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ABSTRACT 
 

How does an inclusion of a stochastic lifecycle income model impact individuals’ pension plans in Denmark? 

The master’s thesis will answer this question by modeling pension forecasts. The need for such assessment 

has shown persistent growth in recent years due to the shift in risk. It is now born by the individual rather 

than the pension funds. The paper begins with an introduction to the Danish pension system and a 

presentation of the new common investment assumptions connected with pension forecasting. Other 

studies find the new investment assumptions decrease expected coverage ratios and it seems more 

important than ever to build a reliable model to forecast pension savings.  

In the master’s thesis, pension savings are forecasted for three stereotypical individuals within three risk-

profiles. To evaluate changes to the model, a baseline case is created which reflects the current forecasting 

model. The baseline case reveals high coverage ratios in all scenarios. However, the baseline case relies on 

an unrealistic static income pattern. To improve the model, an implementation of a stochastic lifecycle 

income model is made.   

Through analyses, the lifecycle income model is found to have a hump-shaped pattern that can be 

expressed by a cubic equation. The model implies the average income increases to a factor 1.80 at age 52 

and decreases by 7% at retirement. By adding more accurate and sophisticated income assumptions, our 

analysis shows how coverage ratios decrease relative to the baseline case. As a consequence of volatile 

income patterns, the standard deviation of the wealth and pension distributions increase. 

Furthermore, the more comprehensive model concludes on several aspects of pension forecasting. 

Through a sensitivity analysis, changes in contribution rates are shown to have a lower impact on total 

annual pension than changes in real returns. Thus, the effect of compounded interest seems to outperform 

the effect of contributions. Additionally, the hump-shaped income causes the effect of retiring 5-years 

before the official age to be significantly worse than postponing pension contributions five years. 

To put the findings into perspective, the master’s thesis discusses the political proposal of early retirement. 

Conclusively, the answer lies in a personal expectation to future consumption. If a hump-shaped income 

pattern is assumed, the average low-income individual will have to decrease consumption habits by up to 

30 % if retiring five years before the age of 72. The decrease in consumption must be increased with higher 

income, and it must be expected a high-income individual should contribute to a private pension saving if 

early retirement is desired. 
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Section I – Introduction 
For six consecutive years, from 2012-2017, Denmark was awarded as the world’s best pension system, due 

to high coverage ratios, focus on sustainability and great integrity. Although in 2018, Denmark had to see 

themselves beaten by Holland (Mercer, 2018). One of the reasons behind Denmark’s success lies in their 

three-pillar system; state pension, labor market pension schemes and personal pension savings. Each pillar 

contributes to a high degree of savings which in 2017 totaled to an impressive sum of 209 % of the Danish 

GDP (OECD, 2018). However, the Danish pension system might seem robust and sustainable; many 

challenges still emerge.  

Firstly, demographic changes have led to an eldering population that now lives longer than ever. This 

implies being retired for a longer period unless the official retirement age increases. Hence, when the 

period of retirement grows, the need for larger savings follows. Although some political interferences have 

been made to increase the retirement age as well as increasing the contribution rate for public employees, 

it remains a crucial topic. 

Secondly, post the financial crisis in 2008, yields on fixed income instruments have been at an all-time low 

reaching even negative yields on some government bonds. This trend has forced pension funds to seek 

returns on riskier assets such as equity, real estate or alternatives. Consequently, pension funds have tried 

to shift customers from guaranteed products to market-return based products. Market-return products are 

characterized by individuals who carry the risk of negative returns as well as the implied higher level of 

volatility.   

Thirdly, the implementation of the EU Directive, Solvency II, has supplied pension- and insurance 

companies with an incentive to strengthen the trend of transferring risk to the customer. This is primarily 

due to new solvency capital requirements that increase accordingly to the marked-to-market risk of assets 

and liabilities.  

It can be discussed whether carrying risks should lead to higher returns in the long run which then would 

benefit the pension savers. Thus, as more risk lies on the individual, it is more crucial than ever to establish 

reliable and transparent models to predict the outcome of pension savings.  

However, it seems many Danish pension savers currently do not have the knowledge nor interest in 

optimizing their pension. Research by Penge- og Pensionspanelet, a sub-department of the Danish FSA, 

shows that 58 % of women and 40 % of men did not know their estimated coverage ratio (Penge- og 

Pensionspanelet, 2015). Further, the options for investment choices are often limited to either high, 

medium or low risk. These investment choices are then designed and regulated as lifecycle products based 

on age where pension funds automatically decrease risk as time passes.  

Finally, pension funds are obligated to use industry-based investment assumptions in their forecasts. New 

investment assumptions are annually published by Forsikring & Pension (the industry interest group). 

However, the investment assumptions have been heavily debated for being too optimistic and simplistic. In 

2018, the investment assumptions did only contain two asset classes and had no standards for including 

risk. Of course, this is problematic, as the risk has shifted from the pension fund to the individual. 

Therefore, variations in returns due to risk have linked pension savings to uncertainties that might surprise 

the individual when it is too late to change.  

To cope with this issue, new regulations are being implemented in 2019 and 2020. Concretely, the new 

regulation aims to create transparency with regards to risk as well as adjusting expected returns to provide 

a better fit of the individuals’ pension savings.  
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Even though the 2019 investment assumptions are a significant improvement for the industry, it remains 

our opinion the underlying assumptions connected with pension forecasting still requires work. We believe 

it is of the highest importance to focus not just on the investment assumptions but also on the forecasting 

assumptions in general. Currently, the industry-based forecasting technique is built upon an assumption of 

constant labor income and unemployment which is a notion this thesis will challenge. 

Although, as regulation will strengthen pension forecasting models, the authors of this thesis still find the 

basis for more thorough analyses of the models. This master’s thesis will investigate and discuss this topic 

with the objective of creating more concise and transparent forecasting models.  

1.2 Research question 
The following research question acts as the guideline for this master’s thesis. The question is supported by 

a series of sub-questions and analyses which will be answered chronologically: 

How are pension savings currently forecasted and how does the inclusion of a stochastic lifecycle income 

model impact individuals’ pension plans in Denmark? 

• What characterizes the current pension system in Denmark and how has the system evolved in the 

past years? 

• How does the new investment assumptions impact pension forecasts? 

• How do current assumptions reflect the past and present investment climate? 

• How does an implementation of a stochastic lifecycle income model affect the forecast of pension 

savings? 

• How does an inclusion of lifetime utility change the optimal portfolio composition? 

• How can our findings explain the feasibility of the political proposal of early retirement? 

1.3 Thesis outline  
This thesis consists of 10 sections. In the following, the content and purpose of each section are briefly 

described.  

Section I – Introduction 

This section consists of an introduction, research questions, delimitation, scientific approach, and a thesis 

motivation. The objective is to provide the reader with a broad overview and outline of the entire thesis as 

well as making the topic relevant. 

Section II – Review of the Danish pension system  

The objective of section II is to provide a foundation for further analyses. Through the section, both 

historical and present characteristics will be presented to outline how the Danish pension system has 

evolved over the past decades. In section two, it will become evident that both internal and external factors 

have recently transformed how Danes invest their pension funds. Today, most individuals bear the 

investment risk themselves which make proper analyses of pension savings more crucial than ever. 

Section III – The new investment assumptions  

In section III, the new investment assumptions from 2019 are presented. To provide insight into the 

investment assumptions a comparison between 2018 and 2019 is made. Further, a review of another study 

is examined where differences between investment assumptions are quantified. In 2018, the two CBS-

professors Claus Munk and Jesper Rangvid made various analyses related to the recent changes in industry 
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standards. Through the section, their results will be presented as their work has been an inspiration and 

has provided us with a theoretical foundation.  

Section IV – Analysis of investment assumptions  

In contrast to section III, the purpose of section IV is to test and review the investment assumptions 

presented by Forsikring & Pension. As the investment assumptions are used frequently in most analyses, it 

is essential to test whether those assumptions infer realistic expectations of returns and risk. The section 

consists of various tests where both returns, risk, correlations are tested through historical back-testing and 

current valuations. Further, we discuss mean-reversion to determine if independent returns are a proper 

assumption. Finally, we sum the analysis in a critique of the 2019 investment assumptions.  

Section V – Model building  

The objective of section V is to present and describe the simulation model used for the analyses in section 

VII. In the section, we describe how the model is constructed and calculated as well as providing 

assumptions for the model. The model presented is a stochastic model that can be simulated using the 

Monte Carlo method.  

Section VI – Lifecycle income model 

In section VI, the lifecycle of income for individuals is analyzed, and a model is constructed. Through the 

analysis, both Danish aggregated data, and other empirical studies are used to determine income patterns 

through a lifecycle. Through the section, both increases in wages, the shape of income development and 

unemployment is analyzed. Conclusively, a cubic equation is assumed to be of best fit combined with a 

binomial risk of unemployment. The equation and modeling of wages are used in section VII to determine 

the simulated contributions.  

Section VII – Forecasting pension savings through simulations  

In section VII, pension savings are forecasted through simulations as presented the two previous sections. 

The section will start with a description of three stereotypical individuals and their characteristics. This is 

followed by an analysis of asset composition which follows a lifecycle investment strategy. Hereafter, the 

section will present our findings on the simulated pension forecasts. Firstly, a baseline is presented which is 

used for further comparisons. Further, assumptions are loosened, and static variables become stochastic to 

implement a more realistic model. In comparison to the model used by Claus Munk and Jesper Rangvid in 

section III, our focus will lie on a stochastic wage model as well as testing the sensitivity of relevant 

variables.  

Section VIII – Long-term investment strategies 

In this section, we will present various long-term investment strategies that are theoretically based but 

easily applied to real-life examples. We will mathematically prove how to solve for an optimal portfolio 

choice through a lifetime given a utility function. We introduce a utility function, constant relative risk 

aversion (CRRA). Further, we present the human capital approach to determine the lifetime wealth of an 

individual. The human capital approach is then combined with the utility function to determine the 

portfolio composition and development through a lifetime. Also, we compare our utility functions to the 

portfolio compositions of pension funds to determine which levels of risk aversion are considered low-, 

medium- and high-risk portfolios.  
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Section IX – Discussion of relevant media topics and analysis of actual pension funds 

This section will discuss some of the relevant topics that are part of the on-going media debate and 

election. We believe our forecasting model can contribute with a new and more sophisticated perspective. 

The discussion will be divided into three topics. First, a comparison of investing in two different pension 

funds is made. The objective is to assess what consequences if any, the choice of the pension fund has. This 

will be followed by a discussion that examines the required coverage ratio to sustain consumption habits. 

Finally, the consequences of retiring earlier are discussed. Early retirement is currently a hot topic in the 

media as both the government and opposition recently have proposed and agreed to new legislation. 

According to the government, new legislation should enable worn-out workers to retire early. However, it 

must be discussed whether this is possible (Regeringen, 2019).    

Section X – Conclusion  

The final section of the master’s thesis will present a conclusion of the major findings.  

1.4 Scientific theoretical approach  
The following section will introduce the scientific approach used in this master’s thesis as well as the 

underlying philosophical perspective. The paradigm of the thesis is positivism, why the ontology 

(perception of reality) is rational. Hence, we assume a true answer exists independently of subjective 

opinions why it is possible to grasp, calculate and conclude on the truth. The epistemology becomes 

objective in the sense that all conclusions are made by logical arguments and can be redone with equal 

results (Heldbjerg, 2001). Through our thesis, we assume mathematical rules to be true, why the output of 

simulations is true if inputs are correct. Further, our inputs are based upon valid data why a subjective 

individual should reach equal conclusions.  Thus, the methodology is experimental but constrained to 

mitigate the risk of not-intended variables to interfere with our simulations. This is the case of the 

simulated model where all input variables are known. Though, it should always be questioned whether we 

are always able to remain objective, although, subjectivity is mitigated by our mathematical approach that 

allows others to reproduce our results.   

Our scientific approach is characterized mostly by the deductive method. The deductive approach is 

defined as creating a hypothesis based on existing theory and studies. The method is generally less risky as 

some conclusions in the field are already made and accepted. The deductive approach is used as other 

studies before this thesis has researched forecasting pension schemes. In the deductive approach, we 

arrive at a new replicable and logic conclusion that will add to the existing knowledge in the field (Research 

Methodology, 2019).  

1.5 Delimitation  
To focus our study, delimitations to this comprehensive topic must be made. At first, one major 

delimitation is to only study the effect on the individual rather than the pension fund. This is due to the 

trend in the industry where individuals to a higher degree carry the risk of losses.  

As the purpose of our study is to examine and improve the forecasting models, we focus primarily on the 

deviations in pension savings rather than optimizing an investment strategy. Nonetheless, an improvement 

in the ability to predict future returns can help individuals optimizing their pension plan given a certain 

known risk profile. Thus, we do not present our output in section 7 in order to determine the optimal 

coverage ratio. However, the optimal and required coverage ratio will be examined and discussed in 

section 9.  
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We refrain from including a political perspective to the topic. State pension and retirement age are 

assumed to stay at currently predicted levels. Hence, we include already expected changes but refrain from 

including the risk of changes in regulations.  

Additionally, as section two will highlight, three common types of pension exist: Life-long annuities 

(Livrente), lump-sum payments (Aldersopsparing) and fixed annuity benefits (Ratepension). However, our 

study only examines life-long annuity products which is a strict delimitation. Many low and medium-income 

individuals benefit by depositing the maximum amount to their “Aldersopsparing” as this does not lead to a 

reduction in the supplementary state pension. However, we believe our study can be applied to other 

pension products. 

We also delimitate ourselves from including any type of personal pension savings that many individuals 

have besides their labor market pension schemes. This delimitation seems to be in accordance with low 

and medium-income individuals. However, many high-income individuals will save for retirement besides 

the mandatory labor market pension scheme.   

Moreover, we only focus our study on single retirees. This delimitation has been made to simplify the 

analysis as couples have other and more complicated rates for state pensions. Beside single retirees, only 

women are being forecasted. This is necessary as women and men have different mortality rates. The 

results only differ insignificantly why posting the results for both men and women would be a repetition.  

Finally, we only apply our analysis and forecasting technique on three separate stereotypes of individuals. 

These stereotypes are based on aggregate data from Danmarks Statistik, why some of these numbers could 

be misleading or biased for the individual. The risk is mitigated by introducing a stochastic labor income 

development model. This creates many different income paths, and we believe the aggregated results will 

reflect the Danish population better as a whole.  

1.6 Thesis motivation    
When conducting a master’s thesis, one should choose a subject in which new findings can be made. At the 

same time, the content of the thesis and the research question should be relevant to the area of study. This 

section will briefly discuss our motivation for writing this thesis, as well as explaining why our findings can 

be of the highest relevance for the pension industry.  

According to OECD, Denmark has the highest level of pension savings relative to GDP in the world. Denmark 

has tied more than DKK 4,600 billion to pension savings (OECD, 2018). In 2017, more than 2.6 million Danes 

contributed to pension schemes (Forsikring & Pension, 2019). Relative to the total 2,745 million people 

employed in Denmark, almost 95 % contributed to a pension saving in 2017 (Danmarks Statistik, 2017). 

Hence, pension savings account for a significant part of the Danish investment environment as well as 

essential insurance for most people in Denmark.  

What we realized in autumn 2018, was a lack of transparency in the modeling of pension savings. At the 

same time, Forsikring & Pension co-created with Jesper Rangvid and Claus Munk an analysis of the impact 

on pension savings if returns should decrease in the future. They estimated the risk of a portfolio and the 

confidence bands on pension savings. The analyses showed that current forecasting models overestimate 

returns leading to individuals getting lower than expected payouts. As most pensioners depend highly on 

their life-long pension savings, a reliable model is essential for planning retirement. Our motivation is not to 

find the optimal portfolio nor the optimal contribution, but rather create a model in which it is possible to 

compare portfolios. Hence, we seek to build a model containing essential variables which will provide a 

sufficient and transparent result within a confidence level. Although most forecasting models can be 
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improved, our goal is to create a “one-size-fit-all-model”, as the objective is a model which can be used as 

an industry standard. 

1.6.1 Physical meetings with two pension funds  
In order to realize whether our thesis has relevance for the industry, we arranged meetings with Danica 

Pension and PensionDanmark. The purpose of the meetings was not to identify whether new investment 

assumptions and principles were correct or better, but rather to get an understanding of how pension 

funds perceive the common industry standards. Thus, the meetings can be seen as a motivation for the 

thesis, rather than a source of valid information.  

At the meetings, we met with the CFO and Head of Fixed Income at PensionDanmark and Head of Analysis 

and Products at Danica Pension. All respondents wished to remain unquoted why this section should only 

be perceived as our interpretation of their words. Thus, we will not disclose which part said what, since the 

respondent easily can be found.  

Before the meetings, we sent out four questions to the respondents. Therefore, our method can be 

described as a semi-constructed interview where a few main questions are put out for the respondent to 

lead the interview. Besides the few questions, other questions will arrive during the meeting. This method 

is often the best when the interviewer has some knowledge in the field but wish to obtain new knowledge, 

he/she was not aware of before the interview. Contrary, the interviewer might influence the respondent in 

a certain direction which should be perceived as a weakness (Andersen I. , 2014).  

Our findings from each question will be elaborated below.  

1) How have the changes in investment assumptions affected your choice of asset allocation?  

All respondents clearly stated that investment assumptions do not impact their choice of asset allocation. 

Hence, both pension funds refuse using the investment assumptions to optimize the portfolio Sharpe ratio 

or return. However, they also stated optimizing portfolios using the investment assumptions resulted in 

odd portfolios that would not be considered optimal for a pension saver. Though, they pointed out, using 

investment assumptions to optimize portfolios and present it as marketing material could be a potential 

issue.  

2) How do you incorporate and use lifecycle asset allocations? 

Unrelated to each other and without our interference all respondents expressed use of the human capital 

strategy. The idea of a human capital strategy is to optimize the investment strategy by including the 

present value of future expected income. This implies having a large proportion of risky assets when 

savings are relatively small. Further, in the lifecycle, the high-yielding assets are then replaced with less 

risky assets to keep the nominal risk constant. Thus, the portfolio composition should be based on the 

nominal risk rather than the relative risk.  

3) Do you believe the new investment assumptions provide sufficient and realistic assumptions for a 

good model? 

Once again, the respondents agreed the investment assumptions was a strong improvement relative to the 

old investment assumptions. However, both pension funds argued the model still has room for 

improvement. At first, they expressed how investment costs would benefit the more expensive pension 

funds whereas the cheaper funds would be punished. Secondly, one pension fund questioned static returns 

that did not include any form of mean reversion. Lastly, one pension fund questioned why risk classes were 
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defined as simple averages rather than the market capitalization of the portfolio. Consequently, they could 

be obligated to take on more risk or reclassify their products to reflect the industry standard. However, 

they still argued that common and predefined risk classes are beneficial for the industry. 

4) How can the investment assumptions be improved?  

As the previous question implied, the investment assumptions have room for improvement. Through our 

interviews, changes were perceived as good progress for the industry. Both pension funds outlined how the 

implementation of the investment assumptions as well as new risk classes can help the image of the 

industry. In their eyes, the financial sector has been subject to various recent scandals. Latest the Danske 

Bank and Nordea money laundering case could be mentioned. By creating transparency and consistency 

across the pension sector, both pension funds argued the customer satisfaction could be improved. One 

pension fund even expressed how the new implementation was not only an improvement but a crucial 

necessity for the industry as a whole.  

Besides the previously mentioned lacks, we asked all respondents how they perceived and model variations 

in contributions due to either change in wages or unemployment. Frankly, both pension funds did not 

include variance or changes in contributions, why they assume constant contributions measured in present 

value terms. We were very surprised by the answer as the human capital strategy is profoundly impacted 

by future expected income. Due to the findings in the interviews, we will conduct an analysis proving how 

changes in contributions impact the total risk.  

Collectively, the two interviews did widen our eyes. Multiple elements were shown to have an impact on 

the model. Our motivation for including a stochastic lifecycle income model increased, as it to us became 

clear how essential those variables might be.  
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Section II – Review of the Danish pension system 
This section will start by review the Danish pension system with an emphasis on its three-pillar system. 

Hereafter, recent changes and developments to the Danish pension system will be reviewed.  

2.1 The Danish pension system from a historical perspective 
The Danish pension system has developed tremendously since the first private-owned Danish life-insurance 

company, Hafnia, was founded in 1872. Since then, the pension industry has grown significantly. The 

increase in popularity is a result of several initiatives: Denmark was one of the first countries to introduce a 

state pension that secured an income to all retired citizens. State pension was introduced in 1891 and has 

also been developed to include a supplementary pension and an old age supplement to support low-

income individuals. Additionally, in 1964, ATP Life-long pension was founded. ATP is a publicly owned 

pension fund where 9/10 working citizens now contribute.  

The latest initiatives are the labor market pension schemes that were introduced in the 1990s which has 

forced a large group of Danish workers to contribute to a pension scheme. Today, 7/10 working citizens 

choose to save additional pension through these labor market pension schemes.  The minimum 

contribution reached 12 % of the salary in 2010 for all unions in Denmark (Finansministeriet, 2017). 

Although, as this type of pension was not introduced before 1990, the scheme is not entirely in effect yet. 

In 2017, The Ministry of Finance published a report concluding that the labor market pension schemes will 

not be fully mature until 2080 (Finansministeriet, 2017). 

Due to this development of the pension system various pension savings schemes have been introduced 

where the three conventional products today are: Lump-sum payment (aldersopsparing), fixed annuity 

benefits (ratepension), life-long annuity (livrente).  

2.2 Purpose of the Danish pension system and description of the three pillars.  
The Danish pension system is based on a three-pillar system as indicated by figure 1. Altogether the three 

pillars have three primary purposes. Firstly, it needs to secure a sufficient level of income for pensioners. 

Secondly, it makes sure individuals can retain the same standard of living after retirement. Ensuring the 

same standard of living is measured by a coverage ratio which is the ratio between the labor income and 

the total annual pension. This will be a crucial parameter throughout the master’s thesis. Thirdly, it needs 

to provide insurance in relation to unanticipated incidents such as loss of working ability before retirement 

age (Finansministeriet, 2017). 

 

Figure 1: The Danish pension system. Authors’ modification (pensionforalle.dk, 2019)  
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2.2.1 The State Pension and ATP (first pillar) 
The first pillar, the state pension, and ATP Livslang Pension ensure a stable pension income after 

retirement. Even though private pensions have increased a lot recently, pension payments from the public 

still make up a large part of individuals’ pension income. The public pension schemes include the state 

pensions and its supplements and ATP. This public pension helps to ensure economic stability to all retirees 

in Denmark. All Danes, who have more than ten years attachment to Denmark are eligible for the state 

pension. However, to receive the full amount, an individual must have lived at least 40 years in Denmark 

after the age of 15. Pensioners are eligible for the state pension from the retirement age of 65 to 68 years, 

depending on the year of birth (borger.dk, 2019).  

The state pension consists of three payments: The state pension basic amount, the supplementary pension 

and the old age supplement. The basic amount is the only one which is not dependent on other pension 

income and wealth. For single retirees in 2019, it amounted to DKK 75,924 annually before tax (borger.dk, 

2019). This amount will only decrease if the pensioner has labor income exceeding DKK 329,600 annually. 

Besides the basic state pension, a retiree can get the supplementary state pension. The maximum of this is 

in 2019 DKK 83,076 annually, although, it is reduced by 30.9 % if income exceeds DKK 87,800 annually and 

wholly removed for incomes exceeding the upper limit of DKK 356,600 (Seniorhåndbogen, 2019). These 

amounts are also depending on your marital status. Finally, pensioners may receive an old age supplement 

of DKK 17,200 yearly if the retiree’s total assets are lower than 86,600 (borger.dk, 2019). 

Due to these facts listed above it leads to the following figure of pension income distribution: 

 

ATP Lifelong Pension is a supplement to the state pension. The scheme ensures that individuals have an 

additional income. Everybody automatically receives ATP pension after retiring if contributions have been 

made. The contribution to ATP is split between the employer and employee, where the employer covers 

2/3 of the total contribution (borger.dk II, 2019). The amount an individual receives is dependent on the 

contribution throughout the working career. Both ATP and state pension are considered life-long annuities 

as they are paid out from the day of retirement till death. 

As a result of the security net of public pensions, the Gini-coefficient is lower for people in the retirement 

age compared to people in the working age (25-64) (Finansministeriet, 2017). Hence, besides ensuring 

economic stability, state pension also provides economic equality between retirees.  

Figure 2: Distribution of the state pensions – Authors’ modification (PenSam, 2019) 
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2.2.2 Labor market pension schemes (second pillar) 
The second pillar consists of labor market pension schemes which escalated in the 1990s. In a pension 

perspective, these schemes are still relatively new as many retirees have not been a full part of the scheme. 

In 2015, labor market pension schemes made up approximately 80 % of contributions (Forsikring & 

Pension, 2015). The schemes are still increasing in popularity and are projected to be fully matured by 2080 

(Finansministeriet, 2017). The primary purpose of these schemes is to ensure a decent pension income 

relative to the working income. Thus, help retain the standard of living after retirement. In other words, to 

ensure a satisfying coverage ratio. Labor market pension schemes are typically based on collective 

agreements between the employer and employee. Contributions are mandatory within many industries. 

The contribution rate per 2019 is at least 12 % of the gross income. However, as later analysis will show, 

the rate varies for different sectors and different levels of income. Typically, individuals with higher income 

contribute more as they have a higher standard of living to retain when retired (Finansministeriet, 2017).  

Thus, pillar two plays a vital role in ensuring that the Danish pension system is sustainable for years to 

come with longevity booming. The comprehensive labor market pension schemes are also one of the major 

reasons that Denmark has second-best pension system in the world (Mercer, 2018).  

2.2.3 Personal pension savings (third pillar) 
The last pillar is personal pension savings. This is the individuals’ savings in a bank or a private pension fund. 

Personal pension savings is the most flexible as the individual control the investment strategy and 

contribution. However, as it is optional to contribute to a private pension saving, just 20 % of the Danish 

populations choose to save up in private pension schemes (Pensionforalle.dk, 2017). Private pension 

savings are primarily used by self-employed workers and workers who want or need a higher coverage ratio 

than what their current labor market pension scheme supplies. As we refrain from including any personal 

pension saving into our model, we will not elaborate on the third pillar more thoroughly.  

To sum up, on these three pillars, it is evident they all play an important role. Even though labor market 

pension schemes have increased significantly since its introduction, the largest amount of income still 

comes from pillar one. As of 2017, 57 % of all pensioners get the full amount of supplementary state 

pension. This exemplifies the importance of including state pensions and ATP in our model. It is not until 

2080 that the labor market pension schemes will be fully matured. At that time, the fraction of retirees who 

get the full amount of supplementary pension will decrease to 17 % (Finansministeriet, 2017, s. 28).  

2.3 Demographic development 
The Danish population is getting older than ever why the topic “pension” has been heavily debated for 

many years now. To show the development, life-expectancy for newborn babies by gender is illustrated in 

figure 3. It indicates the average newborn can expect to live 8.2 years longer for men (from 70.8 to 79) and 

7.2 years longer for women (from 75.7 to 82.9). Thus, newborn girls will still outlive men by approximately 

3.9 years (Danica Pension, 2018).   
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As the life-expectancy are increasing, it sets certain requirements to the pension system in order to ensure 

the robustness. To cope with the development, the retirement age has been increased gradually which is 

shown in table 1 below.  

Date of birth Year of retirement 

December 31st, 1953 or earlier 65 

January 1st, 1954 - June 30th, 1954 65½ 

July 1st, 1954 - December 31st, 1954 66 

January 1st, 1955 - June 30th, 1955 66½ 

July 1st, 1955 - December 31st, 1962 67 

January 1st, 1963 - December 31st, 1966 68 

January 1st, 1957 or later 68+ 
Table 1 – Changes to the retirement age – Authors’ creation, (Ældresagen, 2019) 

As the population is becoming older, naturally it has led to more public expenses in terms of state pensions 

and thus applied pressure on the Danish pension system. The number of pensioners receiving state pension 

has increased significantly in the last years. It has grown by approximately 10 % from 2014 to 2019 

(Danmarks Statistik, 2019). To accommodate changes in the demographic composition, the Danish 

government has created incentives for citizens to privately save more for retirement by giving favorable tax 

deductions for pension savings as well as offering a bonus if the individual chooses to postpone its state 

pension. 

Additionally, the government has agreed to increase the retirement age furtherly. Through most of our 

modeling in sections 5-7, individual with the age of 25 in 2019 is assumed. The retirement age for such an 

individual is projected to be 72. For new-born babies in 2019, the retirement age is expected to be 77 years 

(Velliv, 2019). 

As mortality rates are a vital parameter in our simulation model, we will return to the discussion of 

longevity and mortality in a later section when describing our model.  
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Figure 3: Life expectancy for new born babies (1970-2017) Authors’ creation (Danmarks Statistik, 2018) 
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2.4 Recent developments in the Danish pension market 
After the description of the Danish pension system, we will present the recent developments within the 

Danish pension system. The sub-section will describe the transition from guaranteed yield products to 

market-return based products and examine the consequences of this shift with an emphasis on risk.  

2.4.1 A shift of risk from pensions funds to individuals 
Pension benefits in life-long annuity products can be divided into two product categories; market-return 

based products and guaranteed yield products. Throughout the past decade, an increase in the use of 

market-return based products has shifted the risk from pensions funds to individuals. This is due to multiple 

factors but has severe implications for the individuals’ pension savings. 

2.4.1.1 Guaranteed yield products 

Originally, guaranteed yield products, or average return products, were the most popular pension scheme 

products. As the name indicates, a predetermined yield is guaranteed to the individual. These have also 

been known as defined benefit schemes. No matter if yields in a given year are positive or negative, the 

yield on the pension scheme is fixed. Therefore, years with negative yields will not affect the individual but 

only the pension fund that is obligated to pay the fixed yield. Hence, in guaranteed pension schemes the 

pension funds carry the risk associated with the product.  

In table 2 below, past guaranteed rates of return for three major Danish pension funds are shown. The 

rates are reported before costs and bonus potential. The development illuminates how the guaranteed 

rates have decreased since the financial crisis due to lower yields on fixed income. In the year 2017, the 

nominal guaranteed return was between 1.8-2.5 % which must be considered a low rate when taking 

inflation, a lower purchasing power, into account. Prior to the financial crisis, the average guaranteed yields 

were above 5 %. The later analysis will dig deeper into the consequences of low interest rates and returns 

on the final coverage ratio. 

 

Table 2: Historical guaranteed rates (%)  in major Danish pension funds (PFA Pension, 2018) (Danica Pension, 2018) (Nordea Liv & 
Pension, 2018) 

2.4.1.2 The shift from guaranteed products to market-return based products  

The other type of product is the market-return based product. This is also referred to as a defined 

contribution scheme as the benefits are now unknown, and only the contributions are predefined.  

In contrast to guaranteed yield products, the individual bear the entire investment risk. Return on stocks 

and bonds are directly linked to the saving and the individual only pay investment- and administration fees 

to the pension fund.  

In the past 15 years, a shift from guaranteed products to market-return based products have happened. A 

report made by the Danish FSA in 2017, found that market return products accounted for more than 60 % 

of total pension scheme contributions (Finanstilsynet, 2017). This is a recent trend, as contributions were 

less than 10 % of total contributions in 2003.  

Year 2018 2017   2016 2015 2014  2013  2012 2011  2010 2009  2008 2007 2006 2005

PFA Pension 2.4 2.2   2.4 2.9 2.9 2.9 3.3 4.0 3.9  4.3  7.0  6.0

Velliv 2.5 2.5 2.0 2.0 1.9 1.8 1.8 3.3 3.5 2.2 7.0 6.3 5.2 5.1

Danica 

Pension
1.8 1.8 1.8 1.8 1.8 1.8 1.8 2.3-3.3 3.3 2.7 1.8 6.5 5.3 5.3
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Figure 4: Development in market return products 2003-2015 (Finanstilsynet, 2017) 

Multiple factors can explain the sudden change in pension scheme products. At first, lower interest rates on 

fixed income has led to low guaranteed yields that inevitably will lead to lower coverage ratios. Secondly, 

the implementation of Solvency II has urged pension funds to move risk from the pension fund to the 

individual. Thirdly, market-return based products have a higher degree of investment freedom which 

makes it easier to reallocate funds in a rapidly changing market.  

2.4.1.3 Implementation of Solvency II and the shift of balance sheet risk 

In January 2016, the Solvency II Directive was implemented in the European Union. In a report by the 

Danish FSA, the purpose of the Solvency II regulation is;  “…to provide even better protection of 

policyholders, to ensure uniform rules in the European Single Market, to increase insurance companies’ 

competitiveness internationally, and to support financial stability” (Finanstilsynet, 2017). As many Danish 

pension funds engage in life-insurance activities, these are subject to the Solvency II Directive as well.  

The regulation is divided into three main pillars; 1) Quantitative Requirements, 2) Requirements for the 

Governance and Risk Management of Insurers and 3) Disclosure & Transparency Requirement. The first 

pillar, quantitative requirements, are requiring insurers to meet the Solvency Capital Requirement (SCR) 

and a Minimum Capital Requirement (MCR). Both are to be lived up to using the Solvency Capital 

Requirement Standard Formula (SCR Standard Formula) set by The European Insurance and Occupational 

Pensions Authority (EIOPA). Pillar two and three aims to secure transparency and proper risk management 

with multiple supervisory layers to ensure that no unnecessary risks are being undertaken. As the objective 

of this master’s thesis is to analyze individuals’ pension plans, we will only very briefly go over the Solvency 

Capital Requirement (SCR) formula. 

2.4.1.4 The SCR Standard Formula 

The SCR Standard Formula quantifies balance sheet risks to a marked-to-market valuation. The model is a 

stress test using Value at Risk approach for the 99.5 % confidence level on a 12-month ongoing basis. 

0%

10%

20%

30%

40%

50%

60%

70%

2003 2004 2005 2006 2007 2008 2009 2010 2011 2012 2013 2014 2015

Development of market-return based products

Contributions to market return-products as a percentage of total contributions

Technical provisions for market interest return products as a percentage of total provision



Page 18 of 102 
 

Hence, insurers should be able to meet their obligations in 199 out of 200 years. In addition, the SCR 

Standard Formula contains standardized risk sub-modules that divide all assets into certain categories. 

Further, EIOPA calculates both the correlation between asset classes and the level of shock (decreases in 

asset classes). Thus, the level of own funds in an insurance company should be larger than the Solvency 

Capital Requirement (EIOPA, 2014).   

2.4.1.5 Shift of balance sheet risk due to Solvency II 

As new capital requirement regulation obligates companies undertaking more risk to have more strict 

capital requirements, many Danish pension funds have shifted risk from the insurers to the customers. As a 

direct consequence, insurers can decrease capital requirements by moving customers from guaranteed 

products to market-return based products. As an example, assume a life-insurance company has the choice 

between selling a guaranteed product with fixed payouts or a market-return based product. Assume the 

life-insurance product is 100 % equity-based, the discounting rate is 0 %, and capital requirements are 

calculated by the SCR standard formula stress test with a decrease in stocks of 49 %. In both cases, the 

value of the product on the asset side of the balance sheet decreases by 49 %. If the product is market 

return based, the present value of the liability will decrease by 49 % as well, leaving the insurer with no risk. 

In the case where the liability is guaranteed, the value of the liability is constant, and the decrease in assets 

will lead to a decrease in the insurer’s equity. Thus, due to SCR, the insurer is required to have a higher 

level of SCR when selling guaranteed products. 

As figure 4 illustrates, Danish pension funds have to a high degree shifted risk by switching from guaranteed 

products to market-return based products. On the one hand, this is, all else equal, making them more 

solvent, as market fluctuations in assets affect customers rather than the pension funds. On the other 

hand, the overall risk of the assets has not necessarily been lowered but rather transferred from one party 

to another.  

2.4.1.6 Changes in market returns 

Historically, risks, returns, and correlations on asset classes have varied. However, throughout the past 

decade, yields on bonds have decreased to all-time low levels. This development has severe implications 

for pension savings as real returns are crucial to receive a decent pension. As mentioned in the two 

previous sections, pension savers now carry the market risk and do not receive a fixed yield anymore. Later 

in the thesis, we will examine how different level of returns impact pension savings. Hence, this section will 

only describe the current investment climate to illuminate why pension funds no longer can guarantee 5 % 

yields to their customers. 

Before the financial crisis in 2008, pensions funds were able to guarantee their customers more than 5 % in 

yield on their investment each year as tabled 2 showed. Savings were to a high degree invested in relatively 

safe products such as fixed income and Danish government bonds. As seen in figure 5 below, a 10-year zero 

coupon yielded between 3 % and 8 %. In recent years, such bonds are yielding less than 1 % annually. The 

development has two implications: Firstly, pension funds have to take on much more risk to guarantee high 

yields. Secondly, in order to obtain nominal returns of 3-6 %, pension savers must expose themselves to 

riskier assets. 
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Figure 5: Development of the 10-year Danish government bond yield curve (Thomson Reuters Datastream, 2019)  

To compare yields historically, the table below shows the average yield on different bond classes in the 

period 2002-2009 and 2010-2018. What must be highlighted is the decrease in all types of fixed income. 

The table does not include returns due to changes in bond prices, but it illuminates that a 5 % nominal yield 

requires a high degree of high yield European bonds or a willingness to include American or emerging 

market bonds in which the portfolio will be exposed to currency risk.  

Average Yield DK 10 Year Zero US Investment Grade EU High-yield Emerging markets gov't 

2002-09 4.22% 5.27% 10.48% 6.95% 

2010-18 1.43% 3.11% 5.53% 6.74% 

Table 3: Yields on fixed income (Bloomberg, 2019) 

2.4.1.7 Change in asset allocation 

As risk has shifted from the pension fund to the individual, market fluctuations lead to a higher degree of 

instability in pension savings. However, not only has fluctuations increased due to changes in product 

structure, but the asset allocation has also made pension savings riskier.  

 

Figure 6: Asset allocation in pension products, Q2 2016 (Finanstilsynet, 2017) 

As shown in figure 6 above, the proportion of riskier assets, such as stocks, are more substantial for market-

return portfolios (37 %) relative to guaranteed yield portfolios (22 %). The reason behind it is somewhat 

unknown but can be explained by the higher degree of investment freedom and a search for higher returns. 

Currently, interest rates on fixed income and safer assets are historically low, why a portfolio consisting of 
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bonds will generate a low return. As the individual to a greater extent can choose their risk appetite, many 

might have chosen a portfolio with riskier assets to obtain a higher return. Although as risk and return as a 

rule of thumb are correlated, one might argue that changes in asset allocation have made the pension 

schemes riskier. However, at the current stage, the authors of this academic paper, will not conclude 

whether an increase in risk is more optimal than the allocation of the guaranteed products. Thus, the 

optimal allocation will be discussed in a later analysis, more specifically in section 4. Therefore, it seems 

that pensions have become riskier due to two elements. First, the transformation from guaranteed 

products to market-return based products, and secondly the increase in allocation of stocks.  

2.5 Investment choices for market-return based products  
One of the most crucial pension-related matters is the estimate of how much is saved at retirement and the 

level of their implied pension distributions, given their defined contribution plan. To forecast a pensioner’s 

pension savings, certain assumptions need to be made. As most of the pension products are market-return 

based products, the level of the pension is entirely dependent on the expected returns of different asset 

classes. This sub-section will describe what opportunities individuals have in customizing pension savings. 

In labor market pension schemes, individuals can typically choose between three to five different products 

with respective risk characteristics ranging from guaranteed-return based products to high-risk products. 

An individual can choose among these products themselves. However, many savers do not have the 

knowledge nor the education to make the right choice, as it can be very complicated and opaque to grasp. 

Many pension funds offer online tests and questionnaires to guide customers in choosing the right product. 

These are also known as Robo-advisors and have become a major part of the industry. However, to get 

physical professional advisory an individual should have an above average income. Even though it may be 

complicated for the individual to grasp what risk level is appropriate, it is common for every pension fund 

to offer lifecycle products, where the risk decreases according to age. The primary reason is to avoid a 

considerable decline in value at a late time which could be crucial to the individuals’ ability to retain the 

same standards of living. The decline in risk is illustrated in figure 7 below. The figure shows the risk of 

selected pension funds in products categorized as high-risk (Finanstilsynet, 2017).  

 

Figure 7: Level of risk in different pension funds within the high-risk category (Finanstilsynet, 2017) 

By illustrating 7 different pension funds, it is obvious to see large deviations in risk. Both the actual level of 

risk and the decrease in risk seem to vary significantly between the pension funds. Thus, as all portfolios are 

named “high-risk,” the individual must have a limited and opaque chance of choosing the optimal portfolio.   
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2.6 Sub conclusion  
Throughout the previous section, the Danish pension system has been reviewed with a focus on changes in 

the investment climate and the shift of risk from pension funds to the individual.  

The most severe change to the Danish pension system can be argued to be the shift in risk. Due to multiple 

factors, pension funds have been encouraged to move their customers from guaranteed products to 

market-return based products. Since the financial crisis in 2008, the investment universe has been subject 

to low yielding bonds that have forced pension funds to take on more risk. Consequently, high-risk assets 

such as equities but also alternative investments such as infrastructure, private equity, real estate, and 

hedge funds have become increasingly popular. 

Also, pension funds can no longer guarantee their customers roughly 5% annually, why customers must 

choose to bear the risk to obtain sufficient returns. The implementation of the EU directive, Solvency II, has 

encouraged pension funds to mitigate risk away from the balance sheet. As Solvency II requires pension 

funds to carry a certain level of core capital per liability, pension funds prefer to promote market-return 

based products rather than guaranteed products, as it decreases the amount of required capital.  

A major challenge for the Danish pension system is now to adjust to the recent changes. However, in 2018 

new industry standards were adopted by all pension funds which will be reviewed in the next section.  

  



Page 22 of 102 
 

Section III – The new investment assumptions 
Each year Forsikring & Pension and Finans Danmark publish investment assumptions for modeling pension 
forecasts. The industry-specific asset assumptions are set by a council called “Det Sagkyndige Råd.” Banks 
and pension funds have obligated themselves to use these investment assumptions in their forecast of an 
individual’s future pension plan. Hence, the investment assumptions are meant to be common industry 
standards and should provide transparency for the customer.  
A key argument for having common investment assumptions is to eliminate the opportunity for pension 
funds to use their own, more favorable, models to obtain a competitive advantage. Thus, the assumptions, 
together with the expected contributions and life expectancy, are central elements in forecasting pension 
savings.  

3.1 Old investment assumptions  
Before 2019, the investment assumptions were limited. The assumptions did only include three asset 
classes; stocks, bonds, and index-linked bonds. Additionally, expectations of taxes and inflation were 
included.  The expectations were divided into two time-frames; a short-run (4 years) and a long-run. The 
assumptions can be seen in table 4 and will be compared later.  

However, these simplified investment assumptions were heavily criticized. In 2019, it was decided to 
improve these in order to obtain more comprehensive assumptions.  
Concretely, Forsikring & Pension implemented four initiatives in 2019 as part of the new regulation 
(Forsikring & Pension, 2018): 

1) Pension forecasts should include information with regards to the risk and the payment structure. 

2) Risk of market-return based products should be categorized according to specific risk parameters. 

3) Pension funds must publish portfolio compositions, at least divided into ten asset classes.  

4) Implementation of the prudent-person principle. Aligned with Solvency II.  

Firstly, changes in the investment assumptions will be reviewed. Secondly, the effect of the change will be 

reviewed.  The second part is examined empirically using the study by Claus Munk and Jesper Rangvid’s 

paper “New investment assumptions: Background, level, and consequences for pensions forecast“ (2018). 

3.2 Background for the change in the investment assumptions 
A background for changing the investment assumptions was given in a critique by Claus Munk & Jesper 

Rangvid (2018), who addressed four main concerns and recommendations of how to resolve these: 1) the 

levels of expected return seem too high. 2) reaching long-run levels after 4 years seems to be too fast. 3) 

more asset classes should be included to better describe the underlying assets in pension funds’ investment 

strategies. 4) the assumptions do not include any perspective of risk.  All four elements are included in the 

investment assumptions 2019. 

Concerning the first issue, Munk and Rangvid argued returns on bonds had been overestimated in previous 

investment assumptions. In the years 2008-2018, short term expected nominal returns on bonds had been 

fixed at 2%, whereas long term expected return was 4% in 2018. Although this might seem reasonable at 

first glance, the asset class bonds are a very broad category and must include both AAA-rated government 

bonds as well as both investment grade, high yield and emerging market bonds.  
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Considering a specific example: A 10-year Danish government bond has a yield to maturity of -0.02 %  

whereas the old investment assumptions would expect a return of approximately 3.2 % annually1 if held to 

maturity (Danmarks Statistik, 2019). On the other hand, investing in high yield or emerging market bonds 

will generate a higher than estimated yield to maturity. Consequently, individuals with a large share of high 

rated bonds will most likely overestimate their future pension, whereas portfolios consisting of high 

yielding bonds will underestimate their savings.  

Secondly, Munk & Rangvid suggested the long-run to be applied in 10 years rather than after 4 years. The 

argument for this change is to align standards with the financial industry where it is common practice to 

distinguish long and short run after 10 years.   

Thirdly, Munk & Rangvid proposed to include 10 asset classes instead of just two. This was done to get a 
clearer picture of the actual underlying assets. The new asset classes included both bonds, equities, and 
alternatives and are as follow; 1) Danish government bonds & Mortgage bonds, 2) Investment Grade 
bonds, 3) High yield bonds, 4) Emerging market bonds, 5) Developed market equities, 6) Emerging market 
equities, 7) Private Equity, 8) Infrastructure, 9) Real Estate and 10) Hedge funds. 

Finally, the fourth issue is regarding applying risk to the assumptions. Until 2019, the assumptions did not 

reflect the underlying risk. Nor did different risk categories have any guidelines or limits with regards to 

risk. This is quite inappropriate as investment risk within the risk categories low, medium, and high for non-

guaranteed market-return products vary considerably across companies (Finanstilsynet, 2017)  Due to the 

swift from guaranteed products to marked return-based products, the risk is now carried by the consumers 

and not the pension funds. Arguably, it is more important than ever that pension savers receive 

information about the risk of their pension savings.  

3.3 Comparison of revised investment assumptions 
In the following table, investment assumptions for both 2018 and 2019 are listed (Forsikring & Pension, 

2019). Besides the inclusion of 8 more asset classes and the change of length between short and long run, 

there have been some significant changes to expected returns.  

Noticeable is the increase in inflation by 80 basis points in the short run which consequently will decrease 

real returns on all asset. Further, the categorization of bonds has resulted in government bonds to have a 

short-term real return after tax of -1.1 %, whereas the old 2018 assumptions expected 0.7%. On the other 

hand, riskier asset classes such as emerging market bonds and equities have a higher expected return than 

stocks in the 2018 assumptions. The division of asset classes should, at least theoretically, provide a model 

that to a higher degree reflect the underlying assets. However, as some asset classes in the short run are 

now expected to yield lower returns, whereas others are expected to yield higher, the impact on a specific 

portfolio depends on the composition of the portfolio. If instead, examining the long-run the expected 

return has been lowered for both bonds and stocks. The expected return for bonds and stock in nominal 

terms are now 3.5 % and 6.5 % relative to the old assumptions of 4 % and 7 %, respectively.  

 

                                                           
1 Calculated as weighted average of short and long term expected return: 2% ∗ (

4

10
) + 4% ∗ (

6

10
) = 3.2%  
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Table 4: Comparison of F&P investment assumptions 2019 (top) and 2018 (bottom) (Forsikring & Pension, 2019) 

In addition to the implementation of standard deviation and more asset classes, standards for how to 
model investment costs has also been changed. Investment costs will be common for all models. Before 
2019, investment costs were included in the expected return, whereas it is now a separate part of the 
assumptions. This eliminates the option of exploiting certain strategies that had lower trading costs but the 
same expected return. Hence, creating a strategy that would appear relatively better in the previous 
investment assumptions where no standards were made.  

3.3.1 Implementing correlations 
Moreover, to assess the risk of different portfolios, a correlation matrix has been introduced to the 2019 
investment assumptions in both the short- and long-run.  

In the long run, the correlation between bonds and stocks are assumed to be 0. In the short-run, a matrix 
between the asset classes has been provided. The assumptions can be seen in table 5. 

 

Table 5: Correlations matrix in investment assumptions 2019 (Forsikring & Pension, 2019) 

Most noticeably is the negative sign between government bonds and 7 other asset classes (excluding IG 

Bonds and EM government bonds). This justifies having government bonds to a greater extent as negative 

2019: Short term assumptions Nominal return Investment Costs
Nominel return, after 

costs and tax
Real return, after tax Standard Deviation

Gov. & Mortgage Bonds 1.0% 0.22% 0.7% -1.1% 2.9%

Investment Grade Bonds 2.5% 0.33% 1.8% 0.0% 4.4%

High Yield Bonds 4.1% 0.63% 2.9% 1.1% 6.9%

Emerging Market Bonds 5.3% 0.47% 4.1% 2.3% 9.4%

Developed Markets Equities 5.5% 0.50% 4.2% 2.4% 10.1%

Emerging Market Equities 9.1% 0.84% 7.0% 5.1% 27.3%

Private Equity 8.8% 0.50% 7.0% 5.1% 24.5%

Infrastructure 6.0% 0.22% 4.9% 3.0% 11.4%

Real Estate 6.2% 0.22% 5.1% 3.2% 12.1%

Hedge Funds 4.9% 0.22% 4.0% 2.1% 8.5%

2019 Long term assumptions

Inflation

Pension Tax

Nominal
Real, after tax and 

costs

Bonds 3.5% 1.7%

Equities 6.5% 5.1%

Nominal Real, after tax Nominal Real, after tax

Bonds 2.0% 0.7% 4.0% 1.4%

Equities 5.0% 3.2% 7.0% 3.9%

Inflation 1.0% 2.0%

15.3%

2018 assumptions

1.8% 2.0%

2018-21 Long term

Investment Assumptions 2018 versus 2019

Short term (10 years) Long term (+11 Years)

15.3%

Correlations between asset classes Gvt Bonds IG Bonds HY Bonds EM Bonds Glb stocks EM Stocks Private EQ Infrastruc. Real est. Hedge funds

1. Government and mortgage bonds 1

2. Investment grade bonds 0.6 1

3. High-yield bonds -0.1 0.5 1

4. Emerging market  gov't bonds 0.3 0.7 0.7 1

5. Global stocks (developed markets) -0.2 0.2 0.7 0.5 1

6. Emerging market stocks -0.1 0.2 0.7 0.7 0.7 1

7. Private equity -0.4 0.1 0.6 0.4 0.8 0.7 1

8. Infrastructure -0.1 0.1 0.2 0.2 0.3 0.2 0.4 1

9. Real estate -0.3 0.1 0.4 0.3 0.4 0.4 0.5 0.3 1

10. Hedge funds -0.3 0.2 0.7 0.5 0.7 0.7 0.8 0.2 0.4 1
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correlations result in a diversification gain. Similarly, the correlation between alternatives and bonds seem 

low. The correlation between infrastructure and investment grade bonds is 0.1 why the investment 

assumptions see alternatives more equal to bonds than equity.  

3.3.2 Communication and transparency of risk 
As a consequence of the new industry standards, pension funds should now risk mark their different 

market-based return products. To simplify the calculations, forecasts shall now include three scenarios; The 

expected case as well as a higher and a lower scenario. The expected case reflects the average whereas the 

other two scenarios reflect the 5 % and 95 % quantiles. The main purpose of quantifying risk is twofold. 

Firstly, it provides the individual an option to decide whether they are comfortable if the pension turns out 

worse than expected. If not, they can to a higher degree make an informed decision of taking a lower risk 

or contributing more to their pension plan. Secondly, it will align risk in the industry and dilute the 

possibility of having overlapping risk categories across pension funds. An example could be a portfolio 

marked as “high-risk” that consists of a lower risk than a portfolio marked with medium or low risk. 

Additionally, a 1-year investment risk should be included. This implies pension products reflecting low, 

medium and high risk should now have clear boundaries of the 1-year investment risk to prevent 

overlapping risk categories. The standard deviation and one-year loss are then marked on a scale of 1-6.  

The boundaries set by Forsikring & Pension are illustrated in table 6: 

Risk 
classes 

Standard deviation Biggest loss 
in 1-year 

Biggest gain 
in 1-year 

  ≥ <     

5.0-5.9 11.78%   15-17% 25-29% 

4.0-4.9 9.48% 11.78% 12-14% 20-24% 

3.0-3.9 7.19% 9.48% 9-11% 15-19% 

2.0-2.9 4.89% 7.19% 6-8% 11-14% 

1.0-1.9   4.89% 2-5% 6-10% 
Table 6: Risk classes based on standard deviations and max deviations in a year (Andersen & Hansen, 2018) 

The table indicates portfolios with a risk marking of 5 or higher must at least have an expected standard 

deviation of 11.78 %. Thus, the biggest loss an individual who has invested in such a portfolio can suffer 

within 1 year with a 95 % confidence level is 15-17%. Additionally, the maximum gain within a 95 % 

confidence band is 25-29%.  

Furthermore, pension funds must follow a lifecycle investment strategy. The lifecycle strategy is 

characterized by a gradually decreasing risk profile as the individual moves closer to retirement. Thus, a 

high-risk portfolio for an individual being 55 years will have a higher proportion of less risky assets, than an 

individual being 25 years old. Eventually, the low-, medium- and high-risk portfolios can be defined as in 

figure 8 below.  

To exemplify the categorization, a young individual who desires a medium-risk portfolio should have a risk 

class between 3.7 and 4.5. This implies an expected standard deviation between 8.80 % and 10.86 %. A 

higher (lower) standard deviation would classify the portfolio as high (low) risk. By using the long-term 

investment assumptions, the confidence band implies a stock proportion between 55 % and 72 %.  
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Figure 8: Confidence bands on risk classes by age (Andersen & Hansen, 2018) 

The risk of portfolios should be included by 2020 whereas the new investment assumptions and 10 asset 
classes are implemented by 2019. To ensure independence, estimates for expected returns, risk, and 
correlations are gathered from three major financial institutions; JP Morgan, State Street, and Mercer. 
Based on the input, an independent counsel of experts in Denmark will decide the final investment 
assumptions (Andersen & Hansen, 2018). 

3.4 Effect of new investment assumptions 
In the following section, three examples by Munk & Rangvid (2018) is examined. The purpose of the first 

example is to highlight the effect of a downward shift in expected returns. The second example includes a 

life-long annuity. The third example examines the effect of the inclusion of risk by showing different 

confidence bands on wealth and pension distributions. 

3.4.1 - Effect on wealth due to downward shifts in expected returns  

To analyze and interpret these changes, the simulations of a typical pension portfolio are examined. The 

assumptions of returns, inflation, taxes, and costs are as defined in the previous sub-section (Table 4). The 

short-run weights reflect a medium-risk portfolio and the long-run asset weights are held constant 65 % 

and thus 35 % stocks to simplify but reflect a typical lifecycle strategy.  

Besides the parameters returns, volatility, correlation, and costs discussed above; their model also assumes 

log-normally distributed annual returns. Additionally, Munk & Rangvid assume the individual contributes 

12.5 % of the wage which is assumed to be constant. 

By using the new revised 2019 investment assumptions, the expected return is 4.11 % in the first 10 years 

and 4.55 % in the long run. In comparison, 2018 assumptions expected a return of 3.55 % in the first 4 years 

and 5.05 % in the long term. Hence, the new investment assumptions decrease annual expected return by 

0.56 % and 0.50 % in the short- and long-term, respectively. Note that this example does not include risk – 

Thus, only show the mean case.   

Using the assumptions, Munk & Rangvid (2018) defines the development of wealth as: 

𝐹𝑡+1 = 𝐼 + 𝐹𝑡

𝑅𝑝,𝑡+1 − 𝜏(𝑅𝑝,𝑡+1 − 1) − 𝐶𝑝

1 + 𝜋
 

 
          = 𝐼 + 𝐹𝑡

𝑅𝑝,𝑡+1(1 − 𝜏) + 𝜏 − 𝐶𝑝

1 + 𝜋
 

(3.1) 
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where 𝑅𝑝,𝑡+1 denotes the gross-return, 𝐹𝑡 denotes the wealth at time t, 𝜏 denotes the taxes, 𝜋 denotes the 

inflation and 𝐶𝑝 the investment costs associated with the portfolio which are calculated in the same way as 

the return. 𝐼 denotes the wage times the contribution rate of 12.5 %.  

Letting 𝐹0 denote the current pension savings and assume a constant asset allocation (continuously 

rebalancing), the pension saving after 10 years is written as: 

 
𝐹10 = 𝐹0𝐺10 + 𝐼

𝐺10 − 1

𝐺 − 1
, 

(3.2) 

 

where G is equal to the annual gross-return after tax, investment costs, and inflation:  

 𝐺 = (𝑒𝜇𝑝(1 − 𝜏) + 𝜏 − 𝐶𝑝) (3.3) 

 

Finally, figure 9 shows the effect of the revised assumptions that are to be implemented from 2019 

 

Figure 9: Development in expected pension savings. 2019 investments assumptions versus 2018 assumptions (Authors’ calculation 
based on Munk & Rangvid) 

Thus, it is evident that the old investment assumptions overestimate the final wealth relative to the new 

assumptions. The difference in present value terms in 50 years shows a significant reduction of the wealth 

of 19.4 %.  

Using the assumptions above for an individual with an annual income of DKK 400,000 and a retirement age 

of 68 the same example can be made in absolute numbers. A 25-year old individual with an initial saving of 

0 can expect a wealth at the retirement of tDKK 3,044 compared to tDKK 3,378. Thus, a reduction of DKK 

300,000 or 9.9%. This implies that the individual must contribute 11 % more relative to the old 

assumptions. Thus, the contribution rate through his entire working lifetime should increase to 13.9%.  

3.4.2 Effect on wealth with the inclusion of life-long annuity 
In addition to assumptions in the previous example, Munk & Rangvid examines the effect of the changes to 

the life-long annuity. The example assumes the wealth at t=68 is invested in a life-long annuity. Risk is still 

excluded from the example. The annuity is determined such that the pension distributions are smoothed 

and constant over time. The pension savings of individuals who do not survive is assumed to be transferred 

to the survivors. Additionally, a maximum lifetime of 110 is assumed, and the mortality rate follows the 

Danish FSA benchmark for women from 2015 (Munk & Rangvid, 2018). The math behind the results will not 
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be examined as section 5 will explain the underlying model. Table 7 below shows the findings of 

implementing the new assumptions: 

 

Table 7: Annual expected life-long annuity, new and old investment assumptions (Munk & Rangvid, 2018) 

Like the previous analysis, the life-long annuity for a 25-year old today is decreased by 14.1 % when using 

the new assumptions. Thus, the individual must contribute an additional 16.4 % to obtain the same pension 

distribution. As the time frame is shorter, the effect of the new assumptions is relatively smaller for a 40- 

and 55-year old individual. However, to obtain the same pension distribution a 55-year old must contribute 

between 17.9 % and 55.4 % more. Additionally, the analysis shows that the effect is more significant for 

pension savings that are currently larger (compounded interest effect). 

3.4.3 The risk in pension savings 
As the two previous analyses did not include the new element of risk but only looked at the mean scenario, 

Munk & Rangvid now include the risk to examine the deviations.  

As risk is included as a stochastic variable, simulations are required to calculate the distribution. In order to 

get an unbiased view of the true probability distribution, they have simulated 100,000 paths of the wealth 

at 𝑡 = 68.  

The results for an individual who is 25 years old today and contributing DKK 50,000 (12.5% of DKK 400,000) 

annually to his pension plan is presented in table 8. 

  Annual labor market pension Annual total pension incl. state   

  Wealth Year 68 Year 78 Year 88 Year 68 Year 78 Year 88 Cov. ratio 

Average 3,043 180 180 180 302 302 302 75.5% 

Std. Dev 743 44 58 71 301 41 52 7.7% 

 5pct 2,019 119 103 90 260 248 239 65.0% 

10pct 2,191 129 115 103 267 257 248 66.8% 

25pct 2,515 148 138 129 280 273 267 70.1% 

50pct 2,945 174 170 166 297 295 292 74.5% 

75pct 3,461 204 210 215 319 323 326 79.8% 

90pct 4,014 237 255 271 341 354 365 85.4% 
Table 8: Annual pension with the inclusion of stochastic risk (Munk & Rangvid, 2018) 

These results are in line with the previous section where one can see that the average wealth in both 

situations is tDKK 3,044. From this table, it is evident that a 25-year-old individual can in the 5 % worst 

cases expect an annual labor market pension of tDKK 119 which is approximately DKK 60,000 less annually 

than the average. However, due to the state pension, the annual total pension is limited to DKK 40,000 less 

as the state pensions work like a security buffer. This implies the individual’s coverage will be, in the bad 

case, 14 % lower than expected. By including risk to the model, it is evident how the differences in pension 

distributions can vary considerably.  

Age 25               40               55               

Wealth at t=0 -               400             800             1,200          500             1,500          2,500          

Annual expected pension distribution without public pensions (DKK thousands)

Old assumptions 210             158             201             243             85               164             243             

New assumptions 180             139             175             211             77               148             219             

Change in pension distributions -14.10% -12.10% -12.80% -13.30% -8.80% -9.40% -9.60%

Increase in contributions in 

order to get the same pension
16.40% 18.60% 25.00% 31.50% 17.90% 36.70% 55.40%
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3.5 Sub conclusion 
The industry-specific investment assumptions have up until 2018 been based solely upon two asset classes; 

stocks and bonds and did not include any risk or variations in returns. This has led to misalignment in 

pension forecasts across the industry, where “high-risk” in one pension fund could be classified as ”low-

risk” in another. Therefore, new and more sophisticated investment assumptions were created and 

implemented in 2019. From 2019 the new investment assumptions have to a higher degree reflected the 

underlying portfolios, as it now includes 10 asset classes, standard deviations, and correlations among the 

asset classes.  

Additionally, the new investment assumptions have more conservative expectations about the future. 

Munk & Rangvid (2018) showed in their study how new expectations decrease expected wealth. 

Concretely, a 25-year-old individual with a contribution of 12.5 % would in average lose 9.9 % of her wealth 

at retirement due to the changes.  

Furthermore, the inclusion of risk showed how all pension distributions are subject to uncertain variations. 

Thus, the change could potentially be more considerable in bad cases.  

Even though improvements to the models have been made, the authors of this thesis still find the new 

investment assumptions and the pension saving forecasting models limited. The assumptions do not take 

dynamic contribution schemes into account but assume a fixed contribution up until retirement. That is, no 

unemployment, a fixed salary and a fixed contribution of salary.  

Additionally, the assumptions set forth by F&P should be questioned as the impact is severe. Thus, going 

forward in the thesis we will in section 4 analyze the underlying assumptions and try to assess whether 

these expectations are acceptable.  
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Section IV – Analysis of F&P Investment Assumptions 
The purpose of this section is to test and review the investment assumptions presented in the previous 

section. As the investment assumptions are used frequently in most analyses throughout the thesis, it is 

crucial to test whether these assumptions infer realistic expectations of both returns and risk. The section is 

divided into multiple analyses. In the first analysis, mean-variance optimal portfolios are calculated to test if 

maximizing Sharpe ratios result in illogical asset allocations and whether a theoretical optimization might 

benefit pension funds. The second analysis back-tests risks and returns of the 10 asset classes through two 

different methods. This is done to compare expectations with past observations. A third analysis will 

compare the baseline-case analysis with back-tested returns from the second analysis. This is done to test 

the effect of different long-term returns and standard deviations.  

4.1 Optimization of asset allocations 
This section will optimize portfolios using the mean-variance theory by Markowitz (1952). Thus, the analysis 

will present the optimal asset allocation.  

We will in this section test the assumptions by applying a mean-variance approach thus assuming investors 

(pension funds) prefer as high an expected return as possible and as low a return variance as possible 

(Munk, 2017).  

4.1.1 Theoretical background  
In order to test and analyze the assumptions, we assess the theoretical foundation. We denote 𝑤𝑖 as the 

fraction of the total portfolio value which is invested in asset class 𝑖. Thus, a portfolio vector 𝒘 = (𝑤1 +

𝑤2 … 𝑤10) must satisfy the constraint: 

 

 𝒘 ∗ 𝟏 = 𝑤1 + 𝑤2 + ⋯ + 𝑤10 = 1 (4.1) 
 

Our portfolio weights are also subject to an additional constraint expressing that shorting of the asset are 

not allowed in Danish pension. Thus: 

 𝑤𝑖 ≥ 0 (4.2) 
 

Let, 𝝁 denote the vector of the expected returns and (Σ𝑖𝑗) is the variance-covariance matrix of the rates of 

return. A portfolio is mean-variance efficient if it has the minimum variance among all portfolios (Munk, 

2017).  

Assuming these constraints will be the only ones the minimization problem can be solved by: 

 min 𝒘 ∗ Σ𝑖𝑗𝒘 (4.3) 

𝑠. 𝑡.  𝝁 ∗ 𝟏 = 1 

The solution to this minimization problem can be found by using four auxiliary constants defined as (Munk, 

2017):  

  𝐴 = 𝝁ΤΣ(𝑖,𝑗)
−1 𝝁 = 𝝁 ∗ Σ(𝑖,𝑗)

−1 𝝁  (4.4) 

  𝐵 = 𝝁 ΤΣ(𝑖,𝑗)
−1 𝟏 = 𝝁 ∗ Σ(𝑖,𝑗)

−1 𝟏 = 𝟏ΤΣ(𝑖.𝑗)
−1 𝝁 = 𝟏 ∗ Σ(𝑖,𝑗)

−1 𝝁 (4.5) 

 

  𝐶 = 𝟏ΤΣ(𝑖.𝑗)
−1 𝟏 = 𝟏 ∗ Σ(𝑖,𝑗)

−1 𝟏 (4.6) 

  𝐷 = 𝐴𝐶 − 𝐵2 (4.7) 
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Using these constants, one can calculate the portfolio return, variance and standard deviation as in the 

global minimum variance portfolio as: 

 
𝒘𝑚𝑖𝑛 =

1

𝐶
Σ(𝑖,𝑗)

−1 𝟏 =
1

𝟏 ∗ Σ(𝑖,𝑗)
−1 Σ(𝑖,𝑗)

−1 𝟏 
(4.8) 

 

 
�̅�𝑚𝑖𝑛 =

𝐵

𝐶
= 𝒘𝑚𝑖𝑛 ∗ 𝝁𝑖  

(4.9) 

 

 
𝜎𝑚𝑖𝑛

2 =
1

𝐶
= 𝜎2(�̅�𝑚𝑖𝑛) 

(4.10) 

 

 
𝜎𝑚𝑖𝑛 =

1

√𝐶
= √𝜎2(�̅�𝑚𝑖𝑛) 

(4.11) 

 

As we are working under the assumptions of no shorting nor gearing in different assets, the auxiliary 

constants do not apply. However, the right side of the equations does apply when setting up certain 

boundaries which are to maximize the Sharpe ratio using the solver in Microsoft Excel. 

4.1.2 Calculation of efficient portfolios     
In the following, various efficient portfolios will be examined. At first, the minimum variance portfolio is 

calculated. Hereafter the max-slope portfolio is examined. Finally, multiple efficient portfolios given a 

predefined standard deviation is calculated.  

Using the assumptions above and a risk-free return assumed to be 0 %, portfolio composition of a minimum 

variance portfolio results in: 

 

Table 9: Minimum variance portfolio (Authors’ calculation) 

In the minimum-variance portfolio, it is expected that the asset with the lowest standard deviation has a 

relatively large weight in the portfolio. However, the correlation structure of the assets has a substantial 

effect. As one can infer from the table when minimum variance optimizing the portfolio given the 

investment assumptions one would get some rather exotic and weird weights. For example, the minimum 

variance portfolio suggests to only invest in 4 of the categories.  
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In reality, pension funds do not invest in the minimum variance portfolio as the expected return when 

adjusting for inflation would be around 0 %. Hence it is more interesting to analyze the maximum-slope 

portfolio which is the portfolio on the efficient frontier that maximizes the risk/return trade-off (Munk, 

2017). The return and standard deviation are calculated using the same method as before, and the weights 

for the maximum slope portfolio can be found by applying this formula: 

 

 
𝒘𝑠𝑙𝑜𝑝𝑒 =

1

𝐵
Σ(𝑖,𝑗)

−1 𝝁 =
1

𝟏 ∗ Σ(𝑖,𝑗)
−1 𝝁

Σ(𝑖,𝑗)
−1 𝝁 

(4.12) 

 

The portfolio weights for the max-slope portfolio can be seen below: 

 

Table 10: The max-slope portfolio (Authors' calculation) 

Again, one can infer from the table that the weights are somewhat unexpected. It seems strange that only 

10.8% is invested into stocks in the portfolio that maximizes the risk/return trade-off meanwhile having 

25.2% invested in hedge funds. Also, when adjusting the expected return for inflation, it would only be 

1.60%2 which would be somewhat unsatisfactory for many pension savers as the wealth at retirement 

would be too low. Finally, the standard deviation of 4.29% also dictates that the optimal portfolio lies 

within the lowest risk class. 

As many investors and pension funds are chasing higher returns than what the theoretical optimal 

portfolios would suggest, a more thorough table has been created. Table 11 shows 12 different efficient 

portfolios where the return is maximized given a predefined standard deviation.   

Once again it is evident from a mean-variance standpoint that the optimal portfolios in the short-term 

given predefined standard deviations result in only of investment in few of the 10 proposed asset classes. In 

the max-slope portfolio, global stocks are represented with a weight of 10.8 %. However, in almost all other 

tests, global stocks are not an efficient asset class. Additionally, infrastructure is present in all calculations 

why the risk/return must be significantly better than the other asset classes. On the other hand, high yield 

bonds are only included in the max slope but removed at higher risk levels.  

                                                           
2 

(1+0.0342)

(1+0.018)
− 1 =1.60% 
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Table 11: Efficient portfolios given standard deviations 

4.1.3 Comparison of theoretical and actual portfolios 
To put the theoretical efficient portfolios into perspective, a portfolio has been compared to the true asset 

allocation of PensionDanmark. The risk of PensionDanmark’s portfolio is calculated to be 8 %. Thus, the 

comparison is made with the max-slope portfolio given an 8 % standard deviation. Comparing these 

theoretical optimal short-term weights with the actual weights used by PensionDanmark in their medium 

risk portfolio 30 years prior to retirement, we get:  

 

Figure 10: Theoretical optimal portfolio vs. Pension Denmark medium risk. Both portfolios have 8 % risk. Authors’ own calculations  

The differences must be said to be large. The efficient theoretical portfolio does not include any global 

stocks, although PensionDanmark has a weight of 43 %. Similarly, PensionDanmark includes 8 asset classes 

whereas the efficient portfolio only contains 5.  

By examining the expected return, the investment assumption would expect the real portfolio to yield 5.3 

% whereas the efficient portfolio is expected to yield 5.6 %. Hence, by optimizing portfolios from a 

theoretical standpoint, a model would suggest a higher return.  
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To sum up, we can conclude that when mean-variance optimizing portfolios with the investment 

assumptions, pension funds should invest in portfolios that do not represent many of the asset classes. In 

general, pension funds should not invest in any types of stocks which is quite contradictive to reality. 

Therefore, the investment assumption enables pension funds to create odd-looking portfolios to maximize 

the effect of expected returns and Sharpe ratio. This could potentially create an issue of incentives as one 

portfolio would be expected to outperform another in the model.   

4.2 Historical back-test of returns and standard deviations 
To get a better understanding of the returns and standard deviations, this analysis will back-test benchmark 

returns and standard deviations. The purpose is to compare actual past returns with future expected 

returns. It is not our objective to predict future returns. However, we believe it is essential to put the 

investment assumptions into a historical perspective. It should be noted that past returns are not a 

guarantee of future returns.  

4.2.1 Back-testing returns 
As Forsikring & Pension present no direct benchmarks, we have chosen 10 indices that are believed to be 

proper benchmarks for the asset classes. The benchmark is chosen based on size and compatibility with the 

asset classes. All benchmarks can be found in the table below. As of data, monthly data has been collected 

for the past 20 years. It has not been possible to find data for all asset classes that go past 1999. All 

benchmark data are total return indices measured in Danish Kroner. Hence it is assumed pension funds do 

not hedge currency risk which is embedded in the global indices.  

Returns are calculated on a 10-, 15-, and the 20-year period from the 28th of February 2019 by dividing the 

index-value of the two dates: 

 
𝑟𝑡 =

𝑖𝑛𝑑𝑒𝑥𝑡=28.02.2019

𝑖𝑛𝑑𝑒𝑥𝑡=28.02.2009
− 1 

(4.13) 

 

The following discrete formula then calculates annualized returns:  

 
𝜇 = (1 + 𝑟𝑡)

1
𝑡 − 1 

(4.14) 

 

Annualized returns can be seen below in comparison to the investment assumptions from Forsikring & 

Pension (2019). Of course, data can be manipulated depending on which period is chosen as a benchmark. 

In this analysis, we have chosen three periods to mitigate the risk of misleading average returns. The 20-

year period covers two economic cycles where both the financial crisis in 2008 and the dot com bubble in 

2001 is included.  

 

Table 12: Comparison of returns. F&P assumptions vs. historical returns (Thomson Reuters Datastream, 2019) 

Annual returns F&P Assumptions Benchmark 10 years 15 years 20 years F&P-20Y in %-point

1. Government and mortgage bonds 1.0% JPM Denmark Gvt Bond 4.4% 4.4% 4.7% -3.7%

2. Investment grade bonds 2.5% TR CV Europe Focus IG 4.1% 2.4% 2.8% -0.3%

3. High-yield bonds 4.1% ICE BofAML Euro HY Index 12.3% 7.2% 5.3% -1.2%

4. Emerging market  gov't bonds 5.3% JPM EMBI Global Diversified 10.0% 8.0% 9.2% -3.9%

5. Global stocks (developed markets) 5.5% MSCI WORLD 14.9% 7.9% 5.3% 0.2%

6. Emerging market stocks 9.1% MSCI EM 11.9% 8.9% 9.2% -0.1%

7. Private equity 8.8% LPX 50 20.8% 6.1% 5.9% 2.9%

8. Infrastructure 6.0% NMX Infrastructure 15.2% 11.8% 10.6% -4.6%

9. Real estate 6.2% FTSE EPRA Nareit DEV Europe 14.4% 7.2% 8.2% -2.0%

10. Hedge funds 4.9% HFRI Fund Weighted 6.7% 5.2% 6.2% -1.3%
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The back-test shows how the F&P assumptions on a general level predict lower future returns compared to 

past returns in the past 20 years. Only private equity is assumed to increase more than in the past, whereas 

investment grade bonds, global stocks, and emerging market stocks are in line with past returns. What also 

should be noted, is how returns are changing depending on the period. Generally, returns for most asset 

classes have been higher in the shorter period of 10-years, where global stocks have provided 14.9 % on 

average. This implies pension savers should have received higher returns in the past 10 years than the 

model would predict.  

Although past returns do not necessarily reflect future returns, another method for estimating returns 

might be appropriate. In the table below, non-alternative asset classes are compared to the F&P 

assumptions. As for bonds the average yield is found. With regards to global and emerging market stocks, 

the implied yield is calculated as the inverse price/earnings multiple. The inverse P/E implies how much 

profit the benchmark generates as a percentage of the value. If all profits are paid as dividends, the inverse 

P/E will become an implied yield. Price/earnings are calculated as 12-months trailing. For both bonds and 

stocks, yields and implied yields are only equal to returns if bond prices and profit stay constant.  

 

Figure 11: the implied yield on assets. Equity is calculated as the inverse P/E or E/P (Thomson Reuters Datastream, 2019) 

The comparison shows that the benchmark for Danish government bonds (broad index) has a significantly 

lower yield than F&P assumptions. To obtain a 1 % return, a pension fund should either invest in longer 

durations or expect bond prices to increase (yields to drop). This trend is similar when comparing Euro IG 

(investment grade) bonds where the benchmark implies 1.15 % whereas F&P expects a return of 2.5 %. EM 

Government Bonds implies a higher yield than F&P assumptions, although, emerging market bonds to a 

very high degree can vary depending on the country. World stocks have a 1%-point higher implied yield 

than expected return whereas F&P expects a higher return on EM-stocks than the implied yield.  

Collectively for both methods, it seems that past returns and implied yields do not match the F&P 

assumptions on many asset classes. Looking at past returns, 8 out of 10 asset classes are expected to 

perform more inferior than the 20-year average. However, it might seem reasonable to lower expectations 

when comparing to implied yields, where especially government and investment-grade bonds have a lower 

yield today. It would seem the F&P assumptions are conservative in their expectations which eventually 

lead to a model expecting lower pension payouts.  
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4.2.2 Mean-reversion 
One of the current assumptions is independent continuous compounded returns (Forsikring & Pension, 

2019). However, a great number of empirical studies have through the last decade been able to prove or at 

least indicate that returns on assets such as stocks may not be independent over time. Instead, stocks tend 

to show a degree of mean reversion. 

Mean reversion is the effect of an asset converging back to the average. Mean reversion exists if the 

probability of a high return in the next period is higher if the return the previous period was low. If returns 

in the short-term can be proved to be followed up by high short-term returns, then there should be a lower 

probability for very low or very high long-term returns than in the case where returns are independent. 

Thus, long-term investment such as pension savings is less risky if returns actual show a degree of mean 

reversion (Munk, 2017).  

In reality, mean reversion has been proven to be relatively weak over time as multiple examples contradict 

the theory. For example, the Japanese stock market which was at a higher level back in 1988 than it is 

today. Secondly, it was not until the 23rd of April 2019 that the S&P 500 index closed on a higher level than 

before the global financial crisis in 2008 (Bloomberg, 2019).  

Furthermore, Munk & Rangvid (2017) tested what effect mean reversion would have on long-term 

investments. Frankly, the results were modest. They calculated an example of an investor depositing DKK 

60,000 every year for 40 years where mean reversion is assumed. The average effect on wealth would be 

less than 0.5 %, and the standard deviation of wealth would decrease by 0.2 % (Munk, 2017). However, for 

the lower and higher quantiles, the differences are larger but do not seem to be of significance. These 

results have been reported in table 13 below. 

Wealth after t=40 when depositing DKK 60,000 annually 

tDKK  Mean-reversion  Independent returns 

Mean 11,270 11,622 

Std. Dev 11,626 12,589 

10% 3,069 3,016 

25% 4,747 4,734 

50% 7,955 8,022 

75% 13,573 13,915 

90% 22,644 23,585 

Avg. Log wealth 9.009 9.02 

Std. Log wealth 0.778 0.8 

Table 13: Independent returns vs. mean-reversion. Simulated example (Munk & Rangvid, 2017) 

Due to these minor differences, the redundancy to include mean-reversion in the investment assumptions 

seem to be a reasonable assumption. In further analyses, independent returns are continuously assumed. 

4.2.3 Back-testing standard deviation 
Standard deviations are calculated using the following formula. Standard deviations are calculated using 

returns rather than index-values: 

 

𝜎 = √
1

𝑛 − 1
∗ ∑(𝑥𝑖 − �̅�)

2

 

(4.15) 
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The following formula annualizes the monthly standard deviation: 

 𝜎𝑦 = 𝜎𝑚 ∗ √12 (4.16) 

 

Using the same periods, it is evident how the F&P assumptions predict a lower standard deviation than in 

past years for most asset classes. Only emerging market stocks are expected to have a higher risk with a 

standard deviation of 27.3 % compared to 20.2 %. However, in contrast to returns, standard deviations 

have been higher when back-testing 20 years rather than the shorter period of 10 years. Hence, whereas 

F&P has a pessimistic view on expected returns, they estimate lower standard deviations than the 20-year 

average in 8 out of 10 asset classes.   

 

Table 14: F&P Assumptions of standard deviation vs. historical data (Thomson Reuters Datastream, 2019) 

The previous analysis showed how especially global stocks showed a higher historical standard deviation 

than expected in the future by the investment assumptions. Thus, it is obvious to examine the standard 

deviation on a deeper level. In figure 12, annualized 12-months trailing standard deviation is calculated for 

MSCI World measured in DKK and Nykredit Mortgage Index. Both are monthly data.  

 

Figure 12: 12-months trailing annualized standard deviation (Thomson Reuters Datastream, 2019) 

The graph clearly shows how standard deviation in the past 20 years has varied for global stocks. Especially 

in times of crisis, such as the financial crisis in 2008, the standard deviation reached almost 25 %. Though in 

the past 9 years, the standard deviation for stocks has been below the 20-year trailing average. Therefore, 

one could argue future standard deviations should be lower than the historical average, although, it might 

underestimate the true risk. The investment assumptions expect a standard deviation of 10.1 %, which has 

Standard Deviation F&P Assumptions Benchmark 10 years 15 years 20 years F&P-20Y in %-point

1. Government and mortgage bonds 2.9% JPM Denmark Gvt Bond 5.3% 4.8% 4.5% -1.6%

2. Investment grade bonds 4.4% TR CV Europe Focus IG 6.3% 7.4% 7.8% -3.4%

3. High-yield bonds 6.9% ICE BofAML Euro HY Index 8.7% 10.8% 12.0% -5.1%

4. Emerging market  gov't bonds 9.4% JPM EMBI Global Diversified 8.6% 9.3% 10.2% -0.8%

5. Global stocks (developed markets) 10.1% MSCI WORLD 11.5% 12.3% 14.3% -4.2%

6. Emerging market stocks 27.3% MSCI EM 14.7% 18.1% 20.2% 7.1%

7. Private equity 24.5% LPX 50 18.5% 22.5% 24.3% 0.2%

8. Infrastructure 11.4% NMX Infrastructure 10.1% 11.1% 11.5% -0.1%

9. Real estate 12.1% FTSE EPRA Nareit DEV Europe 15.3% 17.7% 16.5% -4.4%

10. Hedge funds 8.5% HFRI Fund Weighted 8.1% 8.6% 9.8% -1.3%
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been a proper estimation for the past 5 to 10 years. However, the 20-year trailing average is calculated to 

12.3 % why 10.1 % still seems to be an underestimation.  

On the other hand, the trailing average for mortgage bonds, 2.7 %, is lower than the expected 2.9 %. What 

is also shown, is how standard deviations the past 10 years has been lower than the average. That could be 

due to the historically low interest rates post the financial crisis where yields have been near zero 

implicating a low standard deviation.  

4.2.4 Back-testing correlations 
Investors, or in this case pension savers, often tend to hold a mix of multiple assets and asset classes. 

Hence, it is essential to discuss and analyze whether returns tend to move together or in different 

directions. Thus, if prices move in opposite directions, investors can diversify and reduce risk by allocating 

to multiple asset classes (Munk, 2017). An often-used parameter to determine the risk reduction is the 

correlation. Mathematically it can be proven by briefly examining the formula for standard deviation in a 

portfolio consisting of two assets. Both assets have a weight of 𝑥 and standard deviation 𝜎.  

 
𝜎𝑝 = √𝑥1

2𝜎1
2 + 𝑥2

2𝜎2
2 + 2𝑥1𝑥2𝜌1,2 

(4.17) 

 

It is evident that the correlation affects the last part of the formula, +2𝑥1𝑥2𝜌1,2. The implication of 

correlation are the following: If the correlation is zero, the portfolio standard deviation is reduced to 

(𝑥1
2𝜎1

2 + 𝑥2
2𝜎2

2)0.5. A positive correlation increases the standard deviation. Similarly, a negative correlation 

decreases risk.  

The investment assumptions by Forsikring & Pension has implemented correlation in both the short run 

(First 10 years) and the long run (Longer than 10 years). In the short term, expected correlations between 

assets are shown in table 5 in section 3. However, as pension saving is a long-term investment, we will 

evaluate long-term correlations. The investment assumption expects zero correlation between bonds and 

stocks in the long run. Initially, we must question if a correlation of zero can be set as a proper assumption. 

To test the assumption of a 0-correlation between stocks and bonds, the historical correlation between 

global Stocks and two bond classes has been examined. The historical data consists of monthly total returns 

using MSCI World, Nykredit Mortgage index and EU investment grade bonds as benchmarks.  

      Correlation with Global Stocks 

  Mortgage Bonds Investment Grade Bonds 

5 Years 0.15 0.71 

10 Years 0.07 0.67 

20 Years -0.06 0.68 

Investment assumptions 

>10 years                               0.00 

Table 15: Correlation of bonds with global stocks (Forsikring & Pension, 2019) (Thomson Reuters Datastream, 2019) 

Table 15 shows how the two indices correlate with global stocks on a 5-, 10-, and 20-year period. In the 

long run, mortgage bonds seem to have close to zero correlation with stocks. This might mainly be due to 

the fact that mortgage bonds are low-yielding assets with high credit rating. On the other hand, 

investment-grade bonds show high correlations with the stock market, where the correlation is between 

0.67 and 0.71 in the three periods. Thus, it might seem the zero-correlation assumption suits low-yielding 

bonds but fails to capture the correlation with higher-yielding bonds.  
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However, as the calculations above capture correlation for long periods, it fails to capture the short-term 

effect. To zoom-in on shorter periods, the graph below sketches the 12-month trailing correlation between 

stocks and the two bond indices for the past 20 years.  

 

Figure 13: 12-months trailing correlation. Stocks vs. Mortgage bonds and IG bonds (Thomson Reuters Datastream, 2019) 

What is clear for both indies is the variation across time. In a few periods, even mortgage bonds have a high 

correlation with stocks. Investment grade bonds seem to vary between 0.4 and 0.9 in normal periods. The 

average for mortgage bonds is -0.07; thus, a negative correlation. 

Similarly, investment-grade bonds have an average correlation of 0.71. Although, when focusing on crises, 

we see how bonds might still have a low correlation in times where stocks perform poorly. In the dot.com 

crisis in 2001-2002, the average correlation between stocks and mortgage bonds were -0.60. The same 

picture is seen in 2008 and 2011 for the financial crisis and the European debt crisis. Intuitively, this does 

make sense, as central banks often decrease interest rates, thereby, increasing the value of bonds, in times 

of crisis.  

Consequently, it seems an assumption of zero-correlation between stocks and bonds can be argued to be 

both somehow fair and misleading. On the one hand, mortgage bonds show a mean correlation of -0.07 on 

the 12-month trailing calculation. Similarly, the 5-, 10- and 20-year periods show variations between 0.15 

and -0.06. Hence, it would be fair to assume a zero-correlation on average. On the other hand, when 

testing for investment grade bonds, a much higher correlation is shown. With an average of 0.71 on the 

trailing graph and variations between 0.67 & 0.71, it seems off to assume no correlations. Hence, it must be 

concluded that the zero-correlation assumption is approved if the bond portfolio consists exclusively of 

low-yielding bonds. However, as we have proved in previous analyses, portfolios often consist of a mix of 

government bonds, mortgage bonds, investment grade bonds, high yield bonds, and emerging market 

bonds. Thus, a combination of these asset classes should result in a higher than zero correlation. The 

impact of the assumption lead to portfolio estimations with a higher risk-adjusted return than if the 

correlation was to be set higher. 

4.3 Evaluation and critique of investment assumptions 
Conclusively, the section will finish with a collective evaluation and review of the new investment 

assumptions. Investment assumptions will be used throughout the thesis why it is considered critical to 

justify the expectations.  
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Through the analysis, multiple critique areas have been found. The critiques are briefly listed below and will 

be explained afterward: 

1. Investment assumptions create odd portfolios when optimizing through the mean-variance 

approach. 

2. Returns are generally conservatively set, relative to historical data. 

3. Standard deviations are set lower than historical data.  

4. There seem to be a positive historical correlation between stocks and bonds  

In section 4.1 the optimization with a mean-variance approach highlighted efficient portfolios only 

contained few asset classes. In contrast to real-life pension portfolios, efficient portfolios did not diversify 

by using all asset classes. Hence, it seems expectations of some asset classes are superior to others; why 

only a few are included in optimal portfolios. This might create incentives for a pension fund to choose 

certain asset classes to outperform in the modeling.  

Comparing the returns, the investment assumption generally expects a lower than the historical return. The 

implication of such is an estimated lower total pension. It could be argued whether this conservative 

expectation is bad as the probability of underperforming expectations is now lower than before. Thus, the 

probability an individual gets a bad surprise at retirement is now smaller. 

Standard deviations are generally set lower than historical data implies. Compared to the expectations of 

returns, the risk-reward-ratio seem to be aligned as both standard deviation and risk are set low. In 

contrast, the low standard deviation implies a higher risk of receiving a good or bad surprise at retirement. 

If standard deviations are set too low, the variations might be higher why the total pension should vary 

more than model implies. Concretely, it must be questioned if the standard deviation on global stocks is 

underestimated. Using the 20-year trailing average, global stocks should have a standard deviation of 12.3 

% compared to the expected 10.1 %.  

Finally, the analysis of correlation in the long-run had a two-fold conclusion. On the one hand, Danish 

mortgage bonds seemed to have a correlation with global stocks near 0. On the other hand, riskier bonds 

as investment grade or high yield bonds have a strictly positive correlation. Thus, it must be questioned 

whether a long-run assumption of 0 correlation is proper. Therefore, the decency of the assumption 

depends on the allocation of specific types of bonds.  

Conclusively, the analysis showed multiple critique areas that possibly could be improved in the next year's 

investment assumptions. However, there is no doubt that the new investment assumptions are superior to 

the old and more simplistic expectations. When making assumptions of the future, there will always be a 

modeling risk which hardly can be avoided. Thus, it is still our conclusion the investment assumptions 2019 

make a proper fit for forecasting pension.  
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Section V – Model building-approach 
This section will describe our basic forecasting model in order to establish a foundation for the analyses in 

section 7. The basic model primarily operates with static exogenous variables but acts to elaborate more 

thoroughly on the mathematical assumptions. Later analyses will part by part lose some of the 

simplifications to more concisely forecast individuals pension savings through life.  

5.1 Mathematical assumptions and calculations  
At first, it is important to assume the model can infer something about future expected returns. We assume 

that returns are stochastic and follow a Geometric Brownian Motion and returns are independent across 

time (Hull, 2015). Thus, we assume no mean-reversion. 

In order to simulate the model, we introduce some common notation and assumptions. It is common 

practice to assume returns on assets are normally distributed. We assume continuously compounded 

returns and rebalancing, hence creating a lognormal distribution for both the individual assets and the 

portfolio. Due to this, our model assumes all asset classes to be lognormal distributed with an expected 

return, 𝜇, and standard deviation, 𝜎.  

This implies the gross return 𝑅𝑡, which is 1 + 𝜇𝑡, will be lognormally distributed. If 𝜎 then denotes the 

standard deviation of the log-returns and the mean of the log-return as 𝜇 −
1

2
𝜎2. Thus, it implies: 

 
ln 𝑅𝑡+1 ~𝑁 (𝜇 −

1

2
𝜎2, 𝜎2) 

(5.1) 

 

 𝐸[𝑅𝑡+1 − 1] = 𝑒𝜇𝑡+1 − 1 ≈ 𝜇 (5.2) 
 

 𝑉𝑎𝑟[𝑅𝑡] = 𝑒2𝜇+𝜎2
(𝑒𝜎2

− 1) (5.3) 

 

This implies that the gross-return over a period of T years is equal to the product of all the gross-returns 

(𝑅1 ∗ 𝑅2 … ∗ 𝑅𝑇). Finally, we assume that the log-returns in different periods are independent of each other 

and thus have the same 𝜇 and 𝜎 which implies that the log-return over T years is normally distributed with 

mean (𝜇 −
1

2
𝜎2) and variance 𝜎2𝑇. Then if Ι0 denotes the initial investment the then the investment at 

time T equals: 

 Ι𝑇 = 𝐼0𝑅1𝑅2 … 𝑅𝑇 , 
 

(5.4) 

that follows a lognormal distribution.  

As an individual continues to contribute throughout its working life to the pension fund wealth is getting 

accumulated. If the contributions to the pension plan is defined as Ι𝑡 and they are invested into the assets 

described above, then the pension plan in year 1 is equal to 𝐹1 = Ι𝑅1. Thus, through time till time T the 

pension plan has developed like: 

 𝐹𝑇 = Ι𝑡(𝑅𝑇 + 𝑅𝑇𝑅𝑇−1 + 𝑅𝑇𝑅𝑇−1𝑅𝑇−2 + ⋯ + 𝑅𝑇𝑅(𝑇−1)𝑅𝑇−2 … 𝑅2𝑅1) (5.5) 
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We assume the pension fund invests in a portfolio with proportions of 𝑤1, 𝑤2 … , 𝑤𝑛 = 1 in different asset 

classes. Also, assume portfolio weights to be continuously through each period. Additionally, we let 

𝜇𝑖,𝑡+1denote the expected log return on asset i in period t+1. expected returns for each asset class, 

𝐸[𝜇𝑖,𝑡+1], can be found in section 3 table 4. Thus, we can write the log expected return of the portfolio as 

the sum product of the weights and the log returns: 

 
𝜇𝑡+1 = 𝑤1𝜇1 + 𝑤2𝜇2 … 𝑤𝑖𝜇𝑖 = ∑ 𝑤𝑖 ∗ 𝜇𝑖,𝑡+1

𝑁

𝑖=1

 
(5.6) 

 

The portfolio standard deviation is calculated as:  

 

𝜎𝑝 = √∑ 𝑤𝑖
2𝜎𝑖

2 + 2

𝑁

𝑖=1

∑ ∑ 𝑤𝑖𝑤𝑗𝐶𝑜𝑣(𝑖, 𝑗)

𝑁

𝑗=𝑖+𝑖

𝑁

𝑖=1

 

(5.7) 

 

Where covariance is calculated as: 

 𝐶𝑜𝑣(𝑖, 𝑗) = 𝑐𝑜𝑟𝑟(𝑖, 𝑗)𝜎𝑖𝜎𝑗 (5.8) 

 

Correlations are provided in the investment assumptions in section 3 table 5.  

5.1.1 Monte Carlo simulation 
Our models are based upon the famous Monte Carlo simulation. A Monte Carlo simulation is frequently 

used when a statistical distribution is unknown (Hull, 2015). In the case of our model, the aggregated 

pension saving has an unknown distribution. This is due to two elements in the model. First, the weights of 

the assets are not held constant why the gross log returns are not additive. Secondly, contribution, Ι, is not 

constant in nominal or real terms as wages are set to change and subject to uncertainty.   

In our simulation, error terms are simulated using a normal distribution. As our model assumes normally 

distributed log-returns, the method can be used. By simulating an appropriate number of times, 

conclusions can be made on the aggregated results. The simulation is performed using 100,000 paths by 

drawing a random normal distribution and thus making sure we get a fair picture of the different quantiles 

as well as the mean and variance. The Monte Carlo simulation technique will also be used to model the 

real-wage increases. The implementation will be elaborated in section 6. 

5.2 The basic model  
The basic model can briefly be summarized to a few equations which are simulated across time using the 

Monte Carlo method. In this sub-section, we will examine the equations and notations whereas the next 

sub-section will examine the underlying assumptions.  

The model relies on two main time phases; The saving phase and the payout phase. In the saving phase, an 

individual contributes an amount of a salary which then are invested in various assets. For each period, the 

invested capital acquires a return which is then accumulated. Return on capital is deducted by tax, 

investment costs, and insurance costs. The savings are discounted by expected inflation to show savings in 

constant prices.  
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Hence,     

 
𝐹𝑡+1 = Ιt ∗ (1 − γ) ∗ (1 − 𝜏𝐴𝑀) + 𝐹𝑡

𝑅𝑝,𝑡+1(1 − 𝜏𝑝𝑎𝑙) + 𝜏𝑝𝑎𝑙 − 𝜅𝑎 − 𝜅𝑖

1 + 𝜋
, 

(5.9) 

Where, 

𝐹𝑡 = 𝑠𝑎𝑣𝑖𝑛𝑔 𝑎𝑡 𝑡𝑖𝑚𝑒 𝑡                  𝐹𝑡+1 = 𝑠𝑎𝑣𝑖𝑛𝑔 𝑎𝑡 𝑡𝑖𝑚𝑒 𝑡 + 1                    𝜏𝑝𝑎𝑙 = 𝑇𝑎𝑥 𝑜𝑛 𝑝𝑒𝑛𝑠𝑖𝑜𝑛 

𝑅𝑝,𝑡+1 = 𝑔𝑟𝑜𝑠𝑠 𝑟𝑒𝑡𝑢𝑟𝑛 𝑜𝑛 𝑐𝑎𝑝𝑖𝑡𝑎𝑙 𝑎𝑡 𝑡𝑖𝑚𝑒 𝑡 + 1            𝜅𝑖 = 𝑖𝑛𝑣𝑒𝑠𝑡𝑚𝑒𝑛𝑡 𝑐𝑜𝑠𝑡𝑠        𝜋 = 𝑖𝑛𝑓𝑙𝑎𝑡𝑖𝑜𝑛 

𝐶𝑜𝑛𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 = Ιt                                   𝐼𝑛𝑠𝑢𝑟𝑎𝑛𝑐𝑒 𝑐𝑜𝑠𝑡 = γ                𝜅𝑎 = 𝐴𝑑𝑚𝑖𝑛𝑖𝑠𝑡𝑟𝑎𝑡𝑖𝑣𝑒 𝑐𝑜𝑠𝑡𝑠 

𝜏𝐴𝑀 = 𝐴𝑀 𝑐𝑜𝑛𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑡𝑎𝑥 

In the payout-phase, savings are still invested but is now paid out at a certain rate. The speed of payout 

depends on a life-long annuity at time t determined by expected longevity and expected real returns. 

Additionally, the individual might receive various state pension. The payout for each year (𝑌𝑡) is calculated 

in each year by the following formula (Munk & Rangvid, 2018): 

 

𝑌𝑡 = 𝐹𝑡−1 ( ∑ exp {− ∑ (𝑟𝑣𝑎𝑟 + 𝜈(𝑠))

𝑡−1+𝑘

𝑠=𝑡

}

𝑇−(𝑡−1)

𝑘=1

)

−1

+ 𝐴𝑡
𝐵 + 𝐴𝑡

𝑆𝑈𝑃𝑃 + 𝐴𝑡
𝐴𝑇𝑃 

(5.10) 

Where,  

𝑟𝑣𝑎𝑟 = 𝑟𝑎𝑡𝑒 𝑜𝑛 𝑙𝑖𝑓𝑒 − 𝑙𝑜𝑛𝑔 𝑎𝑛𝑛𝑢𝑖𝑡𝑦           𝜈(𝑠) = 𝑚𝑜𝑟𝑡𝑎𝑙𝑖𝑡𝑦 𝑟𝑎𝑡𝑒 𝑎𝑡 𝑎𝑔𝑒 𝑠 

𝐴𝑡
𝐵 = 𝐵𝑎𝑠𝑖𝑐 𝑆𝑡𝑎𝑡𝑒 𝑝𝑒𝑛𝑠𝑖𝑜𝑛       𝐴𝑡

𝑆𝑈𝑃𝑃 = 𝑆𝑢𝑝𝑝𝑙𝑒𝑚𝑒𝑛𝑡𝑎𝑟𝑦 𝑠𝑡𝑎𝑡𝑒 𝑝𝑒𝑛𝑠𝑖𝑜𝑛         

𝐴𝑡
𝐴𝑇𝑃 = 𝐴𝑇𝑃 𝑙𝑖𝑓𝑒 − 𝑙𝑜𝑛𝑔 𝑝𝑒𝑛𝑠𝑖𝑜𝑛 

𝑇 is set at mthe aximum age of 110, t denotes the time after today and k the age today.  

Hence, the saving in the next period is made up of the two above formulas without new contributions: 

 
𝐹𝑡+1 = 𝑒𝜈𝑡+1𝐹𝑡

𝑅𝑝,𝑡+1(1 − 𝜏𝑝𝑎𝑙) + 𝜏𝑝𝑎𝑙 − 𝜅𝑎 − 𝜅𝑖

1 + 𝜋
− 𝑌𝑡+1 

(5.11) 

 

𝑒𝜈𝑡+1  denotes the probability of surviving the next period. It is assumed that the savings for not surviving 

individuals will be transferred to surviving individuals. Note how all periods are calculated in real terms by 

dividing returns with inflation.  

5.3 Assumptions in the model 
In the following sub-section, all variables used in formula 5.9, 5.10 and 5.11 will be elaborated and 

necessary assumptions set forth.  

5.3.1 Longevity and mortality rates 
A vital part of our forecasting model is the mortality rate 𝑣(𝑥, 𝑡). This, because the life-long annuity bought 

at retirement depends on expected longevity. Thus, if expected longevity increases (probability to survive) 

the life-long annuity will decrease thereby decreasing annual payouts. Hence, it is important to fairly 

estimate mortality rates to ensure correct payouts. Our model assumes the mortality rates published by 

the Danish FSA in 2017 (Finanstilsynet, 2017).  The number represents the probability of dying in the 

following year for men and women in 2017. The mortality rate is observed and set separately for men and 
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women, why our analyses will elaborate on results for both men and women.  

In addition to this vector, the Danish FSA has published an appendix (Finanstilsynet, 2017) with 

improvements of the longevity to reflect the growing longevity trend for both men and women. This 

benchmark consists of an annual percentage reduction of the death intensity for all ages. The 

improvements for men and women are denoted 𝑅𝑀 and 𝑅𝑊.  

Thus, the probability of dying in the period for age group 𝑥 in period 𝑡 for men, 𝑣𝑀  

 𝑣𝑀(𝑥, 𝑡) = 𝑣𝑀(𝑥, 2017) ∗ (1 − 𝑅𝑀(𝑥))
(𝑡−2017)

 (5.12) 

 

and for women, 

 𝑣𝑊(𝑥, 𝑡) = 𝑣𝑊(𝑥, 2017) ∗ (1 − 𝑅𝑊(𝑥))
(𝑡−2017)

 (5.13) 

 

where 𝑣𝑀(𝑥, 2017) is the observed death intensity for men in 2017 for age group 𝑥 and 𝑅𝑀(𝑥) the 

longevity improvement for men in each period for age group 𝑥. The mortality rate for all ages today and in 

the future can then be defined in a matrix with age today (rows) and age in the future (columns).  

As an example, we look at 50-year old women in the year 2037 (hence, the woman is 30 years in 2017). The 

probability of dying the next year be calculated as: 

𝑣𝑊(𝑥, 𝑡) = 𝑣𝑊(50,2017) ∗ (1 − 𝑅𝑊(50))
(2037−2017)

  

𝑣𝑊(𝑥, 𝑡) = 0.0014066 ∗ (1 − 0.0319739)(2037−2017) = 0.0007344 

Thus, the probability of dying at age 50 in 20 years is 0.07 %. Similar calculations are made for all ages in the 

future and used to determine the probability of survival used in equation 5.10. 

As we for the specific individual know the age today when simulating the model, the notation can be 

changed to: 

𝑣𝑊(𝑥, 𝑡) = 𝑣(𝑠) 

Which is used in equation 5.10 and 5.14. 

5.3.2 Life-long annuity rate 

This variable life-long annuity (𝐴𝑉𝑎𝑟) can be denoted as the first part of equation 5.10. Thus, 

 

𝐴𝑉𝑎𝑟 = 𝐹𝑡−1 ( ∑ exp {− ∑ (𝑟𝑣𝑎𝑟 + 𝜈(𝑠))

𝑡−1+𝑘

𝑠=𝑡

}

𝑇−(𝑡−1)

𝑘=1

)

−1

 

(5.14) 

 

From this equation 5.14, it is evident that it both depends on the mortality rate as well as an interest rate 

used for discounting denoted 𝑟𝑣𝑎𝑟. This rate is one of the biggest determinants for how much the individual 

will get paid out every year when retired. At the very moment, there are no certain rate that pension funds 

should use, and it is up to the individual pension fund to choose an interest rate they find fit. The only 

restriction is set by the Danish Tax Authorities with regards to the maximum discount rate which as per 

2019 is equal to 4.6585% (Skat, 2019). Even though there are no explicit rules, pension funds must comply 

with the prudent person principle. 
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If the life-long annuity rate is set higher than the expected real return of the portfolio at time 𝑡 + 1, the 

pension distribution, 𝐴𝑣𝑎𝑟, will decrease over time. Oppositely, a lower annuity rate will cause 𝐴𝑣𝑎𝑟 to 

increase across time. Only if (∑ exp{− ∑ (𝑟𝑣𝑎𝑟 + 𝜈(𝑠))𝑡−1+𝑘
𝑘=1 }

𝑇−(𝑡−1)
𝑘=1 )

−1
 is equal to the expected real 

return, pension distribution will be kept constant.  

When pension savings are subject to payout, there is a few different ways to set the annuity rate. First, the 

discount rate can be set equal to the expected net return of the portfolio in the first year without adjusting 

for inflation. Second, it can be set conservatively and use the expected net return of the bonds in the first 

year. Thirdly, the pension fund could weigh the short-term and long-term assumptions equally and use the 

expected net return adjusted for inflation. Fourth, the pension fund can choose whatever discount rate 

that makes the pension distributions constant over time. This method is used by Claus Munk & Jesper 

Rangvid (2018) in their analysis.  

In our analyses, the annuity rate will be set to make pension distributions to be constant in real terms over 

time. This will be done by choosing a discount rate that is equal to the different portfolios net return after 

inflation. 

5.3.3 Investment costs  

Investment costs have in recent years become a hot topic in the media and pension funds are eager to 

show how their options might be cheaper compared to competitors (Nielsen, 2018). As mentioned in 

section 3 investment costs have been included in the investment assumptions for 2019, Investment costs 

are deducted in the nominal returns in each period.  

 

Table 16: Short- and long-term investment costs assumptions (Forsikring & Pension, 2019) 

On contrast, fixed costs for all pension funds are a vague assumption. It is hard to acknowledge that all 

pension funds should have the same investment costs regardless of size or whether they outsource 

investments to external funds. From our interview with both PensionDanmark and Danica Pension, they 

both expressed some concern with this assumption. On the one hand, they both agreed that investment 

costs made a good proxy for an average, although the variance was considerable. On the other hand, fixed 

investment costs favor expensive funds, whereas cheaper funds are not rewarded in the model. In addition, 

the long-term division into two asset classes does not necessarily reflect the underlying investment costs as 

the portfolio composition might differ. 

Nonetheless, this model assumes fixed investment costs presented by Forsikring & Pension. We will, 

however, stress this assumption is subject to uncertainty.  

5.3.4 Insurance costs 

In Denmark, it is common that pension products contain insurance against the inability to work, sickness or 

death. The insurance premium is mandatory for individuals. Thus, our model will have to include this 

element. According to formula 5.9; gamma (𝛾) denotes the insurance cost and is subtracted directly from 

the annual contribution to the pension savings. The insurance premium varies between the different 

pension funds; however, it does not take into consideration which field of work the individual is in. Pension 

Gov Bonds IG Bond HY Bond EM Bond Global Stocks EM Stocks Private EQ Infrastructure Real Estate Hedgefund

0.22% 0.33% 0.63% 0.47% 0.50% 0.84% 0.50% 0.22% 0.22% 0.22%

Stocks Bonds

0.50% 0.22%

LONG TERM > 11 YEARS

SHORT TERM =<10 YEARS
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funds are not allowed to differentiate the insurance premium between individuals. Therefore, our 

forecasting model will also assume one premium that cover all individuals.  

In relation to the size of the insurance premium, it is not very transparent how much is being attributed to 

insurance coverage. Of course, the cost of insurance highly depends on the desired coverage why it may 

vary between individuals. However, we estimate a constant insurance premium of 15 % of all contributions 

through the saving phase.  

𝐼𝑛𝑠𝑢𝑟𝑎𝑛𝑐𝑒 𝑝𝑟𝑒𝑚𝑖𝑢𝑚 (𝛾) = 15 %  

We further assume the individual will not continue to pay this insurance premium when he/she retires. This 

is in line with our assumption that whatever is left of the life-long annuity is being transferred to the 

individuals who outlives the average. To simplify the model, we also refrain to include the insurance claim 

individuals will get if they die early or lose their ability to work.  

5.3.5 Administrative costs  

In addition to insurance costs and investments costs, pension schemes are subject to administrative costs 

annually. The percentage of costs often vary with the size of the wealth. Thus, a low accumulated wealth 

will have a higher percentage of costs due to certain fixed or minimum costs. According to Danica Pension, 

their customers paid an average of DKK 1,559 or 0.4 % (Danica Pension, 2019). As a simplifying assumption, 

our model will assume a fixed cost of 0.4 % of the accumulated wealth annually. Therefore, this assumption 

will underestimate costs in the early savings phase and overestimate costs as savings grow.   

5.3.6 Taxes  

Our model includes two types of taxes, labor market contribution, 𝜏𝐴𝑀  (AM-contribution) and pension tax, 

𝜏𝑝𝑎𝑙 (PAL-tax). Currently, the AM-contribution is deducted in income before a payment can be made to a 

pension scheme. Hence, our model deducts the tax before contributions. The AM-contribution is fixed at 8 

% and has been constant since 1994 (Skatteministeriet, 2019). We assume the AM-contribution to be 

constant for all simulations. The PAL-tax has since 2012 been 15.3 % and 15 % in the period 2000-2011 

(Forsikring & Pension, 2019). We assume a fixed PAL-tax of 15.3 %.  

5.3.7 Modeling state pensions 

Even though personal pension savings have been growing, state pensions still account for a significant 

amount. Especially, for individuals with a low income. In studies by Munk & Rangvid (2018), state pension 

and supplementary state pension is included but ATP and the old-age supplement are excluded. 

Our model will include ATP as approximately 5 million Danes are included in the ATP insurance which is 

basically the entire population above 16 years old (ATP, 2019). However, we still refrain from including the 

old-age supplement. The argument for excluding old-age supplement is two-fold: Firstly, old-age 

supplement is only received when the wealth of an individual is lower than DKK 87,900 (2019). In almost all 

scenarios pension exceeds the boundary. Secondly, our model only calculates labor pension savings, why 

personal savings remain an unknown. Exclusion of old-age supplement is a weakness of the model, 

although we estimate differences to be insignificant and only valuable to the very low-income segment.  

5.3.7.1 The state pension 

We assume that the basic state pension will follow the inflation defined by the investment assumptions. 

Thus, an increase by 1.8 % in the first 10-years where after it will grow by 2 %. Finally, the basic state 

pension is assumed not to be subject to political changes.   

𝑇ℎ𝑒 𝑏𝑎𝑠𝑖𝑐 𝑠𝑡𝑎𝑡𝑒 𝑝𝑒𝑛𝑠𝑖𝑜𝑛, 2019 = 𝐴𝑡
𝐵 = 𝐷𝐾𝐾 75,920 
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5.3.7.2 The supplementary state pension 

DKK 83,076 is thus the maximum supplementary state pension a single pensioner can receive. The 

supplementary state pension is dependent on other pension income and if the maximum is to be received 

the individual must have income below 87,800. If the individual earns more than DKK 87,800 a year it will 

linearly decrease with the income and eventually, it will be fully phased out if the pension income exceeds 

DKK 356,700.  This is also assumed to grow with inflation. Mathematically this can be expressed as:   

 

𝐴𝑡
𝑆𝑈𝑃𝑃 = { 

83                                                                       𝑖𝑓 𝑌𝑡 ≤ 87.8,
83 ∗ (356.7 − 𝑌𝑡)/(356.7 − 87.8),                           𝑖𝑓 87.8 ≤ 𝑌𝑡 ≤ 356.7,
0,                                                                         𝑖𝑓 𝑌𝑡 ≥ 567.7

} 

5.3.7.3 ATP Life-long pension 

How much the individual receives from ATP varies. If the individual has been working for its entire life, the 

amount it will receive is approximately DKK 23,600 (2019). In later stages of the analysis, we will apply 

unemployment into our model. Assuming that individuals do not contribute to ATP when you are 

unemployed, you will not get the full benefit of 23,600. In the modeling, we assume a payout of DKK 21,500 

which is approximately 90 % of the maximum. 

 

𝐴𝑇𝑃 𝑝𝑒𝑛𝑠𝑖𝑜𝑛, 2019 = 𝐴𝑡
𝐴𝑇𝑃 = 𝐷𝐾𝐾 21,500 

 

In Denmark, it is possible to postpone retirement and thereby gain an increase in public pensions. For 

simplicity, it is assumed that this is not possible. Additionally, to simplify the model, we assume that all the 

individuals are single and thus the amounts above are applicable for all the individuals. Finally, these 

amounts are also in real terms as we adjust for inflation as described above. All numbers presented for 

state pensions are aligned with the reviews in section 2.  

5.3.8 Investment assumptions  
In addition to the above-mentioned assumptions and inputs, the model will assume the investment 

assumptions to be true. Thus, the assumptions stated in section 3 will be used to simulate the model. This 

includes the assumptions of returns, standard deviations, costs and correlations of the 10 asset classes.  

5.3.9 Modeling of Wages 
So far, the pension forecasts are based upon a deterministic wage profile of the individual with no 

development in labor income or uncertainty in employment. In the basic model, wages are assumed to be 

in line with the current forecasting method. However, in the next section, we will challenge this notion and 

develop a stochastic lifecycle income model. 

In section 7 a model will be simulated using both a static and dynamic wage model.  
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Section VI – Modeling lifecycle income 
In this section, the lifecycle income of an individual will be analyzed. Most of the working population 

will never experience a lifetime with real-term constant income until retirement. Hence, modeling a 

stochastic or increasing income model seems highly relevant. The objective of the section is to 

model and implement real wage increases in a more profound way to improve the accuracy of the 

forecasting model. However, as the objective remains to make a one-size-fits-all model, the analysis 

will aim to find common variable inputs for all individuals.   

The first part of the section will examine the development in real wages and the lifecycle labor 

income. The development of income is analyzed across time, age and income groups to determine 

the impact on wages. Secondly, the section will examine unemployment rates to implement the risk 

of being unemployed in a given year. Thirdly, it is analyzed how wages and unemployment in 

Denmark correlate with stocks to determine the degree of dependence between the parameters. 

Finally, a stochastic lifecycle income model is presented based on the analyses. Along the section, 

the findings will be compared to other studies in the field to provide a stronger argument. The 

lifecycle income model will be defined as a hump-shaped pattern and will be a central part of the 

forecasting model as it determines pension contributions throughout the working phase.   

6.1 Development in real wages 
Historically, increases in wages have been higher than inflation. Thus, it could be argued that 

contributions and wealth at retirement are underestimated, as they currently do not take expected 

increases in real wages into account.  

 

Figure 14: Danish income development and inflation, 1988-2017 (Danmarks Statistik, 2019) 

Figure 14 above shows the development of three parameters. The inflation, the nominal income and 

the income in real terms. The real wage has been calculated using formula 6.1 below. 

𝑅𝑤𝑎𝑔𝑒 =
1 + 𝑛𝑜𝑚𝑖𝑛𝑎𝑙 𝑤𝑎𝑔𝑒

1 + 𝑖𝑛𝑓𝑙𝑎𝑡𝑖𝑜𝑛
− 1 

 

(6.1) 

Historically, these parameters have been quite volatile. Although, as the blue-dotted line in the graph 

indicates, the real wage has increased by approximately 1 % annually since 1988. Thus, not constant over 
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time as current the forecasting technique assume. The estimate could be considered quite accurate 

because of the time frame from 1988 to 2017 consists of several economic cycles with both economic 

downswings as well as upswings. Also, the estimate is consistent with an analysis published by the Danish 

central bank estimating an average real wage growth of 1 % from 1976-2018 (Danmarks Nationalbank, 

2018). 

In addition to the general development of real wages, it seems relevant to include a narrower 

analysis of income across time and income class. Figure 15 sketches an indexed development of 

labor income before taxes for individuals within low, medium and high-income classes in the period 

1994-2017.  

 

Figure 15: Real wage development for separate income classes (Danmarks Statistik, 2019) 

It is evident that the higher income class the individual belongs to; the higher have the real wage 

increases been from 1994 to 2017 (blue line). It does not seem that real wage increases are 

different between low- and medium-income classes. However, high-income individuals have 

substantially higher growth in real wages. In the period, the high-income individual had an average 

real wage increase of 1.5 % annually compared to the medium-income group (0.7 %) and the low-

income group (0.7 %). Thus, it seems fair to conclude that individuals characterized as “high-

income” should experience a higher real wage increase than the 1 % found before.   

However, it must be stressed, that the high-income group is subject to a higher risk of erroneous 

conclusions. The high-income group must be assumed to have a non-normal distribution as the 

average is skewed by a few who earns a high multiple relative to the average.  Finally, this is also 

backed by the development of the Gini-coefficient curve for Denmark. The Gini-coefficient is a 

measurement for the income inequality in a country. This curve has been steadily increasing since 

1978 which indicates the gap between poor and rich people have become larger (Danmarks 

Statistik, 2019). Conclusively, it should be considered whether individuals should be modeled 

differently.   
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6.2 Lifecycle income developments 
Theory and empirical evidence from US panel data says that labor income is generally found to be 

hump-shaped over the working life. It is rapidly increasing in the early years, then flattening out 

with a peak at the age of 45-55, and then declining (Munk, 2017).   

However, are the findings from the United States in line with the results from Denmark? Danmarks 

Statistik has collected data of income for individuals within different age categories ranging from 25 

to 70 in the period 1987 to 2017. Data is only available to the public on an aggregated level 

(Danmarks Statistik, 2019). Figure 16 below visualizes the average lifecycle income in Denmark.  

Hence, including all types of workers and income classes. Although data for all years are available, it 

is chosen to show the development for the years 1987, 1997, 2007 and 2017 to outline the changes 

across time. The data are measured in 2017 prices. Hence, all prices are inflated to 2017 to make 

data comparable. 

 

Figure 16: Average lifecycle income for different years by age, measured in 2017 prices. (Danmarks Statistik, 2019) 

The salary in 2017 increases rapidly until the age of 45-50 where after it flattens and start to decline 

until retirement. It seems a cubic equation can explain the income path. 

Additionally, the same hump-shaped curve proves to be consistent in all four timeframes. Though, it 

seems the maximum income has increased more relative to the initial income across time making 

the hump-shape steeper. However, all four periods show a maximum around the age 45-50 why it 

can be assumed to stay constant in the future. 

Furthermore, the labor income increased to a factor of approximately 1.8 the initial income in 2017. 

In 1987 it was only around 22 % higher than the initial income whereas it now is 80 % higher. Finally, 

individuals between the age of 55 and 65 experiences an income drop of 33 % compared to the 

peak in 2017.   

The drop seems to be relatively large but can be explained by two simple arguments: Firstly, the 

data above is measured in real terms for a given year. An individual in 2017 with the age of 60 

would have started their career in 1982. The average salary in 1982 for a 25-year old was 

approximately 40 % lower in nominal terms. Thus, this individual has not experienced a 33 % drop as 
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the graph above indicates because it does not include the effect of increasing wages across time. 

Hence, it is necessary to include real-wage increases to the hump-shaped lifecycle income if the 

purpose is to forecast salaries in the future.    

Secondly, the data show an average of all individuals in Denmark. Therefore, the cross-sectional 

data includes individuals who have entered the workforce but left at an earlier age. This could be 

due to early retirement, sickness or a third reason. As the age group increases, a larger fraction will 

have left the workforce and will receive a low salary. Thus, the mean is decreased by a larger 

amount. By cleansing the average to include only employed individuals, the mean-wage for the 

individual who is still employed will be considerably higher. Comparing our findings with the USA, 

data shows the median drop is merely 5 % after the peak at around 50 years (Payscale, 2019).   

To summarize our findings from an empirical standpoint, it can be concluded real wages historically 

have increased by 1 % annually. However, it does not seem the lifecycle income, nor the level of 

income is growing at a constant pace over time. Finally, it was found that a hump-shaped pattern 

has been more visible in later years which could indicate a cubic equation explains a lifecycle 

pattern over the working phase. Finally, our findings are similar to those found by Claus Munk & 

Jesper Rangvid (2017).  

6.3 Examination of the unemployment rate 
In addition to analyzing developments in wages across time, age and income class, the risk of 

unemployment must be considered when defining an income model.  In the following, 

unemployment rates will be examined based on age, education, gender and across time.   

To even begin evaluating unemployment rates, a definition must be made. Our definition is similar 

to the one used by Danmarks Statistik and sounds: Unemployment is defined as a Danish citizen 

whom are currently without work but are considered part of the workforce, hence, ready and able to 

take on a job (Danmarks Statistik, 2019). The workforce is then defined as the sum of unemployed 

and employed citizens. The definition seems reasonable for our analysis, as we are only interested 

in people who are part of the workforce and contribute to a pension scheme. Thus, we exclude all 

who are not a part of the Danish workforce. The definition requires us to assume all individuals we 

model will stay a part of the Danish workforce until retirement.  

6.3.1 General development of the unemployment rate 
In figure 17, the unemployment rate in Denmark is drawn for men, women and collectively. At first, it is 

evident how unemployment generally has decreased significantly in the past 40 years. In the 1980s and 

1990s, unemployment rates varied between 7 % and 13 %. However, in the past 15 years, the average 

unemployment rate has been 3.8 % with an unemployment rate of 3.1 % in 2018. 
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Figure 17: Unemployment rate by sex and total 1979-2018 (Danmarks Statistik, 2019) 

Another visible trend is how unemployment is somewhat correlated with economic cycles. In the 

period 1980-2018, Denmark has been in a recession or had very low growth five times. In 1980-81, 

1988, 1993, 2002-03 and 2008-09. If comparing the economic crises with the graph, it seems 

unemployment rates spike with a lag after a period with low GDP-growth. In the most recent 

financial crisis, 2008-09, unemployment reached an all-time low in 2008. The unemployment rate 

reached a new peak in 2012, four years later. Similarly, the dot com crisis in 2002-03 increased 

unemployment. However, the increase came one year later than the crisis itself.   

When looking at the unemployment rate for men and women, the difference has converged to zero. In the 

1980s, women were on average 3-percentage points more unemployed. Although in the period 2010-2018, 

the difference has on average been precisely zero. Thus, it must be assumed that the future gap between 

men and women are zero. 

6.3.2 Unemployment rate across lifecycles 
Another exciting variable to examine is how unemployment is dependent on age. Figure 18 sketches 

the unemployment rate in the period 2007-2018 with monthly observations for a given age-group.  

 

Figure 18: Unemployment rate given age groups across time (Danmarks Statistik, 2019) 

Firstly, it must be concluded how average unemployment decreases with age. Thus, the highest 

unemployment rate is found for the age group 25-29, whereas the lowest is found for the population older 

than 60 years. When zooming in on the averages, table 17 below visualizes the exact differences. 
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Table 17: Unemployment rate deviations from the mean, age groups (authors’ calculations) (Danmarks Statistik, 2019) 

From the table, it is evident how the average unemployment rate in the period 2007-2018 has been 

4.75 %. In the same period, the average was only 3.09 % for the age group above 60 years. The 

differences are quite large, with the youngest age group having more than twice the unemployment 

rate. Consistently, the average unemployment rate decreases for each age group. From the 

numbers, it seems age is a dependent variable on the risk of unemployment. Hence, when modeling 

unemployment, it could be considered to include age.   

6.3.3 Unemployment rate across and education 
In addition to comparing employment status and age, it is relevant to examine the relationship between 

unemployment and level of education. Like the previous analysis, the period 2007-2018 is examined. Figure 

19 below shows the unemployment rate for individuals who has the highest education. Furthermore, the 

growth in real GDP and fixed investments is sketched. 

 

Figure 19: Unemployment rate, GDP, investments by year and education (Danmarks Statistik, 2019) 

What is visible is how the average unemployment rate is significantly higher for individuals with only 

education from elementary school than higher levels of educations. In the period, the average for 

elementary schools was 6.7 %, in opposition to 4.9 % and 4.6 % for individuals with vocational 

education and master’s degree, respectively.  

Thus, there seems to be a great difference between no education and education. Although the 

difference between vocational and higher education is relatively small. In examining the differences 

between individuals with a university degree and a vocational education, such as plumber, 

electrician or craftsman, it seems they develop differently in the economic cycle.  
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Firstly, individuals with vocational education have a higher standard deviation than those with a 

university degree. If we compare the development with real GDP growth and changes in fixed 

investments (a proxy for constructions), we see the unemployment rate is increasing relatively more 

for individuals with a lower level of education. In 2007-08, just before the financial crisis, the 

unemployment rate for vocational educations was lower than for individuals with a master’s degree. 

The same trend is visible in 2016 and 2017. Although, post the financial crisis fixed investments 

dropped 13 % in 2009 and 6 % in 2010 which increased unemployment from 2.3 % to 6.6 %.   

Conclusively, it seems there is a significant difference in the unemployment rate between having no 

education and some education. Although, the average unemployment rate for individuals with 

education is low. However, the standard deviation is higher for individuals with a lower level of 

education than individuals with a university degree. This could be caused by the nature of the job, 

where jobs in construction to a higher degree are correlated with economic cycles.   

6.3.4 Correlations between unemployment, wages, and stocks 
As salaries and contributions are used as a variable input to estimate future wealth, it is vital to make 

assumptions of the correlation between wages and the stock market. 

 

Figure 20: Unemployment rate vs. total return on MSCI World (Bloomberg, 2019) (Danmarks Statistik, 2019) 

Figure 20 above sketches the annual unemployment rate (LHS) and an indexed total return of MSCI 

World in the period 1990-2018. One can infer that there seems to be some negative correlation 

between the unemployment rate and the stock market return. Although, when taking a closer look, 

the effect on unemployment seems to be lagged a few years. This pattern is in accordance with real 

observations in economic cycles. Usually, in times of crisis, businesses hesitate to reduce employee 

costs and might wait until profits have dropped. In the example of 2008, the unemployment rate 

dropped to an all-time low, although the stock market decreased by 30 %. However, in the years 

after, the unemployment rate more than doubled from 2% to 4.3 % in 2012.   

Besides the correlation between the stock market and the unemployment rate, many labor income 

models also consider the relationship between labor income with the stock market. For many 

professions, especially within the private sector, it is common to have some income dependency on 

the performance of the company and the company’s stock price (Munk, 2017). However, figure 21 

below does, seem to indicate that no such conclusion can be drawn. The nominal wage increase is 

close to constant in the range of 1 % to 6 % whereas the stock market return is highly volatile. 

Zooming in on good and bad performing stock years, neither, does it seem there is a connection. On 
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the other hand, the unemployment rate sketched is the aggregated level for the Danish workforce. 

Thus, it could be the case some workers have a fairly large correlation on the stock market, and 

others do not. An example could be the difference between public and private sector employees, 

where it could be assumed private sector employees have a more considerable dependency on the 

performance of stocks.  

 

Figure 21: Changes in nominal wages vs. MSCI World, 1988-2017 (Danmarks Statistik, 2019) (Bloomberg, 2019) 

To examine the development closer, a linear regression of the nominal and real wage increase as a 

function of annual returns on the MSCI World index in the period 1988-2017. The linear regression 

can be defined as the following equation with 𝑌𝑖 being the increase in wage and 𝑋𝑖 being the 

changes in the MSCI World. Mathematically speaking: 

𝑌𝑖 = 𝛽0 + 𝛽1 ∗ 𝑋𝑖 + 𝜀𝑖  (6.2) 
 

The regression is made in MS Excel and the four outputs shown below: 

 

Table 18: Regression output on real wage vs. total return on MSCI World. Authors' calculations 

The outputs show increases in wages has no or only a little linear dependence on the stock market. Looking 

at the nominal wage-increase with no lag, the explanatory power 𝑅2 is only 0.035. Introducing a 1 period 

lag – The increase in wage as a function of the stock market return the previous year, higher 𝑅2 is reached, 

although, still very low. None of the coefficients are significant on a 5 % level making why we must reject 

the model. Thus, all four analyses indicate no strong linear relationship between wages and stock market 

returns. Conclusively, the relationship must be set to zero or at least at a low level of dependence.   

6.4 Modeling lifecycle wages 
As explained in the introduction of the section we will implement the increases in the real wage in two 

different ways. First, we will introduce how to model a constant real wage increase and within what 

boundaries the increase is applicable. Secondly, we will derive and apply a more analytical as well as 
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mathematical approach by introducing stochastic income curves based upon theory and our own empirical 

founded estimates. 

6.4.1 A constant increase in real wages 
The first model, we present is a constant real wage increase model. In section 6.1, the analysis showed a 

historical real wage increase in Denmark to be 1 %. Hence, we assume a constant real wage increase of 1 % 

(G) annually in line with the previous section. Further, we assume the inflation to follow the expectations 

proposed in the investment assumptions by F&P. The nominal wage increases (�̃�) which can in the short 

and long-term be written as: 

�̃�𝑠ℎ𝑜𝑟𝑡−𝑡𝑒𝑟𝑚 = (1 + 1.8%) ∗ (1 + 1%) − 1 = 2.82% 
 

(6.3) 

�̃�𝑙𝑜𝑛𝑔−𝑡𝑒𝑟𝑚 = (1 + 2%) ∗ (1 + 1%) − 1 = 3.02% (6.4) 

 

Additionally, we will assume that the individual is 25 years old today (2019) and will experience increases 

from the start of its working phase until the age 60 where after real wage is set to follow inflation. 

Mathematically speaking the nominal income will develop like:  

�̃�𝑛𝑜𝑚𝑖𝑛𝑎𝑙 =   {

                                                                      
2.82%,                                                   𝑖𝑓 25 < 𝑡 > 35,
3.02%,                                                  𝑖𝑓 35 < 𝑡 < 60,
2%,                                                         𝑖𝑓 60 < 𝑡 < 72.

} 

This will cause the individual to receive a 42 % increase in real terms relative to the starting salary. If the 

wage were to increase by 1 % up until retirement at age 71 (Last year of working), the increase would be 59 

% instead. 

6.4.2 A stochastic income path approach 
In this section, we will take a more theoretical and analytical approach to the modeling of lifecycle income 

for the pension saver. We will introduce a stochastic income model approach which will allow us to 

simulate different paths using a Monte Carlo method. Eventually, the wealth at retirement in the pension 

plan will have a risk element of the development in wages and returns on assets. Additionally, we introduce 

an element of unemployment to the model.  

The lifecycle income (Y) for a typical individual can be described as a stochastic variable. In the previous 

analyses, we found wages to develop as a cubic equation. The finding is in line with academic literature 

such as Attansio et al. (1995), Cocco et al. (2005), Fernandez-& and Kreuger (2007) and Guvenen et al. 

(2015).   

The labor income development can be expressed in the following way:  

𝑌𝑡+1 = 𝑌𝑡 exp {𝜇𝑌(𝑡+1)
−

1

2
𝜎𝑌

2 + 𝜎𝑌(𝜌𝑆𝑌𝜖1,𝑡+1 + √1 − 𝜌𝑆𝑌𝜖2,𝑡+1)} 
(6.5) 

 

Formula 6.5 predicts the wage at 𝑌𝑡+1 as a function of the wage in time 𝑡, 𝑌𝑡.  The expected increase at time 

𝑡 + 1 is given as 𝜇𝑌(𝑡+1). Hence, the wage in the next period is dependent on the wage in the current 

period. The development of wages is additionally a stochastic variable with a standard deviation of the 

salary, 𝜎𝑌, a correlation coefficient, 𝜌𝑆𝑌, expressing the relation between annual stock returns and income 

deviations. Thus, the higher correlation with the stock market, the higher the variance of wage. Finally, the 

error terms 𝜖1,𝑡+1 and 𝜖2,𝑡+1 are standard normally distributed variables with mean 0 and standard 
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deviation 1. Further, 𝜖2,𝑡+1 are independent from 𝜖1,𝑡+1. Thus, the development of the variables is IID 

(mutually independent). Finally, the implied distribution of income 1 year before retirement seems to be 

lognormally distributed which we will show later.  

The primary indicator for the mean development of 𝑌𝑡 is 𝜇𝑌(𝑡 + 1) and should be set in a way the expected 

wage development follows a cubic equation (Munk & Rangvid, 2017): 

𝜇𝑌 = 𝑎1(𝑡 − 𝑡0) + 𝑎2(𝑡 − 𝑡0)2 + 𝑎3(𝑡 − 𝑡0)3 (6.6) 
 

By making the wage follow a cubic equation the individual will experience both an increasing, constant and 

decreasing income development and the salary curve will thus take the shape of a hump-shaped pattern 

which is in line with academic literature such as Attansio & Weber (2005), Cocco et al. (2005), Fernandez-

Villaverde & Kreuger (2007) and Guvenen et al. (2016) as well as our findings in section 6.2. The parameters 

𝑎1, 𝑎2 and 𝑎3 are being solved for, using MS Excel, in order to determine: 1) the age of when the individual 

has its maximum income 2) the maximum labor income and 3) the decrease from 𝑡𝑚𝑎𝑥. This will primarily 

rely on the findings in our empirical analysis in section 6.1-6.2 and adjusted to reflect other researches. 

Thus, we set up our three requirements for 𝑎1, 𝑎2, 𝑎3 such that: 

I. The expected income is maxed at age 52 which corresponds to the findings in figure 16 and other 

empirical studies. Thereby, 𝑡𝑚𝑎𝑥 becomes 52. 

II. The maximum expected income is a factor of 1.8 the initial salary. This is aligned with figure 16 in 

2017.  

III. The income at age 71, one year before retirement, 𝑇𝑅 − 1, is a factor of 0.93 times the maximum 

income the individual has at age 52. This is in line with previous research conducted of life-time 

consumption and income in the US (Guvenen et al., 2015), as well as more recent statistics from 

the American market (Payscale, 2019). 

To determine the remaining inputs, we use other studies as reference. Due to the lack of available panel 

data, it has only been possible to estimate aggregated numbers, why we stick to theory and previous 

studies. American empirical surveys have estimated the standard deviation of the income 𝜎𝑌 to be roughly 

10% (Guvenen et al., 2015). However, we estimate it to be 5% in accordance with Munk & Rangvid (2017). 

They argue the standard deviation could very well be lower than 10 % in the case of a typical Danish 

pension saver as the probability of unemployment and especially long-lasting unemployment should be 

modest (Munk & Rangvid, 2017).  The correlation between log returns on the stock market and income 

deviations will be set to 0.1. It could be argued, that the correlation should be set to zero, although the 

effect on the model is relatively small. On the other hand, it could be argued both parameters should 

depend on the individual’s job and education level (Munk & Rangvid, 2017).  

By applying these assumptions, individuals will experience hump-shaped lifecycle income curves. Thus, our 

equations for the individual’s income will look like: 

𝑌𝑡+1 = 𝑌𝑡 ∗ exp {𝜇𝑌𝑡+1 −
1

2
0.052 + 0.05(0.1𝜖1,𝑡+1 + √1 − 0.1𝜖2,𝑡+1)}  

(6.7) 

 

In addition to the stochastic lifecycle income model, we also model on unemployment rates. Such a model 

can be implemented in various ways, though, we introduce a binomial model. Based upon section 6.3, 

unemployment rates have been at a near all-time low in the past decade. However, we assume the risk of 
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being unemployed to be equal to the 25-year average of 5 %. Thus, the risk of unemployment in any year is 

given as a binomial random variable: 

𝑈𝑡 = 𝑏(1 , 5%) (6.8) 
 

Further, it is assumed the individual will have no income (or at least do not contribute to a pension scheme 

in the years of unemployment). Hence the wage in our model will be zero. Unemployment is not 

dependent on previous years. Thus, the risk of becoming unemployed in the next period is 5 %, and the 

chance of being employed is 95 %, independently of the past. This assumption should, however, be 

criticized. The premise of no dependency is made due to a lack of valid and useful data. Thus, without 

accurate data, our best estimate is zero correlation.  Additionally, we assume a constant risk of 

unemployment across the lifecycle. Although the analysis showed the risk of becoming unemployed 

decreases with age, constant unemployment is assumed to simplify the model. The effect of having a 

varying unemployment rate is considered to be of marginal influence.  

6.4.2.1 Example of lifecycle income model 

To provide a better understanding of the stochastic lifecycle income, an example has been made. The 

calculated exp(𝜇𝑡), the expected increase at time 𝑡 + 1, can be seen in the graph below: 

 

Figure 22: Annual expected increases in wages across age (authors' calculations) 

As visualized, the salary is expected to increase relatively more in the first years of employment compared 

to later. This in line with (Munk, 2017)Further, the wage is expected to increase until the age of 52 where 

after it decreases by less than 0.5 % annually. Hence, for each point in time, 𝜇𝑡 defines the expected 

income increase for the individual. 

Assume an individual at the age of 30. The individual has been working for five years and has an annual 

salary of DKK 500,000 (𝑌𝑡). The expected wage increase (𝜇𝑡+1) is 5.78 %. Standard deviation is 5 %, and 

correlation with the stock market is 0.1. As the model is stochastic, we must simulate 𝜖1,𝑡+1 and 𝜖2,𝑡+1. By 

drawing the error terms randomly one time, we get the following: 𝜖1,𝑡+1 = −0.143, 𝜖2,𝑡+1 = 0.971 

Hence the average salary at year 31 (𝑌𝑡+1) will 95 % of the times be equal to: 

𝑌𝑡+1 = 551,480 = 500,000 ∗ exp {0.0578 −
1

2
0.052 + 0.05(0.1 ∗ −0.143 + √1 − 0.1 ∗ 0.971)}  

This example shows how the wage increases to DKK 551,480 or 10 % and not the expected 5.78 %𝜇𝑡+1 . 

This is due to the positive random draw. If the sum of the error terms had been negative, the wage would 

have increased by less than the expected. In the next sub-section, the effect of drawing 100,000 will cancel 
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out the outliers. Thus, the model shows that the average will converge onto one path, but individuals will 

have their own riskier path. 

6.4.3 Simulating lifecycle income model 
Based on the assumptions and formulas above, scenarios in the lifecycle income model has been simulated 

and shown in figure 23. The lifecycle income model has been simulated 100,000 times in MatLab. To 

illustrate the development, all wages have been indexed at age 25 = 100. Both the mean and median as 

well as the 10 % and 90 % quantile is drawn.  Additionally, the green dotted line shows the actual income in 

2017 from figure 16 (Danmarks Statistik, 2019).

 

Figure 23: Stochastic income development for specific quantiles. Authors' own calculations 

It is evident how the stochastic model creates paths that deviate from the mean. Conclusively, some 

individuals will make higher (lower) pension contributions depending on their level of income. 

The blue line (mean) shows that the average income is maxed at age 52 where it becomes approximately 

80 % larger than the initial income. The salary at 𝑇𝑅 − 1 (one year before retirement) is approximately 94 % 

of the maximum income, 𝑌𝑚𝑎𝑥. Also, the distribution makes the 10 % quantile have a maximum in age 42, 

whereas the 90 % quantile has maximum in age 56. 

Looking at differences between the median and mean, it is visible how the mean is slightly higher. Hence, a 

few paths end in very high incomes, making the distribution a bit skewed which is following a log-normal 

distribution. The distribution has been sketched below in figure 24. The histogram shows the indexed salary 

at retirement. That is the income at age 71 divided by the initial income. It is evident from this histogram 

that the distribution is right skewed with a long right tail. This proves that there are more individuals with 

an income lower than the mean. 
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Figure 24: Distribution of the income one year before retirement (Authors' calculations) 

Comparing the results to the real world, it is relatable how high-income individuals, directors, and 

managers should top their salaries in their mid-50’s, whereas the typical low-income individual does not 

experience an increasing career. Compared to the actual data in 2017, our simulation seems to have a good 

fit in most of the periods of the lifecycle. The drop, however, is simulated to be smaller than the actual 

numbers. This is due to the arguments made earlier in the section regarding the drop. Although, as the 

development in demographics makes people work for more years, the drop could be expected to be less 

than in 2017.  The average annual increase for a mean-case during the lifecycle is 1.1 %. This is too in line 

with our observations on real data developments in section 6.1.  

6.5 Critique of the lifecycle income model 
Although it is our belief, a stochastic wage model provides a better fit for forecasting pension plans, a 

critique of our methods and findings must be made. We have found various critique areas which are 

elaborated in the following.  

Firstly, it is assumed that all individuals stay in the workforce until retirement. However, it is plausible that 

some individuals will become sick or unable to work until the retirement age for various reasons. This is 

especially common for dilapidated blue-collar workers that in general retire earlier than the average 

population (Kammersgaard, 2017). Thus, the model does not include this risk. This is, however, a topic that 

we will discuss in section 8 as new legislation for dilapidated workers was proposed in May 2019.  

Secondly, most of our data is based on historical data which might not be a proper proxy for the future. 

Although, this is tried mitigated by comparing our findings with other studies in the field.   

Thirdly, our data is primarily aggregated data from Danmarks Statistik. This creates multiple issues. The 

objective of including a stochastic wage model is to enable simulation for the individual. However, when 

using aggregated data, it can be challenging to separate and isolate the effect of each set of data. One 

example is the analysis of unemployment and education: The aggregated data show how unemployment is 

relatively low for individuals with high education. Although, in the real world, many individuals might start 

their career without education but obtain one later. At an aggregated level, this does not influence our 

model, although it can cause disturbance on the individual level. 
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Similarly, the lack of available panel data has forced our analysis to assume causality between different 

analyses. Consequently, if one study shows that higher educated individuals have higher wages and other 

shows that the wage of individual peaks at age 52, then we assume the maximum wage for all 52-year-old 

higher educated individuals, will peak at age 52. However, this might not be true. One could argue that 

some professions have a more steep or flatter income pattern. Of course, this is mitigated through the 

inclusion of standard deviations.  

Further, the aggregation of data complicates how we measure standard deviation and correlations. As 

mentioned in the previous section, some professions do have higher income deviations as well as 

dependence on the stock market. We did find in section 6.3 vocational workers had a standard deviation in 

unemployment. However, the model does not include these differences which must be considered a 

weakness.  

Finally, it has been estimated that an increase of 1 % in the real wage is applicable to all income classes. 

This may, however, not be true. The Gini-coefficient which is a measure of the disparity in a country has 

been steadily increasing since 1987 in Denmark which may emphasize the need of differentiating the real 

wage increase among separate income classes (Danmarks Statistik, 2019). 

One way to mitigate this issue and our proposal for creating a stronger model are to include panel data to 

ensure causality between the variables. Concretely, it is proposed to use the panel data, Lovmodellen (The 

law model). Lovmodellen is data acquired by the Danish government to calculate the impact on various 

variables given a new law. Lovmodellen consists of panel data including age, sex, profession, income, 

employment status, etc. for 3.3 % of the Danish population. However, the data is not available to the 

public, although access can be granted with proper reasons (Finansministeriet, 2003). With access to 

substantial panel data, it would be easier and more precise to evaluate the lifecycle income for more 

specific types of individuals and to a higher degree determine variables and inputs to the model.  

6.6 Sub conclusion  
Conclusively, section 6 showed how income and unemployment have developed in the past 30-40 years. 

The analysis showed the average real increase in wages had been 1 % annually, although high-earners have 

experienced a real-wage growth of 1.5 % annually. Thus, the differences in income reflect the expected 

increase in wages. Further, it was shown how the lifecycle income has a hump-shaped pattern that 

mathematically can be described as a third order polynomial. 

 By combining Danish aggregated historical data with American studies, we were able to create a stochastic 

lifecycle income model. The lifecycle income model has a hump-shaped form with an average maximum at 

the age of 52. The expected real wage is increasing with a factor of 1.8 and has a drop of 0.93. Further, the 

inclusion of standard deviation (5%) and correlations (10%) creates various paths for the individual and 

simulates more realistic scenarios. Though the model expects a certain level of wage increase at each t, the 

wage at time t+1 is dependent on the level of wage at time t. Thus, the model predicts a high-earner most 

likely will continue to earn more than average.  

Finally, the model includes the risk of becoming unemployed. Unemployment is implemented as a binomial 

risk with 5 % unemployment risk annually. The binomial risk is equal to a 25-year average but does not vary 

with age, education or income level. Thus, the binomial model could be criticized and improved. However, 

due to lack of proper panel data, the options for individualizing the model has been limited. Instead, the 

model works as a “one-model-fits-all” and is our best estimation of the general development of lifecycle 

incomes in Denmark. 
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Section VII – Simulating the model 
In the following section, we will present our results based on the assumptions made in the two previous 

sections. The section will show several outputs for different stereotypes of individuals. The outputs are not 

meant to show an optimal pension strategy, but rather highlight the risk and differences when applying 

more realistic assumptions. As mentioned in section 5, all outputs will be based on 100,000 Monte Carlo 

simulations to get an unbiased view of the mean and different quantiles.  

Firstly, we will present three stereotypical individuals that will be used for modeling. The three types of 

individuals have different characteristics and will allow us to compare the models given multiple variables. 

Through the analyses, we will test all three individuals who will be subject to three different risk categories. 

Hence, for each analysis, we run nine independent simulations. 

Secondly, we present the portfolio inputs, thus, the asset composition. Three risk classes are introduced as 

well as a risk-reducing lifecycle.  

In the third part of the section, we will present a baseline case which later results will be compared to. The 

baseline case is based upon the industry standards for modeling presented by Forsikring & Pension why it is 

a proper proxy for our analyses. 

In the fourth part, we introduce a constant increasing wage to test the effect of increasing salaries across a 

lifetime. 

Fifthly, the lifecycle income model is implemented which is our best estimate of the accurate forecast. The 

lifecycle income model is based on the analysis presented throughout section 6.  

Sixthly, the three analyses are compared to emphasize the effect of wages. This analysis will allow us to 

conclude on the impact of changing wages on pension schemes.  

Finally, we test the sensitivity of the model to changes in retirement age, real returns and costs to 

determine and discuss if further studies could be relevant.   

7.1 Definition of the three stereotypical individuals  
To put our analyses into a more real-life perspective, we have chosen to define three stereotypes of 

individuals. The definitions are chosen to capture a large part of the Danish population but at the same 

time ensure the characteristics of the individuals are being accounted for. Our research shows there are 

significant differences between the stereotypes. Among others, these are level of wages, contribution rate 

and development in wages. The three individuals are named after level of income; Low-income, medium-

income, high-income. We assume that regardless of the stereotype they all start working at age 25 and 

retire when they turn 72. We assume this to compare across the different income groups. This may be a 

radical assumption as high-income workers typically have longer education, and thus enter the workforce 

later. Additionally, blue-collar workers tend to retire earlier than the average due to the physical nature of 

the work (Kammersgaard, 2017). 

7.1.1 Low-income individuals 
The first individual that will be subject to analysis is a typical low-income worker. The individual in this 

category can, for instance, be a social and health-care assistant (SOSU). The income for this type of worker, 

the 1st of April 2019, ranges from an annual income of DKK 264,213 to DKK 318,408 (FOA, 2018). A starting 

salary for a FOA union worker is defined to be DKK 268,034. Thus, we will in our model assume a starting 

wage of 270,000. Finally, by union standards, their contribution rate is set to 12.6% (FOA, 2018). 
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7.1.2 Medium-income individuals 
The next individual subject to analysis is an individual earning an average income. These types of individuals 

typically include teachers and vocational workers. The average annual income for these types of workers 

according to Danmarks Statistik is equal to DKK 447,720 (Danmarks Statistik, 2019). The average starting 

salary for a teacher is DKK 330,000 which is assumed the starting salary for the stereotype. The union for 

Danish teachers, Danmarks Lærerforening (DLF), reports that the contribution rate is 17.3 %, which is 

assumed constant going forward (Danmarks Lærerforening, 2019). 

7.1.3 High-income individuals 
The last type of individual is characterized by having a high income. According to Danmarks Statistik, these 

workers earn DKK 560,953 (Danmarks Statistik, 2019). However, we also assume that this group of 

individuals include workers with management competences who have an average annual income of DKK 

929,580. The starting salary for this group will be assumed DKK 450,000. Looking at Finansforbundet 

(Financial Services Union), which is the Danish union for workers within the banking and finance industry. 

Here it can be seen that the contribution rate for these workers is at least 16.25 % (Finansforbundet, 2019).  

7.1.4 Summary of stereotypes 
The three stereotypes have been summarized in table 19 below. 

Characteristics of the stereotypes  

  
Low-income 

individual 
Medium-income 

individual 
High-income 

individual 

Age at beginning of working  25 25 25 

Age at retirement 72 72 72 

Contribution rate 12.6 % 17.3 % 16.25 % 

Annual salary at t=0 270,000 330,000 450,000 
Table 19: Characteristics of the three individuals/stereotypes (Authors' creation) 

7.2 Asset allocation 
As described earlier, pension funds offer a variety of market-return based products which now are being 

characterized by different risk categories: Low-, medium- and high-risk.  

To determine weights of the 10 asset classes, data has been collected from the five biggest pension funds, 

and their strategic asset allocations have been examined. Further analyses will use an average of these 

estimates. By using the five biggest pension funds by volume, we will get a proper assessment of the entire 

sector. The five pension funds are Danica Pension, Velliv, SamPension, PensionDanmark, and PFA Pension. 

Collectively, the five pension funds account for roughly 57 % of the market, why it seems to be a good 

indicator for the industry (Forsikring & Pension, 2019) 

7.2.1 Portfolio composition, at the beginning of the savings period 
The asset allocation in both short-term and long-term (> 10 years) are reported in table 20 below within the 

different risk categories. The short-run weights can be interpreted as the asset allocation for an individual 

in the age 25-35 years. The long-run weights are interpreted as an individual after 10-years without any 

decrease in risk.  

From the table, it can be seen that even the low-risk category has a quite substantial weight in risky assets 

(44 % in stocks). Due to a lifecycle strategy, the allocation is quite aggressive at the beginning of the 

saving’s phase as the nominal risk is limited.  
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Short-term weights (<=10 years) Low-risk Medium-risk High-risk 

1. Government and mortgage bonds 26% 11% 2% 

2. Investment grade bonds 5% 2% 0% 

3. High-yield bonds 6% 6% 3% 

4. Emerging market gov't bonds 3% 3% 1% 

5. Global stocks (developed markets) 34% 50% 67% 

6. Emerging market stocks 5% 7% 10% 

7. Private equity 5% 6% 9% 

8. Infrastructure 4% 4% 3% 

9. Real estate 10% 8% 4% 

10. Hedge funds  2% 2% 1% 

        

Long-term weights (> 10 years)       

Bonds 56 % 37 % 14 % 

Stocks 44 % 63 % 86 % 

Table 20: Asset allocations by risk-profile. (Danica Pension, 2019) (Velliv, 2019) (Sam Pension, 2019) (PFA Pension, 2019) 
(PensionDanmark, 2019) 

7.2.2 Introducing lifecycle investment strategy  
As stated earlier, pension funds follow a dynamic investment strategy where the asset composition is 

subject to a risk reduction as the individual moves closer to retirement. To get a valid and fair view of the 

lifecycle strategy, we are using an average of five separate pension funds’ strategies. The strategy that will 

be implemented in our model is shown in figure 25.  

 

Figure 25: Risk-reduction curves (Authors’ creation) 

The starting point of these curves is made in accordance with the short-term weights listed in table 20. 

After 10 years, the asset allocation will be characterized as stocks and bonds in line with the current 

investment assumptions. In our model, we will name this period the “long-run.” Asset classes from 5-7 are 

listed as stocks and the rest as bonds after 10 years, also in line with the present investment assumptions. 

Hence, global stocks, emerging market stocks, and private equity are characterized as stocks in the long-

run. In order to ensure uniform pension distributions, the asset composition will remain constant at 

retirement. The asset compositions at retirement are as follows:  
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Asset composition at t=72 

  Low risk Medium risk High risk 

Stocks 21% 36% 50% 

Bonds 79% 64% 50% 
Table 21: Asset composition at retirement (Authors’ creation) 

7.2.3 Pension Distributions 
Another critical model input is the life-long annuity rate (𝑟𝑣𝑎𝑟). 𝑟𝑣𝑎𝑟 is a determinant of the size of the 

pension distributions at retirement. The annuity rate will be set equal to the net real return of the portfolio 

(after investment cost, administrative costs and PAL-tax). Thus, we have three estimates, one for each risk 

category. By setting the life-long annuity rate equal to the net return of the portfolio, the individual will 

receive an approximative constant payout distribution throughout the retirement phase. This is only 

applicable to the average scenario. Thus, the variance of returns will cause some individuals to have either 

increasing or decreasing payouts which cannot be accounted for.  

The formula for 𝑟𝑣𝑎𝑟 is calculated as: 

𝑟𝑣𝑎𝑟 =
𝑒𝜇𝑝 ∗ (1 − 𝜏𝑝𝑎𝑙) + 𝜏𝑝𝑎𝑙 − 𝜅𝑎 − 𝜅𝑖

1 + 𝜋
 

(7.1) 

 

Conclusively, portfolio returns, standard deviations, and investment costs can be calculated for each risk-

profile. In table 22, it is visible how the risk of each portfolio decreases from short-term to retirement due 

to the risk-decreasing nature of investment strategy. Exemplified, the medium risk portfolio has a standard 

deviation of 9.2 % in the short run which decreases to 7.0 % at retirement. Likewise, the nominal return 

decreases from 5.4 % to 4.6 %. Adjusting for costs and inflation the real return decreases from 2.4 % to 1.2 

%. Hence the first payment is expected to increase by a factor 9.8 in nominal terms and 2.5 in real terms 

(after costs). Thus, it is evident how the real return is profoundly affected by inflation and costs.  

 

Table 22: Portfolio statistics by risk-profile (Authors’ creation) 

7.3 Baseline model 
Based on the assumptions presented in section 5 and the portfolio compositions in sector 7.2, the baseline-

case analysis can be conducted. As a starting point, our baseline model will simulate individuals from the 

age of 25 until retirement at age 72 resulting in 47 annual pension contributions. We assume a constant 

salary for the three stereotypes as defined in section 7.1. Thus, in this baseline scenario, we will not apply 

any unemployment, nor any salary increases during the lifetime of the individual. The portfolio 

compositions are defined in section 7.2 which was characterized by three risk groups and a decreasing risk-

Low risk Medium risk High risk

Investments costs short-term 0.40% 0.46% 0.51%

Investment costs, at retirement 0.28% 0.32% 0.36%

Standard deviation, short-term 6.9% 9.2% 11.4%

Standard deviation, at retirement 6.4% 7.0% 8.3%

Nominal return, short-term 4.5% 5.4% 6.1%

Nominal return, long-term at retirement 4.1% 4.6% 5.0%

Real return after costs, short-term (rvar) 1.7% 2.4% 2.9%

Real return after costs, at retirement (rvar) 0.9% 1.2% 1.6%

Portfolio statistics
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profile. The model and all assumptions are in line with the industry assumptions proposed by Forsikring & 

Pension (2019).  

The model simulates 100,000 paths to get a valid view of the mean, the 10th, and 90th % quantile. Through 

the analyses, we will post the following output: The wealth at retirement (wealth). The annual pension 

defined as the life-long annuity (Pension). The annual pension plus state pensions (total). Finally, the 

coverage ratio has been calculated as the ratio between the total pension and the salary in the last year 

(Cov.R).  

Based on the assumptions above, the following results have been generated for the individuals' pension 

plans. The output is shown for women only, although, the differences are of marginal importance.  

 

Table 23: Baseline case. Show mean, std, 10 %, 90 % wealth, pension excl. State, pension incl. State and coverage ratio by risk profile 
and stereotype. 

7.3.1 Low-income individuals 
From these results it is evident, low-income have a higher coverage ratio compared to other stereotypes on 

average. In the case of the low-income individuals, their aggregated contributions sum to DKK 1,250 in real 

terms. Thus, they experience a pension plan which is between 31% to 64% higher than their total 

contribution. Although it should be noted, the accumulated return might seem low; it is significantly higher 

when measuring in nominal terms. In nominal terms, the expected wealth of a medium risk portfolio is 

tDKK 4,550 (or a factor 2.49). 

In the case of the low-income individual within the low-risk category, the life-long annuity represents DKK 

86,000 of the DKK 260,000. The life-long annuity is on average very low causing a high supplementary state 

pension. For the mean scenario in the low-risk portfolio, the life-long annuity is less than DKK 87,800 why 

this stereotype will receive the full supplementary state pension.  

The high coverage ratios are mainly because the state pension works as a security buffer for low-income 

savers. The maximum state pension by itself sums to approximately DKK 180,000 which is two-thirds of 

their total annual labor income prior to retirement. It can also be seen that the average coverage ratio only 

increases by the degree of risk. Thus, there is a massive incentive for individuals within the lower income 

Low-income

tDKK Wealth Pension Total Cov.R Wealth Pension Total Cov.R Wealth Pension Total Cov.R

Mean 1,646 86 260 96% 1,828 99 269 100% 2,054 116 281 104%

Std 414 22 16 6% 577 31 22 8% 872 49 35 13%

10% 1,181 62 242 90% 1,207 66 246 91% 1,183 67 247 92%

90% 2,193 115 343 104% 2,580 140 298 110% 3,153 178 324 120%

Medium-income

tDKK Wealth Pension Total Cov.R Wealth Pension Total Cov.R Wealth Pension Total Cov.R

Mean 2,764 144 301 91% 3,067 167 316 96% 3,447 195 337 102%

Std 695 36 25 8% 968 53 37 11% 1,464 83 63 19%

10% 1,982 104 273 83% 2,025 110 277 84% 1,985 112 279 84%

90% 3,679 192 334 101% 4,329 235 363 110% 5,291 299 408 123%

High-income

tDKK Wealth Pension Total Cov.R Wealth Pension Total Cov.R Wealth Pension Total Cov.R

Mean 3,540 185 329 73% 3,929 213 349 78% 4,415 249 378 84%

Std 890 47 33 7% 1,239 67 50 11% 1,875 106 88 20%

10% 2,539 133 293 65% 2,594 141 298 66% 2,543 144 300 67%

90% 4,713 246 371 83% 5,545 301 409 91% 6,778 383 480 107%

Low risk Medium risk High risk

Low risk Medium risk High risk

Low risk Medium risk High risk
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segment to increase the risk of their pension savings. By taking on more risk, the coverage ratio in the 10 % 

quantile remains the same. However, the 90 % percentile increases from 104 % to 120 %. Thus, much of the 

increase in the standard deviation is neutralized by the state pensions. Finally, it seems to contribute 12.6 

% of the income is sufficient to secure a constant standard of living – at least when calculating through the 

baseline model.  

7.3.2 Medium-income individuals 
Many of the same conclusions can be drawn for medium-income stereotypes. Their contributions amount 

to tDKK 2,100.  The coverage ratios lie between 91 % and 102 %, though, highest for high-risk portfolios. 

Again, it is evident there exists a great incentive of taking on more risk as the coverage ratios in bad 

scenarios seem to be constant. However, the coverage ratio in the 90 % quantile increases from 101 % to 

123 % if choosing high-risk rather than low-risk portfolios. Even though the coverage ratios in the 

unfortunate cases seem to be constant through the risk categories the standard deviation more than 

doubles. Conclusively, the increase is mainly carried by the upside potential rather than downside risk. 

Compared to the low-income stereotypes, the state-pension accounts for a smaller part of the total 

pension. For a medium-risk profile, state pension accounts for 63 % for low-income and 47 % for medium-

income.   

7.3.3 High-income individuals 
The same conclusions can be drawn for high-income stereotypes. The coverage ratio is in every case a 

lower than low- and medium-income stereotypes as they receive between 73 % and 84 % on average. Their 

aggregated contributions amount tDKK 2,688 in real terms. By being in the high-risk category and the 10 % 

quantile, this stereotype will not receive any supplementary state pension. The average state pension 

account amounts to 39 % of the total payout in the medium-risk case and is considerably lower than the 

other stereotypes. 

In this segment, the model predicts a coverage ratio of 65-67 % for the 10 % worst cases. Thus, the new 

standards regarding transparency of pension forecasts quantiles may work as an eye opener for these 

individuals.  

In general, it can be argued this stereotype should save more relative to low-income individuals. The main 

driver for this difference is the absence of supplementary pension that can be considered downside 

protection for especially low-income stereotypes. This causes high-income individuals to have a higher 

standard deviation relative to lower income groups.  

7.3.4 Conclusion and critique of the baseline case 
Collectively for the baseline case, individuals have a higher upside potential than downside risk. To 

maximize coverage ratios, individuals should take as much risk to their pension plan as possible. Further, 

the analysis showed how low-income stereotypes are protected by the supplementary state pension why 

the downside risk to some degree is hedged away. Thus, individuals will benefit from taking on more risk 

which emphasizes the known issue of risk/return (Danish term: samspilsproblemet). 

The baseline model simulates different pension savings with only basic assumptions. Wages are held 

constant in real terms across the lifecycle without any risk of unemployment. The basic assumptions might 

create unrealistic expectations of contributions which would either under- or overestimate the payout. 

Thus, the number of contributions might be set too high as unemployment is not included and the absolute 

level of a single contribution might be set too low, as wage-increases are not accounted for.  It is very rough 

to assume an individual who is 25 years old in 2019 will have the same salary adjusted for inflation over the 

entire career. 
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Further, the static assumption of wages automatically creates a presumption of constant consumption if 

coverage ratios should be comparable. However, it seems unlikely a 25-year-old individual should have the 

same consumption needs through the lifecycle. Thus, it would be expected a retiree would have certain 

expenses such as mortgages, a car or vacation habits that the young individual does not. Hence, using a 

constant salary, we compare coverage ratios without any development in consumption habits.  

In continued analyses, we will loosen up these quite strict and basic assumptions to make the model reflect 

reality better. However, we still aim to create a general model which applies to all individuals making it easy 

for pension funds to implement going forward.  

7.4 Simulating constant increases in real wages  
First and foremost, we will apply a simple wage model assuming a 1% annual increase in real wages up until 

the age of 60. The argument for choosing 1 % was found in section 6 and based upon historical data and 

studies of wage developments in Denmark. Additionally, the increase in wages stops at age 60 and is kept 

constant for the last 12 years of employment. This assumption is made to reflect the effect of historical 

decreasing wages in the last years of employment qua section 6. 

The simulation will be conducted for all three stereotypes. We delimitate ourselves only to examine this 

case within the medium risk category in order not to repeat conclusions. The objective is to compare the 

effect of a real wage increase with the baseline case. The asset weights for the medium risk portfolio can be 

found in table 20 and 21 in section 7.2. The wage in real terms as well as the accumulated contributions has 

been summarized in table 24. 

      Low-income Medium-income High-income 

1% increase Age 25 Age 72 Age 25 Age 72 Age 25 Age 72 

Wages 270  382  330  467 450  637  

Acc. contribution 27  1,561  45  2,619 57  3,354  

Table 24: Annual wages and accumulated contribution. First year and at retirement 

The coverage ratio has been calculated in the same way as the baseline case analysis as the ratio between 

the income the last year (in this case, 11 last years). Again, 𝑟𝑣𝑎𝑟 is set to equal the after tax and cost return 

of the portfolios to obtain constant pension distributions. Thus, only the value of a single year is reported. 

The pension forecasts for the three stereotypes within middle risk has been reported in table 25. 

 

Table 25: 1 % increase in wages until age 60. Medium risk-profile. Wealth, pension, total pension (incl. state), coverage ratio by 
stereotype 

From this output, it can be inferred coverage ratios have decreased significantly compared to the baseline 

case.  Within the medium risk category, it can be concluded that the lowest coverage ratio exists for high-

income individuals. This stereotype will receive 60 % of the DKK 637,000 earned before retirement. 

Additionally, it is only in the 10 % best scenarios high-income individuals receive more than 70 % in 

coverage ratio.  However, the increase in real wages does relatively affect the low and medium-income 

segment more. These individuals will on average lose between 23 % and 26.5 % in coverage ratio which is 

Medium risk

tDKK Wealth Pension Total Cov.R Wealth Pension Total Cov.R Wealth Pension Total Cov.R

Mean 2,227 121 285 74% 3,738 204 342 72% 4,788 261 384 60%

Std 662 36 25 7% 1,111 61 44 9% 1,424 78 62 10%

10% 1,509 82 258 67% 2,531 138 296 63% 3,242 177 323 50%

90% 3,093 168 317 82% 5,191 283 396 84% 6,649 362 459 71%

Low-income stereotype Medium-income stereotype High-income stereotype
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considered significant. This is to a high degree caused by the hedge in state pension which decreases with 

higher earnings. Thus, for a medium-income individual, the downside risk is considerably higher than in the 

baseline case. 

Furthermore, the analysis shows the average total pension is between 5-10 % higher than in the baseline 

case. However, the conclusion does not match the increase in salaries of 41 %. The life-long annuity and the 

wealth at retirement only increase by 22-23 % which proves that the increase in the level of real wages 

boosts the life-long annuity on behalf of the supplementary state pension.   

Conclusively, the coverage ratio for all stereotypes has decreased although the wealth and total pension 

have increased. Hence, the cause is due to the higher level of income that is used to calculate coverage 

ratios. Payments made at an early age are relatively smaller causing a smaller effect on the final wealth of 

the pension. However, the assumption of a real wage increase of 1 % seems to make a more realistic fit for 

reality than the baseline case.  On the other hand, it can be questioned whether high-income individuals 

should experience a real wage increase more substantial than 1 % as figure 15 in section 6 indicates.  

7.5 Modeling of pension forecasts applying stochastic lifecycle income 
In this analysis, we will introduce a model using the assumption of a lifecycle income model presented in 

section 6. Besides stochastic income curves, this analysis will include unemployment. The risk of being 

unemployed is set to 5 % annually making the average individual unemployed for two-three years during 

their working life of 47 years. 

7.5.1 Simulating lifecycle income for the stereotypes 
To provide a brief overview of the lifecycle income model, a table with real income levels are created. Table 

26 visualizes the annual income for the three stereotypes respectively at the age 25, 60, the year before 

retirement (71) and an average between age 60 and 71. The table is created by simulating the development 

in the lifecycle income model 100,000 times.  Although wages are stochastic and uncertain, all 100,000 

paths of wages will on average be the same, relatively speaking. The expected paths are alike with only 

differences due to changes in the starting salary. 

 

Table 26: Wages at different points in life using lifecycle income model 

The three stereotypes have starting salaries ranging from tDKK 270 to 450. All individuals follow the same 

lifecycle income model, why the deviations are equally measured in percentage terms. As high-income 

individuals have higher starting salaries the variations in absolute terms are higher for this group of 

stereotypes. This is expected and in line with the analysis in section 6 where few people earn much more 

than the average. Table 26 shows how the salary decreases in the last years before retirement. When 

digging into the relative changes in income from the age 25, table 27 below visualizes how there are 

significant deviations from the mean to the 10 % and 90 % quantile.    

 

 

 

Life-cycle income

tDKK Age 25 Age 60 Age 71 Avg 60-71 Age 25 Age 60 Age 71 Avg 60-71 Age 25 Age 60 Age 71 Avg 60-71

Mean 270 468 447 457 330 572 546 558 450 780 745 762

Std - 132 146 136 - 162 178 166 - 221 243 227

10% - 317 283 303 - 388 346 371 - 529 472 505

90% - 641 635 634 - 784 776 775 - 1,069 1,059 1057

Low-income Medium-income High-income
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Lifecycle income Deviations from age 25 

tDKK Age 60 Age 71 Avg 60-71 

Mean +73% +65% +69% 

10% +17% +5% +12% 

90% +138% +135% ´+135% 
Table 27: Wages at different points in time relative to starting salary 

The mean increase for all stereotypes at age 60 is 73 %. However, the 10 % and 90 % quantile range from 

17 % to a 138 % increase. At age 71 the 10 % quantile is only 5 % higher than the initial income at age 25. 

Although it should be stressed all wages are deflated and calculated in real terms, it is evident how the 

lifecycle income model includes a standard deviation that affects the salary of the individual. 

7.5.1.1 Example of lifecycle income model on coverage ratios 

The development of wages is interesting to dive into, as wages are used to calculate all coverage ratios. 

Due to the decreasing income before retirement, the coverage ratio will change depending on which level 

of income is used. In later analyses, both the income at age 60, age 71 and an average of the last 12 years 

will be used to discuss proper measures for calculating coverage ratios. To outline the effect a brief 

example is made. 

The example is based upon a medium-income individual who has an annual total pension of DKK 350,000. 

Based on his wage, the coverage ratio is 61 %, when using the salary at age 60. However, using the wage at 

retirement, the coverage ratio increases to 64 %. The discussion of whether one calculation method is more 

appropriate than the other might be difficult to answer and probably requires information on consumption 

habits. As for this small example, it must be stressed how changes in wages up until retirement to a large 

degree influence the coverage ratio – Especially if changes in salary are extensive in the last years of 

employment.  

Pension incl. state = 350   

tDKK Age 25 Age 60 Retire 60-71 

Wage 330  572  546  558 

Coverage Ratio 106% 61% 64% 63% 

Table 28: Effect of different calculation methods of coverage ratio 

7.5.2 Results of lifecycle income model 
Simulating the lifecycle income model a few assumptions are repeated and renewed. The coverage ratio 

will, in this case, be reported as the ratio between the income in the last 12 years before retirement and 

the total annual pension (i.e., including state pensions). Again, 𝑟𝑣𝑎𝑟 is set equal to the real return causing 

the pension distributions to be constant in the payout phase for the average scenario. To make results 

comparable to the baseline case, results for all three stereotypes within the three separate risk categories 

are reported. The output is reported in table 29 below.  

In general, wealth and life-long annuities have grown for all quantiles due to the wage increases. For 

individuals with a medium risk-profile, this has led to the state pension now makes up a slightly less 

proportion of the total annual pension. In the baseline analysis, it was shown that 63, 47 and 39 % were the 

proportions of the state pension whereas it now only is 51, 34, and 26 %.  
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Table 29: Lifecycle income model. Wealth, pension, total pension (incl. state) and coverage ratio. By risk-profile, by stereotype 

Implementing a lifecycle income has increased the wealth by approximately 50 % for all stereotypes within 

different risk categories. The wage, on the other hand, has been maxed at 1.8 times the initial income on 

average. The average salary in the years used for calculating coverage ratio (60-71) is increased by 69 % and 

this one of the reasons we see lower coverage ratios.   

Another difference between the lifecycle income model and the baseline case is the decrease in coverage 

ratios. By comparing all types of nine simulations, the coverage ratios lie between 55 % and 78 % in 

comparison to 73 % - 103 % in the baseline case. However, equal to the baseline case, it still seems 

profitable to acquire a high-risk portfolio. The difference between low- and high-risk portfolios increases 

the coverage ratio by 7 %-12 % percentage points.  One of the reasons lies in the unemployment rate of 5 % 

that on average decreases the number of contributions from 47 to 44.65.  

On the other hand, the average reward of taking on more risk is reduced by an increase in standard 

deviation. Considering the low-income stereotype within the low-risk category the standard deviation of 

the coverage ratio was 6% in the baseline case. In the case of lifecycle income, this has increased by a factor 

of 2.8 to 17 %. Thus, the implementation of a stochastic wage model creates more risky savings. Looking at 

the same low-income individual, the deviation in wealth at retirement is 31 %. Using the high-risk profile, 

the standard deviation of the wealth is 45 %. Comparing to the baseline case the standard deviation of 

wealth was 25 % and 40 %, respectively. Hence, variations in wealth are to a higher degree caused by asset 

composition rather than the stochastic development of wages.  

In relation, it is also worth mentioning the 10 % quantile now results in coverage ratios ranging from as low 

as 39 % (high-income, low-risk) up to 51 % (low-income, high-risk). On the other hand, the 90 % quantile 

coverage ratios exceed 100 % in high-risk portfolios for low- and medium-income individuals. Thus, it seems 

the downside-risk is more similar to the upside-risk. This observation contradicts the baseline case where 

the downside-risk was highly limited. The cause of the observation is due to increases in the life-long 

annuity where the supplementary state pension is considerably reduced. Conclusively, taking on more risk 

will on average create a higher coverage ratio but now includes a significant downside risk.  

Low-income

tDKK Wealth Pension Total Cov.R Wealth Pension Total Cov.R Wealth Pension Total Cov.R

Mean 2,485 129 290 68% 2,722 148 303 71% 3,036 173 321 75%

Std 767 40 28 17% 975 53 37 19% 1,367 78 58 22%

10% 1,623 85 260 48% 1,678 91 264 49% 1,664 95 266 51%

90% 3,474 182 327 91% 3,996 218 351 96% 4,775 272 389 103%

Medium-income

tDKK Wealth Pension Total Cov.R Wealth Pension Total Cov.R Wealth Pension Total Cov.R

Mean 4,145 217 352 67% 4,567 249 376 71% 5,095 290 411 78%

Std 1,287 67 50 17% 1,637 89 71 19% 2,295 131 114 26%

10% 2,724 143 300 48% 2,816 153 307 50% 2,793 159 311 51%

90% 5,830 305 412 89% 6,705 365 463 97% 8,013 456 553 109%

High-income

tDKK Wealth Pension Total Cov.R Wealth Pension Total Cov.R Wealth Pension Total Cov.R

Mean 5,310 278 398 55% 5,850 319 433 60% 6,526 371 482 67%

Std 1,648 86 71 14% 2,097 114 101 17% 2,939 167 156 24%

10% 3,489 183 327 39% 3,606 196 337 41% 3,577 203 342 43%

90% 7,468 391 489 73% 8,588 467 565 81% 10,263 584 681 95%

Low risk Medium risk High risk

Low risk Medium risk High risk

Low risk Medium risk High risk
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7.5.3 Risk-adjusted coverage ratios 
By adjusting the expected coverage ratio with its standard deviation, we can analyze if a higher risk is 

rewarded with higher coverage ratios. Table 30 below shows the risk-adjusted coverage ratios which are 

calculated using formula 7.2 below: 

𝐶𝑜𝑣𝑒𝑟𝑎𝑔𝑒 𝑅𝑎𝑡𝑖𝑜𝑅𝑖𝑠𝑘 𝑎𝑑𝑗𝑢𝑠𝑡𝑒𝑑 =
𝐸[𝑐𝑜𝑣 𝑟𝑎𝑡𝑖𝑜]

𝜎𝑐𝑜𝑣
 

(7.2) 

  

Risk-adjusted coverage ratio 

Defined as: Cov/Std_Cov Low-risk Medium-risk High-risk 

Low-income individuals 3.90 3.79 3.45 

Medium-income individuals 4.01 3.70 3.03 

High-income individuals 3.97 3.52 2.79 
Table 30: Risk-adjusted coverage ratios by stereotype and risk-profile 

It is evident how low-risk portfolios to a higher degree are rewarded for taking a limited risk. For each 

standard deviation, the individual receives between 2.79 % and 4.01 % coverage ratio. This risk-adjusted 

coverage ratio is decreasing as the risk of the portfolio increases. However, compared to the 10 % 

quantiles, coverage ratios are higher for medium- and high-risk portfolios than a low-risk portfolio. 

For example, the 10 % quantile for the medium-income individual with low risk is simulated to 48 % and 

increases to 50 % and 51 % for medium- and high-risk portfolios. Thus, it is evident how the deviations per 

coverage ratio increase with risk, but the downside risk is still somewhat limited as coverage ratios in bad 

scenarios again increase with risk. Therefore, the distribution of the coverage ratio is right tail skewed 

leading to a lower median than the mean. Hence, the risk of obtaining a low coverage ratio is smaller than 

getting a large, relatively.  

7.5.4 Comparison of lifecycle income and baseline case 
To compare the coverage ratios from the lifecycle income model with the baseline case, one can calculate 

the required additional contribution rate to obtain an equal coverage ratio. For this example, we compare 

only the average salary in the last 12 years of employment. 

Looking at individuals with a medium-risk profile, the coverage ratio in the baseline case (no changes in 

wages), was 100 %, 96 % and 78% for low- medium- and high-income stereotypes. The contributions must 

be increased to reach such coverage ratios using the lifecycle income model. The results can be seen in 

table 31 below.  

Coverage ratio using wage avg. Age 60-71  
Lifecycle income relative to baseline  Low-income   Medium-income   High-income  

Current contribution 12.6% 17.3% 16.3% 

Cov. Ratio baseline 100.0% 96.0% 78.0% 

Cov. Ratio lifecycle income 70.9% 71.4% 59.9% 

Required contribution 27.0% 28.3% 23.8% 

Contribution increase 114.3% 63.3% 45.7% 

Table 31: Lifecycle income model relative to the baseline case. Required addition contribution to reach the same coverage ratio 

Concretely, a high-income individual must increase the contribution by 45.7 % to 23.8 %. The medium-

income individual should increase by 63.3 % and low-income by 114.3 %. Like the previous example, the 
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low-income individual must increase contribution significantly due to loss of supplementary pension and 

the smaller relative effect of the state pension. 

7.5.5 Sub conclusion on lifecycle income model 
Conclusively, adding more accurate and sophisticated assumptions with regards to the individual’s labor 

income both seem to have a negative impact on the coverage ratios as well as increasing the standard 

deviation. Due to the nature of the hump-shaped income development, initial payments now have a 

smaller effect on wealth. 

Further, the volatile development in wage causes the standard deviation to increase relative to the baseline 

case. The downside risk has increased significantly for two reasons. At first, increases in wealth have limited 

the hedge of supplementary state pension and decreased the relative proportion of state pension. 

Secondly, the stochastic wage development puts higher importance on fewer and later contributions which 

increase the risk if the individual has a lower income in that period.   

The analysis showed how changes in wage patterns have a significant impact on the final wealth as well as 

coverage ratios. Of course, increasing wage patterns lead to higher annual pensions, but it has the opposite 

effect on coverage ratios. Implementing the lifecycle income model, the three stereotypes must contribute 

46 % to 114 % more to obtain the same coverage ratio as calculated in the baseline case. 

7.6 Comparing coverage ratios given income-cycles                                                                                      
” The worst thing that can happen to a pension saver is a large increase in the disposable income in the late 

years before retirement. Consumption habits will change accordingly, and the pensioner will not have a 

pension plan that can preserve this level of consumption” (Ramlau-Hansen, 2019). This quote is from the 

former CEO of Danica Pension, our supervisor, and highlights the “unfortunate” risk an increase in income 

level creates. In all of our analyses, it has been evident how coverage ratios have changed according to 

income. Based on this quote and previous findings, this part of the analysis will examine coverage ratios 

given different labor income curves as well as various ways to calculate the coverage ratio.  

Table 32 below shows pension plans given six different labor income models. Simulations are made for all 

three stereotypes, but only within the medium risk category. The objective is to show the isolated effect of 

changing incomes. Additionally, the table shows different ways to calculate the coverage ratios to 

emphasize the differences it creates when applying another method. Once again, the definitions of the 

individuals and the portfolio composition can be found in section 7.1-7.2.  

In the analyses 6 different wage patterns are simulated for the stereotypes, creating a total of 18 different 

simulations. The six wage patterns are as following: 1) the baseline case (0 % increase), 2) constant 1 % 

increase, 3) constant 2 % increase, 4) 1 % increase until age 60, hereafter constant, 5) 2 % increase until age 

60, hereafter constant, and 6) the stochastic lifecycle income model.  

In the first part of the comparison, the size of the wealth and annual pension will be made. In the second 

part, the coverage ratios will be examined as a result of different wages. Only the mean of the simulations 

is examined.  
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Table 32: Comparative table of wealth, pension and total pension (incl. state). Medium risk. By stereotype and model 

7.6.1 Comparing size of wealth and total pension 
Collectively for all income stereotypes, the simulations show the differences in wealth at retirement are 

relatively different given a particular wage pattern and risk-profile. Thus, the lifecycle income simulates a 

50 % increase in wealth at retirement relative to the baseline case (0 %) for all stereotypes. 

Among the six wage-models, the real annual wage of 2 % creates the highest wealth (54.4 % relative to 

baseline). The lifecycle income model is more conservative but is relatively close to the simulation of “2 % 

increase until the age of 60”. Hence, it could be argued the lifecycle income model could be reduced to a 

more straightforward exponential function as results do not differ much.  

Another interesting observation is the effect of experiencing a larger annual increase in income. By 

comparing the 1% and 2 % until 60 years, 1 % extra annually results in a 22 % increase in wealth at 

retirement. However, comparing the same models on total pension, the increase is lower due to the loss of 

the supplementary state pension. The increase in total pension is reduced to 6.7 %, 9.7 % and 12.3 % for 

low-, medium and high-income individuals, respectively. Hence, a consistent rise in wages benefits high-

income individuals to a higher degree relatively to lower earning individuals. The effect shown, highlights it 

is less vital for low-income individuals to contribute more to the pension scheme.  

7.6.2 Comparing coverage ratios 
In this part of the analysis, the coverage ratios will be compared using both the six different wage models 

and ways to calculate coverage ratios. At first, it should be noted, the coverage ratio in the case of 0 %, 1 % 

until 60 years and 2 % until 60 years does not change within each simulation as wages do not change after 

Low-income

tDKK Wealth Pension Total Wage at retire Wage at 60 Wage avg 12 yrs

0% 1,828 99 269 100% 100% 100%

1% 2,225 123 286 67% 75% 71%

2% 2,822 154 307 45% 56% 50%

1% until 60 years 2,227 121 285 74% 74% 74%

2% until 60 years 2,728 149 304 57% 57% 57%

Life-cycle income 2,722 148 303 72% 65% 71%

Medium-income

tDKK Wealth Pension Total Wage at retire Wage at 60 Wage avg 12 yrs

0% 3,067 167 316 96% 96% 96%

1% 3,776 206 344 66% 73% 70%

2% 4,736 258 381 46% 57% 52%

1% until 60 years 3,738 204 342 72% 72% 72%

2% until 60 years 4,578 249 377 58% 58% 58%

Life-cycle income 4,567 249 376 72% 66% 71%

High-income

tDKK Wealth Pension Total Wage at retire Wage at 60 Wage avg 12 yrs

0% 3,929 213 349 78% 78% 78%

1% 4,836 263 386 55% 69% 58%

2% 6,066 330 439 39% 48% 44%

1% until 60 years 4,788 261 384 60% 60% 60%

2% until 60 years 5,865 319 434 48% 48% 48%

Life-cycle income 5,850 319 433 61% 55% 60%

Medium risk               

Pension at retirement Coverage ratio, given wage input

Medium risk               

Pension at retirement

Medium risk               

Pension at retirement Coverage ratio, given wage input

Coverage ratio, given wage input
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the age of 60. Thus, it only becomes interesting to compare different methods if wages are changing or 

stochastic until retirement.  

Firstly, it is visualized how the coverage ratio in the baseline case is highest for all individuals. Thus, 

increasing salaries across time is decreasing coverage ratios. This is due to two main reasons: First, the 

wage used to calculate coverage ratios are higher than the constant salary in the baseline case. Secondly, 

due to increasing wages, the contributions made the first years of saving has a smaller relative weight to 

the total size of the pension. As earlier payments acquire the highest total return, the relative effect on 

coverage ratios is decreased.   

Beginning with the simple constant increasing wage models, the reduction in coverage ratios when 

measuring by the age of 71 relative to the age 60 drops approximately 10 % for the 1 % increase and 19 % 

for the 2 % increase. Thus, a significant reduction.  

On the other hand, when examining the lifecycle income model, it exhibits the opposite pattern. As the 

income curve is hump-shaped the wage declines from age 52 until retirement on average. Therefore, the 

conclusion is opposite of a constant increase. In all scenarios the coverage ratio increases if calculating 

using a later age as a proxy for income. The difference in coverage ratio, using the three methods is 6-7 %-

points. The reported numbers above are averages; however, with the implementation of stochastic wages, 

the difference for an individual can be considerably higher. Conclusively, the method of calculating has a 

significant impact on the coverage ratio. Thus, it should be discussed and considered carefully when 

debating optimal levels.  

7.6.3 Effect of the calculation method 
To examine the consequence of the calculation method of coverage ratio table 33 has been constructed. 

The table highlights the differences in the coverage ratio for all individuals with medium-risk profiles. In the 

second and third row, the coverage ratio calculated using the 12-year average and at age 60 are restated. 

All individuals are simulated using the lifecycle income model. 

Effect of the calculation method, 
medium risk  Low-income   Medium-income   High-income  

Current contribution 12.6 % 17.3 % 16.3 % 

Cov. Ratio (avg 12 years) 70.9 % 71.4 % 59.9 % 

Cov. Ratio (Age=60) 64.8 % 65.8 % 55.4 % 

Required contribution 16.0 % 20.0 % 18.3 % 

Contribution increase 27.0 % 15.6 % 12.3 % 
Table 33: Required additional contribution given change in the calculation method of coverage ratio 

Firstly, it is shown how coverage ratios are significantly lower using the wage at age 60. Once again, this is 

due to the decreasing nature of income after age 52. The second last row states the required contribution 

to reach the 12-year average coverage ratio if using the wage at age 60 as a guideline.  

For a high-income individual, who has a contribution of 16.3 %, the coverage ratio is simulated to 60 % 

when using a 12-year average. To obtain the same coverage ratio when using age=60 as the method, the 

required contribution increases to 18.3 % or an annual increase of 12.3 %. Similarly, the medium-income 

individuals must increase contributions by 15.6 % to a total of 20.0 %. 

Most extreme is the case of the low-income individual. To obtain a coverage ratio of 71 %, the current 

contribution must increase by 27.0 % to a contribution of 16.0 %. The underlying driver is similar to 
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previous analyses. Due to the downside protection of supplementary state pension, low-income individuals 

must contribute relatively more than higher earning individuals for each DKK paid out.  

Conclusively, the analysis has outlined the importance of how coverage ratios are calculated. By comparing 

two different methods, the contribution must be increased by between 12.3 % and 27.0 % to obtain the 

same coverage ratio. Thus, when discussing the optimal coverage ratio, one should be careful in choosing 

the right method.  

Additionally, one could argue that the biggest risk is to have strict increasing income the years before 

retirement. Eventually, one should be aware of this risk, as consumption patterns might need to change if 

consumption has increased with income. A discussion of this topic will be covered in section 9.   

7.7 Sensitivity analysis  
When simulating stochastic models, it is interesting to examine the effect of estimated input parameters. In 

this sub-section, the sensitivity of specific parameters will be tested. The objective is to investigate which 

parameter has the most significant impact. The conclusions of this sub-section create a foundation for 

further discussions in section 9. As the last section compared different wage models with coverage ratios, 

this analysis will focus on the sensitivity of contribution rate, changes in the real returns. Finally, the 

sensitivity to changes in retirement age and the length of the savings phase is analyzed. Through the 

analysis, the focus will lie on a high-income individual with medium risk. To isolate and identify stereotype-

specific effects, the sensitivities are compared with a low-income individual. To avoid repetitions, an 

analysis of the medium-income individual is not presented. The results will lie between low- and high-

income which are more extreme than the medium-income.   

7.7.1 Sensitivity of contribution rates 
In the first sub-analysis, the contribution rate has been examined using the high-income individual within 

the medium risk category as the subject. The output below presents different key figures when applying 1 

%- and 2 %-points reductions and increases to the pension contribution. Thus, in this case, the pension 

contributions vary from 14.25 % to 18.25 %. As written previously, many high-income individuals choose to 

save more than 16.25 %. Due to this, a pension contribution rate higher than 16.25 % for individuals 

characterized as high-income is highly plausible. The sensitivity analysis is performed using the assumptions 

of the lifecycle income model. This implies the results should be compared to section 7.5 which is also 

conveniently restated below.  

High-income  Medium risk                  

Sensitivity of the contribution                                 Pension at retirement  

tDKK  Wealth   Pension   Total   Coverage ratio   Difference  

2 % decrease 5,130 279 400 56 % -7.2 % 

1 % decrease 5,490 299 416 58 % -3.7 % 

Lifecycle (16.25 %) 5,850 319 433 60 % N/A 

1 % increase 6,210 338 449 62 % 3.7 % 

2 % increase 6,570 358 466 64 % 7.5 % 

Table 34: Sensitivity to contribution. Medium risk, high-income. 

The sensitivity analysis shows almost symmetric differences when changing contribution rates. Implied is an 

equal upside and downside potential. The downside risk is lower, although, the differences are of negligible 

effect. The increase (decrease) in the contribution rate by 1 %-point results in coverage ratios increasing 
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(decreasing) by 3.7 % (-3.7 %). Comparing the 2 %-point increase (decrease) the effect on coverage ratio is 

7.5 % (-7.2 %).  

Thus, by changing contribution rates by a few percentages, the effect on coverage ratios are relatively 

small. However, the skewness of the model leads to a relatively higher upside than downside potential, 

when changes to the model are vast.  

Contributing 1 % additionally provide an increase in the total pension by 3.7 %. However, if comparing the 

relative change, another pattern is shown. The change from 17.25 % instead of 16.25 % is a 6.1 % increase 

but is only compensated by 3.7 % more at retirement. Thus, it seems expensive to make higher 

contributions given the relatively small upside potential.  

Measuring the effect in absolute real terms, a high-income individual contributes a total of tDKK 4,300 on 

average. By increasing the contribution rate by 1 %-point, the total contribution increases to tDKK 4,565 or 

an increase of tDKK 264. On the other hand, the increase in wealth and annual total pension are tDKK 363 

and tDKK 17, respectively. Hence, the individual’s wealth is compensated by a factor 1.37, but the effect on 

total annual pension is relatively small.  

Running the same sensitivity analysis for a low-income individual, the same conclusions are reached. The 

outputs can be seen below in table 35. To limit the output only a 1 %-change has been made.  

Low-income  Medium risk                  

Sensitivity of contribution                             Pension at retirement  

tDKK  Wealth   Pension   Total   Coverage ratio   Difference  

1.0 % decrease 2,506 136 295 69% -2.70% 

Lifecycle model 2,722 148 303 71% N/A 

1.0 % increase 2,938 160 312 73% 2.74% 

Table 35: Sensitivity to contribution. Medium-risk, low-income 

Although the conclusion remains equal to the high-income, the sensitivity of contribution for the low-

income individuals is lower. For a 1 % increase in contribution, the simulated total pension increases by 2.7 

% in comparison to 3.7 % for the high-income. Though this could be expected as the relative change of a 

1%-point contribution increase is larger for low-income (7.9 %) than high-income (6.1 %) due to the lower 

average contribution rate. Thus, the sensitivity of contribution has little variations when comparing 

stereotypes.   

7.7.2 Sensitivity of real return  
Secondly, the sensitivity of real return is tested. The analysis of the investment assumptions in section 4 

reached a conclusion indicating returns have been higher historically. Compared to assumptions published 

for 2019 8 out of the 10 asset classes had a higher historical return.  

The sensitivity in real returns can also be seen as a deduction or increase in costs and fees. Lately, pension 

funds have reported a deficit on their health-insurance products, why it could be a possible scenario that 

the price of insurance would increase (Brahm & Iversen, 2019). This will effectively lead to a reduction in 

real returns, why we test a deduction and addition of 0.4%. Further, the sensitivity also shows the marginal 

effect of 1 % changes in real return.  

The results have been reported in table 36 below. Again, for the high-income stereotype within the 

medium-risk category.  
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High-income  Medium risk                  

Sensitivity of the real return                       Pension at retirement  

tDKK  Wealth   Pension   Total   Coverage ratio   Difference  

1.0 % decrease 4602 223 356 50% -17% 

0.4% decrease 5305 276 397 55% -8% 

Lifecycle model 5850 319 433 60% N/A 

0.4% increase 6466 369 476 66% 10% 

1.0 % increase 7546 460 562 77% 29% 

Table 36: Sensitivity to real return. High-income, medium risk 

From this analysis, it is evident that only a small increase (decrease) in the real return affects the pension 

plan significantly. As the downside risk is to some degree protected by supplementary state pension, the 

upside potential remains bigger. A 0.4 % increase in real returns leads to a 10 % increase in the annual total 

pension. Similarly, a decrease of 0.4 % leads to an 8 % deduction. Looking at the 1 % increase (decrease), 

the effect on the total pension is 29 % (-17%), a relatively more substantial impact than the 0.4 % change.   

Like the previous analysis, a similar but limited sensitivity analysis is performed for the low-income 

individual. The output is shown in table 37.  

Low-income Medium risk   

Sensitivity of real return  Pension at retirement  

tDKK  Wealth   Pension   Total   Coverage ratio  Difference 

1.0 % decrease 2,141 104 272 64% -10% 

Lifecycle model 2,722 148 303 71% N/A 

1.0 % increase 3,510 214 350 82% 15% 

Table 37: Sensitivity to real return. Low-income, medium risk 

The table show how a 1 % increase (decrease) in real return result in an increase (decrease) of 15 % (-10 %). 

Thus, low-income individuals have a lower sensitivity to changes in real return.  

Based on the sensitivity analysis, the effect on coverage ratio due to changes in real returns has two 

contradicting implications. At first, the sensitivity decreases when wealth is low due to the higher 

importance of state pension (Extreme simulation which include old age check is an exception). On the other 

hand, the development of total pension is strictly exponential coherent with real returns due to the 

compounded interest effect. Thus, a larger change of real returns leads to a relatively larger effect on 

pension payouts. Which of the two effects that are greatest depend on the level of wealth and the length of 

the savings-phase. 

Conclusively, this sensitivity analysis highlights the importance of accurate expected returns. An annual 

deviation of just less than a half %-point will decrease a pension saving for high-income individuals by 

roughly 8 % if the change is consistent. The analysis of real returns applies to returns on assets but also on 

costs that reduce total return. Therefore, the effect of having a cost-efficient portfolio is arguably high.  

7.7.3 Sensitivity of retirement age 
Finally, we have tested the effect of postponing the first contribution as well as retiring before the 

scheduled retirement age according to law.  

In this sensitivity analysis, we compare the lifecycle income model with three examples: 
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1. An individual who retires one year before (Last year of working is 70).  

2. An individual who retires five years before (Last year of working is 66). The first and second person 

has a similar income pattern to the lifecycle income model. However, the drop will not be as 

significant, as retirement age is expedited by 1 and 5 years. 

3. The individual postpones contribution of retirement until the age of 30 years old and retires at age 

72. The income has been modeled similar to the lifecycle income model. Thus, the tops at age 52 

drop to roughly 6 % of the maximum income at retirement. The only difference is the lack of the 

first five contributions. 

Due to the different wage patterns, the coverage ratio will not be presented as direct comparisons are 

impossible. Instead, the differences in annual pension and total pension (incl. state pension) between the 

lifecycle model and the cases are shown.   

High-income  Medium risk                  

Sensitivity of retirement age  Pension at retirement    

tDKK  Wealth   Pension   Total   Diff Pension   Diff Total  

Lifecycle model 5,850 319 433 N/A N/A 

Retire 1yr early (25-70) 5,680 298 415 -6.6% -4.0% 

Retire 5yr early (25-66) 5,047 230 362 -27.7% -16.3% 

Postpone 5yr (30-71) 5,331 290 409 -8.9% -5.5% 
Table 38: Sensitivity to retirement age. High-income, medium risk 

Looking at retiring one year earlier, the total pension decreases by 4 % and the annual pension 6.6 %. 

Hence, an increase in supplementary pension decreases the negative effect. Further, it seems there is a 

relatively smaller downside effect if retiring 5 years earlier as the total pension decreases by 16.3 % or less 

than 5 times the one-year effect. Thus, the punishment of early retirement is highest in the final years.  

Three contradictory effects can explain the decreasing sensitivity of early retirement in the measured 

period. At first, early retirement decreases the compounded interest effect, thereby reducing the 

accumulated return. This effect increases with age. Secondly, the individual is expected to live the same 

age, why the mortality rate forces the wealth to last for more years. Thirdly, however, changes in the 

sensitivity are reduced by relatively lower contributions due to the decreasing wage structure after the age 

of 52.   

By postponing contribution 5 years, the annual total pension is decreased by 5.5 %. If comparing the 5-year 

postponement with retiring 5-year early, the impact of retiring early is significantly higher. Although the 

two methods calculate 41 years of employment, the average total pension is tDKK 47 lower for early 

retirement. One reason behind this finding is due to the shape of the income. As wages are low in the first 

year of employment, contributions have a relatively lower weight on the total wealth. On the other hand, 

the postponement of contributions decreases the compounded interest effect. However, this effect seems 

to be smaller than the effect caused by the longer period of retirement.   

Applying the sensitivity analysis to the low-income individual, most of the same conclusions are reached. 

The differences in the annual pension without state pension is precisely equal to the high-income 

individuals as both asset compositions and development in wages are alike. On the contrary, the decrease 

in total pension inclusive of the state pension has a lower sensitivity to the length of employment.  
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Comparing a 1-year early retirement, the reduction in annual pension is 6.6 % whereas the total pension 

only decreases by 2.2 %. For the high-income individual, the total pension decreased by 4.0 %. The effect 

can be explained by the state pension which weight relatively more for low-income.  

Although, it could be discussed, whether the lower sensitivity in retirement age is an ideal and fair effect of 

the Danish pension system. Recently, it has been debated whether the pension age for low-income 

individuals who often have more physical work should retire earlier and whether they could afford it 

(Ritzau, 2019). This analysis shows, low-income individuals is punished less for retiring early. An elaborated 

discussion will be made in section 9. 

Low-income  Medium risk                  

Sensitivity of retirement age                        Pension at retirement    

tDKK  Wealth   Pension   Total   Diff Pension   Diff Total  

Lifecycle model 2,722 148 303 N/A N/A 

Retire 1yr early (25-70) 2,643 138 297 -6.6% -2.2% 

Retire 5yr early (25-66) 2,348 107 275 -27.7% -9.4% 

Postpone 5yr (30-71) 2,480 135 294 -8.9% -3.0% 
Table 39: Sensitivity to retirement age. Low-income, medium risk 

7.8 Sub conclusion 
In conclusion to section 7, the most relevant results of each analysis will be restated. Section 7 is quite 

comprehensive and examines the development of pension savings in various ways. A total of 51 separate 

analyses, each with 100,000 simulation paths, has been performed to create the combined analysis.  

Starting with section 7.1, three individual stereotypes was introduced. The three stereotypes were based 

upon income-classes and were used consistently across simulations. The stereotypes are chosen to reflect a 

large part of the Danish population. Although the definitions might not be accurate, the consistent use of 

stereotypes throughout the analysis enables us to compare the differences.  

Additionally, section 7.2 defined the asset composition of three separate risk-profiles. To make the analysis 

relatable, risk-profiles have been selected by averaging the five largest pension funds in Denmark. Thus, on 

average, one risk class should reflect a true portfolio. All risk-profiles are created to reflect the investment 

strategy of decreasing risk which all pension funds follow.  

In section 7.3 the baseline case was presented. The baseline case is equal to the model accepted as the 

industry standard. Thus, the baseline model produces the streamlined output all pension funds should 

communicate to their customers by 2020. Depending on the stereotype and risk-profile, the baseline case 

showed that a 25-year old individual would get a coverage ratio between 73 % - 104 % at the retirement 

age of 72. Further, the baseline case showed how the coverage ratio was higher for the low-income and 

high-risk profiles. However, the baseline case is criticized due to simplified model assumptions. One of the 

greatest critiques is the lack of an increasing or stochastic development in wages which seems to be an 

unrealistic assumption.  

To test the effect increasing wages, section 7.4 tested the effect of a 1 % real increase in wages until the 

age of 60. The simple implementation of increasing wages showed a significant decrease in the coverage 

ratio. For a medium-risk profile, the implementation of increasing wages decreased coverage ratios by 24-

28 %-points. Thus, a significant change that stresses the importance of considering the inclusion of variable 

income. 
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In section 7.5, the lifecycle income model was simulated. The underlying stochastic lifecycle income model 

was analyzed and defined in section 6. By adding more accurate and sophisticated income assumptions, our 

analysis showed how coverage ratios decrease relative to the baseline case. As a consequence of volatile 

wages, the standard deviation of the wealth and pension payouts becomes greater. The average coverage 

ratio ranged between 60 %-71 % using an average of the labor income since the age of 60.  

Additionally, the downside risk has increased significantly for two reasons: Firstly, increases in wealth have 

limited the hedge of the supplementary state pension. Secondly, the stochastic wage development puts 

greater importance on fewer and later payments which increase the risk if the individual receives a lower 

income. Further, the analyses showed, the three stereotypes with medium risk should contribute an 

additional 46 % (high-income) to 114 % (low-income) to compensate for the lower coverage ratio relative 

to the baseline case.  

Section 7.6 analyzed the differences in coverage ratios between various analyses. Conclusively, it outlined 

the importance of how coverage ratios are calculated. If assuming variable wages, the coverage ratio is 

highly affected by the method of calculation. By comparing the coverage ratio for a medium risk portfolio 

using two different methods for calculation, the contribution must be increased by between 12 % and 27 % 

to obtain the same coverage ratio. Thus, when discussing the optimal coverage ratio, one should be careful 

in choosing the right method.  

In the final part of the section, an analysis testing the sensitivity of contribution rate, real returns and the 

length of the saving phase was performed. The sensitivity analysis was performed for high-income 

individuals and compared to low-income individuals. In common for all sensitivity analyses, the low-income 

individual is less sensitive to all variables relative to higher-earning individuals. This is caused by the natural 

hedge of supplementary pension which to a higher degree compensates low-income individuals. 

Additionally, the state pension accounts for a higher percentage of the total pension why a small change 

becomes less vital.  

Comparing the sensitivity analyses, changes in contribution rates have a lower impact on total pension than 

changes in real returns. Thus, the effect of compounded interest seems to outperform the effect of 

contributions.  

Finally, a sensitivity analysis of the retirement age showed that the greatest effects are found in the final 

year of employment. Therefore, remaining employed an additional year causes the pension to increase 

relatively more than the effect the year before. Further, the analysis showed the effect of retiring 5 years 

before the official age is significantly worse than postponing pension contributions five years. In 

comparison to the baseline case, the introduction of a hump-shaped income pattern puts a relatively lower 

weight on early contributions why postponing has a deducted effect on pension payments. 
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Section VIII – Long-term investment strategies 
In this section, we will present various long-term investment strategies that are theoretically based but 

compared to real life examples. In the first part of the section, we will mathematically prove how to solve 

for an optimal portfolio choice over a lifetime when maximizing a given utility function. In this case, we 

base our examples on the theory of constant relative risk aversion (CRRA). CRRA is based on the belief that 

an individual only care about returns and dislike risk no matter how much wealth the individual has. In the 

second part of the section, we introduce a human capital approach to determine the lifetime wealth of an 

individual. The human capital approach is then combined with the CRRA approach to determine the 

optimal long-run portfolio composition given a known gamma (i.e., risk aversion). Finally, the results are 

compared with the findings in section 7. 

8.1 General assumptions for long-term investment strategies 
Merton (1969) and Samuelson (1969) is often considered the founder of modern long-term investment 

strategies. Hence, this analysis will take its stand in the assumptions presented by Merton and Samuelson. 

However, some will be redefined to fit the investment universe of the Danish pension system. The 

assumptions are explained below:  

1. The investor can choose to invest in either bonds or stocks. Hence, it is not possible to invest in a 

risk-free asset or allocate wealth to cash. This assumption is contrary to previous assumptions 

where investors would allocate wealth to either the tangency portfolio or a risk-free asset. As the 

long-term investment assumptions by Forsikring & Pension only provides estimates for bonds and 

stocks, we have chosen to redefine this assumption. 

2. The gross returns on both stocks and bonds are lognormally distributed, and expectations are fixed 

for all eternity following the investment assumptions by Forsikring & Pension.  

3. The investor can trade at zero transaction costs. The individual, however, is subject to investment 

costs set by Forsikring & Pension. 

4. The investor has a fixed investment horizon ending at time T. Time T is defined as the age of 

retirement. Hence, the objective of the individual is to optimize expected utility at the time of 

retirement.  

5. The risk aversion, 𝛾, is strictly positive, hereby making all individuals risk averse to some degree. 

6. The investor cannot leverage or borrow, hence, following Danish legislation. Further, the investor 

cannot have a negative wealth at any point. 

Further assumptions will be made specifically for the individual analyses.  

8.2 Constant Relative Risk Aversion (CRRA) 
In this sub-section, the theory constant relative risk aversion or CRRA is introduced. An individual with CRRA 

preferences receives utility based on the relative relation between risk and return. Hence, an individual 

with the same risk aversion and the same portfolio will receive the same utility no matter the level of 

wealth. This utility theory is arguably applicable to our field of study as individuals, poor as rich, would to 

some degree prefer to sustain a constant level of consumption through life. Thus, individuals aim to save 

for a certain percentage of their income rather than a certain amount of wealth.  

It can be discussed which utility function is suitable for such analysis; however, in this analysis, the utility 

function below is chosen: 

 𝑀𝑎𝑥 𝑈 = 𝐸[𝑅𝑝] − 0.5𝛾 ∗ 𝐸[𝜎𝑝
2] (8.1) 
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The utility function in formula 8.1 consists of three variables. In line with the theory by Merton (1969), 

gamma (𝛾) is the level of risk aversion. The level of gamma is relatively constant with a multiplier of the 

expected risk. On the other hand, the individual receives positive utility defined as expected return.  

Return and risk are defined as: 

  𝐸[𝑅𝑝] = 𝑅1𝑤1 + 𝑅2𝑤2 (8.2) 

  

 𝐸[𝜎𝑝
2] = 𝐸[𝜎1

2]𝑤1
2 + 𝐸[𝜎2

2]𝑤2
2 + 2𝑤1𝑤2𝐸[𝜎1]𝐸[𝜎2]𝐸[𝜌1,2] 

 
(8.3) 

   
As the investment assumptions by Forsikring & Pension predict the correlation between stocks and bonds 

to be 0, the formula is reduced to: 

 𝐸[𝜎𝑝
2] = 𝐸[𝜎1

2] ∗ 𝑤1
2 + 𝐸[𝜎2

2] ∗ 𝑤2
2 (8.4) 

 

As the sum of stocks and bonds should be equal to 100 % of the portfolio and leverage is not allowed, we 

get the limitation: 

 𝑠. 𝑡.     𝑤2 = (1 − 𝑤1), 𝑎𝑛𝑑        0 ≤ 𝑤2 ≥ 1 (8.5) 
 

8.2.1 Mathematical proof of the optimal CRRA portfolio composition 
To calculate the optimal asset allocation between stocks and bonds, we set up an optimization problem.  

The objective is to maximize utility given a specific gamma. Combining the CRRA utility function with the 

equations for expected return and variance, utility is given as: 

 𝑈 = 𝑅1𝑤1 + 𝑅2𝑤2 − 0.5𝛾(𝜎1
2𝑤1

2 + 𝜎2
2𝑤2

2) (8.6) 
 

By substituting 𝑤2 = (1 − 𝑤1) we get:  

 𝑈 = 𝑅1𝑤1 + 𝑅2(1 − 𝑤1) − 0.5𝛾(𝜎1
2𝑤1

2 + 𝜎2
2(1 − 𝑤1)2) (8.7) 

 

The equation can then be rewritten as: 

𝑈 = 𝑅1𝑤1 + 𝑅2 − 𝑅2𝑤1 − 0.5𝛾(𝜎1
2𝑤1

2 + 𝜎2
2(1 − 2𝑤1 + 𝑤1

2)) 

𝑈 = 𝑅1𝑤1 + 𝑅2 − 𝑅2𝑤1 − 0.5𝛾(𝜎1
2𝑤1

2 + 𝜎2
2 − 𝜎2

22𝑤1 + 𝜎2
2𝑤1

2) 

 𝑈 = 𝑅1𝑤1 + 𝑅2 − 𝑅2𝑤1 − 0.5𝛾𝜎1
2𝑤1

2 − 0.5𝛾𝜎2
2 + 0.5𝛾𝜎2

22𝑤1 − 0.5𝛾𝜎2
2𝑤1

2 (8.8) 
 

The utility function can then be arranged as a quadratic equation:  

𝑈 = (𝑅2 − 0.5𝛾𝜎2
2) + (𝑅1𝑤1 − 𝑅2𝑤1 + 𝛾𝜎2

2𝑤1) − (0.5𝛾𝜎1
2𝑤1

2 + 0.5𝛾𝜎2
2𝑤1

2) 

 𝑈 = (𝑅2 − 0.5𝛾𝜎2
2) + 𝑤1(𝑅1 − 𝑅2 + 𝛾𝜎2

2) − 𝑤1
2(0.5𝛾𝜎1

2 + 0.5𝛾𝜎2
2) (8.9) 

 

Now we have the full utility function. The maximum utility can be found due to the following assumptions: 

A quadratic function can be described as: 

 𝑌 = 𝐶 + 𝐵𝑥 + 𝐴𝑥2 (8.10) 
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If A is positive, the function will be convex and have a global optimum in its minimum. If A is negative, the 

function will have a concave shape and have a global optimum in its maximum. In the CRRA utility function, 

A is strictly negative as both gamma and variances are strictly positive. Hence, it is possible to find an 

optimum. 

To find the maximum utility, the utility function is differentiated with respect to 𝑤1 and set equal to zero: 

 𝑈′ = (𝑅1 − 𝑅2) − 𝛾𝜎1
2𝑤1 + 𝛾𝜎2

2 − 𝛾𝜎2
2𝑤1 (8.11) 

 

𝑈′ = 0 

 0 = 𝑅1 − 𝑅2 + 𝛾𝜎2
2 − 𝛾𝜎1

2𝑤1 − 𝛾𝜎2
2𝑤1 (8.12) 

 

As the objective is to find the weights of bonds and stocks, 𝑤1 is solved for:  

(𝑅1 − 𝑅2) + 𝛾𝜎2
2 = 𝛾𝜎1

2𝑤1 + 𝛾𝜎2
2𝑤1 

(𝑅1 − 𝑅2) + 𝛾 ∗ 𝜎2
2 = 𝑤1(𝛾𝜎1

2 + 𝛾𝜎2
2) 

𝑤1 =
(𝑅1 − 𝑅2) + 𝛾𝜎2

2

(𝛾𝜎1
2 + 𝛾𝜎2

2)
 

 
𝑤1 =

𝜎2
2

(𝜎1
2 + 𝜎2

2)
+

(𝑅1 − 𝑅2)

𝛾(𝜎1
2 + 𝜎2

2)
 

(8.13) 

 

As the optimization is based upon expectations rather than actual returns and variances, the final equation 

for the optimal portfolio composition, is given as: 

 
𝑤1 =

𝐸[𝜎2
2]

𝐸[𝜎1
2] + 𝐸[𝜎2

2]
+

𝐸[𝑅1] − 𝐸[𝑅2]

(𝐸[𝜎1
2] + 𝐸[𝜎2

2])
𝛾−1 

(8.14) 

   
and 

 𝑤2 = 1 − 𝑤1 (8.15) 
 

From the optimal CRRA portfolio composition, it can be concluded that;  

The intercept is given as 
𝐸[𝜎2

2]

𝐸[𝜎1
2]+𝐸[𝜎2

2]
 which implies the weight of asset 𝑤1 is greater when the risk of the 

other asset becomes relatively higher. Thus, the individual chooses assets with lower volatility when 

returns on both assets are equal. The slope of the optimum is a concave power function of 𝛾 and is given as 
𝐸[𝑅1]−𝐸[𝑅2]

(𝐸[𝜎1
2]+𝐸[𝜎2

2])
. The numerator is given as the relative relationship between the expected return on asset 1 

and asset 2. Hence, the individual increases the proportion of 𝑤1 when 𝐸[𝑅1] − 𝐸[𝑅2] increases. The 

denominator determines the importance of the nominator. Thus, if the sum of the risk increases, the 

importance of the differences in expected returns decreases.  

8.2.2 Results and implications of CRRA 
To calculate and evaluate results from our CRRA-analysis, two graphs have been created. Both are based on 

F&P long-term investment assumptions where the expected return after investment costs for stocks and 

bonds are 6.00 % and 3.28 %. The standard deviations are 15 % and 6 % with a correlation of 0.  
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Table 40: Assumptions about the expected return after costs and standard deviations (Authors’ creation) 

In the first graph below, the optimal allocation of stocks and bonds are found formula 8.14 and 8.15 for 

optimization of CRRA.  

The optimal allocations given various levels of gamma can be seen in figure 26 below. The results indicate 

that an increase in gamma (higher risk aversion) lead to a higher proportion of bonds. The graph also shows 

how a gamma of less than 1.20 will result in an optimal asset allocation of more than 100 % stocks. Due to 

our limitation where borrowing is not allowed, the allocation is fixed at 100 % stocks. At a gamma of 3.09, 

the optimal allocation if 50% in each asset class. The graph further implies how the proportion of bonds 

rarely do not exceed 75 %, even at gamma levels of more than 10. If increasing gamma to infinity, the 

proportion of bonds will converge towards 82.1%. Hence to optimize CRRA preferences, the individual 

would never short stocks at any level of gamma. Due to the characteristics of a CRRA, individuals should 

hold a constant proportion of bonds and stocks if gamma is known to the individual. 

 

In figure 27 below, the utility given a gamma is drawn as a function of the proportion of stocks. To draw the 

graph, equation 8.9 is used from the previous page is used. It shows how utility increases when gamma is 

low. It also shows how an individual with a high gamma receives less utility from stocks.  

As utility is often an intangible size, one must not conclude on the absolute value of utility. However, all 

individuals should maximize utility given their specific value of gamma. Hence, the black triangles on the 

graph show the proportion of stocks to optimize utility given a specific gamma. For the values of gamma 1.5 

to 5, it is evident how the individual with a gamma of 1.5 optimizes utility with a stock proportion of 84 %. 

With a gamma of 2, the optimal percentage of stocks is 68 %. As gamma increases to 5, the optimal stock 

proportion decreases to 38 %. Although, gamma is negatively correlated with stocks it is evident stocks 

should be bought at any level of gamma. However, this is, of course, subject to the investment assumptions 

defined by Forsikring & Pension.  
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Figure 27: Utility given proportion of stocks (Authors' creation) 

8.3 Human capital investment strategy 
The example above highlights the optimal portfolio for a known risk aversion (𝛾). However, the theory 

misses one key determinant that effectively changes the optimal allocation. That is labor income. In 

economic theory, the present value of future labor income is often referred to as human capital (Munk, 

2017).   

In the following sub-section, a human capital investment strategy will be presented. At first, human capital 

and how to measure the size is explained. Secondly, the impact of human capital on the optimal portfolio is 

presented by including economic theory. Thirdly, the optimal asset allocations across the lifecycle are 

calculated using the CRRA-approach from the previous sub-section. Finally, the results are compared to the 

modeling and findings in section 7.    

8.3.1 Human capital 
Human capital is defined as the present value of future labor income. Thus, mathematically it can be 

defined as:  

 
𝐿0 = ∑ 𝑌𝑡

𝑇

𝑡=1

𝑒−𝑟𝑡  
(8.16) 

 

𝐿0 denotes the human capital today, 𝑌𝑡 is the nominal labor income at time t, which is discounted by a 

discounting rate, 𝑟. As period pass the human capital (𝐿𝑡) will decrease as there are fewer remaining 

periods. Hence, the human capital is at its maximum when the individual is 25 years old.  

The human capital is subject to various risks. At first, it might be challenging to predict future labor income. 

This is due to risks such as unemployment, risk of dying, varying income patterns, etc. Further, human 

capital might have a different risk if comparing individuals. One individual might have a larger risk of 

becoming unemployed due to the nature of the work.  

To include these risks, the discounting rate is set accordingly. Different methods can be argued to be 

appropriate to determine the true underlying risk: At first, one could argue the risk-free rate (or inflation) 

should be used if human capital is somewhat risk-free. Secondly, the discounting rate could be set to 

increase with t as the death intensity increase with age. Thirdly, the discounting rate could be the risk-free 

rate plus a risk premium due to the riskiness of the work (Munk, 2017).  
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8.3.2 Mathematical proof of optimal portfolio composition  
Jagannathan and Kocherlakota (1996) showed the optimal portfolio depended not only on expected return, 

standard deviation, and risk aversion but also on human capital. The relative size and characteristics of 

human capital define the optimal portfolio of an individual and can be explained by an example based on 

the calculations in the previous section of CRRA: 

Assume an individual with CRRA preferences and a gamma of 2. Hence, the optimal proportion of stocks at 

any time is given by equation 8.14.  

𝑤1 =
7%2

15%2 + 7%2
+

6.00% − 3.28%

15%2 + 7%2
2−1 = 68% 

Hence, the optimal fraction of stocks is 68 %.  

As human capital is the expected future wealth, it can be included in the decision making today. Therefore, 

the individual will seek to maximize both the current wealth and future wealth: 

 
𝑀𝑎𝑥 {𝐸 [

𝑊1

𝑊0
] −

𝛾

2
𝑉𝑎𝑟 [

𝑊1

𝑊0
]} 

(8.17) 

 

Where 

 𝑊 = 𝐿 + 𝐹 (8.18) 
 

L denotes the human capital, F the financial wealth today, and 𝑊1 the total wealth after period 0. In the 

relation to the CRRA-approach the individual now cares about the total wealth rather than only the 

financial wealth.  

The optimal choice of portfolio composition at time t now depends on the risk of human capital. Let us 

assume three possible scenarios: 

1. The human capital has risk properties of a bond 

2. The human capital has risk properties of a stock 

3. The human capital has risk properties of 50 % bond and 50 % stock.  

Assume now the financial wealth today (𝐹), is DKK 100,000. Also, assume the human capital (L) is DKK 

100,000. The total wealth is then DKK 200,000 according to equation 8.18. Based on the three scenarios of 

riskiness, the optimal portfolio using equation 8.14 is reported in table 41:  

 

Table 41: Optimal asset allocation for gamma=2 and different risk properties of human capital (Authors’ creation) 

For example: As the optimal fraction of stocks is 68 % of the total wealth, the optimal fraction will be DKK 

136,000. If human capital is characterized as a bond, more than the financial wealth should be put in stocks 

– Hence the individual should borrow DKK 36,000 and place it in stocks. On the other hand, if human capital 

is characterized as stocks, the individual should only invest DKK 36,000 in stocks and the rest in bonds.  

Optimal portfolio y=2

Stocks Bonds Stocks Bonds

L =100 % Bond 136,000       -36,000         100,000       -             

L = 100 % Stock 36,000         64,000           36,000         64,000       

L = 50 % Bond, 50 % Stock 86,000         14,000           86,000         14,000       

No-restrictions No-shorting allowed
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To put the example into mathematical terms, the individual maximizes total wealth given a risk aversion in 

a mean-variance model according to equation 8.17. 

Suppose the individual can invest in a risk-free bond, 𝑟𝑓, and in a number of risky assets given by the vector 

𝑟. 𝜇 denotes the expected return. 𝜋 denotes the vector of financial wealth allocated to the risky assets. In 

the end of the first period the wealth will be: 

 𝑊1 = 𝐹0 (1 + 𝑟𝑓 + 𝝅(𝑟 − 𝑟𝑓𝟏)) + 𝐿0(1 + 𝑟𝐿) (8.19) 

 

where 𝑟𝐿 is the discounting rate on human capital.  

Hence, the change is given as: 

 𝑊1

𝑊0
=

𝐹0

𝐹0 + 𝐿0
(1 + 𝑟𝑓 + 𝝅(𝑟 − 𝑟𝑓𝟏)) +

𝐿0

𝐹0 + 𝐿0
(1 + 𝑟𝐿) 

(8.20) 

 

The expectations of both expected return and variance of the wealth can thus be expressed as: 

 
𝐸 [

𝑊1

𝑊0
] =

𝐹0

𝐹0 + 𝐿0
(1 + 𝑟𝑓 + 𝝅(𝜇 − 𝑟𝑓𝟏)) +

𝐿0

𝐹0 + 𝐿0
(1 + 𝑟𝐿) 

(8.21) 

 

 

 

 

(8.22) 

 

By combining equation 8.17, 8.21 and 8.22 the equation for maximization can be established (Munk, 2017):  

 

 

(8.23) 

Note, 𝑙 =
𝐿0

𝐹0
 denotes the human capital relative to the financial wealth. Hence, if human capital is less risky 

than the portfolio, the amount of stocks will decrease as the fraction of human capital decreases.  

8.3.3 Optimal portfolios across lifecycles 
Based on the mathematical approach presented above, a lifecycle investment strategy can be made for 

individuals with a known gamma (𝛾). As the calculations rely on a series of assumptions, these are 

presented before the results.  

8.3.3.1 Assumptions 

It is assumed the investor has a CRRA preference with a known risk aversion (𝛾). The individual can invest 

in bonds or stocks at time=t. The expected return, standard deviation, and correlation of stocks and bonds 

are equal to the assumptions made by Forsikring & Pension. It is assumed these assumptions do not change 

in the future.  

It is assumed the human capital has the risk characteristics of bonds. Hence it can be argued to be a bond.  

The human capital is calculated using the lifecycle income model presented in section 6. The average 

lifecycle income is assumed to be risk-free. Hence, the discounting rate is set equal to inflation. Thus, 
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human capital is the sum of contributions in real terms. The mean income in each year is used when 

simulating the lifecycle income model 100,000 times.  

It is assumed that the individual cannot lever the investment. Thus, gearing and borrowing are prohibited.   

8.3.3.2 Results of lifecycle investment strategies 

Based on the assumptions above, the optimal portfolio choice can be made for each level of risk-aversion 

through life.  

Figure 28 shows the allocation to stocks across a lifetime. For all levels of risk aversion (gamma), the 

optimal allocation to stocks the first 12 years are 100 %. This is due to the small amount of financial wealth 

relative to the total wealth (inclusive of human capital). For all four shown values of risk aversion, the 

optimal asset allocation converges towards the mean-variance optimal portfolio.  

 

Figure 28: Asset allocation for different levels of risk aversion across the lifecycle (Authors' creation) 

Hence, the risk of each portfolio is high in the early stage, as the nominal risk is low. As human capital 

decrease and financial wealth increase, the risk of each portfolio decreases. For higher gammas, it is 

evident how the risk-reduction begins earlier. For gamma = 10 the risk reduction begins at age 37 whereas 

the risk reduction for gamma = 2 starts at age 49. Additionally, the speed of risk reduction is more 

significant for higher gammas.  

Examining gamma = 2, the fraction allocated to stocks at retirement is 68 %. At this point, human capital 

equals 0, and the asset allocation is precisely equal to the calculation of CRRA preferences in section 8.2  

The reason behind the high proportion of stocks in the early stages is the ratio between human capital and 

financial wealth. In figure 29 below, the ratio is shown using the same assumptions as above with a gamma 

of 2. 

The financial wealth has a limited effect on the total wealth in the first years as the ratio is as high as 100. 

At age 44 the financial wealth is expected to be equal to human capital. At the end of age 71, the human 

capital is 0, why the ratio is 0. Hence, it is assumed that state pensions are not part of the human capital – 

Although, this could be implemented to the model.  
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Figure 29: Ratio between human capital and financial wealth (Authors’ creation) 

8.3.4 Comparison to pension forecasts  
As the previous results are theoretically optimal lifecycle investment strategies, it seems relevant to 

compare the results to the real-life. The theoretical strategies will be compared the asset allocations 

presented in figure 25 in section 7.2.2. Figure 25 is based upon an average of asset allocations from 5 

pension funds. As part of the comparison, it has been assumed gamma 10 equals low-risk, gamma 5 equal 

medium-risk and gamma 3 equals high-risk.  

To summarize the development, the fraction of stocks at age 25, 50 and retirement is presented in table 42 

below: 

Proportion of stocks Age 25 Age 50 Age 72 (Retirement) 

Risk profile Gamma Real-life Theory Real-life Theory Real-life Theory 

Low-risk 10 44 % 100 % 39 % 41 % 21 % 28 % 

Medium-risk 5 63 % 100 % 57 % 55 % 36 % 38 % 

High-risk 3 86 % 100 % 77 % 73 % 50 % 51 % 

Table 42: Comparison of the asset allocation of real pension funds and theoretical weights (Authors’ creation) 

From the table, it is evident how the theory proposes a higher stock allocation in the early phase. Whereas 

none of the real-life portfolios have 100 % stock-allocation, all portfolios at age 25 have 100 % stock-

allocation. At age 50, the asset allocation of stocks is higher in real-life than theory expects (for medium- 

and high-risk). Thus, it can be concluded theory expected the allocation of stocks to be significantly higher 

in the early phase but decrease more rapidly than in real life. 

Overall it seems that the development in asset composition between an actual case and theory match quite 

well given the gamma assumptions above. 

Conclusively, this analysis can be used as a tool to optimize the utility of an individual rather than the 

coverage ratio. In section 7, the differences in coverage ratios often determined the effect of a variable. 

However, by including utility, a high average coverage ratio is not necessarily the most optimal choice. 

In section 7, all analysis led to the conclusion that by acquiring more risk, the coverage ratio would 

increase. However, if the objective is to maximize utility, this analysis showed all three risk-profiles might 

be appropriate if the risk-aversion, gamma, is known.  
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Section IX – Discussion and analysis of relevant topics 
In this section, we will discuss some of the relevant topics that are part of the on-going media and election 

debate. Through the master’s thesis, a majority of these topics have already been considered and 

examined, and we believe a contribution of relevant knowledge can be made to the debate.  

The discussion will be divided into 4 sub-sections covering a topic each.  

To begin the discussion, a case example will be made to compare two pension funds. Currently, many 

articles debate whether the choice of pension fund affects the individual’s pension plan. Due to this, we 

start by examining the allocation of two actual pension funds concerning their investment strategy. Here 

we assess whether the choice of pension company has an impact on the retirement plan.  

In the next part of the section, we will emphasize and discuss the importance of including stochastic wages 

by looking at coverage ratios from a theoretical and empirical view by including consumption. In addition to 

this, we will discuss whether the average individual has saved enough pension to satisfy consumption 

habits.  

Thirdly, we will discuss the consequences of retiring before the statutory retirement age. Recently the 

possibility of retiring early has been debated heavily in the Danish media by politicians. Therefore, we 

outline the debate and discuss the effects on both the state and individual.  

Finally, a broader discussion is made. Here we discuss the impact of not prolonging the official retirement 

age. As the previous discussion, this is also a politically based discussion.   

9.1 Discussion and comparison of two actual pension funds 
The discussion will begin with a case study of two actual pension funds. Danica Pension and PFA pension 

will be subject to analysis. The objective is to assess whether the choice of pension fund has an impact on 

the individual’s pension savings at retirement. Assumptions used in this case are identical to the lifecycle 

income model in section 7.5. Thus, the only parameter subject to change is the asset allocation (investment 

strategy).  

The companies report their strategic asset allocation 30, 15, 5 years prior to retirement and 5 years after 

retirement. It is assumed that the changes in asset allocation are linear between the known years. Implied 

is, if global stocks account for 40 % 15 years prior to retirement and 20 % 5 years before, then assume 

global stocks is assumed to account for 30 % 10 years before retirement.  

To provide an example for all types, we test within low, medium and high risk as well as the effect on each 

of the three stereotypes. The coverage ratio and its standard deviation of the coverage ratio is reported in 

table 43below. Coverage ratios are calculated using an average income after age 60.  

  Low-income Medium-income High-income 

Cov. Ratios   Danica PFA Danica PFA Danica PFA 

Low risk Mean 68.3% 67.5% 67.6% 66.4% 55.9% 54.7% 

  StD 17.7% 17.3% 17.3% 16.6% 14.5% 13.8% 

Medium risk Mean 71.0% 69.9% 71.5% 69.9% 60.0% 58.4% 

  StD 18.8% 18.4% 19.6% 18.8% 17.3% 16.4% 

High risk Mean 74.8% 72.6% 77.8% 74.1% 66.4% 62.7% 

  StD 22.3% 20.40% 26.90% 23.00% 25.00% 21.00% 
Table 43: Coverage ratios for the three individuals given different risk profiles for both PFA and Danica (Danica Pension, 2019) (PFA 

Pension, 2019) 
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The case-example outlines small differences between the two companies. For all cases above Danica 

Pension shows higher coverage ratios, but also a higher standard deviation. Concretely, the average 

coverage ratio is between 0.8 % and 3.7 % higher for Danica portfolios within each class. The lowest 

variation is found in the low-risk portfolios. The highest difference is found for medium- and high-income 

with high risk. Comparing the risk profiles, the differences between low- and high-risk portfolios are 

between 6 and 11 %. Thus, it seems more important to choose the correct risk profile rather than the 

correct pension fund.  

This analysis, however, assumes returns and costs equal to the investment assumptions. Hence, the 

analysis does not examine if one pension fund is expected to outperform on the individual asset classes. 

The fairest presumption must be none of the two pension funds are expected to outperform.  

Generally, the coverage ratios show the same pattern as in section 7: Low-income individuals have the 

highest coverage ratios in the low-risk category as a result of the higher degree of the state pension. 

Though, they will not benefit too much by applying more risk as it primarily affects the state pension. 

However, for all portfolios, average coverage ratios increase when moving up the risk classes.  

Additionally, the return/risk tradeoff can be calculated using equation 7.2 from section 7.5.3. This has been 

done in table 44 below.  

 Low-income  

Medium-
income  

High-
income  

Cov/Risk Danica PFA Danica PFA Danica PFA 

Low-risk 3.9 3.9 3.9 4.0 3.9 4.0 

Medium-risk 3.8 3.8 3.6 3.7 3.5 3.6 

High-risk 3.4 3.6 2.9 3.2 2.7 3.0 

Table 44: Risk-adjusted coverage ratios for Danica and PFA (Authors' creation) 

From these estimates, PFA is superior to Danica in all risk-profiles and income stereotypes. Though, they 

only seem to be marginally better. However, in the long run, the analysis points to more value are created 

by having your pension plan at Danica according to our simulation model. The finding is especially visible 

for individuals with a preference for high-risk products.  

To summarize on our case example, the difference in asset allocations within risk categories does not seem 

to affect the pension plan at retirement to a high degree. As shown in the sensitivity analysis, the effect of 

other variables is more significant. Especially, increasing expected real returns would have a larger impact. 

Arguably, the individual should focus on choosing the pension fund with the lowest costs to increase real 

return. If the individual were able to decrease the costs by 0.4 %, the coverage ratio would increase by 

roughly 10 % for all individuals. Thus, it would be interesting to include actual costs the pension fund 

charges in order to determine whether these create a significant difference.  

9.2 Discussion of optimal coverage ratio 
One interesting topic to discuss is the level of required coverage ratio. Through the master’s thesis, 

coverage ratios have been a central measurement. It has been argued that coverage ratio should be 

substantial relative to the income. However, what coverage ratio is sufficient and can be considered 

enough?  
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9.2.1 An expert’s view 
The answer is challenging to find as no real rule of thumb exists. The level required is often a personal 

matter based upon consumption habits and life-expectancy. Thus, the most straightforward answer to 

provide is savings annual pension plus other types of income or wealth should be greater than 

consumption. According to PFA who owns the webpage pensionstallet, the recommendation is a coverage 

ratio of 80 % (PFA Pension, 2019). Similarly, in an article in Berlingske Tidende, pension expert Hans Peter 

Christensen, director at Uvildige.dk, agrees with PFA (Kastberg, 2015). He says the average optimal 

coverage ratio is 80 %, although, it to a high degree depends on the individual. He provides an example: 

Outstanding mortgage debt usually accounts for a big part in the Danish household economy. However, if 

most of the debt is paid out at retirement, the annual costs of living are much lower, and the optimal 

coverage ratio could be lower (Kastberg, 2015).  

9.2.2 A theoretical view 
On the other hand, the question can be discussed from a more theoretical point of view. Milton Friedman 

(1957) developed the permanent income hypothesis which discusses how individuals/agents spread their 

income across time. Friedman (1957) found that agents determine their consumption based on permanent 

income rather than transitory income. Thus, the consumption is a result of total expected wealth rather 

than the income in a given period. This leads to three stages: Firstly, young agents will borrow to consume. 

Secondly, agents will save for retirement. Finally, at retirement, the savings will be consumed. The 

implication of the theory is a smoothing of consumption to optimize utility (Romer, 1996). Hence, Friedman 

(1957) argues that winning a lottery will not suddenly increase consumption habits if permanent income is 

not increased. According to the theory, the optimal saving or coverage ratio will instead be the point of 

optimized utility which is dependent on the individual. Conclusively, Friedman would argue that an optimal 

coverage ratio does exist, but it is dependent on the individual’s urge for immediate consumption relative 

to consumption in the future.  

9.2.3 An empirical view 
In contrast to experts and theory, it seems relevant to examine consumption habits in Denmark to provide 

a self-created argument. Below, two graphs have been created which show the consumption habits by age 

group and income level.  

 

Figure 30: Consumption by income (Danmarks Statistik, 2019)    Figure 31: Consumption by age group 
                                                                                                                   (Danmarks Statistik, 2019) 

Figure 30 outlines the consumption by income pre-tax. Firstly, it is clear how the income level directly 

influences consumption. It seems income individuals expect to consume more. Therefore, it makes good 
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sense to estimate a coverage ratio as a percentage of income rather than an absolute level of pension 

required.  

Digging into the numbers, it is evident how high-income individual consumes a relatively smaller proportion 

of income than lower-earning individuals. In macroeconomic terms, the disposable income can be used for 

consumption or savings, why it must be concluded the savings rate increase with income. Conclusively, it 

could be argued if the goal is to sustain consumption habits, the coverage ratio should be lower for high-

income individuals as the consumption increase relatively less to the income.   

Figure 31 shows how consumption has a hump-shaped pattern across the lifecycle. This is to a high degree 

similar to the lifecycle income model. Though only data for wide age-groups was available; the 

consumption seems to be highest around the age of 50. One could argue that the permanent income 

hypothesis is not true as consumption does follow income and is not smoothed perfectly.  

Looking, deeper into specific categories, costs of housing decreases by 14 % from the age 45-59 to 75 <. On 

the other hand, consumption of food decreases by almost 50 %. Hence, the argument of lower housing 

costs made by pension expert Hans Peter Christensen seems to be vague on an aggregated scale.  

Total consumption decreases for the two last groups by 17% and 39 %, respectively. As the age group 60-74 

currently consists of retirees as well, the average decrease can be calculated to 30 %. Hence, it seems, 

retirees spend more on consumption in the first years of retirement. It could be argued that young retirees 

have more energy to spend on vacations and leisure. If the argument holds, the idea of constant pension 

distributions may not be optimal and, instead, decreasing payouts may be a better solution to optimize 

both wealth and consumption habits.  

Conclusively, this part of the discussion showed various views on the optimal coverage ratio. Asking experts 

and pension funds, a thumb rule is 80 % of the income in the last year. Using the theory “permanent 

income hypothesis,” consumption should be smoothed across the lifecycle to maximize utility. Although, 

data does not show a smoothed consumption. Rather, it shows that consumption tends to follow income. 

Further, it seems consumption decreases in the years of retirement with higher consumption habits in the 

first years of retirement. Thus, it could be argued that the simplified thumb-rule does not explain the 

required coverage ratio optimally, as consumption changes through retirement. Finally, it seems high-

income individuals consume relatively less than low-income. Therefore, it might seem appropriate to 

require a higher coverage ratio for low-income individuals.    

9.3 Discussion of implementing the possibility of early retirement  
In the next part of the discussion, a political legislative proposal will be examined. The objective of the 

discussion is to apply our findings and conclusions on a relevant political subject.  

In January 2019, Mette Frederiksen, Party Chairman of Socialdemokratiet, proposed worn uneducated and 

vocational workers should have the possibility of retiring prior to the official pension age (Politiken, 2019). 

The proposal received a lot of media attention, and the discussion was quite divided. Mette Frederiksen 

argues that many vocational workers join the workforce at an earlier age due to the limited education 

required. Combined they will work for more years than high-educated individuals which, in her eyes, is not 

fair. Additionally, she argues that low-income individuals have a shorter life-expectancy making the period 

of retirement shorter (Socialdemokratiet, 2019).  

Because of the focus on early retirement, the Danish government and two other political parties agreed to 

implement actual legislation. The new legislation will enable worn-out workers to retire up to six years 



Page 95 of 102 
 

earlier than the official retirement age. Instead, these workers can receive “Seniorpension” which amount 

to DKK 226,500 a year for single retirees. It is estimated that the legislation will cover more than 17,000 

workers when it is fully phased in by 2025 (Regeringen, 2019).  

Arguments in disfavor of the proposal are often economically based stating such an implementation is too 

expensive and directly in contradiction with the current plan of postponing the retirement age. However, as 

this master’s thesis will refrain from discussing the topic from a political view, the proposal will be 

discussed from an economic and individual angle. Can the individuals afford to retire early? 

The first economic argument is made by Velliv, who recently stated that 46 % of their customers between 

the age of 25 and 29 years could look forward to retiring earlier than the retirement age due to a historical 

increase in savings rates (Dengsøe, 2019). However, numbers are calculated using the baseline case and the 

industry benchmark for modeling. In section 7, we challenged this notion by including a stochastic wage 

model that significantly decreased coverage ratios. Thus, we believe that Velliv overestimates their 

conclusions.  

As the legislation is intended for low-income individuals, the discussion must be made by analyzing our 

results for low-income stereotypes. The baseline case showed coverage ratios ranging from 96 % - 104 % 

depending on the risk profile. However, the coverage ratio decreased to an average of 68 % - 75 % using 

the lifecycle income model. If using the rule of thumb from the previous sub-section of 80 %, the average 

low-income individual would not be able to sustain consumption in the mean scenario. However, it should 

be noted that it does not seem to be a significant gap.  The average payout at retirement for a low-income 

individual is simulated to be between DKK 290,000 and DKK 321,000 if working until the age of 72. Thus, 

the proposed DKK 226,500 is a significant reduction compared to what is expected at retirement. Hence, a 

significant drop in consumption is required.   

In section 7.7.3, the sensitivity to early retirement was analyzed. The analysis showed that a low-income 

individual loose of 2.2 % in total annual pension if retiring one year early and 9.4 if retiring 5 years prior. 

This implicates the coverage ratios for a low-income individual with medium risk would decrease its 

average coverage ratio from 71 % to 69 % (1 year) or 62 % (5 years).  

Moreover, it was found in section 8 that individuals with a high level of risk aversion maximize utility by 

having a low-risk profile. This would decrease the coverage ratios even more for all quantiles as shown in 

section 7.5.2 table 29 where the difference between the coverage ratios for low and high risk is 7 %.  

However, can the low-income individuals even afford to retire early, even though the state compensates 

them? Given the previous analysis and the lifecycle income model, the answer is no if the required 

coverage ratio is assumed to be 80 %. However, the analysis in section 6 indicated that low-income 

individuals do not necessarily follow a hump-shaped income pattern but have a more constant income-

scheme. Thus, the results from the baseline case could be considered. The baseline case showed coverage 

ratios that were more than sufficient even if retiring one or five years before the age of 72. Hence, the level 

of coverage ratio highly depends on the shape of income-pattern.  

In relation to the example above, the Danish Nursing Organization (DNO) have stated that currently 

employed nurses do not contribute sufficiently. Their studies find a nurse would only obtain a coverage 

ratio of 67 % which they consider too little (Danish Nursing Organization, 2016). Thus, such a coverage ratio 

would not enable nurses to retire early, even if they are compensated to some degree by the state.  

Furthermore, the legislation can be discussed from a societal perspective. If Denmark is to pay DKK 226,500 

annually to approximately 17,500 worn-out workers, it would cost around DKK 4 billion annually. This 
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amount is significantly higher than what the Danish government has estimated. When it is fully phased in, 

they have estimated the costs to be around DKK 650 million which highlights there is a considerable gap 

between the two amounts (Regeringen, 2019). Of course, it should be noted the numbers are pre-tax and 

without any multiplier-effects why the actual cost is lower.  

However, no matter the point of view, it creates a large cost for the state. Therefore, it must be up to the 

voters and the politicians to decide whether the perks of the legislation outweigh the costs.  

9.4 Discussion of abandoning the gradually increasing retirement age 
In section 2, it was shown that the official Danish retirement age is dependent on when you are born. Table 

1 showed that the current official retirement age is 65 if born earlier than 1954 and increases to 68 if born 

after 1967.  Additionally, the government has agreed to increase and revise the retirement age further. The 

retirement age for such a 25-year-old individual today is projected to be 72. For new-born babies in 2019, 

the retirement age is projected to be 77 years (Velliv, 2019). 

In the on-going election campaign, several parties have opinionated they want to stop the gradual increase 

in retirement age (Jensen & Larsen, 2019). The parties that support this proposal argues that especially 

within physical tough jobs it is unthinkable, one should work until the mid-70s. Thus, it opens a debate of 

whether the individuals' pension plans can afford to retire earlier and if the state can.  

By applying a lifecycle income model to the baseline case, it was shown coverage ratios for all types of 

individuals would decrease. The reduction is arguably so high that early retirement is not possible for an 

individual in the mean-case. Additionally, a 25-year old high-income individual would lose more than 16 % 

of the annual total pension if retiring at the age of 67 relative to 72. This would implicate the coverage ratio 

to fall below 50 % in the average scenario. Thus, for many individuals, it would not be sufficient to retain 

the same level of consumption as prior to retirement.   

On the other hand, the results are most extreme for the high-income groups. Conclusions become less 

significant as one move down the income-groups as the state pension covers a larger part of the labor 

income. Nonetheless, low-income workers are expected to receive 62 % on average if retiring at 67.  

On the other part of the discussion, the government might experience economic issues if abandoning the 

increase in retirement age. According to the Danish Ministry of Finance (2017), the labor market pension 

schemes will not be fully matured before 2080. The Danish Ministry of Finance has projected that the 

number of pensioners subject to a full supplementary state pension will decrease from 57 % to 17 % in 

2080. However, this can be difficult to reach if the saving phase is reduced by five years (Finansministeriet, 

2017). Therefore, it could apply much pressure on the public expenses for Denmark. Such increase in 

expenses must be compensated by cutting other costs or increasing taxes.  
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Section X – Conclusion 
This section concludes the master’s thesis and answers the research questions outlined in section 1.  

The relevance of the thesis is found in section 2: Through the past decade, Danish pension funds have 

transferred risk to the individual due to multiple factors. Pension funds are now offering their customers 

market-return based products rather than the traditional guaranteed products. Since the financial crisis in 

2008, the investment climate has been subject to low yielding bonds that have forced pension funds to take 

on more risk. Thus, having precise forecasting models seem more relevant than ever.  

To accommodate the investment climate, Forsikring & Pension has developed new investment assumptions 

to reflect the future. In comparison to earlier investment assumptions, a total of 10 asset classes is included 

with arguably more realistic returns and an introduction of standard deviations. Through section 3, studies 

made by Claus Munk & Jesper Rangvid (2018) showed expected coverage ratios decreased as an effect of 

the new investment assumptions.  

On the other hand, it should be discussed whether the new assumptions do in fact reflect true 

expectations. In section 4, the 2019 investment assumptions were analyzed and examined from a historical 

and present view. By applying Markowitz’s (1952) portfolio theory to calculate optimal portfolios, it was 

obvious that optimal portfolios have a very odd asset composition. According to theory, an efficient 

portfolio should consist of multiple asset classes. However, by applying the investment assumptions, many 

asset classes are neglected. 

Moreover, a back-test of returns and standard deviations resulted in both optimistic and conservative 

expectations to the asset classes. Generally, the investment assumptions assume lower than the historical 

standard deviation for 8 out of 10 asset classes. Especially the risk of global stocks seems to be 

underestimated as F&P expects a standard deviation of 10.1 % compared to the 20-year average of 14.3 %.  

Although the investment assumptions were criticized on various parameters, the investment assumptions 

were used as input to our model. In section 5, the baseline model was introduced. The baseline model is a 

non-linear stochastic model which forecasts pension savings through a Monte Carlo simulation.  

The model was then improved in section 6 by implementing a stochastic lifecycle income model. Analysis 

implied the investment assumptions should be criticized as a static income pattern seem unrealistic. The 

lifecycle income model was found to have a hump-shaped pattern that can be expressed in a cubic 

equation. The model implies the average income increases to a factor 1.80 at age 52 where after the 

income decreases by 7 % at retirement.  

In section 7, 51 Monte Carlo simulations were made to compare and examine the effects of different 

inputs. In the first part of the section, three stereotypes and three risk-profiles were defined to streamline 

the analyses and enable comparisons.  

In section 7.3, the baseline case, arguably equal to the accepted industry model, showed coverage ratio 

ranging from 73 % - 104 %. Coverage ratios were highest for low-income individuals and high-risk profiles. 

In section 7.5, the stochastic lifecycle income model was simulated. By adding more accurate and 

sophisticated income assumptions, our analysis showed how coverage ratios decrease relative to the 

baseline case. As a consequence of volatile wages, the standard deviation of the wealth and pension 

distributions increased. The main findings of the inclusion of a stochastic lifecycle income model compared 

to the baseline case are:  
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• The average coverage ratio decreased to 60 %-71 % by using an average of the labor income since 

the age of 60. 

• Increases in wealth have limited the hedge of the supplementary state pension and the importance 

of basic state pension.  

• The stochastic wage development puts greater importance on fewer and later contributions which 

increased the total risk.  

• An individual with a medium risk-profile should contribute an additional 46 % (high-income) to 114 

% (low-income) to compensate for the lower coverage ratio relative to the baseline case.  

Section 7.6 analyzed the differences in coverage ratios between various analyses. Conclusively, it outlined 

the importance of how coverage ratios are affected by variable income. By comparing the coverage ratio 

for a medium risk portfolio using two different methods for calculation, the contribution must be increased 

by between 12 % and 27 % to obtain the same coverage ratio.  

Section 7.7 examined the sensitivity of contribution rate, real returns and the length of the saving phase. 

The main findings can be summarized to a few bullets: 

• Low-income individuals are less sensitive to all changes in the model relative to higher-earning 

individuals due to the greater importance of state pension. 

• Changes in contribution rates have a lower impact on total pension than changes in real returns. 

Thus, the effect of compounded interest seems to outperform the effect of contributions.  

• Remaining employed an additional year has a relatively larger effect on total pension than the 

effect the year before.  

• The hump-shaped income causes the effect of retiring 5-years before the official age to be 

significantly worse than postponing pension contributions five years.  

With the introduction of utility functions in section 8, the previous conclusions are set into perspective. In 

section 7, all analyses indicated that by acquiring more risk, the coverage ratio would increase. However, if 

the objective is to maximize utility, a lower risk-profile might be appropriate. By comparing the theoretical 

optimal asset composition with actual portfolios through the savings-phase, it seems reality matches theory 

to a high degree. Thus, pension funds follow a long-term investment strategy that accounts for the size of 

human capital to a certain extent.  

Finally, our findings were applied to a discussion in section 9. On the one hand, the objective of the 

discussion was to test the effect of choosing one pension fund over another. On the other hand, the 

objective was to discuss if individuals can afford to retire early. The main arguments are summarized in the 

following bullets:  

• The differences in asset allocations within a risk-profile do not seem to affect the pension plan at 

retirement to a high degree. The effect of choosing a pension fund with lower costs seem to be of 

bigger importance.  

• An optimal coverage ratio cannot be simplified to an 80 % rule of thumb. Consumption is 

decreasing through retirement, and it might be optimal to have a decreasing pension distribution. 

• It seems appropriate to require a lower coverage ratio for high-income individuals as they consume 

relatively less than low-income individuals.    

• If a hump-shaped income pattern is assumed, the average low-income individual will have to 

decrease consumption habits by up to 30 % if retiring five years prior to the age of 72.  

• A high-income individual must contribute to a private pension saving if early retirement is desired.    
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