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Abstract 

The dynamic trading strategies of Gârleanu and Pedersen (2013) are being evaluated by their in-

sample and out-of-sample performance for respectively 75% and 25% of the data. We adopt two 

different investor perspectives using two different datasets: Commodity futures and ETFs tracking 

commodities. Gârleanu and Pedersen (2013) focus on the implementation of transaction cost, why 

predictable returns must be taken into account. We test three Gârleanu & Pedersen (2013) 

strategies 1) the Dynamic Markowitz, which is optimal in the absence of transaction costs, 2) the 

optimal strategy when including transaction costs, and 3) the Static portfolios where we trade at a 

fixed rate towards the Dynamic Markowitz portfolio. We include two single-period portfolios as 

benchmarks for the portfolios proposed by Gârleanu & Pedersen. We measure the performance of 

the strategies, by applying the Sharpe ratio, maximum drawdown and Calmar ratio before and 

after transaction costs.  

We find that the Dynamic Markowitz is the optimal trading strategy in absence of transaction 

costs. It performs well in terms of gross Sharpe ratio both in-sample and out-of-sample, but it 

incurs substantial drawdowns which affect the Calmar ratio negatively. Including transaction costs, 

the Dynamic Markowitz performs poorly, since it trades fully towards the optimum, thereby 

incurring a substantial amount of transaction costs.  

Assessing the optimal portfolio when accounting for transaction costs, it performs well both in-

sample and out-of-sample. However, it has a lower performance compared to the Dynamic 

Markowitz in terms of gross Sharpe ratio, and does not have as pronounced drawdowns. This is 

due to the portfolio only trading partially towards the aim and scaling down predictions by mean-

reversion speeds. Taking transaction costs into account, we find that the portfolio out-performs 

the Dynamic Markowitz on all performance measures, both in-sample and out-of-sample.  

We find that the Static portfolios are not optimal and, in some instances, suffer from non-linear 

effects.  

Finally, our analysis lack statistically significant return predicting coefficients, and there is little 

evidence of predictability in ACF plots. However, the strategies perform well, which indicates that 

they do not only hunt white noise.  
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Chapter 1:  Introduction  

The aim of optimal portfolio choice is to allocate securities in the most optimal way according to 

one or several objectives. There are many different objectives within portfolio optimization, where 

the most famous is proposed in 1952, with an essay by Harry Markowitz (1952), suggesting the 

objective of maximizing the risk adjusted expected return. The framework is built upon different 

assumptions, which makes the optimization problem solvable. The assumptions must be as 

realistic as possible, which result in portfolio theory is still evolving. The mean-variance framework 

has since been the foundation of extensive literature on portfolio choice from a single period 

setting to a multi-period setting. Where extensions often concern additional objectives making the 

assumptions fewer and the theories more pragmatic and realistic. These objectives could for 

instance be transaction costs (Gârleanu & Pedersen, 2013). Including transaction costs makes the 

choice of portfolio depend on future expected return, since the investment chosen today effects 

the future investment choice, due to transaction costs making trading expensive. In other words, 

implementing transaction costs, derive a need to model the variation of returns, in order to solve 

the optimization problem. To achieve this, the development of returns is often assumed to be 

specified by a process. Gârleanu & Pedersen (2013) suggests a model framework implementing 

transaction costs and still having a unique solution.    

In this thesis we empirically test the strategies proposed in the article “Dynamic Trading with 

Predictable Returns and Transaction costs” by Gârleanu & Pedersen (2013). As a starting point, we 

test the strategies on commodity futures data, similar to the data applied by the authors. We 

introduce single-period strategies as benchmarks for the dynamic strategies, to evaluate the 

performance of the Gârleanu & Pedersen strategies before transaction costs. As an extension to 

the original article, we test the strategies’ performance out-of-sample. This test is conducted by 

applying a rolling estimation scheme, which for smaller windows, has the benefit of making data 

increasingly stationary. Finally, we evaluate the generalizability of the strategy by applying the 

strategies onto a different data set. We chose ETFs tracking single commodity futures, because we 

expect them to contain predictability to some extent. We objectify the applications of two 

different data sets as the commodity futures addressing an institutional investor and the ETFs 

addressing a private investor. We choose this perspective since the commodity futures are 

assumed too expensive for the private agent to purchase. 
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1.1 Problem statement  

As described above the aim of this thesis is to evaluate the performance of dynamic trading 

strategies in-sample and out-of-sample. Moreover, we wish to test the generalizability of dynamic 

trading strategies, which is the reason, we will apply institutional and private investor 

perspectives. This boils down to the problem statement: 

 

How are dynamic trading strategies constructed, and how do they perform in- and out-of-sample? 

 

The construction of the dynamic trading strategies is dependent on the investor perspective. This 

means that estimates must be calibrated and adjusted to fit the investor. Moreover, we will apply 

the single-period framework proposed by Markowitz (1952) as benchmark portfolios.  

 

1.2 Delimitations 

The delimitations of the thesis will be outlined in the following. First of all, we test different 

trading strategies in-sample and out-of-sample on different datasets. The intuition behind the out-

of-sample testing is that we are able to assess the performance of the strategies in a more realistic 

setting than the in-sample backtests. The in-sample backtests can only be carried out ex-post, but 

an agent trading in a real-life setting will be interested in the out-of-sample performance. One 

limitation of testing the performance out-of-sample is that it will only evaluate on the 

performance of the particular dataset subject to the pre-defined assumptions. To really assess the 

performance of the trading strategies an additional out-of-sample analysis should be performed 

on the initial out-of-sample. This is not possible, so in order to evaluate and assess the 

performance we adjust the parameters in the trading strategies and test the out-of-sample 

performance on different datasets. For computational reasons the static portfolios proposed later 

on are not included in the out-of-sample analysis.  
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The trading strategies are carried out on different datasets, where we do not test for structural 

breaks and other unexpected time series changes. This will reduce the robustness of the findings. 

Moreover, this thesis is grounded in the empirical application and findings of the trading strategies 

of Gârleanu & Pedersen (2013), and we will not consider the mathematical proof. The trading 

strategies will all be rebalanced daily, which might not be in the interest of an agent who is 

concerned with rebalancing a portfolio less frequently such as once a week, month or maybe 

every half year or year. Lastly, we assume that an agent has access to unlimited borrowing and 

there are no limits to short positions. 

 

1.3 Structure   

Besides this introduction, counting the problem statement and delimitation, we start this thesis by 

reviewing relevant and relating literature within portfolio theory, including dynamic security 

allocation in chapter 2. Important concepts and theories regarding the portfolio strategies we 

apply in the empirical analysis is outlined in chapter 3. Since we apply commodity futures data we 

dedicate chapter 4 to outline (a) basic notion, (b) expected returns and (b) return predictability of 

commodity futures. The methodology enabling us to assess the empirical analysis is presented in 

chapter 5. In the empirical analysis it is important that we do not characterize the price changes 

between contracts as returns. Therefore, we have put extensive work into adjusting data 

accordingly, which is presented in chapter 6.  The empirical analysis is conducted in two separate 

chapters, because we apply the outlined framework, for two different security types. The 

empirical analysis of commodity futures is presented in chapter 7, whereas the analysis of 

commodity tracking ETFs is presented in chapter 8. From the empirical analysis we discuss our 

findings in chapter 9. Finally, we conclude our findings in chapter 10. 
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Chapter 2:  Literature Review 

The notion of modern portfolio theory starts out in 1952, as the father of modern portfolio theory, 

Harry Markowitz, proposes the portfolio problem as a mean-variance framework i.e. a trade-off 

between return and variance. The framework implies that an agent gets a higher excepted return 

by taking on more risk and vice versa - minimizing risk by reducing expected return (Markowitz, 

1952, p. 79). Overall, the framework attempts to maximize expected return while minimizing the 

variance. This is achieved through security allocation in the portfolio across individual securities. 

The principles within the mean-variance framework leads to the formulation of an efficient 

frontier, from where the agent chooses his or her preferred portfolio, based upon the agents 

preferences towards risk and return (Elton & Gruber, 1997, p. 1744). The most important point of 

Markowitz’ framework is the extension, where he stresses that securities cannot be selected due 

to only security specific characteristics. Instead agents have to evaluate the co-movement of one 

security compared to all the other securities. Thus, taking these co-movements into account, it 

enables an agent to construct a portfolio with less risk but same expected return. Markowitz’ 

framework is widely used today, because it is broadly known and has an intuitive appeal.  

 

Other single-period portfolio theories developed rely on more or less complex assumptions. 

Including Tobin (1958) who addresses a standard Keynesian macroeconomic problem, where 

Markowitz is perceived as being a microeconomic contributor. Tobin (1958) derives the economy’s 

liquidity preference by explaining the behavior of the decision-makers of the economy 

(Constantinides & Malliaris, 1995). Other single-period portfolio contributors, are occupied by the 

skewness of portfolio returns. Lee (1977) concludes that the skewness effect has a significant 

biasing towards the empirical test of the risk-return relationship. Kraus and Litzenberger (1976) 

consider the impact of systematic skewness on the risk-return relationship trade-off. The common 

denominator is to include more moments in order to make the models more realistic, regardless 

of it accounting skewness (Lee, 1977; Kraus & Litzenberger, 1976), description of the distribution 

of return (Fama, 1965; Elton & Gruber, 1974) or utility (Tobin, 1964).  

 

In light of modern portfolio theory becoming more widely spread, additional contributions are 

made, including Sharpe (1964) and Lintner (1965) on the capital security pricing model and the 
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separation theorem, mutual funds. Given an agent has access to a risk-free security, the choice of 

the optimal portfolio of risky securities is independent of the agent’s preference towards the 

expected return and variance (Samuelson, 1970; Elton & Gruber, 1997, p. 1746). The separation 

theorem has different implications, one being that it enables us to rewrite the portfolio problem, 

and thereby assessing the tangency portfolio. The tangency portfolio maximizes the Sharpe ratio, 

which is the risk-free rate subtracted from the expected return divided by the standard deviation 

of the excess return. The second implication of the mutual fund theorem is that all agents can 

acquire their desired portfolio by mixing the two mutual funds, hence the risk-free security and 

the tangency portfolio (Elton & Gruber, 1997, p. 1746). Hereafter, other academics have focused 

on the number of mutual funds and relaxing the assumption of constant lending and borrowing 

(Ross, 1978; Cass & Stiglitz, 1970). In other words, what effect a discrepancy in the lending and 

borrowing rate, has on the number and nature of mutual funds. 

 

Up until now, only single-period portfolios have been reviewed. This leads to one of the major 

theoretical problems, which is the shift from the single-period setup to a multi-period setup, given 

that the agent’s nature is more likely to have characteristics as being a multi-period problem. 

Academics have found that the problem can be solved as a sequence of single-period problems 

subject to several assumptions (Fama, 1970; Hakansson, 1970 & 1974; Merton, 1990; Mossin, 

1969). One of the main assumptions that Fama (1970), Hakaansson (1970; 1974) and Mossin 

(1969) amongst others endorse is: the agent is risk averse (i.e. his or her utility function for 

lifetime consumption is strictly concave) and the markets for consumption goods and portfolio 

securities are perfect. This implies that even though an agent faces a multi-period problem, the 

agent’s behavior does not change compared to the risk averse consumer in the one-period setting. 

To summarize, the portfolio that is evaluated as the optimum given a multi-period setup, is 

different from the one chosen under a single-period setup. The reason is that the utility function 

under the multi-period set-up is adjusted to encounter several periods, which results in 

discrepancies compared to the single period solution. Another assumption in the multi-period 

portfolio optimization set-up is that the returns between periods are independent. Authors like 

Fama & French (1989), Campbell & Shiller (1988) are amongst those who are occupied by how 

mean returns and variances are related across time and are functions of observable variables. 
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The next wave within portfolio theory is the possibility of the portfolio analysis allowing for 

continuous time. Merton (1990) builds upon Samuelson’s (1969) work on discrete time.  The 

problem is combined and consists of the optimal portfolio selection and consumption rules for an 

individual in a continuous time frame, where his or her income is generated by returns on 

securities where these returns are stochastic (Merton, 1990, p. 97). In other words, the problem is 

a combined portfolio optimization- and investment-consumption problem, which is solved 

simultaneously. One of the main purposes of applying continuous time to the earlier problem 

stated by Samuelson (1969), is to assess confirmation of the results obtained in discrete-time. 

Merton (1990) generates the optimal equation for a multi-security problem by using the Weiner 

Browian-motion process for the returns. Merton (1990) applies the optimal equation in a two-

security model with constant relative risk aversion (CRRA) and another with constant absolute risk 

aversion (CARA)1.  As an extension to the model Merton proposes a set of more realistic 

assumptions, including log-normal returns and hyperbolic absolute risk aversion (HARA). The 

findings of Merton (1990) applying continuous time is rather closely related to the findings 

Samuelson (1969) applying discrete-time. The only significant difference is that Merton’s findings 

suggests that given the intertemporal continuous-time framework, an agent needs to hold 

hedging portfolios to protect against changes in the state variable (Elton & Gruber, 1997, p. 1747).  

 

Another focus point is the non-realistic assumption of no transaction cost, or the absence of 

concepts having the ability of describing such. Constantinides (1986) proposes an intertemporal 

selection model where proportional transaction costs are incorporated. In other words, he 

considers a partial equilibrium and implications of transaction costs for the equity premium 

(Gârleanu & Pedersen, 2013, p. 2313). He concludes that an agent’s expected utility is in-sensitive 

to deviations from the optimal portfolio suggesting that the liquidity premium due to transaction 

costs is small (Constantinides, 1986, p. 859). In other words, the maximum expected return an 

agent is willing to exchange for zero transaction cost (Jang et. Al., 2007, p. 2329). As a 

consequence of transaction costs, agents reduce the frequency and volume of the trades.  

                                                        
1 These concepts are more deeply outlined in the next chapter regarding theory  
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The earlier literature often relies on proportional and non-time varying transaction costs, like 

Constantinides (1986). A notion starting to appear, are theories challenging the assumptions of 

optimal consumption and investment with transaction costs when the investment opportunity set 

stays constant (Jang, et. Al., 2007). This implies that the expected return, volatility of the excepted 

return and the transaction costs are assumed to be constant across the whole investment period 

(Constantinides, 1986; Vayanos, 1998; Liu and Loewenstein, 2002; Liu, 2004). Jang, Et. Al. (2007) 

proposes a model with a risky security and a risk-free security, where the optimal consumption 

and investment problems are suitable for a small agent, which means that the agent has no price 

impacts. Furthermore, the agent derives constant relative risk (CRRA) utility from intertemporal 

consumption and an exogenous need for cash (Jang et. Al., 2007). To cope with constant 

investment opportunities, Jang et. Al. (2007) suggest two states “bull” and “bear” with 

fundamentally different parameters, including expected return, volatility and liquidity. Their 

findings suggest that transaction cost can have a first-order effect given that investments 

opportunities varies over time. These findings stand in contrast to Constantinides (1986), whose 

findings support a second-order effect, however it is noted that transaction costs included in the 

model were non time-varying. Furthermore, time-varying investment opportunities give an 

explanation of high trading volume and the relationship between transaction cost and the cross-

sectional patterns of excepted returns (Jang et. al., 2007, p. 2331).  

 

A counterpart to the theory proposed by Jang et. al. (2007) is Lynch & Tan (2011), having a rather 

macroeconomic approach, where they introduce variables like labor income. Lynch and Tan (2011) 

introduces real-world complications such as return predictability, state-dependent wealth shocks 

and state-dependent proportional transaction cost (Lynch & Tan, 2011, p. 1339). Their findings 

suggest that the assumptions make the agents problem closer to a real-life problem.  

 

Finally, Gârleanu & Pedersen (2013), proposes a model with predictable returns and transaction 

cost – but transaction cost allowing for the agent to have price impact (Kyle’s Lambda). Moreover, 

their findings suggest that an agent should aim in front of the target, where the target is the 

optimal portfolio without transaction cost equalized to Markowitz. The basic idea is to not place 

your portfolio in the optimum, coming from the rationale that it is expensive to trade all the way 
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to the optimum, due to transaction costs. This is why the agent will only trade partially towards 

the target. Because of the different aspects not considered in that particular combination, that of 

Gârleanu & Pedersen (2013), we will during this thesis focus towards applying this particular 

framework.  

Chapter 3:  Theory 

This chapter has the purpose of outlining the theoretical framework applied in the empirical 

analysis. As a starting point we introduce some general concepts which lay the ground notions for 

the framework of our benchmark portfolios and the Gârleanu & Pedersen portfolio.  

 

3.1 Concepts  

In this subsection the general concepts and assumptions of portfolio theory is outlined, including 

utility functions, risk aversion, portfolio return, variance and the implications of diversification  

3.1.1 Utility function and Risk Aversion 

Utility functions enable us to measure an agent’s preference towards wealth given risk in a trade-

off. In other words, how much risk the agent is willing to take in order to gain wealth. This aspect 

is essential because it is embedded in machinery of portfolio theory and gives the possibility of 

getting a solution to portfolio optimizing problems.  

Following Arrow’s (1971) theory, the expected utility hypothesis and risk aversion are closely 

related, given that individuals frequently show aversion towards risk taking. Moreover, risk 

aversion is an explanation of many phenomena in the economic world (Arrow, 1971, p. 90). Going 

forward a risk averter is defined as: “One who, starting from a position of certainty, is unwilling to 

take a bet which is actuarially fair (and all the more an actuarially unfair bet)” (Arrow, 1971, p. 90).   

When characterizing risk aversion, wealth is denoted 𝑊 and the total utility of wealth is 

denoted	𝑈(𝑊), where 𝑊 is a random variable. An individual is assumed to choose the presented 

strategy that make the expected utility of wealth highest.  

Common utility functions of wealth are assumed differentiable and also twice differentiable, why 

𝑈&(𝑊) is the marginal wealth and 𝑈&&(𝑊) is the rate of change of marginal utility with respect to 
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wealth. The individual is assumed to find positive wealth desirable, meaning 𝑈&(𝑊) > 0	(Arrow, 

1971, p. 92). Secondly, the utility function is normally concave, why	𝑈&&(𝑊) < 0, which imply that 

the marginal utility 𝑈′(𝑊) is decreasing in wealth (i.e. the agent is more appreciative when poor 

than rich) and the agent is risk averse. Moreover, three agents are outlined, where the marginal 

utility of wealth, 𝑈′(𝑊) given an increasing wealth, 𝑊:  

 

1) Risk-averter: 𝑈&(𝑊)	is strictly decreasing as 𝑊	increases, implying 𝑈&&(𝑊) < 0	 

2) Risk-neutral: 𝑈&(𝑊) is constant when 𝑊 increases, implying 𝑈&&(𝑊) = 0	 

3) Risk-loving: 𝑈&(𝑊) is strictly increasing as 𝑊 increases, implying 𝑈&&(𝑊) > 0 

Hence, the risk-averter has a utility function denoted 𝑈&(𝑊) > 0 and 𝑈&&(𝑊) < 0, visualized as a 

concave function. The curvature enables us to rank the agent’s preference of risk, but Arrow 

(1971) draws attention to a formal defect, saying that since the nature of 𝑈(𝑊) always being 

positive (Arrow, 1971, p. 94).  As a result, Arrow (1971) proposes a measure which is based on 

𝑈′′(𝑊) but modified in order to stay invariant undergoing a linear transformation of the utility 

function. The ratio ,
--(.)
,-(.)

 copes with the shortcoming, because utility functions are able to 

undergo linear transformation without changing the ratio. Arrow (1971) and Pratt (1964) propose 

two simple measures of this type:  

𝑅0(𝑊) = 	−
𝑈&&(𝑊)
𝑈&(𝑊) = 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑒	𝑟𝑖𝑠𝑘	𝑎𝑣𝑒𝑟𝑠𝑖𝑜𝑛 

Eq. 3.1.1 

𝑅?(𝑊) = −
𝑊𝑈&&(𝑊)
𝑈&(𝑊) = 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒	𝑟𝑖𝑠𝑘	𝑎𝑣𝑒𝑟𝑠𝑖𝑜𝑛 

Eq. 3.1.2 

(Arrow, 1971, p. 94) 

A positive linear transformation of the utility function leaves their ratios unchanged, and both 

measures are positive when there is risk aversion, meaning	𝑈&&(𝑊) < 0. The relative risk aversion 

is the elasticity of the marginal utility of wealth; it is invariant not only with respect to changes in 

the units of utility but also with respect to changes in the unit of wealth (Arrow, 1971, p. 95).    
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3.1.2 Utility Functions 

One of the most common utility functions is the quadratic utility function: 

𝑈(𝑊) = 𝑎 + 𝑏𝑊 − 𝑐𝑊B, 

Eq. 3.1.3 

Where a, b and c are constants (Munk, 2017, p. 213). Unfortunately, the quadratic utility function 

is an inferior description of an agent’s preferences, because the rate of change of marginal 

utility	𝑈&&(𝑊) = −2𝑐, does not display risk aversion whenever	𝑐 > 0. Given that	𝑈&(𝑊) = 𝑏 −

2𝑐𝑊, the utility function is only decreasing until a wealth level of	𝑊 = 𝑏/(𝑐2), from where it will 

start decreasing again (Munk, 2017, p. 213). In other words, this implication undermines the 

assumption of the agent being greedy for wealth.  

 

Another utility function often used is the negative exponential utility function, which is denoted 

Munk (2017):  

𝑈(𝑊) = 	−𝑒EF. 

Eq. 3.1.4 

Where	𝑘 > 0. 𝑘 is required to be positive, since:  

 

𝑈&(𝑊) = 𝑘𝑒EF.,							𝑈&&(𝑊) = −𝑘B𝑒EF. 

Eq. 3.1.5 

In order for the agent to fulfil the assumption of the agent being greedy for wealth (Munk, 2017). 

The measures we mentioned earlier on, ARA and RRA, becomes  

𝐴𝑅𝐴(𝑊) = 𝑘,										𝑅𝑅𝐴(𝑊) = 𝑘𝑊 

Eq. 3.1.6 

From the measures we see that specifically the Absolute Risk Aversion (ARA), is not dependent on 

the level of wealth of the agent. The negative exponential utility function is therefore often called 

Constant Absolute Risk Aversion (CARA), because it displays constant, given	𝑘. 

The final utility function, we will introduce is the following (Munk, 2017, p. 215):  

𝑈(𝑊) =
1

1 − 𝛾𝑊
KEL,									𝛾 > 0,							𝛾 ≠ 0 

Eq. 3.1.7 



   
 

  17 
 

Given 𝑈&(𝑊) = 𝑊EL and 𝑈&&(𝑊) = −𝛾𝑊ELEK, whereas the absolute- and relative risk aversion 

are:  

𝐴𝑅𝐴(𝑊) =
𝛾
𝑊 ,													𝑅𝑅𝐴(𝑊) = 𝛾 

Eq. 3.1.8 

Assessing the risk measures, it is clear that this utility function displays constant relative risk 

aversion, why this often is called CRRA, whereas 𝛾 is known as the relative risk aversion 

coefficient.  

 

3.1.1 Return Return  

Almost all financial economics involve returns instead of prices. Considering the theoretical 

application and empirical practice of financial economics, returns are attractive statically speaking 

due to stationarity (Campbell et. Al., 1997). 𝑝O is the price of an asset at time 𝑡 that does not pay 

dividends, then the simple net returns, between time 𝑡 − 1	and 𝑡	is denoted as follows:  

𝑟O =
𝑝O
𝑝OEK

− 1 

Eq. 3.1.9 

 

The return of a portfolio following the mean-variance framework is calculated as follows (Munk, 

2017, p. 40):  

𝑟P = 𝑤K𝑟K + 𝑤B𝑟B + ⋯+ 𝑤S𝑟S =T𝑤U𝑟U

S

UVK

 

Eq. 3.1.10 

Where, we denote the expected return of a given portfolio as follows (Munk, 2017, p. 86): 

𝐸X𝑟PY = 𝐸 ZT𝑤U𝑟U

S

UVK

[ = T𝑤U𝐸[𝑟U]
S

UVK

 

Eq. 3.1.11 

In both equations 𝑁 is the number of risky assets in the portfolio, and 𝑟U  is the expected return of 

asset 𝑖 and 𝑤U  is the weight of asset 𝑖, which by definition has to sum up to one in the mean-

variance framework.   
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3.1.2 Variance, covariance and correlation 

The portfolio variance of the expected return is denoted:  

𝑉𝑎𝑟X𝑟PY = 𝑉𝑎𝑟 ZT𝑤U𝑟U

S

UVK

[ =T𝑤UB𝑉𝑎𝑟[𝑟U] + 2T T 𝑤U𝑤 𝐶𝑜𝑣X𝑟U, 𝑟 Y
S

`VUbK

S

UVK

S

UVK

 

Eq. 3.1.12 

And the standard deviation is written as:  

𝜎P = dT𝑤UB𝑉𝑎𝑟[𝑟U] + 2T T 𝑤U𝑤 𝐶𝑜𝑣X𝑟U, 𝑟 Y
S

`VUbK

S

UVK

S

UVK

 

Eq. 3.1.13 

In order to work with this framework, it is convenient to convert the general idea into matrix set-

up, because it allows us to include more assets without adding extensive manual computation. We 

consider a portfolio of 𝑁	risky assets, where the return of the assets, is written as a vector, 𝒓 =

(𝑟K, … , 𝑟S)g, the variance-covariance matrix, Σ = 𝑉𝑎𝑟[𝒓] of r is defined as an 𝑁 × 𝑁 matrix (Munk, 

2017, p. 93): 

 

Σ = j
𝑉𝑎𝑟[𝑟K] ⋯ 𝐶𝑜𝑣[𝑟K, 𝑟S]

⋮ ⋱ ⋮
𝐶𝑜𝑣[𝑟S, 𝑟K] ⋯ 𝑉𝑎𝑟[𝑟S]

m 

Eq. 3.1.14 

By adding more assets to the portfolio, the agent will reduce variance and thereby risk of the 

portfolio. In other words, the agent is diversifying the portfolio. Moreover, if the correlation 

between the assets decreases the risk reduction increases. Specifically, the investor can decrease 

risk if the assets are negatively correlated (Munk, 2017, p. 79).  Intuitively, this makes sense 

because the investor is indifferent between the market going up or down, because (s)he is unlikely 

to make a significant loss or gain if the assets are conversely either high or low (Munk, 2017, p. 

79). In other words, it stabilizes the portfolio.  
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3.2 Mean variance framework 

We consider an economy of N risky assets and no risk-free asset, where 𝜇 is a vector of expected 

returns, the variance-covariance matrix of the returns is denoted,	Σ and the inverse of the matrix 

is denoted, ΣEK. The fraction of the assets included in the portfolio is known as the portfolio 

vector which is denoted 𝝅 = 𝜋K +⋯+ 𝜋S and must satisfy 𝝅 ∙ 𝟏 = 𝜋K +⋯+ 𝜋S = 1. The 

investor wants to maximize his or her end of period wealth, 𝑊 = 𝑊s(1 + 𝑟). 

Secondly, we outline the portfolios expected return, variance and standard deviation as follows 

(Munk, 2017):  

𝜇(𝝅) = 𝝅 ∙ 𝝁 =T𝜋U𝜇U

S

UVK

 

Eq. 3.2.1 

𝜎B(𝝅) = 𝝅 ∙ Σ𝝅 =TT𝜋U𝜋`ΣU`

S

`VK

S

UVK

 

Eq. 3.2.2 

𝜎(𝝅) = √𝝅 ∙ Σ𝝅 = wTT𝜋U𝜋`ΣU`

S

`VK

S

UVK

x

K
B

 

Eq. 3.2.3 

Where we assume the variance-covariance matrix to be non-singular, which is true if the assets 

are all significant. This means that it is not possible to replicate one asset by combining other 

assets included in the portfolio.   

The outlined portfolio is a mean-variance efficient portfolio, i.e. a portfolio that is mean-variance 

efficient, having the lowest variance for the same expected return. The mean-variance efficient 

portfolio with expected return �̅� is found by solving a quadratic minimization problem (Munk, 

2017, p. 180) and we can write it as follows:  

min
𝜋 𝝅 ∙ Σ𝛑 

Eq. 3.2.4 

Subject to 

𝝅 ∙ 𝝁 = �̅�	,				𝝅 ∙ 𝟏 = 1 

Eq. 3.2.5 
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In order to find the solution, we introduce four auxiliary constants (Munk, 2017):  

𝐴 = 𝝁gΣEK𝝁 = 𝝁 ∙ Σ𝝁 
Eq. 3.2.6 

𝐵 = 𝝁gΣEK𝟏 = 𝝁 ∙ ΣEK𝟏 = 𝟏gΣEK𝝁 = 𝟏 ∙ ΣEK𝝁 
Eq. 3.2.7 

𝐶 = 𝟏gΣEK𝟏 = 𝟏 ∙ ΣEK𝟏 
Eq. 3.2.8 

𝐷 = 𝐴𝐶 − 𝐵B 
Eq. 3.2.9 

Munk (2017) shows that A, C and D are positive, but B can both be negative and positive and is 

required to be different from zero. The use of C in portfolio optimization secures that the portfolio 

weights sum up to one (Munk, 2017, p. 185).  

We can now write the solution:  

𝝅(�̅�) =
𝐶�̅� − 𝐵
𝐷 ΣEK𝝁 +

𝐴 − 𝐵�̅�
𝐷 ΣEK𝟏 

Eq. 3.2.10 

Where the variance is: 

𝜎B(�̅�) = 𝝅(�̅�) ∙ Σ𝝅(�̅�) =
𝐶�̅�B − 2𝐵�̅� + 𝐴

𝐷 , 

Eq. 3.2.11 

And standard deviation is: 

𝜎(�̅�) = �𝐶�̅�
B − 2𝐵�̅� + 𝐴

𝐷  

Eq. 3.2.12 

When different risky assets are combined in portfolios, they can have the somewhat same 

expected returns, but only one portfolio has the lowest variance. The variance equation of the 

mean-variance efficient portfolios is:  

𝜎B(�̅�)
1/𝐶 −

(�̅� − 𝐵/𝐶)B

𝐷/𝐶B = 1 

Eq. 3.2.13 
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This equation creates optimal combinations of standard deviations and means, which shapes a 

hyperbola in a diagram with standard deviation on the x-axis and mean on the y-axis. The 

hyperbola is called the mean-efficient frontier of risky assets.  

 

3.2.1 Minimum variance portfolio 

The minimum variance (also called the global minimum variance) portfolio is the portfolio with the 

lowest variance of all portfolios on the efficient frontier. The minimum variance portfolio problem 

is a minimization problem subject to a constraint and can be written as follows:  

min
𝜋 𝝅 ∙ Σ𝛑 

Eq. 3.2.14 

Subject to 

𝝅 ∙ 𝟏 = 1 

Eq. 3.2.15 

Notice that there are no constraints towards the excepted return, which is also the difference 

between the mean-variance portfolios and the minimum variance portfolio. We denote the 

solution as follows (Munk, 2017):  

𝜋�U� =
1
𝐶 Σ

EK𝟏 =
1

𝟏 ∙ ΣEK𝟏 Σ
EK𝟏 

Eq. 3.2.16 

With an expected return of �̅��U� =
?
�

 , variance 𝜎�U�B = 𝜎B(�̅��U�) =
K
�
	and standard deviation 

𝜎�U� =
K
√�

. We let 𝑟�U� refer to the return on the minimum variance portfolio and 𝑟 denote the 

return on one risky asset or a portfolio of risky assets, then 𝐶𝑜𝑣[𝑟, 𝑟�U�] = 𝑉𝑎𝑟[𝑟�U�] (Munk, 

2017, p. 184). Intuitively, we would expect that the minimum variance will have large weights in 

assets with low variance, but the correlation between assets also plays an important role in the 

asset allocation process. For instance, a minimum variance portfolio might have a relatively high 

weight in an asset with a high variance if the particular asset is highly correlated with an asset 

having a low variance, because it is an efficient way to diversify and thereby reducing portfolio 

variance.  
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3.2.2 Maximum-slope Portfolio 

Drawing a straight-line through, the origin to a point of 𝜎 and 𝜇 on the efficient frontier will equal 

a slope of 𝜇/𝜎. Maximizing this slope enables us to get a Tangency portfolio and we can write this 

as follows (Munk, 2017, p. 186):  

𝝅���P� =
1
𝐵 Σ

EK𝝁 =
1

𝟏 ∙ ΣEK𝝁 Σ
EK𝝁 

Eq. 3.2.17 

The portfolio has expected return 𝜇���P� =
0
?

, variance 𝜎���P�B = 0
?�

 and standard deviation 

𝜎���P� =
√0
|?|

.  

Intuitively, we would expect that the Tangency portfolio is located on the upwards sloping end of 

the efficient frontier, but this is not true, if the expected return of the minimum variance portfolio 

is negative (i.e. only true if the expected return of the minimum variance portfolio is positive). By 

assessing B, we can detect whether or not the expected return of the minimum variance portfolio 

is negative. If 𝐵 > 0 (𝐵 < 0) then the expected return is positive (negative) hence the Tangency 

portfolio is located on the upwards sloping (downwards sloping) end of the efficient frontier. In 

the instance of negative expected return on the minimum variance portfolio, then the expected 

return on the Tangency portfolio would display the most downwards sloping point on the efficient 

frontier.   

 

3.2.3 Efficient frontier properties 

All mean variance efficient portfolios constructed by risky assets can be written as a combination 

of the Tangency portfolio and the minimum variance portfolio, given that 𝐵 ≠ 0: 

𝝅(�̅�) =
(𝐶�̅� − 𝐵)𝐵

𝐷 𝝅���P� +
(𝐴 − 𝐵�̅�)𝐶

𝐷 𝝅�U� 

Eq. 3.2.18 

All combinations of the Tangency portfolio and the minimum variance portfolio is a mean variance 

efficient portfolio (Munk, 2017, p. 188).  This is a result of the two-fund separation, because any 

agent, who is mean variance optimizing, will chose a combination of the two funds (Tangency and 

minimum variance). 
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Figure 3-1: Mean-variance framework, own compliance with data from Bloomberg 

 

3.2.4 Tangency portfolio 

Now we introduce a risk-free asset, which corresponds to an expected return on the y-axis with a 

standard deviation of zero, which implies no risk. The investor now has another fund, which 

means that (s)he can place the investment in both a risky portfolio and the risk-free asset. We find 

the capital allocation line by connecting a mean-variance efficient point to the intersection of the 

risk-free asset on the y-axis. The slope of the capital allocation line is equal to the Sharpe ratio of 

the risky portfolio, 
�E��
�

 , if the weight in the risky portfolio is positive (Munk, 2017). A negative 

weight in the risky portfolio, combined with the risk-free asset will make the slope equal to a 

negative Sharpe ratio.  In the figure below, we illustrate the mean-variance framework, where the 

capital allocation line is added.  
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Figure 3-2 Mean-Variance Framework with Capital Allocation Line, with data from Bloomberg and own 
compliance 

 
The main assumption of this framework, is that the investor prefers high expected return and low 

standard deviation, which is located north-west in the diagram. Considering the risk-free rate, it is 

important to deduct whether the rate is smaller or larger than the expected return of the 

minimum-variance portfolio, which correspond to 𝜇�U� =
?
�

. If 𝐵 > 𝐶	𝑟�, then the risk-free rate is 

smaller than the expected return of the minimum-variance portfolio, which implies that the 

tangency portfolio is on the upward sloping part of the efficient frontier (Munk, 2017, p. 192). 

Positions located on the capital allocation line after the tangency portfolio, implicates the investor 

is gearing the tangency portfolio and shorting the risk-free asset. In the other case, where 𝐵 <

𝐶	𝑟�, then the risk-free rate is larger than the expected return of the minimum-variance portfolio. 

This scenario implies that the tangency portfolio is located on the downwards sloping part of the 

efficient frontier. The highest Sharpe ratio is conceived on the upwards sloping line of the capital 

allocation line, where we short the tangency portfolio and take a long position above 100% in the 

risk-free asset. Given that 𝐵 ≠ 𝐶	𝑟�, then we can write the tangency portfolio as (Munk, 2017, p. 

194):  
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𝜋O�� =
ΣEK�𝝁 − 𝑟�𝟏�
𝟏 ∙ ΣEK�𝝁 − 𝑟�𝟏�

=
1

𝐵 − 𝐶	𝑟�
ΣEK(𝝁 − 𝑟�𝟏) 

Eq. 3.2.19 

With expected return, variance and standard deviation of:  

𝜇O�� =
𝝁 ∙ ΣEK�𝝁 − 𝑟�𝟏�
𝟏 ∙ ΣEK�𝝁 − 𝑟�𝟏�

=
𝐴 − 𝐵	𝑟�
𝐵 − 𝐶	𝑟�

 

Eq. 3.2.20 

𝜎O��B =
(𝝁 − 𝑟𝟏) ∙ ΣEK�𝝁 − 𝑟�𝟏�

𝟏 ∙ ΣEK�𝝁 − 𝑟�𝟏�
B =

𝐴 − 2𝐵	𝑟� + 𝐶	𝑟�B

�𝐵 − 𝐶	𝑟��
B  

Eq. 3.2.21 

𝜎O�� =
��𝝁 − 𝑟�𝟏� ∙ ΣEK(𝝁 − 𝑟𝟏)�

K
B

�𝟏 ∙ ΣEK�𝝁 − 𝑟�𝟏��
=
�𝐴 − 2𝐵	𝑟� + 𝐶	𝑟�B

�𝐵 − 𝐶	𝑟��
 

Eq. 3.2.22 

Munk (2017, p. 194) states that the absolute value and the square of the Sharpe ratio is: 

�
𝜇O�� − 𝑟�
𝜎O��

� = ��𝝁 − 𝑟�𝟏� ∙ ΣEK�𝝁 − 𝑟�𝟏��
K
B = �𝐴 − 2𝐵	𝑟� + 𝐶	𝑟�B 

Eq. 3.2.23 

�
𝜇O�� − 𝑟�
𝜎O��

�
B
= �𝝁 − 𝑟�𝟏�ΣEK�𝝁 − 𝑟�𝟏� = 𝐴 − 2𝐵	𝑟� + 𝐶	𝑟�B 

Eq. 3.2.24 

Given that the tangency portfolio maximizes Sharpe ratio, it intuitively makes sense that the 

portfolio will allocate higher weights in assets with high Sharpe ratios. But as seen earlier in this 

chapter correlation plays an important role in the allocation process. Considering the argument of 

diversification, the tangency portfolio might allocate bigger weights to assets with lower Sharpe 

ratios, if an asset has a low correlation with an asset with a high Sharpe ratio, thereby diversifying 

the portfolio. We have a new two-fund separation, when 𝐵 ≠ 𝐶	𝑟� because all mean-variance 

optimal portfolio combining one or more risky assets and the risk-free asset can be written as a 

portfolio consisting of the tangency portfolio and the risk-free asset. (Munk, 2017, p. 197). Given a 

weight, 𝑤 in the tangency portfolio and a weight of 1 − 𝑤 in the risk-free asset, we can write the 

expected return and standard deviation of such a combined portfolio as follows:  

𝜇(𝑤) = 𝑤𝜇O�� + (1 − 𝑤)𝑟�  

Eq. 3.2.25 
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𝜎(𝑤) = |𝑤|𝜎O��  

Eq. 3.2.26 

Assessing the separation theorem, the efficient frontier can be constructed as the tangency 

portfolio and other mean efficient portfolios such as the minimum variance portfolio.  

3.2.5 Portfolio choice 

In order, to find the optimal weights, we enter a mean-variance trade-off (Munk, 2017, p. 201). 

This trade-off is set in relation to the investor and can be formularized, when we suppose the 

investor’s objective is to maximize the expected return subtracting a constant multiplied the 

variance of the expected return:  

𝑀𝑎𝑥 �𝐸[𝑟] −
1
2 𝛾	𝑉𝑎𝑟

[𝑟]� 

Eq. 3.2.27 

Where, 𝛾 > 0 with the implication that a higher 𝛾 is corresponding to a larger punishment for 

variance i.e. it displays the investors risk aversion.  

According to Munk (2017), we can show that:  

𝑋~𝑁(𝑚, 𝑠B) ⇒ 𝐸[𝑒EF�] = 𝑒EF�b
K
BF

���  

Eq. 3.2.28 

Which, given the mean variance framework, implies:  

𝐸[𝑈(𝑊)] = 𝐸[−𝑒EF ] = −𝐸[𝑒EF ] = −𝑒EF ¡(Kb�)b
K
B ¢

��� = −𝑒EF ¡�Kb�E
K
BF ¡�

�� 

Eq. 3.2.29 

Due to the function −𝑒EF ¡(Kb£) being an increasing function of x, the portfolio maximizing 

𝐸[𝑈(𝑊)] will likewise maximize 𝜇 − K
B
𝑘𝑤�𝜎B (Munk, 2017, p. 214). This implies that the mean 

variance criterion is consistent with the investor having a negative exponential utility function 

(Munk, 2017, p. 214). Moreover, the constant 𝛾 is identical to the product of the investor’s 

absolute risk aversion 𝑘 and initial wealth that is precisely the initial relative risk aversion (Munk, 

2017, p. 2014). As a result, an investor whose preferences equal to a negative exponential utility 
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function should invest the fraction of wealth, 𝑤∗ = �¥¦§
F.¡�¥¦§� 	 in the tangency portfolio, given that 

the risk-free asset is present2.  

 

3.3 Gârleanu & Pedersen framework   

In this subsection, we outline and examine the dynamic trading strategies proposed by Gârleanu & 

Pedersen. As a starting point we assess the model and solution, which is a stepping stone for the 

portfolio strategy.  

3.3.1 Model & Solution 

The economy considered has 𝑆	securities and a risk-free security	, 𝑟��. The 𝑆	securities are traded 

at each time	𝑡	 ∈ {… ,−1, 0, 1, … }. The price of the security changes between time 𝑡 and 𝑡 + 1 and 

given the excess of a risk-free security the return can be denoted as a 𝑆 × 1- vector and written as 

follows:  

𝑟ObK = 𝑝ObK − �1 − 𝑟���𝑝O 

Eq. 3.3.1 

Which implies that a return can only be derived from an increase in price and not from dividends. 

Gârleanu & Pedersens (2013) first and central implication is that the vector of returns can be 

explained by a 𝐾 × 1 vector of return predicting factors, where 𝐾	denotes the number of 

predicting factors included in the model. Furthermore, the weight of a single factor on a security is 

determined by a scalar	𝑏. All the factors included is collected in a 𝑆 × 𝐾-matrix, denoted B. The 

predicting factors can be of various characteristics, which can be expected to have a significant 

explanation power of the return. Moreover, the predicting factors are not expected to explain all 

variation of the return, why a 𝑆 × 1	–vector of error terms is included in the model. We denote 

the return as follows (Gârleanu & Pedersen, 2013, p. 2314):  

𝑟ObK = 𝐵𝑓O + 𝑢ObK 

Eq. 3.3.2 

                                                        
2 Given that the risk-free rate is non-present we assume that the Tangency portfolio replaces the tangency portfolio.  
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Where, 𝐸(𝑢ObK) = 0 and 𝑣𝑎𝑟O(𝑢ObK) = Σ. The return predicting factor, 𝑓O is assumed to be known 

by agents at time 𝑡. Given this assumption an interpretation is that the return of a security is 

regressed on the return predictable factor(s), which implies that 𝑏 is the factors capability to 

predict returns. 

The second central assumption is that development in the factor can be described by the following 

relationship: 	

Δ𝑓ObK = −Φ𝑓O + 𝜀ObK 

Eq. 3.3.3 

Where Φ	is collected in a 𝐾 × 𝐾 vector and is perceived as the mean-reversion speed of a given 

factor. 𝜀ObK is the shock that affects the predictors with variance 𝑣𝑎𝑟O(𝜀ObK) = Ω. In other words, 

the Φ coefficients determine whether the mean of the factor converges to a certain level. In this 

instance, the Φ coefficient ensures the mean converges against zero, given that the expectation to 

return approach zero moving against the future.  

In order to make the model more realistic Gârleanu & Pedersen (2013) include transaction costs, 

because it is costly to trade in the economy. The transaction costs are assumed convex, which 

implies that any change in position either negative or positive generates transaction costs. 

Gârleanu & Pedersen (2013) assumes transaction costs to be the change in number securities 

held, i.e. Δ𝑥O = 𝑥O − 𝑥OEK and denote is as follows:  

𝑇𝐶(Δ𝑥O) =
1
2Δx´

g	ΛΔ𝑥O 

Eq. 3.3.4 

Where Λ is measuring the level of transaction costs and is characterized by a symmetric positive-

definite matrix. From the perspective of an institutional agent this can be thought of as trading 

Δ𝑥O will move the price by	K
B
ΛΔx´. In other words, this implies that the institutional agent will shift 

the average price of the given security, when acquiring it.  

This brings us to assumption 1, which argues that transaction costs are proportional to risk, hence 

Λ = 𝜆Σ (Gârleanu & Pedersen, 2013), which implies that the transaction cost matrix is a scalar of 

the variance-covariance matrix, where the scalar is determined by the level of	𝜆.  

The agent is expected to maximize his or her wealth increase:	Δ𝑊ObK = W´bK −𝑊O. In order to fit 

the model set-up, the agent is assumed to prefer maximizing the excess return, meaning the 
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return when excluding return derived from the risk-free security. Adapting the formula to this 

assumption and transaction costs, we get:  

Δ𝑊ObK − 𝑟�𝑊O = 𝑥Og𝑟ObK − 𝑇𝐶ObK 

Eq. 3.3.5 

The agent's problem can now be determined as choosing the dynamic trading strategy in a way 

where (s)he maximizes the present value of the expected returns, depending on preferences of 

risk and the level of transaction costs.  

maxEs
𝑥s, 𝑥K, …

ZT(1 − 𝜌)ObK �𝑥Og𝑟ObK −
𝛾
2 𝑥O

gΣ𝑥O� −
(1 − 𝜌)O

2 Δ𝑥OgΛΔ𝑥O
O

[ 

Eq. 3.3.6 

Where, 𝜌 is a discount factor set in a range between 0 and	1. The agent's risk-aversion coefficient 

is denoted 𝛾. Moreover, the maximization problem can be solved using dynamic programming. 

Introducing the value function, outlined downwards, that measures the value of entering in period 

t, with a portfolio of securities, denoted 𝑥OEK, and observing return-predicting factors 𝑓O. The value 

function solves the Bellman equation:  

 𝑉(𝑥OEK, 𝑓O) =
max
𝑥O ¼− K

B
Δ𝑥OgΛΔ𝑥O + (1 − 𝜌)(𝑥OgEO[𝑟ObK] −

L
B
𝑥OgΣ𝑥O + EO[𝑉(𝑥O, 𝑓ObK]½ 

Eq. 3.3.7 

The model can be solved explicitly, which is shown in proposition 1:  

𝑉(𝑥O, 𝑓ObK) = − K
B
𝑥Og𝐴££𝑥O + 𝑥Og𝐴£�𝑓ObK +

K
B
𝑓ObKg 𝐴��𝑓ObK + 𝐴s  

Eq. 3.3.8 

3.3.2 Portfolio strategies 

The basic notion of the Gârleanu & Pedersen (2013) setup is to find the optimal portfolio, but only 

trade partially towards it, given that transaction cost is present. In other words, they define an aim 

portfolio that the agent should aim towards. The aim portfolio is the optimal strategy in absence 

of transaction cost and instead of trading all the way to the optimum, the agent only trade 

partially towards the target.  

Proposition 2 states the result of this notion starting by a general formula:  

𝑥O = 𝑥OEK + ΛEK𝐴££(𝑎𝑖𝑚O − 𝑥OEK) 

Eq. 3.3.9 
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This implies that we trade at some rate given by the matrix ΛEK𝐴££ against the aim portfolio:   

𝑎𝑖𝑚O = 𝐴££EK𝐴£�𝑓O 

Eq. 3.3.10 

The optimal trading rate is a scalar �
¾
< 1, given that a scalar equal to or above one would imply 

that we only trade towards the aim, which would diminish the original notion of this theory. 𝑎 is 

defined as (Gârleanu & Pedersen, 2013, p. 2316): 

 

𝑎 =
−(𝛾(1 − 𝜌) + 𝜆𝜌) + ¿(𝛾(1 − 𝜌) + 𝜆𝜌)B + 4𝛾𝜆(1 − 𝜌)B

2(1 − 𝜌)  

Eq. 3.3.11 

The trading rate is increasing in risk aversion and decreasing in transaction costs (Gârleanu & 

Pedersen, 2013, p. 2316).  

 Gârleanu & Pedersen (2013), proposes a simple trading rule – the optimal portfolio is a weighted 

average of the portfolio from last period and the aim portfolio. Plugging the trading rate into the 

formula for the portfolio we get, where:  

𝑥O = �1 −
𝑎
𝜆� 𝑥OEK +

𝑎
𝜆 𝑎𝑖𝑚O 

Eq. 3.3.12 

This implies that the position in the previous period is weighted by the reciprocal of the trading 

rate, which is determining the speed we trade towards the aim. In other words, how much the 

agent should be rebalancing the portfolio to get closer to the aim. The optimal speed of trading is 

dependent on the amount of transaction cost, i.e. if there are low (high) transaction costs, trading 

is done on a faster (slower) speed. The risk factor of the trading rate implies that an agent who is 

risk averse (loving), would have a higher (lower) trading rate, because the risk of deviating from 

the aim portfolio is more (less) painful.  

Furthermore, the aim portfolio is broken down in order to understand the different inputs which 

enables us to apply it in the empirical analysis. Gârleanu & Pedersen (2013) define the optimal 

strategy in absence of transaction costs as the being related to the Markowitz portfolio, which 

they denote as follows (Gârleanu & Pedersen, 2013, p. 2317):  

𝑀𝑎𝑟𝑘𝑜𝑤𝑖𝑡𝑧O = (𝛾Σ)EK𝐵𝑓O 

Eq. 3.3.13 
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The Markowitz portfolio is the equal to the tangency portfolio properly leveraged relative to the 

risk aversion 𝛾 (Gârleanu & Pedersen, 2013, p. 2317).  

Proposition 3 enables us to approach the aim portfolio, where the essential is to aim in front of 

the target. The aim portfolio is a weighted average of the Markowitz portfolio and the expected 

future Markowitz portfolios (Gârleanu & Pedersen, 2013, p. 2317). Given assumption 1, the aim 

portfolio can be written in the two following ways:  

𝑎𝑖𝑚O = 𝓏𝑀𝑎𝑟𝑘𝑜𝑤𝑖𝑡𝑧O + (1 − 𝓏)𝐸O(𝑀𝑎𝑟𝑘𝑜𝑤𝑖𝑡𝑧O) 

𝑎𝑖𝑚O =T𝓏(1 − 𝓏)ÃEOEO(𝑀𝑎𝑟𝑘𝑜𝑤𝑖𝑡𝑧O)
Ä

ÃVO

 

Eq. 3.3.14 

Where 𝓏 = L
Lb�

 and the current Markowitz portfolio is decreasing with the transaction costs (𝜆) 

and increasing with risk (𝛾), as noted under proposition 2 (Gârleanu & Pedersen, 2013, p. 2317).  

Proposition 4 refers to the implementation of alpha decays, which previously was derived and 

noted as the mean-reversion coefficients,	Φ. These coefficients are now used to scale down the 

effect of the factors on the predicted return. In other words, the mean-reversion speeds are 

included in order for the model to adjust for the time that would be proper for the factor to have 

influence on the return vector. Gârleanu & Pedersen (2013) denotes the aim portfolio including 

mean-reversion as follows:  

𝑎𝑖𝑚O = (𝛾Σ)EK𝐵 �𝐼 +
𝑎
𝛾 Φ�

EK
𝑓O 

Eq. 3.3.15 

Another way present it is to create a matrix with alpha decays coefficient on the diagonal, then 

the aim portfolio can be simplified by the following:  

𝑎𝑖𝑚O = (𝛾Σ)EK𝐵w
𝑓OK

1 + 𝜙K 𝑎𝛾
,… ,

𝑓OÇ

1 + 𝜙Ç 𝑎𝛾
x

g

	 

Eq. 3.3.16 

Assessing the aim portfolio, it is the Markowitz portfolio, but scaled down by different 

components, including risk aversion (𝛾), transaction cost (𝜆) and finally, the return predicting 

factor’s mean-reversion speed (Φ).   
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3.3.3 Intuition and visualization of Gârleanu & Pedersen framework 

We will now show the dynamics of the Markowitz, Aim and Optimal Portfolios graphically, where 

Φ is diagonal, and the future weights in the portfolios are depending on Φ. We consider two 

securities and they are assumed to be fully divisible. The following parameters are being used: 

𝑆 = 2,						𝜌 = 0.05,					𝛾 = 2,					𝑓OEK = �
4
4� ,						Σ = É

1
2

0

0
1
2

Ê	

𝐵 = �1 0
0 1�,					𝑥OEK = �

1.2
2.2� ,					Φ = É

1
10

0

0
1
2

Ê 

We insert the parameter values into the formula for the Markowitz Portfolio, where the weights in 

𝐸O(𝑀𝑎𝑟𝑘𝑜𝑤𝑖𝑡𝑧ObË) is equal to the size of the factors 𝐸(𝑓ObË). The parameter values are also 

inserted in the formula for the aim portfolio, and the future expected aim portfolio weights are 

found. The aim portfolio weights are inserted into the formula for the optimal portfolio, and the 

optimal portfolio weights are found. The optimal portfolio is then a weighted average of Ì
¾

 in 𝑥O 

with (1 − Ì
¾
) in 𝑥OEK. The weights in the portfolios are depicted in the figure below.  

 

Figure 3-3: Optimal portfolio Aiming in Front of the Current Target 

 
The Markowitz portfolio is the optimal portfolio in absence of transaction costs, which means it is 

the portfolio an agent is aiming at. The portfolio reverts over time towards the origin by the mean 
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reversion speeds Φ, and it is thus a moving target. The figure shows how the optimal trading 

strategy is trading from time 𝑡 − 1 to 𝑡 towards, but not fully against, the aim portfolio at time t. 

The aim portfolio aims in front of the target instead of the Markowitz portfolio, which means that 

it does not trade fully against the current Markowitz portfolio. Instead, it trades towards the aim, 

which is where the Markowitz portfolio is moving. The weights in the portfolio consisting of the 

two securities are only depending on security 1 and 2 in that sense that the mean reversion speed 

is higher for security 2, and it will reduce the weight of security 2 faster than security 1 for all 

portfolios. This makes sense as the mean reversion speed is higher for security 2 than 1, and the 

agent will trade toward the security with the most persistent excess returns.   

 

Chapter 4:  Commodity Futures 

Commodity futures are not as well-known as other asset classes, which might be due to their 

differences compared to capital assets (Gorten & Rouwenhorst, 2004). There are major 

differences between commodity futures and stocks & bonds amongst: commodity futures are 

derivatives, they are short-lived and have seasonality in prices and volatility. Moreover, there is a 

scarcity of commodity futures data compared to much other economic and financial data. Stock 

and bond issuance are ways for firms raise capital, where investors bear the risk of the future cash 

flows of the company and receive compensation for their risky investments. The value of the 

capital assets is based on the net present value of the expected future cash flows. Commodity 

futures are dissimilar from stocks and bonds, since they are non-cash flow generating, and 

investors are compensated for their investments through price movements. Precious metals are 

different from other commodities, since they can be leased out to a market lease rate (Fabozzi et. 

al, 2008). This means that precious metals can be valued using the net present value approach. 

The price of commodity futures are generally a result of the supply and demand interactions in the 

market (Fabozzi et. Al, 2008). In the following we will outline the futures terminology before 

evaluating the expected returns and drivers of commodity futures returns. 

A futures contract is an agreement to buy or sell a pre-specified quantity of the underlying asset at 

a specific date, at a mutually agreed futures price between a seller and buyer with delivery at a 
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certain period in the future (Hull, 2017, p. 41). The contract specifies the nature of the agreements 

between two counterparties, including the type and quality of the asset, contract size, price and 

position limits and settlement (Hull, 2017, p. 53). The contract size or the contract multiplier is the 

quantity of the underlying asset a buyer of a futures contract must take delivery off. A large 

contract size might scare off investors who wants to speculate or hedge small exposures, and a 

small contract size will result in expensive trading. There are limits to daily price movements and 

positions for most commodity futures contracts, which is specified by each exchange. Specifically, 

there are three different types of limits 1) limit up 2) limit down and 3) limit move. The purpose of 

price limits is to prevent large price movements from occurring because of speculative excesses. 

The price limits can become a barrier to trading, when the price of the underlying commodity is 

advancing or declining rapidly.  Position limits are the maximum number of contracts that a 

speculator may hold. This is to avoid that speculators can influence the market. The contract is 

settled daily and when the investor enters into the contract (s)he must do a deposit called the 

initial margin. This margin is adjusted daily (at close) and reflects the investors gains or losses, 

where the investor is entitled to withdraw any balance that exceeds the initial margin. This is 

referred to as daily settlement or marking to market. There is also a maintenance margin, which 

ensures that the initial margin never becomes negative, and it is substantially lower than the initial 

margin. Most brokers pay investors interest on the balance of a margin account, which is the 

reason that the balance does not represent a true cost to an investor. Given that the futures 

contract is settled daily, where gains (losses) are added (subtracted) from the margin account, the 

value of the futures is brought back to zero. A futures contract is in effect closed out and rewritten 

at a new price each day. 

 

Commodities are trading as spots, options, forwards and futures (Black, 1976). We consider 

commodity futures, since they are predictable (which is necessary for the dynamic portfolio 

choices), while investors are exposed to the price movements of the underlying asset without 

taking delivery and storing the commodities (Fabozzi et al., 2008). Investors can avoid taking 

delivery of the underlying asset by closing out their positions before expiry of the commodity 

futures contract and entering new contracts that expire later.  
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In the following the expected returns and the drivers of commodity futures are being evaluated. 

Most theories of the expected returns of commodities and drivers of commodities returns are 

based on the relationship between the spot price and the futures price of the commodity futures, 

which is referred to as the term structure (Erb & Harvey, 2006). The spot price is the price that the 

underlying asset can bought or sold for with immediate delivery, which is denoted as 𝑝 and the 

spot price at time 𝑡 is denoted as 𝑝(𝑡). A futures is priced by a price a seller and buyer of a 

commodity agrees on in the future. The futures price is denoted 𝑥 for a futures at time 𝑡 with a 

transaction at time 𝑡∗. The price is written as 𝑥(𝑡, 𝑡∗). Term structure refers to the phenomenon of 

contracts trading at different prices than the spot price. The contract trading closest to expiration 

is called the front-month contract, and a contract expiring later than the front month contract is 

called the back-month contract. When the front-month contract is trading at a higher price than a 

back-month contract it is referred to as a contango, and when it is trading at a lower price it is 

referred to as a backwardation. As a futures contract is maturing (when the futures is getting 

closer to expiration), the futures price converges to the spot price of the underlying asset. This 

also implies that at maturity the price of a futures contract is equal to the spot price in an 

arbitrage-free market. If this is not true arbitrage is possible. Arbitrage can then be performed by 

shorting a futures contract and buying the underlying asset and then make delivery. When time t 

equals 𝑡∗	, the futures price will be equal to the spot price of the commodity. The relationship is 

given by (Black, 1976): 

𝑥(𝑡, 𝑡) = 𝑝(𝑡) 

Eq. 3.3.1 

Some commodity spot prices show seasonal patterns. This is especially true for agricultural 

products and less true for i.e. precious metals (Fabozzi et al., 2008). The spot price patterns are 

predictable, as the spot price of agricultural products are typically high before harvest, whereas 

they are lower after harvest. Trading on the predictable spot price patterns do not entail 

profitability. The commodity futures contracts are priced such that they take the future expected 

spot prices into consideration. If the expected future spot price is higher than the current spot 

price, then the futures contract will be priced higher than the spot price today. Likewise, a lower 

future spot price will result in a lower futures price (Black, 1976). The predictable patterns will not 

entail returns, but an investor will have gains or losses when the spot price in the future is 
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different from the expected spot price. The factors of predicting future expected spot prices are 

unpredictable, and the futures markets can therefore be considered as bets on future spot prices 

(Gorten & Rouwenhorst, 2004). Black (1976) compares futures contract pricing with a baseball 

sports bet between Boston and Chicago. If the sports bet is 2:1 in favor of Boston, then a person 

betting on Chicago will win $2 or lose $1 without bookie profits. There are no money transfers 

until the game has finished. The odds with 2:1 in favor of Boston balances the demand for Boston 

and Chicago bets, such that twice as many bets are placed on Boston compared to Chicago. 

Futures prices are balanced in the same way as the sports bet, where the futures price is balanced 

from the demand to buy or sell the commodity in the future. Moreover, when a contract opens 

there is a seller and a buyer for each contract. This also means that the sum of all contracts trading 

in the market, when a seller is count as negative, is zero.  

 

4.1 Expected Returns 

Academics have proposed several theories of understanding how futures expected returns should 

behave such as (1) the CAPM, (2) the insurance perspective, (3) the hedging pressure hypothesis 

and (4) storage (Erb & Harvey, 2006). Every explanation offers different viewpoints of a futures 

expected returns, where no viewpoint has a final saying in understanding the expected returns. 

Investing in futures will generate gains and losses for investors with short or long positions. The 

gains and losses are settled daily and the value of a futures contract at the end of a trading day 

will be zero, where the gains and losses are realized through the margin accounts. The CAPM 

measures the relationship between non-diversifiable risk and the expected return of an asset. This 

means that an investor is only rewarded for risk that cannot be diversified away (Black, 1976). The 

CAPM is written as: 

𝐸(𝑅U) − 𝑅 = 𝛽U[𝐸(𝑅�) − 𝑅) 

Eq. 4.1.1 

Where 𝑅U  is the return of asset 𝑖, 𝑅 is the risk-free rate and 𝑅� is the return of the market 

portfolio. The market portfolio is the weighted sum of all assets weighted accordingly to their 

proportions in the market. The market portfolio also contains commodities, but only through 

corporate held commodities. The market portfolio is a theoretical concept, and in practice a large 
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weighted index is used as a proxy (Fabozzi et al., 2008). Moreover, it is assumed that all assets are 

divisible. 𝛽U  is the measure of the risk of asset i that cannot be diversified away. Beta is expressed 

as: 

 

𝛽U =
𝑐𝑜𝑣(𝑅U, 𝑅�)
𝑣𝑎𝑟(𝑅�)

 

Eq. 4.1.2 

Commodity contracts are not included in the market portfolio, since there is a long position for 

every short position (Black, 1973). This means that the sum of the commodity assets are zero, 

since the sum of all futures, forwards and options contracts are zero. Black (1976) proposes that 

CAPM can be re-written such that the returns in percentages are replaced with dollar returns, 

since the initial value of a contract is zero. The dollar returns are written as	∆𝑃 = ÐÑ,ÒEÐÑ,¡
ÐÑ,¡

, where 

𝑃U,s denotes the beginning of the period price (which is zero), and 𝑃U,K denotes the price at the end 

of the period (which is just before the futures contract is re-written). The dollar return equation 

can be substituted into the original CAPM equation: 

 

𝐸(∆𝑃) =
𝑐𝑜𝑣(∆𝑃, 𝑅�)
𝑣𝑎𝑟(𝑅�)

∙ [𝐸(𝑅� − 𝑅)] 

Eq. 4.1.3 

Which is equivalent to  

𝐸(∆P) = β∗ ∙ [𝐸(𝑅� − 𝑅)] 

Eq. 4.1.4 

Where 𝛽∗ is the dollar return beta. 

When the covariances are zero the dollar return CAPM can be written as: 

 

𝐸(∆𝑃) = 0, when 𝑐𝑜𝑣(∆𝑃, 𝑅�) = 0 

Eq. 4.1.5 

The expected return of asset 𝑖 is zero when the covariance between commodity contracts and the 

market portfolio is zero. In practice, it is unlikely that the covariance is zero, but beta of 

commodity futures must be assumed to be close to zero, since only corporate held commodities 
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are included in the market portfolio. Dusak (1973) analyzed the betas of different agricultural 

futures in the context of the classic CAPM framework, where she found betas close to zero, which 

is due to close to zero covariances with the market portfolio (Black, 1973). The findings of Dusak 

(1973) is in line with Kaplan and Lummer (1998) who found that a cash collateralized GSCI 

(Goldman Sachs Commodity Index) has the same expected return as the treasury bill, since they 

found that the GSCI has an expected return of approximately of zero also in the context of CAPM. 

Moreover, the CAPM has been subject to critique most famously from Roll (1977) who stated that 

the CAPM is untestable. The market portfolio should include human capital, real estate and non-

observable assets. Commodity futures have had equity like return, which means that the CAPM 

cannot explain the expected excess returns of commodity futures (Erb & Harvey, 2006).  

The insurance perspective and hedging pressure offer different views on commodity futures 

expected returns based on, whether the commodity futures are in a normal backwardation or 

contango. Initially in this section, it was argued that an investor cannot earn returns from the 

anticipated expected future spot prices, since they are already incorporated in the futures prices. 

However, an investor with a long position in a futures contract will on average earn a risk premium 

if the futures price is below the expected future spot price (Gorton & Rouwenhorst, 2004). 

Similarly, an investor with a short position in a commodity futures will on average earn a risk 

premium, if the futures price is above the future expected spot price. Keynes (1930) and Hicks 

(1939) proposed that producers of commodities are net short in commodity futures as an 

insurance for their long exposure (price risk) to their commodities, which generally will imply that 

commodity markets will be in a normal backwardation or simply a backwardation. In other words, 

when producers are selling commodity futures, it will drive down futures prices compared to the 

future expected spot price. Investors with long positions in commodity futures will have a positive 

expected excess return, when the market is in backwardation, since the commodity futures will 

converge upwards toward the expected future spot price (Keynes, 1930). The hedging can be seen 

as an insurance, where the hedgers provide a premium for long investors by transferring risk to 

the investor (Erb & Harvey, 2006). The backwardation is expressed as 𝑓(𝑡, 𝑡∗) < 𝑝(𝑡), where an 

investor with a long position in a backwardated futures will earn a profit of 𝑝(𝑡) − 𝑓(𝑡, 𝑡). The 

normal backwardation explains the cross-sectional commodity futures expected returns, since 

more backwardated commodity futures is expected to have higher returns than less backwardated 
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futures. The expected future spot price is not observable as earlier stated, which means that the 

degree of backwardation is unknown for each commodity futures. Therefore, academics suggest 

that backwardation of commodity futures can be assessed by their historical excess returns as a 

measure of backwardation (Erb & Harvey, 2006). Empirically, normal backwardation effects have 

not been shown to consistently yield statistically significant positive returns across different 

commodity futures (Kolb, 1992). If commodity futures are subject to normal backwardation, then 

long positions in backwardated commodity futures will be an effective way of allocating capital 

(Erb & Harvey, 2006). Gorton and Rowenhorst (2004) researched naïve portfolio diversification of 

commodity futures with fixed rebalancing intervals, where they report statistically significant 

returns (Gorton & Rouwenhorst, 2004). The insurance perspective only considers commodity 

futures in a backwardation, but investors can also expect excess returns from contango effects 

(Erb & Harvey, 2006). 

The hedging pressure hypothesis offers a more extended view on the expected returns of 

commodity futures than the insurance hypothesis. The assumption of producers are net shorting 

commodity futures suggesting that the commodity futures are trading in a backwardation is 

relaxed. Instead, the net hedging of a commodity futures is determining both the size of risk 

premiums, and whether risk premiums are positive or negative. The risk premium can either be 

positive or negative, where investors are able to earn positive risk premium through long or short 

positions in the commodity futures. When producers are net short in commodity futures, it 

creates an incentive for investors to go long in commodity futures, since investors are 

compensated for the producers’ risk transferred to the investor (Erb & Harvey, 2006). Commodity 

futures will be in a contango when a consumer of commodities is naturally short in the 

commodity. A commodity futures in contango is expressed as 𝑝(𝑡) < 𝑓(𝑡, 𝑡). The hedging 

pressure hypothesis incorporates that consumers of commodities are hedging price risks by buying 

commodity futures besides the insurance perspective. Investors are compensated from the price 

movements downward to the future expected spot prices, where the investors will earn a profit of 

𝑓(𝑡, 𝑡) − 𝑝(𝑡). Anson (2002) separated commodity futures depending on whether the commodity 

futures are expected to be in a backwardation or contango. He found that Exxon, who are 

naturally long in crude oil, will be net short in crude oil futures to hedge price risks. The 

commodity futures will be in a backwardation, and investors who are taking on Exxon’s risk will 
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receive positive returns by buying crude oil futures. Boeing manufactures aircrafts, where they will 

hedge rising price risks of aluminum by buying aluminum commodity futures (Anson, 2002). This 

will create incentives for investors to sell aluminum futures to Boeing, since the commodity 

futures prices will rise as a result of the demand from Boeing to reduce risks. Investors will earn 

positive returns, when they allocate capital by going long in futures in a backwardation and short 

in a contango futures. Common for the insurance perspective and hedging pressure hypothesis is 

that the market participants transfer their risks to investors, where both theories are unable to 

determine the degree of risk premiums.   

Commodity futures are different from capital asset, since there are storage costs associated with 

holding a commodity physically, where inventories are the level of commodities stored physically. 

The theory of storage is explaining the relationship between a commodity futures and the spot 

price as interest lost on storing a commodity (Fama & French, 1986). It is based on storage costs of 

commodities, the convenience of holding the commodities physically and interest rates. If 

inventories are high, then a production interruption will be less likely to affect prices, whereas low 

inventories will more likely affect prices. The benefit of holding inventories is also referred to as 

the convenience yield (Erb & Harvey, 2006). The convenience yield will be high, when inventories 

are low, and low when inventories are high. A high convenience yield is explained by the investors’ 

ability to utilize supply and demand imbalances, and by manufacturers’ consuming commodities 

ability to maintain production, when inventory levels are low (Fabozzi et. al, 2008). The price of a 

futures contract taking these factors into consideration is: 

 

𝐹 = 𝑆𝑒(�bÖE×)(ØEO) 

Eq. 4.1.6 

Where 𝐹 is the futures price, 𝑆 is the spot price of the underlying asset, 𝑒 is the exponential 

operator, 𝑟 is the risk-free rate, 𝑐 is the storage cost of physically holding the underlying asset and 

𝑦 is the convenience yield. 𝑇 − 𝑡 is the time to maturity. If inventory levels are very high and the 

storage cost and the convenience yield is zero, then the commodity futures price will depend on 

the interest rate. Some soft commodities are difficult or impossible to store such as livestock and 

agricultural, which implies that interest rates are unable to explain commodity futures prices.  
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4.2 Return Predictability and Tactical Asset Allocation 

Since financial econometrics emerged, asset return predictability has been of great interest for 

academics and finance professionals. Fama (1965) proposes that market asset prices reflect all 

information at all times, which makes systematical alpha generation impossible, since no market 

asset prices are priced incorrectly. More famously, the theory is later known as the efficient-

market hypothesis (Fama, 1991).  

Fama (1991) considers the market efficiency of weak, semi-strong or strong form. The market 

efficiency states to which degree information is reflected in asset prices. The implications of 

market efficiency are subject to three conditions for the market participants: i) no transaction 

costs, ii) all information is costless, and iii) all market participants agree on the information 

implications. If the market efficiency is of strong form, the asset prices will fully reflect all public 

and private information. Therefore, it is said that superior returns cannot be earned in a strong 

form efficient market using a technical, a fundamental analysis or insider information. When a 

market is efficient in the semi-strong form, all public information is reflected in the asset prices, 

where a technical or fundamental analysis cannot be used to generate superior returns. Lastly, a 

market can be efficient of weak form, where the information of past returns is reflected in today’s 

price.  

The random walk and efficient market hypothesis are closely related if markets are efficient and 

information is fully reflected in the asset prices. The efficient market hypothesis implies that the 

following price changes will be independent of the past returns forming a random walk (Fama, 

1965).  The random walk is grounded in the martingale model, which is one of the first models of 

financial asset prices (Campbell et al., 1997). The martingale is based on a fair game, where the 

game is equally in favor of the gambler and his opponent such as coin flipping games. This is a 

martingale or a stochastic process, 𝑃O, which is expressed as (Campbell et al., 1997): 

 

𝐸[𝑃ObK	|	𝑃O, 𝑃OEK, … ] = 	𝑃O, 

Or  

𝐸[𝑃ObK − 𝑃O|𝑃O, 𝑃OEK, … ] = 0 

Eq. 4.2.1 
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Where 𝑃O is the cumulative earnings from winning or wealth from a game of chance each period. 

The martingale model infers that earnings from winning or wealth at period 𝑡 + 1 will be equal to 

the earnings from winning or wealth in period 𝑡 given the past games. This also means that the 

expected winnings will be zero based on the past games. Moreover, all price changes are assumed 

to be uncorrelated at all lags implying that linear forecasting is ineffective. The martingale model 

only considers expected returns, whereas it does not take risk into consideration. To test for 

predictability of the individual futures returns, the random walk of uncorrelated increments is 

being tested, which is one of the widely used tests for predictability (Campbell et. al, 1997). The 

random walk with uncorrelated increments is a process of dependent but uncorrelated 

increments. It is otherwise known as serial correlation or autocorrelation between two different 

periods. The null hypothesis is that all autocorrelation coefficients are zero of all lags in each 

series. The 𝑘OË order of autocovariance and autocorrelation coefficients 𝛾(𝑘) and 𝜌(𝑘) 

conditional on a covariance stationary time series 𝑟O is (Campbell et al., 1997): 

 

𝛾(𝑘) = 𝐶𝑜𝑣[𝑟O, 𝑟ObF] 

Eq. 4.2.2 

	

𝜌(𝑘) =
𝐶𝑜𝑣[𝑟O, 𝑟ObF]
¿𝑉𝑎𝑟[𝑟O]¿𝑟ObF

=
𝐶𝑜𝑣[𝑟O, 𝑟ObF]
𝑉𝑎𝑟[𝑟O]

=
𝛾(𝑘)
𝛾(0) 

Eq. 4.2.3 

 

Commodity futures portfolio managers are mostly trend followers, where the managers take 

advantage of return momentums. A return momentum strategy is conditional on past returns are 

able to predict future returns (Erb & Harvey, 2006). The efficient market hypothesis states that 

abnormal returns cannot be earned, and that tactical asset allocation therefore will be unable to 

increase risk-adjusted returns. Momentum strategies have been applied to commodity futures 

data, where past returns have been a predictor for future returns. Erb and Harvey (2006) has 

shown that a momentum portfolio based on long positions in commodity futures with positive 

past returns and short positions in commodity futures with negative past returns outperformed 

other diversification strategies. There can be many explanations for momentum strategies to 
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work, where no simple theory states why momentum strategies should work in practice (Erb & 

Harvey, 2006). The hedging pressure theory states that long risk premiums are more likely if the 

market has had positive returns in the past, and that short risk premiums are more likely if the 

market has had negative returns (Fabozzi et. al, 2008). This can lead to momentum effects in the 

markets, if the hedging pressure increases after broad market movements. Barberis, Schleifer and 

Bishny (1998) discusses the economics of price trends based on underreactions to news and 

delayed overreactions. According to the efficient market hypothesis, news will be reflected in 

prices but trends will arise if prices initially underreact to news. Information will gradually be 

reflected in prices as time passes, where prices eventually will be reflected by the news. A trend 

can continue, if investors have a herding behavior (Deaton & Laroque, 1996). Additionally, 

commodity futures often exhibits high serial correlation, which means that there is some sort of 

predictability in the commodity futures time series (Deaton & Laroque, 1996). A test of commodity 

futures predictability is carried out later in the thesis. 

Chapter 5:  Methodology  

As a starting point this section has the purpose of outlining the scientific aim including the 

implications of the chosen paradigm. Secondly, the research instruments are described. Finally, 

the data foundation is mapped and discussed. The overall point of this chapter is to ensure 

credible, reliable and robustness of the research of this thesis.   

 

5.1 Scientific Considerations 

Different concepts are taken into mind, including ontology, epistemology, and methodology when 

the scientific point of view is mapped. In other words, what is the nature of reality and how it can 

be recognized and obtained by the researcher? And finally, how do we examine it? (Nygaard, 

2013, p. 23: Guba, 1990, p. 18). These questions and concepts are considered when choosing the 

building blocks of the thesis. Guba (1990) defines a paradigm as a simple belief system (or theory) 

that guides the way we do things, or more formally establishes a set of practices. This ranges from 

thought patterns to action. When we evaluate the methodology section, we are able to conclude 



   
 

  44 
 

in which scientific paradigm we are working within, and in which way our decisions ensure valid 

and vigorous building blocks for the thesis. In this thesis we work within the positivistic paradigm, 

because we assume that the truth can be found by being objective when gathering data, and that 

the data when analyzed properly tells us something about reality.  

5.2 Research Model and Performance Measures 

The overall objective of the thesis is to apply and measuring performance of different portfolio- 

and rebalancing strategies, including (1) Gârleanu & Pedersen framework, (2) Markowitz under 

Gârleanu & Pedersen setup, as mentioned in the section above, and finally (3) static portfolio 

optimization with different weights in the Markowitz portfolio. Transaction costs are considered 

after measuring performance on these different strategies. The different scenarios appear from 

the figure:  

Strategies Without transaction cost  With transaction cost  

Minimum-Variance 1.1 - 

Tangency  2.1 - 

Gârleanu & Pedersen 3.1 3.2 

Dynamic Markowitz 4.1 4.2 

Static 
  

1% on Markowitz 4.11 4.21 

2% on Markowitz 4.12 4.22 

3% on Markowitz 4.13 4.23 

4% on Markowitz 4.14 4.24 

5% on Markowitz 4.15 4.25 

6% on Markowitz 4.16 4.26 

7% on Markowitz 4.17 4.27 

8% on Markowitz 4.18 4.28 

9% on Markowitz 4.19 4.29 

10% on Markowitz 4.20 4.30 

Table 5-1: Portfolio Strategies 
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We consider three different portfolio performance measures: the Sharpe Ratio, Maximum 

Drawdown and the Calmar Ratio. The return performance of a portfolio cannot stand alone, since 

the portfolios are subject to risks. Therefore, the considered performance measures will enable us 

to evaluate on the performance, while keeping returns and risks in mind. The Sharpe ratio is given 

by the risk adjusted excess return (Bacon, 2004): 

𝑆𝑅P =
𝐸�𝑅P� − 𝑅�

𝜎P
 

Eq. 5.2.1 

Where 𝑆𝑅P is the Sharpe ratio of a portfolio, 𝐸(𝑅P) is the expected portfolio return, 𝑟� the risk-

free rate and 𝜎P is the standard deviation of the portfolio returns. We annualize the multiyear 

period sharpe ratios, such that the sharpe ratio is on a one-year basis. The annualized sharpe ratio 

resembles the multiyear sharpe ratio, where the sharpe ratio is annualized by multiplying the 

multiyear sharpe ratio by the square root of number of total periods in a year (Bacon, 2004): 

𝑆𝑅P(𝑇) =
�𝐸P� − 𝑅�

𝜎P
√𝑇 

Eq. 5.2.2 

Besides the Sharpe ratio we include the maximum drawdown and the Calmar ratio to ensure a 

differentiated and nuanced evaluation of the portfolio performance of the different strategies. 

The Sharpe ratio suffers from the limitations of quantifying risk as standard deviation. The 

standard deviation measures how spread out the portfolio returns are, where the standard 

deviation is influenced by both bull and bear markets. The Sharpe ratio will not evaluate on the 

losses of a portfolio strategy and the recovery of losses. Therefore, the maximum drawdown and 

Calmar ratio are included as performance measures, as they respectively evaluate on losses and 

recovery of the portfolio strategies. The measure maximum drawdown is considering the portfolio 

performance in the sample period, where it locates historical peaks of the portfolio return and the 

trough. The maximum drawdown is the maximum loss from a peak to a trough of the portfolio 

return series. The maximum drawdown is written as (Bacon, 2004):  
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𝑀𝑎𝑥𝑖𝑚𝑢𝑚	𝑑𝑟𝑎𝑤𝑑𝑜𝑤𝑛 =
𝑀𝑎𝑥𝑖𝑚𝑢𝑚	𝑙𝑜𝑠𝑠 − 𝑃𝑒𝑎𝑘	𝑣𝑎𝑙𝑢𝑒

𝑃𝑒𝑎𝑘	𝑣𝑎𝑙𝑢𝑒  

Eq. 5.2.3 

Below is an example of finding the maximum drawdown: 

 

The maximum drawdown and Calmar ratio are related, since the Calmar ratio evaluates on the 

time of recovering from the maximum loss. The Calmar ratio is written as (Bacon, 2004): 

𝐶𝑎𝑙𝑚𝑎𝑟	𝑅𝑎𝑡𝑖𝑜 =
𝐴𝑣𝑒𝑟𝑎𝑔𝑒	𝐴𝑛𝑛𝑢𝑎𝑙	𝑅𝑎𝑡𝑒	𝑜𝑓	𝑅𝑒𝑡𝑢𝑟𝑛

𝑀𝑎𝑥𝑖𝑚𝑢𝑚	𝐷𝑟𝑎𝑤𝑑𝑜𝑤𝑛  

Eq. 5.2.4 

The maximum drawdown is the input to the Calmar ratio, where the average annual compounded 

rate of return is in the numerator and maximum drawdown is in the denominator. This means that 

the higher the ratio is during a time-period the better performance of a portfolio. The Calmar ratio 

can be thought of as the recovery time of a loss. If the maximum drawdown of a portfolio is 10%, 

and the average annual rate of return is 10%, then the Calmar ratio will be 1. This means that on 

average, that the portfolio strategy will be profitable after one year of trading. Moreover, the 

Sharpe ratio evaluates the expected risk adjusted returns of a portfolio strategy, whereas the 

Calmar ratio uses the average annual rate of return. This means that the returns are geometrically 

 

Figure 5-1: Maximum Drawdown Example.Maximum Drawdown Example. The figure depicts the 
process of calculating the maximum drawdown. The graph is made from manipulated data, where 
two peak values are found. The maximum loss in the data is from the first peak, since it represents a 
larger loss than the second peak. 
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chained or compounded, and they represent the actual gains and losses from an agent’s 

perspective. Furthermore, when the returns are geometrically chained, the geometric mean will 

always be lower than the arithmetic average. This means that the Sharpe ratio can be positive, 

while the Calmar ratio is negative.  

 

5.3 Econometric Methods 

The return predictors in this thesis are based on panel regressions, which has a cross-sectional and 

time series dimension (Wooldridge, 2009). The cross-sectional dimension refers to observing 

multiple units at a given time, whereas the time series dimension contains observations of one 

unit at multiple times. Panel data can therefore be seen as a combination of cross-sectional and 

time series data. We will be using pooled panel regressions, where the coefficients are constant 

across times and individuals, which will work as return predictors for the dynamic portfolio 

choices. The statistical considerations are assessed in the following, where different regression 

estimators are evaluated. The ordinary least squares (OLS) estimator suffers from 

heteroscedasticity meaning that it must be corrected for us to obtain a consistent and more 

efficient estimator than the OLS estimator. Therefore, we will be using the feasible generalized 

least squares (FGLS) estimator. 

 

5.3.1 Linear regression 

The key concept of OLS the estimation is that the regression coefficients are estimated by 

minimizing the sum of squared prediction errors (Stock & Watson, 2015). The multiple regression 

model is written as: 

 

𝑌U = 𝛽s + 𝛽K𝑋KU + 𝛽B𝑋BU + ⋯+ 𝛽F𝑋FU +	𝑢U, 𝑖 = 1,… , 𝑛 

Eq. 5.3.1 

Where the coefficients are chosen minimizing the expression  ∑ (𝑌U − 𝛽s − 𝛽K𝑋KU − ⋯−�
UVK

𝛽F𝑋FU)B. Moreover, the predicted coefficients are denoted 𝛽Þs, 𝛽ÞK𝑋K, … , 𝛽ÞF𝑋F . Given this 

argument we can write the predicted value of the left-hand side variable as, 𝑌ßU = 𝛽Þs +	𝛽ÞK𝑋KU +
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⋯+ 𝛽ÞF𝑋FU  and the regression error term is found by subtracting the fitted values from the 

observed left-hand side variable i.e. 𝑢àU = 𝑌U − 𝑌ßU  (Stack & Watson, 2015).  

The OLS estimator is subject to assumptions for the OLS estimator to be the best linear unbiased 

estimator (BLUE). In the case of a multiple regression there are 6 different assumption, which have 

to be respected for us to rely on the coefficients, hypothesis tests and confidence intervals.  

Wooldridge (2009) defines the assumptions as follows:  

 

1) Linear parameters: the model can be written as upwards outlined, where our interest is 

towards the unknown coefficients 𝛽s, 𝛽K …𝛽F  and unobservable error term is 𝑢.  

2) Random sampling: The observations 𝑛 are from a random sample.  

3) No perfect collinearity: The right-hand side variables are not allowed to be constant and have 

an exact linear relationship with each other.  

4) Zero conditional mean: The error term of the regression is expected to have a value of zero for 

all values of the right-hand side variables i.e. 𝐸(𝑢|𝑥K, … , 𝑥F) = 0.  

5) Homoscedasticity: The error term 𝑢 has the same variance for all values of the righthand side 

variables i.e. 𝑉𝑎𝑟(𝑢|𝑥K, … , 𝑥F) = 𝜎B.  

6) Normality: The error term 𝑢 is independent of the right-hand side variables are normally 

distributed with zero mean and variance 𝜎B i.e. 𝑢	~	𝑁𝑜𝑟𝑚𝑎𝑙(0, 𝜎B).  

 

5.3.2 Weighted Least Squares Estimation 

The weighted least squares (WLS) model is a variation of the OLS estimator. The model is 

suggested when the assumption of a homoscedastic error term is violated. In essence, the 

assumption behind applying a weighted least squares estimation is that the variance increases as 

the explanatory variable within the model increases. In other words, the variance of the error is 

proportional to the level of the explanatory variable (Wooldridge, 2009, p. 277). The WLS model 

cope with the violation of heteroscedasticity by detecting, identifying and specifying the 

heteroscedasticity given that the heteroscedasticity is known up to a multiplicative form 

(Wooldridge, 2009, p. 277). The explanatory variables are denoted x and assume that:  
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𝑉𝑎𝑟(𝑢|𝒙) = 𝜎Bℎ(𝒙) 

Eq. 5.3.2 

Where ℎ(𝒙) is a function of the independent variables that specify the heteroskedasticity 

(Wooldridge, 2009). The function for all potential values of the independent variables are positive, 

because variances must be positive. Assuming that ℎ(𝒙) is known and that 𝜎B is unknown, we can 

estimate this parameter by a random sampling and write it as follows (Wooldridge, 2009):  

 

𝜎UB = 𝑉𝑎𝑟(𝑢U|𝒙U) = 𝜎Bℎ(𝒙U) = 𝜎BℎU  

Eq. 5.3.3 

Where ℎU  changes for every observation of 𝒙U, given that the righthand side variables, 𝒙U, changes 

across observations. In order to estimate 𝛽 , we do a transformation of the multiple regression 

model with the heteroskedastic error term 𝑉𝑎𝑟(𝑢|𝒙𝒊) = 𝜎Bℎ(𝒙𝒊). This will enable us to satisfy the 

assumption of homoskedasticity. Conditional on 𝒙U,  
äÑ
¿ËÑ

 has an expected value of zero, given that 

only ℎU  is a function of 𝑥U. Moreover, given that 𝑉𝑎𝑟(𝑢U|𝒙U) = 𝐸�𝑢UB�𝒙U� = 𝜎BℎU  the variance of 
äÑ
¿ËÑ	

 is 𝜎B	(Wooldridge, 2009):  

𝐸 jå
𝑢U
¿ℎU

æ
B

m =
𝐸(𝑢UB)
ℎU

=
(𝜎BℎU)
ℎU

= 𝜎B 

Eq. 5.3.4 

Where, the conditioning on 𝑥U  is not taken into account. When dividing by ¿ℎU	we get:  

 

𝑦U
¿ℎU

=
𝛽s
¿ℎU

+ 𝛽K å
𝑥UK
¿ℎU

æ + 𝛽B å
𝑥UB
¿ℎU

æ + ⋯+ 𝛽F å
𝑥UF
¿ℎU

æ + å
𝑢U
¿ℎU

æ 

Or,  

𝑦U∗ = 𝛽s∗𝑥Us∗ + 𝛽K∗𝑥UK∗ + 𝛽B𝑥UB∗ + ⋯+ 𝛽F𝑥UF∗ + 𝑢U∗ 

Eq. 5.3.5 

Where, 𝑥Us∗ =
K
¿ËÑ

 and the other variables represent the original values divided by ¿ℎU. The OLS has 

appealing properties and given that all the assumption of the ordinary least square estimation is 

fulfilled at this point, the estimation of the upwards outlined model can be estimated by OLS. 

Though these estimators, 𝛽s∗, 𝛽K∗, 𝛽B∗, … , 𝛽F∗, are not going to be equal to the original estimators. 
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The estimates, 𝛽∗ are examples of generalized least squared estimators, where in this application 

they account for a heteroskedastic error term. In light of this transformation, it is needed to 

identify the strengths and weaknesses of the decision. Listing the benefits (1) the estimators are 

more influent in explaining the dependent variable (2) we can trust our test-statistics (3) the sum 

of squared residuals over the degrees of freedom proposes an unbiased estimator of 𝜎B. One 

weakness is the goodness-of-fit measure, 𝑅B, loses its meaningful interpretation ability because it 

explains how much variation of in 𝑦∗ can be explained by the 𝑥∗.  

The GLS estimators, which deem the heteroscedasticity violation is called weighted least squares 

estimators and takes name from the fact that 𝛽∗ minimizes the weighted sum of squared 

residuals, because each residual is weighted by K
¿ËÑ

. In other words, the estimator gives less weight 

to the observations with higher variance of the error, where OLS contrary gives the errors an equal 

weight. The WLS estimators minimizes:  

T
(𝑦U − 𝑏s − 𝑏K𝑥UK − 𝑏B𝑥UB − ⋯− 𝑏F𝑥UF)B

ℎU

�

UVK

 

Eq. 5.3.6 

With respect to the values of 𝑏 .  

 

This section will focus on the instances when the function is not known up to a multiplicative form. 

In most cases the form of heteroscedasticity is not known, meaning it has to be estimated. The 

result is not the exact ℎU  but an estimate of the function, which is denoted ℎçè . When applying this 

method, the GLS estimator becomes the feasible or estimated GLS. The variance of u given x is 

assumed to be written as (Wooldridge, 2009):  

 

𝑉𝑎𝑟(𝑢|𝒙) = 𝜎Bexp	(𝛿s + 𝛿K𝑥K + 𝛿B𝑥B + ⋯+ 𝛿F𝑥F) 

Which is equivalent to: 

ℎ(𝒙) = exp	(𝛿s + 𝛿K𝑥K + 𝛿B𝑥B + ⋯+ 𝛿F𝑥F) 

Eq. 5.3.7 

Where, 𝑥K …𝑥F are the independent variables in the multiple regression model and 𝛿  are the 

unknown parameters. The exponential is used given that a linear model does not ensure positive 

predicted values. The unknown parameters are estimated by using the data and hereafter the 
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estimates are used to create weights (Wooldridge, 2009). Doing a transformation of the upwards 

outlined equation for ℎ(𝒙), a linear format can be achieved, in order for us to estimate it by the 

use of OLS. The equation can be re-written as follows:  

𝑢B = 𝜎B exp(𝛿s +	𝛿K𝑥K + 𝛿B𝑥B + ⋯+ 𝛿F𝑥F) 𝑣 

Eq. 5.3.8 

Where 𝑣 has a mean equal to unity conditional on 𝒙 = (𝑥K, 𝑥B, … , 𝑥F) (Wooldridge, 2009, p. 283). 

𝑣	is assumed to be independent of x, why:  

log(𝑢B) = 𝛼s + 𝛿K𝑥K +	𝛿B𝑥B + ⋯+ 𝛿F𝑥F + 𝑒 

Eq. 5.3.9 

Where 𝑒 is independent of 𝑥	and has zero mean. The left-hand side variable is the log-transformed 

squared error term. Finally, the equation is satisfying the Gauss-Markov assumption, why an 

unbiased estimator of 𝛿  can be obtained by the use of OLS. We need the fitted values, 𝑔çð , of the 

regression log(𝑢àB) 𝑜𝑛	, 𝑥K, 𝑥B, … , 𝑥F, why the estimates of ℎU  simply are ℎßU = exp(𝑔àU). The weights 

are placed in the previous outlined equation (Wooldridge, 2009):  

 

T
(𝑦U − 𝑏s − 𝑏K𝑥UK − 𝑏B𝑥UB − ⋯− 𝑏F𝑥UF)B

ℎßU

�

UVK

 

Eq. 5.3.10 

Running the regression now, will give an unbiased regression that takes care of the violation of 

heteroscedastic errors. To summarize, the FGLS method to correct for heteroscedasticity is being 

performed as follows: 

1. 𝑦 is regressed on 𝑥K, 𝑥B, … , 𝑥F and the residuals 𝑢à  are obtained. 

2. The natural log of the squared residuals are created: log(𝑢àB). 

3. log(𝑢àB) is regressed on 𝑥K, 𝑥B, … , 𝑥F. 

4. The fitted values are exponentiated: ℎßU = exp(𝑔àU). 

5. The WLS multiple regression is estimated: 𝑦 = 𝛽s + 𝛽K𝑥K + 𝛽B𝑥B + ⋯+ 𝛽F𝑥F + 𝑢 using K
Ëè

. 

The FGLS will now be consistent and asymptotically more consistent than the OLS estimator 

(Wooldridge, 2009).  
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5.3.3 Autoregressive (AR) model  

The AR (1) model uses a series own past value, 𝑦OEK, as a predictor for the current value 𝑦O. In 

other words, it uses lags of its own series from the near past, which is used to say something 

about the current period. The model can be extended by adding more lags, and thereby include 

information from a more distant past. It can hence be described as an AR(p) model where, p is the 

number of past values included in the model. The AR(p) model as a linear function of p lags can be 

written as (Stock & Watson, 2015, p. 581):  

𝑌O = 𝛽s +	𝛽K𝑌OEK + ⋯+ 𝛽P𝑌OEP + 𝑢O 

Eq. 5.3.11 

Where 𝐸�𝑢O|𝑌OEK, … , 𝑌OEP� = 0. Given that the AR(p) model is chosen as a suitable model, the 

partial autocorrelation function (PACF) can be used to determine the proper number of lags 

included in the model accordingly to the Box-Jenkins method. It is done by counting to the last 

spike different from zero in the PACF plot of the series. On the other hand, one could argue that a 

large and more complex model should not be chosen over a simpler model with less parameters 

given the parsimonious argument. Finally, a good rule of thumb is to apply BIC or AIC when 

choosing the number of lags included in the model.  

 

5.3.4 Stationarity  

Given that a regression analysis of time series data applies prior observations to quantify a 

historical relationship, then the future is assumed to be like the past. But on the other hand, given 

that the future deviates radically, then the historical relationship might not be a dependable tool 

to predict the future. The basic notion that historical relationships can be generalized as a tool to 

predict future is called stationarity (Stock & Watson, 2015). A time series 𝑌O is said to be stationary 

if its probability distribution does not change over time (Stock & Watson, 2015, p. 587). In other 

words, if the joint distribution of (𝑌�bK, 𝑌�bB, … , 𝑌�bØ), does not depend on s for all values of T 

(Stock & Watson, 2015, p. 587). Given the opposite 𝑌O is assumed to be non-stationary. 
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5.3.4.1 Non-stationarity due to trends  

One instance of non-stationarity is the presence of trends. A trend is a constant and long-run 

development of a variable across time where the variable fluctuates around its trend (Stock & 

Watson, 2015, p. 597). There are two different kinds of trends, deterministic and stochastic. The 

deterministic trend is a non-random function of time, whereas the stochastic trend is random and 

varies across time (Stock & Watson, 2015, p. 598).  

There are various stochastic trend models, whereas the random walk model is the simplest. It 

implies that the best predictor of 𝑌O is the previous observation 𝑌OEK and an unpredictable error-

term, 𝑢O, which is perceived as random walk. This basic idea follows the equation 𝑌O = 𝑌OEK + 𝑢O. 

Furthermore, a time series variable can also have a drift, meaning that it has an upwards 

tendency, why the best prediction will include an extension of an intercept. This model is called a 

random walk with a drift, and is denoted: 𝑌O = 𝛽s + 𝑌OEK + 𝑢O. As indicated earlier a random walk 

is non-stationary, which implies that the variance is increasing over time, hence the distribution of 

𝑌O changes across time. Non-stationarity due to the presence of a trend proposes three central 

problems (1) Autoregressive coefficients that are biased towards zero, (2) Non-normal 

distributions of t-statistics and (3) Spurious regression (Stock & Watson, 2015, p. 600). Moreover, 

stochastic trends can be detected by the use of unit root tests, including the Augmented Dickey-

Fuller test.   

 

5.3.4.2 Non-stationarity due to structural breaks  

A second instance of non-stationarity is when there are changes in the population regression 

function, across the sample period. This can for example happen due to economic policy changes 

or intervention in a particular industry. The consequence of a break in the series can divert that 

the regression model neglects the break and thereby gives non-proper basis for inference and 

forecast. Structural breaks can be detected by the use of a Chow test.   
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5.4 Out-of-Sample 

In order to evaluate the robustness and validity of our model-results, we test the models out-of-

sample, meaning that we expose them to data, not previously included in the models. There are a 

variety of ways to perform such tests, including rolling window- and recursive estimation schemes. 

They are both outlined below.   

In the out-of-sample model evaluation, we have a sample size denoted 𝑇, which can be divide into 

two. 𝑅 is the number of observations, which are used for the model estimation and 𝑃 is the 

number of observations used to construct the forecasts, hence 𝑇 = 𝑅 + 𝑃. Both in the recursive 

and rolling window estimation, we construct a sequence of 𝑃 estimators, which are used in order 

to create h-step ahead forecasts. In our assessment of the out-of-sample analysis, 𝑃 is constant, 

meaning that for every window, we do a one-step ahead forecast. This also implies that 𝑅 either 

stays constant or increases, why an increase in 𝑅, will derive an increase in the sample size, T.  

 

5.4.1 Recursive Estimation  

Assessing the recursive estimation scheme, we construct the first estimator by using the first 𝑅 

observations. In our particular instance R is the entire in-sample period plus an additional 

observation of the out-of-sample data. The second estimator is constructed, by adding an 

additional observation to 𝑅, making the sample size larger every time we re-estimate. In other 

words, every time we re-estimate the model, we add in an additional observation. This is done 

until we have a sequence of 𝑃 estimators, to apply for forecasting. From the figure below, we have 

illustrated the procedure, where the recursive window increases by one every period, from where 

the model slowly moves out-of-sample one period at the time. 
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Figure 5-2: Illustration of Recursive Out-of-Sample Estimation Scheme 

 

Using the recursive method implies that we, by adding in more observations, believe that we 

converge towards the true values of our return predicting coefficients. I.e. as we add in an 

additional observation, we increasingly get better at predicting returns.  

 

5.4.2 Rolling Estimation 

One can also apply the rolling-window scheme, where we construct a sequence of 𝑃 estimators, 

using a rolling window of 𝑅 observations. We create the first estimator by using the initial 𝑅 

observations, which are subject to the 𝑃 estimators. The second estimator is constructed by 

omitting the first observation of 𝑅 and adding an additional observation	(2: 𝑅 + 1). In this 

instance 𝑅 and thereby 𝑇 remains constant as we ‘roll’ the window across the observations. In 

other words, every time we re-estimate the model, we shift the window one observation forward 

in time. The figure below provides a visual of the approach.  
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Figure 5-3: Illustration of Rolling Out-of-Sample Estimation Scheme 

 

This way to test out-of-sample performance of a model, implicates that we reject the hypothesis 

that adding in all historical observations, makes the coefficients converge towards their true value. 

On the other hand, this approach proposes that a single observation’s significance in explaining 

returns is fading by time.  
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Chapter 6:  Data 

6.1 Contract Splicing 

Futures contracts do not trade in a perpetuity, which will result in price gaps between contracts. A 

continuous data series of the commodity futures contracts must be created for backtesting 

purposes and parameter estimations. There are several ways to splice futures contracts to create 

a continuous series dependent on the method of rolling into new contracts. A roll is when an 

agent sells an old futures and enters a new one.   

 

 

Figure 6-1: Coffee Futures' Price Gap.The figure depicts the NKC0319 and NKC0519 contract settlement 
prices. The notion of a contract is XXXYYZZ, where XXX is the short name of a commodity futures 
contract, YY is the month the contract expires and ZZ is the year of expiration. A price gap is present 
between the two futures contracts, where splicing is required to create a continuous series. 

 

Figure 6-1 depicts the price gaps, which occurs at the boundaries of all contracts. Each method of 

splicing will affect the backtesting, so the different contract splicing methods will be reviewed in 

order to determine the most appropriate method for our trading strategies.  

 

When performing no adjustments to the series the contracts are simply spliced together into one 

series. This method will over- or understate the returns dependent on whether the commodity 

futures are in a contango or backwardation. 
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Dates NKC0319 NKC0519 Un-adjusted 

4/24/2019 90.45 
 

90.45 

4/25/2019 92.05 
 

92.05 

4/26/2019 92.7 
 

92.7 

4/29/2019 91.35 
 

91.35 

4/30/2019 91.85 93.15 93.15 

5/1/2019 
 

91.1 91.1 

5/2/2019 
 

91.55 91.55 

5/3/2019 
 

90.6 90.6 

5/6/2019 
 

90.15 90.15 

Table 6-1: Unadjusted Price Series of Two Coffee Futures.The table depicts the settlement prices of the 
NKC0319 and NKC0519 futures contracts in the second and third column. The last column is the 
unadjusted continuous series of coffee. 

 

The unadjusted series has a large price increase when the old futures contract expires, where the 

unadjusted series simply takes the price of the new contract. The return from 4/29/2019 to 

4/30/2019 is not USD 1.8 as it does not correctly represent the return of an agent, since (s)he 

must invest more capital in entering the new contract. The unadjusted series will thus 

misrepresent the returns of an agent as the agent sells a contract at a different price than the new 

contract is bought for. The profit and loss of such a transaction will be zero. Therefore, forward- 

and backward adjusting the series is considered, which will accommodate for these effects.  

The forward- and backward-adjusted splicing methods will remove price differences between 

contracts by adding or subtracting the price difference to all periods ahead or prior to the roll.  
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Figure 6-2: Forward- and Backward-Adjusted Coffee Futures. The figure depicts two continuous series of 
coffee, which has been back-adjusted and forward-adjusted.  

 

The difference in the splicing methods is how the prices are adjusted, where the prices are either 

adjusted forward or backward in time. In figure 6-2 the price difference in the NKC0319 and 

NKC0519 futures contracts of USD 1.3 at 4/30/2019 has been added to all periods prior to the roll 

in the backward-adjusted series. The price difference has been subtracted to all periods ahead of 

the roll in the forward-adjusted series. The backward-adjusted series represents today’s prices, 

which is the reason the method is assessed to appropriately represent the commodity series. Both 

splicing methods can however result in negative prices. 

The last splicing method considered is the perpetual method, which resembles the forward and 

backward-adjusted methods. The method also adjusts for price differences between contracts, but 

the roll is performed over time. As a result, the agent will begin to roll parts of the position in the 

contract close to expiration into a new contract. The roll will occur at a predetermined number of 

days before expiration of a contract, where the roll is performed such that an agent progressively 

increases his or hers position in the new contract. Usually, an agent will roll when the volume of a 

back-month futures is more liquid than the current futures.  

Based on these findings it is assessed that the backward adjusted splicing method is appropriate 

for creating continuous series of the commodity futures. Agents usually roll over in new contracts 

based on the volumes of the futures contracts. For all commodity futures we will roll over in new 

futures, when the new futures has a higher volume than the old one. This also means that agents 
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will be able to keep their positions in the commodity futures at all times. We only consider the 

front-month contracts, and when the current futures is about to expire, we will roll over in the 

next futures closest to expiration.  

6.2 Dataset 

We consider liquid commodities within the sectors: base metals, precious metals, energy and 

agricultural futures. The commodity futures have no strict price change limitations, as they would 

otherwise cause noise in the regressions (Wang & Taylor, 2018). Specifically, we consider the 

following commodity futures contracts traded outright in the sample period from 01/12/1993 to 

26/04/2019 obtained from the Thomson Reuters Eikon database: Aluminum, Copper, Lead, Nickel, 

Tin and Zinc from the London Metal Exchange (LME); Gold and Silver from the New York 

Commodity Exchange (COMEX); WTI Crude from the New York Mercantile Exchange (NYMEX); 

Cocoa, Coffee and Sugar from the New York Board of trade (NYBOT).  

 

 

Table 6-2: Summary Statistics: Commodity Futures. The average prices of the continuous commodity 
futures contract series are reported in the second column. The average prices are denoted in US dollars, 
where the prices have been computed by multiplying the settlement prices by their contract multipliers. 
In the third row the standard deviations of the price changes are reported. The contract multipliers are 
reported in the fourth column. The daily average volumes are reported in the last column. 

 

All settlement prices are denoted in USD. We also obtain daily volumes for each commodity 

futures contracts. However, the volume data is not available for the base metals in the beginning 

of the sample period. Also, the Thomson Reuters Eikon database returns NA values for many daily 

Commodity 
Average Price 
Per Contract 

Standard Deviation 
Per Contract Contract Size 

Volume 
(appx.) 

Aluminium 73,512 654 25 10,000     
Cocoa 21,417 377 10 5,500     
Coffee 82,961 1,255 375 5,500     
Copper 109,395 2,190 25 13,000     
Crude 83,654 1,249 1,000 170,000     
Gold 83,513 1,007 100 110,000     
Lead 39,889 833 25 3,000     
Nickel 68,691 2,274 6 2,000     
Silver 74,710 1,679 5,000 45,000     
Sugar 19,115 342 1,120 28,000     
Tin 54,543 1,192 5 6,700     
Zinc 57,833 939 25 7,500     
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volumes throughout the sample period. The reported daily volumes are approximations of the 

average daily average trading volumes in December 2012, where volumes on most commodity 

futures are available. Furthermore, if volumes are unavailable, we obtain average daily trading 

volumes in the months before December 2012, when the volumes are available.  

The data from the Thomson Reuter Eikon database contains prices and volumes on weekends and 

holidays. The data in the weekends and holidays contains the last settlement price available 

(Friday prices and the day before holidays) with volumes of 0. We exclude all data in the weekends 

and holidays by removing the data when 6 or more commodity futures contracts has the same 

settlement price today as yesterday’s price. This is evaluated as an appropriate criterion of 

excluding data, since the UK and US data contains 6 commodities. By excluding data based on this 

criterion we also assume that an agent will only trade when both the US and the UK exchanges are 

open. We do not exclude data based on volumes, since contracts become illiquid when agents 

perform their rolls, which can result in falsely excluding data. We roll each futures accordingly to 

the back-adjusted method. When using the back-adjusted method, we synthetically create times 

series objects of each commodity. We perform the roll when a futures contract becomes more 

liquid than the current futures. When performing the roll, we assume that the agent replaces his 

or her position held in the current futures contract into the new contract with the nearest 

expiration date. Thereby, we obtain a series of prices from which we can calculate the price 

changes. The price changes will thus consist of only the price changes and exclude price 

differentials in the contract prices. The series do not have negative prices, which can be a 

consequence of the back-adjusted contract splicing method. The futures contracts have different 

standard delivery months, which means that number of rolls depend of the individual commodity 

futures specifications. The aluminum, copper, crude, gold, lead, nickel, silver, tin and zinc futures 

contracts have 12 standard delivery months in a year. Sugar has four standard delivery months 

and cocoa and coffee have five in a year. The sample consists of 25 years and 4 months of data, 

which means what the total number of rolls for the data is substantial. More specifically, the 

number of rolls for all 12 commodity futures in total is 3,105. 

The volumes of the base metals in the beginning of the sample are unavailable up until the first 

three years in the sample. Furthermore, the volumes of the base metals’ futures contracts are 

becoming available at different times in our sample period. We roll the futures contracts in the 
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beginning of the sample, when volume data is unavailable, based on the number of days before a 

new contract becomes more liquid than the current contract, when the volume data is available. 

The number of days is approximately 7-9 based on the base metal before expiration of the front 

month contract. When volume data in general is unavailable for the commodity futures, we 

choose the number of days prior to a roll based on the findings, when the data is available.  

Before the price changes are calculated the daily commodity, futures contracts settlement prices 

are multiplied with their contract multiplier. For example: If aluminum has a settlement price of 

1000, we multiply the settlement price with the contract multiplier of 25 resulting in a price of 

USD 25,000.  

6.3 Commodity Futures Predictability 

Multiple academics have found predictability in certain commodities, when using macroeconomic 

variables such as bond yields, inflation rates, term spreads and default spreads as regressors for 

predictability purposes of commodity returns (Erb & Harvey, 2006). The commodities trading in 

the commodity futures market have been shown to be slightly correlated, whereas commodities 

within the same sectors are more correlated. Using the macroeconomic regressors to predict all 

the commodity futures returns will likely be difficult, when the correlations across the 

commodities are low. Momentum strategies will instead be used for predicting the returns of the 

commodities, which is in line with Gârleanu & Pedersen (2013). Below are the autocorrelation 

function (ACF) plots depicted of four different commodity futures series: Coffee, Crude, Nickel and 

Gold, which are used to test for predictability. The remaining commodity futures ACF plots can be 

found in appendix 1. 
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Figure 6-3: Commodity ACF Plots. The figure depicts plots of the autocorrelation functions of the excess 
returns of the Coffee, Crude, Nickel and Gold commodities.  

 

The predictability of the commodity futures is being tested by visually inspecting the ACF plots for 

significant spikes. The interpretation of the plots is rather simple. A spike beyond the confidence 

bands means that there is statistical evidence for a lag to explain the value today. A white noise 

process is a process with no significant spikes in the ACF plots, meaning there is no statistical 

evidence for past lags can explain today. The efficient market hypothesis is grounded in the 

intuition of a white noise process, where no past values can explain today’s value, and the series is 

said to follow a random walk. The plots show some significant spikes at different lags, and there is 

some sort of predictability in the depicted series. Coffee and Nickel have most significant spikes of 

the depicted plots, whereas Crude and Gold have fewer. Academics have found a high degree of 

autocorrelation in futures commodity futures (Deaton & Laroque, 1996), where momentum 

strategies often are applied in, since they are good signal for abnormal returns because of high 

autocorrelations (Erb & Harvey, 2006). The considered commodities in this application are almost 

white noise processes, and the predictability is assessed to be relatively low.  
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Chapter 7:  Empirical Analysis I: Commodity Futures 

The empirical analysis is grounded in two parts. The first part considers an institutional investor, 

whereas the second part considers a private investor. Moreover, this chapter is divided into three 

subsections, where the first is concerned with the single-period portfolio framework proposed by 

Markowitz. It will function as a benchmark for the Gârleanu & Pedersen strategies, which is 

presented in the second subsection. Finally, the third subsection is concerned with the 

performance measures and results for an institutional investor. We estimate the strategies is-

sample on the fist 75% of the dataset and evaluate on the performance before and after 

transaction costs. The last section is concerned with the out-of-sample performance of the 

strategies, which is grounded in the last 25% of the dataset.  

7.1 Mean-Variance Portfolio Estimation 

We include the minimum-variance and the tangency portfolios as benchmarks for the dynamic 

trading strategies. They show the relationship of risk and return of the individual securities in the 

portfolios. In the financial markets, there are anomalies, where one is the low-volatility anomaly. 

The anomaly implicates that more risk does not necessarily infer higher returns. The CAPM 

predicts the relationship between systematic risk and the expected returns of a security, where an 

investor is rewarded for additional risk by higher returns. The low-volatility anomaly states that 

low-volatility stocks have higher returns than high-volatility stocks. Haugen and Heins (1972) 

showed that portfolios consisting of low-volatility stocks perform better than portfolios containing 

high-volatility stocks. Due to the lack of empirical evidence, that investors are rewarded for 

additional risk, means that a low-volatility portfolio should be preferred.  

We estimate the minimum-variance and tangency portfolios as stated in the chapter regarding 

theory. The asset allocation process of the minimum-variance and tangency portfolios are being 

evaluated based on the correlations, standard deviations, Sharpe ratios and expected returns. 
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 Correlations 
  Alum Cocoa Coffee Copper Crude Gold Lead Nickel Silver Sugar Tin Zinc 
Alum 1.00 0.16 0.15 0.61 0.26 0.29 0.54 0.04 0.37 0.17 0.41 0.65 
Cocoa 0.16 1.00 0.15 0.13 0.14 0.17 0.15 0.02 0.20 0.14 0.12 0.16 
Coffee 0.15 0.15 1.00 0.12 0.12 0.12 0.13 0.01 0.16 0.16 0.09 0.15 
Copper 0.61 0.13 0.12 1.00 0.22 0.26 0.53 0.04 0.31 0.15 0.46 0.59 
Crude 0.26 0.14 0.12 0.22 1.00 0.23 0.23 0.00 0.27 0.18 0.18 0.24 
Gold 0.29 0.17 0.12 0.26 0.23 1.00 0.24 0.00 0.75 0.13 0.18 0.30 
Lead 0.54 0.15 0.13 0.53 0.23 0.24 1.00 0.03 0.31 0.15 0.40 0.63 
Nickel 0.04 0.02 0.01 0.04 0.00 0.00 0.03 1.00 0.00 0.01 0.05 0.02 
Silver 0.37 0.20 0.16 0.31 0.27 0.75 0.31 0.00 1.00 0.17 0.22 0.37 
Sugar 0.17 0.14 0.16 0.15 0.18 0.13 0.15 0.01 0.17 1.00 0.10 0.17 
Tin 0.41 0.12 0.09 0.46 0.18 0.18 0.40 0.05 0.22 0.10 1.00 0.40 
Zinc 0.65 0.16 0.15 0.59 0.24 0.30 0.63 0.02 0.37 0.17 0.40 1.00 

Table 7-1: Correlation of Commodity Futures. The figure depicts correlations between all commodities in 
the dataset. 

 
 Commodity Exp Ret Std Dev SR 
Aluminium -1.8E-05 8.3E-03 -2.1E-03 
Cocoa 1.3E-04 1.7E-02 7.7E-03 
Coffee 1.4E-04 1.3E-02 1.0E-02 
Copper 7.1E-04 2.0E-02 3.5E-02 
Crude 4.4E-04 1.4E-02 3.2E-02 
Gold 3.0E-04 9.6E-03 3.1E-02 
Lead 3.7E-04 1.6E-02 2.3E-02 
Nickel 9.3E-03 7.8E-01 1.2E-02 
Silver 3.9E-04 1.5E-02 2.5E-02 
Sugar 3.4E-04 1.7E-02 2.0E-02 
Tin 6.9E-04 2.3E-02 3.0E-02 
Zinc 8.5E-05 1.4E-02 6.3E-03 

Table 7-2: Expected Returns, Standard Deviations and Sharpe Ratios for Commodity Futures 

 

Besides the implication of the correlations on the single-period portfolios, the correlations also 

enable us to evaluate the markets for commodity futures. Figure 7-1 shows that the base metals, 

precious metals, energy and agricultural sectors are rather uncorrelated. This suggests that the 

commodity sectors are heterogeneous. It means that the returns of the commodities across the 

sectors are behaving dissimilar. Within the sectors the correlations are higher, which suggests that 

the sectors are more homogenous. For example, Silver and Gold are highly correlated in the 

sample-period at 0.75, which is a high correlation coefficient compared to the commodities of 

other sectors. The base metals are also highly correlated, where e.g. Copper and Aluminum are 

correlated with each other at 0.61. The base metal correlations are lower, when they are 
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compared their correlations with the other sectors. The agricultural commodities are both weakly 

correlated within the sector and with the other commodities. Overall, this suggests that the 

different sectors within commodity futures, can be seen as different securities subject to different 

risk factors (Erb & Harvey, 2006). This might imply that indices like the Goldman Sachs Commodity 

(GSCI) Index or the Industrial Production Index (INDPRO) have a low ability to explain the returns 

of commodity futures. The GSCI mainly consists of energy commodities, whereas INDPRO is 

related to production. The commodity futures we consider are very diverse, which suggest that 

the indices will be able to explain the different sectors but not the entire variation in the returns. 

The low correlations are however beneficial for the portfolio diversification, which we will 

evaluate on below. The variance-covariance matrix is outlined below, which we use to estimate 

the minimum variance and mean variance portfolio weights: 
 Variance-Covariance Matrix  

 Alum Cocoa Coffee Copper Crude Gold Lead Nickel Silver Sugar Tin Zinc 

Alum 7E-05 2E-05 2E-05 1E-04 3E-05 2E-05 7E-05 2E-04 5E-05 2E-05 8E-05 7E-05 
Cocoa 2E-05 3E-04 4E-05 5E-05 3E-05 3E-05 4E-05 3E-04 5E-05 4E-05 5E-05 4E-05 
Coffee 2E-05 4E-05 2E-04 3E-05 2E-05 1E-05 3E-05 5E-05 3E-05 3E-05 3E-05 3E-05 
Copper 1E-04 5E-05 3E-05 4E-04 6E-05 5E-05 2E-04 7E-04 1E-04 5E-05 2E-04 2E-04 
Crude 3E-05 3E-05 2E-05 6E-05 2E-04 3E-05 5E-05 3E-05 6E-05 4E-05 6E-05 4E-05 
Gold 2E-05 3E-05 1E-05 5E-05 3E-05 9E-05 4E-05 -4E-05 1E-04 2E-05 4E-05 4E-05 
Lead 7E-05 4E-05 3E-05 2E-04 5E-05 4E-05 3E-04 4E-04 8E-05 4E-05 1E-04 1E-04 

Nickel 2E-04 3E-04 5E-05 7E-04 3E-05 -4E-
05 4E-04 6E-01 -6E-

06 8E-05 9E-04 2E-04 

Silver 5E-05 5E-05 3E-05 1E-04 6E-05 1E-04 8E-05 -6E-06 2E-04 4E-05 8E-05 8E-05 
Sugar 2E-05 4E-05 3E-05 5E-05 4E-05 2E-05 4E-05 8E-05 4E-05 3E-04 4E-05 4E-05 

Tin 8E-05 5E-05 3E-05 2E-04 6E-05 4E-05 1E-04 9E-04 8E-05 4E-05 5E-04 1E-04 
Zinc 7E-05 4E-05 3E-05 2E-04 4E-05 4E-05 1E-04 2E-04 8E-05 4E-05 1E-04 2E-04 

Table 7-3: Variance-Covariance Matrix of Commodity Futures 

The auxiliary constants are: 

𝐴 = 𝝁 ∗ ΣEK𝝁 = 0.00465 

𝐵 = 	𝝁 ∗ ΣEK𝟏 = 1.9600 

𝐶 = 	𝟏 ∗ ΣEK𝟏 = 28,612.31 

D = 𝐴𝐶 − 𝐵B = 129.29 

Eq. 7.1.1 

We estimate the minimum-variance portfolio weights, by using the formula 𝝅�U� =
K
�
ΣEK𝟏. The 

weights are outlined below:  



   
 

  67 
 

 

Alum Cocoa Coffee Copper Crude Gold Lead Nickel Silver Sugar Tin Zinc 
0.517 0.047 0.139 -0.081 0.081 0.445 -0.007 0.000 -0.182 0.059 -0.005 -0.014 

Table 7-4: Weights in Minimum-Variance Portfolio for Commodity Futures 

 
Aluminum and Gold dominate the minimum-variance portfolio, since they have the lowest 

standard deviations among the commodities. This means that higher weights in these 

commodities will result in a lower variance of the portfolio. Coffee also has a relatively high 

weight, due to the commodity having a low standard deviation. Silver has a higher standard 

deviation than Gold, where a negative weight is allocated in Silver. Silver is higher correlated with 

the other commodities than gold, where a negative weight reduces the portfolio variance. 

Interestingly, Nickel has a weight of approximately zero even though it has the highest standard 

deviation among all the commodities. Nickel does however have the lowest correlation with all 

the commodities, which makes it good for diversification. All base metals besides Aluminum have 

negative weights. The base metals besides Nickel are highly correlated. This means that the 

portfolio variance is reduced more, when a positive weight is allocated in Aluminum. It is not 

always the case that shorting securities will yield a smaller variance of the portfolio. In a two-

security portfolio, the variance is written as 𝜋KB𝜎KB + 𝜋BB𝜎BB + 2𝜋K𝜋B𝜌𝜎K𝜎B. If 𝜎B is high and 𝜋B is 

negative then 𝜋BB𝜎BB is a high positive number, which will likely increase the portfolio variance. 

When ρ and 𝜋K are positive and 𝜋B is negative, then 2𝜋K𝜋B𝜌𝜎K𝜎B is negative decreasing the 

variance, while 𝜋BB𝜎BB increases variance. This means that the overall assessment of the portfolio 

weight 𝜋B for the portfolio variance is depending on the particular parameter values.  

 

The allocation in the tangency portfolio is different from the minimum-variance portfolio, since it 

maximizes the Sharpe ratio. Therefore, the tangency portfolio is placed higher than the minimum-

variance on the efficient frontier. The security allocation process is evaluated based on the Sharpe 

ratios of the commodity futures. We get the tangency portfolio using the formula 𝝅O�� =
K

?E���
ΣEK�𝝁 − 𝑟�𝟏� : 

Alum Cocoa Coffee Copper Crude Gold Lead Nickel Silver Sugar Tin Zinc 
-3.019 -0.070 0.157 1.188 0.910 1.354 0.562 0.007 -0.004 0.406 0.488 -0.979 

Table 7-5: Weights in Tangency Portfolio for Commodity Futures 
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The tangency portfolio has a positive Sharpe ratio since 𝐵 > 𝐶𝑟�, and the tangency portfolio is 

placed on the upward sloping end of the efficient frontier. The tangency portfolio is dominated by 

Gold and Copper, where both securities have high weights. This makes sense, since they have high 

Sharpe ratios among the commodities. Lead has a large weight in the portfolio even though it is 

higher correlated with the other commodities than Copper. This is due to Lead having a high 

Sharpe ratio. Aluminum has a large negative weight in the portfolio because it is the only 

commodity with a negative Sharpe ratio. Zinc has a negative weight, because it has a low Sharpe 

ratio, and it is correlated with the other commodities. Coffee has a low Sharpe ratio, but the low 

correlations make it good for diversification.   

7.2 Gârleanu & Pedersen Portfolio Estimation 

In this section of the analysis, we apply the dynamic trading strategies proposed by Gârleanu & 

Pedersen. As a starting point, we estimate the return predictors and then determine the 

parameter estimates. Finally, the evaluate the different strategies. 

7.2.1 Return Predictors 

We use the characteristic-based model by Gârleanu & Pedersen (2013), where the investor uses 

security characteristics from each security when predicting returns. Moreover, a value 

characteristic (i.e. book-to-market) and a momentum characteristic (the security’s own past 

values) is suggested. The expected return for security 𝑠 is written as:  

𝐸O(𝑟ObK� ) =T𝛽U𝑓O
U,�

U

 

Eq. 7.2.1 

Like Gârleanu & Pedersen (2013) we construct the return predicting variables on the three 

different time horizons: 5 days, 1 year and 5 years using Sharpe ratios as value characteristics. We 

turn the prices of each series into excess returns or price changes as 𝑝ObK − (1 + 0)𝑝O. We will 

refer to the price changes as excess returns in all applications of the dynamic trading strategies. 

We set 𝑟�  to 0, since futures prices are already excess prices. We collect the excess returns in a 

𝑆	𝑥	1 vector. The regression is specified below:  

𝑟ObK� = 𝛼 + 𝛽ö÷	𝑓O
ö÷,� + 𝛽K×𝑓O

K×,� + 𝛽ö×𝑓O
ö×,� + 𝑢ObK�  

Eq. 7.2.2 
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The left-hand side of the regression is the pooled daily excess returns. The right-hand side 

contains the pooled return predictors on the different time-horizons. We create the return 

predicting variables by taking the average of the past 5 days (1 years and 5 years) excess returns 

and divide them by the standard deviation of the past 5 days (1 years and 5 years) excess returns. 

We winsorize the standard deviations below the 10th percentile to avoid dividing the average 

excess returns with a number approximating zero. This will otherwise inflate the Sharpe ratios. In 

other words, we create rolling Sharpe ratios where 𝑓ö÷, 𝑓K× and 𝑓ö× are the five-day, one-year 

and five-year rolling Sharpe ratios respectively.  

 

We estimate the regression by running a pooled panel regression. Since we have detected 

heteroscedasticity in our model3, we have chosen to apply a feasible generalized least squares 

estimator. This is to accommodate for the OLS estimator assumption breach. Running the 

regression, we get:  

𝑟ObK� = 14.37 − 6.51𝑓O
ö÷,� + 3.24𝑓O

K×,� + 250.80𝑓O
ö×,� + 𝑢ObK�

(2.54)				(−0.78)										(0.04)											(1.35)												
 

Eq. 7.2.3 

We have outlined the t-statistics in the brackets below the coefficients. We note the rather 

counterintuitive intercept, since it indicates a positive return if all Sharpe ratios are equal to zero 

across the three time-horizons. On the other hand, we allow for the intercept, since it is 

statistically significant.  

Assessing the other coefficients, there is reversal on the short-term horizon and continuation on 

the medium- and long-term horizons. This is conflicting with earlier findings (Gârleanu & 

Pedersen, 2013; Asness, Moskowitz & Pedersen, 2013; Erb & Harvey, 2006). Academics capture 

reversal on a long horizon and continuation on short- and medium horizons. One reason for this 

discrepancy might be that our in-sample period is ending later, where commodity futures have 

been steadily increasing in the period after 2009. Therefore, capturing continuation on the long 

horizon seems rather intuitive. Gârleanu & Pedersen (2013) allows us to think of the factors as the 

overall assessment of the securities and the	𝑩 as the strength of each assessment in predicting 

returns (Gârleanu & Pedersen, 2013, p. 2315). Given this analogy the coefficients tell us (1) to be 

                                                        
3 See appendix 4 for the Breush-Pagan Test. 
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slightly confident in the 5-day signal, (2) not to be confident in the medium-signal and (3) be very 

confident in the 5-year signal.  

After estimating our coefficients, we want to know at which speed the predictive power 

diminishes. In the Gârleanu & Pedersen (2013) set-up these are called, mean-reversion speeds or 

mean-reversion coefficients. They are designed to scale down the weight put on the return 

predictors. If characteristic 𝑖 or in this instance, momentum 𝑖, has the same mean-reversion 

speeds for each security, it is written as:  

Δ𝑓ObK
U,� = −𝜙𝑓O

U,� + 𝜖ObK
U,�  

Eq. 7.2.4 

Given that 𝑓OU  is a vector, where the values of each security corresponding to momentum 𝑖 is 

stacked, we can write this as: 

𝑓OU = �𝑓O
U,K, … , 𝑓O

U,û�
g

 

Eq. 7.2.5 

These assumptions implicate that 𝐵 and Φ are characterized as follows:  

𝐵 = 𝛽g⨂𝐼û×û = w
𝛽K 0 0
0 ⋱ 0
0 0 𝛽K

…
𝛽ý 0 0
0 ⋱ 0
0 0 𝛽ý

x, Φ =

⎝

⎜
⎜
⎜
⎛

𝜙K 0 0
0 ⋱ 0
0 0 𝜙K

…
⋱
⋱

0 0 0
0 0 0
0 0 0

⋮ ⋱ ⋱ ⋱ ⋱ ⋱ ⋮
0 0 0
0 0 0
0 0 0

⋱
⋱
…

0 0 0
0 ⋱ 0
0 0 𝜙ý⎠

⎟
⎟
⎟
⎞

 

Eq. 7.2.6 

Since the mean-reversion speeds are reported as a diagonal, we have chosen to estimate them 

univariate by applying an autoregressive model, which we outlined in the methodology chapter. 

The estimated mean-reversion speeds are reported below:  

 

Δ𝑓ObK
ö%,� = 	−0.2442𝑓O

ö%,� + 𝜖ObK
ö%,� 

Δ𝑓ObK
K&,� = 	−0.0039𝑓O

K&,� + 𝜖ObK
K&,� 

Δ𝑓ObK
ö&,� = 	−0.0008𝑓O

ö&,� + 𝜖ObK
ö&,� 

Eq. 7.2.7 

The half-life of the mean-reversion speeds is 2.5 days for the 5-day signal, 179.5 days for the 1-

year signal and 856 days for the 5-year signal. The half-life for the signals is computed as 
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log(0.5) /log	(1 − 𝜙U,�). The half-life is the time it takes for half the signal to fade. This is an 

important aspect to the model because it allows an investor to down-weight less persistent 

return-predicting factors. Adopting the analogy from above the agent must correct the overall 

assessment and the strength of factors by the rate of reversal of the signal.  

We estimate the variance-covariance matrix Σ from the daily excess returns and shrink the 

correlations by 50% toward 0, to make it more robust. The shrinkage will help smoothen out 

extreme variation in the position during the periods (Wang & Taylor, 2018). The shrunk variance 

covariance matrix is used for both the trading strategies and the transaction costs, and it is 

reported below.  

 Variance-Covariance Matrix  

  Coffee Crude Nickel Zinc Tin Alum-
inum Sugar Silver Gold Copper Lead Cocoa 

Coffee 2E+06 1E+05 2E+05 7E+04 1E+05 6E+04 4E+04 2E+05 7E+04 2E+05 7E+04 4E+04 
Crude 1E+05 2E+06 4E+05 2E+05 3E+05 1E+05 5E+04 4E+05 2E+05 6E+05 2E+05 5E+04 
Nickel 2E+05 4E+05 6E+06 7E+05 6E+05 4E+05 7E+04 5E+05 2E+05 2E+06 5E+05 6E+04 
Zinc 7E+04 2E+05 7E+05 9E+05 2E+05 2E+05 3E+04 3E+05 1E+05 8E+05 2E+05 3E+04 
Tin 1E+05 3E+05 6E+05 2E+05 1E+06 2E+05 3E+04 3E+05 1E+05 7E+05 2E+05 5E+04 
Alum-
inum 6E+04 1E+05 4E+05 2E+05 2E+05 5E+05 2E+04 2E+05 9E+04 5E+05 1E+05 2E+04 

Sugar 4E+04 5E+04 7E+04 3E+04 3E+04 2E+04 1E+05 5E+04 2E+04 9E+04 2E+04 1E+04 
Silver 2E+05 4E+05 5E+05 3E+05 3E+05 2E+05 5E+04 3E+06 6E+05 8E+05 2E+05 7E+04 
Gold 7E+04 2E+05 2E+05 1E+05 1E+05 9E+04 2E+04 6E+05 9E+05 4E+05 1E+05 3E+04 
Copper 2E+05 6E+05 2E+06 8E+05 7E+05 5E+05 9E+04 8E+05 4E+05 5E+06 6E+05 9E+04 
Lead 7E+04 2E+05 5E+05 2E+05 2E+05 1E+05 2E+04 2E+05 1E+05 6E+05 7E+05 3E+04 
Cocoa 4E+04 5E+04 6E+04 3E+04 5E+04 2E+04 1E+04 7E+04 3E+04 9E+04 3E+04 1E+05 

Table 7-6: Variance-Covariance Matrix of Excess returns of Commodity Futures 

Given that we have excess returns instead of relative returns, the variance-covariance matrix is 

not intuitive to evaluate, which is the reason we have focused on the relations rather than the 

numeric value. Assessing the matrix, we can deduct that metals generally have high variance 

compared to the other commodities, but also high covariance with one another. Nickel and 

Copper clearly have the highest variances and covariances. The agricultural commodities including 

Sugar and Cocoa have low variances and low covariances with the other commodities. This 

intuitively makes sense, since the most expensive commodity futures have the highest variances. 

The implications of the variance-covariance matrix for the portfolio choices are not simple, since 

the it is in excess returns instead of relative returns.   
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7.2.2 Parameter Estimates  

We determine the absolute risk aversion to be	𝛾 = 10E', corresponding to a relative risk aversion 

of one, for an investor who trades 1 billion US dollars. We have chosen a discount factor of 𝜌 =

1 − exp(−0.02/260), equivalent to an annualized 2% discount factor. One could argue that this 

estimate might be low. As an example, DeMiguel et al. (2015) considers a discount rate equivalent 

to an annualized 10% rate in a similar dynamic trading strategy. 

Considering the transaction cost matrix Λ, Gârleanu & Pedersen (2013) relies on price impact 

estimates from earlier literature. Particularly, Engle, Ferstenberg and Russel (2008) estimate that 

trades representing 1.59% of the daily volume in a stock has a price impact on 0.10%. This is 

supported by Breen, Hodrick and Korajczyk (2002) who finds a similar price impact. Moreover, 

later applications of the Gârleanu & Pedersen (2013) use the same price impacts (DeMiguel et al., 

2015; Wang & Taylor 2018).   

We calibrate 𝜆 with reference to Engle, Ferstenberg and Russel (2008) by the following equation:  

 

1.59% × 𝑡𝑟𝑎𝑑𝑖𝑛𝑔	𝑣𝑜𝑙𝑢𝑚𝑒 ×
𝜆

(𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑	𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛	𝑜𝑓	𝑝𝑟𝑖𝑐𝑒	𝑐ℎ𝑎𝑛𝑔𝑒𝑠)B = 0.1% ∗ 𝐴𝑣. 𝑃𝑟𝑖𝑐𝑒 

Eq. 7.2.8 

We compute the mean of 𝜆 across all commodities. The volume data collected is described in the 

data section. We calibrate Aluminum as follows: Aluminum has a daily volume of approximately 

10,000 and a price change volatility of 654. The average price of Aluminum is 73,512. We plug this 

into the 𝜆 calibration estimate equation: 

 

1.59% ∗ 10.000 ∗
𝜆

654B = 0.1% ∗ 73,512 

Eq. 7.2.9 

Which yields a lambda of approximately 21.5 ∗ 10E).  

Taking the mean across the commodity futures, we get 𝜆 = 10 ∗ 10E), which is a quite 

conservative estimate compared to other literature, including Gârleanu & Pedersen (2013), 

DeMiguel et al. (2015) and Wang & Taylor (2018). From the above outlined parameter estimates 

we are now able to decide the trading speed in our model set-up. We start by restating the 

formula for 𝑎:  
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𝑎 =
−(𝛾(1 − 𝜌) + 𝜆𝜌) + ¿(𝛾(1 − 𝜌) + 𝜆𝜌)B + 4𝛾𝜆(1 − 𝜌)B

2(1 − 𝜌)  

 

Plugging the parameters into the formulas for 𝛼 and the trading rate Ì
L

, we get a trading rate of 

3.2%, which is the rate we trade against the aim portfolio.  

 

7.2.3 Portfolio Strategies  

In this subsection, we consider different strategies within the Gârleanu & Pedersen framework. 

First, the Gârleanu & Pedersen (2013) interpretation of the Markowitz portfolio, which is proposed 

as the optimal trading strategy in absence transaction cost. Secondly, the Gârleanu and Pedersen 

Optimal strategy in presence of transaction costs. Finally, we present the Static portfolios that 

trade at a fixed rate toward the optimal portfolio in absence of transaction costs (Markowitz).  

 

In order to estimate the optimal trading strategy in absence of transaction costs, we apply the 

equation outlined in the chapter regarding theory, 𝑀𝑎𝑟𝑘𝑜𝑤𝑖𝑡𝑧O = (𝛾Σ)EK𝐵𝑓O. This portfolio will 

from now on be referred to as the Dynamic Markowitz portfolio. Below are the Dynamic 

Markowitz portfolio positions depicted:  

  

Figure 7-1: In sample Positions in the Crude and Coffee Commodity Futures of the Dynamic Markowitz 
strategy 
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Figure 7-1 shows that the Dynamic Markowitz strategy is very volatile in Crude and Coffee. This is 

expected, since it trades fully toward the optimum in absence of transaction costs in every period. 

Assessing the estimation of the optimal strategy in presence of transaction costs, we make use of 

the definitions from equation 7.2.6 in the previous subsection and apply these on equation 3.2.46. 

From this application, we get the optimal momentum-based relative value-trade as (Gârleanu & 

Pedersen, 2013, p. 2324):  

𝑥O = �1 −
𝑎
𝜆� 𝑥OEK +

𝑎
𝜆
(𝛾Σ)EKT

1

1 + 𝜙U 𝑎𝛾
𝛽U𝑓OU

ý

UVK

 

Eq. 7.2.10 

Where, �
¾
 is the rate we trade towards the aim portfolio. We have chosen the initial value 𝑥OEK 

equal the Dynamic Markowitz portfolio in the first period. Afterwards, the model takes its own 

past values. The optimal portfolio will from now on be referred to as the GP portfolio. The figure 

below displays the positions in Dynamic Markowitz and GP: 

  

Figure 7-2: In-Sample Positions in the Crude and Coffee Commodity Futures of the Dynamic Markowitz and 
Gârleanu & Pedersen Strategies. 

 
As expected, we see that the GP portfolio does not take as extreme positions as the Dynamic 

Markowitz. This makes sense, as the GP strategy trades at a slower pace towards its aim. The aim 

portfolio is similar to the Dynamic Markowitz portfolio. The significant difference is that it reduces 

the position sizes and changes the importance of the factors with the alpha decays (Gârleanu & 

Pedersen, 2013). 
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The final portfolio strategy, we consider in this subchapter is a Static portfolio, where it trades 

partially towards the Dynamic Markowitz portfolio at a fixed rate. As outlined in the chapter 

regarding theory, we use 10 different rates from 1% to 10%. The investor maximizes the following 

expression (Gârleanu & Pedersen, 2013, p. 2324):  

𝑀𝑎𝑥
𝑥O

𝑥Og	𝐸O(𝑟ObK) −
𝛾
2 𝑥O

gΣ𝑥O −
λ
2Δ𝑥O

gΣΔ𝑥O 

Eq. 7.2.11 

With the solution:  

𝑥O =
𝜆

𝛾 + 𝜆 𝑥OEK +
𝛾

𝛾 + 𝜆
(𝛾Σ)EK𝐸O(𝑟ObK) = 𝑥OEK +

𝛾
𝛾 + 𝜆 (𝑀𝑎𝑟𝑘𝑜𝑤𝑖𝑡𝑧O − 𝑥OEK) 

Eq. 7.2.12 

As seen from the maximization problem above, the investor still optimizes with respect to 

transaction costs, which is seen from the last part of the maximization problem. Considering this 

fact, one could adapt both risk aversion and transaction costs in order to achieve the fixed trading 

rate. In this instance, we consider 𝜆 as the only adaptable parameter estimate, since we only 

consider an investor with a certain level of risk aversion. Due to the trading rate displayed in the 

GP portfolio, it would seem plausible to adjust 𝜆 as it reflects transaction costs. 

 

7.3 Results I: In-Sample Commodity Futures  

In this subsection we report the performance of the minimum-variance, tangency, Dynamic 

Markowitz, GP and Static strategies. We report the performance before and after transaction 

costs by applying the annualized Sharpe ratio, maximum drawdown and Calmar ratio. The 

transaction costs are simply subtracted from the returns in each period. We will be using the 

formula for the quadratic transaction costs, which is outlined in the Chapter regarding theory. We 

evaluate the cumulative returns and maximum drawdowns of the Dynamic Markowitz and GP 

strategies in the following. Below is the cumulative return and drawdowns of the Dynamic 

Markowitz strategy depicted: 
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Figure 7-3: Dynamic Markowitz In-Sample Gross Cumulative Returns and Drawdown. The cumulative 
return of the Dynamic Markowitz Portfolio strategy is depicted in the top of the figure, and the 
drawdown in the bottom of the figure. 

 
 

Overall, the cumulative return is increasing from the beginning of the period until the end of the 

period. The Dynamic Markowitz strategy is very volatile. This makes sense based on the findings in 

the former section of the Dynamic Markowitz positions in Crude and Coffee. The Dynamic 

Markowitz strategy suffers from the most pronounced losses around the financial crisis in 2008. 

The drawdown is computed as the losses from a peak, until the cumulative return series reaches a 

new peak. Therefore, the drawdown represents the loss since the previous peak of the cumulative 

return. The large drawdowns in the beginning of the period is due to the decreasing cumulative 

return until 2003, which is a result of a low initial peak. The maximum drawdown ultimo 2002 

might seem counterintuitive based on the graphical inspection of the cumulative return, but the 

local peak is placed at a low point. This results in a more pronounced drawdown. Hereafter the 

Dynamic Markowitz recovers its loss, where the portfolio quickly reaches new peaks and suffers 

from new drawdowns.  
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Figure 7-4: Gârleanu & Pedersen In-Sample Cumulative Returns and Drawdowns. The cumulative return 
of the Dynamic Markowitz Portfolio strategy is depicted in the top of the figure, and the drawdown in the 
bottom of the figure. 

 
 

The GP portfolio’s cumulative return and drawdowns are depicted in figure 7-6. The cumulative 

return of the GP portfolio resembles the Dynamic Markowitz portfolios with less volatility. This 

also means that the drawdowns are less volatile, where the GP portfolio has no drawdown spikes. 

The Dynamic Markowitz suffers from many spikes in the drawdowns, where the maximum 

drawdown is incurred by the beginning of the period. This is not the case for the GP portfolio 

strategy. The GP strategy has two major drawdowns, the first is where the Dynamic Markowitz has 

its maximum drawdown. The second is the maximum drawdown, at the time of the financial crisis. 

Both portfolios have long periods with drawdowns, but the GP portfolio does not suffer from as 

large drawdowns as the Dynamic Markowitz portfolio.  
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Below we report the before and after transaction cost performance summary of the portfolio 

strategies:  

 Before Transaction costs After Transaction costs 

Strategy Sharpe 
Ratio 

Max 
Drawdown Calmar Ratio Sharpe 

Ratio 
Max 

Drawdown 
Calmar 
Ratio 

Tangency 1.0999 0.8284 0.68 - - - 
Minimum-Variance 0.1868 0.2973 0.0435 - - - 
Gârleanu & Pedersen 0.4839 0.4562 0.1488 0.4778 0.4564 0.1465 
Markowitz 0.7825 0.8929 0.072 -0.8325 1.0000 -0.9244 
Static Portfolios         
1% weight on Markowitz 0.5172 0.3484 0.2026 0.5127 0.3487 0.2003 
2% weight on Markowitz 0.4977 0.3887 0.1793 0.4829 0.3895 0.1724 
3% weight on Markowitz 0.4824 0.416 0.1673 0.4527 0.4175 0.1539 
4% weight on Markowitz 0.4669 0.4346 0.1603 0.4187 0.4444 0.1362 
5% weight on Markowitz 0.4513 0.4539 0.1537 0.3825 0.4682 0.1195 
6% weight on Markowitz 0.4366 0.4695 0.1488 0.3457 0.4891 0.1032 
7% weight on Markowitz 0.4234 0.4827 0.145 0.3095 0.5081 0.0871 
8% weight on Markowitz 0.4118 0.4939 0.142 0.2747 0.5257 0.0709 
9% weight on Markowitz 0.4019 0.5037 0.1395 0.2415 0.5423 0.0546 
10% weight on 
Markowitz 0.3937 0.5124 0.1375 0.2102 0.5581 0.038 

Table 7-7: Performance of the Trading Strategies before and after Transaction Costs. 

 

Table 7-7 states the gross and net performance measures by the annualized Sharpe ratio, 

maximum drawdown and the Calmar ratio of the portfolio strategies. The Dynamic Markowitz 

strategy has the highest gross Sharpe ratio among all the dynamic portfolio strategies. This is 

expected, since the Dynamic Markowitz strategy is the optimal dynamic strategy in absence of 

transaction costs. The Static and GP portfolios all have lower gross Sharpe ratios, since they do not 

trade fully against the optimum like the Dynamic Markowitz strategy. Therefore, a lower gross 

Sharpe ratio is expected from these portfolios. The minimum-variance portfolio has a low Sharpe 

ratio, and the tangency portfolio has the highest Sharpe ratio. The tangency portfolio is expected 

to have the highest Sharpe ratio, since it is the portfolio with the highest Sharpe ratio of ex-post 

estimated portfolios.  

After transaction costs, the picture is less clear in terms of the Sharpe ratio. The Dynamic 

Markowitz portfolio incurs large transaction costs, since more futures contracts are turned over. 

As a result, the net Sharpe ratio is negative and much lower than the other portfolio strategies. 
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The GP strategy has a lower turnover compared to the Dynamic Markowitz, which results in less 

transaction costs. Therefore, the net Sharpe ratio is only a little lower than the gross Sharpe ratio.  

 

Interestingly, the Static Portfolios with 1% and 2% weights in Markowitz have higher Sharpe ratios 

than the GP strategy. Furthermore, the Static portfolios are performing progressively worse in 

terms of gross Sharpe ratio, when more weight is added to Markowitz. This is contrary to the 

theory and the findings of Gârleanu & Pedersen (2013). We only adjust the parameter 𝜆 to gain a 

certain pre-defined weight in Markowitz. The effects of lower gross Sharpe ratios when more 

weight is added to Markowitz can be attributed to non-linear effects. Below is the gross Sharpe 

ratio as a function of the weight in Markowitz for the Static portfolios depicted: 

 
Figure 7-5: Static Portfolios: Sharpe ctr. Weights 

The figure displays the gross Sharpe ratio of the Static portfolio as a function of the weight in 

Markowitz. The Static portfolios with a weight in Markowitz of 1-10% is reported in the 

performance summary table. The gross Sharpe ratios are increasing as a function of the weight in 

Markowitz with a weight of approximately 20% and above. The gross Sharpe ratio increases until it 

reaches the gross Sharpe ratio of the Dynamic Markowitz.  

The Static portfolios with a weight in Markowitz similar to the trading rate of the GP strategy 

should perform worse in terms of Sharpe ratio. The Static portfolios do not take the alpha decays 

into account. Therefore, more weight is added to less persistent signals like the five-day signal 

unlike the GP strategy. The Static portfolio strategies control for the trading speed, but it trades 
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toward a more “fleeting” target. The strategy will overweight less persistent signals compared to 

the GP strategy, and it will incur higher transaction costs. The GP strategy accommodates for this, 

and it is expected to have higher Sharpe ratios than the Static portfolios trading at a similar rate. 

This is not the case the GP strategy.  

 

Once again assessing the performance table, the dynamic portfolio strategies are performing as 

expected in terms of the maximum drawdowns and Calmar ratios. The Dynamic Markowitz has the 

highest maximum drawdown, where the remaining strategies have lower maximum drawdowns. 

The Dynamic Markowitz portfolio has a Calmar ratio, which is close to zero. This can be attributed 

to the maximum drawdown, which is very large compared to the other portfolios. The GP strategy 

has a lower maximum drawdown. It is substantially faster than the Dynamic Markowitz portfolio 

to recover its largest drawdown, as it can be seen from the Calmar ratio. Both strategies have 

approximately the same average annual rate of return, but the smaller maximum drawdown of 

the GP strategy results in a better Calmar ratio. The Static portfolios are subject to non-linear 

effects, but they have a higher maximum drawdown as the weight in Markowitz is increasing. The 

Calmar ratio is higher for the portfolios with smaller weights in Markowitz compared to the 

portfolios with a larger weight in Markowitz. This means that the recovery time is longer for the 

Static portfolios with a larger weight in Markowitz.  

 

Overall, the portfolio strategies performed as expected besides the Static portfolios probably 

because of non-linear effects. In the following section we test the strategies out-of-sample. Only 

the Dynamic Markowitz and GP portfolios are being tested, since the Static portfolios clearly show 

non-linear effects, which makes the results unreliable.  

 

7.4 Results I: Out-of-Sample Futures 

In this subsection we test the portfolio strategies out-of-sample. There are various ways to 

perform out-of-sample testing, one being the rolling estimation scheme. The initial thought is that 

historical observations at some point lose their explanatory value. Given the nature of our non-

stationary data and the purpose of our model, which is explaining returns, we evaluate the rolling 
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estimation scheme as appropriate. We use this estimation scheme, since we do not believe that 

keeping ‘old’ historical observations in the model, enable us to approximate the true values of the 

return predicting coefficients. Moreover, we apply this method for both the dynamic setting and 

the benchmark portfolios, since we seek a comparable out-of-sample analysis.  

 
In the figure below, we outline the out-of-sample procedure for the benchmark portfolios:  

 
Figure 7-6:  Visualization of the Out-Of-Sample Procedure for the Benchmark Portfolios 

The estimation window of the portfolios is 1 year, and we roll the window one observation at a 

time. The out-of-sample performance of the mean-variance efficient portfolios is computed as a 

rolling window, but one could argue that a more proper way to do an out-of-sample analysis 

within the mean-variance framework, might be to apply the recursive estimation scheme 

 

More specifically, we re-estimate the variance-covariance matrix of the returns and the return 

vector in every period out-of-sample. As a result, the out-of-sample analysis produces new 

weights continuously. We compute the out-of-sample portfolio returns by multiplying the one 

step ahead daily return vectors onto the weights.  

 

For the Gârleanu and Pedersen strategies, we run a rolling window of 6 years, where 5 years serve 

as input for the return predictors. The last 1 year is the estimation window, where the model 

estimates are generated. Finally, the observation following the 6-year window is subject to the 

model estimates, thereby creating a forecast. This procedure is illustrated in the figure below: 
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Figure 7-7: Visualization of the Out-Of-Sample Procedure for the Gârleanu & Pedersen Strategies. 

We collect the predictions and evaluate the model performance from those. 

 

 
 

Figure 7-8: Rolling Out-Of-Sample Positions in Crude and Coffee of the Dynamic Markowitz and Gârleanu & 
Pedersen Strategies for the Commodity Futures. 

The positions depicted above are created from the out-of-sample rolling estimation scheme. The 

Dynamic Markowitz portfolio is very volatile, whereas the GP portfolio is less volatile. When the 

Dynamic Markowitz portfolio is long (short), then the GP portfolio is long (short) as well. 

Interestingly, the positions are smaller in the commodities out-of-sample. This might be due to the 

variance-covariance matrix, which changes as a result of the estimation scheme. The matrix is 

estimated from a 1-year window, whereas the in-sample matrix has been estimated on 75% of the 
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dataset. Additionally, the size of the positions can also change if the signals are significantly 

different from the in-sample period.  

  

Figure 7-9: Dynamic Markowitz and Gârleanu & Pedersen Portfolios: Rolling Out-of-Sample Cumulative 
Returns and Drawdown. 

 

Out-of-sample, the cumulative return of the Dynamic Markowitz portfolio is increasing over time. 

In the beginning of the out-of-sample period, the cumulative return is around zero and drops 

down to –0.5. The Dynamic Markowitz strategy regains its loss, and it reaches a new peak in the 

middle of 2014. Hereafter, it suffers from substantial losses, and the returns are very volatile. This 

results in the maximum drawdown. The cumulative return of the GP portfolio is similar to the 

Dynamic Markowitz portfolio. The strategy is less volatile, but it increases (decreases) when the 

Dynamic Markowitz portfolio is increasing (decreasing). This means that the drawdowns are like 

the Dynamic Markowitz portfolio drawdowns. The maximum drawdown is not as extreme. Seeing 

as the cumulative return is less extreme, the performance of the strategies post transaction costs 

must perform better than the Dynamic Markowitz strategy. 
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 Before Transaction costs After Transaction costs 

Strategy Sharpe 
Ratio 

Max 
Drawdown 

Calmar 
Ratio 

Sharpe 
Ratio 

Max 
Drawdown 

Calmar 
Ratio 

Tangency 0.5587 1.0000 NA - - - 
Minimum-Variance -0.2833 0.2904 -0.1159 - - - 
Gârleanu & 
Pedersen 0.5038 0.3713 0.1946 0.4780 0.3724 0.1817 

Markowitz 0.9633 0.8502 0.1010 -0.7319 1.0000 -0.9625 
 

Table 7-8: Trading Strategy Performance Table of Commodity Futures Portfolios Before and After Transaction. 

 
The portfolio strategies’ performance before and after transaction costs are depicted in table 7-8. 

The Dynamic Markowitz performs very well out-of-sample before transaction costs compared to 

the GP strategy in terms of the higher gross Sharpe ratio. The Dynamic Markowitz strategy has a 

high maximum drawdown before transaction costs, which results in a low Calmar ratio. The GP 

strategy has a better Calmar ratio before transaction. Even though the Dynamic Markowitz has a 

much higher maximum drawdown, it is able to recover its losses in approximately 10 years, 

whereas the GP strategy recovers in approximately 5 years.  

After transaction costs, the GP portfolio performs better than the Dynamic Markowitz. It has a 

positive net Sharpe ratio and Calmar ratio. The Dynamic Markowitz incurs very high transaction 

costs because of the turnover. This result in a net maximum drawdown of 1. It has no positive net 

cumulative return, and the net Calmar ratio is not available.  

 

 

 

 

 

 

 

 



   
 

  85 
 

Chapter 8:  Empirical Analysis II: ETFs 

In this section we apply the trading strategies on another dataset. We do this to test the 

generalizability of the trading strategies. Furthermore, we use different parameters for the trading 

strategies as this application is centered around a private investor. We choose ETFs tracking 

commodities as a basis for the analysis. The reason for this choice of data is grounded in the 

assumption of ETFs tracking commodities being predictable.  

8.1 ETF Data 

Commodity futures are expensive to trade for a private investor because the futures multipliers 

will result in high prices for a single commodity futures. We assume that the expensive commodity 

futures will scare off private investors. They are unable to diversify their investments through 

purchasing multiple different commodity futures due to capital constraints. Therefore, a private 

investor will need to get exposure to the commodities through different channels such as ETFs 

tracking commodities. ETFs tracking commodities offer some appealing properties compared to 

trading commodity futures, since they trade in a perpetuity. Furthermore, the companies issuing 

the ETFs will be managing the rolls of the commodity futures. ETFs have become increasingly 

popular since their introduction to investors over 30 years ago (Bodie et al., 2011). The companies 

issuing commodity ETFs only recently started marketing the products towards investors. This 

implies that there is scarce data on commodity ETFs. Additionally, many ETFs tracking 

commodities have been introduced to the financial markets, and after a shorter period of trading 

on exchanges, they have been taken off the exchanges for various reasons. The different 

commodity ETFs have been introduced on exchanges at various times. ETFs tracking precious 

metals and WTI Crude have been trading for up to 15 years, whereas the soft commodities were 

more recently introduced. When data on tin becomes available, we collect data on all ETFs 

tracking commodities, since it is the latest ETF to be introduced. ETF data on lead is unavailable 

from the major data providers, why it is excluded from the analysis of the ETFs. More specifically, 

we obtain ETF data from the Thomson Reuters Eikon database on the daily close prices and 

volumes in the period 11/11/2009 to 4/26/2019. We collect data on the following ETFs tracking 

the commodities: Aluminum, Copper, Lead, Nickel, Tin and Zinc from the London Stock Exchange; 
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Coffee and Sugar from the London Stock Exchange; Gold and Silver from the New York Stock 

Exchange Arca; WTI Crude from the New York Stock Exchange Arca.  

Commodity ETF Exchange Name Founder 

Average 

Price 

Standard 

Deviation of 

Price Changes 

Crude United States Oil Fund USCF 25.2 0.47 

Aluminum ETFS Aluminium WisdomTree 3.9 0.05 

Nickel ETFS Nickel WisdomTree 16.8 0.33 

Tin ETFS Tin WisdomTree 35.4 0.51 

Zinc ETFS Zinc WisdomTree 7.4 0.12 

Coffee ETFS Coffee WisdomTree 2.2 0.05 

Silver 

iShares Silver trust 

Fund Blackrock iShares 20.6 0.47 

Gold iShares Gold Trust Blackrock iShares 13.0 0.13 

Copper ETFS Copper WisdomTree 32.0 0.48 

Sugar ETFS Sugar WisdomTree 15.3 0.34 

Cocoa ETFS Cocoa WisdomTree 3.2 0.05 

Table 8-1: Summary Statistics of Commodity Futures. The average prices and standard deviations are 
reported in the last two columns in the figure. The average prices are denoted in US dollars. Additionally, 
the names of the ETFs trading on the exchanges, the name of the exchanges and the founders of the ETFs 
are reported 

 
Each ETF tracks the commodities differently. The Blackrock iShares Gold and Silver Trusts track the 

price of gold and silver by holding it physically in a trust. The Wisdom Tree ETFs are tracking the 

Bloomberg Total Return indices. The United States Commodity Fund (USCF) tracks the front month 

contracts of WTI crude, where a “tracking-roll” is performed two weeks prior to expiration of a 

contract. Common for all ETFs is that an investor is able to get exposure to commodities without 

entering a futures contract. 

The data contains close prices and volumes on weekends and holidays. The dataset prices in the 

weekends and holidays corresponds to the close price of the last active trading day. We exclude 

data for all 11 ETFs, when three or more ETFs have the same price today as yesterday’s price. 

Three commodity ETFs are traded on the New York Stock Exchange Arca, where the remaining 
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eight ETFs are traded on the London Stock Exchange. Excluding data based on this criterion is 

assessed to be appropriate. We also assume that an investor only trades, when the UK and the US 

exchanges are jointly open. Again, we do not exclude data based on volumes, since some ETFs are 

illiquid. Especially, tin is illiquid when it is introduced on the exchange. Furthermore, some ETFs 

are thinly traded up until 2013, where all commodities are increasingly more traded.  

The sample period of the ETF data is smaller compared to the commodity futures data. The 

dataset consists of 9.5 years of daily close prices and volumes. Therefore, applying a long horizon 

return predictor such as 5 years on the ETF data will omit more than half of the sample period. 

Therefore, an investor can vary the time horizon of the return predictors, which will result in a 

smaller pre-sample period.  

8.2 Commodity ETFs Predictability 

We test for predictability in the series using the ACF plots. The ETFs tracking the commodities 

Coffee, Crude, Nickel and Gold are depicted below. The ACF plots of the remaining ETFs can be 

found in appendix 1. 

 
Figure 8-1: Commodity ACF Plots. The figure depicts plots of the autocorrelation functions of the excess 
returns of the ETFs tracking the Coffee, Crude, Nickel and Gold commodities respectively.  

The plots show some significant spikes, where Nickel has most significant spikes. It also seems like 

there is pattern in the series, since it every 40th day has significant spikes. The ACF plots of the 
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commodities resembles a white noise process, since they have few significant spikes. Overall, it is 

assessed that there might be a little predictability in the series.  

8.3 Mean-Variance 

We again include the minimum-variance and tangency portfolios as benchmarks for the dynamic 

trading strategies. We estimate the weights of the two portfolios in reference to the theoretical 

foundation outlined in chapter 3. We evaluate the weights by assessing the correlations, standard 

deviations, expected returns and Sharpe ratios.     

Correlations 

  Alum Cocoa Coffee Copper Crude Gold Nickel Silver Sugar Tin Zinc 
Alum 1.00 0.21 0.18 0.69 0.33 0.21 0.60 0.31 0.22 0.49 0.70 
Cocoa 0.21 1.00 0.18 0.22 0.19 0.09 0.18 0.14 0.15 0.22 0.22 
Coffee 0.18 0.18 1.00 0.22 0.18 0.10 0.21 0.15 0.26 0.18 0.21 
Copper 0.69 0.22 0.22 1.00 0.37 0.26 0.66 0.40 0.24 0.56 0.75 
Crude 0.33 0.19 0.18 0.37 1.00 0.19 0.32 0.33 0.18 0.27 0.31 
Gold 0.21 0.09 0.10 0.26 0.19 1.00 0.17 0.79 0.07 0.18 0.22 
Nickel 0.60 0.18 0.21 0.66 0.32 0.17 1.00 0.31 0.22 0.54 0.62 
Silver 0.31 0.14 0.15 0.40 0.33 0.79 0.31 1.00 0.13 0.30 0.32 
Sugar 0.22 0.15 0.26 0.24 0.18 0.07 0.22 0.13 1.00 0.20 0.22 
Tin 0.49 0.22 0.18 0.56 0.27 0.18 0.54 0.30 0.20 1.00 0.52 
Zinc 0.70 0.22 0.21 0.75 0.31 0.22 0.62 0.32 0.22 0.52 1.00 

Table 8-2: Correlations Between Returns on ETFs Tracking Commodities. 

  Expected 
Returns 

Standard 
Deviation Sharpe Ratio 

Alum -0.0003 0.0125 -0.0201 
Cocoa -0.0002 0.0155 -0.0110 
Coffee -0.0002 0.0195 -0.0085 
Copper -0.0001 0.0148 -0.0037 
Crude -0.0005 0.0197 -0.0262 
Gold 0.0001 0.0109 0.0064 
Nickel -0.0002 0.0179 -0.0087 
Silver 0.0001 0.0194 0.0075 
Sugar 0.0000 0.0194 -0.0017 
Tin 0.0003 0.0154 0.0182 
Zinc 0.0001 0.0164 0.0046 

Table 8-3: Expected Returns, Standard Deviations and Sharpe Ratios for ETFs Tracking Commodities 

 
Assessing the table 8-2 reporting the correlations of the returns, it continuously shows that the 

sectors: (1) base metals, (2) precious metals, (3) energy and (4) agriculture are rather 
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uncorrelated. There is a tendency for the energy commodity and the precious metals to be slightly 

correlated with the base metals, with a correlation of approximately 0.3. The slight lack of 

correlations across sectors implies that the commodity sectors are rather heterogeneous. Among 

the highest correlated commodities are gold and silver with a correlation of 0.79. This means that 

within the sector, precious metals are highly correlated, thereby implying they are behaving 

homogenous. Evaluating the base metals sector, there is also homogeneity within the sector, and 

the table displays high correlations between all base metals in the interval of 0.49-0.75. This 

contrasts with the findings in the commodity futures section. Finally, the ETF’s tracking 

commodities within agricultural sector have the lowest correlations both with others and within 

the sector. The agricultural commodities are correlated between 0.18-0.22 within the sector. The 

low correlations are beneficial for diversifying the portfolios.  

The table below displays the variance-covariance matrix, which we conduct in order to estimate 

the minimum-variance and tangency portfolios: 

Variance-Covariance Matrix  
  Alum Cocoa Coffee Copper Crude Gold Nickel Silver Sugar Tin Zinc 
Alum 2E-04 4E-05 5E-05 1E-04 8E-05 3E-05 1E-04 8E-05 5E-05 9E-05 1E-04 
Cocoa 4E-05 2E-04 6E-05 5E-05 6E-05 1E-05 5E-05 4E-05 5E-05 5E-05 6E-05 
Coffee 5E-05 6E-05 4E-04 6E-05 7E-05 2E-05 7E-05 6E-05 1E-04 6E-05 7E-05 
Copper 1E-04 5E-05 6E-05 2E-04 1E-04 4E-05 2E-04 1E-04 7E-05 1E-04 2E-04 
Crude 8E-05 6E-05 7E-05 1E-04 4E-04 4E-05 1E-04 1E-04 7E-05 8E-05 1E-04 
Gold 3E-05 1E-05 2E-05 4E-05 4E-05 1E-04 3E-05 2E-04 2E-05 3E-05 4E-05 
Nickel 1E-04 5E-05 7E-05 2E-04 1E-04 3E-05 3E-04 1E-04 8E-05 1E-04 2E-04 
Silver 8E-05 4E-05 6E-05 1E-04 1E-04 2E-04 1E-04 4E-04 5E-05 9E-05 1E-04 
Sugar 5E-05 5E-05 1E-04 7E-05 7E-05 2E-05 8E-05 5E-05 4E-04 6E-05 7E-05 
Tin 9E-05 5E-05 6E-05 1E-04 8E-05 3E-05 1E-04 9E-05 6E-05 2E-04 1E-04 
Zinc 1E-04 6E-05 7E-05 2E-04 1E-04 4E-05 2E-04 1E-04 7E-05 1E-04 3E-04 

Table 8-4: Variance-Covariance matrix of the ETFs Return. 

From the above outlined output, we get the auxiliary constants:  

𝐴 = 𝝁 ∗ ΣEK𝝁 = 0.000294 

𝐵 = 	𝝁 ∗ ΣEK𝟏 = −1.7509 

𝐶 = 	𝟏 ∗ ΣEK𝟏 = 19,579.78 

D = 𝐴𝐶 − 𝐵B = 54.5219 

Eq. 8.3.1 
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From the auxiliary constants we can deduct that the minimum-variance portfolio has a negative 

expected return, since 𝐵 < 0. This also implies that the tangency portfolio is located on the 

downward sloping branch on the efficient frontier.  

 

As a starting point, we estimate the minimum-variance portfolio. Restating the formula, we get 

the weights of the minimum-variance by, 𝝅�U� =
K
�
ΣEK𝟏: 

 

Minimum-Variance Weights 
Aluminum Cocoa Coffee Copper Crude Gold Nickel Silver Sugar Tin Zinc 
0.220 0.131 0.059 0.020 0.051 0.705 0.004 -0.282 0.064 0.088 -0.061 

  
Table 8-5: Weights in Minimum-Variance Portfolio for ETFs 

As seen with the commodity futures, especially the gold and aluminum ETFs are dominant 

regarding long positions, which makes sense given that those ETFs has the lowest standard 

deviation. Also, Cocoa has a rather high weight, which makes sense because that gold has the 

lowest correlation with Cocoa except for Sugar, but Cocoa dominates because it has significantly 

lower standard deviation compared to Sugar. Silver has a higher standard deviation than Gold, but 

a negative weight is allocated in Silver, since it is higher correlated with the other commodities 

compared to gold. Coffee, Crude and Sugar have small weights in the portfolio, due to them 

having the highest standard deviation of all ETFs.  

 

We will now estimate the weights in the tangency portfolio by applying the formula,	𝝅O�� =
K

?E���
ΣEK�𝝁 − 𝑟�𝟏�, which demand the following results:  

Tangency Weights 
Alum Cocoa Coffee Copper Crude Gold Nickel Silver Sugar Tin Zinc 

2.036 0.367 0.204 0.069 0.862 0.228 0.489 -0.599 -0.100 -1.400 -1.156 
Table 8-6: Weights in the Tangency Portfolio for ETFs 

 

From table 8-6 we deduct that high weights are allocated in aluminum and crude. Negative 

weights are allocated in in Zinc and Tin, which seems rather counterintuitive since, since those are 

the securities with the highest Sharpe ratios. Moreover, the portfolio allocates high positive 

weights in Crude and Nickel, which have the worst Sharpe ratios. Combining these 
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counterintuitive findings and with the auxiliary constants, we can conclude that the tangency 

portfolio has a negative expected return. This also means, that it is placed on the downward 

sloping branch of the efficient frontier.  

8.4 Gârleanu & Pedersen 

In this section we assess the Gârleanu & Pedersen (2013) framework in another setting than in the 

original article. The ETF dataset will enable us to generalize the model application opportunities. 

First, we estimate the return predictors for the new data. Secondly, we revisit the parameter 

estimates and adapt them to the new setting. Lastly, we evaluate on the strategies by their 

turnovers.  

8.4.1 Return Predictors 

We apply the same characteristics for the returns predictors as in the futures analysis with one 

significant difference. The horizons of the signals are determined to be shorter due to the short 

length of data. Since the ETFs tracking commodities are a rather new product, we have not been 

able to gather data back further than 2009. As a result, our predictors will be on the time-

horizons: 5 days, 6 months and 1 year. Furthermore, we convert the ETF prices into excess returns 

as with the futures by setting the risk-free rate equal to zero. One could argue that the risk-free 

rate is embedded in the ETFs opposite to the futures. This is seen in comparison to most of the 

ETFs are tracking total return indices of the commodities, and not the actual commodity futures. 

Throughout this thesis, we continuously accept that the risk-free rate is not embedded in the 

pricing of the ETFs. From the three horizons, 5 days (6 months and 1 year), we again construct the 

rolling Sharpe ratios, taking the average of the past 5 days (6 months, 1 year) excess returns and 

divide them by the standard deviation of the past 5 days (6 months, 1 year) excess returns. The 

standard deviations are winsorized below the 10th percentile, since standard deviations 

approximating zero inflate the rolling Sharpe ratios. We can now write the regression as follows:  

 

𝑟ObK� = −0.0047 + 0.0050𝑓O
ö÷,� + 0.0064𝑓O

+,,� + 0.0157𝑓O
K×,� + 𝑢ObK�

(−1.622)					(0.987)										(0.134)										(0.235)												
 

Eq. 8.4.1 
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We run a pooled panel regression using the ordinary least squares estimator and report the t-

statistics in the brackets. From the reported t-statistics, we can ascertain that the coefficients are 

non-significant. We accept the lack of statistical significance, because we focus in the model set-up 

and generality of the model. Assessing the coefficients, we have a negative intercept indicating a 

negative return, if all rolling Sharpe ratios are equal to zero across the three time-horizons. 

Moreover, there are no reversals on the different	𝑩 coefficients. Evaluating the coefficients as the 

strength of each return predictor, the coefficients tell us to be slightly confident in the 5-day 

signal, more confident in the 6-month signal and finally and most confident in the 1-year signal.  

The mean-reversion speeds are estimated using the same procedure as earlier. The assumption of 

the Φ matrix being diagonal allows us to estimate it as a multidimensional autoregressive model. 

The mean-reversion speeds are reported below:  

 

Δ𝑓ObK
ö%,� = 	−0.2170𝑓O

ö%,� + 𝜖ObK
ö%,� 

Δ𝑓ObK
+,,� = 	−0.0080𝑓O

+,,� + 𝜖ObK
+,,� 

Δ𝑓ObK
K&,� = 	−0.0038𝑓O

K&,� + 𝜖ObK
K&,� 

Eq. 8.4.2 

The half-life of the mean-reversion speeds is 2.8 days for the 5-day signal, 86 days for the 6-month 

signal and 182 days for the 1-year signal. We compute the half-life as log(0.5) /log	(1 − 𝜙U,�). 

Comparing the estimates to the futures mean-reversion speeds, the 5-day and 1-year signal fades 

slower for the ETFs, meaning that they keep their significance longer.  
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When estimating the variance-covariance matrix, Σ, we shrink the correlations by 50% towards 

zero for robustness. The variance-covariance matrix is outlined below: 

 

Variance-Covariance Matrix  

  Coffee Crude Nickel Zinc Tin Alum-
inum Sugar Silver Gold Copper Cocoa 

Coffee 0.0029 0.0031 0.0025 0.0007 0.0036 0.0004 0.0029 0.0026 0.0004 0.0038 0.0003 
Crude 0.0031 0.2763 0.0341 0.0115 0.0521 0.0057 0.0208 0.0563 0.0101 0.0589 0.0028 
Nickel 0.0025 0.0341 0.1334 0.0138 0.0588 0.0064 0.0169 0.0276 0.0048 0.0628 0.0018 
Zinc 0.0007 0.0115 0.0138 0.0147 0.0181 0.0024 0.0054 0.0091 0.0020 0.0236 0.0007 
Tin 0.0036 0.0521 0.0588 0.0181 0.3220 0.0085 0.0247 0.0480 0.0080 0.0888 0.0034 
Aluminum 0.0004 0.0057 0.0064 0.0024 0.0085 0.0032 0.0026 0.0046 0.0009 0.0103 0.0003 
Sugar 0.0029 0.0208 0.0169 0.0054 0.0247 0.0026 0.1438 0.0137 0.0024 0.0265 0.0016 
Silver 0.0026 0.0563 0.0276 0.0091 0.0480 0.0046 0.0137 0.2903 0.0291 0.0534 0.0020 
Gold 0.0004 0.0101 0.0048 0.0020 0.0080 0.0009 0.0024 0.0291 0.0224 0.0107 0.0003 
Copper 0.0038 0.0589 0.0628 0.0236 0.0888 0.0103 0.0265 0.0534 0.0107 0.2679 0.0032 
Cocoa 0.0003 0.0028 0.0018 0.0007 0.0034 0.0003 0.0016 0.0020 0.0003 0.0032 0.0028 

Table 8-7: Variance-Covariance Matrix of Price Changes from ETFs 

Assessing the variance-covariance matrix, we deduct that Tin, Crude and Silver has the highest 

variances on price changes. On the other hand, the ETFs tracking agricultural commodities such as 

Coffee and Cocoa have low variance.  

 

8.4.2 Parameter Estimates  

This section is centered around a private investor, why we determine the absolute risk aversion to 

be 𝛾 = 10E+. This corresponds to a relative risk aversion of one, given an agent who trades 1 

million US dollars. The discount rate is set to  𝜌 = 1 − exp �− s.sB
B+s
�, which corresponds to an 

annualized 2% discount factor. Assessing the transaction cost matrix Λ, we proceed by using the 

estimates proposed by Engle, Ferstenberg and Russel (2008). Since the volumes on the ETFs 

tracking commodities are highly skewed, we calibrate 𝜆 by scaling down the estimate according to 

𝛾. Moreover, we choose a slightly greater trading speed, why it is determined at approximately 

9.5%.  
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8.4.3 Portfolio Strategies  

We estimate the Dynamic Markowitz, GP and Static portfolio strategies as in the commodity 

futures section. We initialize the 𝑥OEK of the GP strategy with weight produced by the Dynamic 

Markowitz portfolio in the first period. The Dynamic Markowitz and GP positions are depicted 

below:  

  

Figure 8-2: In-Sample Positions in Silver and Crude ETFs of the Dynamic Markowitz and Gârleanu & 
Pedersen Strategies. 

Figure 8-2 depicts the positions in the Silver and Crude ETFs of the Dynamic Markowitz and GP 

portfolio strategies. Both strategies are volatile, but the Dynamic Markowitz strategy is more 

volatile. This is in line with the commodity futures section. Especially in the beginning of the 

sample period, the strategies have more extreme positions. This might be due to the aftermath of 

the financial crisis, where commodities prices have been very volatile, which is reflected in the ETF 

positions. The strategies stabilize after 2014, where the positions are not as extreme. The GP 

strategy is clearly trading at a faster rate than in section about commodity futures. This is due to 

the change in alpha and gamma parameters. More weight is put in the aim portfolio, and it must 

be assumed that the trading strategy incurs more transaction costs than formerly. Again, the GP 

strategy is long, when the Dynamic Markowitz is long and contrariwise.   
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8.5 Results II: In-Sample ETFs 

In this section, we report the in-sample results of the mean-variance and dynamic strategies. 

Before we report the summary performance table of all considered trading strategies, we will 

evaluate on the cumulative returns and drawdowns of the dynamic trading strategies. We use the 

before and after transaction costs annualized Sharpe ratios, maximum drawdowns and Calmar 

ratios as performance measures. The cumulative return and drawdowns of the Dynamic 

Markowitz strategy is depicted below: 

 

 

Figure 8-3: Dynamic Markowitz: In-Sample Cumulative Returns and Drawdown. The cumulative return of 
the Dynamic Markowitz Portfolio strategy is depicted in the top of the figure, and the drawdown in the 
bottom of the figure. 

 
The cumulative return of the Dynamic Markowitz strategy is very volatile. This is expected because 

the position graphs in the former section shows very volatile positions in the Silver and Crude 

ETFs. Interestingly, the strategy suffers from large drawdowns, and it has multiple drawdowns 

above 1. Therefore, substantial gearing and short selling must be present as the drawdown is 

above 1 and the strategy recovers its losses quickly. The Dynamic Markowitz strategy is especially 
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volatile in the first 1.5 years, and it has a cumulative return of negative 1 up to positive 2.5 in a 

short period. The high cumulative return of 2.5 in the beginning of the period means that all 

periods after the positive cumulative return spike will result in drawdowns. Even though the 

periods hereafter are drawdowns, the Dynamic Markowitz still has a maximum drawdown in the 

beginning of the period. The cumulative return is low for the entire period, and a very low Calmar 

ratio can be expected, since it has a large maximum drawdown. Below is the cumulative return 

and drawdowns of the GP strategy depicted: 

 

 
Figure 8-4: Gârleanu & Pedersen In-Sample Cumulative Returns and Drawdown. The cumulative return of 
the Dynamic Markowitz Portfolio strategy is depicted in the top of the figure, and the drawdown in the 
bottom of the figure. 

 
The cumulative return of the GP strategy clearly shows that the strategy is much more volatile 

than in the commodity futures section. This is expected since the positions are more extreme as a 

result of the higher trading rate. The maximum drawdown of the GP strategy is not in the 

beginning of the period. The strategy has its highest cumulative return in the beginning of the 

period as the Dynamic Markowitz strategy. Therefore, the strategy suffers from drawdowns at all 

points forward. The drawdowns of the GP strategy compared to the commodity futures section 

are substantial. The Calmar ratio is expected to be higher for the GP strategy than the Dynamic 



   
 

  97 
 

Markowitz strategy. The annualized rate of return is approximately the same for both strategies, 

but the GP strategy has a lower maximum drawdown. 

The summary performance is reported in the table below and considers all trading strategies 

before and after transaction costs: 

  

 Before Transaction costs After Transaction costs 

Strategy Sharpe 
Ratio 

Max 
Drawdown 

Calmar 
Ratio 

Sharpe 
Ratio 

Max 
Drawdown 

Calmar 
Ratio 

Tangency -0.8745 0.9833 -0.4275 - - - 
Minimum-Variance -0.2018 0.3904 -0.0731 - - - 
Gârleanu & Pedersen 0.3413 0.7205 0.0243 0.2503 0.9774 -0.4411 
Markowitz 0.4945 1.1335 0.0215 -1.2343 1.0004 -0.9996 
Static Portofolios         
1% weight on Markowitz 0.0384 0.4448 -0.0267 0.0345 0.3172 -0.0615 
2% weight on Markowitz 0.0665 0.4998 -0.0207 0.0537 0.4952 -0.0778 
3% weight on Markowitz 0.1172 0.5361 -0.008 0.0935 0.6364 -0.1026 
4% weight on Markowitz 0.1612 0.5707 0.0019 0.1264 0.7351 -0.1409 
5% weight on Markowitz 0.1991 0.6041 0.009 0.1534 0.8118 -0.1868 
6% weight on Markowitz 0.2333 0.6298 0.0143 0.177 0.8726 -0.2376 
7% weight on Markowitz 0.2653 0.6587 0.0181 0.1988 0.9172 -0.2924 
8% weight on Markowitz 0.2959 0.6833 0.0211 0.2195 0.9484 -0.3501 
9% weight on Markowitz 0.3257 0.7076 0.0233 0.2396 0.9692 -0.4096 
10% weight on Markowitz 0.3549 0.7312 0.025 0.2594 0.9839 -0.4689 

Table 8-8: Trading Strategy Performance Table of ETF Portfolios Before and After Transaction.  

The Dynamic Markowitz Portfolio strategy has the highest gross Sharpe ratio amongst all dynamic 

portfolio strategies which is expected. The Static and Optimal portfolios all have lower gross 

Sharpe ratios than the dynamic Markowitz. This makes sense, as the Static portfolios trade toward 

Markowitz at a certain rate, whereas the GP strategy trades toward the aim portfolio at a certain 

rate. The gross Sharpe ratio of the GP strategy is closer to the Dynamic Markowitz than in the 

commodity futures section. This can be attributed to the higher trading rate. The Static portfolios 

are not subject to the non-linear effects for the ETFs, since the gross Sharpe ratio is increasing with 

the weight in Markowitz. The Static portfolios with low weights in Markowitz have low gross 

Sharpe ratios. The Static portfolios with low weights in Markowitz are almost effectively buy-and-

hold strategies, and they all perform poorly. The maximum drawdowns of all strategies are as 

expected. The overall gross maximum drawdowns are substantial. The gross maximum drawdown 

for the Dynamic Markowitz strategy is above 1, and the Calmar ratio is very low. The gross Calmar 

ratio of the GP strategy is approximately the same as for the Dynamic Markowitz strategy even 
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though it has a much lower gross maximum drawdown. The higher average annual rate of return 

of the Dynamic Markowitz strategy makes up for its higher gross Drawdown in terms of the gross 

Calmar ratio. The gross Calmar ratios of the Static portfolios are performing poorly, when the 

weights are low in Markowitz. The Static portfolios with a weight of 1% and 2% in Markowitz have 

negative gross Calmar ratios. Interestingly, the Static Portfolio with 10% in Markowitz has the 

highest gross Calmar ratio among all strategies. This must mean that the GP strategy is unable to 

detect and correctly weight the signals. The gross Sharpe ratios, maximum drawdowns and Calmar 

ratios of the single-period portfolios are poor compared to the dynamic strategies.  

 

The tangency portfolio performs worse than the minimum-variance portfolio based on all 

performance measures. The reason for the poor performance of the tangency portfolio is because 

𝐵 < 0  and the expected return of the minimum-variance portfolio is below 0. An investor can 

obtain a positive Sharpe ratio by shorting the tangency portfolio with a position of at least 1 in the 

risk-free security. 

 

After transaction costs, the strategies are again performing as expected. The Dynamic Markowitz 

strategy incurs very high transaction costs, and the net maximum drawdown is 1. It has no positive 

cumulative return, and the net Calmar ratio is not available. The GP strategy and the Static 

portfolios have a better net performance. The net maximum drawdowns are substantial, and the 

net average annual rate of returns of all strategies are negative. Therefore, all net Calmar ratios 

are negative. The net Sharpe ratios are positive, which suggests that the expected returns of the 

remaining strategies are positive.  

 

8.6 Results II: Out-of-Sample ETFs 

The purpose of this subsection is to test the portfolio strategies out-of-sample. We will be using 

the same out-of-sample procedure as for the commodity futures. This means that we apply the 

rolling estimation scheme. The benchmark portfolios including the tangency portfolio and the 

minimum variance portfolio are dynamically updated and the dynamic strategies uses their 
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forecasts. The dynamically updated single-period portfolios are estimated using the following 

rolling estimation scheme: 

 
 

Figure 8-5: Visualization of the Out-Of-Sample Approach of the Single-Period Portfolios 

 
We also apply a rolling estimation scheme for our out-of-sample testing of the Gârleanu & 

Pedersen portfolios. Practically, we run a window of 2 years, where one year serves as input for 

the return predicting signals, and one year is the estimation window. As before the observation 

following the window is subject to the estimates, thereby generating a forecast. The rolling 

estimation scheme is visualized as follows: 

 
Figure 8-6:  Visualization of the Out-Of-Sample Approch of the Gârleanu & Pedersen Portfolios 
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We roll the window one observation at a time creating model estimates, which the following 

observation is subject to. We collect the predictions of returns and evaluate performance based 

on these. Below are the out-of-sample positions in Silver and Crude depicted: 

 
Figure 8-7: Out-of-Sample Positions in the Silver and Crude ETFs of the Dynamic Markowitz Strategy. 

Figure 8-7 depicts the positions of Silver and Crude Oil, where the Dynamic Markowitz strategy is 

very volatile. The GP strategy is less volatile. The GP strategy follows the Dynamic Markowitz 

strategy, since it is long when the Dynamic Markowitz is long and vice versa. The Dynamic 

Markowitz strategy again has a high turnover, and the net Sharpe ratio and net Calmar ratio is 

expected to be low.  
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Figure 8-8: Dynamic Markowitz and Gârleanu & Pedersen portfolio: Rolling Out-of-Sample Cumulative 
Returns and Drawdown. The rolling out of sample cumulative return of the Dynamic Markowitz Portfolio 
strategy is depicted in the top of the figure, and the drawdown iin the bottom of the figure. 

 
 

The gross cumulative return of the Dynamic Markowitz strategy is increasing over time, but it 

incurs substantial losses. This means that the Dynamic Markowitz strategy out-of-sample has a 

weak ability to predict the future returns, since it places extreme positions in commodities 

following negative returns. The strategy incurs drawdowns in the range of 0.4 to 0.8, and the 

strategy can overall be assessed as more volatile than in the commodity futures section. The 

cumulative return of the GP strategy resembles the Dynamic Markowitz, but it is less volatile.  The 

GP strategy incurs drawdowns at the same times that the Dynamic Markowitz incurs large 

drawdowns. The maximum drawdown is not as extreme as the Dynamic Markowitz, and the 

strategy is performing slightly better than the Dynamic Markowitz strategy in terms of the 

cumulative return.  
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We report the out-of-sample performance summary table below: 

 

 Before Transaction costs After Transaction costs 

Strategy Sharpe 
Ratio 

Max 
Drawdown 

Calmar 
Ratio 

Sharpe 
Ratio 

Max 
Drawdown 

Calmar 
Ratio 

Tangency -0.8760 1.0634 -0.7689 - - - 
Minimum-Variance 0.1513 0.1514 0.0607 - - - 
Gârleanu & Pedersen 0.5501 0.6574 0.2466 0.3834 0.6624 0.0837 
Markowitz 1.2842 1.2332 0.071 -0.6562 1.0187 -0.9816 

Table 8-9: Out-of-Sample Performance Table for the ETFs.  

 
The gross Sharpe ratio of the Dynamic Markowitz strategy is higher than the other strategies. The 

expected return of the Dynamic Markowitz strategy must be higher than the GP strategy, since it 

is more volatile. The Dynamic Markowitz strategy has a maximum drawdown exceeding 1. This 

results in a low gross Calmar ratio. The GP strategy has a lower gross Sharpe ratio and maximum 

drawdown than the Dynamic Markowitz strategy. The annual rate of return is higher for the GP 

strategy. Therefore, the GP strategy has a higher gross Calmar ratio and the strategy is able to 

recover its losses at a facer pace than the Dynamic Markowitz strategy. The minimum-variance 

portfolio has a low Sharpe ratio, and it suffers from the lowest maximum drawdown of all 

strategies. The minimum-variance portfolio must have a low annual rate of return, since it has a 

low Calmar ratio close to the Dynamic Markowitz strategy. The tangency portfolio again performs 

poorly. After transaction costs, the GP strategy has a superior performance, since it incurs fewer 

transaction costs. The net Sharpe ratio is lower than the gross Sharpe ratio, and the net maximum 

drawdown is slightly higher than the gross maximum drawdown. The GP strategy has a positive 

net expected return and annual rate of return, which results in positive net Sharpe ratio and 

Calmar ratio unlike the Dynamic Markowitz strategy.  

8.7 Summary 

In the following, we will summarize the findings of the two empirical analysis regarding 

commodity futures and ETF. The performance of the trading strategies has been found to perform 

as expected. The strategies in the ETF chapter are more volatile than the trading strategies applied 

to the commodity futures. It can be inferred that the generalizability of the trading strategies is 
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less suitable, because the calibration of accurate parameter estimates is proven difficult when 

assessing new datasets. Furthermore, the data has been found to be non-stationary as seen in 

appendix 3. This means that using non-stationary data for predicting the future is unfeasible. The 

trading strategies have been performing well in-sample and out-of-sample. It implies that the 

returns are predictable, even though the return predictor coefficients are non-significant. 

Therefore, the models do not only hunt noise, when returns are predicted. 

Chapter 9:  Discussion  

In this thesis we have applied the dynamic trading strategies of Gârleanu & Pedersen (2013) on 

two datasets consisting of commodity futures and ETFs tracking commodities. The purpose of 

using commodity futures data has been to have predictability, since the dynamic trading strategies 

relies on the return predictability. The strategies have been tested in-sample and out-of-sample to 

assess the robustness of the strategies. The choices made and results throughout this thesis will 

be discussed in the following. Furthermore, the findings not included in the thesis will be 

discussed, since the strategies have been found sensitive to both the data and parameters used.  

 

The ETF chapter suffers from several limitations. The first is that we detect heteroscedasticity in 

the return predictor regression (appendix 2). We used the OLS estimator, since it yields a more 

stable performance of the strategies. The heteroscedasticity makes the OLS estimator unreliable, 

but the performance has been volatile in-sample and out-of-sample with the FGLS estimator of all 

trading strategies. Second, assumptions to the trading rate of the GP strategy has been made. The 

trading rate using the empirical founded parameters estimates is high, which results in poor 

performance after transaction costs of GP strategy. The high trading rate is a result of a low 

optimal lambda even though gamma is adjusted downwards. Therefore, we adjusted the model 

parameters to ensure that the model performed more stable in-sample and out-of-sample before 

and after transaction costs. The trading rate in the ETF section is substantially higher than in the 

commodity futures section, but the GP strategy still performs well after transaction costs. The 

trading rate of the GP strategy using the correct parameter estimates would otherwise be 

approximately 90%.  
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The out-of-sample performance of the trading strategies have both been evaluated using an out-

of-sample rolling estimation scheme smaller than the in-sample estimations. This means that we 

exclude old data, since we assess that old data is unable to predict returns. The rolling estimation 

scheme is of the same size for all trading strategies to secure that they are subject to the same 

estimation errors. The size of the rolling window has mainly been chosen on the basis that smaller 

windows generally have been performing better out-of-sample. Initially, we kept the size of the 

rolling window of 75% of the dataset. The non-stationarity properties of the window size kept 

yielding poor performance.  

Overall, we find that the trading strategies performed better on commodity futures data. The in-

sample gross performance of the trading strategies on the ETF data is poor. In the out-of-sample 

section, the trading strategies were performing better compared to the in-sample. This might be 

attributed to the period, where the market can be characterized as a bull market.  

 

9.1 Other Findings 

The trading strategies have all been sensitive to the inputs both regarding the datasets and the 

parameter estimates. In the first data section, we outlined different contract splicing methods to 

create a continuous series. This is a necessary process to obtain continuous series of the 

commodity futures. Based on theoretical considerations, we spliced the contracts using the 

backward-adjusted method. Thereby, we corrected for price differentials between futures 

backwards in time. We also applied the dynamic trading strategies to other datasets, where the 

trading strategies have been less robust in terms of the performance measures. We tested the 

trading strategies on continuous series of the commodity futures from the Thomson Reuters Eikon 

database. The continuous series of the commodity futures from the database are unadjusted, and 

they will falsely over- or understate the returns. However, the historical prices are the actual 

traded prices unlike our backward-adjusted series. The data vendor offers different splicing 

methods. Furthermore, adjusted continuous series of commodity futures cannot be obtained from 

a Bloomberg Terminal (Bloomberg L.P., 2019) or any other data vendor available through 

Copenhagen Business School (CBS). We were unable to find statistically significant coefficients for 

the return predictors, and the trading strategies performed as expected on the continuous series 
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in-sample. We carried out another data splicing method, where the returns were set to zero at the 

roll date as suggested by Lasse Heje Pedersen (Personal Interview, 2019). In other words, we 

rolled the position in a contract close to expiry into a new contract, where we set the return equal 

to zero at the date of the roll. Again, the coefficients of the return predictors were non-significant, 

and the strategies performed poorly in-sample. Furthermore, we implemented the trading 

strategies to smaller samples of the datasets. The subsamples must be more stationary, and they 

yielded better performance of the trading strategies. The decision to evaluate the out-of-sample 

performance of the portfolio strategies were based on this finding. However, the subsamples did 

not yield statistically significant return predicting coefficients. Last, we considered additional 

commodity futures than those included in the thesis. More specifically, we obtained and spliced 

natural gas and heating oil futures, which are two very liquid commodity futures. There are major 

backwardation effects in both commodity futures. This resulted in very negative synthetic price 

values with the backward adjusted splicing method. It might be explained by the commodities are 

expensive and difficult to store, which causes backwardation effects (Fabozzi et al., 2008). 

Therefore, we excluded the natural gas and heating oil futures from the dataset, since negative 

prices are counterintuitive in a portfolio setting. 

 

Commodity futures are different compared to other financial securities, since they do not involve 

cash flows. This means that there are limited options for momentum characteristics, where more 

options for i.e. stocks are available. For example, rolling dividend yields, book to market ratios, 

enterprise to EBITDA, small versus big companies and other factors could might be able to predict 

stock returns. Another return predictor for the commodity futures could be grounded in the sizes 

of the commodity futures traded relative to each other. This would be similar to the Fama & 

French factors. However, there is no theoretical foundation for the sizes of the futures to predict 

returns. Common to the return predictors in the commodity futures and ETF sections are that we 

have used three time-horizons of the rolling Sharpe ratios. Additionally, we the regressions on 

fewer return predictors and with different time horizons. Overall, the trading strategies have 

performed better with the three return predictors and the characteristics used on this thesis.  
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We did a pooled panel regression on the return predictors using the FGLS estimator for the 

commodities. Similarly, we used the OLS estimator the ETFs. The generalized equation 3.2.41 for 

the GP trading strategy allows the return predictors and alpha decays to be estimated univariate. 

We have applied the general set-up, where we unable to generate meaningful results. 

Interestingly, we were unable to find any statistically significant coefficients in the regressions for 

the commodity futures and ETFs. Furthermore, the initial purpose of the ETF section was to use 

the commodity futures as predictors for the ETF excess returns. By doing so, an investor would be 

able to estimate the trading strategies without omitting data from the return predictors. The 

results of using commodity futures to predict ETF excess return yielded poor performance of all 

strategies. The Dynamic Markowitz and GP strategies had very extreme positions throughout 

sample period, where the gearing for both strategies was substantial. This means that the 

cumulative returns and the drawdowns were extremely volatile. The maximum drawdown for 

both strategies were approximately 15. We estimated the ETF return predicting coefficients using 

the commodity futures for the all time horizons both differently combined and jointly. Common 

for all regressions were that the performance was poor. Therefore, we decided to use the rolling 

Sharpe ratios of the ETF data for the return predictor regression.  

 

During the back-testing of the trading strategies we also adjusted the parameter estimates among 

𝜆, 𝛾	and	𝜌 and the winsorization of the standard deviations and the shrinkage of Σ. The trading 

strategies were all robust to the parameter estimates for the datasets. Lambda affected the GP 

strategy as expected, since the trading rate of the portfolio decreased in 𝜆, which resulted in lower 

gross Sharpe ratios. The portfolios were also robust to changes in 𝛾, where the trading rate is 

increasing in 𝛾, which resulted in a higher gross Sharpe ratio. Moreover, the trading rate of the GP 

strategy is not as sensitive to the parameter 𝜌 as the other parameters. We winsorized the 

standard deviations to avoid dividing the rolling excess returns with rolling standard deviations 

close to zero. Overall, we found that only few standard deviations have been close to zero, but 

winsorizing the standard deviations increased the performance of the GP strategy slightly in terms 

of net Sharpe ratio. This might be due to less extreme signals that the trading strategy is based 

upon. We varied the winsorizing of the standard deviations from 0% up to 20% in intervals of 5%, 

which was unable to yield statistically significant return predicting coefficients. The impact of the 
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performance of the different trading strategies was low. Lastly, we also shrunk the covariances in 

Σ  by 50 % downwards toward 0 for robustness. We also carried out the trading strategies without 

shrinking Σ, where the performance of the Dynamic Markowitz strategy was affected by this more 

than the other trading strategies. The Dynamic Markowitz Portfolio was expected to be affected 

by this more than the GP strategy, since the signals are down weighted with their alpha decays. 

The gross Sharpe ratio increased for the Dynamic Markowitz strategy, where the positions were 

even more extreme than in the base case, when the covariances in Σ was shrunk by 50% towards 

0.  

 

We have found that the trading strategies rely heavily on the return predictors, where the trading 

strategies are only as good as the ability to predict returns. The coefficients of the return 

predictors in the commodity futures and ETFs on the samples and all subsamples have not been 

statistically significant. The Dynamic Markowitz strategy has been found very sensitive compared 

to the other trading strategies and has even been yielding negative gross Sharpe ratios in 

subsamples. The GP strategy has on the other hand been more consistent. The reason for this 

might be that the GP strategy is reliant on the return predictors, but it is scales down with the 

alpha decays, and it trades much slower than the Dynamic Markowitz Portfolio strategy. The 

Dynamic Markowtiz strategy performs poorly if the hunts noise, which will result in non-beneficial 

positions, and it will thus perform poorly. Since the return predictors are non-significant, the 

trading strategies resembles a technical trading strategy. Furthermore, the return predictors used 

in all sections throughout the thesis have been rolling Sharpe ratios. The applied trading strategies 

can therefore be seen as a trading strategy with similar properties as the Bollinger Bands. 
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Chapter 10:  Conclusion  

The objective of this thesis has been to apply and test the performance of dynamic trading 

strategies in-sample and out-of-sample. In this thesis, we applied the dynamic trading strategies 

proposed by Gârleanu and Pedersen (2013) from two different investor perspectives on different 

datasets. The calibration of the parameter estimates has been proven difficult assessing new data 

and parameters. We find that the Optimal dynamic trading strategy of Gârleanu and Pedersen 

(2013) has performed better than the remaining dynamic portfolio strategies. This is both in 

regard to in-sample and out-of-sample performance in the presence of quadratic transaction 

costs. 

 

The Optimal trading strategy is grounded in trading being costly and that security returns are 

predictable with different mean-reversion speeds. The superior performance of the Optimal 

strategy stems from how the trading strategy is constructed. It aims in front of the target, and the 

strategy trades toward the aim. Therefore, the Optimal strategy incurs fewer transaction costs 

than the Dynamic Markowitz strategy, which is the best strategy in absence of transaction costs. 

 

 The trading strategies have been carried out on different datasets, where the first dataset 

consists of commodity futures. The commodity futures are appropriate for an institutional 

investor, since the commodity futures are expensive due to contract multipliers. The second 

dataset consists of ETFs tracking commodities. Both datasets are non-stationary. We tested the in-

sample and out-of-sample performance of the (1) Dynamic Markowitz, (2) Static and (3) Optimal 

trading strategies on the datasets. Additionally, we included the minimum-variance and tangency 

portfolios as benchmarks in both settings. 

 

We have applied different performance measures to evaluate the performance of the trading 

strategies. More specifically, we evaluate the performance using the annualized Sharpe ratio, 

maximum drawdown and Calmar ratio before and after transaction costs. The Dynamic Markowitz 

strategy has throughout the in-sample analysis of the different datasets had the best performance 

of among all dynamic portfolio strategies in terms of gross Sharpe ratio. We include the 

cumulative returns of the strategies, since they are a more accurate measure of the strategy 
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returns. We compute the drawdowns of all strategies from the cumulative returns to assess the 

actual losses of the trading strategies. Drawdowns offer a different aspect on risk compared the 

Sharpe ratio, since the Sharpe ratio quantifies risk as the standard deviation. We find that the 

Dynamic Markowitz strategy suffers from much larger drawdowns compared to the other dynamic 

trading strategies. This means that the Dynamic Markowitz has performed worse than the other 

dynamic trading strategies in terms of the Calmar ratio. The Optimal strategy and the Static 

portfolios have performed well in terms of drawdowns and Calmar ratios. The performance of the 

trading strategies is more interesting after transaction costs. Both in-sample and out-of-sample, 

the Optimal strategy has a superior net performance. The Dynamic Markowitz incurs substantial 

transaction costs, and the cumulative return of the strategy is immediately negative.  

 

The strategies rely on predictable returns. We have found no statistically significant return 

predicting coefficients, and no statistical evidence for predictable returns in the ACF plots. This is a 

major critique point of the dynamic trading strategies, since they are depending on predictable 

returns. The dynamic trading strategies have been performing well even though the return 

predicting coefficients are non-significant. This indicates that the strategies not only hunt noise 

but returns to some degree are predicted by the coefficients. Moreover, the data is non-

stationary, which means that the out-of-sample analysis is conducted on small rolling windows, 

since it makes data more stationary. 

 

 

 

 

 

 

 

 

 

 

 



   
 

  110 
 

Literature  

Achyrya, V., & Pedersen, L.H. (2005). Security Pricing with Liquidity Risk. Journal of Financial 

Economics, 77(2), 375-410.  

 

Anson, M. J. P. (2002). Handbook of Alternative Securities. Hoboken, NJ Chichester: Wiley John 

Wiley Distributor.  

 

Amihud, Y. & Mendelson, H. (1986). Security Pricing and the Bid-ask Spread. Journal of Financial 

Economics, 17(2), 223-249.  

 

Arrow, K.J. (1971). Essays in the Theory of Risk-Bearing. Netherlands: Markham Publishing 

Company.  

 

Asness, C. S., Moskowitz, T. J. & Pedersen, L.H. (2013). Value and Momentum Everywhere. The 

Journal of Finance, 68(3), 929-985.  

 

Bacon, C. (2004). Practical Portfolio Performance Measurement and Attribution. Hoboken, NJ, 

USA: John Wiley & Sons.   

 

Barberis, N., Shleifer, A., Vishny, R. W. (1998). A Model of Agent Sentiment. Journal of Financial 

Economics, 49(3), 307-343.  

 

Black, F. (1972). Capital Market Equilibrium with Restricted Borrowing. The Journal of Business, 

45(3), 444–455. 

 

Black, F. (1976). The Pricing of Commodity Contracts. Journal of Financial Economics, 3(1-2), 167-

179. 

 

Bloomberg L.P. (2019). Commodity Futures Section. April 26, 2019. 

 



   
 

  111 
 

Bodie, Z., Kane, Alex, & Marcus, A. J. (2011). Investment and Portfolio Management. Singapore: 

McGraw-Hill Irwin.  

 

Breen, W. J., Hodrick, L.S., & Korajczyk, R.A. (2002). Predicting Equity Liquidity. Management 

Science, 48(2), 470-483.  

 

Campbell, J. Y., Lo, A. W., & MacKinlay, A. C. (1997). The Econometrics of Financial Markets. New 

Jersey: Princeton University Press.  

 

Campbell, J. Y., & Shiller, R. (1988). The Dividend-Price Ratio and Expectations of Future Dividends 

and Discount Factors. Review of Financial Studies, 1(3), 195-228.  

 

Cass, D. & Stiglitz, J.E. (1970). The structure of agent preferences and security returns, and 

separability in portfolio allocation: A contribution to the pure theory of mutual funds. Journal of 

Economic Theory 2(2), 122–160. 

 

Constantinides, G. M. (1986). Capital Market Equilibrium with Transaction Costs. Journal of 

Political Economy 94(2), 842-862. 

 

Constantinides, G. M. & Malliaris, A. G. (1995). Portfolio Theory. Handbooks in Operations 

Research and Management Science, 9( ), 1-30.  

 

Deaton, A., & G. Laroque. (1996). Competitive Storage and Commodity Price Dynamics. Journal of 

Political Economy, 104(5), 896-923. 

 

DeMiguel, V., Garlappi, L. & Uppal, R. (2009). Optimal Versus Naive Diversification: How Inefficient 

is the 1/N Portfolio Strategy? The Review of Financial Studies, 22(5), 1915-1953.  

 



   
 

  112 
 

Demiguel, V., Martín-Utrera, A., & Nogales, F. J. (2015). Parameter Uncertainty in Multiperiod 

Portfolio Optimization with Transaction Costs. Journal of Financial and Quantitative Analysis, 

40(6), 1443-1471.   

 

Dusak, K. (1973). Futures Trading and Agent Returns: An Investigation of Commodity Market Risk 

Premiums. Journal of Political Economy, 81(6), 1387-1406. 

 

Elton, E. J. & Gruber, J. M. (1997). Modern Portfolio Theory, 1950 to date. Journal of Banking & 

Finance, 21(11-12), 1743-1759. 

 

Engle, R., Ferstenberg, R., & Russel, J. (2008). Measuring and Modeling Execution Cost and Risk. 

Journal of Portfolio Management, 33(2), 34-45.  

 

Erb, C.B. & Harvey, C.R. (2006). The Strategic and Tactical Value of Commodity Futures. Financial 

Analysts Journal, 62(2), 69-97.  

 

Fabozzi, J.F., Füss, R. & Kaiser, G,D. (2008). The Handbook of commodity Investing. Hoboken, Nj, 

USA: John Wiley and Sons. 

 

Fama, E. F. (1965). The Behavior of Stock-Market Prices. Journal of Business, 38(1), 34-105. 

 

Fama, E. F. (1970). Efficient Capital Markets: A Review of Theory and Empirical Work. Journal of 

Finance, 25(2), 383-417. 

 

Fama, E. F. (1991). Efficient Markets: II. The Journal of Finance, 46(5), 1575-1617. 

 

Fama, E.F., & French, K. R. (1989). Business Conditions and Expected Returns on Stocks and Bonds. 

Journal of Financial Economics, 25(1), 23-49.  

 



   
 

  113 
 

Gârleanu, N. (2009). Portfolio Choice and Pricing in Imperfect Markets. Journal of Economic 

Theory, 144(2), 532-564.  

 

Gârleanu, N. & Pedersen, L., H. (2013). Dynamic Trading with Predictable Returns and Transaction 

Costs. The Journal of Finance, 68(6), 2309-2340.   

 

Gorton G., & Rouwenhorst G. K. (2004). Facts and Fantasies about Commodity Futures. National 

Bureau of Economic Research Inc, 10595 ( ). 

 

Guba, E. (1990). The Paradigm Dialog. Newbury Park, Calif: Sage Publications.  

 

Hakansson, N. (1970). Optimal Investment and Consumption Strategies Under Risk For a Class of 

Utility Functions. Econometrica, 38(5), 587-607.  

 

Hakansson, N. (1974). Convergence in Multiperiod Portfolio Choice. Journal of Financial 

Economics, 1(3), 201-224.  

 

Haugen, R. A., & Heins, A. J. (1972). On the Evidence Supporting the Existence of Risk Premiums in 

the Capital Markets. Wisconsin Working Paper. 

 

Hicks, J.R. (1939). Value and Capital. Oxford: Clarendon Press. 

 

Hull, C. J. (2017). Fundamentals of Futures and Options Markets. Global Edition. Pearson Education 

Limited: Edinburgh.  

 

Jang, B. G., Koo, H. K., Liu, H., Loewenstein, M. (2007). Liquidity Premia and Transaction Costs. The 

Journal of Finance 62(5), 2329-2366. 

 

Kaplan, P. D. & Lummer, S. L. (1998). Update: GSCI Collateralized Futures as a Hedging and 

Diversification Tool for Institutional Portfolios. Journal of Investing, 7(4), 



   
 

  114 
 

11–17. 

 

Keynes, J. M. (1930). A Treatise on Money. London: Macmillan. 

 

Kolb, R. W. (1996). The Systematic Risk of Futures Contracts. The Journal of Futures Markets 16(6), 

631-654. 

 

Kraus, A., & Litzenberger, R. (1976). Skewness Preference and the Valuation of Risky Securities. 

Journal of Finance, 21(4), 1085-1100.  

 

Lee, C.F. (1977). Functional Form, Skewness Effect and the Risk Return Relationship. Journal of 

Financial and Quantitative Finance, 42(1), 55-72.   

 

Lintner, J. (1965). The Valuation of Risk Securities and The Selection of Risky Investments in Stock 

Portfolios and Capital Budgets. The Review of Economics and Statistics, 47(1), 13-37.  

 

Liu, H. (2004). Optimal Consumption and Investment with Transaction Costs and Multiple 

Securities. Journal of Finance, 59(1), 289-338.  

 

Liu, H. & Loewenstein, M. (2002). Optimal Portfolio Selection with Transaction Costs and Finite 

Horizons. The Review of Financial Studies, 15(3), 805-835. 

 

Lo, A., Mamaysky, H., & Wang, J. (2004). Security Prices and Trading Volume Under Fixed 

Transaction Costs. Journal of Political Economics, 112(5), 1054-1090.  

 

Lynch, A. W. & Tan, S. (2011). Explaining the Magnitude of Liquidity Premia: The Roles of Return 

Predictability, Wealth Shocks, and State-Dependent Transaction Costs. The Journal of Finance, 

66(4), 1329-1368. 

 

Markowitz, H. (1952). Portfolio Selection. Journal of Finance, 7(1), 77-91.  



   
 

  115 
 

  

Markowitz, H. M. (1959). Portfolio Selection: Efficient Diversification of Investments. New Haven 

and London: Yale University Press.   

  

Markowitz, H. M. (2012). Mean-variance approximation to expected utility. European  

Journal of Operational Research, 234(2), 346-355.  

 

Masteika, S., Rutkauskas, A., V., Alexander, J., A. (2012). Continuous Futures Data for Back Testing 

and Technical Analysis. IPEDR 29( ), 265-269.  

 

Merton, Robert C. (1973). An Intertemporal Capital Security Pricing Model. Econometrica, 41(5), 

867–887. 

 

Merton, R. (1990). Continuous-time Finance. Cambridge MA & Oxford UK: Blackwell.  

 

Mossin, J. (1969). Optimal Multiperiod Portfolio Policies. Journal of Business, 4(1), 215-229.  

 

Munk, C. (2017). Financial Markets and Investments. Copenhagen.  

 

Nygaard, C. (2013). Samfundsvidenskabelige Analysemetoder. Denmark: Samfundslitteratur. 

 

Personal Interview. (2019). Lasse Heje Pedersen. 29. April 2019. 

 

Pratt, J.W. (1964). Risk Aversion in the Small and in the Large. Econometrica, 42(2), 122-136. 

 

Roll, R. (1977). A critique of the security pricing theory's tests Part I: On past and potential 

testability of the theory. Journal of Financial Economics, 4(2), 129-176.  

 

Ross, S. (1978). Mutual fund separation in financial theory–The separating distributions. Journal of 

Economic Theory, 17(2), 254–286. 



   
 

  116 
 

 

Samuelson, P. (1967). General Proof that Diversification Pays. Journal of Financial and Quantitative 

Analysis, 2(1), 1–13. 

 

Samuelson, P. (1969). Lifetime Portfolio Selection by Dynamic Stochastic Programming. The 

Review of Economics and Statistics, 51(3), 239-246. 

 

Samuelson, P. (1970). The Fundamental Approximation Theorem of Portfolio Analysis in terms of 

Means, Variances and Higher Moments. The Review of Economic Studies, 37(4), 537–542. 

 

Sharpe, W.F. (1964). Capital Security Prices: A Theory of Market Equilibrium Under Conditions of 

Risk. Journal of Finance, 19(2), 425-442.  

 

Stock, J. H. & Watson, M. W. (2015). Introduction to Econometrics. Third edition. Edinburgh: 

Pearson Education Limited.   

 

Tobin, J. (1958). Liquidity Preference as Behavior Towards Risk. The Review of Economic Studies, 

25(2), 65–86. 

 

Vayanos, D. (1998). Transaction Costs and Security Prices: A Dynamic Equilibrium Model. Review of 

Financial Studies, 11(1), 1-58. 

 

Wang, J. & Taylor, N. (2018). A Comparison of Static and Dynamic Portfolio Choices. International 

Review of Financial Analysis, 44( ), 111-127.   

 

Wooldridge, J. (2009). Introduction to Econometrics: A Modern Approach. Fourth edition. Mason, 

Ohio: South-Western Cengage Learning.  

 

 

 



   
 

  117 
 

 

Appendices  

Appendix 1: ACF-plots 
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Appendix 2: Breusch-Pagan test for homoscedasticity 

In this appendix, we report the test statistics of the Breusch-Pagan test, where the null-hypothesis 

is homoscedasticity against the alternative of heteroscedasticity.  

 

 
 

 
 
 
 

Appendix 3: Stationarity 

 

Commodity Futures  

In the below table, we report test for stationarity, including the Augmented Dickey-Fuller (ADF) 

test and Kwiatkowski-Phillips-Schmidt-Shin (KPSS) test.  

  Stationarity test for commodity futures 

  
Critical 
value Coffee Crude Nickel Zinc Tin Aluminum Sugar Silver Gold Copper Cocoa Lead 

ADF test: Null non-
stationary 5% - level Test sizes 
No intercept and no 
trend -1.95 -58.36 -57.06 -58.70 -58.61 -54.01 -57.30 -57.02 -57.05 -57.21 -58.43 -55.52 -55.44 
Intercept and no 
trend 4.59 1702.82 1628.08 1722.84 1717.59 1458.33 1641.81 1625.43 1627.26 1636.81 1707.56 1541.19 1536.50 

Intercept and trend 6.25 1135.85 1086.34 1148.56 1144.95 972.07 1094.54 1083.75 1084.74 1091.07 1138.29 1027.33 1024.20 
KPSS test: Null 
Stationary 5% - level Test sizes   

Level 0.463 0.181 0.257 0.099 0.055 0.058 0.081 0.091 0.088 0.144 0.086 0.056 0.062 

Trend 0.146 0.042 0.033 0.064 0.045 0.057 0.047 0.049 0.073 0.133 0.069 0.048 0.056 
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Both test show that data is stationary. Moreover, we include plots of every commodity futures 

series included in the model. Looking at the plots, it clearly shows signs of clusters, which 

visualizes as a trumpet pattern, which is true for all the series. Based upon the visual 

interpretation, we must conclude that data is non-stationary.  
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ETFs 

As the futures, we report test for stationarity, in the table below, including the Augmented Dickey-

Fuller (ADF) test and Kwiatkowski-Phillips-Schmidt-Shin (KPSS) test.  
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  Stationarity test for ETFs 

  Critical value Coffee Crude Nickel Zinc Tin Aluminum Sugar Silver Gold Copper Cocoa 

ADF test: Null non-
stationary 5% - level Test sizes 

No intercept and no 
trend -1.95 -34.48 -18.66 -21.22 -34.08 -32.53 -34.41 -34.85 -35.25 -34.72 -34.58 -33.94 

Intercept and no trend 4.59 594.88 174.76 225.24 580.35 528.91 592.44 607.53 621.11 602.65 597.80 576.20 

Intercept and trend 6.25 396.66 116.47 150.10 387.13 352.60 394.81 404.94 414.14 401.82 398.37 384.01 

KPSS test: Null 
Stationary 5% - level Test sizes 

Level 0.463 0.142 0.079 0.070 0.104 0.101 0.074 0.069 0.138 0.148 0.078 0.052 

Trend 0.146 0.110 0.078 0.072 0.027 0.085 0.067 0.052 0.092 0.105 0.079 0.047 

 

Both test show that data is stationary. Moreover, we include plots of every ETFs series included in 

the model. Looking at the plots, it clearly shows signs of clusters, which visualizes as a trumpet 

pattern, which is true for all the series. Based upon the visual interpretation, we must conclude 

that data is non-stationary.  
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Appendix 4: Regression Output 

Futures Data 

Output from OLS Estimation  
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Output from FGLS Estimation 
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Output from Φ	Estimates  
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ETF Data 

Output from OLS Estimation 
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Output from FGLS Estimation 

 

 
 

 

Appendix 5: R-Code 

R-Code for Gârleanu & Pedersen Set-up 

rm(list=ls()) 
setwd("/Users/idafons/Dropbox/Thesis/IFR") 
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comm_price <- read.csv("futures.csv", sep =";", header = TRUE) 
comm_price1 <- read.csv("futures.csv", sep =";", header = TRUE) 
  
  
comm_price$ALUM <- comm_price$ALUM*25 
comm_price$COPA <- comm_price$COPA*25 
comm_price$ZINC <- comm_price$ZINC*25 
comm_price$LEAD <- comm_price$LEAD*25 
comm_price$TINM <- comm_price$TINM*5 
comm_price$CRUD <- comm_price$CRUD*1000 
comm_price$GOLD <- comm_price$GOLD*100 
comm_price$SLVR <- comm_price$SLVR*5000 
comm_price$COFF <- comm_price$COFF*375 
comm_price$COCO <- comm_price$COCO*10 
comm_price$SUGA <- comm_price$SUGA*1120 
comm_price$NICK <- comm_price$NICK*6 
  
wind_d <- 0.1 
wind_u <- 1 
end <- nrow(comm_price) 
tp <- 0.75 
start <- round(end*tp) 
  
comm_price <- comm_price[,-c(1:1)] 
names <- colnames(comm_price, do.NULL = TRUE, prefix = "col") 
  
  
#---------- 
delta <- function(x) { 
  x1 = x[1:length(x)-1]; 
  x2 = x[2:length(x)]; 
  delta = x2-x1; 
} 
  
delta.matrix <- data.frame(matrix(NA, ncol=ncol(comm_price), nrow=(nrow(comm_price)-1))) 
colnames(delta.matrix) <- names  
for (j in 1:ncol(comm_price)){ 
  delta.matrix[,j] <- delta(comm_price[,j]) 
} 
  
  
##Mean and standard deviations storage [d5] 
  
require(zoo) 
require(dplyr) 
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require(pracma) 
  
lag_apply <- function(x, n){ 
  k = length(x); 
  result = rep(0, k); 
  for(i in 1:length(x)){ 
    result[i] <- mean(x[(i + n -1):i]); 
  }     
  return(lag(result, n)); 
} 
  
  
lag_apply_sd <- function(x, n){ 
  k = length(x); 
  result = rep(0, k); 
  for(i in 1:length(x)){ 
    result[i] <- sd(x[(i + n -1):i]); 
  }     
  return(lag(result, n)); 
} 
  
y <- 260 
d5 <- 5 
y1 <- y*1 
y5 <- y*5-1 
  
  
ma_func <- function(delta, n){ 
  ma <- data.frame(matrix(NA, nrow=nrow(delta), ncol=ncol(delta))) 
  colnames(ma) <- names 
  for (j in 1:ncol(ma)){ 
    ma[,j] <- lag_apply(delta[,j], n) 
  } 
  return(ma) 
} 
  
ma_d5 <- ma_func(delta.matrix, d5) 
ma_y1 <- ma_func(delta.matrix, y1) 
ma_y5 <- ma_func(delta.matrix, y5) 
  
#------------------SD ON MOVING AVERAGES--------- 
  
require("robustHD") 
require(DescTools) 
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std_dev <- function(delta, n){ 
  sd <- data.frame(matrix(NA, nrow=nrow(delta), ncol=ncol(delta))) 
  colnames(sd) <- names 
  for (j in 1:ncol(sd)){ 
    sd[,j] <- lag_apply_sd(delta[,j], n) 
  } 
  return(sd) 
} 
  
  
ma_d5_sd1 <- std_dev(delta.matrix, d5) 
ma_y1_sd1 <- std_dev(delta.matrix, y1) 
ma_y5_sd1 <- std_dev(delta.matrix, y5) 
  
  
  
quant <- function(ma_sd1){ 
  quanti <- data.frame(matrix(NA, nrow=2, ncol=ncol(ma_sd1))) 
  for(j in 1:ncol(ma_sd1)){ 
    quanti[,j] <- quantile(ma_sd1[-c((start-1):end),j], prob = c(wind_d, wind_u), 1)#vÃ¦lg kvartiler 
  } 
  return(quanti) 
} 
# 
quantiles_d5_d <- quant(ma_d5_sd1)[1:1,] 
quantiles_y1_d <- quant(ma_y1_sd1)[1:1,] 
quantiles_y5_d <- quant(ma_y5_sd1)[1:1,] 
quantiles_d5_u <- quant(ma_d5_sd1)[2:2,] 
quantiles_y1_u <- quant(ma_y1_sd1)[2:2,] 
quantiles_y5_u <- quant(ma_y5_sd1)[2:2,] 
  
winzor <- function(ma_sd1, quantile_d, quantile_u){ 
  ma_sd <- data.frame(matrix(NA, nrow=nrow(ma_sd1), ncol=ncol(ma_sd1))) 
  colnames(ma_sd) <- names 
  for (j in 1:ncol(ma_sd1)) { 
    ma_sd[,j] <- Winsorize(ma_sd1[,j], minval= quantile_d[,j], maxval=quantile_u[,j])  
  } 
  return(ma_sd) 
} 
  
ma_d5_sd <- winzor(ma_d5_sd1, quantiles_d5_d, quantiles_d5_u) 
ma_y1_sd <- winzor(ma_y1_sd1, quantiles_y1_d, quantiles_y1_u) 
ma_y5_sd <- winzor(ma_y5_sd1, quantiles_y5_d, quantiles_y5_u) 
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#Return predictors (sharpe ratios) 
  
f_func <- function(ma, ma_sd){ 
  f <- data.frame(matrix(NA, ncol=ncol(ma), nrow=nrow(ma))) 
  colnames(f) <- names 
  for (j in 1:ncol(f)){ 
    f[,j] <- ma[,j]/ma_sd[,j] 
  } 
  return(as.matrix(f)) 
} 
  
fd5 <- f_func(ma_d5, ma_d5_sd) 
fy1 <- f_func(ma_y1, ma_y1_sd) 
fy5 <- f_func(ma_y5, ma_y5_sd) 
  
  
#omitting observations  
fd5_o <- fd5 
fy1_o <- fy1 
fy5_o <- fy5 
  
fd5 <- data.frame(fd5[-c(1:y5, (start-1):end), ]) 
fy1 <- data.frame(fy1[-c(1:y5, (start-1):end), ]) 
fy5 <- data.frame(fy5[-c(1:y5, (start-1):end), ]) 
  
delta.matrix_big <- delta.matrix 
delta.matrix_1 <- delta.matrix[-c((start-1):end),] 
delta.matrix <- delta.matrix[-c(1:y5, (start-1):end), ] 
  
  
  
#linear regression   
require(plm) 
  
y <- stack(delta.matrix)$values 
x1 <- stack(fd5)$values 
x2 <- stack(fy1)$values 
x3 <- stack(fy5)$values 
  
aux <- lm(log(lm(y ~ x1 + x2 + x3)$residuals^2) ~ x1 + x2 + x3) 
weight <- exp(fitted(aux)) 
gg1 <- lm(y ~ x1 + x2 + x3, weights=1/weight) 
summary(gg1) 
  
coef <- coef(gg1) 
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sigma <- cov(delta.matrix_1) 
  
sigma_shrinkage <- 0.5*sigma+0.5*diag(diag(sigma)) 
  
###########calculating phi - stacking data - obtaining omega matrix ######## 
  
require(Hmisc) 
#-lagging all the predictors by 1 and stacking them 
  
do_lag <- function(f){ 
  lag <- data.frame(matrix(NA, ncol=ncol(f), nrow = nrow(f))) 
  for (j in 1:ncol(f)){ 
    lag[,j] <- Lag(f[,j], shift = 1) 
  } 
  return(lag) 
} 
  
x1_lag <- stack(do_lag(fd5))$values 
x2_lag <- stack(do_lag(fy1))$values 
x3_lag <- stack(do_lag(fy5))$values 
  
#linear regression - getting phi from the different horizons ------- 
  
d5 <- lm((x1-x1_lag) ~ 0 + x1_lag) 
y1 <- lm((x2-x2_lag) ~ 0 + x2_lag) 
y5 <- lm((x3-x3_lag) ~ 0 + x3_lag) 
  
  
coef_phi <- cbind(d5$coefficients, y1$coefficients, y5$coefficients) 
  
#----------Alpha/trading rate---------- 
gamma <- 10^-9 
rho <- 1- exp(-0.02/260) 
  
lambda_mean <- 10*10^-7 
alpha <- (-(gamma*(1-rho)+lambda_mean*rho)+sqrt((gamma*(1-
rho)+lambda_mean*rho)^2+4*gamma*lambda_mean*(1-rho)^2))/(2*(1-rho)) 
trading_rate <- alpha / lambda_mean 
  
  
#----------------- Markowitz 
  
f <- coef[1] + fd5*coef[2] + fy1*coef[3] + fy5*coef[4] 
f_t <- t(f) 
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markowitz <- matrix(NA, ncol=nrow(f), nrow = ncol(delta.matrix)) 
for (j in 1:nrow(f)){ 
  markowitz[,j] <- inv(gamma*sigma_shrinkage)%*%f_t[,j] 
} 
markowitz_t <- t(markowitz) 
rownames(markowitz_t) <- dates 
colnames(markowitz_t) <- names 
plot.ts(markowitz[10, ], xy.labels = dates, col="blue") 
  
#------ xt ------ 
f_p <- coef[1] + fd5*coef[2]*(1/(1+coef_phi[1]*alpha/gamma)) + 
fy1*coef[3]*(1/(1+coef_phi[2]*alpha/gamma)) +  
  fy5*coef[4]*(1/(1+coef_phi[3]*alpha/gamma)) 
fp_t <- t(f_p) 
  
xt <- matrix(NA, ncol=ncol(fp_t), nrow = ncol(delta.matrix)) 
for (j in 1:1){ 
  xt[,1:1] <- ((1-trading_rate)*markowitz[,1:1 ]) + 
trading_rate*inv(gamma*sigma_shrinkage)%*%fp_t[,1:1] 
} 
for(j in 2:ncol(fp_t)){ 
  xt[,j] <- (1-trading_rate)*xt[,j-1] + trading_rate*inv(gamma*sigma_shrinkage)%*%fp_t[,j] 
   
} 
  
xt_t <- t(xt) 
colnames(xt_t) <- names 
  
plot.ts(markowitz[1,], col="blue") 
lines(xt[1,], col="red", lty=2) 
  
  
#------- New markowitz ---------- 
  
marko_w <- function(w){ 
  gamma <- (-w)*lambda_mean/(w-1) 
  return(gamma) 
} 
  
markowitz_w_w <- function(gamma_new){ 
  markowitz <- matrix(NA, ncol=ncol(f_t), nrow = ncol(delta.matrix)) 
  for (j in 1:ncol(f_t)){ 
    markowitz[,j] <- inv(gamma*sigma_shrinkage)%*%f_t[,j] 
  } 
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  marko_m <- matrix(NA, ncol=ncol(f_t), nrow = ncol(delta.matrix)) 
  for (j in 1:1){ 
    marko_m[,1:1] <- markowitz[,1:1] 
  } 
  for (j in 2:ncol(f_t)){ 
    marko_m[,j] <- marko_m[,j-1] + (gamma_new/(gamma_new+lambda_mean))*(markowitz[,j]- 
marko_m[,j-1]) 
  } 
  return(marko_m) 
} 
  
markowitz1_t <- t(markowitz_w_w(marko_w(0.01))) 
markowitz2_t <- t(markowitz_w_w(marko_w(0.02))) 
markowitz3_t <- t(markowitz_w_w(marko_w(0.03))) 
markowitz4_t <- t(markowitz_w_w(marko_w(0.04))) 
markowitz5_t <- t(markowitz_w_w(marko_w(0.05))) 
markowitz6_t <- t(markowitz_w_w(marko_w(0.06))) 
markowitz7_t <- t(markowitz_w_w(marko_w(0.07))) 
markowitz8_t <- t(markowitz_w_w(marko_w(0.08))) 
markowitz9_t <- t(markowitz_w_w(marko_w(0.09))) 
markowitz10_t <- t(markowitz_w_w(marko_w(0.1))) 
  
#--------------- SHARPE RATIOS BEFORE TC--------------- 
  
y1 <- 260 
y5 <- y1*5-1 
  
price <- data.frame(comm_price[-c(1:(y5+1), start:end),]) 
  
sharpe_ann <- function(p){ 
  pr <- matrix(NA, ncol=ncol(price), nrow=nrow(price)) 
  for (j in 1:ncol(pr)){ 
    pr[,j] <- p[,j]*price[,j] 
  } 
  sum_p <- matrix(NA, ncol=1, nrow=nrow(pr)) 
  for (i in 1:nrow(pr)){ 
    sum_p[i] <- sum(pr[i,]) 
  } 
  lag <- data.frame(sum_p[-c(1:1),]); 
  lag1 <- data.frame(sum_p[-c(nrow(sum_p):nrow(sum_p)),]); 
  f <- lag/lag1-1; 
  sharpe <- mean(f[,1])/sd(f[,1])*sqrt(y1); 
  return(sharpe) 
} 
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sharpe_marko <- sharpe_ann(markowitz_t) 
sharpe_gp <- sharpe_ann(xt_t) 
sharpe_marko1 <- sharpe_ann(markowitz1_t) 
sharpe_marko2 <- sharpe_ann(markowitz2_t) 
sharpe_marko3 <- sharpe_ann(markowitz3_t) 
sharpe_marko4 <- sharpe_ann(markowitz4_t) 
sharpe_marko5 <- sharpe_ann(markowitz5_t) 
sharpe_marko6 <- sharpe_ann(markowitz6_t) 
sharpe_marko7 <- sharpe_ann(markowitz7_t) 
sharpe_marko8 <- sharpe_ann(markowitz8_t) 
sharpe_marko9 <- sharpe_ann(markowitz9_t) 
sharpe_marko10 <- sharpe_ann(markowitz10_t) 
  
#------------ Performance ----------- 
  
  
return_vector <- function(p){ 
  pr <- matrix(NA, ncol=ncol(price), nrow=nrow(price)) 
  for (j in 1:ncol(pr)){ 
    pr[,j] <- p[,j]*price[,j] 
  } 
  sum_p <- matrix(NA, ncol=1, nrow=nrow(pr)) 
  for (i in 1:nrow(pr)){ 
    sum_p[i] <- sum(pr[i,]) 
  } 
  lag <- data.frame(sum_p[-c(1:1),]); 
  lag1 <- data.frame(sum_p[-c(nrow(sum_p):nrow(sum_p)),]); 
  f <- lag/lag1-1; 
  date <- as.Date.character(comm_price1[-c(1:(y5+1), (start-1):end),c(1:1)], "%d-%m-%Y") 
  f_xts <- xts(f[,1], order.by = date) 
  return(f_xts) 
} 
  
  
library("PerformanceAnalytics") 
  
  
return_matrix <- cbind(return_vector(xt_t), return_vector(markowitz_t), 
return_vector(markowitz1_t), return_vector(markowitz2_t), return_vector(markowitz3_t), 
                       return_vector(markowitz4_t),return_vector(markowitz5_t), 
return_vector(markowitz6_t),  
                       return_vector(markowitz7_t), return_vector(markowitz8_t), 
return_vector(markowitz9_t),  
                       return_vector(markowitz10_t)) 
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mdd_utc <- rbind(maxDrawdown(return_matrix[,1], geometric = TRUE),  
maxDrawdown(return_matrix[,2], geometric = TRUE), 
                 maxDrawdown(return_matrix[,3], geometric = TRUE), maxDrawdown(return_matrix[,4], 
geometric = TRUE),  
                 maxDrawdown(return_matrix[,5], geometric = TRUE), maxDrawdown(return_matrix[,6], 
geometric = TRUE),  
                 maxDrawdown(return_matrix[,7], geometric = TRUE), maxDrawdown(return_matrix[,8], 
geometric = TRUE), 
                 maxDrawdown(return_matrix[,9], geometric = TRUE), 
maxDrawdown(return_matrix[,10], geometric = TRUE),  
                 maxDrawdown(return_matrix[,11], geometric = TRUE), 
maxDrawdown(return_matrix[,12], geometric = TRUE)) 
colnames(mdd_utc) <- "Max Drawdown" 
  
  
cal_utc <- rbind(CalmarRatio(return_matrix[,1], scale = 260),  CalmarRatio(return_matrix[,2], scale 
= 260), 
                 CalmarRatio(return_matrix[,3], scale = 260), CalmarRatio(return_matrix[,4], scale = 260),  
                 CalmarRatio(return_matrix[,5], scale = 260), CalmarRatio(return_matrix[,6], scale = 260),  
                 CalmarRatio(return_matrix[,7], scale = 260), CalmarRatio(return_matrix[,8], scale = 260), 
                 CalmarRatio(return_matrix[,9], scale = 260), CalmarRatio(return_matrix[,10], scale = 
260),  
                 CalmarRatio(return_matrix[,11], scale = 260), CalmarRatio(return_matrix[,12], scale = 
260)) 
colnames(cal_utc) <- "Calmar Ratio" 
  
sharpe_matrix <- rbind(sharpe_ann(xt_t), sharpe_ann(markowitz_t), sharpe_ann(markowitz1_t),  
                       sharpe_ann(markowitz2_t), sharpe_ann(markowitz3_t), sharpe_ann(markowitz4_t), 
                       sharpe_ann(markowitz5_t), sharpe_ann(markowitz6_t), sharpe_ann(markowitz7_t), 
                       sharpe_ann(markowitz8_t), sharpe_ann(markowitz9_t), sharpe_ann(markowitz10_t)) 
colnames(sharpe_matrix) <- "Sharpe Ratio" 
  
performance_table <- cbind(sharpe_matrix, mdd_utc, cal_utc) 
rownames(performance_table) <- c("GÃ¢rleanu & Pedersen", "Markowitz", "Static 1", "Static 2", 
                                 "Static 3", "Static 4", "Static 5", "Static 6", "Static 7",  
                                 "Static 8", "Static 9", "Static 10") 
  
par(mfrow=c(2,1)) 
chart.CumReturns(return_matrix[,2], main="Dynamic Markowitz: Cumulative Returns") 
chart.Drawdown(return_matrix[,2], main="Dynamic Markowitz: Drawdown") 
chart.CumReturns(return_matrix[,1], main="GÃ¢rleanu & Pedersen: Cumulative Returns") 
chart.Drawdown(return_matrix[,1], main="GÃ¢rleanu & Pedersen: Drawdown") 
  



   
 

  139 
 

  
  
#-----------sharpe vs. gamma on static ---------------- 
  
  
pr_marko <- matrix(NA, ncol=ncol(price), nrow=nrow(price)) 
colnames(pr_marko) <- names 
for (j in 1:ncol(pr_marko)){ 
  pr_marko[,j] <- markowitz_t[,j]*price[,j] 
} 
  
pr_xt <- matrix(NA, ncol=ncol(price), nrow=nrow(price)) 
colnames(pr_xt) <- names 
for (j in 1:ncol(pr_xt)){ 
  pr_xt[,j] <- xt_t[,j]*price[,j] 
} 
  
  
date <- as.Date(comm_price1[-c(1:y5, (start-1):end),c(1:1)], "%d-%m-%Y") 
coffee <- data.frame(cbind(pr_marko[,1], pr_xt[,1])) 
rownames(coffee) <- date 
colnames(coffee) <- c("Markowitz", "GP") 
crude <- data.frame(cbind(pr_marko[,2], pr_xt[,2])) 
rownames(crude) <- date 
colnames(crude) <- c("Markowitz", "GP") 
  
  
PlotSeries <- function(data, max.labels = 10, ...){ 
  n <- nrow(data) 
  xlabs <- as.Date(rownames(data), on.parse.failure = "silent") 
  if (any(is.na(xlabs)))  
    xlabs <- rownames(data)[seq.int(1, n, length.out = max.labels)] 
  else{   
    xlabs <- seq(xlabs[1L], xlabs[n], length.out = max.labels) 
    xlabs <- format(xlabs, "%m-%Y") 
  } 
  matplot(data, type = "l", xaxt = "n", col=c("blue", "red"), ...) 
  axis(1, labels = xlabs, at = seq.int(1, n, length.out = max.labels), 
       las = 2) 
  legend("topright", names(data), lty = 1:ncol(data),  
         col = c("blue", "red"), cex=0.6, box.lty=0, box.col="blue") 
} 
PlotSeries(coffee/1000000000, lwd = 1, ylab = "Position (in USD billions)", main="Positions in 
Coffee")   
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#--------- Transaction costs ----------------------- 
  
transaction <- function(p){ 
  delta1 <- p[,-c(ncol(p):ncol(p))] 
  delta2 <- p[,-c(1:1)] 
  delta_xt <- delta2 - delta1 
  transaction <- matrix(NA, ncol = (ncol(p)) , nrow = 1) 
  for (j in 1:1){ 
    transaction[,1:1] <- 0 
  } 
  for (j in 2:ncol(p)){ 
    transaction[,j] <- (0.5*t(delta_xt[,j-1]))%*%(sigma_shrinkage*lambda_mean)%*%delta_xt[,j-1];   
  } 
  return(transaction) 
} 
  
  
tc_marko <- transaction(markowitz) 
tc_gp <- transaction(xt) 
  
  
#static 
tc_markowitz1 <- transaction(t(markowitz1_t)) 
tc_markowitz2 <- transaction(t(markowitz2_t)) 
tc_markowitz3 <- transaction(t(markowitz3_t)) 
tc_markowitz4 <- transaction(t(markowitz4_t)) 
tc_markowitz5 <- transaction(t(markowitz5_t)) 
tc_markowitz6 <- transaction(t(markowitz6_t)) 
tc_markowitz7 <- transaction(t(markowitz7_t)) 
tc_markowitz8 <- transaction(t(markowitz8_t)) 
tc_markowitz9 <- transaction(t(markowitz9_t)) 
tc_markowitz10 <- transaction(t(markowitz10_t)) 
  
#---------- SHARPE AFTER TC----------- 
  
price <- data.frame(comm_price[-c(1:(y5+1), start:end),]) 
  
sharpe_atc <- function(contract, tc){ 
  price_contract <- matrix(NA, ncol=ncol(price), nrow=nrow(price)) 
  for (j in 1:ncol(price_contract)){ 
    price_contract[,j] <- contract[,j]*price[,j] 
  } 
  wealth <- matrix(NA, ncol=1, nrow=nrow(price_contract)) 
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  for (i in 1:nrow(price_contract)){ 
    wealth[i,] <- sum(price_contract[i,]) 
  } 
  wealth1 <- wealth[1:length(wealth)-1] 
  wealth2 <- wealth[2:length(wealth)] 
  tc_t <- t(tc) 
  tc1 <- data.frame(tc_t[-c(1:1), ]) 
  tc2 <- data.frame(tc_t[-c(nrow(tc_t):nrow(tc_t)), ]) 
  after_tc <- data.frame((wealth2-tc2)/(wealth1)-1) 
  sharpe <- mean(after_tc[,1])/sd(after_tc[,1])*sqrt(y1); 
  return(sharpe) 
} 
  
  
sharpe_marko_atc <- sharpe_atc(markowitz_t, tc_marko) 
sharpe_gp_atc <- sharpe_atc(xt_t, tc_gp) 
sharpe_marko1_atc <- sharpe_atc(markowitz1_t, tc_markowitz1) 
sharpe_marko2_atc <- sharpe_atc(markowitz2_t, tc_markowitz2) 
sharpe_marko3_atc <- sharpe_atc(markowitz3_t, tc_markowitz3) 
sharpe_marko4_atc <- sharpe_atc(markowitz4_t, tc_markowitz4) 
sharpe_marko5_atc <- sharpe_atc(markowitz5_t, tc_markowitz5) 
sharpe_marko6_atc <- sharpe_atc(markowitz6_t, tc_markowitz6) 
sharpe_marko7_atc <- sharpe_atc(markowitz7_t, tc_markowitz7) 
sharpe_marko8_atc <- sharpe_atc(markowitz8_t, tc_markowitz8) 
sharpe_marko9_atc <- sharpe_atc(markowitz9_t, tc_markowitz9) 
sharpe_marko10_atc <- sharpe_atc(markowitz10_t, tc_markowitz10) 
  
sharpe_mtc <- rbind(sharpe_atc(xt_t, tc_gp), sharpe_atc(markowitz_t, tc_marko), 
                    sharpe_atc(markowitz1_t, tc_markowitz1), sharpe_atc(markowitz2_t, tc_markowitz2), 
                    sharpe_atc(markowitz3_t, tc_markowitz3), sharpe_atc(markowitz4_t, tc_markowitz4),  
                    sharpe_atc(markowitz5_t, tc_markowitz5), sharpe_atc(markowitz6_t, tc_markowitz6),  
                    sharpe_atc(markowitz7_t, tc_markowitz7), sharpe_atc(markowitz8_t, tc_markowitz8),  
                    sharpe_atc(markowitz9_t, tc_markowitz9), sharpe_atc(markowitz10_t, 
tc_markowitz10)) 
colnames(sharpe_mtc) <- "Sharpe Ratio" 
  
return_tc <- function(contract, tc){ 
  price_contract <- matrix(NA, ncol=ncol(price), nrow=nrow(price)) 
  for (j in 1:ncol(price_contract)){ 
    price_contract[,j] <- contract[,j]*price[,j] 
  } 
  wealth <- matrix(NA, ncol=1, nrow=nrow(price_contract)) 
  for (i in 1:nrow(price_contract)){ 
    wealth[i,] <- sum(price_contract[i,]) 
  } 
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  wealth1 <- wealth[1:length(wealth)-1] 
  wealth2 <- wealth[2:length(wealth)] 
  tc_t <- t(tc) 
  tc1 <- data.frame(tc_t[-c(1:1), ]) 
  tc2 <- data.frame(tc_t[-c(nrow(tc_t):nrow(tc_t)), ]) 
  after_tc <- data.frame((wealth2-tc2)/(wealth1)-1) 
  date <- as.Date.character(comm_price1[-c(1:(y5+1), (start-1):end),c(1:1)], "%d-%m-%Y") 
  tc_1 <- xts(after_tc[,1], order.by = date) 
  return(tc_1 ) 
}  
  
  
return_atc <- cbind(return_tc(xt_t, tc_gp), return_tc(markowitz_t, tc_marko), 
return_tc(markowitz1_t, tc_markowitz1),  
                    return_tc(markowitz2_t, tc_markowitz2), return_tc(markowitz3_t, tc_markowitz3), 
                    return_tc(markowitz4_t, tc_markowitz4),return_tc(markowitz5_t,tc_markowitz5),  
                    return_tc(markowitz6_t, tc_markowitz6), return_tc(markowitz7_t, tc_markowitz7),  
                    return_tc(markowitz8_t, tc_markowitz8), return_tc(markowitz9_t, tc_markowitz9),  
                    return_tc(markowitz10_t, tc_markowitz10)) 
  
  
  
mdd_atc <- rbind(maxDrawdown(return_atc[,1], geometric = TRUE),  
maxDrawdown(return_atc[,2], geometric = TRUE), 
                 maxDrawdown(return_atc[,3], geometric = TRUE), maxDrawdown(return_atc[,4], 
geometric = TRUE),  
                 maxDrawdown(return_atc[,5], geometric = TRUE), maxDrawdown(return_atc[,6], 
geometric = TRUE),  
                 maxDrawdown(return_atc[,7], geometric = TRUE), maxDrawdown(return_atc[,8], 
geometric = TRUE), 
                 maxDrawdown(return_atc[,9], geometric = TRUE), maxDrawdown(return_atc[,10], 
geometric = TRUE),  
                 maxDrawdown(return_atc[,11], geometric = TRUE), maxDrawdown(return_atc[,12], 
geometric = TRUE)) 
colnames(mdd_atc) <- "Max Drawdown" 
  
  
cal_atc <- rbind(CalmarRatio(return_atc[,1], scale = 260),  CalmarRatio(return_atc[,2], scale = 260), 
                 CalmarRatio(return_atc[,3], scale = 260), CalmarRatio(return_atc[,4], scale = 260),  
                 CalmarRatio(return_atc[,5], scale = 260), CalmarRatio(return_atc[,6], scale = 260),  
                 CalmarRatio(return_atc[,7], scale = 260), CalmarRatio(return_atc[,8], scale = 260), 
                 CalmarRatio(return_atc[,9], scale = 260), CalmarRatio(return_atc[,10], scale = 260),  
                 CalmarRatio(return_atc[,11], scale = 260), CalmarRatio(return_atc[,12], scale = 260)) 
colnames(cal_atc) <- "Calmar Ratio" 
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performance_table_atc <- cbind(sharpe_mtc, mdd_atc, cal_atc) 
rownames(performance_table_atc) <- c("GÃ¢rleanu & Pedersen", "Markowitz", "Static 1", "Static 
2", 
                                     "Static 3", "Static 4", "Static 5", "Static 6", "Static 7",  
                                     "Static 8", "Static 9", "Static 10") 
  
  
par(mfrow=c(2,1)) 
chart.CumReturns(return_atc[,2], main="Dynamic Markowitz: Cumulative Returns") 
chart.Drawdown(return_atc[,2], main="Dynamic Markowitz: Drawdown") 
par(mfrow=c(2,1)) 
chart.CumReturns(return_atc[,1], main="GÃ¢rleanu & Pedersen: Cumulative Returns") 
chart.Drawdown(return_atc[,1], main="GÃ¢rleanu & Pedersen: Drawdown") 
  
  
#--------------------ROLLING/WINDOW OUT OF SAMPLE--------------------------------- 
  
require(pracma) 
require(Hmisc) 
  
end <- nrow(comm_price) 
tp <- 0.75 
start <- round(end*tp) 
y5 <- 260*5-1 
  
comm_price_t <- data.frame(comm_price[-c(1:(y5+1)) ,]) 
sigma_t <- data.frame(delta.matrix_big) 
delta.matrix_t <- data.frame(delta.matrix_big[-c(1:y5),]) 
fd5_t <- data.frame(fd5_o[-c(1:y5),]) 
fy1_t <- data.frame(fy1_o[-c(1:y5),]) 
fy5_t <- data.frame(fy5_o[-c(1:y5),]) 
  
do_lag <- function(f){ 
  lag <- data.frame(matrix(NA, ncol=ncol(f), nrow = nrow(f))) 
  for (j in 1:ncol(f)){ 
    lag[,j] <- Lag(f[,j], shift = 1) 
  } 
  return(lag) 
} 
  
sharpe_ann <- function(pos, price){ 
  y1 <- 260 
  pr <- matrix(NA, ncol=ncol(price), nrow=nrow(price)) 
  for (j in 1:ncol(pr)){ 
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    pr[,j] <- pos[,j]*price[,j] 
  } 
  sum_p <- matrix(NA, ncol=1, nrow=nrow(pr)) 
  for (i in 1:nrow(pr)){ 
    sum_p[i] <- sum(pr[i,]) 
  } 
  lag <- data.frame(sum_p[-c(1:1),]); 
  lag1 <- data.frame(sum_p[-c(nrow(sum_p):nrow(sum_p)),]); 
  f_lag <- lag/lag1-1; 
  sharpe <- mean(f_lag[,1])/sd(f_lag[,1])*sqrt(y1); 
  return(sharpe) 
} 
  
  
sharpe_atc <- function(contract, tc, price){ 
  y1 <- 260 
  price_contract <- matrix(NA, ncol=ncol(price), nrow=nrow(price)) 
  for (j in 1:ncol(price_contract)){ 
    price_contract[,j] <- contract[,j]*price[,j] 
  } 
  wealth <- matrix(NA, ncol=1, nrow=nrow(price_contract)) 
  for (i in 1:nrow(price_contract)){ 
    wealth[i,] <- sum(price_contract[i,]) 
  } 
  wealth1 <- wealth[1:length(wealth)-1] 
  wealth2 <- wealth[2:length(wealth)] 
  tc_t <- t(tc) 
  after_tc <- (wealth2-tc_t)/wealth1-1 
  sharpe <- mean(after_tc[,1])/sd(after_tc[,1])*sqrt(y1); 
  return(sharpe) 
} 
  
model <- function(d, d5, y1, y5, p, s){ 
  p1 <- p[c(nrow(p):nrow(p)),]; 
  d1 <- d[c(nrow(d):nrow(d)),]; 
  d51 <- d5[c(nrow(d5):nrow(d5)),]; 
  y11 <- y1[c(nrow(y1):nrow(y1)),]; 
  y51 <- y5[c(nrow(y5):nrow(y5)),]; 
  p <- p[-c(nrow(p):nrow(p)),]; 
  d <- d[-c(nrow(d):nrow(d)),]; 
  d5 <- d5[-c(nrow(d5):nrow(d5)),]; 
  y1 <- y1[-c(nrow(y1):nrow(y1)),]; 
  y5 <- y5[-c(nrow(y5):nrow(y5)),]; 
  y <- stack(d)$values; 
  x1 <- stack(d5)$values; 
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  x2 <- stack(y1)$values; 
  x3 <- stack(y5)$values; 
  linear <- data.frame(cbind(y, x1, x2, x3)); 
  res <- lm(y ~ x1 + x2 + x3, data=linear)$residuals; 
  linear$res <- res; 
  aux <- lm(log(res^2) ~ x1 + x2 + x3, data=linear); 
  linear$weight <- exp(fitted(aux)); 
  gg <- lm(y ~ x1 + x2 + x3, weights=1/weight, data=linear); 
  gg1 <- lm(y ~ x1 + x2 + x3, data=linear); 
  sigma <- cov(s); 
  sigma_shrinkage <- 0.5*sigma+0.5*diag(diag(sigma)); 
  linear$x1_lag <- stack(do_lag(d5))$values; 
  linear$x2_lag <- stack(do_lag(y1))$values; 
  linear$x3_lag <- stack(do_lag(y5))$values; 
  pd5 <- lm((x1-x1_lag) ~ 0 + x1_lag, data=linear); 
  py1 <- lm((x2-x2_lag) ~ 0 + x2_lag, data=linear); 
  py5 <- lm((x3-x3_lag) ~ 0 + x3_lag, data=linear); 
  ft <- coef[1] + d5*coef[2] + y1*coef[3] + y5*coef[4]; 
  ft_t <- t(ft); 
  lambda_mean <- 3*10^-7 
  alpha <- (-(gamma*(1-rho)+lambda_mean*rho)+sqrt((gamma*(1-
rho)+lambda_mean*rho)^2+4*gamma*lambda_mean*(1-rho)^2))/(2*(1-rho)) 
  trading_rate <- alpha / lambda_mean 
  markowitzt <- matrix(NA, ncol=nrow(ft), nrow = ncol(delta.matrix_t)) 
  for (j in 1:nrow(ft)){ 
    markowitzt[,j] <- inv(gamma*sigma_shrinkage)%*%ft_t[,j] 
  } 
  markowitzt_t <- t(markowitzt); 
  d5_i <- d5*coef[2]*(1/(1+coef_phi[1]*alpha/gamma)); 
  y1_i <- y1*coef[3]*(1/(1+coef_phi[2]*alpha/gamma)); 
  y5_i <- y5*coef[4]*(1/(1+coef_phi[3]*alpha/gamma)); 
  fs <- coef[1] + d5_i + y1_i + y5_i; 
  fs_t <- t(fs); 
  xtt <- matrix(NA, ncol=ncol(fs_t), nrow = ncol(delta.matrix_t)) 
  for (j in 1:1){ 
    xtt[,1:1] <- ((1-trading_rate)*markowitzt[,1:1 ]) + 
trading_rate*inv(gamma*sigma_shrinkage)%*%fs_t[,1:1] 
  } 
  for(j in 2:ncol(fs_t)){ 
    xtt[,j] <- (1-trading_rate)*xtt[,j-1] + trading_rate*inv(gamma*sigma_shrinkage)%*%fs_t[,j] 
  } 
  xtt_t <- t(xtt); 
  xt_1_rolling <- data.frame(xtt[ ,c(ncol(xtt):ncol(xtt))]) 
  #forecast 
  ff <- coef[1] + d51*coef[2] + y11*coef[3] + y51*coef[4]; 
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  ff_t <- t(ff); 
  markowitz_f <- matrix(NA, ncol=nrow(ff), nrow = ncol(delta.matrix_t)) 
  for (j in 1:nrow(ff)){ 
    markowitz_f[,j] <- inv(gamma*sigma_shrinkage)%*%ff_t[,j] 
  } 
  markowitz_f_t <- t(markowitz_f); 
  fft <- coef[1] + d51*coef[2]*(1/(1+coef_phi[1]*alpha/gamma)) + 
y11*coef[3]*(1/(1+coef_phi[2]*alpha/gamma)) + y51*coef[4]*(1/(1+coef_phi[3]*alpha/gamma)); 
  fft_t <- t(fft); 
  xt_f <- matrix(NA, ncol=ncol(fft_t), nrow = ncol(delta.matrix_t)) 
  for (j in 1:1){ 
    xt_f[,1:1] <- ((1-trading_rate)*xt_1_rolling[,1:1]) + 
trading_rate*inv(gamma*sigma_shrinkage)%*%fft_t[,1:1] 
  } 
  xtf_t <- t(xt_f); 
  wealth_gp<- sum(xtf_t*p1) 
  wealth_marko<- sum(markowitz_f_t*p1) 
  weight_wealth <- cbind(markowitz_f_t, wealth_marko, xtf_t, wealth_gp) 
  return(weight_wealth) 
} 
  
start <- round(end*tp) 
window <- 260  
loop_lenght <- nrow(comm_price_t)-window 
  
rolling_out_window <- matrix(NA, ncol = (ncol(delta.matrix)*2+2), nrow = loop_lenght) 
for (i in 1:loop_lenght) { 
  rolling_out_window[i,] <- model(delta.matrix_t[i:(i+window), ], fd5_t[i:(i+window), ], 
fy1_t[i:(i+window), ], fy5_t[i:(i+window), ], comm_price_t[i:(i+window), ], 
sigma_t[((i):(i+window+y5)),] ) 
} 
  
  
  
transaction <- function(p){ 
  delta1 <- p[,-c(ncol(p):ncol(p))] 
  delta2 <- p[,-c(1:1)] 
  delta_xt <- delta2 - delta1 
  transaction <- matrix(NA, ncol = (ncol(p)) , nrow = 1) 
  for (j in 1:1){ 
    transaction[,1:1] <- 0 
  } 
  for (j in 2:ncol(p)){ 
    transaction[,j] <- (0.5*t(delta_xt[,j-1]))%*%(sigma_shrinkage*10*10^-7)%*%delta_xt[,j-1];   
  } 
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  return(transaction) 
} 
  
n <- nrow(rolling_out_window) 
forecast_p <- end-start 
pos_m <- data.frame(rolling_out_window[c((n-forecast_p):n),1:12]) 
pos_m_t <- data.frame(t(pos_m)) 
pos_g <- data.frame(rolling_out_window[c((n-forecast_p):n),14:25]) 
pos_g_t <- data.frame(t(pos_g)) 
wealth_marko <- data.frame(rolling_out_window[c((n-forecast_p):n),13:13]) 
tc_m <- t(transaction(pos_m_t)) 
wealth_gp <- data.frame(rolling_out_window[c((n-forecast_p):n),26:26]) 
tc_gp <- t(transaction(pos_g_t))  
  
nn <- nrow(wealth_marko) 
wealth_marko1 <- wealth_marko[-c(1:1),]  
wealth_marko2 <- wealth_marko[-c(nn:nn)] 
f_m <- wealth_marko1/wealth_marko2-1 
f_m <- data.frame(f_m[-c(nrow(f_m):nrow(f_m)),]) 
  
f_m_atc <- data.frame((wealth_marko1-tc_m[-c(1:1),])/(wealth_marko2)-1) 
sharpe_m_s <- mean(f_m[,1])/sd(f_m[,1])*sqrt(260); 
sharpe_m_atc <- mean(f_m_atc[,1])/sd(f_m_atc[,1])*sqrt(260); 
  
wealth_gp1 <- wealth_gp[-c(1:1),]  
wealth_gp2 <- wealth_gp[-c(nn:nn)] 
f_g <- wealth_gp1/wealth_gp2-1 
f_g <- data.frame(f_g[-c(nrow(f_g):nrow(f_g)),]) 
f_g_atc <- data.frame((wealth_gp1-tc_gp[-c(1:1),])/(wealth_gp2)-1) 
f_g_atc <- data.frame(f_g_atc[-c(nrow(f_g_atc):nrow(f_g_atc)),]) 
sharpe_g_s <- mean(f_g[,1])/sd(f_g[,1])*sqrt(260); 
sharpe_g_atc <- mean(f_g_atc[,1])/sd(f_g_atc[,1])*sqrt(260); 
  
#--------------Performance before TC--------------- 
date <- as.Date.character(comm_price1[c((end-forecast_p):(end-1)),c(1:1)], "%d-%m-%Y") 
date1 <- as.Date.character(comm_price1[c((end-forecast_p):(end)),c(1:1)], "%d-%m-%Y") 
  
f_g <- xts(f_g, order.by = date) 
f_m <- xts(f_m, order.by = date) 
  
par(mfrow=c(2,1)) 
chart.CumReturns(f_m, main="Dynamic Markowitz: Cumulative Returns") 
chart.Drawdown(f_m, main="Dynamic Markowitz: Drawdown") 
chart.CumReturns(f_g, main="Gârleanu & Pedersen: Cumulative Returns") 
chart.Drawdown(f_g, main="Gârleanu & Pedersen: Drawdown") 
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mdd_oos <- rbind(maxDrawdown(f_g, geometric = TRUE),  maxDrawdown(f_m, geometric = 
TRUE)) 
colnames(mdd_oos) <- "Max Drawdown" 
  
cal_oos <- rbind(CalmarRatio(f_g, scale=260), CalmarRatio(f_m, scale=260)) 
colnames(cal_oos) <- "Calmar Ratio"   
  
sharpe_oos <- rbind(sharpe_g_s, sharpe_m_s)  
colnames(sharpe_oos) <- "Sharpe Ratio" 
  
performance_table_o <- cbind(sharpe_oos, mdd_oos, cal_oos) 
rownames(performance_table_o) <- c("GÃ¢rleanu & Pedersen", "Markowitz") 
  
  
  
#-------------Performance after TC------------- 
  
f_g_atc <- xts(f_g_atc, order.by = date) 
f_m_atc <- xts(f_m_atc, order.by = date1) 
  
mdd_oos_atc <- rbind(maxDrawdown(f_g_atc),  maxDrawdown(f_m_atc)) 
colnames(mdd_oos_atc) <- "Max Drawdown" 
  
cal_oos_atc <- rbind(CalmarRatio(f_g_atc, scale=260), CalmarRatio(f_m_atc, scale=260)) 
colnames(cal_oos_atc) <- "Calmar Ratio"   
  
sharpe_oos_atc <- rbind(sharpe_g_atc, sharpe_m_atc)  
colnames(sharpe_oos_atc) <- "Sharpe Ratio" 
  
performance_table_atc <- cbind(sharpe_oos_atc, mdd_oos_atc, cal_oos_atc) 
rownames(performance_table_atc) <- c("Gârleanu & Pedersen", "Markowitz") 
 

R-code for Benchmark Portfolios 

  
rm(list=ls()) 
setwd("/Users/IdaFons/Dropbox/Thesis/IFR") 
require(pracma) 
require(xts) 
require(PerformanceAnalytics) 
  
comm_price <- read.csv("NA777.csv", sep =";", header = TRUE) 
comm_price1 <-  read.csv("NA777.csv", sep =";", header = TRUE) 
end <- nrow(comm_price) 
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tp <- 0.75 
start <- round(end*tp) 
comm_price <- comm_price[,-c(1:1)] 
names <- colnames(comm_price, do.NULL = TRUE, prefix = "col") 
  
y1 <- 260 
  
comm_prices <- comm_price 
  
return_est <- function(x) { 
  x1 = x[1:length(x)-1]; 
  x2 = x[2:length(x)]; 
  delta = x2/x1-1; 
} 
  
returns <- data.frame(matrix(NA, ncol=ncol(comm_prices), nrow=(nrow(comm_prices)-1))) 
colnames(returns) <- names  
for (j in 1:ncol(comm_prices)){ 
  returns[,j] <- return_est(comm_prices[,j]) 
} 
  
returns_is <- returns[-c(start:end),] 
  
var_cov_s <- cov(returns_is)  
inverse <- inv(var_cov_s) 
cor.matrix <- cor(returns_is) 
  
  
exp_returns <- data.frame(matrix(NA, ncol=ncol(comm_prices), nrow=1)) 
for (j in 1:ncol(exp_returns)){ 
  exp_returns[,j] <- mean(returns_is[,j]) 
} 
  
ones <- rep(1, ncol(comm_prices)) 
a <- sum(exp_returns*inverse%*%t(exp_returns)) 
b <- ones%*%(inverse%*%t(exp_returns)) 
c <- sum(ones*(inverse%*%ones)) 
d <- a*c-b^2 
  
max_slope <- (1/b[,1]*inverse)%*%t(exp_returns) 
gmv <- (1/c*inverse)%*%ones 
gmv_t <- t(gmv) 
max_slope_t <- t(max_slope) 
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returns_ms <- matrix(NA, ncol=ncol(returns_is), nrow=(nrow(returns_is))) 
for (j in 1:ncol(returns_ms)){ 
  returns_ms[,j] <- max_slope_t[1, j]*returns_is[,j] 
} 
  
ms_sum <- matrix(NA, ncol=1, nrow=(nrow(returns_is))) 
for (i in 1:nrow(ms_sum)){ 
  ms_sum[i] <- sum(returns_ms[i, ]) 
} 
  
returns_gmv <- matrix(NA, ncol=ncol(returns_is), nrow=(nrow(returns_is))) 
for (j in 1:ncol(returns_gmv)){ 
  returns_gmv[,j] <- gmv_t[1, j]*returns_is[,j] 
} 
  
gmv_sum <- matrix(NA, ncol=1, nrow=(nrow(returns_is))) 
for (i in 1:nrow(gmv_sum)){ 
  gmv_sum[i] <- sum(returns_gmv[i, ]) 
} 
  
date_bench <- as.Date.character(comm_price1[-c(start:end),c(1:1)], "%d-%m-%y") 
ms_sum <- xts(ms_sum, order.by = date_bench) 
gmv_sum <- xts(gmv_sum, order.by = date_bench) 
  
sharpe_ms <- mean(ms_sum[,1])/sd(ms_sum[,1])*sqrt(y1) 
sharpe_gmv <- mean(gmv_sum[,1])/sd(gmv_sum[,1])*sqrt(y1) 
  
bench_mdd <- rbind(maxDrawdown(ms_sum[,1]),  maxDrawdown(gmv_sum[,1])) 
bench_cal <- rbind(CalmarRatio(ms_sum[,1]), CalmarRatio(gmv_sum[,1])) 
bench_sharpe <- rbind(sharpe_ms, sharpe_gmv) 
  
performance_bench <- cbind(bench_sharpe, bench_mdd, bench_cal) 
colnames(performance_bench) <- c("Sharpe Ratios", "Maximum Drawdown", "Calmar Ratio") 
rownames(performance_bench) <- c("Maximum Slope", "Minimum-Variance") 
  
  
par(mfrow=c(2,1)) 
chart.CumReturns(ms_sum[,1], main="Maximum-Slope: Cumulative Returns") 
chart.Drawdown(ms_sum[,1], main="Maximum-Slope: Drawdown") 
chart.CumReturns(gmv_sum[,1], main="Minimum-Variance: Cumulative Returns") 
chart.Drawdown(gmv_sum[,1], main="Minimum-Variance: Drawdown") 
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Dynamic <- function(returns){ 
  var_cov <- cov(returns); 
  inverse <- inv(var_cov); 
  exp_returns <- data.frame(matrix(NA, ncol=ncol(comm_prices), nrow=1)) 
  for (j in 1:ncol(exp_returns)){ 
    exp_returns[,j] <- mean(returns[,j]) 
  } 
  ones <- rep(1, ncol(returns)) 
  a <- sum(exp_returns*inverse%*%t(exp_returns)) 
  b <- ones%*%(inverse%*%t(exp_returns)) 
  c <- sum(ones*(inverse%*%ones)) 
  d <- a*c-b^2 
  max_slope <- (1/b[,1]*inverse)%*%t(exp_returns) 
  max_slope_t <- t(max_slope) 
  gmv <- (1/c*inverse)%*%ones 
  gmv_t <- t(gmv) 
  weights <- cbind(gmv_t, max_slope_t) 
} 
  
window <- 260 
loop_length <- nrow(returns)-window 
comm_p <- matrix(ncol = (ncol(returns)*2), nrow = loop_length) 
for (i in 1:loop_length) { 
  comm_p[i,] <- Dynamic(returns[i:(i+window), ]) 
} 
  
n <- start-window 
  
comm_p1 <- comm_p[-c(1:n),] 
max_slope <- comm_p1[-c(1:1), c(13:24)] 
gmv <- comm_p1[-c(1:1), c(1:12)] 
  
  
returns <- returns[-c(1:(start)),] 
nn <- nrow(returns) 
returns <- returns[-c(nn:nn),] 
  
returns_ms <- matrix(NA, ncol=ncol(returns), nrow=(nrow(returns))) 
for (j in 1:ncol(returns_ms)){ 
  returns_ms[,j] <- max_slope[,j]*returns[,j] 
} 
  
ms_sum <- matrix(NA, ncol=1, nrow=(nrow(returns))) 
for (i in 1:nrow(ms_sum)){ 
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  ms_sum[i] <- sum(returns_ms[i, ]) 
} 
  
returns_gmv <- matrix(NA, ncol=ncol(returns), nrow=(nrow(returns))) 
for (j in 1:ncol(returns_gmv)){ 
  returns_gmv[,j] <- gmv[1, j]*returns[,j] 
} 
  
gmv_sum <- matrix(NA, ncol=1, nrow=(nrow(returns))) 
for (i in 1:nrow(gmv_sum)){ 
  gmv_sum[i] <- sum(returns_gmv[i, ]) 
} 
  
require(xts) 
require(PerformanceAnalytics) 
date_bench <- as.Date.character(comm_price1[c((start+3):end),c(1:1)], "%d-%m-%y") 
ms_sum_oos <- xts(ms_sum, order.by = date_bench) 
gmv_sum_oos <- xts(gmv_sum, order.by = date_bench) 
  
plot(gmv_sum_oos) 
  
sharpe_ms_oos <- mean(ms_sum_oos[,1])/sd(ms_sum_oos[,1])*sqrt(y1) 
sharpe_gmv_oos <- mean(gmv_sum_oos[,1])/sd(gmv_sum_oos[,1])*sqrt(y1) 
  
bench_mdd <- rbind(maxDrawdown(ms_sum_oos[,1]),  maxDrawdown(gmv_sum_oos[,1])) 
bench_cal <- rbind(CalmarRatio(ms_sum_oos[,1]), CalmarRatio(gmv_sum_oos[,1])) 
bench_sharpe <- rbind(sharpe_ms_oos, sharpe_gmv_oos) 
  
performance_bench <- cbind(bench_sharpe, bench_mdd, bench_cal) 
colnames(performance_bench) <- c("Sharpe Ratios", "Maximum Drawdown", "Calmar Ratio") 
rownames(performance_bench) <- c("Maximum Slope", "Minimum-Variance") 
  
  
returns <- xts(returns, order.by = date_bench) 
par(mfrow=c(2,1)) 
chart.CumReturns(ms_sum_oos[,1], main="Maximum-Slope: Cumulative Returns") 
chart.Drawdown(ms_sum_oos[,1], main="Maximum-Slope: Drawdown") 
chart.CumReturns(gmv_sum_oos[,1], main="Minimum-Variance: Cumulative Returns") 
chart.Drawdown(gmv_sum_oos[,1], main="Minimum-Variance: Drawdown") 
  
  
 
 
 


