mandatory defined contribution plans, the average contribution rate was 7.25% in 2007 

(OECD, 2007). 

 

During the aftermath of the financial crisis in 2008-2009 numerous countries realized that their 

pension systems were unsustainable. Various pension reforms followed across the developed 

world to ease the pressure on public expenditure. In efforts to make the pension system more 

sustainable, contribution rates were raised, benefits decreased, and indexations were limited 

together with the gradual increase in retirement ages (OECD, 2017). 

 

The various reforms decreased the burden on national budgets, however, the responsibility was 

shifted to the workers. As many countries increased minimum contribution rates, the individ-

ual’s future benefits depend more heavily on their own lifetime earnings. Nevertheless, re-

placement rates for most current and future pensioners are still rather low. By definition, stat-

utory pensions are paid out as some type of an annuity. Since the price of annuity is linked to 
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life expectancy, the longer the retiree spends in retirement the lower is the resulting pension 

payout. 

 

In 2007, the average combined replacement rate from mandatory pensions was 58% for average 

earning workers. The highest replacement rates were offered in Luxembourg and Greece while 

the lowest were in the United Kingdom, Ireland and Japan (OECD, 2007). Despite the efforts 

of pension reforms and increases in statutory retirement age, the OECD mean replacement rate 

for an average-earning worker dropped to 53% by 2015. The United Kingdom still had the 

lowest average replacement rate of only 22%. Meanwhile, the Netherlands and Denmark have 

risen to the top of the list with both offering a replacement rate well over 80% (OECD, 2017). 

 

Pension systems with higher contribution rates in the second pillar are more sensitive to the 

returns of pension funds. A guaranteed interest of 3% or more was the norm in the early 2000s 

but that has changed drastically (OECD, 2007). The demographic changes in developed coun-

tries have significantly increased pension funds’ liabilities side while the low - or even negative 

- interest rate environment is making it increasingly difficult to earn a positive return on the 

assets. Hence, pension funds have moved away from guaranteed interest rate products to mar-

ket rate products (Balter, Kallestrup-Lamb, & Rangvid, 2018). This means that even more of 

the risk inherent in pension payouts are borne by the workers and the eventual replacement 

rates will be difficult to predict. 

 

A combined effect from reforms, increased risk and a low replacement rate is that workers, 

especially the ones who have recently entered the labor market, do not trust the pension system 

(Andrew, 2019). With many having doubts on whether they will ever receive a pension at all, 

it is not surprising that the FIRE movement has encouraged millennials to take retirement plan-

ning into their own hands. 

 

3.2.4 Changing Work Culture 

It has often been said that the millennial generation has excessive expectations for their work-

place. Not only are the expectation elevated in terms of expected compensation but also for the 

‘impact’ they are looking to have (Zeng, 2018; Hill, 2017; Ng, Schweitzer, & Lyons, 2010). 

Research on working millennials suggests that work related values and expectancies tend to 
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remain fairly stable throughout career stages and work experience (Kuron, Lyons, Schweitzer, 

& Ng, 2014), indicating that the traditional way of work is changing. 

 

That is also clear from workplace statistics where we observe that although the annual number 

of working hours across the world vary significantly, for example 1400 in Denmark vs 2174 in 

China, in most of the world the hours have decreased by over 100 from 1980 to 2017. With 

that said, the average working hours have actually been increasing again in the United States 

since the financial crisis (Roser, 2020). 

 

The median tenure distribution has also shifted noticeably towards shorter timeframes. Com-

pared to 2012, the median tenure in 2018 decreased by 1.3 years among workers in the U.S. 

(Copeland, 2019). The researchers argue that this is likely driven by dissatisfied employees 

looking for jobs with better conditions. 

 

With ever increasing opportunities to work online many have quit the traditional ways of work-

ing altogether and chosen freelancing instead. Forbes (2019) reports that 35% of U.S. workers 

are now freelancing and over a quarter of those doing it full-time. The people working as free-

lancers say they have chosen this way of working in order to have more freedom and flexibility 

over the work they do. 

 

The answers are similar to those who are working to reach financial independence. Ameritrade 

(2018) listed ‘freedom to do what I want’ and ‘spending time with family and friends’ as the 

top reasons for why people want to reach financial independence and retire early. From these 

findings it seems that FIRE is not so much driven by financial independence and quitting work, 

but rather to have the flexibility to work in a way that suits them more. 

 

3.3 Literature Review 

Aside from a few commercial and opinion surveys, there is little academic research done on 

early retirement through self-managed pension planning. To our knowledge, the only paper 

that covers the FIRE movement is that of Perrone, Vickers and Jackson (2015). The authors 

have done a qualitative study on people that have retired early or are planning to do so in the 

near future due to having sufficient financial means. While the amount of funds and income 
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sources of the participants were self-reported, it does give some valuable insights into FIRE 

followers. 

 

The study included 21 participants with diverse backgrounds in terms of age, education level 

and employment. Only two respondents admitted to having inherited a significant amount of 

wealth, with the rest claiming to have acquired the funds through saving and investing efforts. 

The most common asset class used to reach financial independence was real estate followed 

by the stock market. Almost half of the respondents had a net worth in excess of AUD 1 million 

while only 6 self-identified as having reached financial independence. The net worth of the 

financially independent ranged from AUD 1.09 to AUD 6.5 million (Perrone, Vickers, & 

Jackson, 2015). 

 

Despite not having the focus on early retirement, previous research on pension planning lays a 

foundation for this thesis. 

 

Choi and Mukherji (2010) analyzed the composition of optimal portfolio allocation in the ac-

cumulation phase. Their optimization model included 30-day U.S. Treasury bills, intermediate-

term government bonds, long-term government bonds, long-term corporate bonds, large com-

pany stocks, and small company stocks. The authors included more asset classes than most 

other researchers have and yet the optimal portfolio allocation included only two of the asset 

classes – the intermediate-term government bonds and small company stocks. Namely, the op-

timal portfolio consisted of 44.70% in government bonds and 55.30% in stocks when maxim-

izing the risk premium relative to risk, i.e. the Sharpe ratio. 

 

In a similar set-up Detemple, Garcia and Rindisbacher (2003) tested the optimal portfolio com-

position for different holding periods. The included asset classes were the S&P 500, Nasdaq, 

long-term bonds and cash. The main difference between the S&P 500 and Nasdaq in this paper 

being that the Nasdaq stocks are riskier. In opposition to the general suggestion that stocks are 

less risky in the long-term due to intertemporal hedging, the authors found that in the longer 

time periods the allocation to stocks actually decreased. The tested time periods ranged from 

two to ten years in which the optimal allocation to S&P 500 decreased from 82.96% to 73.45%, 

and the allocation to Nasdaq stocks decreased from 14.11% to 11.27% as the holding period 

increased. 
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Papers focusing on dynamic asset allocation in the life-cycle model tend to favor high alloca-

tion into stocks as well. Kopcke et al. (2013) concluded that the optimal allocation to stocks 

drops from 90% to 52% as the investor ages, assuming that the returns are normally distributed. 

Bridges et al. (2010) tested four life-cycle allocation strategies and also found that the strategy 

with the highest allocation to stocks performed the best. The exact allocation to stocks was 

slightly lower, however, with the weight decreasing linearly from 90% to 40% as the investor 

aged. Although the life-cycle model is not directly applicable to our simulations, we do expect 

an allocation of above 50% in stocks based on the previous literature. 

 

The reason why we will not follow the life-cycle model in our simulations is that previous 

literature has found its performance to be the same or even worse than that of a constant allo-

cation model. Poterba et al. (2005) simulated nine different asset allocation strategies for 

household’s 401(k) accounts and found no significant improvement in the distribution of re-

tirement wealth from age variant strategies. Graf (2016) later showed that a balanced fund can 

imitate the risk-return profile of almost any life-cycle fund. They hence suggest practitioners 

and regulators to stick to a balanced fund as they are less complex. Furthermore, Louw, Schalk-

wyk and Reyers (2017) showed a balanced allocation strategy to be the dominant strategy. The 

authors compared the accumulated terminal wealth of life-cycle and balanced funds using his-

torical data. They found that for all tested allocation strategies and starting balances, constant 

allocation funds outperformed life-cycle funds. 

 

Another strong evidence against the life-cycle model comes from Adam Butt and Ziyong Deng 

(2012). The authors modelled a life-cycle strategy, where the equity allocation was higher than 

in the fixed strategy initially and then gradually decreased as the agent became older. Their 

results show that shortfall turns out to be higher for the life-cycle strategy than for the fixed 

strategy at all tested equity allocations (20%, 50% and 80%). The authors further add that the 

optimal portfolio composition for minimizing ruin is a fixed allocation of 75/25 to equities and 

bonds respectively. 

 

According to Basu and Drew (2009), the reason behind this phenomenon is portfolio size ef-

fect. The value of investors’ portfolios is typically largest in the last years prior to retirement, 

and it is therefore this time that allocation matters the most. Due to the inherent strategy of life-

cycle models, the allocation in stocks will be close to its lowest levels prior to retirement. 

Therefore, following this method will be counterproductive for most retirees’ goals as it is the 
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time just prior to retirement that the investor can maximize portfolio value through higher al-

location to stocks. These results would likely be even more pronounced in the models of this 

thesis, as we are assuming a shorter accumulation and a longer decumulation phase. 

 

The decumulation phase, or retirement, is a broad and well-researched area. Therefore, we will 

point more of our focus to literature published during the current century. However, a notable 

paper that has influenced pension research and retirement legislations is Yaari’s (1965) article 

on annuitization. His findings show that a risk averse agent with no bequest motive would 

maximize their utility by annuitizing all of their wealth. 

 

However, it is a well-known ‘puzzle’ that retirees prefer not to buy annuities. For example, 

Gardner and Wadsworth (2004) found that over half of their researched sample (n=3511) 

would never annuitize any of their wealth if given the choice. In a more theoretical model, 

Milevsky and Young (2007) show that annuitization products are dominated by self-annuitiza-

tion prior to 65-70 years of age for all retirees. Additionally, the optimal age increases further 

for individuals that wish to retain a higher level of liquidity. Hence, we conclude that, while 

annuitization may be optimal in a world with rational agents, it is more relevant to focus on 

self-annuitization and the optimal portfolio composition in this thesis. 

 

Arguably, William Bengen’s 1994 paper is the most influential publication in the early retire-

ment community and has also helped financial planners estimate the necessary funds for the 

more traditional retirement ages. Bengen found that a safe withdrawal rate can be calculated 

based on the starting value of a portfolio. His proposed safe withdrawal amount is 4% of the 

starting value of portfolio at the beginning of retirement. Following this strategy, a retiree’s 

portfolio, with 50-75% invested in stocks, would have lasted for at least 32 years and was more 

likely to last for 50+ years. In his later paper Bengen (1996) showed that a safe withdrawal rate 

would even be above 4% for a 30-year decumulation period as long as stock allocation in the 

portfolio is between 35% and 90%. 

 

Cooley, Hubbard and Walz (1998) continued to analyze the 4% withdrawal rate to determine 

the historical success rate. They defined the success rate as the percentage of portfolios that 

have a positive balance at the end of the period. For portfolios with a 50/50 allocation in stocks 
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and bonds they found a historical success rate of 95% over a 30-year period. The success rate 

increased further to 98% when stock allocation was raised to 75%. 

 

An underlying assumption behind the 4% withdrawal strategy is that future returns will remain 

at least as high as they were historically. The assumption has received much criticism, espe-

cially since bond yields have dropped drastically since mid-1900s. Blanchett, Finke and Pfau 

(2013) introduced an autoregressive model with lower initial bond yields that increase over 

time. With this modification using a 4% initial withdrawal decreases the success rate to 50%. 

The authors suggest that a safe initial withdrawal rate would instead be 2.8%. 

 

Another assumption of the 4% withdrawal strategy is that consumption stays constant through-

out retirement. There is little consensus on how much consumption drops exactly but empirical 

results seem to indicate that a retiree’s spending does decrease over time (Bernicke, 2005; 

Fisher et al., 2008). This has given rise to a multitude of variable withdrawal strategies. 

 

It has been argued that variable withdrawal strategies are safer as they allow the retiree to 

decrease consumption when the returns are low. There are many different variable withdrawal 

strategies, but they can broadly be grouped into three. The first strategy is to spend the remain-

ing wealth over the remaining duration of life expectancy; the second is to spend remaining 

wealth over a dynamically changing number of years; and third is to spend a pre-determined 

fraction of remaining wealth (MacDonald et al., 2013). The likely outcome of all three strate-

gies is that the withdrawal amount will decline at late ages. 

 

However, there is also controversial literature suggesting that the reason behind declining con-

sumption in retirement is not due to a change in preferences, but instead a budget constraint 

(Denton, Mountain, & Spencer, 2002). The authors present a consumption model which shows 

that the consumption of a retiree with a replacement rate of 100% stays constant throughout 

retirement. However, the consumption of a retiree that has a replacement rate of 70% or below 

decreases sharply after retirement. It could also be argued that expenses on health and personal 

care increase in the old ages, indicating that a strategy which reduces withdrawals later in life 

is counterproductive (MacDonald et al., 2013). 
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3.4 Sub-conclusion 

The Financial Independence, Retire Early movement advocates a lifestyle where a person re-

ceives income which does not depend on paid work or government support. Consequently, the 

movement is associated with voluntary early retirement. The foundation of the movement was 

laid by Robin and Dominiquez in their book “Your Money or Your Life” in 1992 in which the 

main idea is to achieve independence through aggressive saving. Generally, FIRE supporters 

live a minimalist lifestyle in order to reach financial independence. In recent years, the FIRE 

movement has continued to gain traction and media coverage, especially among younger gen-

erations. 

 

FIRE opponents have three main arguments against the movement. First, while many do not 

disagree with developing savings habits, FIRE opponents argue that the movement is taking it 

to extremes. Such aggressive savings rate is not worth the sacrifice for many people. Second, 

the critics are concerned that the investment strategies implemented to reach financial inde-

pendence are too aggressive. As a result, people are not matching their investment strategies 

with their actual risk appetite. Third, the opponents dispute the overly simplistic math of the 

4% rule which may not be taking negative shocks into consideration. 

 

The Demographic Transition theory demonstrates that society is faced with a reversed age pyr-

amid. A consequence of the reversed pyramid is that more people are in retirement, but there 

is a smaller workforce to finance these retirement benefits. Thus, numerous scholars and FIRE 

supporters believe that government funded pensions will be either reduced or eliminated in the 

future to counter the financing obstacles. Currently, many developed countries are already in-

creasing the statutory retirement age as a measure to combat the reversed pyramid. 

 

We also observe that the younger generations have more expectations from their workplace in 

terms of the responsibility and impact that they want to make. However, considering more 

frequent job changes, it seems that employees are dissatisfied with the conditions they are pre-

sented with. This, combined with increasing working hours since 2009, has been on of the 

ignitions behind the FIRE movement’s prominence. 

 

From previous literature, we observe that little attention has been dedicated to the early retire-

ment. For that reason, we have focused on papers written on the more traditional time of 
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retiring. The consensus on the optimal retirement portfolio composition is that it should be 

fairly aggressive in the accumulation stage. All of the previous literature confirms that equities 

should make up at least half of the investment portfolio, although the extent of this does differ 

between papers. 

 

When it comes to the decumulation phase, however, the optimal composition ranges from a 

40/60 split between equities and bonds respectively to a split of 75/25. The differences mainly 

stem from the assumptions on consumption needs and risks borne in retirement. The articles in 

favor of a more conservative strategy follow a life-cycle model and assume that portfolio risk 

should be minimized as a person ages. The supporters of the more aggressive strategy follow 

a balanced allocation model in which the ratio between stocks and bonds remains constant. 

 

While the life-cycle model is highly popularized by the common rule-of-thumb strategy where 

the allocation to stocks is found by subtracting the investor’s age from 100, it has been found 

to be a subpar strategy compared to the balanced model. Hence, the balanced or fixed model is 

the one we will follow in this thesis, and consequently expect our decumulation model to be 

rather aggressive as well. 

 

4. Asset Classes, Methodology and Model Construction 

This section lays out main information and background needed for finding an optimal retire-

ment portfolio. First, the two asset classes that are incorporated in the model are presented. As 

mentioned previously, this includes U.S. Treasury bonds and the S&P 500. Second, the meth-

odology is introduced since it provides fundamental theoretical insight into optimal portfolio 

construction. Third, the discussion of data and methodology allows us to present the model 

construction by presenting in which manner the Monte Carlo simulations have been imple-

mented. 

 

4.1 Asset Classes 

4.1.1 Investment in the Bond Market 

Treasury bonds are debt securities issued by the U.S. government which earn interest until 

maturity, after which the investor also receives a par/face value, depending on the principal. 
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Treasury bonds are a sub-category of government bonds, a form of fixed income instrument 

that is backed by the U.S. government. Maturity of Treasury bonds is 10 years or more with a 

fixed interest rate that is paid periodically. Government bonds generally make interest pay-

ments semi-annually. Investors widely regard Treasury bonds as being risk free as there is little 

risk of default given that they are backed by the U.S. government (U.S. Department of the 

Treasury, 2020). 

 

Treasury bonds are one of four types of fixed income securities issued by the U.S. government. 

Other than Treasury bonds, government debt also include Treasury bills, Treasury notes and 

TIPS, where the main difference between the types of government debt is the maturity and 

interest payments (Ibid). Internationally, all these types of instruments are benchmarks for their 

respective categories since they are regarded as risk free. As a result, these investments offer a 

base risk-free return which often serves as a proxy in academia and for finance professionals. 

 

Maturities for Treasury bonds can range anywhere between 10 to 30 years and have a minimum 

denomination of USD 1,000. The bonds are initially offered through an auction where the max-

imum investment is USD 5 million for non-competitive bids and 35% of the offering is auc-

tioned for competitive bids. Non-competitive bids ensure that the investor receives the bond 

regardless of the rate. Competitive bids are appropriate when the investor has a minimum re-

quirement on the interest rate. After the primary auction, the instruments can be sold on the 

secondary market, which is where the retail investors can purchase the bonds (Berk & 

DeMarzo, 2019). 

 

Investments in Treasury bonds are highly liquid given the activity in the secondary market. 

There is considerable price fluctuation driven by the overall market environment and investor 

consensus. Treasury bond yields for given maturities collectively form the yield curve. It is 

expectedly upward sloping since shorter maturities, in accordance with intuition, should be 

offering lower rates than longer maturities. This relates to default risk which is increasing with 

maturity. However, in special cases the yield curve can be inverted with longer maturities of-

fering lower rates, but it is discrepancy that can occur in times of worry (Berk & DeMarzo, 

2019). 
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Figure 2: U.S. Yield Curve per 31/12/2019 (U.S. Department of the Treasury, 2020) 

 

The primary advantage of debt securities issued by the U.S. treasury is safety as they are backed 

by the U.S. government. Offering safety is also the bonds’ primary role in a balanced portfolio. 

Treasury bonds fit in the portfolio as an investment to increase capital flows through a steady 

income stream. This steady income is further enhanced by the limited call provisions for the 

bonds. Call provisions allow the issuer to pay back the principal amount prior to the scheduled 

payments. The risk of debt instruments being called early is especially high when interest rates 

decrease, since issuers can then obtain lower financial expenses through refinancing (SEC, 

2019). 
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Figure 3: Average Daily Trading Volume of U.S. Treasury Securities (Statista, 2020) 

The high liquidity offered to investors of Treasury securities is illustrated by the enormous 

trading volume. As of 31st December 2019, the daily average trading volume was USD 595.5 

billion. It is one of the most liquid debt markets that exists, making trade execution and settle-

ment highly efficient for investors (Statista, 2020). 

 

4.1.2 Investment in the Equity Market 

The Standard & Poor’s 500 (S&P 500) Index is an index weighted by market capitalization of 

the largest 500 publicly traded companies in the U.S. The index is considered the best bench-

mark for the performance of large cap equities in the U.S. Two other popular benchmarks are 

the Russel 2000 Index for small cap equities and the Dow Jones Industrial Average (Dow 30) 

for large cap equities (Graham, 2018). 

 

The S&P 500 is weighted by market capitalization such that companies with a higher capitali-

zation receive a bigger fraction of the allocation. 

 

𝐶𝑜𝑚𝑝𝑎𝑛𝑦 𝑊𝑒𝑖𝑔ℎ𝑡𝑖𝑛𝑔 𝑖𝑛 𝑆&𝑃 =  
𝐶𝑜𝑚𝑝𝑎𝑛𝑦 𝑀𝑎𝑟𝑘𝑒𝑡 𝐶𝑎𝑝𝑖𝑡𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛

𝑆𝑢𝑚 𝑜𝑓 𝑀𝑎𝑟𝑘𝑒𝑡 𝐶𝑎𝑝𝑖𝑡𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛𝑠
 

Equation 1: S&P 500 Company Weighting 

Only free-floating shares are used in the S&P 500 to adjust for instruments which the public 

cannot trade. Market capitalizations are constantly adjusted in order to take changes in the 

number of shares outstanding and mergers and acquisitions activity into consideration. The 
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index value is found by summing the adjusted market capitalization of each constituent and 

dividing this total by a divisor. The divisor is not publicly known and proprietary information 

that the S&P holds onto (Standard & Poor's, 2020). 

 

S&P Global 1200 is the S&P’s combined family of indices in which the S&P 500 is included. 

Among other indices in the family are the S&P MidCap 400 and the S&P SmallCap 600. These 

three indexes combined form a U.S. all-capitalization index which is called the S&P Composite 

1500 (Standard & Poor's, 2019). 

 

 

Figure 4: S&P 500 Level Since Inception (Yahoo Finance, 2020) 

The annualized total return, when including dividends, has been 9.8% since its inception in 

1926. However, the index has posted declines of more than 30% in some years. In 70% of the 

cases, the S&P 500 has had positive annual returns. Although the S&P 500 solely includes 

companies listed in the U.S., corporations in the index receive 29% of their revenue from 

abroad (Standard & Poor's, 2020). 

 

In a balanced portfolio, the primary role of the S&P 500 is to increase expected return, but the 

tradeoff is increased risk compared to Treasury bonds. With that said, holding both asset classes 

increases diversification and protects the investor against inflation. Generally, a higher propor-

tion of the portfolio weight allocated to equities increases expected return, but is accompanied 

by higher risk. 
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4.2 Methodology 

4.2.1 Modern Portfolio Theory 

Modern Portfolio Theory (MPT) was introduced in 1952 by Harry Markowitz with of his mean-

variance model (Markowitz, 1952). Almost 40 years later he, together with William Sharpe 

and Merton Miller, received the Nobel Prize for what today is the cornerstone of portfolio 

theory (Markowitz, 1952; Sharpe, 1964; Miller, 1958). 

 

The goal of portfolio management is to allocate investments optimally between various assets. 

MPT shows the relationship between risk and return in portfolios. An essential result of MPT 

is that assets should never be picked based on individual characteristics. Rather, investors 

should analyze how the specific asset changes the whole portfolio relative to other assets. MPT 

proves that investors should diversify by investing in a variety of assets and not put all eggs in 

one basket. The end result of these considerations is that investors can maximize return for a 

given level of risk (Markowitz, 1952). 

 

MPT highlights the correlation coefficient of the assets’ in question, which results in diversifi-

cation effects. Prior to Markowitz’ work in 1952, diversification was known to investors as a 

central aspect of investing, but there was no theoretical foundation to prove the effects. Esti-

mates of correlation are now a requirement in most applications of finance, including derivative 

pricing, risk management, hedging etc. If different assets’ returns are not perfectly positively 

correlated, the variance of a portfolio can be reduced. 

 

𝜎𝑝
2 =  ∑ 𝑋𝑖

2𝜎𝑖
2 + ∑ ∑ 𝑋𝑖𝑋𝑗𝜎𝑖𝜎𝑗𝜌𝑖𝑗

𝑁

𝑗=1

𝑁

𝑖=1

𝑁

𝑖=1

, 𝑤ℎ𝑒𝑟𝑒 𝜌𝑖𝑗 =  
𝜎𝑖𝑗

𝜎𝑖𝜎𝑗
 

                    ji 

Equation 2: General Formula for Portfolio Variance 

 

It can be observed from Equation 2 that the portfolio variance is a function of each asset’s 

weight (X), each asset’s standard deviation (σ) and the correlation between the assets (). Cor-

relation can fall between -1 and +1, where -1 is a perfectly negative correlation with maximum 

diversification effect, and +1 is a perfectly positive correlation with no diversification effect. 

Thus, if the correlations are not perfectly positive, it provides an opportunity of positive effects 

from diversification and a risk reduction as a result. This risk reduction can be achieved without 
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compromising the expected return. Therefore, investors must consider how the co-movement 

of assets affects opportunities for diversification in order to obtain an optimal portfolio com-

position. 

 

The basic measure of risk is the variance of an asset. The higher the portfolio variance is, the 

higher the risk or uncertainty of the portfolio. It is common practice to present the level of risk 

as the standard deviation, which is the found by taking the square root of the variance. The 

standard deviation can be observed from Equation 3 below. 

 

𝜎𝑖 =  √𝜎𝑖
2 

Equation 3: Standard Deviation 

4.2.1.1 Diversification and the Elimination of Unsystematic Risk 

The role of diversification is to decrease the standard deviation of a given portfolio. As assets 

with a non-perfect correlation are included in the portfolio, it will reduce total risk since expo-

sure is less concentrated. To fully grasp the concept of diversification, it is important to distin-

guish between unsystematic and systematic risk. Unsystematic risk is also known as firm-spe-

cific risk and is the unique risk which each company has. Through diversification it is possible 

to reduce unsystematic risk of a portfolio to arbitrary levels. Mathematically this can be shown 

by referencing the portfolio variance as a function of a number of assets (n). For illustration 

purposes, it is assumed that a common standard deviation (σ) is applicable to all assets as well 

as a common correlation coefficient (). σ2 is the covariance between all securities. 

 

𝜎𝑝
2 =  

1

𝑛
𝜎2 +

𝑛 − 1

𝑛
 𝜌𝜎2 

Equation 4: Portfolio Variance as a Function of the Number of Assets 

From Equation 4 it follows that as n increases, the portfolio’s risk will approach σ2. Thus, the 

lower limit of our risk measurement is σ2, which is the systematic risk. Consequently, unsys-

tematic risk will not be present any longer. 

 

A fully diversified portfolio, often represented by the market portfolio, will have all unsystem-

atic risk eliminated. However, even with a substantially large number of assets, it is not possible 

to avert risk altogether. The remaining risk after comprehensive diversification is systematic 
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risk, also referred to as market risk. Systematic risk is subject to market-wide risk effects, such 

as macroeconomic aspects. The concept is illustrated graphically in Figure 5 below. 

 

Figure 5: Diversification Eliminates Unsystematic Risk (Authors' Creation) 

4.2.1.2 Efficient Frontier 

The advantages of diversification can be graphically presented by the framework which Mar-

kowitz called the efficient frontier. The efficient frontier for risky assets depends on expected 

returns E(r), variances (σ2) and covariances (σij). Each point on the efficient frontier is a com-

bination of assets which deliver the highest return for a given risk level (Markowitz, 1952). In 

Figure 6, it is illustrated that a lower variance can be accomplished through a combination of 

individual assets. 
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Figure 6: The Efficient Frontier (Authors’ Creation) 

The efficient frontier graphically illustrates the lowest variance that can be accomplished for a 

given level of expected return. The minimum-variance portfolio has the lowest variance which 

can be obtained. Figure 6 shows graphically that diversification leads to a combination of both 

lower standard deviations and higher expected returns. From the graph it is clear that the only 

portfolios which are optimal will be placed on the efficient part of the frontier. These optimal 

portfolios provide the best risk-return combination and are referred to as efficient portfolios. 

 

4.2.2 International Diversification and Correlation of Global Markets 

An optimal portfolio will not be obtained through a blend of domestic assets only. Studies with 

an empirical base have provided a strong argument for international diversification. Portfolios 

should be diversified across currencies, nations and industries. Lessard in 1974 demonstrated 

that just a small part of national portfolios’ variance is present in a global portfolio, which 

creates an opportunity of substantial risk reduction through global dimension (Lessard, 1974). 

As Lessard’s later research showed in 1983, even a substantial amount of risk, which is not 

possible to be diversified within a single nation, can be eliminated through diversification on a 

global level (Lessard, 1983). 
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This was followed up by research from Solnik (1995) who reached the conclusion that gains 

from global diversification are significant. Solnik found that a well-diversified global portfolio 

is only one-tenth as risky as a single asset and one-half as risky as a local portfolio. Thus, it 

follows that investors, who do not implement global diversification, face unsystematic risk that 

could be eliminated. 

 

Global diversification can reduce risk since returns of international assets do not exhibit perfect 

positive correlation (Prenhall, 2013). Factors affecting asset returns vary across countries 

driven by different attitudes toward institutions, policy, economy and psychology. Therefore, 

higher return correlations are expected for investments in a given nation, and lower return cor-

relations are expected for investment in different countries. As the correlation is non-perfect 

between international markets, it gives the opportunity of great diversification effect, and there-

fore also improved efficiency. Various papers have researched the correlation between global 

markets. All studies have proved the hypothesis that the correlation between global markets is 

non-perfect. 

 

In 1968, Grubel researched the correlation of the U.S. financial markets compared to foreign 

markets. The conclusion was that American investors would be able to achieve an improved 

risk-return profile through global diversification (Grubel, 1968). Later, Levy & Sarnat (1970) 

examined the correlations between 28 different nations. They proved that perfect correlation 

was not evident between any countries. Additionally, Grubel & Fadner demonstrated in 1971 

that there are greater industry correlations domestically than internationally. 

 

The impact of global diversification can be graphically presented by illustrating both the do-

mestic and international efficient frontiers. Figure 7 demonstrates that international diversifi-

cation creates the opportunity of further risk reduction and to gain higher expected return. 
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Figure 7: The Optimal International Portfolio vs the Domestic Portfolio (Prenhall, 2013) 

Investors can at any point of the efficient frontier of the internationally diversified portfolio 

find a portfolio with a lower expected risk for a given expected return. From Figure 7 it follows 

that the internationally diversified portfolio has a higher expected return and lower expected 

risk compared to the domestic portfolio. 

 

4.2.3 Capital Asset Pricing Model and the Capital Market Line 

The efficient frontier developed by Markowitz did not take risk-free assets into consideration. 

Sharpe (1964) and Lintner (1965)  independently proposed and finalized what today is known 

as the Capital Asset Pricing Model (CAPM). The advantage of the CAPM is that it provides 

intuitive forecasts of how risk should be measured together with the relationship between risk 

and return. The CAPM is commonly used in portfolio management and shows a vital perspec-

tive to asset allocation. 

 

The CAPM has incorporated some assumptions for simplification. The three main assumptions 

are that investors have equal access to information, are rational and have equal utility functions. 

Additionally, the world is free from taxes, exchange rate risks and transaction costs (Sharpe, 

1964). The CAPM has been subject to criticism for a variety of reasons, but most notably be-

cause of its assumptions. However, the model is still valuable since it presents an analytical 

design for the theoretical aspects in a capital market equilibrium. The CAPM is mathematically 

written as: 
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𝐸(𝑅𝑖) =  𝑅𝑓 + 𝛽𝑖(𝐸(𝑅𝑚) − 𝑅𝑓), 𝑤ℎ𝑒𝑟𝑒 𝛽𝑖 =  
𝑐𝑜𝑣(𝑅𝑖, 𝑅𝑚)

𝑣𝑎𝑟(𝑅𝑚)
 

Equation 5: Capital Asset Pricing Model (CAPM) 

Equation 5 shows that the expected return for a financial asset is equal to the sum of the risk-

free rate and risk premium (E(Rm) – Rf) while compensating for the systematic risk (βi). In-

creasing the covariance will result in a higher beta due to higher risk and will therefore increase 

the expected return. With a low covariance the opposite mechanics are at play. An assumption 

of the model is that investors hold portfolios that are fully diversified, and are consequently 

only rewarded for systematic risk since unsystematic risk can be diversified away. 

 

Additionally, the model assumes that all investors can borrow and lend at the cost of the risk-

free rate. This assumption inflates the opportunities for allocation and allows for a higher risk-

return ratio than would be possible otherwise. 

 

In 1958, J. Tobin was the first to include a risk-free asset into the efficient frontier. Including 

a risk-free asset allowed for the possibility of leveraging and deleveraging portfolios placed on 

the efficient frontier (Tobin, 1958). In practice this is carried out through a combination of the 

risk-free rate and tangent portfolio. The tangent portfolio is the combination of assets which 

maximizes the Sharpe ratio1. A given line’s slope is equal to the Sharpe ratio, which is graph-

ically demonstrated by the Capital Market Line (CML) in Figure 8. The interpretation from the 

CAPM indicates that investors should hold portfolios on this line. Investors need to initially 

invest in the market portfolio in order to be placed on the CML. 

 

 

1 Sharpe ratio = 
𝐸(𝑟𝑝)−𝑟𝑓

𝜎𝑝
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Figure 8: The Efficient Frontier Including a Risk-Free Asset (Authors' Creation) 

Figure 8 illustrates that investors should hold a combination of the risk-free asset and tangent 

portfolio. The allocation to either the risk-free asset or the tangent portfolio is dependent on 

the individual investor’s risk tolerance. Risk-loving investors are ready to invest an additional 

amount in the market portfolio by borrowing funds at the risk-free rate, which in combination 

increases both risk and return. Risk-averse investors will contrarily invest in risk-free securi-

ties, thereby lending a proportion of the portfolio, and the remainder will be allocated to the 

market portfolio. 

 

The CAPM states that investors should be invested in the market portfolio which is comprised 

of all traded assets. Given that all investors in the market select an identical portfolio, then that 

will be the market portfolio in equilibrium. Each and every investor will select a portfolio of 

risky assets in which the weights replicate the market portfolio. Therefore, the weight of each 

respective asset in the market portfolio will be equal to its proportion of the total market value. 

Thus, the market portfolio is value-weighted by each risky asset. 

 

The optimal allocation models in this thesis will be based on the theory behind CAPM and the 

CML. As the S&P 500 will act as the market portfolio, it is inherently the tangency portfolio 
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in our models. The slope of a potential CML would be represented by the respective Sharpe 

ratios of our models, however, it is important to keep in mind that we are not treating the 10-

year Treasury bonds as a risk-free asset.   

 

4.2.4 International Capital Asset Pricing Model 

A continuation of the CAPM was created by Solnik in 1974 and Sercu in 1980. The extension 

was appropriately called the International Capital Asset Pricing Model (ICAPM). An assump-

tion of the original CAPM is that investors measure both risk and return using the same de-

nomination. Since this is rarely the case in globalized world, it follows that the model is not 

suitable for international investments. For this reason, exchange rates are included in the 

ICAPM. The ICAPM considers that investors rationalize decision-making in separate denom-

inations. The model can mathematically be presented as: 

𝐸(𝑟𝑗) −  𝑟𝑓 = 𝛽𝑗 ∗ [𝐸(𝑟𝑊) −  𝑟𝑓] +  ∑ 𝛿𝑗,𝑠𝑖
[𝐸(𝑠𝑖 + 𝑟𝑖) − 𝑟𝑓] 

𝑁−1

𝑖=1

 

Equation 6: International Capital Asset Pricing Model (ICAPM) 

Where E(rj) represents the expected return of an asset, E(rw) is the world portfolio’s expected 

return, systematic risk is measured through Bj, number of nations is expressed by N, s measures 

the change of exchange rates, the risk-free rate is denoted by r, and the exposure to exchange 

rates are expressed through . 

 

It follows from the ICAPM that both risk and return are impacted by different denominations 

which is in contrast with the Purchasing Power Parity (PPP)2. Exchange rate changes as a result 

affect asset allocation decision. Nevertheless, the ICAPM assumes that domestic risk-free 

bonds can be used to perfectly hedge currency risk. This causes investors to buy the world 

market portfolio consisting of assets that are risky. If the PPP holds true, then the CAPM and 

ICAPM coincide perfectly, since a common denomination does not affect expected real return. 

 

Assumptions of the ICAPM relate to perfect capital markets with regard to having no taxes, 

information asymmetry and transaction costs. These assumptions are rather strict, but the 

model still has vital implications. First, the model states that investors should hold an interna-

tionally diversified portfolio. And second, it is possible to perfectly hedge currency risk by 

 
2 The Purchasing Power Parity states that the nominal exchange rate of two given currencies should equal the 

ratio of aggregate price levels of the two nations 
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buying the domestic risk-free asset, which leads to investors holding a portfolio comprised of 

risky assets that are identical to the world market portfolio. Since the world market portfolio is 

value-weighted by all risky assets globally, an investor’s domestic allocation should depend on 

the given country’s share of the global market. 

 

4.2.5 The Case Against International Diversification 

Newer papers advocate that international correlations are becoming more evident since markets 

and economies are more integrated than before. This is a result of the global evolution and the 

world economy becoming progressively unified. Various factors influence correlations, for in-

stance economic growth, international trade, and fiscal and monetary policy. It is expected that 

correlations vary between countries, since that is the case for the influencing factors. Interna-

tional markets have become significantly more integrated in past decades as globalization has 

allowed for greater interaction among markets. It is now possible to invest in global markets 

and national boundaries are less important. National markets are no longer segmented, but ra-

ther a part of one larger global market. Driving elements of this change towards more integrated 

market are especially investment flows and trade. 

 

Supporting investment flows and international trade have been great advancement for technol-

ogy, mobility of capital and reduction of transaction costs. A result of the integration of indi-

vidual markets into one global market is that companies also evolve into global players. This 

has presented an opportunity for companies to utilize the global platform such that more firms 

than ever are multinationals (United Nations, 2019). Globalization has created substantial 

growth in international trade since the early 1950s. World trade has grown three times faster 

than total world output and trading volume has increased twenty-seven-fold compared to 1950 

(WTO, 2020). Overall, international trade as per 2018 accounts for more than 30% of world’s 

GDP, compared to only 7.76% in 1950, as illustrated by Figure 9 (World Bank, 2020). 
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Figure 9: Export of Goods and Services as % of GDP (World Bank, 2020) 

Globalization within financial markets has also been subject to rapid growth during the past 

decades. The global asset market has grown in excess of four times the size compared to 1990, 

making its value USD 255 trillion as of end 2019 (McKinsey, 2020). 

 

 

Figure 10: Global Stock of Debt and Equity Outstanding (McKinsey, 2020) 

Financial markets have been subject to increased openness as a result of deregulation. This 

means that it is now possible to invest globally in an efficient manner. Countless investment 

alternatives have been created through development of foreign markets and economic growth. 

The development of emerging markets and the increased interest from investors have further 

attributed to the status quo. Technological advancements have improved information access to 

foreign markets and decreased the cost to access it. Entry barriers of investing abroad have 
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become less significant as rules and standards have converged. Altogether, this has let investors 

to have an increasingly global investment outlook. 

 

It is expected that correlation between international stocks increase as companies are becoming 

more global. The overall shift from separate regional markets to a unified global market have 

created a broad array of advantages and increased opportunities, but it also makes the benefits 

of international diversification less effective. 

 

Various papers have researched the topic of decreased advantages of international diversifica-

tion as globalization becomes more evident. In 1995, Longin & Solnik used a GARCH model 

to study eight different markets. In the period 1960-1990, they found a significant increase in 

correlations globally (Longin & Solnik, 1995). In 1996, Solnik, Boucrelle and Fur researched 

international correlations between the U.S. and foreign markets. Looking at the period 1958-

1995, they found an increase in correlations during the period, but the increase was less signif-

icant than in 1985-1995 (Solnik, Boucrelle, & Fur, 1996). In 2000, Solnik and Roulet proved 

that there was still an increase in correlations between global markets from 1971-1998 (Solnik 

& Roulet, 2000). In 2005, Goetzmann, Li and Rouwenhorst analyzed correlations of various 

markets between 1859 to 2005. The findings of their paper were that the advantages of inter-

national diversifications are significantly less effective in recent times as an effect of globali-

zation. Nonetheless, there are still benefits to be found for investors through international di-

versification (Goetzmann, Li, & Rouwenhorst, 2005). 

 

Thus, overall research agrees that international correlation of financial markets has increased 

as the world has become more open. This has led to the advantages of international diversifi-

cation becoming less effective, although still present.  

 

4.2.6 Monte Carlo Methods 

Monte Carlo methods refer to numerous random simulations in order to determine defined 

parameter values. Monte Carlo methods originate from physics where it is applied to find val-

ues in models without an analytical solution. The main idea of Monte Carlo methods is to 

obtain numerical results by relying on repeated random sampling. Consequently, the funda-

mental concept is to utilize randomness for problem-solving of topics that are deterministic 

(Benninga, 2014). As a result, Monte Carlo methods are well-suited for physics, mathematics, 
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engineering and finance (Mode, 2011). Due to the scope of this thesis, this section will be 

limited to the use in finance. 

 

In 1964, David B. Hertz was the first to introduce the application of Monte Carlo methods 

within finance in an article published by the Harvard Business Review (Hertz, 1964). The ap-

plication was further refined to specific use of derivative valuation by Phelim Boyle in 1977, 

which proved to be pioneering work (Boyle, 1977). 

 

The use of Monte Carlo methods in finance is similar to what is observed in related fields. If 

there is no formula to compute a given portfolio or to price an asset/investment, then simulation 

is the best method to achieve a result (Jäckel, 2001). Furthermore, the methodology is effective 

in obtaining information regarding uncertainty for both option and investment strategies. When 

analyzing uncertainty, the objective is to figure out which results can occur in assets where 

returns are not certain (Benninga, 2014). Therefore, Monte Carlo methods are applied to ana-

lyze portfolios, instruments and investments through simulations of the variables which affect 

their value. The favored use of Monte Carlo methods, compared to other methods, increases 

when there is more uncertainty surrounding given parameters (McLeish, 2004). 

 

Various problem solutions in mathematical finance involve computation of an integral where 

these can be valued analytically or using numerical integration. Nonetheless, when dealing 

with a large number of dimensions, these integrals become cumbersome, and the use of Monte 

Carlo methods are both easier to work with and yield better results (Benninga, 2014). When 

having to make use of three or more state variables, numerical methods like Binomial Option 

Pricing Model display several complications and are not practical. In such cases using Monte 

Carlo methods is less tedious and converge to the result faster than numerical methods 

(McLeish, 2004). 

 

Monte Carlo simulations have gained increasing prominence within the field of retirement for 

determining the adequacy of a given plan. Simulations can be conducted in order to show dif-

ferent possible outcomes and the probability that a plan will be successful (Hanlon, 2008). 

 

In order to conduct price and return simulations, some assumptions regarding the distributional 

properties must be made. The general assumption in finance is that returns are normally dis-

tributed, and therefore equivalently that prices are lognormally distributed. Five reasonable 
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statistical properties are assumed in Monte Carlo methods when applied to the field of finance. 

First, we are dealing with a level of uncertainty. We do not know where prices will be tomor-

row, or as commonly quoted: “Past performance is not a guarantee of future results.” Second, 

changes in financial asset prices are continuous. Asset price changes are small for short 

timespans, and as the timespan approaches zero, so does the price change. Observing markets, 

it is noticeable that continuity is a fair assumption for liquid assets. However, in certain unlucky 

instances it can be disastrous to assume continuous prices if outlier events happen, such as in 

October 1987 (Benninga, 2014). Various scholars, including Merton (1976), have been able to 

build pricing models based on the continuity assumption, while still taking outlier events into 

consideration. Third, observed prices will never be zero, meaning that we exclude companies 

which have discontinued operations. Fourth, holding a financial asset tends to increase its av-

erage return over time. This assumption cannot be known with certainty, but it is expected and 

tends to be the case. Fifth, return uncertainty is also increasing over time. Meaning that the 

variance of an asset is expected to be larger in a year than in a day (Benninga, 2014). 

 

Overall, Monte Carlo methods determine the numerical value of a procedure or function using 

experimental techniques. The methodology is used when there is no closed-form formula for 

computing the value. Using Monte Carlo methods is efficient at simulating investment prob-

lems to achieve insight into whatever return uncertainty could be present (Ibid). 

 

4.2.7 Model Approach 

There are two ways to find an answer for the first two research questions of this thesis: a theo-

retical approach and an empirical approach. As described earlier, we will take a theoretical 

approach and use the Monte Carlo methods to find the optimal model for an early retiree. We 

will briefly discuss the reasoning behind this choice in the next section before going more into 

detail about the model we propose. 

 

4.2.7.1 Empirical Perspective 

Much of the research in portfolio allocation has been done empirically. The main benefit of 

this approach is that it allows the researcher to understand what the subjects do about the re-

search question in the real world. Thereby putting forth multiple and often unrealistic assump-

tions about the agent and the capital markets can be avoided. As such, the researcher can have 

a clear understanding of the portfolio which people find optimal in their situation. 
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Researchers can find empirical data for their analysis in three ways: one, ask the agent directly 

by sending out questionnaires or conducting interviews; two, gather relevant information from 

government-organized data pools like the census; three, analyze data from the stock markets, 

brokerages or other intermediaries. Using the aforementioned means of data collection also 

grants the opportunity to gain other relevant information about the agent and therefore provides 

means for a richer analysis. 

 

The empirical perspective does come with drawbacks that are important to address. While the 

empirical data collection methods can provide plenty of data points, they are often either self-

reported or of limited access due to data protection legislations. The issue with self-reporting 

is that the individuals may give biased estimates due to a multitude of reasons, ranging from 

not understanding the question correctly to wanting to look good in the survey (Rosenman, 

Tennekoon, & Hill, 2011). Data collected by other means than self-reporting, like sales activity 

on stock exchanges, is less biased but tends to be of limited access or aggregated, making it 

less precise. 

 

4.2.7.2 Theoretical Perspective 

Unlike the empirical approach, theoretical research is usually less limited by reporting bias. A 

theoretical perspective is the preferred method of analysis when uncertainty is considered high. 

When it comes to portfolio analysis, the level of uncertainty does indeed tend to be high. This 

is not only because future stock prices are difficult to predict, but factors such as legislations, 

access to information and financial literacy also impact the feasibility of investment decisions. 

 

Besides lower prevalence of bias, theoretical solutions have the benefit of being more accessi-

ble and provide the opportunity to build different scenarios. In real life it is impossible to con-

currently run situations where only a single parameter is changed. A simulation makes it pos-

sible to test the sensitivity of the parameters used and forecast scenarios that have not yet hap-

pened. Hence, the approach is flexible and can answer numerous questions under uncertainty. 

 

The downside of a theoretical model is that it is a less standardized approach and can be chal-

lenging to validate. It is unlikely that the model will forecast the real world in every respect, 

and therefore the reliability of the model cannot be tested empirically. Validating a simulation 
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even theoretically can at times be challenging as the simulated paths will not be the same in 

every iteration. Consequently, it can lead to skepticism from the public. 

 

When comparing the advantages and disadvantages of the two approaches, we decided that a 

simulation would be a better fit for this thesis. The decision is mainly driven by the fact that 

when it comes to FIRE, the individuals will often spend an extremely long time in retirement. 

While there surely are empirical instances of retirees spending 40 or more years in retirement, 

these cases are outliers, and would therefore make the regression results unreliable. As ex-

plained earlier, a simulation allows us to run scenarios that have not happened. Altogether, we 

find it to be a more reliable solution. 

 

4.3 Model Construction 

In order to make the simulations as realistic as possible, we have decided to create two scenar-

ios. The first scenario represents a person who is more dedicated to retire as early as possible. 

The investor will have a shorter accumulation period and consequently a longer decumulation 

period. The second scenario represents a person that is willing to save up for a longer period 

of time. They will thus enjoy larger withdrawals at a tradeoff of having a shorter time in retire-

ment. In both cases the ending balance of the accumulation phase will become the starting 

balance of the decumulation phase. 

 

In both the accumulation and decumulation simulations our goal is to find the allocation of an 

optimal portfolio. While the simulations are rather similar, the definitions of optimality are 

different. In the accumulation phase our goal is to maximize the risk-weighted ending balance 

of the portfolio, measured by the Sharpe ratio, in a given time frame. In the decumulation phase, 

we are interested in maximizing the time until ruin while also mitigating the risk of making too 

conservative withdrawals. 

 

Despite the different objectives, the main set-up of the simulations is the same for both periods. 

We start out by calculating monthly returns for both stocks and bonds based on the historical 

averages. Monthly data is more frequent than what most previous literature has used and will 

make comparisons less direct. However, as most people are used to budgeting on a monthly 

basis, we believe that this time frame is more applicable to real-life situations than longer time 

frames. 
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For simulating the monthly returns, we calculated the correlation of historical real returns be-

tween the S&P 500 and 10-year Treasury bonds. The correlation has been moderately positive 

between 1960 and 1989 (r = 0.27) and slightly negative between 1990 and 2019 (r = -0.09). 

The average correlation of the whole period has been positive, but at such low levels (r = 0.11) 

that we decided not to take it into consideration. Thus, the calculated returns will follow a 

random walk independent of each other. 

 

Due to the differences in how contributions and withdrawals affect the ending balance of the 

portfolio, we will now describe the next steps of the models separately. 

 

4.3.1 Accumulation Period 

In the accumulation phase the beginning balance is set to zero in order to not give dispropor-

tionately more weight on the returns in the first period. Consequently, the first month’s contri-

bution becomes the beginning balance of the portfolio. The mean monthly contributions in both 

scenarios of the model are set to USD 1,579. We found that number by assuming a 30% savings 

rate using the annual median income in the United States, which was USD 63,179 in 2018 

(FRED, 2019).  

 

Based on our observations of FIRE blogs and online communities, the average FIRE follower 

is highly educated and works at above-average-paying jobs (Ilves, 2020). Hence, using a me-

dian wage is a good estimate for the cohort and may even be on the conservative side. The 

target savings rate of many dedicated FIRE followers tends to also be higher than 30% 

(Ameritrade, 2018). However, we believe that this is a rate which is applicable both to the less 

aggressive cohorts of FIRE, but also an achievable target for the wider population. 

 

Considering that most people have not set up automatic transfers for their investment accounts, 

and many not saving at all, the monthly contributions tend to vary on a monthly basis (Dixon, 

2019). To allow our models to represent real life as closely as possible, we decided to simulate 

the withdrawal amounts in a similar manner as we did with the returns. We do not have any 

empirical data on how much savings vary from month to month, so we decided to use a standard 

deviation of USD 200. This corresponds to 13% in relative terms, which we believe is repre-

sentative for most people. 
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In addition to varying contribution amounts, we also stopped contributions for a number of 

months. The median number of years a person stays at an employer is 4.6, according to the 

U.S. Bureau of Labor Statistics (2018). Although in most instances people do not stay out of 

work for long in between jobs, we used this as a guidance of when there may be a gap in 

contributions. Hence, in the 15-year accumulation model there are three 3-month long gaps: 

months 56-58, 114-116 and 172-174. In the 20-year model, there is one more gap between 

months 230 and 232. 

 

Based on the monthly contributions and the simulated returns, we can start calculating the 

portfolio balances at the beginning and end of each month. In the first month, the beginning 

balance is equal to the first month’s contribution, as defined in the previous section. From the 

beginning balance, we find the beginning values of the stock and bond part of the portfolio by 

multiplying the beginning balance with their respective allocation weights. The ending bal-

ances of the stock and bond parts are found by multiplying the beginning balances with their 

respective returns in the given month. The total ending balance is then the sum of the stock and 

bond ending balances. 

 

Because the returns on stocks and bonds are not equal, the portfolio needs to be rebalanced at 

the end of each period. Thus, in the next and all the following months, the beginning balance 

now equals the ending balance of the portfolio in the previous month plus the given month’s 

contribution. The allocation weights are kept static throughout the accumulation period. That 

is for two reasons: (i) in real life it is very difficult, if not impossible, for the majority of people 

to predict the market movements and hence, we believe it is more realistic to keep the allocation 

constant; and (ii) while there is a tendency for retail investors to sell out of the stock market 

during downturns, this usually causes significantly lower returns since investors miss the fol-

lowing higher returns (Barbera & Odeanb, 2011). Thus, we are excluding that behavioral bias 

from the simulations. 

 

The next step in the accumulation period is deciding on the length of the period. Based on the 

experience of financial bloggers, and the few surveys we could find, the accumulation period 

for FIRE followers can start from as little as 5 years but is usually between 10 and 25 years. 

We started out first with simulating an accumulation period of 10 years, but due to the ending 

balance being too low (c. USD 264,000) to sustain a long retirement period, we decided not to 
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carry on with it. Hence, we chose to run simulations for both 15 and 20 years to see whether 

optimal portfolio allocation changes for shorter or longer periods. 

 

With the time period determined, we could then solve for a portfolio allocation that maximizes 

the Sharpe ratio of the portfolio. We ran 10 simulations of 10,000 iterations for both time 

frames. We therefore ended up with 100,000 portfolio values for either scenario which, as 

mentioned, is in the range of suggested number of iterations and should increase the reliability 

of our findings (Liu, 2017). The reason for why we separated the simulations into 10 rounds is 

to limit the required computational power. Creating simulations with more iterations would 

require more powerful analytical tools and take a longer time to solve. Hence, splitting the 

simulation up into smaller pieces will provide the same reliability with lower resource require-

ments. 

 

4.3.2 Decumulation Period 

In the decumulation phase we continue with the two scenarios, and hence also have two mod-

els. The decumulation model of the first scenario is a continuation of the 15-year accumulation 

model and lasts for 45 years. The decumulation model of the second scenario is a continuation 

of the 20-year accumulation model and lasts for 40 years. 

 

In most of the previous literature the maximum decumulation period has been limited from 30 

to 50 years, which is already long by to most standards. According to OECD (2019), the ex-

pected number of years spent in retirement in 2018 was 17.8 for men and 22.5 for women. We 

decided to place the upper limit of our model to 45 years as most people will not start saving 

up for retirement in any significant manner before their thirties (EBRI, 2018). Thus, following 

15 years of accumulation, not many will reach retirement before the age of 45. And thus a 45-

year retirement period will cover the life expectancy of the vast majority of people. 

 

In either model the beginning balance of the portfolio is the median ending balance of the 

linked accumulation model. The initial withdrawal amount is calculated using the 4% rule, 

meaning that the mean monthly withdrawal amount is calculated as (Bengen W. P., 1994): 

 

𝑊𝑖𝑡ℎ𝑑𝑟𝑎𝑤𝑎𝑙 𝐴𝑚𝑜𝑢𝑛𝑡 = 𝐵𝑒𝑔𝑖𝑛𝑛𝑖𝑛𝑔 𝐵𝑎𝑙𝑎𝑛𝑐𝑒 ∗ 0.04 / 12 

Equation 7: Illustration of the 4% Rule 
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Due to the beginning balances being different in the two scenarios, the exact mean withdrawal 

amounts will be different as well. The exact results will be discussed in Section 5.3 Model 

Results and the Optimal Asset Allocation of the thesis. 

 

While the 4% rule provides a good probability that an investor will not run out of funds in 

under 50 years, it does not account for the fact that in many cases the withdrawal amount will 

lead to a sub-optimal consumption level. To mitigate this, we have added two additional with-

drawal rules: (i) If the portfolio balance exceeds USD 1,000,000 after half of the expected 

retirement has passed, the withdrawal amount will be increased by 15% of the initial amount; 

and (ii) If the portfolio balance exceeds USD 2,000,000 after half of the expected retirement 

has passed, the withdrawal amount will be increased by 20% of the initial amount. 

 

Allowing for increased consumption later in life will still generate a few extremely positive 

portfolio end values. However, we believe they allow for a rational compromise between en-

suring a positive portfolio balance until the end of retirement, and supporting an increased 

consumption need, should the portfolio performance allow it. 

 

Just as in the accumulation phase, the monthly withdrawals will vary from month to month. 

Retirees will likely withdraw funds from the portfolio per need basis so we believe that allow-

ing for some variance will make the model more realistic. The mean withdrawal amount in the 

first half of the decumulation phase will be determined by the 4% rule, as explained above, and 

the standard deviation will be kept at USD 200. The two additional withdrawal rules will 

simply amplify these variances in the second half of the model, if the portfolio value exceeds 

the thresholds. 

 

In the decumulation period, the beginning and ending balances are calculated exactly as in the 

accumulation period. We assume that the monthly withdrawals are made at the beginning of 

the period, thus the balances of the stock and bond parts are calculated as follows: 

 

𝐸𝑛𝑑𝑖𝑛𝑔 𝐵𝑎𝑙𝑎𝑛𝑐𝑒𝑡+1
𝑆𝑒𝑐𝑢𝑟𝑖𝑡𝑦

=  (𝐸𝑛𝑑𝑖𝑛𝑔 𝐵𝑎𝑙𝑎𝑛𝑐𝑒𝑡
𝑆𝑒𝑐𝑢𝑟𝑖𝑡𝑦

– 𝑊𝑒𝑖𝑔ℎ𝑡𝑆𝑒𝑐𝑢𝑟𝑖𝑡𝑦 ∗ 𝑊𝑖𝑡ℎ𝑑𝑟𝑎𝑤𝑎𝑙 𝑎𝑚𝑜𝑢𝑛𝑡𝑡+1) ∗ (1 +  𝑅𝑒𝑡𝑢𝑟𝑛𝑡+1
𝑆𝑒𝑐𝑢𝑟𝑖𝑡𝑦

)  

Equation 8: Calculation of the Ending Balances 
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As a final step, we solve for the portfolio allocation, which will maximize the minimum number 

of months in which withdrawals can be made. We repeat the simulations 10 times with 10,000 

iterations for both models, in accordance with the procedure of the accumulation period. 

 

4.4 Sub-conclusion 

In this chapter we presented the asset classes and methodologies that are foundational 

knowledge for finding efficient portfolios. This was followed by a section where we demon-

strated how we have used these asset classes and methods to build our models. 

 

The two asset classes that we are focusing on are bonds and equities, which are expressed 

through Treasury bonds and the S&P 500 respectively. Treasury bonds because they are a 

widely acknowledged benchmark for bonds globally and serve as a secure investment in a 

balanced portfolio. The S&P 500 is equivalently considered a global benchmark for stocks and 

fits into a portfolio to enhance its return but comes with a greater risk. 

 

Modern Portfolio Theory (MPT) was first introduced in 1952 by Markowitz and shows in 

which manner investments are optimally allocated between assets. The efficient frontier illus-

trates the lowest variance that can be accomplished for a given level of expected return. 

 

Markowitz did not take risk-free assets into consideration initially. Tobin included the risk-free 

asset into the efficient frontier in 1958, which created the possibility of leveraging and delev-

eraging portfolios. This is graphically illustrated by the Capital Market Line (CML) where the 

interpretation is that investors should hold a combination of the risk-free asset and the tangent 

portfolio. 

 

Monte Carlo methods are used to determine the numerical value through numerous simula-

tions. Monte Carlo methods are especially powerful when no closed-form formula exists. The 

methodology is widely used to simulate investment problems to gain insight into return uncer-

tainty. Monte Carlo methods are valuable for the field of retirement since it can assess the 

adequacy of a given plan. 
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This thesis will make use of the Monte Carlo methods since the level of uncertainty is high, 

although, we do recognize that it is a less standardized approach. For creating the models, we 

have implemented rules to make it as realistic as possible. We have created two pairs of models, 

where the ending balance has been simulated 100,000 times for every model. The simulations 

are based on the historical real returns and standard deviations of the S&P 500 and 10-year 

Treasury bonds. The accumulation phase models have been based on several real-life data 

points, such as the median salary, savings rate and unemployment throughout working life. The 

decumulation phase models are also constructed to simulate reality in the best possible way by 

incorporating rules including varying withdrawals, increasing average lifetime and different 

consumption behaviors based on portfolio performance. 

 

5. Optimal Portfolio 

In the following section we start by presenting the data used to find the optimal portfolios. 

Second, we conduct a statistical analysis in order to further the understanding of the input data 

and to prove that it fulfills certain requirements. Third, we present the two pairs of optimal 

accumulation and decumulation models. Fourth, we demonstrate stress tests for the optimal 

models in order to show in which manner changing parameters affect the results. 

 

5.1 Data for the Optimal Portfolio 

Our model’s input data originates from the CRSP database (Wharton University of 

Pennsylvania, 2020) and Aswath Damodaran’s database (Damodaran, 2020). For the return 

and volatility parameters we have decided to focus on the U.S. capital markets. Capital markets 

in the U.S. are highly developed and already constitute a large proportion of individuals’ in-

vestment portfolios internationally, as evidenced by the size of the funds tracking S&P 500 

domiciled in Europe (Vanguard, 2020; BlackRock, 2020). Thus, we believe that the return and 

standard deviation of the S&P 500 index and 10-year Treasury bonds are reliable estimators of 

average portfolio movements. In order to calculate the exact input parameters, we have used 

the historical returns on both assets from 1960 to 2019. 

 

When it comes to the chosen time period, we found it necessary to strike a balance between 

including a sufficiently high number of past returns, but not going back too far, as the financial 
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markets’ behavior in early 1900s is incomparable to the modern markets. We believe that in-

cluding the data from 1960 serves that purpose, since it includes a number of economic cycles 

of upswings along with substantial recessions. 

 

The return data in the CRSP database is given in nominal terms, therefore, we have corrected 

the returns for inflation using the data from Damodaran’s database. For both securities we are 

using the total return, i.e. the sum of the price change and any interest or dividends received. 

While the return data we have used is given in monthly terms, the inflation data is only given 

in annual terms. Therefore, we had to translate the annual inflation into monthly using the 

formula below. 

 

rmonthly = (1 + rannual)
1/12 – 1 

Equation 9: Annual Inflation to Monthly Inflation 

Consequently, the monthly inflation rate we use for adjusting the returns is fixed throughout a 

given year, but changes from one year to another. To illustrate, the annual inflation rate in 1960 

was 1.46%. Hence, we get a monthly inflation rate of 0.12% from January to December 1960. 

The inflation rate in 1961 was 1.07% and thus we get a monthly inflation rate of 0.09% from 

January to December 1961. 

 

5.2 Statistical Analysis of Data 

The objective of this section is to compare and interpret the data used to obtain the optimal 

portfolios. In order to perform Monte Carlo simulations, the distribution of the input data must 

be determined. The statistical properties of the input data are presented below. 

 

5.2.1 Risk and Return 

After correcting the returns for inflation, we ended up with a mean monthly return of 0.60% 

for the S&P 500 index and 0.25% for the 10-year Treasury bills. The annualized returns be-

come 7.43% and 3.08% respectively. These returns are almost identical to the real annual re-

turns reported in Aswath Damodaran’s database (Damodaran, 2020) and in the paper by Jorda 

et al. (2017). In our data, the S&P 500 returns are slightly below what Damodaran and Jorda 

suggest, while the bond returns are slightly above. Overall, we trust that the data we have ob-

tained is accurate, given that it originates from trustworthy sources, and since the differences 

are minor. 
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The standard deviation of the monthly returns is 4.23% for the S&P 500 index and 2.16% for 

the 10-year Treasury bonds. When converting the results into annual terms, we get a standard 

deviation of 14.65% and 7.47% for the two securities respectively. The standard deviation for 

both securities in our data is slightly lower than what is reported in Damodaran’s database, 

while compared to Jorda’s paper, the riskiness of bonds is still similar, but the standard devia-

tion of stocks is almost 4 percentage points lower in our data. The difference stems from the 

fact that Jorda’s paper is analyzing a longer time period, during which bond returns have 

changed less than equity returns. Therefore, we can again confirm that the input data we use is 

accurate.  

 

5.2.2 Sharpe Ratio 

To measure the risk-return tradeoff, we calculated the Sharpe ratio, where we used the 30-day 

Treasury bills as the risk-free rate. We have again retrieved the data from the CRSP database 

and observed the returns from 1960 to 2019 to find the average return (Wharton University of 

Pennsylvania, 2020). We found the risk-free rate to be 0.07% per month or 0.79% in annualized 

terms. Using the monthly returns and volatility, the Sharpe ratios for the S&P 500 and Treasury 

bonds were then calculated to be 0.45 and 0.30 respectively. Therefore, despite the S&P 500 

having a much higher volatility than the Treasury bonds, we expect the stock allocation to be 

significantly above 50% in our model. 

 

5.2.3 Kurtosis and Skewness 

After confirming that our data looks similar to other sources, we moved on to analyze the 

distribution of the returns. From Figure 11 and Figure 12 below, it is visible that the distribution 

of returns is close to normal. 

 

The monthly return data for Treasury bonds has a skewness of 0.27 and a kurtosis of 1.46. 

While we do conclude that the kurtosis of the bond returns is less than 3, indicating that our 

distribution has longer tails and is peaked higher than normal, the skew is rather low, meaning 

that there is a significant overlap with normal distribution. 

 

The monthly return data for the S&P 500 has a skewness of -0.45 and kurtosis of 1.79. We 

again conclude that the S&P 500 return distribution has fatter tails than normal, but the return 
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data is also slightly negatively skewed. The overlap with a normal distribution is less than is 

the case for bonds, but we believe it is still an appropriate approximation. 

 

5.2.4 Test of Normality 

Non-normality is a widespread complication in data analysis. To examine if the individual time 

series can comply with the condition of normality, we conduct a Kolmogorov-Smirnov nor-

mality test. The test statistic is given by the equation below. 

                                                               

𝐷 =  sup
𝑥

[𝐹0(𝑥) − 𝐹𝑑𝑎𝑡𝑎(𝑥)] 

Equation 10: Kolmogorov-Smirnov Test Statistic 

 

Leading to the result presented in Table 1. 

 

Kolmogorov-

Smirnov Test 

Statistic 

Critical Value                

(α = 0.05) 

Inflation-adjusted 10 Year Bond Returns 0.04903 0.05068 

Inflation-adjusted S&P Value-Weighted Return incl. Dividends 0.04719 0.05068 

Table 1: Test of Normality (Authors’ Creation) 

As can be observed from Table 1, both test statistics for bonds and stocks are less than the 

critical values at a 5% significance level3. Thus, we fail to reject the null hypothesis and con-

clude that the data is normally distributed.  

  

 
3 See Appendix: A.1 Test of Normality (Kolmogorov-Smirnov Critical Values at Various Levels of α) 
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10-year Bond Returns 
 

S&P 500 Return 

     
Mean 0.0025 

 
Mean 0.0060 

Standard Error 0.0008 
 

Standard Error 0.0016 

Median 0.0013 
 

Median 0.0090 

Standard Deviation 0.0215 
 

Standard Deviation 0.0423 

Sample Variance 0.0005 
 

Sample Variance 0.0018 

Kurtosis 1.4628 
 

Kurtosis 1.7884 

Skewness 0.2768 
 

Skewness -0.4496 

Range 0.1707 
 

Range 0.3781 

Minimum -0.0756 
 

Minimum -0.2188 

Maximum 0.0950 
 

Maximum 0.1593 

Sum 1.8212 
 

Sum 4.3154 

Count 720 
 

Count 720 

Table 2: Descriptive Statistics (Authors’ Creation) 

 

From Table 2, it can be observed that both the kurtosis and skewness level for bonds and stocks 

is within a [-2;2] guide range, which suggests a normal distribution. 

 

 

Figure 11: Distribution of 10-year Bond Returns (Authors’ Creation) 
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Figure 12: Distribution of the S&P 500 Returns (Authors’ Creation) 

 

From Figure 11 and Figure 12, we observe graphically that the distribution of returns look 

similar to a normal distribution. Overall, we comfortably conclude that the returns are normally 

distributed based on i) the Kolmogorov-Smirnov normality test; ii) the kurtosis and skewness 

level guide range; iii) graphical presentation showing clear features of a normal distribution. 

 

5.2.5 Autocorrelation 

There is always a likelihood of autocorrelation, meaning that successive error terms are corre-

lated, when working with time series data. Autocorrelation of the returns is tested by the Dur-

bin-Watson test statistic. The test statistic is calculated as: 

 

𝐷𝑊 =  
∑ (�̂�𝑡 − �̂�𝑡−1)2𝑇

𝑡=2

∑ �̂�𝑡
2𝑇

𝑡=2

 

Equation 11: Durban-Watson Test Statistic 
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Leading to the result: 
 

Sum of 

Squared Dif-

ference of Re-

siduals 

Sum of 

Squared Re-

siduals 

Durban-Wat-

son Test Sta-

tistic 

Inflation Adjusted 10 Year Bond Returns 0.62113 0.33370 1.86137 

Inflation Adjusted S&P Value-Weighted Return 

incl. Dividends 

2.47633 1.28415 1.92838 

Table 3: Test of Autocorrelation (Authors’ Creation) 

 

The critical values table for a significance level of 5% can be observed from the appendix4. 

Even though the critical values table has an upper bound of n = 200, it is clear that they ap-

proach the value of 2 as n increases. Therefore, when conducting a Durbin-Watson test for n  

> 200, using the value of 2 makes for a comfortable cushion (Saving & White, 1977). 

 

Both test statistics are between the range of [0;2]. Thus, we reject the null hypothesis of no 

serial correlation and conclude that our data exhibits positive autocorrelation. Autocorrelation 

is a widespread phenomenon in time series data and to be expected when observing returns.  

However, this can lead to biased, and therefore unreliable, estimators of expected returns.  

 

5.3 Model Results and the Optimal Asset Allocation 

In the following subsection we will present our findings from all the discussed models. The 

aim of the findings is to project the optimal asset allocation for people who aspire to retire early 

through achieving financial freedom. We will therefore try to add some more context to the 

findings and suggest how they can be applied in real life. 

 

5.3.1 Accumulation Phase 

The purpose of the accumulation phase is to accrue as much wealth as possible. The fastest 

path to growing portfolio value would be to save up more and invest in assets that provide the 

highest return. However, as high returns are usually accompanied by high risk, it is important 

to control for the level of risk. 

 

 
4 See Appendix: A.2 Test of Autocorrelation (Durban-Watson Critical Values at α = 0.05) 
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As discussed previously, the optimal portfolio in this phase is defined as one with the highest 

Sharpe ratio. In both the 15-year and 20-year accumulation phases, we are using the monthly 

returns of stocks and bonds, and a 30-day risk-free interest rate to calculate the Sharpe ratio.  

 

5.3.1.1 The 15-year Accumulation Model 

The average Sharpe ratios were somewhat different throughout the 10 rounds of simulations 

we performed. The highest ratio was found in the second round of simulations equaling 0.65, 

and the lowest was found in the third simulation equaling 0.33. The average Sharpe ratio of the 

portfolios in the 10 rounds was 0.47. The Sharpe ratios in our model are slightly higher than 

the Sharpe ratio we found for the S&P 500 in the input data, but in the lower range of what 

have been reported for the S&P 500 index historically (Yahoo! Finance, 2020). The reason 

why these ratios are lower than most data vendors report is that we are using real returns. 

Hence, the numerator in our calculations is reduced by the inflation rate and will accordingly 

lead to a lower ratio. 

 

When it comes to the portfolio composition, we find that equities have a much higher allocation 

than bonds. In all of the simulation rounds, the portfolio composition which maximizes the 

Sharpe ratio had c. 80% allocated in stocks and 20% in bonds. The exact figures can be ob-

served from the table below. 

 

Simulation nr Allocation in stocks Allocation in bonds Sharpe ratio 

1 79.00% 21.00% 0.46 

2 80.50% 19.50% 0.65 

3 79.50% 20.50% 0.33 

4 80.00% 20.00% 0.42 

5 78.00% 22.00% 0.54 

6 80.76% 19.24% 0.44 

7 80.49% 19.51% 0.50 

8 79.00% 21.00% 0.49 

9 78.20% 21.80% 0.50 

10 81.00% 19.00% 0.39 

Average 79.65% 20.35% 0.47 

Table 4: Results from the 15-year Accumulation Phase (Authors’ Creation) 
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As expected, the resulting portfolio ending values were spread out widely. The minimum port-

folio ending value was only USD 149,488 while the highest ending balance was over USD 1.7 

million. However, the average and median values from all of the 10 rounds were close to each 

other. The average portfolio value over all the rounds was USD 455,007 (ranging ± 4,020) with 

the median value being USD 433,506 (ranging ± 2,330). Due to the distribution of the ending 

balances having a very long right tail, the average portfolio value is around USD 20,000 higher 

than the median. For that reason, we believe the median portfolio represents the most accurate 

outcome and is used in its corresponding decumulation phase. 

 

It is also important to note that due to the gaps in the contributions, the realized mean contri-

bution amount over the entire 15 years was around USD 1,500 on a monthly basis. This makes 

the average total contribution into the portfolio USD 270,100. In the vast majority of iterations, 

the portfolio ending balance ended up above the total amount of contributions. However, in 

4.8% of the times the portfolio return was actually below inflation, and the investor’s real 

wealth ended up being reduced. On the other hand, in 22.9% of the cases, the investor at least 

doubled their investments over the period. And in the lucky 0.33% of the times, the portfolio 

balance ended up above USD 1 million. 

 

 

Figure 13: Distribution of Portfolio Balances in 15-year Accumulation Phase (Authors’ Creation) 

To further illustrate the likelihood of different outcomes, we have calculated the 95%, 90% and 

75% confidence intervals. As can be seen from below, investing in a portfolio consisting of 

80% stocks and 20% bonds will protect the investor from inflation as a bare minimum. 
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However, in more than one in four times an investor will not reach USD 500,000 balance, 

which is the minimum target balance for most FIRE followers according to the Harris Poll 

(Ameritrade, 2018). 

 

95% confidence interval 90% confidence interval 75% confidence interval 

Lower limit Upper limit Lower limit Upper limit Lower limit Upper limit 

$271,252 $711,377 $300,407 $635,626 $356,660 $529,701 

Table 5: Confidence Intervals of 15-year Accumulation Phase (Authors’ Creation) 

Overall, we observe that it can be possible to retire in 15 years while saving USD 1,500 per 

month. The results show that an investor who starts accumulating a retirement fund even past 

their forties could retire early through self-annuitization. However, if the investor has more 

time to stay in the stock market, or they are willing to save more aggressively, then that is 

highly advisable in order to enjoy a more secure retirement. 

 

5.3.1.2 The 20-year Accumulation Model 

The Sharpe ratio range in the 20-year accumulation model is similar to that in the 15-year 

model. The lowest Sharpe ratio, equaling 0.36, is almost the same as found in the shorter model. 

However, the highest Sharpe ratio, equaling 0.70, is noticeably higher than what was found in 

the previous model. The average ratio over all the simulation rounds was also higher in the 20-

year model as illustrated below. 
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Simulation nr Allocation in stocks Allocation in bonds Sharpe ratio 

1 82.50% 17.50% 0.64 

2 81.00% 19.00% 0.70 

3 81.00% 19.00% 0.59 

4 81.00% 19.00% 0.60 

5 81.00% 19.00% 0.36 

6 79.52% 20.48% 0.45 

7 79.50% 20.50% 0.52 

8 80.02% 19.98% 0.50 

9 80.00% 20.00% 0.54 

10 80.13% 19.87% 0.44 

Average 80.57% 19.43% 0.53 

Table 6: Results from the 20-year Accumulation Phase (Authors’ Creation) 

The higher Sharpe ratio can partially be explained by the fact that in the 20-year model the 

allocation into stocks is almost 1% higher. As mentioned in section 5.2.2 Sharpe Ratio, the 

Sharpe ratio of the S&P 500 index is higher than that of the Treasury bonds. The second prob-

able cause of the Sharpe ratio being higher in this model is simply randomness. Despite running 

numerous simulations, there will always be a small degree of statistical error still present in the 

results, and this is likely to be exhibited here. 

 

Another notable result is the fact that in four out of ten trials, we found the optimal portfolio 

allocations to be 81% in stocks and 19% in bonds. These results increase the average stock 

allocation in the portfolio, but it nonetheless remains close to an 80/20 split as observed before. 

Therefore, the optimal allocation found by our model shows quite the opposite result of what 

Detemple, Garcia and Rindisbacher (2003) found. In our model the optimal stock allocation 

increases slightly with a longer accumulation period, as opposed to what Detemple, Garcia and 

Rindisbacher found. With that said, the actual allocation is of similar magnitude. When com-

paring our results to other papers we find that the allocation in our model is somewhat higher 

that what other papers suggest (Kopcke, et al., 2013; Butt & Deng, 2012). 

 

The reason for why our model found the optimal allocation in stocks to be higher is mostly 

explained by the fact that we did not treat the 10-year government bonds as a risk-free asset. 

As shown earlier, the 10-year Treasury bonds have a standard deviation of about half of the 
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S&P 500, making it a safer asset. However, by treating the bonds as a less risky risky asset, its 

allocation will therefore be lower than otherwise. 

 

The portfolio ending values were even more dispersed in the 20-year model, which is again 

expected due to a fairly high volatility of the portfolio. The lowest ending balance we observed 

was USD 177,228, which is almost USD 30,000 lower than in the 15-year model. However, 

the highest balances also became more extreme, with the largest balance being over USD 3.45 

million. Accordingly, the difference between the average and median portfolio values are more 

amplified in this timeframe as well. The average portfolio ending balance after a 20-year ac-

cumulation phase was USD 734,919 and the median, nearly 50,000 less, being USD 685,383. 

 

As mentioned under the previous model, the gaps in contributions are present in this model as 

well. The gaps were programmed to occur every 4.6 years, thus there is one additional 3-month 

pause in the contributions in the 20-year model. As a result, the mean monthly contribution 

into the portfolio remains at USD 1,500. The sum of contributions is naturally higher in this 

model due to a longer timeframe and averages USD 360,122 over all iterations. 

 

The ratio of unlucky outcomes where the ending balance of the portfolio remains below total 

contributions is now 2.8%, which is a two percentage point decrease from its shorter counter-

part. Due to a longer time frame, the likelihood of the portfolio ending balance reaching at least 

USD 1 million is now increased by nearly 8.5 times, although, it still happens only 2.8% of the 

time. For the same reason, the probability of at least doubling the invested amount in the market 

has also increased to 44%, up by 21 percentage points compared to the shorter model. 
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Figure 14: Distribution of Portfolio Balances in 20-year Accumulation Phase (Authors’ Creation) 

The distribution of the outcomes is almost identical to the shorter period with the only differ-

ence being an increased mean. It is evident that neither of the distributions are perfectly bell-

shaped and both have a long right tail. However, the distributions are closer to a normal distri-

bution than the historical returns on the S&P 500 and Treasury bonds. This is again aligned 

with our expectations due to the assumption of normality. 

 

Below we will present the confidence intervals of the portfolio ending balances. 

 

95% confidence interval 90% confidence interval 75% confidence interval 

Lower limit Upper limit Lower limit Upper limit Lower limit Upper limit 

$393,014 $1,245,220 $443,035 $1,087,443 $542,270 $870,469 

Table 7: Confidence Intervals of 20-year Accumulation Phase (Authors’ Creation) 

 

The probability of ending with a portfolio below USD 500,000 is still over 10%, however, the 

risk of it occurring has been nearly halved. At the same time, the likelihood of reaching a 

balance of USD 1 million has increased by more than 8 times. 

 

It is important to iterate that while the total contributions into the portfolio increased by USD 

90,000 compared to the 15-year model, the median portfolio balance increased by more than 

USD 250,000. Our results clearly illustrate the significance of the time factor in investing. The 



 68 

application of this finding is simple - investors who stay invested for longer time have an in-

creased probability of being able to retire early. 

 

5.3.2 Decumulation Phase 

The purpose of the decumulation phase is to conserve wealth until the end of retirement and 

avoid financial ruin. We believe that a great risk for a retiree is underestimating their longevity 

and therefore not saving adequately. It has been shown empirically that individuals are notori-

ously bad at estimating their life expectancy – even at the age of 65 people underestimate their 

remaining life by three to five years (Blake, 2016). 

 

However, there is a real risk of over-saving, or rather under-consuming. The fear of exhausting 

retirement funds leads to individuals from all income groups to reduce consumption more than 

necessary (Duffy & Li, 2019). Finding a balance between these two risks is inherently compli-

cated, since it is difficult to precisely predict an individual’s longevity and future income needs. 

To navigate this complexity, it is important to have a withdrawal strategy for different scenar-

ios. 

 

The results of the scenarios we have considered, and the implications of them, will be presented 

below. The results will be divided into two subsections as with the accumulation models. We 

will start with the 45-year model as it is the continuation of the 15-year accumulation model. 

 

5.3.2.1 The 45-year Decumulation Model 

The objective of the decumulation model is to maximize the time until ruin. Therefore, the 

portfolio must provide consistent returns throughout the retirement period. At the same time, 

the returns need to be sufficiently high to fund the withdrawals. Hence, we expect the portfolio 

composition to be less risky than what we observed in the accumulation models, but still have 

a significant allocation in stocks. 

 

That is exactly what we observe in our results. The optimal portfolio allocation is now placing 

55% of the weight into stocks and 45% into bonds. The obvious implication of this is that the 

investor will need to significantly rebalance their portfolio as soon as they enter the decumula-

tion phase. In real life we do not expect this change to take effect immediately, thus the 
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rebalancing should probably start taking place in the later stages of the accumulation period, 

and possibly continue into the early months of retirement. 

 

The more equally balanced portfolio in this model also means that the optimal portfolio allo-

cation in this stage is between the ranges suggested by previous research. As mentioned in 

section 3.3 Literature Review, most of the older research has focused on 50/50 allocations, 

whereas newer research supports allocations of up to 75% in risky assets. 

 

It is important to note again that our objective in these simulations was different than what 

most other papers researching financial ruin have been trying to find. To our knowledge, all 

previous research on portfolio allocation has focused on maximizing the average time until 

ruin, while we were looking to maximize the lowest time until ruin. Our objective will inher-

ently also increase the average time until ruin, but it is expected that the optimal portfolio in 

our model will have a lower allocation into stocks. 

 

Simulation nr Allocation in stocks Allocation in bonds Sharpe ratio 

1 56.25% 43.75% 0.53 

2 54.96% 45.04% 0.40 

3 56.03% 43.97% 0.41 

4 54.96% 45.04% 0.50 

5 56.00% 44.00% 0.42 

6 56.00% 44.00% 0.50 

7 53.87% 46.13% 0.47 

8 53.88% 46.12% 0.48 

9 56.13% 43.87% 0.39 

10 55.18% 44.82% 0.38 

Average 55.33% 44.67% 0.45 

Table 8: Results from the 45-year Decumulation Phase (Authors’ Creation) 

We also notice that, somewhat surprisingly, the Sharpe ratios of the decumulation portfolios 

are not much lower compared to what we observed in the accumulation phase. A noticeable 

difference compared to the accumulation phase is, however, that the Sharpe ratios are more 

centered to the mean. 
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The 45-year decumulation model started out with the median ending balance from the 15-year 

accumulation phase which we found to be USD 433,506. Arising from this, we were now able 

to find the mean withdrawal amount for the first half of the decumulation phase. According to 

the 4% withdrawal rule, the monthly withdrawals equal USD 1,445. Similarly to the accumu-

lation model, the actual withdrawals have a standard deviation of USD 200 per month. Addi-

tionally, we also applied the two withdrawal rules presented in section 4.3.2 Decumulation 

Period to the second half of the decumulation phase. 

 

The average monthly withdrawals over all simulation rounds and across the entire 45-year pe-

riod became USD 1,488.73. Despite allowing for increased withdrawals later into the retire-

ment period, the average withdrawals across all simulations increased by a mere 3%. However, 

the largest average withdrawal amount was USD 1,624, indicating that in case of favorable 

market performance, it is possible to make significantly larger withdrawals. 

 

It is important to note that the additional withdrawal rules were applied only after half of the 

45-year withdrawal period. Meaning that if we continue to use the U.S. median income of USD 

5,265 and a savings rate of 30%, we find that the replacement rate is only around 39% for over 

22 years of the retirement. We must keep in mind that if taxes were to be applied into these 

calculations, the results would likely change, but a replacement rate of that magnitude remains 

substantially below recommendations. 

 

Another consequence of having a low starting balance going into a long retirement is that the 

probability of ruin is rather high. The average probability of ruin, meaning that the portfolio 

balance will be too low to make another withdrawal before the 540th month, is 12%. Further-

more, in all 10 simulations the shortest period until ruin was less than half of the expected 

retirement time. 
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Simulation 

nr 

Average months until 

ruin 

Minimum months  

until ruin 

Probability of ruin 

1 526 206 11.75% 

2 525 187 12.09% 

3 525 206 11.75% 

4 526 201 11.72% 

5 525 212 12.20% 

6 525 207 12.17% 

7 525 196 12.17% 

8 525 214 11.95% 

9 525 203 11.76% 

10 525 219 12.54% 

Average 525 205 12.01% 

Table 9: Statistics on Ruin in the 45-year Decumulation Phase (Authors’ Creation) 

 

Looking at the more positive side of outcomes, in 88% of times the portfolios did not reach 

ruin. Out of the portfolios that had an ending balance above zero, 81% at least maintained the 

beginning balance. Consequently, even if the main goal of the retiree is not to leave a bequest, 

this strategy will likely enable it due to the conservativeness. 

 

 

Figure 15: Distribution of Portfolio Balances in the 45-year Decumulation Phase (Authors’ Creation) 
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We again observe that the portfolio ending balances are spread out widely. Although the vari-

ance of the portfolio is lower due to a higher allocation in bonds, compared to the accumulation 

portfolios, the longer time frame is still enabling extreme values. The maximum portfolio end-

ing balance was a tremendous USD 30.17 million after the 45 years. The number does not 

appear in Figure 15 as it is an outlier, however, all statistical data on the portfolios is presented 

in Appendix B: Optimal Model.  

 

The median outcome of the simulations was an ending balance of USD 1.02 million, which is 

more than 2.3 times higher than the beginning balance. Again, due to the occurrence of ex-

tremely high balances and the restrictions on having a negative balance, the average portfolio 

ending balance was more than USD 450,00 higher than the median at USD 1.49 million. 

 

To show the distribution of the portfolio ending balances in a clear manner, we present the 

confidence intervals below. Please note that the confidence intervals include all 100,000 out-

comes and is not restricted portfolios that did not reach ruin. 

 

95% confidence interval 90% confidence interval 75% confidence interval 

Lower limit Upper limit Lower limit Upper limit Lower limit Upper limit 

$0 $4,666,600 $0 $3,474,859 $85,205 $2,039,529 

Table 10: Confidence Intervals of the 45-year Decumulation Phase (Authors’ Creation) 

As can be seen, ending up with a balance above USD 30 million is extremely unlikely, but 

exceeding a balance of USD 1 million is more probable than initially expected. With that said, 

we do reach the same conclusion as in the preceding accumulation model. It is possible to 

successfully finance a 45-year retirement given the parameters we have presented, but there is 

a significant risk of outliving one’s wealth. Unless the investor expects a retirement of less than 

15 years, the shortest time until ruin in this model, we suggest accumulating a higher invest-

ment balance than USD 433,506. 

 

5.3.2.1 The 40-year Decumulation Model 

Using the same structure as in the longer decumulation phase, we find that the optimal portfolio 

in the 40-year model has close to a 55/45 allocation into stocks and bonds respectively. Despite 

this model not only having a shorter retirement length but also a higher portfolio starting bal-

ance, we see that the optimal allocation is only subject to minor changes. 
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Simulation nr Allocation in stocks Allocation in bonds Sharpe ratio 

1 55.00% 45.00% 0.45 

2 56.12% 43.88% 0.37 

3 55.62% 44.38% 0.46 

4 56.35% 43.68% 0.52 

5 57.25% 42.75% 0.51 

6 55.00% 45.00% 0.49 

7 56.50% 43.50% 0.39 

8 55.07% 44.93% 0.51 

9 55.00% 45.00% 0.44 

10 55.01% 44.99% 0.48 

Average 55.69% 44.31% 0.46 

Table 11: Results from the 40-year Decumulation Phase (Authors’ Creation) 

We observe that the Sharpe ratios in this decumulation model are similar to those in the longer 

counterpart. They are also more centered to the mean compared to the accumulation models, 

just as observed in the previous decumulation model. Considering that the allocation to equities 

in the decumulation phases are lower than in the accumulation phases, the portfolio variance 

will be lower as well. Consequently, this leads to less dispersed returns and a more stable 

Sharpe ratio across the simulation rounds.  

 

The portfolio starting balance in this model is USD 685,310, which is above the threshold of 

what is considered Lean FIRE (Ameritrade, 2018). This means that investors transitioning into 

retirement on this balance will have greater flexibility in their spending and will be able to 

maintain a higher living standard. As a result, the mean withdrawal amount applied in the first 

half of this model is USD 2,284 per month. 

 

Due to a slightly shorter time period and a higher starting balance, the two additional spending 

rules will take effect in this model slightly earlier and more frequent compared to the longer 

model. The realized average withdrawal amount in this model is thus USD 2,388, which is 

4.5% higher than what we applied in the first half of the model. When we calculate the replace-

ment rate for this model using the same parameters as before, we end up with a rate of 62% 

and 65% for the two withdrawal amounts respectively. These replacement rates continue to be 
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below the 75% suggested rate, but are above the empirically found median replacement rates 

(Chen, Munnell, & Sanzenbacher, 2018; Nivakoski & Barrett, 2017). 

 

In accordance with having a higher starting balance and a shorter period to fund, the probability 

of ruin has now been decreased by 3 percentage points. Interestingly, however, the shortest 

time until reaching ruin was 15 months lower compared to the longer model. Because of the 

measurement time in this model being capped at 480 months, the average months until ruin is 

naturally lower as well. The exact observations are presented in the table below. 

 

Simulation 

nr 

Average months until 

ruin 

Minimum months  

until ruin 

Probability of ruin 

1 472 209 8.82% 

2 472 201 8.97% 

3 471 212 9.20% 

4 472 184 9.09% 

5 472 206 8.90% 

6 471 184 8.84% 

7 472 191 8.98% 

8 471 172 9.26% 

9 472 207 8.87% 

10 472 213 9.20% 

Average 472 198 9.01% 

Table 12: Statistics on Ruin in the 40-year Decumulation Phase (Authors’ Creation) 

Almost 91% of the portfolios in this model had a positive balance by the end of the 40-year 

period. Stemming from this, the average ending balances of the portfolios are also significantly 

higher than in the longer model. The average and median portfolio balances were USD 1.90 

million and USD 1.36 million respectively after the 40-year period. However, when looking at 

the portfolios which did not reach ruin, only 78% had a balance at least equal to what it started 

as. This is down by 10 percentage points compared to the longer decumulation model. The 

reasons for the difference are likely to be: (i) the starting balance of this model was simply 

higher; (ii) the beginning withdrawal amounts were higher; and (iii) the additional spending 

rules took a higher prevalence in this model compared to the longer one. 
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Figure 16: Distribution of Portfolio Balances in 40-year Decumulation Phase (Authors’ Creation) 

 

In consideration of the preceding, there is now an even higher likelihood that the investor will 

leave a bequest. One of the main arguments used in opposing annuitization is that retirees will 

not be able to leave a bequest for their spouse or heirs. Hence, we believe that this self-annu-

itization model works well as both an insurance against outliving one’s wealth and an option 

to leave a bequest. However, for a person who does not have such intentions, we conclude that 

this model is too conservative. 

 

When we look at the confidence intervals, it is visible that there is a 90% probability that there 

will be a positive ending balance of a rather significant amount. 

 

95% confidence interval 90% confidence interval 75% confidence interval 

Lower limit Upper limit Lower limit Upper limit Lower limit Upper limit 

$0 $5,671,395 $41,571 $4,276,862 $570,041 $2,589,279 

Table 13: Confidence Intervals of 40-year Decumulation Phase (Authors’ Creation) 

Although we were not able to completely eliminate the risk of ruin in this scenario, the combi-

nation of a 20-year accumulation phase and a 40-year decumulation phase is clearly superior 

to the more aggressive scenario. The two models had a nearly identical portfolio allocations 

throughout both phases but delivered different results. Hence, we have identified that the time 

factor and portfolio balance have as great impact on the success of the retirement phase as does 

portfolio allocation. 
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5.4 Stress Test 

This section is dedicated to investigating the robustness of our four models. The models are 

tested by changing different input variables, including returns, standard deviations, and sav-

ing/withdrawal rates. We are testing the effect on the ending balance since that is the common 

element in both the accumulation and decumulation phase. The ending balance obtained 

through original model inputs has been indexed to 100 in order to provide the reader with a 

more meaningful understanding of the changes. 

 

5.4.1 Accumulation Phase 

The first parameters to be tested for in the accumulation phase are returns. The tables below 

illustrate the impact of numerous returns on the ending balance compared to the original model 

inputs. 

 

 

Table 14: Impact of Return Scenarios on the Ending Balance in the 20-year Accumulation Model (Authors’ Creation) 

 

Table 15: Impact of Return Scenarios on the Ending Balance in the 15-year Accumulation Model (Authors’ Creation) 

As expected, higher returns result in higher ending balances, keeping all else equal. The change 

in the S&P 500 return has a more profound impact, which relates to the fact that it receives a 

c. 80% allocation in both models. 

 

We also observe that duration has an effect on the ending balances. Given the longer duration 

of the 20-year model compared to the 15-year one, changing returns cause greater shocks to 

the ending balance of the longer model. 

 

0.30% 0.40% 0.50% 0.60% 0.70% 0.80% 0.90% 1.00%
0.10% 49 64 79 95 110 125 140 155
0.15% 51 66 81 96 111 127 142 157
0.20% 53 68 83 98 113 128 144 159
0.25% 55 70 85 100 115 130 145 161

0.30% 56 72 87 102 117 132 147 162
0.35% 58 73 89 104 119 134 149 164
0.40% 60 75 90 105 121 136 151 166

0.45% 62 77 92 107 122 138 153 168
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0.25% 58 70 85 100 115 130 142 160
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In Appendix C: Stress Test there are scenario tables for different Treasury bond and S&P 500 

standard deviations. Again, due to a high allocation to the S&P 500 compared to Treasury 

bonds, the accumulation models are more sensitive to changes in equity standard deviations. 

We observe that higher standard deviations lead to more extreme outcomes, but the conse-

quence is fairly random. As expected from a theoretical standpoint, and as known from option 

pricing, longer maturity increases the probability of extreme outcomes which we also observe. 

 

 

Table 16: Impact of Savings Rate and Mean Contribution Standard Deviation on the Ending Balance in the 20-year Accumu-

lation Model (Authors’ Creation) 

 

Table 17: Impact of Savings Rate and Mean Contribution Standard Deviation on the Ending Balance in the 15-year Accumu-

lation Model (Authors’ Creation) 

It can be inferred from Table 16 and Table 17 that the ending balance is increasing with the 

savings rate. The shock from the standard deviation of mean contribution is present, but the 

impact is not as prominent. In the long run, it can be interpreted that the standard deviation of 

contributions evens out. Since the 20-year model has the longer duration, we also observe that 

the shocks from the savings rate are more substantial in this model. 

 

Overall, we conclude that the models are fairly robust for small changes. Duration influences 

the sensitivity of the ending balance since the probability of extreme outcomes increases with 

maturity. The models are more sensitive to changes in equity variables given the larger alloca-

tion. Lastly, the ending balance is increasing with the savings rate, keeping all else equal, but 

the mean contribution’s standard deviation evens out in the long run. 
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5.4.2 Decumulation Phase 

In the decumulation phase we test for the same parameters, with the exception that instead of 

the savings rate and standard deviation of mean contributions, we now analyze the withdrawal 

rate and the standard deviation of mean withdrawals. Since our research question regarding the 

decumulation phase relates to minimizing the probability of reaching ruin, we are also testing 

for that. Ruin is reached if the balance is too low to make another withdrawal. Thus, we assume 

as in real life that the retirement portfolio has a lower bound of zero. Below can be observed 

the impact of returns on the ending balance. 

 

 

Table 18: Impact of Return Scenarios on the Ending Balance in the 40-year Decumulation Model (Authors’ Creation) 

 

Table 19: Impact of Return Scenarios on the Ending Balance in the 45-year Decumulation Model (Authors’ Creation) 

Table 18 and Table 19 show what we had expected prior to running the scenarios. The ending 

balance is an increasing function of returns, but the effect is more evenly split between equities 

and bonds than in the accumulation phase. This relates to the fact that in the decumulation 

phase, we have a more even allocation between the two asset classes, since this period is more 

focused on preserving wealth rather than accumulating it. The 45-year duration is more sensi-

tive to shocks because of the longer maturity. We observe that ruin is reached when both asset 

classes have low returns, as presented in the scenarios on the top left corner. 

 

Stress tests for different standard deviation combinations of Treasury bonds and the S&P 500 

can be found in Appendix C: Stress Test. Extreme outcomes are more likely the greater the 

standard deviations, which is aligned with our expectations. Meaning that as the standard de-

viation increases, so does the probability of ruin. However, at the same time the potential upside 
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is also greater. Relating the results to our research question, lower standard deviation decreases 

the probability of reaching ruin. 

 

 

Table 20: Impact of Withdrawal Rate and Mean Withdrawal Standard Deviation on the Ending Balance in the 40-year Decu-

mulation Model (Authors’ Creation) 

 

Table 21: Impact of Withdrawal Rate and Mean Withdrawal Standard Deviation on the Ending Balance in the 45-year Decu-

mulation Model (Authors’ Creation) 

We observe that the ending balance is decreasing with higher withdrawal rates and is sensitive 

to the standard deviation of the withdrawals. The impact from the standard deviation is fairly 

random, but generally more extreme outcomes follow from an increased standard deviation. It 

follows from the tables that again, the associated risks and impacts of changing the factors are 

more profound with longer durations. 

 

In conclusion, the decumulation phase models are more sensitive to shocks given the longer 

duration. The probability of reaching ruin is greater with lower return combinations. Increased 

standard deviations of the asset classes gives higher likelihood of extreme outcomes. Lastly, 

the impact from the mean withdrawal standard deviation is random, while changes in the with-

drawal rate has a profound impact on the probability of reaching ruin. 

 

5.5 Implications of Early Retirement 

The main result of our accumulation models is that the optimal asset allocation is rather ag-

gressive in this stage. The reason for a more aggressive strategy in accumulation is that the 

time spent in this phase is rather short. Compared to individuals retiring at the statutory retire-

ment age the accumulation phase for early retirees is around half as long. An obvious 
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implication of a limited time frame for accumulating sufficient funds for retirement is that 

maximizing return becomes more important. As a consequence, the portfolio in accumulation 

is heavily tilted towards risky assets. Going back to section 3.1, where we addressed the criti-

cism against the FIRE movement, we must recognize that the argument about FIRE followers 

investing in an overly risky manner is somewhat founded.  

 

With that said, when evaluating whether a strategy is too risky, two questions must be an-

swered: first, does the level of risk serve a purpose; and second, does the level of risk match 

with the individual’s own risk tolerance. When evaluating our model, we can say that the an-

swer to the first question is positive. However, the second question must be answered by the 

individual themselves. Hence, the asset allocation may indeed be too risky for some prospec-

tive early retirees but not to all.  

 

When it comes to the decumulation phase, the optimal asset allocation can still be considered 

risky by some researchers (for example, Bridges, Gesumaria, & Leonesio, 2010) and the allo-

cation to equities will exceed the rule of thumb allocation strategy in most cases as well. How-

ever, the allocation suggested by our models is much more conservative and close to how pen-

sion funds invest as well (Bruhn, 2019; Damgaard, 2019). Meaning that the allocation in re-

tirement is quite similar regardless of the age of retirement.   

  

Aside from implications to the investor, some wider suggestions must be addressed as well. 

The most direct transfer of our results would be to financial advisors. With a growing group of 

people aspiring to retire early, there is a need to be familiar with the need specific to this group. 

As discussed above, the optimal allocation for early retirees will be somewhat different than it 

is for the more typical retirees. This will require the financial advisors to be more familiar with 

the consequences of retiring early as well as be prepared to demonstrate their clients the im-

portance of opting for a riskier portfolio.  

 

Another suggestion arising from our model is targeted towards policy makers. Most countries 

offer some type of retirement fund which has the benefit of lower taxation as long as the retiree 

fulfils the requirements. The requirements of these accounts are often tied to either age or the 

period of time the account was held and the amount invested in it (Brandon, 2019; Skat, 2020). 

More specifically, the investor will not be able to withdraw from the account before a certain 

time without having to pay penalties and they will also not be able to invest over a certain limit. 
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This means that many early retirees will not be able to benefit from these subsidized accounts 

despite practicing a responsible financial behavior. Hence, it is important for the policy makers 

to review pension laws and make sure that early retirees receive equal benefits. 

 

5.6 Sub-conclusion 

The input data for our models comes from the CRSP and Damodaran’s databases. The data we 

have used dates back to 1960, since it is important to incorporate various economic cycles, 

while maintaining a comparable timeframe. 

 

After correcting for inflation, the monthly mean returns are 0.60% for the S&P 500 and 0.25% 

for the 10-year Treasury bonds. In annual terms, this translates to 7.43% and 3.08% respec-

tively. The standard deviations of the monthly returns are 4.23% for the S&P 500 and 2.16% 

for the 10-year Treasury bonds, which in annual terms become 14.65% and 7.47% for the two 

asset classes respectively. We concluded that the returns are normally distributed based on the 

Kolmogorov-Smirnov normality test, kurtosis and skewness level guide range and graphical 

illustration. As expected, the returns exhibit positive autocorrelation. 

 

We presented two models in the accumulation phase of varying duration. The first model has 

a duration of 15-years, where we concluded that the optimal asset allocation which maximizes 

the Sharpe ratio is 79.65% in stocks and 20.35% in bonds. The median ending balance was 

USD 433,506 with a Sharpe ratio of 0.47. The second model had a duration of 20-years with 

an optimal allocation consisting of 80.57% in stocks and 19.43% in bonds. The allocation re-

sulted in a Sharpe ratio of 0.52 and a median ending balance of USD 686,383. 

 

To match the accumulation phase, we also presented two optimal models for the decumulation 

phase with the objective of maximizing time until ruin in retirement. The first model to match 

the 15-years accumulation model was a 45-year decumulation model. The optimal asset allo-

cation was 55.33% in stocks and 44.67% in bonds with an average monthly withdrawal amount 

of USD 1,489. The shortest time until ruin was 205 months or just above 17 years. The second 

model, lasting for 40 years, was linked to the 20-year accumulation model. We showed that 

the optimal allocation in this scenario is to hold 55.69% in stocks and 44.31% in bonds, where 

the average monthly withdrawal amount was USD 2,388. The shortest time the portfolio 

reached ruin was 198 months or 16.5 years.  
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In the stress tests we showed that the risk-return profile is increasing with duration, which is a 

known phenomenon in financial literature. The accumulation models are more sensitive to 

changes in the equity asset class because of the higher allocation relative to bonds. In the decu-

mulation phase, the models are still slightly more sensitive to equities, but the effect is more 

even between the two asset classes. 

 

Our models have other important implications besides the optimal asset allocation. First, the 

risk level in the accumulation phase is substantial and must be put into context with the pro-

spective retiree’s situation and risk tolerance. Second, it is important for financial advisors to 

be familiar with the differences between individuals retiring early and at the statutory retire-

ment age. And third, some more consideration should go into retirement policies so that it 

would not discourage people from behaving in a financially responsible manner. 

6. Actual Portfolio 

In this section we will present empirical findings of actual asset allocation in the accumulation 

and decumulation phases. This allows us to examine if retirement portfolios are in fact opti-

mally allocated. We start by showing the empirical data used in analyzing the actual portfolios, 

which is followed by comparisons. 

 

6.1 Data for the Actual Portfolio 

To analyze actual retirement portfolios, we use data published by the Employee Benefit Re-

search Institute (EBRI). EBRI collects data from 401(k) plans in the U.S. for 27.1 million par-

ticipants. 401(k) plans are the most extensive retirement plans in the U.S. for the private sector. 

The data collected by EBRI allows us to examine how participants manage their retirement 

plans. The latest data was released in September 2018 for year-end 2016, which is therefore 

the data set we use. 

 

Investment options have been grouped into a total of 6 categories in the data set. We have 

grouped the data to make it comparable with our optimal models. This has been done by i) 

splitting stocks and bonds in balanced funds; ii) combining different equity types into a single 
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asset class; iii) combining appropriate fixed income investments into one single asset class. 

The initial categories in the data set are: 

1. Equity funds mainly include stocks, such as life insurance accounts, bank collective 

trusts and equity mutual funds. We have classified this group in the equity asset class. 

2. Bond funds are all accounts invested mainly in bonds. As such, this is in the bond asset 

class. 

3. Balanced funds are pooled accounts with investments in both equity and fixed income. 

Since a significant part of 401(k) retirement plans are invested in this group, we found 

it essential not to exclude it. However, this required us to separate equity and bond 

investments. First, we found that the typical allocation pursued by balanced funds 

places 60% in stocks and 40% in bonds. Second, we gained access to Morningstar’s 

database of 3,105 balanced funds in the U.S., which confirmed a 60/40 split. Thus, we 

have taken the balanced funds category and separated it into the equity and bond asset 

class based on the 60/40 split. 

4. Company stock includes equity in the sponsor of the 401(k), i.e. the employer. We 

have appropriately included this in the equity asset class. 

5. Money market funds consist of funds with the objective of maintaining a stable share 

price. Looking at the nature of money market funds, they invest in short maturity in-

struments with high liquidity. Mostly, this includes cash equivalent securities, invest-

ment grade debt and U.S. Treasuries. Thus, we have included this group in the bond 

asset class. 

6. Other is a residual group for investments that cannot be identified or in alternative asset 

classes such as real estate. This group is small in the data set and split across various 

investments that cannot be identified, and which we have not included in our previous 

analysis. Consequently, we have determined to exclude it. 

 

The actual asset allocation is based on the grouping of the abovementioned asset classes which 

are valued at USD 2.0 trillion. However, the asset size in many plans is fairly modest. As can 

be observed in Table 22 below, 22% of retirement plans have less than USD 250,000 worth of 

assets, and another 30% with assets between USD 250,000 and USD 1,250,000, indicating that 

there is a wide selection of plans. However, aligned with expectations, the plans with the high-

est number of participants also have the most assets. The more concerning observation is that 

the average account balance across all plans is just slightly above USD 75,000. 
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Total Assets per 

Plan (in ‘000s) 
Number of Plans 

Number of  

Participants 

Total Assets  

(in ‘000s) 

Average Account 

Balance 

0-250 24,435 188,750 2,384,313 12,632 

250-625 16,551 247,286 6,970,322 28,187 

625-1,250 16,714 375,658 15,221,170 40,519 

1,250-2,500 17,472 645,424 31,306,395 48,505 

2,500-6,250 16,998 1,274,185 66,836,662 52,454 

6,250-12,500 7,461 1,218,898 65,345,007 53,610 

12,500-25,000 4,379 1,404,451 76,465,491 54,445 

25,000-62,500 3,353 2,374,840 131,162,349 55,230 

62,500-125,000 1,361 2,041,856 120,216,217 58,876 

125,000-250,000 891 2,443,318 157,161,035 64,323 

>250,000 1,179 14,933,642 1,372,777,588 91,925 

All 110,794 27,148,308 2,045,846,554 75,358 

Table 22: 401(k) Plan Characteristics by Assets (EBRI, 2018) 

 

The median age of the 401(k) participants in the data set is 45 years and is spread across age 

groups. The age split is fairly equal, however, as expected, the 20s are not as well represented 

as it should be. This indicates that while many people open 401(k) accounts in their 20s, it is 

common to wait until reaching 30s.  

 

 

Figure 17: 401(k) Participants Represent a Range of Ages (EBRI, 2018) 

 

6.2 Actual Asset Allocation 

Grouping the data as mentioned, we obtain the actual portfolio for the accumulation and decu-

mulation phase. However, the data needs to be grouped once again into an accumulation and 
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decumulation phase before we can compare it to the results obtained in our simulations. First, 

the weights for retirement portfolios belonging to people below 60 are scaled based on the 

weights in Figure 17 to total 100%. This allows us to take the weighted average of the equity 

and bond split, which is the closest approximation of the actual accumulation portfolio. Second, 

we isolate retirement portfolios belonging to people above 60 in order to obtain the actual 

decumulation portfolio.  

 

Age Group % of Acc Sample Equity Bond Total 

20s 15.91% 84.71% 15.29% 100.00% 

30s 27.27% 88.55% 11.45% 100.00% 

40s 28.41% 87.96% 12.04% 100.00% 

50s 28.41% 83.71% 16.29% 100.00% 

Weighted  

Average 
 86.39% 13.61% 100.00% 

Table 23: Actual Accumulation Portfolio (EBRI, 2018) 

 

Age Group % of Dec Sample Equity Bond Total 

>60 100.00% 77.91% 22.09% 100.00% 

Weighted  

Average 
 77.91% 22.09% 100.00% 

Table 24: Actual Decumulation Portfolio (EBRI, 2018) 

 

 

From these adjustments we obtain an actual portfolio allocation of 86.39% in equities and 

13.61% in bonds for the accumulation phase. In the decumulation phase, the actual portfolios 

allocate 77.91% in equities and 22.09% in bonds. As can be observed in the tables above, there 

is a fairly substantial allocation to the equity asset class. Examining this further, we find that 

exposure to equities has been increasing compared to 2007. 
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Figure 18: Exposure to Equities Among 401(k) Participants from 2007 to 2016 Across Age Groups (EBRI, 2018) 

 

6.3 Sub-conclusion 

In this section we presented the data used for finding the actual portfolio, how we have worked 

with it and presented the results. From the EBRI data set of 27.1 million participants, we first 

grouped the 6 categories worth USD 2.0 trillion in assets into our 2 asset classes. Second, we 

split the data into the accumulation and decumulation phase based on the definition given by 

EBRI and the statutory retirement age in the U.S. Third, a weighted average asset allocation in 

each age group was found to obtain the actual portfolios. From this we found the average port-

folio allocation to be 86.39% in stocks and 13.61% in bonds for the accumulation phase. The 

average portfolio allocation in the decumulation phase was 77.91% in stocks and 22.09% in 

bonds. 

 

7. Comparison of Actual and Optimal Portfolios 

In section 5.3 Model Results and the Optimal Asset Allocation we presented the theoretical 

solution to how portfolios could be optimally invested pre- and post-retirement. In section 6.2 

Actual Asset Allocation we identified the actual portfolios held by investors in the accumula-

tion and decumulation phases. Thus, we have answered the first and second research objective. 

In this section we will answer the third and fourth research objective. The intention of this 

section is therefore to assess the degree of rationality in which retirement portfolios allocate 
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funds, and to analyze theoretical aspects which can explain deviations from the optimal allo-

cation. 

 

7.1 Accumulation Phase 

By comparing the theoretical portfolios with the actual portfolio in the accumulation phase, we 

obtain Table 25. The research objective in the accumulation phase is to maximize the risk-

return relationship, meaning that the Sharpe ratio is the main method of measurement. 

 

 

Table 25: Differences Between the Actual and Historical Portfolios in the Accumulation Phase (Authors' Creation) 

 

The Sharpe ratio for the actual portfolio has been calculated based on our original model input 

data from the CRSP and Damodaran’s databases. To maintain coherency with our previous 

analysis, the 30-day Treasury bills have been used as the risk-free rate for calculating the 

Sharpe ratio of the actual portfolio as well. 

 

We observe that in the actual portfolio, the equity asset class has an overweight allocation 

compared to what the optimal portfolios suggest. It is not an extensive deviation, but a 5.83 

and 6.75 percentage point overweight in stocks compared to the 20-year and 15-year model 

will have a significant impact on portfolio performance. Consequently, the deviation is the 

same for the bond asset class as we have a two-asset portfolio. It is worth to note that our 20-

year optimal model outperforms the Sharpe ratio of the actual portfolio by 0.11, and our 15-

year models outperforms by 0.05.  

 

Several factors may have contributed to the overweight position in equities. The data we use 

in the comparison originates from 2016. As illustrated in Figure 18, investors’ position in eq-

uities have increased from 2007-2016. A natural contribution to this increased equity exposure 

can be the outstanding performance of equities. The equity asset class has been characterized 

by a bull market, resulting in a significant appreciation of equity positions in retirement port-

folios. Consequently, these positions account for higher proportions of portfolios. 

 

Asset Class Actual Portfolio (a)

Optimal 20Y 

Portfolio (b)

Optimal 15Y 

Portfolio (c) Difference: (a) - (b) Difference: (a) - (c) 

Equity 86.39% 80.57% 79.65% 5.83% 6.75%

Bond 13.61% 19.43% 20.35% -5.83% -6.75%

Sharpe Ratio 0.42 0.53 0.47 -0.11 -0.05
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When comparing the actual portfolios to optimal portfolios suggested by previous literature, 

the allocation to equities does not deviate substantially, but is still on the high end. Allocations 

suggested by a balanced portfolio strategy does favor stocks to bonds, but the range differs 

widely. The papers favoring a more aggressive strategy, such as the one by Detemple, Garcia 

and Rindisbacher (2003), find the optimal allocation to be below 85% in stocks for long-term 

investments. The allocation in the actual portfolio is above the suggested limit, but by a negli-

gible amount. On the other hand, other researchers have found the optimal allocation to be 

closer to an even split between stocks and bonds of which the actual allocation is far above 

(Choi & Mukherji, 2010; Forsyth & Vetzal, 2019). 

 

The allocation to equities in the actual portfolio is also higher than what the life-cycle strategies 

advocate. The life-cycle strategy suggests that a portfolio should invest 90% in stocks until 

investors reach their thirties. Therefore, for the younger age groups the equity exposure ob-

served here is expected. However, the largest participant groups in the data are those in their 

forties and fifties. For this reason, we would expect equity allocation to be closer to 60% based 

on the literature (Kopcke, Webb, Hurwitz, & Li, 2013; Bridges, Gesumaria, & Leonesio, 2010). 

The actual investors’ portfolios are clearly much more exposed to equities and therefore have 

a higher risk level than advised in research. 

 

A possible explanation for the high equity allocation is that investors are more prone to invest 

in assets which for many years have demonstrated attractive returns. In 2016, this was the case 

with equities, which is therefore also a contributing factor to the overweight position. Thus, 

allocating funds to equities during bull markets relate to the “Fear of Missing Out”, which is 

characterized as a common investor trap. 

 

At the same time, bond markets may be seen as inaccessible by some investors. According to 

the Australian Government, the average retail consumer finds the disclosure documents of fi-

nancial products too difficult to understand. As a result, the investor will be discouraged to buy 

assets they are unfamiliar with, such as bonds (Australian Government, 2011). This could be a 

significant contributing factor, since the majority of retail investors that are active in the finan-

cial markets report to have bought stocks in the past year, while bonds are a much less attractive 

asset class (Dave & Trivedi, 2016; Investor Education Centre , 2017). 
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Another way to look at the large allocation to the stock markets is through the perspective of 

behavioral finance. Aspara, Chakravarti and Hoffmann (2015) found that individual’s financial 

decision making is not only led by search of profits but also by their other goals. A particular 

one of which is the goal of self-expression. The researchers found that investors are willing to 

trade off returns for the opportunity to invest in stocks that allow for a greater self-expression. 

A practical implication of that could be the growing popularity of the socially responsible in-

vestment funds. Hence, investors may not be as concerned with maximizing the Sharpe ratio 

of their portfolios rather than invest in stocks or funds they feel socially aligned with. 

 

Due to poor financial literacy of many retail investors, the choice of funds to invest in may not 

have been entirely theirs after all (Prudential, 2018). The 401(k) plans often entail an employer 

match and a default fund. Researchers have found that individuals that do not feel competent 

with the choice of funds will assume the default fund is a suggestion (Madrian & Shea, 2001). 

Those individuals will either stick to the default indefinitely or will choose a different fund, 

which resembles the default option closely. It is therefore likely that if the default funds of the 

401(k) plans we observe empirically had a high allocation to stocks, the individuals are un-

knowingly exposing themselves to more risk than they think. 

 

7.2 Decumulation Phase 

Table 26 shows the comparison of the actual portfolio and optimal portfolios for the decumu-

lation phase. The research objective in the decumulation phase is to maximize time until ruin, 

which as a result is the main measure of interest. 

 

 

Table 26: Differences Between the Actual and Historical Portfolios in the Decumulation Phase (Authors' Creation) 

 

The time until ruin in the actual portfolio has been calculated using our original decumulation 

models. We have used the portfolio allocation based on EBRI data while keeping all other 

parameters fixed, i.e. the starting balance, duration, withdrawal rate and its standard deviation. 

The model has again been executed 10 times, amounting to a total of 100,000 Monte Carlo 

simulations for either duration. We do recognize that the average person using a 401(k) account 

Asset Class

Actual 40Y 

Portfolio (a)

Actual 45Y 

Portfolio (b)

Optimal 40Y 

Portfolio (c)

Optimal 45Y 

Portfolio (d) Difference: (a) - (c) Difference: (b) - (d) 

Equity 77.91% 77.91% 55.69% 55.33% 22.22% 22.59%

Bond 22.09% 22.09% 44.31% 44.67% -22.22% -22.59%

Months until Ruin 153 164 198 205 -45 -41
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to save for retirement will not have a decumulation phase lasting 40 years or more. However, 

comparing the portfolios in this way allows us to make the most direct comparison possible 

and demonstrate the importance of portfolio allocation.  

 

Another way of comparing the portfolios would have been to use the average portfolio balance 

reported by EBRI and use the remaining life expectancy of for an average person retiring at 

the statutory retirement age as the duration. However, as we are focusing on early retirees it is 

more relevant to show how a sub-optimal allocation affects their retirement portfolio rather 

than how the allocation affects those retiring at the statutory age.  

 

With the objective of maximizing time until ruin we observe that if funds are not allocated 

optimally, the minimum time until ruin decreases significantly. While we do see that the port-

folios of the 60+ age group do have a lower allocation to stocks, the reduction is much less 

than what we would expect. Compared to the 40-year and 45-year optimal models, the equity 

asset class is overweighed by 22.22% and 22.59% respectively. Ergo, the bond asset class is 

underweighted by the same amount. 

 

An equity allocation of such high magnitude leads to a rather volatile portfolio. By investing 

in a more conservative manner, as suggested by our 40-year model, the shortest time until ruin 

decreases by 45 months, which is close to 4 years. In the longer model the difference is slightly 

lower with shortest time until ruin decreasing by 41 months when using the actual allocation. 

In real life retirees usually also receive some type of PAYG pension, meaning the actual time 

until exhausting all wealth is probably somewhat higher. With that said, over 20% of the elderly 

population live in poverty in the U.S. (Mazer, et al., 2019). This indicates that the suboptimal 

allocation we have observed in our analysis, together with low contributions, have worrisome 

consequences.   

 

Some reasons for the overweight position in equities are similar to what we already presented 

in the accumulation phase. As the time of observation in the decumulation period is also 2016, 

the impact of financial markets is the same. If the investors have not reallocated their portfolios, 

equity investments will naturally account for a larger proportion of the retirement portfolios 

due to high returns since the financial crisis of 2008-2009. Additionally, investors may have 

been scared of missing out and invested extra funds into equities. 
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Arising from that, there is also a possibility that the investors have not changed their investment 

strategy since retiring. Behavioral scientists have found that investors of all levels and back-

grounds will extrapolate past returns to the future (Frydman & Camerer, 2016; Tuyon & 

Ahmad, 2017). Stemming from many years of positive returns, investors may have had become 

overly confident and forgot the times of devastating recessions. It is therefore possible that the 

retirees did not see a reason for switching to a more conservative portfolio. However, investors 

that have assumed more risk than they can tolerate will get burnt when more volatile times 

come, as can be seen by the growing demand for safe haven assets since February this year 

(Reinicke, 2020; FRED, 2020). 

 

A more rational way of thinking about why stock allocation is high can be that there are some 

proponents of reverse life-cycle strategies. That is, equity allocation is lower in the earlier years 

of the investor and keeps increasing during the working life. For example, Basu and Drew 

(2009) showed that increasing equity allocation before retirement can be more beneficial than 

the conventional life-cycle strategy. Even papers on fixed allocations have found that the opti-

mal allocation for minimizing ruin can be as high as 75/25 split between stocks and bonds 

respectively (Butt & Deng, 2012). 

 

On the other hand, an overwhelming majority of other researchers disagree. The risk of losing 

a large proportion of wealth due to market fluctuations is unacceptable to most retirees and 

would therefore not justify such high exposure to equities. Hence, the more commonly sug-

gested allocations are close to what our models found, or even supporting the commonly known 

rule of thumb, where the allocation to stocks is found by subtracting the investor’s age from 

100 (Kopcke et al., 2013; Bengen W. P., 1994; Bridges, Gesumaria, & Leonesio, 2010). Thus, 

previous literature along with our models show that the average allocation in the 401(k) ac-

counts is likely to be too risky. 

 

Another reason for why the 401(k) portfolios are this risky is that the retirees may own other 

assets as well. We do not know whether the portfolios presented here constitute the entire port-

folio the investors hold. If the individuals have purchased annuities, gold or even more bonds 

through other accounts, then the actual risk of the portfolio will be lower. Additionally, the 

retirees may be receiving pensions or other government transfers, which generally are predict-

able and low-risk cash flows. In the light of that, the investors have effectively hedged the 
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downside risk of the portfolio while still being able to enjoy the returns when they are high. In 

the abovementioned case, the allocation would be closer to being adequate.  

 

7.3 Sub-conclusion 

The actual portfolios for both phases of investing have a more aggressive allocation to stocks 

than suggested by our models and previous literature. As there is no qualitative data included 

in the EBRI database, we can only assume what the reasons for such strategies are. 

 

In our opinion, the most important factors are stock market performance and familiarity. By 

2016, the financial markets in the U.S. had already enjoyed a 7-year bull market. It is therefore 

not surprising that investors wanted to reap the benefits of a rising tide as much as possible. 

While it is certainly a risky strategy, another contributing factor is the unfamiliarity of bonds. 

Based on investor surveys, more than half of retail investors find bonds a difficult asset class 

to understand. It is therefore only natural that investors will put more of their eggs into a basket 

which they understand.  

 

We also have to accept that investors are not fully rational actors, as opposed to the assumption 

by conventional economic theory. Instead, we observe that there are many other factors besides 

return that are at play when investors are choosing what is worth investing in. For example, we 

can determine that some investors value self-expression more than returns. Or alternatively, 

they may simply not feel confident enough to make investment decisions themselves and will 

settle for an option that is suggested by someone else.  

 

No matter what the reason, the choice of allocation is an important one, and will have a large 

impact on portfolio performance. As is evident from a lower Sharpe ratio and a shorter time 

until ruin, investors seem to be taking on more risk than necessary. And even more importantly, 

they have been taking on risk that is above their tolerance.  
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8. Critical Reflection 

Comparing the results from our model to both previous literature and empirical evidence, we 

observe that while improvements could be made, the deviations are not substantial. The main 

factor of this is that the input parameters in our model are rather simplistic and can be easily 

modified to align with real-life situations. 

 

Our model incorporates the two asset classes which are the most easily available for retail 

investors. There are more than 18 exchange-traded funds (ETFs) which track the S&P 500 

index, meaning that it is possible to purchase at least one of these funds through virtually any 

broker (justETF, 2020). In a similar fashion, Treasury or other secure government bonds can 

be bought from most banks and brokers worldwide. Hence, the results of our model are appli-

cable to the largest audience possible as they are the most accessible investment opportunities. 

 

The simplicity of the models also allowed us to make adjustments which fit real-life situations. 

For example, we were able to reduce the timestep to one month, which is the most common 

time period for receiving a salary and putting aside savings. Most people will not accumulate 

savings for a year to make a bulk investment in one go, which means that our model is closer 

to real life than what we found in majority of previous literature. Modelling contributions and 

withdrawals on a monthly basis also meant that we could increase their variance in a more 

realistic manner compared to an annual timestep.  

 

On the other hand, we must also address the points in which the models could be improved. 

The most obvious improvement would be to add other relevant variables. One of the most 

commonly included variables is taxes. In most jurisdictions taxes can and do reduce the net 

returns of investments to a large degree. There are two ways to reduce the impact of this com-

plication: (i) by not rebalancing the portfolio after each contribution the investor can delay 

paying taxes on capital gains; or (ii) investing in a tax deferred account as long as the investor 

fulfils the necessary requirements. The drawbacks of these two solutions are, however, that (i) 

in most cases the portfolio will become more heavily weighted towards equities, thus making 

it more risky; and (ii) in the context of early retirement, many will not be able to benefit from 

the account until well into their retirement due to age restrictions. 
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Therefore, it will be fairly important to take taxes into consideration when planning one’s re-

tirement. The reason why we abstained from including it in our model is that the relevant taxes 

vary based on jurisdiction and the individual’s circumstances. Adding this variable would sig-

nificantly complicate the model, since both dividend and capital gain taxes vary depending on 

states and countries, while also depending on the individual’s income level. Hence, we decided 

that it would not improve our model to a significant degree if we included a certain tax per-

centage, as it would limit the relevance to smaller group of investors.  

 

Another variable that could make the models represent reality more is fees. There are many 

articles written on the importance of fees on net returns (U.S. Securities and Exchange 

Commission, 2013). Nonetheless, previous research is split in half on whether or not to include 

fees and other charges into their simulations. We have decided not to because, while it is cer-

tainly true that large fees will have an impact on investment returns, there are many online 

brokers that charge less than a 0.1% fee on trades. Furthermore, many of the listed ETFs have 

an annual expense ratio of less than 0.05%, making the impact of fees negligible.  

 

Besides the other variables, a way of making the models more realistic would be to include 

additional asset classes. While most of the previous research on portfolio allocation for retire-

ment has been limited to bonds and equities, some researchers have also included real estate 

and precious metals. It has been shown that once more asset classes are included, the optimal 

portfolio composition changes drastically (Beracha, Downs, & MacKinnon, 2017). Including 

real estate into the portfolio would be close to real life since many have chosen to own their 

homes and that will naturally make up a large proportion of their assets. However, treating 

one’s home as an investment vehicle to fund retirement is somewhat questionable, because 

many want to retire in the same place they lived previously (Kramer & Pfaffenbach, 2015). 

However, including real estate investment trusts, precious metals and other relevant asset clas-

ses would make an interesting addition to the analysis. 

 

Lastly, there are large variations in individuals’ risk tolerance. This is a factor which can po-

tentially have the most importance on the optimal allocation. The reason why so many papers 

on retirement have stuck to the 50/50 split is exactly this – it can be hard for investment advisors 

to convince their clients to take on more risk, even if it would increase their returns. Therefore, 

investing 80% of assets into equities, as our model suggests, will not be optimal for people 

with low risk tolerance.  
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9. Conclusion 

The intent of this section is to provide answers for our research objectives by summarizing our 

overall findings. 

 

We have illustrated the underlying motivations for why the FIRE movement is becoming an 

increasingly popular method of retirement planning. This was done by analyzing factors which 

are driving the movement, including the increasing average life expectancy, statutory retire-

ment ages and changing working culture. Furthermore, we demonstrated the scarce academic 

research that there currently is on early retirement through self-managed pension planning, 

which is the main contribution of this thesis to the academic field. 

 

Before introducing our optimal models, we provided the necessary information for finding 

these portfolios. This included the asset classes used, methodology on portfolio construction 

and how we have used these means altogether to arrive at our final models. We analyzed fi-

nancial theory such as Modern Portfolio Theory, Capital Asset Pricing Model and Monte Carlo 

methods, since these are foundational knowledge that our thesis is built upon. We discussed 

both the benefits, limitations and drawbacks of the way our models have been constructed with 

particular emphasis of a theoretical perspective compared to an empirical perspective. 

 

To make our models as realistic as possible, our end results are based on two scenarios con-

sisting of varying durations in the accumulation and decumulation phase. In the accumulation 

phase, our objective was to find the asset allocation that maximizes the risk-return relationship 

as measured by the Sharpe ratio. In the decumulation phase we focus on finding the optimal 

asset allocation that maximizes time until complete exhaustion of wealth while in retirement. 

The first pair of models assumed 15 years in the accumulation phase, and 45 years in the decu-

mulation phase. The second pair of models assumed 20 years in the accumulation phase, and 

40 years in the decumulation phase. Both pairs of models were based on a total of 100,000 

simulations in each individual model. The simulations were based on historical real rates of 

return and standard deviation of the S&P 500 and 10-year Treasury bonds. As would be the 

case in real life, the ending balance of the accumulation phase became the beginning balance 

in the decumulation phase in each of the two pairs. 
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In the accumulation phase, we assumed a beginning balance of zero not to give disproportion-

ately more weight on returns in the first period. To create a scenario which follows the most 

realistic assumptions, we incorporated numerous data points from real life as input variables in 

our model. First, we found the monthly contributions based on the U.S. median income and a 

30% savings rate. The savings rate is based on data from surveys on the FIRE movement and 

is placed on the conservative side. Second, monthly contributions will vary for most people in 

real life, which we therefore incorporated in the model. Third, there will be months of unem-

ployment or leave throughout the working life for most people. To simulate this, we found the 

median number of years that a person stays in a job according to the U.S. Bureau of Labor 

Statistics, and then paused contributions for the following 3-months of the expected job change. 

 

For the 15-year accumulation model, we demonstrated that the optimal asset allocation is to 

hold 79.65% in stocks and 20.35% in bonds. Assuming the abovementioned inputs, this asset 

allocation provides a median ending balance of USD 433,506 and obtains an average Sharpe 

ratio of 0.47. For the 20-year accumulation model, we showed that the asset allocation should 

be 80.57% in stocks and 19.43% in bonds, exhibiting a similar result in both models. The 20-

year accumulation model gives a future retiree a median ending balance of USD 685,383 and 

a Sharpe ratio of 0.53. 

 

In the decumulation phase, we continued with the two scenarios from the accumulation phase. 

The withdrawal amount was based on the widely recognized 4% rule first published by Bengen 

in 1994. However, the reality will be different since most people will not withdraw the same 

amount every year. Stemming from this we incorporated additional rules in the decumulation 

phase in order to make our final models follow realistic scenarios. The first rule stated that if 

the portfolio balance exceeded USD 1 million after half of the retirement period, the withdrawal 

amount was increased by 15%. The second rule stated that if the portfolio balance exceeded 

USD 2 million after half the retirement period had passed, the withdrawal amount was in-

creased by 20%. Third, we incorporated variance to the monthly withdrawal amounts as this 

will likely be the case in real life as well. 

 

In the 45-year decumulation model we demonstrated that the asset allocation, which maximizes 

time until ruin, is 55.33% in stocks and 44.67% in bonds. The average monthly withdrawal 

over the entire period became USD 1,489 with the time until reaching ruin being 205 months. 

In the 40-year decumulation model we presented an optimal asset allocation of 55.69% in 
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stocks and 44.31% in bonds. The resulting average withdrawal amount over the period was 

USD 2,388 and with the shortest time until reaching ruin being 198 months. 

 

We tested the robustness of our optimal models by altering the main input parameters. The 

conclusion of the stress tests was that the risk-return profile increases with duration, since the 

probability of extreme outcomes increases with longer maturity. In the accumulation phase, the 

models are more sensitive to changes in the equity variable as it receives a larger allocation 

than bonds. The ending balance, as expected, is an increasing function of the savings rate. In 

the decumulation phase, the models were still somewhat more sensitive to changes in equity 

parameters, but not substantially so since the allocation was almost evenly split. The probabil-

ity of reaching ruin is greater with lower returns and higher standard deviations. Increases in 

the withdrawal rates significantly increase the likelihood of reaching ruin. 

 

Based on the data on 401(k) accounts of 27.1 million participants and USD 2.0 trillion in assets, 

we determined the actual portfolios for the accumulation and decumulation phase. During the 

accumulation phase the average actual portfolio that investors hold is 86.39% in stocks and 

13.61% in bonds. In decumulation the average actual portfolio of retirees has allocation of 

77.91% in equities and 22.09% in bonds. 

 

When comparing the actual and optimal portfolios, we observe a deviation for both phases, but 

it is more significant in the decumulation phase. In the accumulation phase, we showed that 

the 20-year and 15-year model improve the Sharpe ratio by 0.11 and 0.05 compared to the 

actual portfolio. In the decumulation phase, our 40-year and 45-year models increase the time 

until ruin by 45 and 41 months respectively, compared to the actual asset allocation. 

 

Several factors contribute to the deviation between the actual and optimal portfolios. We iden-

tified a few reasons for that. First, the data of the actual portfolios originates from 2016, which 

was a period where equity valuations were high from a historical perspective. A combination 

of fear of missing out and lack of rebalancing likely contributed to the equity allocation making 

up a higher fraction of the total portfolio. Second, investors have different objectives, which 

may differ from our research questions. Meaning that maximizing return may not be the first 

priority of the investor. Third, retirees hold onto their old investment goals from the accumu-

lation phase after they retire, and therefore will not shift their focus on preserving wealth. 
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Appendices 

Appendix A: Statistical Analysis 

A.1 Test of Normality (Kolmogorov-Smirnov Critical Values at Various Levels of α) 

 

 

0.20 0.15 0.10 0.05 0.01

1 0.900 0.925 0.950 0.975 0.995

2 0.684 0.726 0.776 0.842 0.929

3 0.565 0.597 0.642 0.708 0.823

4 0.494 0.525 0.564 0.624 0.733

5 0.446 0.474 0.510 0.565 0.669

6 0.410 0.436 0.470 0.521 0.618

7 0.381 0.405 0.438 0.486 0.577

8 0.358 0.381 0.411 0.457 0.543

9 0.339 0.360 0.388 0.432 0.514

10 0.322 0.342 0.368 0.410 0.490

11 0.307 0.326 0.352 0.391 0.468

12 0.295 0.313 0.338 0.375 0.450

13 0.282 0.302 0.325 0.361 0.433

14 0.274 0.292 0.314 0.349 0.418

15 0.266 0.283 0.304 0.338 0.404

16 0.258 0.274 0.295 0.328 0.392

17 0.250 0.266 0.286 0.318 0.381

18 0.244 0.259 0.278 0.309 0.371

19 0.237 0.252 0.272 0.301 0.363

20 0.231 0.246 0.264 0.294 0.356

25 0.21 0.22 0.24 0.27 0.32

30 0.19 0.20 0.22 0.24 0.29

35 0.18 0.19 0.21 0.23 0.27

Over 35 1.07/√n 1.14/√n 1.22/√n 1.36/√n 1.63/√n

n
Level of Significance α
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A.2 Test of Autocorrelation (Durban-Watson Critical Values at α = 0.05) 
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Appendix B: Optimal Model 

B.1 15-year Accumulation Model Results 

 

B.1.1 Overview of all measured outputs in the 15-year accumulation model 

 

 

B.1.2 Histogram of Portfolio End Values in the 15-year Model 

 

 

  

Sim nr Min Max Average Median St. Dev Kurtosis

Mean 

contribution

Sum of 

Contributions

Times below 

contributions

Times below 

500K

Times 

below 1m Stocks Bonds Sharpe

1 $155,725 $1,359,027 $452,679 $431,875 $136,144 1.82 $1,501 $270,101 464 6962 9973 79.00% 21.00% 0.46

2 $157,488 $1,531,001 $457,687 $435,018 $142,321 2.23 $1,501 $270,108 507 6789 9959 80.50% 19.50% 0.33

3 $157,232 $1,355,935 $454,989 $432,369 $138,275 2.09 $1,500 $270,086 467 6854 9962 79.50% 20.50% 0.65

4 $164,101 $1,444,224 $455,255 $433,246 $139,677 2.24 $1,501 $270,095 485 6844 9963 80.00% 20.00% 0.42

5 $156,219 $1,223,141 $451,289 $431,521 $134,120 1.81 $1,501 $270,126 478 6954 9972 78.00% 22.00% 0.54

6 $149,995 $1,700,975 $455,177 $433,816 $139,962 2.96 $1,501 $270,117 488 6830 9971 80.76% 19.24% 0.44

7 $171,122 $1,511,088 $456,727 $432,680 $142,106 2.24 $1,500 $270,061 503 6833 9958 80.49% 19.51% 0.50

8 $154,184 $1,247,521 $454,937 $435,447 $135,832 1.73 $1,501 $270,106 446 6826 9973 79.00% 21.00% 0.49

9 $149,488 $1,210,738 $452,299 $433,561 $133,245 1.46 $1,501 $270,128 490 6923 9980 78.20% 21.80% 0.50

10 $153,010 $1,285,872 $459,026 $435,531 $142,717 1.93 $1,500 $270,087 481 6741 9958 81.00% 19.00% 0.39

Average $156,856 $1,386,952 $455,007 $433,506 $138,440 2.05 $1,501 $270,102 481 6856 9967 79.65% 20.35% 0.47

Bin Frequency Frequency

$200,000 0.26% 260

$250,000 2.28% 2281

$300,000 7.39% 7385

$350,000 13.12% 13118

$400,000 16.10% 16097

$450,000 15.95% 15951

$500,000 13.46% 13464

$550,000 10.32% 10320

$600,000 7.33% 7326

$650,000 5.03% 5033

$700,000 3.22% 3218

$750,000 2.04% 2041

$800,000 1.32% 1315

$850,000 0.81% 814

$900,000 0.51% 506

$950,000 0.33% 330

$1,000,000 0.21% 210

$1,050,000 0.11% 113

$1,100,000 0.09% 91

$1,150,000 0.05% 52

$1,200,000 0.03% 29

More 0.05% 46
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B.2 20-year Accumulation Model Results 

 

B.2.1 Overview of All Measured Outputs in the 20-year Accumulation Model 

 

 

B.2.2 Histogram of Portfolio End Values in the 20-year Model 

 
 

 

  

Sim nr Min Max Average Median St. Dev Kurtosis

Mean 

contribution

Sum of 

contributions

Times below 

contributions

Times 

below 500K

Times 

below 1m Stocks Bonds

Sharpe 

ratio

1 $197,721 $2,785,821 $738,931 $683,751 $281,185 3.16 $1,501 $360,120 289 1798 8468 82.50% 17.50% 0.64

2 $219,963 $2,314,066 $733,611 $688,598 $269,254 2.52 $1,500 $360,083 306 1781 8586 81.00% 19.00% 0.70

3 $192,443 $2,778,590 $737,601 $689,329 $271,369 2.89 $1,500 $360,117 278 1807 8510 81.00% 19.00% 0.59

4 $177,228 $2,852,029 $738,400 $686,860 $271,537 3.14 $1,501 $360,191 274 1753 8508 81.00% 19.00% 0.60

5 $209,926 $2,733,433 $733,637 $687,641 $273,761 3.80 $1,500 $360,112 280 1820 8572 81.00% 19.00% 0.36

6 $185,883 $2,555,905 $735,707 $686,183 $270,064 2.63 $1,501 $360,129 272 1785 8538 79.52% 20.48% 0.45

7 $207,252 $3,414,835 $730,415 $682,809 $268,399 3.63 $1,501 $360,134 280 1809 8568 79.50% 20.50% 0.52

8 $215,404 $3,170,434 $732,931 $679,196 $272,767 4.17 $1,500 $360,079 261 1711 8564 80.02% 19.98% 0.50

9 $208,072 $2,746,721 $734,167 $686,839 $272,532 3.53 $1,500 $360,114 269 1841 8556 80.00% 20.00% 0.54

10 $188,613 $3,150,896 $733,792 $682,626 $276,386 3.67 $1,501 $360,137 286 1832 8565 80.13% 19.87% 0.44

Average $200,250 $2,850,273 $734,919 $685,383 $272,725 3.31 $1,501 $360,122 279.5 1794 8544 80.57% 19.43% 0.53

Bin Frequency Frequency

$300,000 0.66% 659

$400,000 4.92% 4920

$500,000 12.36% 12358

$600,000 17.22% 17222

$700,000 17.28% 17279

$800,000 14.48% 14482

$900,000 10.90% 10899

$1,000,000 7.62% 7616

$1,100,000 5.07% 5073

$1,200,000 3.38% 3381

$1,300,000 2.17% 2173

$1,400,000 1.39% 1385

$1,500,000 0.92% 918

$1,600,000 0.56% 564

$1,700,000 0.37% 368

$1,800,000 0.25% 248

$1,900,000 0.15% 147

$2,000,000 0.09% 93

$2,100,000 0.06% 64

More 0.15% 151
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B.3 45-year Decumulation Model Results 

 

B.3.1 Overview of All Measured Outputs in the 45-year Decumulation Model 

 

 

B.3.2 Histogram of Portfolio End Values in the 45-year Model 

 

 

  

Sim nr Min Max Average Median St. dev Kurtosis

Average 

withdrawal

Average 

duration

Min 

duration Ruin % Sharpe Stocks Bonds

1 $0 $25,288,866 $1,885,286 $1,370,184 $1,948,854 11.54 -$2,389 472 209 8.82% 0.45 55% 45%

2 $0 $25,114,962 $1,950,864 $1,370,182 $2,085,780 11.50 -$2,389 471 201 8.97% 0.37 56% 44%

3 $0 $35,924,533 $1,710,139 $1,244,095 $1,753,006 22.08 -$2,382 472 212 9.20% 0.46 56% 44%

4 $0 $20,789,495 $1,925,623 $1,360,874 $2,022,087 8.95 -$2,388 472 184 9.09% 0.52 56% 44%

5 $0 $31,042,376 $1,963,447 $1,404,455 $2,056,478 14.34 -$2,390 471 206 8.90% 0.51 57% 43%

6 $0 $19,620,676 $1,858,191 $1,331,842 $1,896,559 8.15 -$2,386 472 184 8.84% 0.49 55% 45%

7 $0 $24,955,685 $2,109,967 $1,471,309 $2,269,724 10.98 -$2,393 471 191 8.98% 0.39 56% 44%

8 $0 $21,973,337 $1,872,897 $1,345,515 $1,957,632 9.46 -$2,386 471 172 9.26% 0.51 55% 45%

9 $0 $20,290,657 $1,872,604 $1,341,072 $1,951,932 9.77 -$2,387 472 207 8.87% 0.44 55% 45%

10 $0 $22,655,318 $1,857,148 $1,355,453 $1,897,138 10.29 -$2,387 472 213 9.20% 0.48 55% 45%

Average $0 $24,765,590 $1,900,617 $1,359,498 $1,983,919 11.71 -$2,388 472 198 9.01% 0.46 56% 44%

Bin Frequency Frequency

$0 12% 12010

$400,000 15% 15058

$800,000 15% 15069

$1,200,000 13% 13454

$1,600,000 11% 10754

$2,000,000 8% 7984

$2,400,000 6% 5919

$2,800,000 5% 4506

$3,200,000 3% 3358

$3,600,000 3% 2632

$4,000,000 2% 1945

$4,400,000 1% 1492

$4,800,000 1% 1182

$5,200,000 1% 899

$5,600,000 1% 705

$6,000,000 1% 571

More 2% 2462
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B.4 40-year Decumulation Model Results 

 

B.4.1 Overview of All Measured Outputs in the 40-year Decumulation Model 

 

B.4.2 Histogram of Portfolio End Values in the 40-year Model 

 

 

 

 

 

 

Sim nr Min Max Average Median St. dev Kurtosis

Average 

withdrawal

Average 

duration

Min 

duration % ruin Sharpe Stocks Bonds

1 $0 $26,766,119 $1,565,442 $1,067,372 $1,781,505 18.90 -$1,491 526 206 11.75% 0.53 56.25% 43.75%

2 $0 $19,947,766 $1,463,111 $1,005,112 $1,652,946 12.16 -$1,488 525 187 12.09% 0.40 54.96% 45.04%

3 $0 $24,452,052 $1,550,216 $1,040,857 $1,764,094 13.58 -$1,490 525 206 11.75% 0.41 56.03% 43.97%

4 $0 $29,785,162 $1,474,081 $1,020,126 $1,691,161 20.25 -$1,488 526 201 11.72% 0.50 54.96% 45.04%

5 $0 $26,089,664 $1,501,341 $1,022,608 $1,680,206 14.97 -$1,489 525 212 12.20% 0.42 56.00% 44.00%

6 $0 $21,428,672 $1,522,620 $1,036,650 $1,753,470 13.73 -$1,490 525 207 12.17% 0.50 56.00% 44.00%

7 $0 $23,282,299 $1,433,874 $1,001,958 $1,628,283 16.59 -$1,487 525 196 12.17% 0.47 53.87% 46.13%

8 $0 $15,317,373 $1,396,166 $988,397 $1,522,319 8.98 -$1,487 525 214 11.95% 0.48 53.88% 46.12%

9 $0 $30,013,875 $1,540,169 $1,063,749 $1,747,474 17.76 -$1,491 525 203 11.76% 0.39 56.13% 43.87%

10 $0 $21,680,208 $1,482,529 $996,244 $1,735,878 14.28 -$1,488 525 219 12.54% 0.38 55.18% 44.82%

Avg $0 $23,876,319 $1,492,955 $1,024,307 $1,695,733 15.12 -$1,489 525 205 12.01% 0.45 55.33% 44.67%

Bin Frequency Frequency

$0 9.01% 9013

$400,000 10.78% 10784

$800,000 12.47% 12469

$1,200,000 13.05% 13051

$1,600,000 11.10% 11099

$2,000,000 8.76% 8760

$2,400,000 7.07% 7069

$2,800,000 5.61% 5606

$3,200,000 4.44% 4436

$3,600,000 3.49% 3487

$4,000,000 2.69% 2687

$4,400,000 2.16% 2157

$4,800,000 1.72% 1719

$5,200,000 1.39% 1388

$5,600,000 1.11% 1106

$6,000,000 0.90% 903

$6,400,000 0.68% 679

$6,800,000 0.63% 626

$7,200,000 0.46% 456

$7,600,000 0.42% 420

$8,000,000 0.34% 337

More 1.75% 1748
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Appendix C: Stress Test 

C.1 Impact of Standard Deviation Scenarios on the Ending Balance in the 20-year Accumula-

tion Model 

 

 

C.2 Impact of Standard Deviation Scenarios on the Ending Balance in the 15-year Accumula-

tion Model 

 

 

C.3 Impact of Standard Deviation Scenarios on the Ending Balance in the 40-year Decumula-

tion Model 

 

 

C.4 Impact of Standard Deviation Scenarios on the Ending Balance in the 45-year Decumula-

tion Model 

 

 

 

3.33% 3.63% 3.93% 4.23% 4.53% 4.83% 5.13% 5.43%
1.26% 117 78 95 107 116 66 120 144

1.56% 114 64 79 109 79 60 105 82

1.86% 102 72 99 63 85 91 113 53

2.16% 92 85 105 100 142 110 130 150

2.46% 97 101 143 150 120 91 76 165

2.76% 115 107 108 77 50 55 255 86

3.06% 127 114 91 69 63 112 99 163

3.36% 89 104 81 73 135 82 80 88

S&P 500 Monthly Std Dev
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0
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n
th

ly
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td
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ev

3.33% 3.63% 3.93% 4.23% 4.53% 4.83% 5.13% 5.43%

1.26% 66 96 59 55 62 91 64 66

1.56% 54 48 62 67 75 54 102 56

1.86% 48 52 43 71 43 61 60 149

2.16% 73 106 109 100 78 71 53 61

2.46% 52 65 63 63 67 39 45 87

2.76% 73 71 80 60 63 66 81 70

3.06% 75 35 91 76 75 93 28 39

3.36% 41 66 67 75 73 51 103 72

S&P 500 Monthly Std Dev

U
S1

0
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 M
o

n
th

ly
 S

td
 D

ev

3.33% 3.63% 3.93% 4.23% 4.53% 4.83% 5.13% 5.43%

1.26% 71 69 56 82 100 29 127 35

1.56% 170 154 100 10 26 27 26 0

1.86% 27 42 35 65 52 98 26 96

2.16% 35 14 32 100 44 41 16 86

2.46% 92 54 11 54 56 25 0 16

2.76% 2 22 54 33 0 64 0 154

3.06% 90 118 77 33 0 42 185 0

3.36% 60 4 136 0 23 116 0 73
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3.33% 3.63% 3.93% 4.23% 4.53% 4.83% 5.13% 5.43%

1.26% 78 77 63 93 112 33 143 39

1.56% 188 173 113 0 30 30 30 0

1.86% 31 47 40 73 59 111 29 108

2.16% 39 16 36 100 49 46 18 97

2.46% 104 61 12 60 63 28 0 0

2.76% 0 24 61 37 0 72 0 173

3.06% 101 133 86 37 0 47 208 0

3.36% 67 0 153 0 25 130 0 82U
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