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ABSTRACT 
 
This paper discusses what is the optimal pension system from the perspective of a small open 
economy. The discussion takes place within the context of the following policy objectives: 
minimizing labor market distortions, optimizing taxation, optimizing saving levels, risk 
mitigation, redistribution, and sustainability. It finds that a funded system is superior in the 
follow aspects: it is does not distort the labor market and it is more sustainable. An unfunded 
pension is superior in mitigating risk and decreasing inequality through redistribution. Taxation 
cannot be optimized a priori and should be optimized in line with policy makers’ objectives. 
Savings decisions are significantly influenced by irrational behavior and other factors that 
violate the assumption of rational individuals; therefore, pension policies must take this into 
consideration.  
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1. INTRODUCTION AND PROBLEM STATEMENT 
Over the last several decades there has been a great deal of discussion about pension systems. 
The topic has become increasingly relevant as countries experience changes and must consider 
whether their current pension systems are optimal.  
 
A general conclusion on the optimal pension system is difficult to make as countries may have 
varying objectives underlying the pension system. Thus, the way to evaluate each pension 
system is not to evaluate the system by some general criteria, but by how well it meets its 
objectives. However, there are some constraints on what kind of system a country can choose. 
Pension systems are usually divided along the lines of unfunded and funded and generally 
unfunded systems are associated with defined benefits and funded systems are associated with 
defined contributions. Additionally, there are some objectives that are reoccurring across 
countries. These include objectives such as sustainability, efficiency, and equality.  
 
In a static environment we could rely on how well a particular system is meeting its objectives 
based on the current data. The world is however not static and countries are experiencing 
social, economic, demographic changes. This means that not only may the systems not be 
optimal, but even if they are countries may still need to reform their current pension systems in 
order to adapt to the future impact of these changes.   
 
An interesting perspective not explored much in the literature is that of a small open economy 
(SOE). Much of the literature either considers a closed economy or focuses on the United 
States. This paper will consider the perspective of an SOE and focus on the following objectives: 
minimizing labor market distortions, optimizing taxation, optimizing saving levels, risk 
mitigation, equality, and sustainability. 
 
This paper will be considering pension systems in a broad context and therefore will 
concentrate on a discussion around funded and unfunded pension systems. In an unfunded 
system also called a pay-as-you-go (PAYG) system aggregate benefits are financed by a tax on 
currently working generations. While in a funded system benefits are financed by the return on 
previously accumulated pension funds (Lindbeck & Persson, 2003). In this paper the terms 
unfunded and PAYG will be used interchangeably.  
 
Section 2 begins with a brief overview of welfare and if we can use it in analyzing different 
systems. Section 3 deals with an explanation on what constitutes a SOE. Section 4 introduces 
the main economic models and the results from adapting them to a SOE as these models have 
been developed for a closed economy. Section 5 then turns to a discussion on sustainability and 
the effect of changing demographics on funded and unfunded systems. This section concludes 
with a look at some descriptive statistics for current data.  
 
The paper continues with a discussion on the life-cycle hypothesis and taxation in section 6 
including an analysis of distortions in the labor market as well as bequest motives and 
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precautionary savings. Section 7 discusses a very important aspect related to behavioral 
economics, which is also has implication for crowding out discussed subsequently in section 8. 
Section 9 introduces the topic of defined benefits and defined contributions and section 10 
directly analyzes funded and unfunded systems with a special look at the effect of a transition 
from a PAYG system to a fully funded system in Chile. Section 11 discusses the effect on 
redistribution of different systems and reforms. In section 12 the paper concludes on its 
findings.  
 
1.1  RESEARCH QUESTION 
In the context of the current macro environment what is the optimal pension system for a small 
open economy taking into consideration objectives related to its impact on the labor market, 
savings, equality, risk, and sustainability. 
 
1.2 THEORETICAL FRAMEWORK 
This paper has used a large body of the research done in the field. In particular it has used 
(Bernheim, 2002), which provides a comprehensive overview of the work done in taxation and 
savings. This paper uses economic models based on (Modigliani & Brumberg, 1954), (Modiglinai 
& Brumberg, 1990), (Diamond, 1977), (Samuelson, 1958), (Solow, 1956), (Swan, 1956), 
(Ramsey, 1928), (Koopmans, 1965), and (Cass, 1965). A large part of the analysis of funded and 
unfunded systems is based on (Sinn, 2000), (Siebert, 1997), and (Feldstein & Liebman, 2002). 
The discussion on SOEs relies exclusively on (Guerron-Quintana, 2013) and the inspiration and 
analysis of the descriptive statistics was based on (Bongaarts, 2004). This paper draws on 
(Galasso, V., Profeta, P. 2004) for a look at the importance of politics in the discussion. The 
aforementioned literature provides the broad theoretical framework for this paper, but in total 
it draws on over 100 literature sources for its analysis and the complementary empirical 
evidence.    
 
1.3 METHODOLOGY 
This is a discussion paper that draws on the literature already published in the field. 
Methodology is generally considered within two branches: quantitative methods and 
qualitative methods; however, no such method is applied. Although the literature used as 
empirical and theoretical evidence has used specific methodologies those can be found by 
reading the original articles and is redundant if restated here.  
 
It can be stated that the general approach of this paper has been to adapt well known 
economic models within the context of a SOE in combination with theoretical literature on the 
topic and finally using empirical evidence as a test of the conclusions.    
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1.4 VALUE 
This paper looks at pensions from the perspective of a small open economy, which has not had 
the same amount of attention as other perspectives. The reason being that much of the 
literature on the topic is from the US and therefore focuses on the US context. This paper also 
adds value by combining empirical literature from both developed and developing countries. It 
also creates a comprehensive analysis of the main topics that policy makers should consider 
when making decisions about their country’s pension system.  

2. WHAT CAN WE SAY ABOUT WELFARE? 
The most straight forward approach to analyzing or comparing various pension systems would 
be to compare the welfare outcomes under each type of system; however, this is not a simple 
task and in some sense quite impossible. The following paragraphs will briefly review welfare 
economics and discuss to what extent we can use welfare as a measure of comparison. Starting 
with a simple illustrative example from Kaldor (1939) on the welfare effects of the removal of 
protectionist grain tariffs in Great Britain.  
 
Kaldor (1939) quoting Harrod (1938) states that the Repeal of the Corn Laws made the 
landlord’s worse off, but the community better off only if individuals’ utility is treated equally. 
The welfare loss and gain can be expressed in monetary units as a decrease in the price so that 
the consumers now have a higher real income. This implies a change in the distribution of 
income as the landlord’s income will be lower at the reduced prices. The government can 
reverse this and revert the economy back to the original distribution by compensating the 
landlords for their loss by a tax on the consumers. Kaldor (1939) argues that the community is 
better off as each individual’s welfare is unchanged as an income recipient, but is improved in 
their capacity as consumers because the corn prices are still lower. 
 
According to this observation the welfare improving condition that it be possible to make 
somebody better off without making anyone worse off. This condition only stipulates the 
possibility of compensation to the land owners be enough to make it welfare improving given 
the gains from the benefits of free trade. It does not actually require the landowners to be 
compensated. This is known as Kaldor-Hicks’ efficiency conceived by Kaldor (1939) and Hicks 
(1939), which built on the Pareto model of welfare, which is a less strict approach that allows 
for individuals to be compensated for their loss. 
 
In a system where scarce resources are allocated Pareto efficiency or optimality is the position 
that is reached where it is not possible to make somebody better off without making at least 
one other person worse off.  
 
Kaldor (1939) states that if everyone has the same capacity for satisfaction it follows that the 
system under which the welfare of the community is maximized is when there is complete 
equality; however, this cannot be the case as it ignores the possibility of individuals deriving 
satisfaction from improving their income through their own efforts.  
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The argument against Kaldor-Hicks efficiency could be put like this. If you could make the rich 
richer and the poor poorer, but the rich were able to compensate the poor for their loss while 
maintaining a higher level of income then by Kaldor (1939) the welfare of society has been 
increased; however, it is only hypothetical that the poor should be compensated. The fact that 
they could be compensated implies that the community gains, but does not dictate that they 
are compensated. Thus you could have a welfare improving situation that redistributes income 
from the poorest to the richest.  
 
According to Stringham (2001) it is possible to criticize Kaldor-Hicks’ efficiency on both a 
positive and normative bases. The wealth maximization is derived from calculating the loss and 
gain to individuals resulting from some change. The loss/gain is essentially done in monetary 
units for example when the price of a good changes the change to consumers and producers 
real income is calculated. The problem with market prices is that they are past prices. In terms 
of econometrics past prices are serially correlated with present prices; however, they only 
provide an indication of what the price may be and not an exact value for what they are. In a 
dynamic environment the price for Amazon shares can change by the minute (Stringham, 2001)  
 
Even if we accept no exogenous changes and constant preferences such that prices were stable 
there is an additional problem. From the perspective of a policy maker or social planner in 
order to determine whether a change is wealth maximizing it is necessary to determine the 
willingness to pay of the individuals. The determination of the willingness to pay may not be 
possible as the relevant values have not been revealed in a market trade (Stringham, 2001).  
 
The social planner would have guess the value of the individuals’ choices based on observation. 
In order to know the value an individual puts on a particular good it is necessary to observe in 
some form the individual purchasing said good. The issue is further complicated by adding both 
parties in the trade and then additionally third parties due to externalities and spillover effects 
(Stringham, 2001).  
 
Kaldor-Hicks’ efficiency is an incomplete metric for evaluating welfare while Pareto efficiency is 
extremely strict making it very difficult to apply to real world situations. Making direct 
comparisons between pension systems using welfare is therefore very difficult. It is much more 
relevant to discuss pension systems based on policy maker objectives.  
 
Welfare is still relevant in understanding the effects of policy changes or the impact of moving 
from one system to the other. In this paper we will use it more of a relative measure rather 
than an absolute measure. If there is a welfare loss or gain and if it is relatively small or large, 
policy makers will need to take that in to consideration when making decisions. In this context 
we can revive the use of welfare in our discussion of pension systems.  
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There has been some debate as to which welfare measurement is better (Henderson, 1941); 
however, in this paper we will be working with consumer surplus. The reason for this is that in 
some of the models we want to illustrate rather than calculate precisely the welfare effects of 
introducing some change into the model.  

3. SMALL OPEN ECONOMIES 
A small open economy (SOE) has several features; however, its defining feature is that it does 
not have control over the rate at which it borrows. In a SOE, Households and firms can borrow 
at the international market interest rate (Guerron-Quintana, 2013). 
 
SOEs can further be divided into two categories: developed and developing economies. 
Countries where consumption is more variable than GDP are developing countries (a 1% change 
in GDP is followed by a greater than 1% change in consumption) while countries with less 
variability in consumption are developed countries. Developed countries also consistently meet 
their obligations while developing countries may default or be at risk of defaulting in the future 
(Guerron-Quintana, 2013).  
 
As a SOE the country is a price-taker and faces a perfectly elastic demand curve. The demand 
curve can change given changes in the international economic environment, but the change is 
largely independent of changes in the SOE. Of course, due to risk premiums every SOE may face 
different rates. An example is the Emerging Markets Bond Index (EMBI), which is a measure of 
how much foreign lenders ask over the current international rate to lend to emerging countries 
(Guerron-Quintana, 2013).  
 

 
Figure 1 Source: Guerron-Quintana (2013) 
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In figure 1 the interest rate in percent is on the y- or vertical-axis and the amount of debt in 
some generic unit is on the x- or horizontal-axis. The supply curve is downward sloping because 
the SOE would like to issue more debt for a lower interest rate and less debt for a higher 
interest rate. From foundational economic theory we know that equilibrium is where the lines 
intersect meaning in this visual example the country would face an interest rate of 3% and issue 
about 3.8 units of debt.  
 
Trade is an indicator of the openness of an economy and is usually measured as a ratio of 
imports plus exports to GDP. 

Trade Openness and GDP in 2011 
  Australia  Canada  Chile  Germany  Japan  Mexico  Sweden  U.S.  
Trade openness  0.42 0.65 0.73 0.84 0.31 0.65 0.94 0.3 

GDP to total world GDP 0.013 0.021 0.003 0.05 0.119 0.017 0.007 0.276 

 
*Trade openness is defined as the ratio of exports plus imports to output; GDP is the country’s output as a fraction 
of world output, both computed using constant 2000 U.S. dollars. 
Table 1 Source: Guerron-Quintana (2013) 
 
Table 1 shows the level of openness of 8 countries. The US and Japan, which are the largest 
economies are relatively closed while the other smaller economies trade relatively more. The 
abnormality in this table is Germany as it is considered a large economy, but trades much more 
than both the small and large countries. There is no clear definition for what kind of economy is 
considered small (large) or open (closed) as there is a continuum of economies varying in size 
and trade.  
 
  Small Open Economies   

  Emerging Economies Developed Economies   

  Argentina Mexico Philippines Australia Canada 
New 

Zealand 
United 
States 

Standard deviation of output 4.22 2.98 1.44 1.19 1.39 1.99 1.59 

Standard deviation of 
consumption to standard 
deviation of output 

1.08 1.21 0.93 0.84 0.74 0.82 0.77 

Standard deviation of investment 
to standard deviation of output 

2.95 3.83 4.44 4.13 2.91 3.32 4.1 

Standard deviation of net exports 
to GDP  

0.34 0.76 2.3 0.86 0.55 0.66 0.64 

Correlation of output and net 
exports to GDP  

-0.89 -0.87 -0.4 -0.59 -0.01 -0.06 -0.48 

Correlation of output and interest 
rate  

-0.63 -0.49 -0.53 0.37 0.25 0.07 0.18 

Table 2 Source: Guerron-Quintana (2013) citing Neumeyer and Perri (2005) for Small Open Economies and Fernandez-
Villaverde et al. (2012) and Corsetti et al. (2008) for the U.S. 
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Table 2 illustrates some of the key differences between developed and developing countries. As 
per the earlier definition, the countries that have a less than a 1:1 movement between 
consumption and GDP are developed countries while countries with a greater than 1:1 
movement are developing countries. A final point on interest rates is that developed countries 
have interest rates that are pro-cyclical while in emerging economies it is counter-cyclical. The 
developed countries have a positive relationship between output and interest rates (pro-
cyclical) and the developing countries have a negative correlation (counter-cyclical).  
 
We should expect there to be a difference in the saving patterns of individuals in developing 
and developed economies. Individuals in developing economies may face higher liquidity 
constraints and have higher levels of precautionary savings due to increased uncertainty. In 
fact, we will observe this difference when looking at empirical studies for Denmark and Sri 
Lanka.  

4. ECONOMIC MODELS 
We will now consider four well known economic models. The first two are the Solow-Swan 
Growth model (Solow, 1956) (Swan, 1956) and the Ramsey-Cass-Koopmans model (Ramsey, 
1928) (Cass, 1965) (Koopmans, 1965), which will look at the long-run growth of the economy in 
the closed state and then what happens when it is opened. The next model is the Samuelson 
model (Samuelson, 1958), which was built on to create the Diamond model (Diamond, 1977). 
Again this model will be adjusted for a SOE. The overlapping generations model (OLG) is the 
foundation for many of the other models used by the literature in this paper.  
 
4.1 SOLOW GROWTH MODEL 
 
4.1.1 CLOSED ECONOMY 
The model is introduced using the explanation taken from Romer (2012). 
 
In the model the production function is given as: 
 

𝑌" = 𝐹(𝐾", 𝐴"𝐿")	[1] 
 
Where Y is output, K is capital, L is labor, A is effectiveness of labor, and t denotes time. We 
divide through by AL. 
 

𝐹 /
𝐾
𝐴𝐿 , 10 =

1
𝐴𝐿 𝐹

(𝐾, 𝐴𝐿)	[2] 
 

𝑌
𝐴𝐿 =

1
𝐴𝐿 𝐹

(𝐾, 𝐴𝐿)	[3] 
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If we say  
 

𝑘 =
𝐾
𝐴𝐿 	𝑎𝑛𝑑	𝑦 =

𝑌
𝐴𝐿	[4] 

 
Then 
 

𝑓(𝑘) = 𝐹(𝑘, 1)	𝑡ℎ𝑢𝑠	𝑦 = 𝑓(𝑘)	[5] 
 
𝑓(𝑘) is output per unit of effective labor and s is the fraction of that is invested thus actual 
investment is 𝑠𝑓(𝑘). Through some mathematical manipulation (Appendix 1) we arrive at the 
break-even investment (𝑛 + 𝑔 + 𝛿)𝑘. Where 𝑛 is the growth rate of labor and 𝑔 is the growth 
rate of effectiveness and 𝛿 is depreciation (Romer, 2012).  
 

 
Figure 2 Source: Romer (2012) 
 
In the above figure the economy is in its steady state when actual investment is equal to break-
even investment (where the lines intersect). 𝑘B* is the level of capital in the economy and 
where the dashed line intersects 𝑓(𝑘) is the level of output in the economy (both per unit of 
effective labor) (Romer, 2012).. 
 
The interest rate is equal to the rental rate of capital minus depreciation 𝑟(𝑡) = 𝑅(𝑡) − 𝛿 
where the rental rate of capital is 𝑓′(𝑘) thus 𝑟(𝑡) = 𝑓′(𝑘) − 𝛿. In other words 𝑅(𝑡) is the slope 
of the 𝑓(𝑘). An assumption of this model is that 𝑓′(𝑘) is positive and 𝑓′′(𝑘) is negative thus the 
marginal product of capital is positive, but is decreasing as capital per unit of effective labor 
increases (Romer, 2012)..  
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4.1.2 OPEN ECONOMY 
The following result from an open economy is presented using Dalgaard (2008). The standard 
production equation without government spending in an opening economy is: 
 

𝑌 + 𝑟𝐹 = 𝐶 + 𝐼 + 𝑁𝑋 + 𝑟𝐹	[6] 
 
Where Y is output, C is consumption, I is investment, NX is net exports, F is holdings in foreign 
capital and r is the rate of return on the holdings. 
 
If 𝑁𝑋 > 0 then there is a build-up of assets abroad. Assuming a constant 𝑟 
 

𝑁𝑋" + 𝑟𝐹 = 𝐹"NO − 𝐹"	[7] 
 
Savings is by definition 
 

𝑆" = 𝑌" + 𝑟𝐹" − 𝐶"	[8] 
 
Combining [6], [7] and [8] gives: 
 

𝑆" = 𝐼" + 𝐹"NO − 𝐹"	[9] 
 
Therefore, savings can mean either an accumulation of domestic or foreign capital. We know 
that 𝑁𝑋 = 𝐹"NO − 𝐹" so as stated above the increase in net exports is analogous increase the 
net foreign assets (Dalgaard, 2008).  
 
In an open economy capital is fully mobile this implies that the world interest rate 𝑟T must be 
equal to r. Thus as discussed in the earlier section the country is a price-taker and households 
and firms can borrow at the international interest rate (Dalgaard, 2008).  
 

𝑟T = 𝑟 =
𝜕𝐹[	 ⋅]
𝜕𝐾"

	[10] 

Standardizing the terminology with respect to the closed economy and simplifying such that 
𝛿 = 0 we can rewrite the equation as (Dalgaard, 2008). 
 

𝑟T = 𝑟 = 𝑓W(𝑘)	[11] 
 
The difference from the closed economy is that capital and output per effective unit of labor 
are independent of the savings rate (Wojciech, 2008). The accumulation of capital is 
determined by the interest rate, which is exogenous for a SOE. If there is a change in the one of 
the variables the savings rate will adjust to keep the output and capital at a level such that the 
domestic and foreign interest rates are the same.  
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4.1.3 SHOCK TO THE STEADY STATE 
If we imagine the economy being the steady state and there is some change in one of the 
variables we can see what will happen in the closed and open economies and compare the 
change. 
 
Consider a decrease 𝑛 implying a decrease in the growth rate of the labor market. This example 
is reflected in the demographic changes seen in many countries that are experiencing a falling 
fertility rate thus their populations growth rate and by extension the labor force growth rate is 
decreasing. 
 
In a closed economy a decrease in 𝑛 would shift the break-even investment line (𝑛 + 𝑔 + 𝛿)𝑘 
downwards. Thus the economy would have a new steady state where the output and capital 
per unit of effective labor are higher. As 𝑓′′(𝑘) is negative it follows that an increase in 𝑓(𝑘) 
would cause a decrease in 𝑓′(𝑘). This result implies a fall in the rental rate of capital and the 
interest rate. In a closed economy a decrease in the growth rate of labor will cause a decrease 
in the interest rate, but an increase in output and capital per effect unit of labor. 
 
In an open economy a decrease in 𝑛 would also shift the break-even investment line 
(𝑛 + 𝑔 + 𝛿)𝑘 downwards. However, we know that as a price-taker the country cannot effect 
𝑟T. Households and firms would not invest in capital domestically at an interest rate lower than 
𝑟T. It follows then that investment would move abroad such that 𝑟T = 𝑟. Investment would 
decrease to the point such that both output and capital per unit of effective labor do not 
change.  
 
Total output in the economy however does decrease and there is a surplus of savings in the 
economy. This means there will be an increase in net foreign assets. If savings is greater than 
investment then there is a build-up of foreign assets or a positive NX. If savings is less than 
investment then there is there is an inflow of capital from abroad and NX is negative. There are 
two sources for the case where there is a capital trade deficit the first is when there is a 
persistent trade deficit driven by high levels of consumption, which increases imports the 
second is budget deficits driven by high government spending and low taxation, which makes it 
necessary to borrow to cover the gap (Wojciech, 2008).  
 
The government can try to reduce the deficits by reducing government spending, increasing 
taxation, encouraging saving, or discouraging consumption. An increase in the savings rate for 
positive net foreign assets will increase net foreign assets and lead to growth of national 
product. When a country has negative net foreign assets an increase savings will decrease the 
magnitude of the net foreign assets and result in a growth of national income. A decrease in 
savings under these condition will have the exact opposite effect (Wojciech, 2008). In a more 
complex model one can consider how long trade imbalances can persist as well as the 
implications of risk premiums.  
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In a model where savings is exogenously given with perfect capital mobility changes in the 
economy do not affect the level of savings. Capital flows move into and out of the country in 
response to changes in the economy, but the level of savings is constant. Since there is no 
change in the interest rates the total savings held in domestic and foreign capital does not 
adjust.  This model illustrates an difference for SOEs. In the current context of falling population 
growth rate in a closed economy the golden rule steady state level of savings falls with the 
growth rate (Lee, 2016). In a SOE with a stable interest rate the level of savings remains 
constant. 
 
A criticism of this model is that saving is exogenous that is individuals do not optimally 
determine their savings rates. The Ramsey model allows for individual optimizing, but faces its 
own issues when applied to a SOE. The next section will look at the Ramsey model, which 
explores the issue of what occurs when individuals or households are optimizing their utility 
thus savings are no longer exogenous. 
 
4.2 RAMSEY-CASS-KOOPMANS MODEL 
The closed and open models are given in detail in Appendix 2. The following paragraphs discuss 
the issues with applying this model in a SOE context.  
 
4.2.1 BALANCED GROWTH PATH 
Rødseth (2011) states that the assumption for a balanced growth path are that we accept that 
consumers in the whole world have the same discount rate and rate of substitution, in other 
words, they have equal preferences and that productivity growth rates are the same. If we can 
make this assumption and if the rest of the world is on its balanced growth path then the small 
open economy will also be on its balanced growth path. Then we can say that  
 

𝑎"NO = 𝑎" = 𝑎X	[12]	𝑎𝑛𝑑	𝑐" = 𝑐	̅[13] 
 
Where 𝑎" = 𝑏\," + 𝑏]," + 𝑘" and 𝑐" =

^_
`_

 (𝐶"is consumption at time 𝑡), 𝑏]," is the amount of 

foreign bonds held by domestic consumers, 𝑏\," is the amount of government bonds held by 
consumers, and 𝑘" is capital although it can also be thought of as corporate bonds held by 
consumers, finally 𝑎" is total savings held by consumers (Rødseth, 2011). The budget constraint 
is then 
 

𝑐̅ = 𝑤 + (𝑟 + 𝛾)𝑎X	[14]	 
 
Where 𝑤" =

c_
`_

 (𝑊" is earnings at time 𝑡) and 𝑟 is the interest rate. Under these conditions both 

assets and capital per effective unit of labor will be constant thus the net foreign assets will also 
be constant. The current account will have to grow at the natural growth rate 𝛾 (defined as 𝑛 +
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𝑛𝑔 + 𝑔) if it has positive net foreign assets. For countries with a net foreign debt they will have 
a perpetual current account deficit (Rødseth, 2011). 
 
Since 𝑟 > 𝛾 the return on its net foreign assets will be greater than the increase in its net 
foreign assets thus the country will run a trade deficit and the opposite may be true of a 
country with a current account deficit (Rødseth, 2011).  
 
4.2.2 NOT ON THE BALANCED GROWTH PATH 
Rødseth (2011) continues that the assumption for a balanced growth path is not very 
convincing and the situation of a small economy running a current account surplus or deficit 
forever seems problematic.  
 
The case where there is no balance growth path is however not feasible either. If the interest 
rate is greater than the natural growth rate the country accumulates infinite wealth, a massive 
trade deficit, and current account surplus. If opposite is true the country accumulates infinite 
debt, massive trade surplus, and current account deficit. This contradicts the assumption of a 
small open economy as a country accumulating that much debt or wealth could no longer be 
small and thus not subject to an exogenous interest rate (Rødseth, 2011).  
 
Since a balanced growth path is an unlikely scenario due to the assumptions necessary for it to 
a occur and not being on a balanced growth path creates a scenario where the country can no 
longer be considered a SOE the model is problematic. One of the problems with the model is 
that individuals have infinite lives. The Samuelson overlapping generations model allows 
individuals to optimize their utility, but with finite lives thus solving the issues in both the Solow 
and Ramsey model.  
 
4.3 SAMUELSON MODEL 
Feldstein & Liebman (2002) condensed explanation of Samuelson (1958) is shown in the 
following paragraphs.  
 
The growth of the work number of workers is 𝑛 thus 𝐿"NO = (1 + 𝑛)𝐿", the tax while working is 
𝑇" = 𝜃𝑤𝐿", and the benefit when the working generation 𝐿" retire is 𝐵"NO. In the actual model 
there is a voluntary exchange and a social planner is not required to transfer assets between 
generations; however, the result with an active agent caring out the transfer is closer to the 
real world. In this model the central and decentralized equilibrium are the same (Feldstein & 
Liebman, 2002).  
 
There is no capital in the economy and whatever is produced in a given period must be 
consumed. The benefits paid to the retirees are constrained by the amount of taxes paid by the 
working generation thus when the working generation retires they can expect 𝐵"NO = 𝑇"NO =
𝜃𝑤𝐿"NO. The ratio of contributions paid in to benefits paid out for a single generation is: 
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𝐵"NO
𝑇"

=
𝑇"NO
𝑇"

=
𝐿"NO
𝐿"

= 1 + 𝑛	[15] 

 
If in this economy the wage rate increase due to technological progress at a rate of 𝑔 then 
𝑤"NO = (1 + 𝑔)𝑤" then have: 
 

𝐵"NO
𝑇"

=
𝑇"NO
𝑇"

=
𝜃𝑤"NO𝐿"NO
𝜃𝑤"𝐿"

= (1 + 𝑛)(1 + 𝑔)	[16] 

 
In this model due to assumptions of no capital the implicit rate of return is approximately 𝑛 +
𝑔. The generation that is retired when the PAYG system is introduced receives a benefit from 
the system that they never paid into and are therefore better off. Since every subsequent 
generation has a positive implicit rate of return the introduction of the PAYG system is Pareto 
improving and welfare is unambiguously improved (Feldstein & Liebman, 2002).  
 
Feldstein & Liebman (2002) state that the calculations and conclusion from the Samuelson 
(1958) model are also valid in an economy with capital with exception of the Pareto-
improvement. This is because a model with capital the first generation’s welfare is improved, 
but subsequent generations are worse off. Feldstein & Liebman (2002) explain that in an 
economy with capital the implicit rate of return is (1 + 𝑛)(1 + 𝑔) − 1 = 𝛾 on contributions 
paid into the system.  
 
In this economy individuals can finance their own retirement through saving and investing in 
capital with a real return of 𝜌. Feldstein & Liebman (2002) cite Cass (1965) that in a dynamically 
efficient economy the real rate of return must be greater than the economy’s rate of growth 
𝜌 > 𝛾. The present value of gain to first generation is equal to the sum of the present value 
losses to all subsequent generation. The effect on the economy is merely a redistribution of 
wealth (Feldstein & Liebman, 2002).  
 
This result is possible because of several implicit assumptions made by the model. The first is 
that the savings rate and the marginal product of capital are the same. The second is that the 
appropriate discount rate for intergenerational discounting is the marginal product of capital. 
The third is that there is no deadweight loss due to a fixed labor supply (Feldstein & Liebman, 
2002).  
 
4.4 DIAMOND MODEL  
The Diamond (1977) model builds on the Samuelson (1958) model by adding capital. This 
provides the working generation a place to store value and therefore individuals do not have to 
participate in the system of exchange if it is voluntary. There are some questions about whether 
capital is equitable with wealth. For example, if an individual owns a certain about of capital 
that she rents out to the working population at a rate 𝑟 and eventually sells. If the capital 
becomes obsolete her assets become almost worthless.  
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When Kodak lost most of its value due to the advent of digital cameras and eventually went 
into bankruptcy the shareholders of Kodak lost most of the value of their shares. It is a well-
known financial principle that unsystematic risk or idiosyncratic risk can be minimized through 
diversification; however, individuals’ are still exposed to financial risk, which can be particularly 
harmful as seen in the 2007 global financial crisis. This risk is intrinsic to a funded pension 
system and is one of the reasons unfunded pensions are superior to funded pension systems.  
 
Continuing with the presentation of this model, which is taken from Rødseth (2011). In the 
model individuals live for two periods represented by y when young and o when old. The utility 
function is 𝑈 = 𝑢j𝐶k,"l + 𝛽𝑢j𝐶n,"NOl and the budget constraint is 𝐶k," + (1 + 𝑟)oO𝐶n,"NO = 𝑊" 
where 𝑊" is the income earned when young. With log utility and maximizing using Lagrange we 
obtain the result (Appendix 3): 
 

𝐶k," =
𝑊"

1 + 𝛽	
[17], 𝐶n,"NO =

𝛽(1 + 𝑟)𝑊"

1 + 𝛽 	[18] 

 
Savings when young is then: 
 

𝑆k," = 𝑊" − 𝐶k," =
𝛽

1 + 𝛽𝑊"	[19]		 

 
Hence the rate of saving of savings when young is: 
 

𝜎 =
𝛽

1 + 𝛽 =
1

2 + 𝜌	[20] 

 
Total savings in the economy in period t 
 

𝑆" = 𝐿"𝑆k," + 𝐿"oO𝑆n,"	[21] 
 
Total financial assets at the end of period t 
 

𝐴q"NO = 𝐿"𝑆k,"	[22] 
 
This can be rewritten by substituting from the savings equation 
 

𝐴q"NO = 𝜎𝑤𝐿"𝐴"	[23] 
 
Dividing through by 𝐴"NO𝐿"NO 
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𝑎"NO =
𝜎𝑤

(1 + 𝑛)(1 + 𝑔)	[24] 

 
In this model 𝑎" is constant and the economy is in a steady state after one period. Foreign 
assets will be determined by the following equation 
 

𝑏] =
𝜎𝑤
1 + 𝛾 − 𝑘	[25] 

 
This simply says that the amount of foreign assets is equal to savings minus optimal domestic 
capital stock. Here unlike the Ramsey model due to the finite lives of individuals there is a limit 
to borrowing and savings. Although a country with positive net foreign assets will have a 
current account surplus forever it will not go to infinity relative to GDP (Rødseth, 2011).  
 
The interest rate relative to the natural growth rate will determine what happens in the 
economy. If 𝑟 > 𝛾 and the country and the country is a net lender it will have a trade surplus. If 
𝑟 < 𝛾 and the country is a net debtor it will have a trade surplus. In both case is there is a 
reverse in the relation between r and 𝛾 the opposite will be true. In the next section we will use 
the model we have just derived and apply it in the context of the discussion on pension 
systems.  
 
4.4.1 IMPLICATIONS FOR PENSION SYSTEMS 
If we assume constant population growth and no uncertainty defined contributions and defined 
benefits can be made equivalent. The benefit ratio for a PAYG system are given as 𝜋 (Rødseth, 
2011). 
 

𝜋 =
𝜏𝑤𝐴"𝐿"

𝑤𝐴"oO𝐿"oO
= 𝜏(1 + 𝑛)(1 + 𝑔) = 𝜏(1 + 𝛾)	[26] 

 
where 𝜏 is the tax on the young generation’s income redistributed to the old. If production and 
population growth is high the benefits to each generation from the system will be high 
(Rødseth, 2011).  
 
The budget constraint for consumers will then be modified to 
 

𝐶k," + (1 + 𝑟)oO𝐶n,"NO = (1 + 𝜏)𝑤𝐴" + (1 + 𝑟)oO𝜋𝑤𝐴"	[27] 
 
The government taxes an individual when they are young decreasing their wealth and then 
provides them with a pension when they are old increasing their wealth (Rødseth, 2011). A 
PAYG system increases an individual’s lifetime income iff: 
 

(1 + 𝑛)(1 + 𝑔) > (1 + 𝑟)	[28] 
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If we consider the borrowing from each generation as implicit debt that the government is able 
to roll over forever by borrowing from each subsequent generation to pay its obligation to the 
current old generation then by accumulating this debt it can make each generation better off if 
we have an infinite number of generations (Rødseth, 2011) (Romer, 2012).  
 
Sinn (2000) has a model that demonstrates the interchangeability of implicit and explicit debt. 
In Sinn’s (2000) model that we will discuss in more detail later the contribution 𝐶" multiplied by 
the number of young individuals 𝑁"

k is equal to the number of retired individuals 𝑁"
u multiplied 

by the pension benefit 𝑃". 
 

𝑁"
k𝐶" = 𝑁"

u𝑃"	[29] 
 
The portion of the income of the young in period t that is taxed to fund the PAYG system must 
be equal to the consumption of the old in period t. We can write the claim of the old as a debt 
obligation such that: 
 

𝐷" = 𝑁"
u𝑃"	[30] 

 
 
Denoting explicit debt as 𝐷"x  and explicit tax as 𝑇"x in period t. The debt in the next period is 
equal to the portion of the debt left plus the interest. 
 

j𝐷"x − 𝑇"x𝑁"
kl(1 + 𝑟"NO) = 𝐷"NOx 	[31] 

 
We can rewrite this as 
 

𝐷"x =
𝐷"NOx

(1 + 𝑟"NO)
+ 𝑇"x𝑁"

k	[32] 

 
which holds for any period and subsequent period 𝑡 + 𝑗	𝑓𝑜𝑟	𝑗 ≥ 1 
 

𝐷"N|x =
𝐷"N|NOx

j1 + 𝑟"N|NOl
+ 𝑇"N|x 𝑁"N|

k 	[33] 

 
for 𝑗 = 1 
 

𝐷"x = 𝑇"x𝑁"
k +

𝑇"NOx 𝑁"NO
k

(1 + 𝑟"NO)
+

𝐷"N}x

(1 + 𝑟"NO)(1 + 𝑟"N})
	[34] 
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if this expansion is iterated to infinity for increasing values of j we can then sum over all periods 
to get 
 

𝐷"x =~𝑇|x𝑁|
k𝑅|

�

|�O

	[35] 

 
where 𝑅|  is the market discount factor  
 
A policy of converting the implicit debt into explicit debt and distributing the burden of the debt 
over the future generations will not result in a reduction of the present value of the tax burden. 
Whatever the chosen time pattern of the tax burden its present value is always equal to the 
present value of the implicit tax burden in the PAYG system (Sinn, 2000).  
 
This demonstrates that borrowing from the market explicitly to improve each generations 
welfare is the same as accumulating implicit debt by borrowing from each generation. 
 
4.4.2 EFFECT ON PRIVATE SAVINGS 
Continue from (Rødseth, 2011) if we assume log utility the consumption of an individual who is 
young is a constant share of life-time utility. 
 

1 + 𝜌
2 + 𝜌	[36] 

We can rewrite the budget constraint as: 
 

𝐶O," =
1 + 𝜌
2 + 𝜌 �1 + 𝜏

(1 + 𝑛)(1 + 𝑔) − (1 + 𝑟)
1 + 𝑟 �𝑤𝐴"	[37] 

 
The rate of savings when young is then 
 

𝑠(𝑟) =
(1 + 𝜏)𝑤𝐴" − 𝐶k,"

𝑤𝐴"
=

1
2 + 𝜌 − 𝜏 −

1 + 𝜌
2 + 𝜌 𝜏

(1 + 𝑛)(1 + 𝑔) − (1 + 𝑟)
(1 + 𝑟) 	[38] 

 
The term O

}N�
 is the rate of savings when there is no public pension. 𝜏 is the effect on the rate of 

savings of a PAYG system it has two effects it reduces saving by reducing the income individuals 
have to save from and it also reduces the need to save as individuals effect to receive benefits 
in the future. The final term ON�

}N�
𝜏 (ON�)(ON\)o(ON�)

(ON�)
 is 0 if 𝑟 = 𝛾 as the numerator will be 0 

making the whole term 0. For any other solution where 𝑟 ≠ 𝛾 this term shows the effect on 
savings of the change in life-time income. A reduction in savings will also reduce the size of 
foreign debt (Rødseth, 2011).  
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If we examine what happens in a funded system, we can see that there is no effect on an 
individual’s saving. An individual contributes an amount 𝜏 to her pension and earns a return of 
(1 + 𝑟). Thus the life-time contribution is 𝜏𝑤𝐴" and the return is (1 + 𝑟)𝜏𝑤𝐴" (Rødseth, 2011). 
The budget constraint is then 
 

𝐶k," + (1 + 𝑟)oO𝐶n,"NO = (1 − 𝜏)𝑤𝐴" + (1 + 𝑟)oO(1 + 𝑟)𝜏𝑤𝐴"	[39] 
 
The right-hand side simplifies to 𝑤𝐴" and we have the exact same budget constraint the 
individual faced before we introduced pensions. In the case where 𝑟 > 𝛾 individuals are better 
off under a funded system than a PAYG system (Rødseth, 2011). Introduction of a fully funded 
pension system essentially moves wealth from individuals’ left pocket to their right. In the 
section on behavioral factors we will see that this may be necessary if individuals are not acting 
rationally.  

5. SUSTAINABILITY  
Over the last two decades a significant amount literature has been published on the 
demographic changes in countries and what that means in terms of the sustainability for 
current pension systems. From 1981 to 2007 over thirty countries have either fully or partially 
replaced their PAYG systems with a funded system usually based on individual accounts that 
employ defined contributions (Orenstein, 2011).  
 
The two changes at the forefront of the discussion are longevity and fertility. An increase in 
longevity due to advances in medicine increases the age of the population and with a constant 
retirement age it increases the number of years the individual consumes without increasing the 
number of years she works. Under an unfunded system in order to have constant consumption 
the level of contributions would have to increase. This puts an increased strain on the 
sustainability of the pension system.  
 
A falling fertility rate implies the coming generations will have a relatively smaller work force. 
Coupled with increasing longevity this will put a larger burden on the working generation under 
an unfunded system. This section takes a look at the literature that considers these factors and 
their effects. We will start with a simple model that will illustrate the effect of longevity on 
individuals’ consumption and savings. 
 
5.1 LONGEVITY AND FERTILITY 
We start by defining the individual’s budget constraint as: 
 

𝑌 ∗ 𝑃 = 𝐶 ∗ 𝑇	[40] 
 
where Y is income, P is number of years working, C is the consumption, and T is the number of 
years the individual lives. This can be rewritten as:  
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𝐶 = 𝑌 ∗
𝑃
𝑇	[41] 

In every period an individual can either save or consume their income this can be stated as: 

𝑆 = 𝑌 − 𝐶 = 𝑌 /
𝑇 − 𝑃
𝑇 0	[42] 

The assets of individual over their life-time will be 
 

𝐴 =
𝑊(𝑃)
2 =

𝑌
2 �

𝑇 ∗ 𝑃 − 𝑃}

𝑇 �	[43]	 

 
If we increase longevity, but we hold the retirement age constant such that ∆𝑇 > 0, ∆𝑃 = 0 
and take the first derivative w.r.t T to get the following results.  
 

𝑑𝐶
𝑑𝑇 = −𝑌 ∗

𝑃
𝑇} < 0	[44] 

𝑑𝑆
𝑑𝑇 = 𝑌 /

𝑇 − (𝑇 − 𝑃)
𝑇} 0 = 	𝑌 ∗

𝑃
𝑇} > 0	[45] 

 
𝑑𝐴
𝑑𝑇 =

𝑌
2 �

𝑇 ∗ 𝑃 − (𝑇 ∗ 𝑃 − 𝑃})
𝑇} � =

𝑌
2 /
𝑃
𝑇0

}

> 0	[46] 

 
As T increases the rate of change in consumption is negative while the rate of change in savings 
is positive and the rate of change for assets is also positive. This result is exactly what would be 
expected. With the same total income over an individual’s life-time, but more years to spread 
that income across, marginal rate of consumption will decrease while marginal rate of savings 
will increase leading to an increase in the marginal rate of assets.  
 
We can compare the result by holding T constant and allow P to increase ∆𝑇 = 0, ∆𝑃 > 0. In 
this instance we take the first derivative w.r.t P to get the following results. 
 

𝑑𝐶
𝑑𝑃 =

𝑌
𝑇	[47] 

 
𝑑𝑆
𝑑𝑃 = −

𝑌
𝑇	[48] 
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𝑑𝐴
𝑑𝑃 =

𝑌
2 /
𝑇 − 2𝑃
𝑇 0	[49] 

 
In this case the opposite occurs as P increases the rate of change in consumption is positive 
while the rate of change in savings is negative and the rate of change for assets is also negative 
if the condition 2𝑃 > 𝑇 holds. Numerically, the average life expectancy in Denmark for 
2017:2018 was 81 years so in this model if an individual works for more than 40.5 years then an 
increase in the number of years worked will cause the marginal rate of assets to decrease.  
 
Now if we combine both equations allowing both T and P to vary given ∆𝐶 = 0 we get: 
 

∆𝐶 = 𝑌 /
𝑇 ∗ ∆𝑃 − 𝑃 ∗ ∆𝑇

𝑇} 0 = 0	[50] 
 
The change in consumption will be 0 if ∆𝑃 = �

�
∆𝑇 that is if the change in the years worked is 

equal to the ratio of years worked to years lived multiplied by the change in longevity 
consumption will be constant. If the ratio is O

}
 (T = 81 and P = 40.5 to borrow the earlier 

example) then for every extra year the individual lives they will have to work O
}
  a year more to 

hold consumption constant.  
 
This simple model illustrates an important point about the choices faced by individuals as 
longevity increases. If they want to hold their consumption constant over their life-time they 
must defer their retirement in order to earn enough to cover the expense of living longer. In a 
funded system the effect is felt directly by the individual as in the above model. In an unfunded 
system the effect might only be felt by the next generation as will become apparent later on.  
 
Another interesting insight is that to maintain the same standard of living for each additional 
year a person lives they may only have to defer their retirement a fraction of that additional 
year. This means under a funded system, individuals would voluntarily opt to defer their 
retirement in order to maintain a constant standard of living. In an unfunded system, 
individuals do not have an incentive to defer retirement unless the government introduces 
mandatory age limits before they can receive their pensions.  
 
Ediev (2014) considers the effect of changing mortality on both a PAYG system and funded 
system. In particular, the implications on the dependency ratio, the age of retirement, and the 
rate of return. The conventional definition of the old-age dependency ratio (OADR) is the ratio 
of the retirement-age population to the working-age population. Ediev (2014) models the 
change in the dependency ratio under the two systems given changing mortality with the result 
showing that a PAYG system has an advantage over a funded system. 

When the growth rate of the annual number of births 𝑔 and the real interest rate 𝑖 are equal 
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the PAYG system has an advantage over the funded system, due to the effect of decreasing 
mortality. The central idea is that each generation lives longer than the previous one and thus 
can more easily fund the current generation’s pensions and the subsequent generation will by 
the same logic be better able to fund theirs. This is under the assumption that the age of 
retirement is increased for each generation.  

The anecdote given by Ediev (2014) to explain the difference is that of scheme where the real 
interest rate is zero and the participants suddenly become immortal. Under a funded no one 
would be able to retire because if an individual retired at some point in the future they would 
use up their retirement savings (because of a zero real interest rate) and would have to go back 
to work. However, under a PAYG system individuals would still be able to retire although the 
retired population would always be increasing and thus the retirement age would also have to.  

Empirical evidence from the study shows that out of 24 countries only 2 were better off under a 
funded system. Those two countries were Japan and German, which are not considered SOEs. 
The rest of the countries at the current growth parameter 𝑔 had a higher internal rate of return 
(IRR) and the necessary retirement age under a PAYG system was lower compared to an funded 
system (See Appendix 4). Ediev (2014) concludes by stating that modifying the conventional 
PAYG system is more efficient and cost-effective than converting to a partially funded system.  

Keyfitz (1985) looks at the effect of demographics on unfunded pensions. He looks at both 
changes in fertility and longevity. The cost of an unfunded system depends on dependency ratio 
(the ratio of people drawing on the system and the people contributing to the system) and the 
economy. In an expanding economy with an expanding population the system will be relatively 
inexpensive.  

Keyfitz (1985) uses the implicit annual rate of interest, which is defined as the rate of interest 
needed to make contribution paid equal to benefits received when both are discounted back to 
a given moment. The premium paid in each year of people between 𝛼 and 𝛽 is: 

𝑃𝑟𝑒𝑚(𝑡) =
∫ 𝑝(𝑥, 𝑡)𝑑𝑥�	
�

∫ 𝑝(𝑥, 𝑡)𝑑𝑥�	
�

	[51] 

where 𝑝(𝑥, 𝑡)𝑑𝑥 is the number of people in the population between age x and x + dx	at time t, 
𝛼 is the age individuals start work, 𝛽 is the retirement age, and 𝜔 is the highest possible age an 
individual can live till. The numerator is the number of beneficiaries and the denominator is the 
number or contributors. The premium is analogous to the term 𝜋 from (Rødseth, 2011). 

� 𝑒o��𝑙(𝑥)𝑑𝑥 =
�

�
� 𝑒o��𝑙(𝑥)𝑃𝑟𝑒𝑚(𝑓 + 𝑥 − 20)𝑑𝑥
�	

�
	[52] 
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Keyfitz (1985) then solves for r, the rate of interest or rate of return, which is the expected 
payment of 𝑃𝑟𝑒𝑚(𝑡) against the expected benefit of unity per year. Where f is the year when 
the cohort is 20 years old. Thus he can find the rate of return given the other parameters. The 
results of this are shown in table 3 and explained below.  

The results are shown in table 3. Keyfitz (1985) finds that in US with a fertility of 1.81, 
individuals born in the 1960-1965 bracket and will make contributions to the system between 
the years 1980 and 2025 will have a positive rate of return of 1.05%. Additionally, the cohort 
born in the 1970-1975 and 1980-1985 brackets will also have a positive rate of return of 0.80% 
and 0.49% respectively. After that he forecasts negative rate of return for every subsequent 
cohort bracket. For fertility rates 125% and 150% higher than the status quo the rate of return 
is positive for all cohorts and for rates 50% and 75% of the status quo the rate of return is still 
positive for the first two and three cohorts respectively; however, the magnitude of positive 
rate of return is also smaller while the magnitude negative rate of return is larger.  

Birth cohort Fraction of 1979 births rates     

  0.5 0.75 1 1.25 1.5 

1960-1965 0.89 0.98 1.05 1.12 1.17 

1970-1975 0.32 0.59 0.8 0.97 1.12 

1980-1985 -0.55 0.05 0.49 0.84 1.12 

1990-1995 -1.41 -0.51 0.16 0.67 1.09 

2000-2005 -1.84 -0.87 -0.12 0.5 1.01 

2010-2015 -1.98 -1.04 -0.23 0.46 1.06 

2020-2025 -1.93 -1.04 -0.22 0.52 1.16 

2030-2035 -1.74 -0.99 -0.21 0.5 1.13 

2040-2045 -1.54 -0.94 -0.21 0.49 1.13 

2050-2055 -1.37 -0.89 -0.21 0.49 1.13 

*Percentage rate of return on social security pension contributions for successive birth cohorts, for five levels of fertility – 

United States population data, fixed pension. Table 3 Source: Keyfitz (1985) 

It should be noted that the actual US fertility rate has been higher than in the model used by 
Keyfitz (1985) so we can discard the lower fertility rates relative to the status quo of 1.81. This 
is an interesting insight as the actual fertility rate in the US has been close 2.0 from 1990 to 
2010. This puts the rate of return between that in column 3 (fertility = 1.81) and column 4 
(fertility = 2.26). We do not have the data from Keyfitz (1985) to rerun the model, but it is 
possible that at the higher fertility rate than he assumed all cohorts would have a positive rate 
of return. Since 2010 the fertility rate has fallen to 1.80, which is again in line with Keyfitz 
(1985).  

Keyfitz (1985) also varies mortality by the same parameters as fertility and finds that although 
increasing mortality reduces the rate or return and conversely decreasing mortality increases 
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the rate of return the cohorts with a positive or negative rate of return remains unchanged. In 
order words, mortality only effects the magnitude of the rate of return it does not change the 
whether the return is negative or positive for a given cohort. A decrease in mortality increases 
the costs or the necessary contributions from the working group, but it also increases the total 
return they will receive when they retire.  

Keyfitz (1985) considers holding mortality constant for those under 65 and varying it for those 
above 65. He finds that although the expected effect is present it is relatively small. This means 
that the effect of falling fertility rates is much more harmful to an unfunded pension system 
than an increase in longevity. As an additional point fertility also has a higher impact than a 
change in migration.  

Honekamp's (2007) model can be used to look at what happens when there is a decline in the 
fertility rate. The PAYG model can be set up in the following way using the OLG model. Each 
individual lives two periods, in the first period they work and in the second period they retire. 
𝑁"O denotes the working population an 𝑁"} denotes the retired population. Each worker earns a 
wage 𝑤" of which some amount 𝑡" contributes to the pension system. This amount is referred 
to as a pay-roll tax and falls under the category of a labor or income tax. 
 
The total contribution in period 𝑡 is 𝑁"O ∗ 𝑤" ∗ 𝑡" and total expenditure is 𝑁"} ∗ 𝑃" where 𝑃" is the 
average pension paid to each individual. For the system to be sustainable total expenditure is 
constrained by total contributions. We can then rearrange the equality to get: 
 

𝑃" =
𝑁"O ∗ 𝑤" ∗ 𝑡"

𝑁"}
	[53] 

 
If the growth rate of the population is 𝑛" = 𝑁"O − 𝑁"oOO /𝑁"oOO , where 𝑁"oOO  is essentially the 
retired population 𝑁"}, the equation can be rewritten as: 
 

𝑃" = (1 + 𝑛")𝑤" ∗ 𝑡"1	[54] 

  

The government can either keep the replacement rate or the contribution rate constant. In the 
case of a constant replacement rate q we have: 

𝑡" =
𝑞

1 + 𝑛"
	[55] 

                                                
1 nt=Nt

1−N1
t-1/N1

t-1can be written as nt=Nt
1/N1

t-1-N1
t-1/N1

t-1 hence Nt
1/N1

t-1=1+nt which can be substituted for 
Nt

1/Nt
2 
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In the status quo scenario 𝑡" will fall as 𝑛" increases. This is the usual progression of the 
population in most economic models and has been the case in reality for millennia; however, if 
the the population growth is declining with a constant q the pay-roll tax 𝑡" will have to be 
increased. With a falling fertility rate 𝑡" will increase (Honekamp, 2007).   

The other option for the government is to allow the replacement rate q to vary with the 
population growth given that 𝑞 = �_

T_
 we can rewrite the equation as: 

𝑞" = (1 + 𝑛")𝑡	[56] 

Here again a declining population has a negative impact as can be since from the equation 
above a decline in the population growth leads a decline in the replacement rate. 

The internal rent, 𝑖" can be defined as  

1 + 𝑖" =
𝑃"NO
𝑤" + 𝑡"

	[57] 

Then we can say that the higher an individual’s pension in period 𝑡 + 1 compared to their 
contribution in period 𝑡, the higher the internal rent. If we then say wage growth is given as  

𝑔 =
𝑤" − 𝑤"NO
𝑤"oO

	[58] 

then 

1 + 𝑖" = (1 + 𝑛"NO)(1 + 𝑔"NO)	[59] 

Thus the internal rent in period 𝑡 is a dependent on the population growth rate and the wage 
growth rate in the next period. Individual’s decisions on how many children to have measured 
as the fertility rate effects their internal rent. The implicit return of the PAYG system is (𝑛"NO +
𝑔"NO), which can be termed the growth rate of the wage bill. If (𝑛"NO + 𝑔"NO) < 	𝑟, where r is 
the rate of return on the capital market, then rationally the government should shift the 
pension system away from a PAYG system to a funded system (Honekamp, 2007).  

(Aaron, 1966) stated this conclusion in the following way social insurance can increase the 
welfare of each person if the sum of the growth rates of population and real wages exceeds the 
rate of interest. He then derived the conditions under which the present value of the benefit of 
the system were greater than or equal to the present value of the contributions (taxes) and 
found that the critical value was 𝑖 ≈ 𝑔 + ℎ where 𝑖 is the interest rate, g, is the population 
growth rate, and h is the real wages growth rate. Aaron (1966) observed that are three possible 
factors that may make the statement invalid 1) market imperfections 2) income redistribution 
3) economies of scale. 
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There are other issues why the government may not want to make the change to a funded 
system. One of the biggest reasons is a shift implies that one of the generations may have to 
incur the burden of the shift; however, there are some research papers that discuss this and 
show that it may be possible to make the shift without losing Pareto optimality (see Homburg, 
1990). 
 
Boldrin et al. (1999) predicted a large rise in the pension burden in the European Union (EU). 
Although the increase in the EU has not been as dramatic as they forecasted it has been 
creeping up. In 1995 it was 12% of EU GDP and in 2015 it was 12.8%. The forecast in 1999 was 
that it would reach above 20% within a few decades. A possible reason the increase has slowed 
can be attributed to pension reforms in many countries. Still in some countries the level is much 
higher for example in Greece, Italy and France in 2015 it was 17.8%, 16.5%, and 15.0% of GDP 
respectively (Eurostat, 2018). 

Fanti & Gori (2012) analyze fertility and PAYG pensions using an overlapping generations 
model. They come to the conclusion that a falling fertility rate may be beneficial to a PAYG 
system. They apply a theoretical approach using an OLG model to see the result of low and 
falling fertility on PAYG pensions. Their model and results are as follows. 

The usual OLG set-up is used with a budget constraint of the young as: 

𝑐O," + 𝑠" + 𝑞𝑤"𝑛 = 𝑤"(1 − 𝜃)	[60] 

where c is consumption, s is savings, q is the proportion of w (wages) needed to meet the costs 
of raising a child, n is the number of children, 𝜃 is the contribution paid to transfer resources to 
retirement.  

The budget constraint of the old is: 

𝑐},"NO = (1 + 𝑟"NOx )𝑠" + 𝑝"NOx 	[61] 

where 𝑟 is the expected interest rate and 𝑝 is the expected pension benefit. 

Utility is defined as: 

𝑈" = lnj𝑐","l + 𝛽 lnj𝑐},"NOl	[62] 

Using Lagrange, the maximization result is: 

𝑠" =
𝛽𝑤"(1 − 𝜃 − 𝑞𝑛)

1 + 𝛽 −
𝑝"NOx

(1 + 𝛽)(1 + 𝑟"NOx )	[63] 

The production function is Cobb-Douglas where 𝑘" =
¢_
£_

 the wage rate and interest rate are 
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𝑟" = 𝛼𝐴𝑘"�oO − 1	[64] 

𝑤"(1 − 𝛼)𝐴𝑘"�	[65] 

The per person budget constraint of the government is: 

𝑝" = 𝜃𝑤"𝑛	[66] 

Since 𝑝"NOx = 𝜃𝑤"NOx 𝑛	and 𝑛𝑘"NO = 𝑠" these can be substituted into the equation. Then 
assuming the economy is in its steady state and 𝑘"NO = 𝑘" = 𝑘* we have the following 

𝑘∗(𝑛) = ¤
𝛽𝛼(1 − 𝛼)𝐴(1 − 𝜃 − 𝑞𝑛)
𝑛[𝛼(1 + 𝛽) + 𝜃(1 − 𝛼)] ¥

O
Oo�

	[67]	 

From this it can be seen that an increase in 𝑛 decreases the capital stock. 

Finally, Fanti & Gori (2011) arrive at the following by combining equations 65, 66, and 67 (see 
Appendix 5) 

𝑝(𝑛) = 𝜃(1 + 𝛼	)𝐴 ¤
𝛽𝛼(1 − 𝛼)𝐴(1 − 𝜃 − 𝑞𝑛)
𝑛[𝛼(1 + 𝛽) + 𝜃(1 − 𝛼)] ¥

O
Oo�

		 ⋅ 𝑛
Oo}�
Oo� 	[68] 

This leads to the proposition that if 𝛼 is a number between 0 and ½ then the pension 
maximizing number of children is 𝑛 = 𝑛u. However, if 𝛼 is a number between ½ and 1 then a 
reduction in the number of children always causes the rise of PAYG pensions in the long run. 
Using (Fanti & Gori, 2011) numerical example from real economies yields the following result. 
For 𝜃 = 0.15, 𝑞 = 0.3, and 𝛼 = 0.332 an increase above 𝑛 = 1.4 (2.8 fertility rate, remember 
this is a single parent society) is harmful to the PAYG system. However, when 𝛼 ≈ 0.4 a drop in 
𝑛 up till 0.96 (fertility rate 1.92) increases pensions (Fanti & Gori, 2012).  

Fanti & Gori (2011) explain that when the number of children decreases the capital stock will 
increase causing an increase in wages for a sufficiently high output elasticity of capital. From 
𝑐O," + 𝑠" + 𝑞𝑤"𝑛 = 𝑤"(1 − 𝜃) it is clear that as q or n increases the saving rate and thus the 
capital stock will decrease. Finally, deposable income decreases proportionately to increases in 
the contribution rate. Although, fewer children mean a smaller number of young to support the 
old it also means a smaller 𝑞𝑤"𝑛, which benefits PAYG pension.  

Rather than refute the earlier conclusion from Keyfitz (1985) this model gives us another piece 
to the pension puzzle. For a high enough fertility rate an increase in the fertility rate could harm 

                                                
2 𝛼 is usually assumed to be 0.33 or a O

§
 Cipriani (2014) 
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a PAYG systems thus if fertility rates were to reach this level social planners would face a 
different set of questions than they do today. However, the current fertility rates are so low in 
many countries that the effect of an increase in fertility rates will most probably benefit PAYG 
pensions.  

Cipriani (2014) outlines the three effects from a decrease in fertility 1) a decrease in the work 
force needed to support pensioners, resulting in a decentralized equilibrium with too few 
children 2) an increase in the capital-labor ratio, resulting in higher output per capita and 
pension payouts 3) an increase in human capital due to a higher investment in quality rather 
than quantity education.  

Cipriani (2014) is a reply to Fanti & Gori (2012) which extends their model by adding life 
expectancy specifically longevity in line with the current life expectancy trend. Cipriani (2014) 
result shows that with increasing longevity, pension transfers decrease in the steady state. Thus 
Fanti & Gori’s (2012) conclusion is contradicted when taking into account falling fertility and 
increasing longevity in the long run. This result holds for both exogenous and endogenous 
fertility.  

In Cipriani (2014) the utility function is modified by using 𝜋, which is the probability of an 
individual surviving to the second period.  

𝑈" = lnj𝑐","l + 𝛽𝜋 lnj𝑐},"NOl	[69] 

The first period is unchanged  

𝑐O," + 𝑠" + 𝑞𝑤"𝑛 = 𝑤"(1 − 𝜃)	[70] 

The second period is modified to  

𝑐},"NO =
(1 + 𝑟"NOx )𝑠"

𝜋 + 𝑝"NOx 	[71] 

The maximization solution is  

𝑠" =
𝛽𝑤"(1 − 𝜃 − 𝑞𝑛)

1
𝜋 + 𝛽

−
𝑝"NOx

¨1𝜋 + 𝛽© (1 + 𝑟"NO
x )

	[72] 

The long-run pension benefits are then: 

𝑝(𝑛) =
𝜃(1 − 𝛼	)𝐴

𝜋 ª
𝐴𝛽𝛼𝜋(1 − 𝛼)(1 − 𝜃 − 𝑞𝑛)

𝛼𝜋 ¨1𝜋 + 𝛽© + 𝜃(1 − 𝛼)
«

�
Oo�

		 ⋅ 𝑛
Oo}�
Oo� 	[73] 
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The result for 𝛼 less than ½ is the same as Fanti & Gori (2012) and is decreasing in 𝑛 for 𝑛 >
(Oo¬)(Oo}�)

(Oo�)
. The result differs under the same range of 𝛼 for an increase in longevity. An 

increase in longevity negatively effects PAYG pensions. The result when there is a decrease in 
fertility, but an increase in longevity is ambiguous; however, for an increase in only longevity 
the result is always unambiguously negative.  

Cipriani (2014) also shows that when fertility is endogenous an increase in longevity always has 
a negative effect on the number of children as well as a negative effect on pension benefits 
when 𝛼 < O

}
. Both the endogenous and exogenous models show that the general aging problem 

will not resolve itself if left alone as  the Fanti & Gori (2012) model might have suggested. 

5.2 POLITICAL CONSIDERATIONS 
There are two questions to consider in the discussion of pension reform one is economic and 
the other is political. Even if it could be said absolutely that the economic situation dictates a 
less generous pension system with an ageing population the number of voters who will not 
support a political platform that reduces the generosity of the pension system might prevent 
the reform. The median age of voters is generally forecasted to increase (Galasso & Profeta, 
2004). 

The results from Galasso & Profeta (2004) show that as older voters have more influence 
through becoming a larger demographic the size of the social security system also increases. 
Allowing for labor market effects (e.g. taxation) the effect still dominates, but to a lesser extent. 
Due to this there are additional labor market distortions with the old having higher 
employment rates and the young having a lower participation rates (Galasso & Profeta, 2004).  

The old do not represent a majority of the voters and thus pension systems need the support of 
the young voters. (Abel et al., 1989) finds that for the young especially those just beginning 
their working career the return on contributions to a social security system will be lower than 
the returns from investing in the capital market at a comparable risk. However, not everyone is 
equally well off as wealth usually has a Pareto distribution. Thus there will be young voters who 
will be better off under an unfunded pension system due to the redistribution of wealth 
(Tabellini, 2000).  

Additionally, an unfunded system may redistribute income between workers and capitalist. This 
is due to the tendency of unfunded systems to reduce capital accumulation, which in turn 
decreases wage rates and increases private-asset return. Thus individual that hold large amount 
of capital are better off while those with labor income as their main source of income are worse 
off (Cooley & Soares, 1999). Lastly, the closer workers are to retiring the more likely they are to 
support a generous social security system. This is because contribution already paid are 
considered sunk costs and individuals only consider future contributions in their cost-benefit 
analysis of such a system (Browning, 1975). 
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5.3 DESCRIPTIVE STATISTICS AND FORECASTS  
The OADR mentioned earlier does not fully capture the extent of the demographic situation. 
This is because although the legal age of eligibility set by countries in order to start receiving a 
pension is at say 65 the number of workers retiring at a younger age may be significant enough 
such that the real average age of retirement is lower. This, in effect, makes the ageing problem 
more significant and as a result causes further concern regarding the sustainability of the social 
security systems (Galasso & Profeta, 2004). A second issue is that denominator in the ratio is 
larger than the actual working population. This is due to nonparticipation in the work force or 
unemployment (Bongaarts, 2004). 

The OADR as defined by Bongaarts (2004) is the ratio of the population ages 65 and older to the 
population aged 15-64 in 2000 the OADR for the developed world was 0.25. The level of 
expenditure on public pensions PER (pension expenditure ratio) given as the current total 
annual spending divided by the current total pre-tax annual earnings of workers. The benefit 
ratio (BR) equals average public pension divided by average earnings 

Bongaarts (2004) finds that a correlation between a higher public benefit ratios and a higher 
pensioner per worker ratio. He hypothesizes that this may be the result of two-way causation 
where a larger cohort of pensioners provides more voting power to influence more generous 
pensions, which in return causes workers to want to retire early thereby increasing the voting 
power of the demographic.  

Lindbeck & Persson (2003) add that early retirement might be due to institutional features in 
the pension system such as large subsidies for early retirement meaning the value of 
individuals’ future pension benefits cannot be increased by working longer. These explanations 
complement each other if the retirement subsidies are put in place by the means described by 
(Bongaarts, 2004). The equation for public pension expenditure is: 

𝑃𝐸𝑅 = 𝐵𝑅 ⋅ 𝑂𝐷𝑅 ⋅
𝑃𝑅
𝐸𝑅	[74] 

Thus the public expenditure ratio is determined by: the benefit ratio (BR), old-age dependency 
ratio (ODR), pensioners’ ratio (PR), and employment ratio (ER) (Bongaarts, 2004) (see Appendix 
6). An increase in benefits, dependency, or the number of pensioners increases the expenditure 
while an increase in the employment decreases the expenditure. Considering the forecasted 
trends in each of these factors we can determine what the overall effect will be on expenditure.  

Bongaarts (2004) forecasts the above variables using data from the United Nations. The general 
trend is an increase in the OADR, which means an increase in PER. Going back to Keyfitz (1985) 
the importance of fertility can be seen. The two countries in Bongaarts (2004) with the highest 
projected OADR are Italy and Japan, which are incidentally also the two countries with the 
lowest forecasted levels of migration and fertility.  
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The employment ratio has increased over time due to increasing participation of women in the 
work force. Although this has been somewhat offset by earlier retirement and later entry into 
the work force. However, the effect of women has been dominant resulting and increase in the 
labor force. The employment ratio is expected to be approximately stable. Bongaarts (2004) 
states that any changes in the pensioner ratio in the future will be attributable to changes in 
the age structure of the elderly population.  If pensions are indexed to wages the benefit ratio 
will remain constant at the index year levels.  
 
Bongaarts (2004) concludes that the increase in public pension expenditure will be driven by 
the trends in OADR as employment and retirement patterns are not expected to change much 
and by indexing the benefit ratio remains constant. The policy options given by Bongaarts 
(2004) are the usual: increase migration, encourage higher fertility, increase the participation 
level, increase the retirement age, and finally reduce the generosity of pensions.  
 
Using the general approach used by Bongaarts (2004) we can analyze current data for SOEs. 
The following descriptive statistics are for eight SOEs as a representative sample. The sample is 
quite diverse in that there are countries from a variety of regions both developed and 
developing. There is one country from Africa, one from North America, one from Asia, one from 
Oceanian, one from the Middle East region, and three from Europe.  

 
Figure 4 Source: World Bank (2017a) 

Figure 4 shows the GDP in 2017 for each country in comparison to each other and Japan. As can 
be seen although the Republic of Korea and Mexico are quite large compared to other countries 
in the sample, Japan is considerably larger. We therefore consider that all countries in the 
sample meet the requirement for being “small” economies.  
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Table 4 shows the relative openness of the economies in the sample. While some economies 
are relatively more open all of them have a ratio over 0.50. Although as discussed there is no 
set definition for a closed or open economy we consider a ratio over 0.50 to be sufficiently high. 
Thus these economies are all small open economies.  

Trade Openness and GDP in 2017 
  Denmark Sweden Mexico Israel Netherlands Rep. of Korea South Africa New Zealand 
Trade openness  1.02 0.87 0.78 0.57 1.55 0.81 0.58 0.53 

Table 4 Source: World Bank (2017b) 

Figure 5 shows the fertility rate. The replacement rate to maintain a stable population is 2.1 this 
is represented by the horizontal black line. Since the 1950s the fertility rate in these countries 
has decreased. In the case of countries with a high relatively high fertility rate such as Mexico, 
South Africa, and the Republic of Korea the decrease has been quite dramatic. This in line with 
a generally accepted principle that as countries become richer and individuals become better 
educated the number of children they have decreases (Vandenbroucke, 2016). The Republic of 
Korea is an example of this as after the Korean War ended in 1953 its economy quickly grew 
and incomes increased. As the country transitioned from a developing country to a developed 
country its fertility rate fell in line with this theory.  

 
Figure 5 Source: United Nations (2017a) 

This is consistent with the UN classification of these countries as developed or developing. 
While Israel, Mexico, and South Africa are classified as developing countries they maintain a 
relatively high fertility rate while the other five countries are classified as developed countries 
have consistently had a fertility rate at or below the replacement rate.  
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In general, if the current trend is maintained developed countries will continue to have low 
fertility rates while as developing countries become richer and more educated they will have 
decreasing fertility rates. This will lead to an overall fall in the size of labor force.  

Life expectancy has been trending upwards as can be seen in figure 6. Most countries have a 
linear trend except for South Africa, Mexico and the Republic of Korea, which resemble an 
exponential decay trend. This is especially true of the Republic of Korea due to its dramatic 
economic growth. South Africa’s abnormal slump and recovery is due to the 90s HIV outbreak 
and subsequent successful treatment development.  

 
Figure 6 Source: United Nations (2017b) 

The United Nation forecasts that this trend will continue in the future with life-expectancy 
crossing 90 in some countries. The current life expectancy in Denmark is 80.70 if it increases to 
90 that will be an additional 9.3 year the average individual will have to be supported. If an 
individual retires at 65 and dies at 80.70 they are retired 15.7 years. An additional 9.3 years 
increase the length of retirement by nearly 60%. Meaning the cost of retirement will increase 
by 60% all else equal.   

One of the solutions presented by Bongaarts (2004) is increasing migration. Migration is seen as 
a force that can partially mitigate the low and falling fertility rates. This is also probably the 
most complex issue. Recently in Europe there has been a growing movement towards the right 
and nationalism. This political position is more closed to the idea of migration.  

Migration in the sample countries has been positive although relatively low seen in figure 7. 
The relatively high numbers for South Africa might be the result of it being a relatively wealthy 
nation on the continent and the number of crises Africa has faced. Sweden’s higher numbers 
relative to the other European countries is due to its more welcoming migration policy and the 
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increase in immigrants due to the Iraq War and then the Syrian War. Mexico is the exception 
shown with its own figure 8 it has had a net negative migration due to its proximity to its much 
wealthier neighbor the US. This may be a concern for it in the future with a falling fertility rate 
and a net negative migration.  

 
Figure 7 Source: United Nations (2017c) 

 
Figure 8 Source: United Nations (2017c) 

The takeaway from this is that migration can be a partial solution, but is so connected with 
important social issues that it really becomes a political question.  
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The effective age of retirement is the actual age the average individuals retire. It can both be 
above or below the official pension age. From figure 9 it can be seen that this number has been 
falling since the 70s. However, more recently it has begun to increase for all the sample 
countries with South Africa and Mexico being the exception. The effective retirement age was 
under 65 for only Denmark, Sweden, and the Netherlands. One of the reasons for the increase 
in the effective retirement age is due to reforms in many countries increasing the official 
pension age. The republic of Korea’s steady increase is no doubt an attempt by the policy 
makers to offset the trends in migration, fertility, and longevity.  

 
Figure 9 Source: OECD (2017a) 

The most poignant example of the issue facing countries is the increasing OADR see in figure 10. 
From figure 10 we can see how the previous data plays a role in the OADR. The republic of 
Korea has the lowest fertility rates, the lowest net migration, and the highest forecasted 
longevity. From figure 10 it can also be seen that it has the highest forecasted OADR. This also 
highlights that increasing the retirement age may not be enough as in the case of Korea the 
effective retirement age has been increasing, but does not seem to be enough to halt the rise in 
the OADR.   
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Figure 10 Source: United Nations (2017d) 

The trend in the sample countries is a continued rise is OADR over time. The UN’s projections 
show a range of about 39% for the lowest up to 70% for the highest by 2100. On a time-scale of 
nearly 80 years it is impossible to predict what the future will look like. These numbers are 
based on current trends. This means that if there are no changes in these countries this is the 
expected outcome in the future.  

 
Figure 11 Source: OECD (2019a) 
 
If we consider labor force participation following the example from Bongaarts (2004) we can 
see from figure 11 that for countries at around 80% the trend is quite flat. The only developed 
country with a relatively low participation rate is the republic of Korea due to the low 
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participation of women in the labor force. The largest change is the Netherlands which went 
from less than 60% to about 80%. Developed countries will not be able use an increase in the 
participation rate as a possible solution to an ageing population with the republic of Korea of 
being an outliner.  
 
Developing countries will be able to increase their participation rates, but if we assume that as 
they become more developed they will resemble what develop countries look like today the 
effect of an increase will not have a substantial effect. 
 

5.4 SUMMARIZING REMARKS 
On the question of sustainability we have seen that all less equal an increase in longevity 
decreases consumption under a funded pension system and increases the burden on 
subsequent generations under a unfunded pension system. To offset this an individual can 
defer their retirement and the government can increase the retirement age. To offset the effect 
the increase in the retirement age needed is less than a 1:1 in relation to the increase in 
longevity.  
 
Ediev (2013) finds with an increase in retirement age and a stable 𝑛 the PAYG system is superior 
to the funded system. Keyfitz (1985) finds for an unchanged fertility in the US the rate of return 
is positive for the first cohorts that joined the system, but is negative for later cohorts. The 
effect of longevity is in line with the basic model, but is smaller than the effect of fertility. 
Honekamp’s (2007) and (Aaron, 1966) find that if (𝑛"NO + 𝑔"NO) < 	𝑟 is true then a unfunded 
system is inferior to a funded system; however, given a PAYG system already exists a transition 
may be suboptimal.  
 
Fanti & Gori (2011) model disputes that a falling fertility rate makes a PAYG system worse off as 
their theoretical model finds that in some cases a decrease in fertility makes the PAYG better 
off. Cipriani (2014) expands the model by adding longevity and finds an increase in longevity 
makes the system unambiguously worse off, but a decrease in fertility is ambiguous.  
 
Galasso et al. (2004) explains why if a PAYG system is flawed it was introduced and why 
changes to it may be difficult. Abel (1989) states that since young voters are worse off under 
the PAYG system they will not support it; however, (Tabellini, 2000) explains that since wealth 
is not equally distributed a redistribution of wealth by the PAYG system means some young 
voters will support the system. On the topic of distribution Cooley & Soares (1999) posit that 
redistribution from laborers to capitalists is possible under a PAYG system. Finally, Browning 
(1975) adds that sunk costs mean voters who have contributed for a number of years will 
continue to participate in the system. 
 
Bongaarts (2004) finds that the increase in public pension expenditure will be driven by the 
trends in OADR. The updated descriptive statistics we have looked at are consistent with 
Bongaarts’ analysis. Possible solutions for this are increasing migration, encouraging higher 
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fertility, increasing the participation level, increasing the retirement age, and finally reduce the 
generosity of pensions. This last option relates back to the political consideration as reducing 
the generosity is a redistribution that will make some individuals better off at the expense of 
making other individuals worse off.  

6. TAXATION  
In this section we will continue the discussion by shifting focus to how taxation effects 
individuals’ saving decisions and how in turn this impacts funded and unfunded pension 
systems. A key component to understanding the effect is the concept intertemporal utility 
maximization as it provides insights into saving behavior and the effect of taxation on savings. 
 
6.1 LIFE-CYCLE HYPOTHESIS 
We start by introducing the Life-cycle hypothesis (LCH) modelled by Bernheim (2002). The LCH 
was developed in two papers (Modigliani & Brumberg, 1954) and (Modiglinai & Brumberg, 
1990). The theory states that individuals consume independent of their income (Deaton, 2005). 
This means individuals try to smooth their income over their life time to maximize the utility 
they derive from consuming. This theory runs into a few problems in the real world, which will 
be discussed. First we will look at the model from Bernheim (2002) for the LCH with the 
inclusion of taxation. 
 
The individual’s utility function is given as: 
 

~𝑢°(𝑐°)𝜌°	[75]
�

°�±

 

 
An individual that lives for 𝑇 + 1 years, earns a wage 𝑤° in each year 𝜏. The individual derives 
utility from consumption, 𝑐°, as shown below where 𝜌 < 1 is the pure rate of time preference. 
If 𝐴°	is net assets at the beginning of period 𝜏 then 
 

𝐴°NO = [𝐴° + 𝑤° − 𝑐°]𝛽	[76] 
 
where 𝛽	is the discount factor decomposed as: 
 

𝛽 = 1 + 𝑖(1 − 𝑚)	[77] 
 
where m is capital-income tax and 𝑖 is the pretax returns of the individual’s investment. That is 
if the individual does not consume her entire wage the portion that is saved earns and interest 𝑖 
and is taxed at a rate 𝑚.  
 
The individual faces a budget constraint that they cannot consume more than their lifetime 
resources W the condition is: 
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~𝑐°𝛽o°
�

°�±

≤~𝑤°𝛽o°
�

°�±

	[78] 

 
Savings in period 𝜏	is the difference between the return on the accumulated assets plus wages 
for the period minus the consumption. 
 

𝑠°(𝑊(𝛽), 𝛽) = /
𝛽 − 1
𝛽 0𝐴°(𝑊(𝛽), 𝛽) + 𝑤° − 𝑐°	(𝑊(𝛽), 𝛽)	[79] 

 
As a side note looking at (77) and (79) it is possible to see that savings are effected by capital-
income tax, m, and the pre-tax rate of return, 𝑖. The magnitude and direction of change is 
governed by the interest elasticity of saving (Bernheim, 2002). 
 
This fact is mentioned because it introduces two effects on consumption. If capital income tax is 
decreased it will result in an increase in the after tax rate of return thus a larger 𝛽. This initially 
makes consumption in the future cheaper thus the individual shifts their consumption to the 
future in what is known as the substitution effect. At the same time the individual’s wealth has 
increased, which increases consumption in both periods and reduces savings, this is known as 
the income effect. Using Cobb-Douglas utility the effects offset each other exactly, otherwise 
there is no theoretical presumption that either effect dominates (Bernheim, 2002). 
 
However, for a given context it is possible to judge, which effect will be dominant. Raab (2011) 
finds that for individuals who retire earlier the substitution effect dominates and those that 
retire later the income effect dominates. Bernheim’s (2002) model predicts the introduction of 
tax-deferred accounts may not increase savings as the income effect dominates.  
 
6.2 DEFERRED TAX ACCOUNTS 
Deferred tax accounts operate under a ETT taxation where the initial savings are exempt (E), 
any returns on investment are taxed (T), and on retirement any withdrawals are taxed (T) as 
well. An individual will move savings from other accounts to the deferred tax account until the 
limit is reached (Bernheim, 2002). If there is no increase in savings, but simply a transfer from 
one type of savings to an another this is known as crowding out. 
 
Survey evidence from (Johnson, 1985) shows that individuals would reduce their consumption 
by about 32 cents to fund each dollar of IRA saving when responding to how they would fund 
their contributions. However, there are a number of issues with this as respondents only 
reported on their intentions and not on what they actually did. Additionally, surveys always 
have a variety of pitfalls, which makes it difficult to trust the data (Bernheim, 2002).  
 
With the introduction of deferred tax accounts the above model predicts that the contribution 
limit is always binding under the assumption that it is a perfect substitute for other types of 
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savings. If the allowable contribution is above the desired saving level the individual will reach it 
by borrowing or shifting other assets. The prediction is that individuals will increase 
consumption and reduce savings. The explanation of this behavior is that the inframarginal 
savings returns from the reduction in the tax rate are a lump-sum windfall and tax-deferred 
accounts do not alter the returns to savings on the margin (Bernheim, 2002). 
 
(Bernheim, 2002) citing (Burman, Cordes, & Ozanne, 1990) and (Gravelle, 1991) reports that 
about 70% of all IRA contributors save at exactly the contribution limit. From the life-cycle 
model we concluded that the contribution level is always binding; however, this result of 70% 
shows that 30% are not at the limit, which contradicts the model’s prediction. The reason the 
contribution limit was binding was because if the individuals would borrow or shift assets to 
reach the limit. In the real world this may not be feasible due to liquidity constraints and 
precautionary savings. 

The conclusion from (Bernheim, 2002) is that where the contribution limits are binding there 
may be no substitution effect and therefore we can conclude that the income effect dominates; 
however, for the 30% where it is not binding and in general for non-limit contributors the 
substitution effect is present. A corollary to this is that it cannot be conclusively said that the 
substitution effect is absent for limit-contributors as the contribution limit creates a kink in 
their budget constraint. Thus the marginal rate of return on tax-deferred investments is not 
well defined at the kink (Bernheim, 2002). 

6.3 OPTIMAL TAXATION 
There are three kinds of taxation that a government can use: capital-income, labor (wage), and 
consumption. There is a disagreement about, which tax type is the most efficient. Bernheim 
(2002) summarizes some of the work done as follows. Feldstein (1978) states that capital-
income taxation can be very inefficient. His findings are that in replacing a capital-income tax 
with a labor-income tax increases welfare by approximately 18%. Chamley (1981) compared the 
effects of substituting a capital-income tax with a lump-sum tax. He found the welfare cost of a 
capital-income tax rate of 30% and 50% were respectively 11% and 26% of revenue. Chamley 
(1986) determined that the optimal capital-income tax was zero. Judd (1987) built on Chamley 
(1981) model and found similar to Feldstein (1978) replacing a capital-income tax with a labor-
income tax improved welfare. Summers (1981) using an OLG model found that replacing a 
capital-income tax with a tax on consumption would increase welfare by 12% and replacing it 
with a labor-income tax would increase welfare by 5%.  
 
Aiyagari (1993) under the assumptions of incomplete insurance markets and borrowing 
constraints using the Bewley class of models found that contrary to Chamley and others the 
optimal capital-income tax is positive and cutting the tax may lead to a welfare loss. Ohsawa 
(2000) also found that there may be welfare gains from capital–income taxes. Atkinson & 
Sandmo (1980) concludes that his analysis shows that it is difficult to say anything definitive 
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and the optimum tax depends on the response of savings and on the objectivities of policy 
makers.  
 
6.4 THE EFFECT OF A CAPITAL-INCOME TAX 
Feldstein & Liebman (2002) imagine a scenario where due to a tax on capital income the net 
return to savers is less than the marginal product of capital 𝑟� < 𝜌 and that the appropriate 
rate of intergenerational discounting is 𝛿. They then expand the model to analyze what the 
effects of relaxing the earlier stated implicit assumptions. The following expansion of the model 
is taken from Feldstein & Liebman (2002). 
 
Feldstein & Liebman’s (2002) notation is as follows. 𝑤 is wage, 𝜃 is the fraction of earnings 
transferred to pensioners, 𝛿 is the intergenerational discount rate, 𝑟� is the return to savers, 𝜌 
is the marginal product of capital, 𝐿" is the number of workers at time 𝑡, 𝛾 is the natural growth 
rate, 𝑇" is the aggregate transfer between generations at time 𝑡, 𝑠 is the savings rate. 
 
The tax on capital income reduces an individual’s saving by 𝑠𝜃𝑤± in the first period which would 
have been worth (1 − 𝜌)𝑠𝜃𝑤±  in the second period. In first period consumption the amount 
would have been worth (1 − 𝑠)𝜃𝑤±. The compensation the individual receives in an unfunded 
system is (1 + 𝛾)𝜃𝑤±. The change due to the introduction of a PAYG system is then the loss of 
first period consumption due to saving plus the discounted value of the savings and their return 
minus the discounted value of the benefit or compensation from the system. 
 

−(1 − 𝑠)𝜃𝑤± −
(1 + 𝜌)𝑠𝜃𝑤± − (1 + 𝛾)𝜃𝑤±

(1 + 𝑟�)
	[80] 

 
If as in the earlier case 𝜌 = 𝑟� then the equation becomes – (�o´)¬Tµ

ON�
 and if 𝜌 > 𝛾 then the 

individual experiences a net loss from participating in the system. Savings are important when 
𝜌 > 𝑟�. If we simplify the earlier equation, aggregate it for all generation, and discount it using 
𝛿 then the total present value of consumption loss is: 
 

𝑇±
1 + 𝑟�

{(r¸ − 𝛾) + (𝜌 − 𝑟�)𝑠}(1 + 𝛿)
𝛿 − 𝛾 	[81] 

 
Again if 𝜌 = 𝑟� then the equation becomes 
 

𝑇±
1 + 𝜌

(𝜌 − 𝛾)(1 + 𝛿)
𝛿 − 𝛾 	[82] 

 
If then the intergenerational discount rate is equal to the marginal product of capital the 
equation becomes equal to 𝑇±, which means the unfunded system does not waste resources 
rather it redistributes them to the first generation in from subsequent generations.  
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𝑇±

1 + 𝜌
(𝜌 − 𝛾)(1 + 𝜌)

𝜌 − 𝛾 	[83] 

 
 
In the general case if either (𝑟� − 𝛾) > 0 or (𝜌 − 𝑟�)𝑠 > 0 then there will be a net present 
value loss. In the presence of a capital-income tax the introduction of a PAYG system will cause 
a net loss to the economy (Feldstein & Liebman, 2002).  
 
6.5 DISTORTION OF THE LABOR SUPPLY 
With a fixed labor supply or inelastic labor supply a tax on labor income (payroll tax) has no 
effect on the labor forces behavior; however, this is not a realistic assumption. The utility 
function of an individual will account for the trade-off between working and earning a wage 𝑤 
or not working and enjoying leisure 𝑙. This can be illustrated with a simple model, which 
incorporates a payroll tax and the leisure-work choice. We define an individual’s utility as 
follows: 

𝑈 = 𝐶� ∗ 𝐿Oo�	[84] 

where C is consumption L is leisure and 𝛼 is a parameter that shows the relative values of 
consumption and leisure for the individual. We define consumption as 

𝐶 = (𝐻 − 𝐿)(1 − 𝜏)𝑤 + 𝑅	[85] 

Where R is the benefit the individual receives from participating in the pension system. The 
total hours an individual has to divide is H, the number of hours she spends on leisure 𝐿 are 
subtracted from total hours to give the number of hours she works, this multiplied by the wage 
she earns gives her income and finally multiplied by one minus the tax rate to get her after-tax 
income, which is what she can consume. We solve the maximization problem by using the 
Lagrange (LG) method. 

𝐿𝐺 = 𝐶� ∗ 𝐿Oo�			 − 𝜆(𝐶 − (𝐻 − 𝐿)𝑤 + (𝐻 − 𝐿)𝜏𝑤 − 𝑅)	[86] 

𝑑𝐿𝐺
𝑑𝐶 = 𝛼𝐶�oO𝐿Oo� − 𝜆 = 0	[87] 

𝑑𝐿𝐺
𝑑𝐿 = (1 − 𝛼)𝐶�𝐿o� − 𝜆𝑤(1 − 𝜏) = 0	[88] 

𝛼𝐶�oO𝐿Oo� = 𝜆	[89] 

(1 − 𝛼)𝐶�𝐿o� = 𝛼𝐶�oO𝐿Oo�𝑤(1 − 𝜏)	[90] 

(1 − 𝛼)𝐶 = 𝐿O𝑤(1 − 𝜏)	[91] 
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𝐶 =
𝛼𝐿[𝑤(1 − 𝜏)]

1 − 𝛼 	[92] 

Now we have the value for C that maximizes the individual’s utility given her budget constraint. 
In this model the government cannot borrow so what it pays out is restricted by what it earns in 
tax revenue; therefore, we can write the government’s budget constraint as: 

𝑅 = (𝐻 − 𝐿)𝜏𝑤	[93] 

We can then substitute it into the individual’s budget constraint to get: 

𝐶 = 𝑤(𝐻 − 𝐿)	[94] 

By substituting into our maximization condition and solving for L we end up with: 

𝐿 = 𝐻
(1 − 𝛼)
1 − 𝛼𝜏 	[95] 

Which we can substitute back into the budget constraint solving for C to get: 

𝐶 = 𝛼𝐻𝑤�
(1 − 𝜏)
1 − 𝛼𝜏�	[96] 

If we plot these functions with 𝛼 = 0.5 where 𝜏 is on the x-axis and the marginal product of 
labor w.r.t 𝜏 is on the y-axis in figure 12 and the marginal product of consumption w.r.t 𝜏 is on 
the y-axis in Figure 13. 

Marginal rate of leisure w.r.t. payroll tax 

 
Figure 12 Source: author’s own creation using Wolfram|Alpha to plot graph 

derivative	w. r. t	𝜏	
𝑑𝐿
𝑑𝜏 = 𝐻

𝛼(1 − 𝛼)
(1 − 𝛼𝜏)} 	[97] 
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Marginal rate of consumption w.r.t. payroll tax 

 
Figure 13 Source: author’s own creation using Wolfram|Alpha to plot graph 

derivative	w. r. t	𝜏	
𝑑𝐶
𝑑𝜏 = 𝛼𝐻𝑤 �−1 +

𝛼(1 − 𝜏)
(1 − 𝛼𝜏)}�	[98] 

We can see for value of 0 < 𝜏 < 1 the rate of change for leisure is increasing in 𝜏 and the rate 
of change of consumption is falling in 𝜏. Therefore, as the tax rate increases the individual 
works less and spends more time on leisure. This holds ∀	𝛼 ≤ 0.5. The overall effect will 
depend on 𝛼. For values 0.5 > 𝛼 and low values of 𝜏 the marginal utility is increasing for C as 
the individual sets a much higher value on consumption than leisure; however, we do not want 
to over analyze the model as it is only a simple representation of the relationship between tax, 
leisure, and consumption.  

If work is normal good then a tax on it will cause a deadweight loss as suppliers of the good will 
reduce their supply in response to the tax (Feldstein & Liebman, 2002). In the case where 𝜌 =
𝑟� individuals with perfect foresight will evaluate the effect of a payroll tax as (𝜌 − 𝛾)(1 + 𝜌)oO 
and if 𝜌 = 𝛾 there is no deadweight loss because individuals adjust their behavior such that the 
result is the same if there had been no tax. In this case the present value of the contributions is 
equal to the present value of the benefits (Feldstein & Liebman, 2002).  
 
If we accept that 𝜌 > 𝛾 (Cass, 1965) then individuals will adjust their labor supply 
proportionately to the size of the effective tax. The effective tax rate is the tax rate the 
individual faces after aggregating the payroll tax plus the benefit she receives when retired. The 
effective marginal tax rate is thus 𝜏O = 𝜃(𝜌 − 𝛾)(1 + 𝜌)oO (Feldstein & Liebman, 2002). 
 
(Feldstein & Liebman, 2002) demonstrate this with a numeric example where the annual return 
from the benefits received are 𝑦Ä = 3% the annual return from the capital market is 𝜌Ä =
8.5% with a 30 year time horizon then 𝛾 = 1.43 and 𝜌 = 10.563. If the marginal statutory tax 

                                                
3 (1 + 0.85)§± − 1 = 10.56 and (1 + 0.03)§± − 1 = 1.43 
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rate is 12.4% then the effective marginal tax rate is 𝜏O = 9.8%. As 𝛾 converges to 𝜌, 𝜏O 
converges to 0.  
 
Distortion caused by taxation that create inefficiencies in the economy are known as the excess 
burden of tax and is measured by the magnitude of the distortion (Hines, 2008). This is 
synonymous with our earlier example, which showed that as taxes increased leisure increased 
and working hours decreased. Hines (2008) states that a tax on labor income normally 
discourages work by encouraging individuals to make an inefficient substitution of untaxed 
leisure for taxed paid work.  
 
The excess burden of tax is also termed a deadweight loss (DWL) is usually measured by the 
area of the Harberger triangle. The geometric formula for a triangle is well-known as ½ 
*Base*Height. The base is the magnitude of the change in economic behavior due to the 
introduction of the tax. The height is measured as the magnitude of the tax burden per unit of 
economic activity Hines (2008). (Bernheim, 2002) gives describes of finding a “Harberger 
triangle” as the area being proportional to the product of the square of the tax-rate and the 
good’s compensated demand elasticity.  
 
Figure 14 illustrates the distortion on labor supply caused by a payroll tax. The demand and 
supply curves is the amount of labor demanded and available at various wage rates. Before a 
payroll tax is introduced the decentralized equilibrium is where Supply0 intersects the demand 
curve. When a payroll tax is introduced it puts a premium over the wage rate individuals are 
willing to supply labor. This essentially makes labor more expensive shifting the supply curve 
upward to Supply1 and the new decentralized equilibrium is where it intersects the demand 
curve. The deadweight loss is represented by the blue triangle.  
 

 
Figure 14 Source: CFI (n.d.) 
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The Feldstein & Liebman (2002) model incremental deadweight loss to the economy for 
generation 𝑡 can be approximated as: 
 

∆𝐷𝑊𝐿" = 0.5𝐸(𝜏O} + 2𝜏O𝜏})(1 − 𝜏})𝑤"𝐿"	[99] 
 
where 𝜏O is the social security payroll tax, 𝜏} is other income taxes, and E is the elasticity of 
taxable earnings w.r.t. the net of tax share (Feldstein & Liebman, 2002). This can be rewritten 
as: 
 

∆𝐷𝑊𝐿" = 0.5𝐸(𝜏O} + 2𝜏O𝜏})(1 − 𝜏})𝑤±𝐿± 	
1 + 𝛿
𝛿 − 𝛾	[100] 

 
If 𝐸 = 0.5, 𝜏} = 0.2, 𝜏O = 0.098		𝛾 = 1.43, 𝑎𝑛𝑑		𝛿 = 2.49 then ∆𝐷𝑊𝐿 = 0.05𝑤±𝐿± which is 
approximately 40% of the tax paid by the first generation which is 0.124𝑤±𝐿± this can be 
reduced to ∆𝐷𝑊𝐿 = 0.017𝑤±𝐿± if there is a 50% effective capital income tax. 
 
There is an interesting insight when we consider the existence of a capital-income tax. A capital-
income tax will reduce the net return on capital investment by the individual. We can then 
write the marginal effective tax as 𝜏O = (𝑟� − 𝛾)(1 + 𝑟�)oO𝜃 (Feldstein & Liebman, 2002) 
where 𝑟� < 𝜌. Thus we a high enough capital income tax then government can theoretically 
create an outcome where 𝑟� = 𝛾. In this scenario 𝜏O will be 0 and thus there will be no 
incremental deadweight loss. 
 
(Lindbeck & Persson, 2003) reach the same result that if there is a tax on capitalincome, but not 
labor the implicit tax rate on labor falls and conversely as a capital-income tax falls there is an 
increase in the implicit tax rate. This is only an isolated conclusion recalling (Feldstein & 
Liebman, 2002) result that if either (𝑟� − 𝛾) > 0 or (𝜌 − 𝑟�)𝑠 > 0 then there will be a net 
present value loss. Thus as the capital-income tax reduces (𝑟� − 𝛾) it increases (𝜌 − 𝑟�)𝑠 as a 
lower net return induces individuals to save less.  
 
6.6 LIFE-CYCLE HYPOTHESIS ISSUES 
There are some problems with the life-cycle hypothesis as it does not take into account some 
real world phenomena. The two most cites issues are bequest motives and precautionary 
savings. An individual that wishes to leave some assets to their heir or wishes to have a buffer if 
there is a sudden negative shock to their income or expenses will not strictly follow the savings 
path outlined by the LCH. Below is a short discussion of these issues and their implication.  

6.6.1 BEQUEST MOTIVES 
Bequest motivations may be a relatively significant component of household wealth. Estimates 
of these figures range from 50%-80% (Kotlikoff & Summers, 1981) to 25%-50% (H. J. Aaron & 
Munnell, 1992) (Barthold & Ito, 1992) and (Gale & Scholz, 1994). The reason for bequests range 
from altruistic motives to uncertainty about the future. The motivation can be grouped into 
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intentional and unintentional (Bernheim, 2002). Modigliani (1988) disputed these findings and 
asserted that life-cycle savings was the main source of capital accumulation (Dynan et al., 
2002).  

Regardless of the size of the role they play in saving behavior they do have some impact. The 
basic model would simply incorporate the utility function of the next generation into the 
current generation and under the assumption that both generations have the same utility 
functions we can write an individual’s utility function as: 

𝑈" = 𝑂" + (1 + 𝛿)oO𝑈"NO	[101] 

𝑂" = 𝑈j𝑐O,"l + 𝑈j𝑐},"NOl(1 + 𝜌)oO	[102] 

𝑈"NO = 𝑂"NO + (1 + 𝛿)o}𝑈"N}	[103] 

where 𝛿 is the intergenerational discount rate, 𝜌 is the rate of time preference, 𝑂" is the 
generations own utility from consumption and 𝑈"NO is the next generations utility. If an 
individual of generation 𝑡 has a budget constraint that is defined as: 

𝑐O," + 𝑐},"NO(1 + 𝑟)oO + 𝑏(1 + 𝑟)oO = 𝐴± + 𝑌O," + 𝑌},"NO(1 + 𝑟)oO	[104] 

where r is the rate of return on savings, b is the bequest amount, and 𝐴± is initial wealth equal 
to the previous generations bequest then with identical utility the current generation will 
bequeath the same amount to the next generation thus there will be no effect on savings under 
the assumption that generation 𝑡 is at least the third generation as the first generation has no 
initial wealth to be bequeathed and the second generation’s optimization is therefore different 
from the first.     

Because of the sameness across generations we need not to solve for the optimum in the 
model if we accept that the previous generation is already optimizing as this implies that the 
current generation having the same utility function will optimize leaving a bequest in the 
amount equal to what it received. 

This model makes some strong assumptions, which are generally made by neoclassical models 
analyzing bequest motives using a life-cycle model. The assumptions for this neoclassical model 
include stable preferences, which relies on prices and fashion remaining stable. The expected 
labor income of heirs may also influence the size of the bequest (Moore, 1978).  

The neoclassical model given by Moore (1978) ignoring the previous arguments he raised has a 
utility function in CES form: 

𝑈 = � 𝐶"
�𝑒o�"𝑑𝑡 + 𝑎

£NÆ

±
� 𝐶"

�𝑒o�"𝑑𝑡
�

£NÆ
	[105] 
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With a budget constraint 

𝑊± + 𝑌W =
𝐶±
1 + 𝑟 +

𝐶O
(1 + 𝑟)} + ⋯	[106] 

The models parameters are: working years N, retired years R, elasticity of intertemporal 
consumption 𝜎 = O

Oo�
, rate of time preference 𝜌, consumption C, Net worth 𝑊±, discounted 

present value of the expected labor income of heirs 𝑌W, rate of return on savings r, a level of 
altruism. If 𝑎 = 1 the individual is perfectly altruistic and if 𝑎 = 0 perfectly selfish. You can see 
from the model if she is perfectly selfish the utility of consumption by heirs disappears from the 
utility function.  
 
Moore (1978) concludes that the impact that it has on savings as related to taxation are that 
there might be a justification to tax property higher than labor income; however, there is a 
likelihood that such a tax scheme may reduce welfare.  
 
Dynan et al. (2002) argues that saving can serve a dual purpose: as buffer against uncertainty 
and to satisfy a bequest motive. However, the bequest motive only becomes operative when 
events are such that the buffer is not necessary. They find that saving behavior would change 
only by a modest amount (except for the wealthy) if the bequest motive disappeared due to for 
example a gift tax. The explanation they provide is that when the marginal utility of 
consumption is high the non-negativity constraint in their model binds and no bequest is given. 
The marginal utility of consumption is high when there is a combination of low earnings, 
longevity, and high medical expenses. When the marginal utility of consumption is low the 
condition is not binding and positive bequests are given. The marginal utility of consumption is 
conversely low for a combination of high earnings, dying below life expectancy, and low 
medical costs.  
 
Finally, they conclude that while individuals may care about leaving something to their heirs, 
adding this on top of precautionary savings motive has a relatively small impact on capital 
accumulation for nearly all households. Given this conclusion we can concentrate on the 
implication of precautionary savings. 
 
6.6.2 PRECAUTIONARY SAVINGS 
Precautionary savings have important implications for the positive effects of capital-income 
taxation. This because due to their nature these types of savings are relatively insensitive to the 
after-tax rate of return. When accounting for uncertainty in the life-cycle model it can 
significantly reduce the interest elasticity of saving meaning that it becomes more inelastic and 
less sensitive (Bernheim, 2002). 
 
Although precautionary savings may indicate a higher rate of savings the type of savings is 
particular in that it must be liquid. Normally we think of savings as perfect substitutes, which 
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becomes an important factor when crowding out can occur; however, due to nature of 
precautionary savings and tax-deferred savings (usually considered illiquid) with respect to their 
liquidity factor their degree of substitutability is below that of perfect substitutes. The need for 
liquidity is stronger among the young meaning the substitutability between these two types of 
savings is lower (Bernheim, 2002).  
 
Intuitively the effect of precautionary savings and bequest motives is the most relevant when 
individuals begin to dissave. For younger individuals it may make a difference where they have 
their savings as liquidity is more of an issue for them, but the disruption to the LCH happens 
when predicting the rate at which individuals will consume or dissave at the end of their life.  
 
The defense of the LCH would be that the high fraction of household wealth attributed to these 
two factors is held by a very small percentage of the population. In the US estimates from 2011 
show that 34.6% of the privately held wealth is in the hands of 1% of the population (Jha, 
2011). This follows a mathematically law called pareto distribution. The majority of this wealth 
is not consumed over the individual’s lifetime, but rather bequeathed to the next generation. In 
fact it is possible these individual’s accumulate wealth faster than they spend them even after 
retirement. This was one of the reasons for Moore (1978) to suggest that labor income be taxed 
less and property be taxed at a higher rate. The implication of this discussion from the 
perspective of a policy maker is that precautionary saving and bequest motives fall under the 
objectives of optimal taxation and redistribution.  
 
6.7 SUMMARIZING REMARKS 
The life-cycle hypothesis tells us that individuals consume independent of their income. If there 
is a change in income we cannot say a priori whether the income or substitution will dominate 
unless we have a context in which the change takes place. In the case of tax incentives to 
increase savings Bernhiem (2002) indicates that the income effect dominates and savings will 
not increase.   
 
In the absence of a capital income tax if the intergenerational discount factor and the marginal 
product of capital are the same then an unfunded system redistributes resources and does not 
waste them. When a capital-income tax is introduced a funded system in this isolated aspect is 
superior to an unfunded system. Feldstein & Liebman (2002) find in the presence of a large 
enough capital income tax the introduction of a PAYG system will cause a net loss to the 
economy. If either (𝑟� − 𝛾) > 0 or (𝜌 − 𝑟�)𝑠 > 0 then there will be a net present value loss.  
 
The optimal mix and level of taxation is difficult to define and there has been great about of 
literature on the subject. Atkinson (1980) conclusion is that the optimum tax depends on the 
response of savings and on the objectivities of policy makers. In the case where a country has 
an unfunded pension system and capital-income tax it is possible to optimize the level of tax to 
mitigate the negative effects labor market distortions and decreased savings.  
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In the case of distortions in the labor market the basic model shows a trade-off between leisure 
and consumption. The marginal rate of consumption falls as the tax rate increases while the 
marginal rate of leisure increases as the tax rate increases.  

The brief look at bequest motives and precautionary savings shows that their effect can be 
considered singly. As Dynan et al. (2002) states that analyzing them separately is not necessary 
because savings in excess of the optimal level for individuals can serve a dual purpose. The 
main implications of these factors is that of taxation confirmed by both Moore (1978) and 
Bernheim (2002) as these types of savings have an interest elasticity of saving that is relatively 
inelastic. 

7. BEHAVIORAL ASPECTS 
A issue with the models we have considered up till now is that they assume individuals are 
rational. This is not strictly true and this concept has been developed in the economic field 
known as behavioral economics. In this section we explore the effect of allowing individuals to 
be irrational and the evidence that supports this idea.  
 
If we relax the assumption of an individual as a rational agent, we get what can be termed a 
shortsighted individual. If we assume all individuals are shortsighted then none of them may be 
saving enough for their retirement; therefore, a PAYG system saves for them and improves 
their welfare. The case in most economies is there is a mix of the shortsighted and the 
“longsighted”. The implementation of an unfunded system thus has a tradeoff between 
improving the welfare of the shortsighted while, as the previous models have illustrated, 
making the longsighted (rational) worse off (Feldstein & Liebman, 2002).  
 
Feldstein & Liebman (2002) model the social welfare (𝑊") function for a fully shortsighted 
society as: 
 

𝑊" = 𝐿"𝑢[(1 − 𝜃)𝑤"] + 𝐿"oO𝜐[𝜃𝑤"(1 + 𝑛)]	[107] 
 
Taking Éc_

É¬
= 0 gives the result that 𝑢"W = 𝜐"W. The conclusion is that the income in the economy 

should be split between the working and retired generation. With a fully myopic society an 
unfunded pension system produces no distortions in individuals’ behavior. The benefits per 
pensioner is 𝑏" = 𝜃𝑤"(1 + 𝑛). Additionally transfers are  𝑇" = 𝜃𝑤"𝐿", transfers are equal to 
benefits 𝑇" = 𝐵" and total benefits in terms of per pensioners benefits is 𝛽" = 𝑏"𝐿"oO. Assuming 
the utility functions for workers and retirees are the same, given 𝑢"W = 𝜐"W the arguments must 
be the same. Thus (1 − 𝜃)𝑤" = 𝜃𝑤"(1 + 𝑛) or 𝜃 = (2 + 𝑛)oO, which gives us 𝛽 = Ê

T
= ON�

}N�
. A 

numerical example where 𝑛 = 1% yeilds, 𝛽 = 0.57, 𝜃 = 0.43. Workers retain 57% of their 
wage income and retirees receive a benefit equal to 57% of their wage rate (Feldstein & 
Liebman, 2002). 
 



 54 

Roeder (2014) provides further insights into an unfunded pension system and the effects of 
taxation under the assumption of shortsightedness in the society. The author describes the 
situation. In the society there are agents that have high-productivity and agents that have low-
productivity, in addition, there are agents who are rational and agents who are myopic. On the 
one hand an unfunded system redistributes from the high-productivity agents to the low-
productivity agents and improves the welfare of the myopic agents and on the other it possibly 
makes the rational agents worse off. 
 
Asymmetric information is another way to consider the difference between the two groups. 
The rational agent can be substituted by an informed agent and the myopic agent can be 
substituted by an uninformed agent. To demonstrate this point in the US less than half of the 
baby boomer generation has more than 100,000 USD in savings for retirement. Compared to 
that Fidelity Retiree Health Care Cost Estimate estimates that the average couple will need 
200,000 USD (after-tax) to cover health care expenses. The cost of health care is rising due to 
longevity and health care inflation being higher than general inflation (Fidelity, 2019a). A survey 
and report by Merrill Lynch suggests that 81% of Americans do not know how much they will 
need to save for retirement and most under save by nearly 20% (O’Connor, 2019).  

Further nearly two-thirds of the baby boomer generation believe that they will be able to retire 
and live comfortably even though only one-third believes they are saving enough for their 
retirement. Several misconceptions contribute to the current situation. For example, the belief 
that your earning power grows as you get older, while it peaks much earlier for women at 39 
while men salaries continue to climb into their late 40s. In addition, inflation and lifestyle creep 
may cancel out modest earning growth (O’Connor, 2019). 

In order to retire with enough income to maintain the same pre-retirement lifestyle (Fidelity, 
2018) recommends saving 15% of a person’s annual income beginning at 25 and investing more 
than 50% on average of their savings in the capital market. Starting early is important because 
even putting in higher amount later on rarely outperform the compounded returns of savings, 
which is a concept many do not understand (O’Connor, 2019). Empirical evidence shows that 
that many individuals do not grasp or know simple financial concepts like this.  

We will now introduce the model from Roeder (2014) and see what conclusions can be drawn 
from it. In the model the myopic individuals gain a higher utility from consumption in the first 
period than the second. Therefore, they save very little in period one and consume most of 
their earnings. In the long-run the rational and myopic agents have the same intertemporal 
preferences. The realistic nature of this assumption is reflected in the 1996 Health and 
Retirement Survey where respondents answered that they had not saved enough and if they 
had a second chance they would do it again (Knoll, 2010). 
 
In the Roeder’s (2014) model there are individuals of type 𝑖, 𝑖 = 1,… ,𝑁, who differ in 
prodivitity 𝑤Ì ∈ {𝑤o;… ;𝑤N}, the degree of myopia or misinformation when young depends on 
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𝛽 ∈ {𝛽o;… ; 1} and the proportion of each type individuals is given by 𝜃Ì. Myopic individuals 
have 𝛽Ì < 1 in the first period (when young) and 𝛽Ì = 1 in the second period (when old). An 
individual’s pension benefits are given by: 
 

𝑃(𝑤Ì, 𝑙Ì) = 𝛼𝑏𝑤Ì𝑙Ì + (1 − 𝛼)𝐵	[108] 
 
In the first term 𝑏𝑤Ì𝑙Ì  is the amount individuals contribute to the pension system. The term 𝛼 is 
what is known as the Bismarckian factor and relates to the amount of redistribution in the 
system. If 𝛼 = 1 the system is a pure Bismarckian system where an individual gets exactly the 
amount she contributes. This kind of system is analogous to a fully funded system. Many 
countries have moved towards a partially Bismarckian system through reform in recent years 
(Orenstein, 2011). If 𝛼 = 0 the system is a pure Beveridgean system where every individual 
receives an equal benefit regardless of their contribution. The utility function is given as: 
 

𝑈Ì = 𝑢j𝑐Ì − 𝜐(𝑙Ì)l + 𝑢(𝑑Ì)	[109] 
 
Where 𝑐Ì  and 𝑑Ì  are respectively first and second period consumption, 𝑢 is the utility from 
consumption and 𝜐 is the monetary disutility from working. When young individuals have a 
slightly revised utility function when young given as: 
 

𝑈Ì = 𝑢j𝑐Ì − 𝜐(𝑙Ì)l + 𝛽Ì𝑢(𝑑Ì)	[110] 
 
The budget constraint is: 
 

𝑐Ì = (1 − 𝑡 − 𝑏)𝑤Ì𝑙Ì + 𝜏 − 𝑠Ì	[111] 
𝑑Ì = 𝑠Ì + 𝑏𝑤Ì𝑙Ì + (1 − 𝛼)𝐵	[112] 

 
Where 𝑡 is the income tax rate, 𝜏 is a uniform lump-sum transfer, and 𝑠Ì  is savings and is non-
negative implying a possible liquidity constraint. Using the Lagrange to optimize the problem 
with 𝛾 denoting the Lagrangean multiplier w.r.t. the liquidity constraint and defining 𝑥Ì ≡ 𝑐Ì −
𝜐(𝑙Ì) Roeder (2014) shows that 𝑢W(𝑥Ì) = 𝛽Ì𝑢W(𝑑Ì) thus if individuals are rational 𝑥Ì = 𝑑Ì; 
however, for myopic or misinformed individuals 𝑥Ì > 𝑑Ì. If individuals want to borrow against 
their future pension benefits 𝑢W(𝑥Ì) > 𝛽Ì𝑢′(𝑑Ì) due to the liquidity constraint.   
 
Roeder (2014) continues that if the pension scheme is redistributive (𝛼 < 1) then again there 
are distortions in the labor market as workers are decentivized to work due their pension 
benefits being less than their contributions as was demonstrated in the earlier work vs. leisure 
example. Therefore, at the extremes a Bismarchian system is less distorting than a Beveridgean 
system.  
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Roeder (2014) further demonstrates that if a government has a Rawlsian objective and is 
therefore determined to reduce inequality it is optimal to create a binding liquidity constraint 
for the worst-off in the society to increase their level of consumption when old.  
 
7.1 HETEROGENEITY IN THE MODEL 
In the models we have looked at thus far a single individual is representative of all individuals so 
we can take their preferences and aggregate it by multiplying by total number of individuals, 𝑁. 
The central assumption here is that individuals are homogeneous; however, this is removed 
from reality where individuals vary and have heterogeneous preferences. This is reflected in the 
fact that many countries have means-tested rather than or in addition to a universal system.  
 
From OECD (2017b) in Denmark the basic pension is equivalent to 19% of average earnings. The 
amount is means-tested and if an individual’s income exceeds roughly 75% of average earnings 
it is reduced by a rate of 30% against earned income above this level.  A pension supplement 
paid in addition to the basic amount is reduced by 30.9% of personal income exceeding 69,800 
DKK. If an individual works while on pension, their income up to 60,000 DKK is not included 
when means-testing the pension supplement and supplementary pension benefits. 
 
We will look at model from Feldstein & Liebman (2002) that considers a heterogeneous 
population. In the model the social security system aims to provide benefits to individuals 
below a given accumulated asset level. There are three types of individuals 1) a myopic group 
(𝜆 = 0) 2) a high income group with no myopia (𝜆 = 1,𝑤Ð) 3) a low income group with no 
myopia (𝜆 = 1,𝑤Ñ). 𝜃 is the contribution tax, 𝜙 is the fraction of individuals who receive 
benefits, and the means tested benefit is given by 𝜃𝑤∗(1 + 𝛾)𝜙oO where 𝑤∗ is the average 
wage, (1 + 𝛾) is the growth factor that raises wages to the level where it is taxed, and 𝑤∗(1 +
𝛾) can be interpreted as the average wage that is eligible and receives payroll taxation. 
 
The result for individuals with myopia is the same as found in the earlier model. They maximize 
their myopic utility function by consuming their entire earnings in the first period and 
consuming their benefits from the pension system in the second period. Individuals with no 
myopia (𝜆 = 1) with log utility will decide whether or not to save based on: 
 

ln[𝜃𝑤∗(1 + 𝛾)𝜙oO] > ln[0.5(1 − 𝜃)𝑤Ì(1 + 𝜌)]	[113] 
 
If the inequality holds these individuals will choose not to save. Looking first at the RHS an 
increase in the wage or rate of return on savings increases the likelihood of saving. Thus 
individuals who have 𝑤Ð are more likely to save. Looking at the LHS there are several factors 
that influence savings. The larger the fraction of individuals receiving benefits (𝜙), the lower 
the average wage (𝑤∗), the lower the contribution tax (𝜃), and the lower the growth 
factor,	(1 + 𝛾) the higher the likelihood individuals will save. 
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Feldstein & Liebman (2002) conclude that based on this model the optimal pension scheme will 
depend on the mix of individuals or the relative proportions of rationality and productivity in 
the society. The reason being that for a society with a high ratio of high-productivity (high 
income) individuals a means-tested system is superior as a lower payroll tax will reduce labor 
market distortions. With a higher proportion of low-productivity individuals (low income) the 
universal system had an advantage as these individuals will save less in order to receive 
benefits and with more benefit claimants the payroll tax will have to be higher inducing larger 
labor market distortions. Additionally, if individuals are both myopic and high earners they will 
be worse off if the optimal level of benefits is lower in the mean-tested system than the 
universal system.  
 
Behavioral economics has received more notice due to the work of Daniel Kanhneman, Richard 
Thaler, and others and has implications for pension policy due to its impact on traditional 
economic models. The appropriateness of the life-cycle hypothesis has been called into 
question for modeling the effect of tax policy on savings (Bernheim, 2002).  
 
These models, especially the representative-agent models, use what can be termed the 
economic man who maximizes his utility function according to a set of constraints and 
preferences with appropriate weights. This individual has full information, has the cognitive 
sophistication to process the information, has well-defined preferences that are constant over 
time, and finally he is rational (Knoll, 2010).  
 
There are several issues to discuss starting with rationality. The problem of rationality relates to 
information processing. The world is very complex and understanding and processing 
information to make rational decisions requires a level of sophistication that most individuals 
lack (Bernheim, 2002).  
 
Limited cognitive resources lead individuals to make suboptimal economic decisions (Knoll, 
2010). This is an important insight for policy makers as even if they were to design and 
implement the optimal pension system given their objectives basing it on an assumption of 
rationality may lead to a suboptimal outcome.  
 
Bernheim (2002) notes that there are cases where even when individuals are not sophisticated 
they can act as if they possess the necessary cognitive resources. These include 1) repeated 
actions where an individual can take an action observe the outcome and if the outcome is 
suboptimal can alter their action when repeating the process 2) Observing the other 
individuals’ actions and outcomes they can then copy the action that has the best outcome 3) 
having access to qualified professionals and recognizing the need to seek their advice.  
 
There are criticisms to this defense of the LCH as for example people only get to retire once and 
so are not able to repeat the action. When observing the previous generation, the context of 
their actions are generally under vastly different conditions and thus cannot be used as a useful 
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comparison. Lastly, individuals may not be able to recognize the need for advice or not be able 
to evaluate the difference between qualified and unqualified advice (Bernheim, 2002).  
 
Incomplete information is another issue that individuals face when making choices. A survey of 
Americans by Lusardi & Mitchell (2005) found that only 50% of respondents could answer two 
basic questions on interest and inflation. The results from a study in the Netherlands by van 
Rooij et al., (2007) showed that 50% of Dutch employees believe they are financially 
incompetent and only 20% believe they are knowledgeable (Kooreman & Prast, 2010).  
 
Too much information may also be overwhelming as demonstrated by Iyengar & Lepper (2000) 
in their well-known jam experiment. This is also known as the disutility of choice. Evidence 
shows that in Chile and Central and Eastern Europe where investment choice is limited for 
mandatory pension contributions the ratio of contributors making a choice is 74% and 85% 
respectively whereas in Australia and Sweden where contributors have a wide range of choices 
the percentage of contributors making choices is less than 10% (Tapia & Yermo, 2007). 
 
In addition to rationality and incomplete information are the issues of intertemporal choice, 
decision context, and heuristics and biases. Research shows that there are at times a disconnect 
between intention and action. Surveys on US respondents show that their intention is to spend 
less and save more and yet actual savings is less than 5% of American disposable income (Knoll, 
2010).  
 
Vernon's (2019) opening remarks are that financial literacy education programs organized by 
the government and other organization are successful in raising awareness about the 
challenges; however, they fall short in improving retirement outcomes. Kooreman & Prast, 
(2010) also state that educational interventions often have little effect. This demonstrates that 
even when given the information to make financial decisions about optimal saving and 
consumption if individuals lack the will to make rational decisions the LCH may not hold. Knoll 
(2010) gives the example where there is a well-known rule in finance that has you age you 
reduce the about of your savings in risky assets (equity) and increase the level of safe assets 
(bonds); however, when the market crashed in 2008 there were older investors with over 
200,000 USD in the stock market who ended by losing more than 25% on their portfolio. 
 
Now we turn our attention to intertemporal choice and saving. Lindbeck & Persson (2003) 
justify the need for a mandatory pension system on the grounds of irrationality due to myopia. 
This is when individuals know that they need to save for the future; however, they discount the 
future hyperbolically. This means the individual continually postpones saving at the necessary 
level and thus retires in poverty.  
 
This research in the area of intertemporal choice and saving covers three factors: self-control, 
hyperbolic discounting, and emotion (Knoll, 2010). Self-control is the ability of an individual to 
complete an intertemporal action that requires foregoing short-term gratification. Thaler & 
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Shefrin (1981) model the problem by creating the incoherent self. This individual has two 
distinct psyches one is the “planner” and the other is the “doer”. The planner is farsighted and 
looks to maximize the individual’s utility over their life. The doer is myopic and values current 
consumption higher than future consumption.  
 
The planner discounts linearly while the doer has a hyperbolic discount curve meaning the 
further in the future something is the less it matters today. Individuals are able to recognize this 
incoherence and struggle to follow through on the planner’s choices. The planner can take 
actions that expend effort on the part of the individual to suppress the doer. These include 
making commitments that are difficult to break, create barriers to changing the desired choice, 
and creating incentives to following through (Thaler & Shefrin, 1981). 
 
From the perspective of policy makers, they can also implement policies that keep the doer 
inactive. Vernon (2019) advocates opt out retirement saving plans for firms. The evidence of 
the success of using opt out tactics can be seen in its proliferation among businesses. When 
signing up for a service or buying a product many websites require you to untick the box for 
receiving the firm’s promotions or newsletters. This is due to the inertia effect where people 
have a natural inclination to do nothing. Additionally, opt out retirement savings take 
advantage of social norms and the endorsement effect (Vernon, 2019).   
 
Vernon (2019) cites studies showing that with opt-in enrolment the participation was 40% 
contrasted with 90% participation for opt-out (Beshears et al., 2013). Furthermore, participants 
in the opt-out savings plans accepted the default contribution rate as there were almost no 
difference in the participation rates for a 3% contribution rate vs. a 6% contribution rate. This 
the default effect where people “choose not to choose” as Kooreman & Prast (2010) put it.  
 
Kooreman & Prast (2010) give evidence on behavior, motivation for intervention, and impact of 
correctional policies. They describe the issue as occurring when revealed preferences are not in 
line with normative preferences. This type of intervention is termed paternalistic intervention 
as it has the purpose of protecting individuals that are not capable of making decisions that are 
in their own best interest. 
 
In 2006 the Netherlands introduced a life-course savings arrangement (levensloopregeling) in 
order to help individuals and households better smooth their income and leisure. The policy 
created the possibility for receiving subsidies, deferring tax as well as tax exemptions. 
Unfortunately, it was implemented without considering behavioral facts, for example, it was 
necessary for workers to opt-out of the previous saving arrangement (spaarloon) and opt-in to 
the levensloopregeling. An evaluation of the levensloopregeling found that it was less effective 
and more expensive than planned (Kooreman & Prast, 2010).  (Kooreman & Prast, 2010) 
conclude that using behavioral insights to create polices can increase effectiveness and 
efficiency in the economy.  
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Tapia & Yermo (2007) consider another implication of behavioral effects when comparing 
funded and unfunded pension systems. If individuals meet the requirements under the 
assumptions of the standard economic models and demonstrated by the model from Feldstein 
& Liebman (2002) they are better off investing themselves under a funded system. However, 
Tapia & Yermo (2007) state that behavioral economists and empirical evidence indicate that 
many individuals lack the required cognitive resources to solve the optimization problem, lack 
self-control, or are overconfident.  
 
Raab (2011) explores the behavioral aspect of changes to the Austrian pension system. The 
Austrian system is primarily a one pillar unfunded system. Although there are occupational and 
private plans they are very small in comparison to the PAYG system. The contributions are 
10.25% for employees and 12.55% for employers (pensionfundsonline.co.uk, n.d.). Labor force 
participation for older individuals is relatively low and granting of disability pensions is very 
generous meaning as Bongaart (2004) pointed out the OADR is not appropriate for a country 
like Austria as early retirement is quite frequent (Raab, 2011).  
 
Raab (2011)  finds that Austrians are forward looking in their decision making an respond 
relatively strongly to financial retirement incentives. There is also a difference between the 
dominating effect for women and men as they each face different legal retirement ages. For 
men who have a later retirement age the income effect dominates, but for women the 
substitution effect dominates.  
 
In more detail Raab (2011) defines SSW as the expected social security wealth and ACC as the 
incremental increase in SSW by postponing retirement by 1 additional year or the marginal 
lifetime wealth from deferred retirement. An increase in SSW increases the income or wealth of 
an individual meaning they can buy more goods: consumption, retirement, and leisure. An 
increase in ACC makes retirement in the future cheaper and conversely retirement today more 
expensive.  
 
Policy incentives that increase SSW effect men’s saving and retirement decisions while 
incentives that increase ACC effect women. Raab (2011) reports another behavioral 
phenomenon also considered by Bernhiem (2002) and Brugiavini & Peracchi (2004). He finds 
that couples make joint retirement decisions and in the specific case for Austria the joint 
decision is based on the woman’s retirement decision.  
 
Under a fully myopic society an unfunded system produces no distortions. There is evidence 
suggesting that individuals do not save enough. Therefore, at the extremes a Bismarchian 
system is less distorting than a Beveridgean system.  

Feldstein & Liebman (2002) conclude that based on this model the optimal pension scheme will 
depend mix of individuals that is the relative proportion of rationality and productivity in the 
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society. There is plenty of empirical evidence that shows behavioral factors play a role in 
individuals’ savings decisions.  

8. CROWDING OUT  
The life-cycle hypothesis states that individuals smooth their consumption over their life-time 
thus the argument for crowding out. When governments try to increase savings through 
taxation or mandatory savings individual will offset those changes by decreasing private 
savings. An increase in one component of wealth e.g. pension funds, should be offset by a fall 
somewhere else, this is accomplished by decreasing discretionary savings or by borrowing 
(Philip Davis & Hu, 2006).  

The explanation for crowding out starts with the “Ricardian equivalence” as it explains 
consumer behavior in response to government intervention. Buchanan (1976) put the Ricardian 
equivalence question as “is public debt issue equivalent to taxation”. On this question 
Buchanan (1976) notes that the conclusion from Barro (1974) is that individuals are more or 
less indifferent between a fully funded pension and an unfunded pension system. This 
Buchanan (1976) adds runs contrary to Feldstein (1974) result that private savings would be 
significantly reduced under an unfunded system.  

The basic idea behind the Ricardian equivalence is that consumers internalize the government’s 
budget constraint when maximizing their own utility. Suppose a government borrows in order 
to increase fiscal expenditure, consumers will anticipate an increase in taxes some point in the 
future to repay the debt thus they will decrease their own expenditure. The increase in 
government spending will be exactly offset by the decrease in consumer spending and thus two 
will be equivalent.  

The argument for equivalence with respect to pensions is that any mandatory system that 
forces individuals to save will not result in an increase in savings as they will reduce private 
savings by an equal amount keeping current consumption constant. Bernheim (2002) notes that 
this “displacement effect” where pensions displace other kinds of private saving is dependent 
on the pension system’s characteristics.  

There are two ways policy makers can attempt to increase savings they can create incentives 
through deferred tax pension accounts or they can make individuals contribute mandatory 
amounts to their pension savings. Bernheim (2002) categorizes these as employer-controlled 
and participant controlled. A key factor in whether crowding-out occurs is how easy it is for 
individuals to adjust their finances, in other words, the substitutability between private savings 
and pensions. In the section on precautionary savings we saw that young individuals find the 
level of substitutability between private savings and tax deferred savings very low.  

Before going further, we will briefly consider the counter argument of crowding out supported 
by several studies cited in (Bernheim, 2002). Bernheim (2002) cites two studies Cagan (1965) 
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and Katona (1965) as the first studies that show evidence of the phenomena of crowding in. 
The reason provided is that mandatory savings have a behavioral effect in that they inform the 
working individual of the necessity to save as well as make the objective seem more attainable. 
Other studies have found that the effect of crowding out is either zero or small.  

This is another consideration for policy makers as although there may be some level of 
crowding out it may still be worthwhile to implement a particular policy if the crowding out is 
not too severe. In a sense anything less than a dollar-for-dollar substitution can be considered. 
Blau (2016) notes that a shift from DB plan to DC plan has made the issue of crowding out more 
relevant for policy makers.  

Differences in empirical studies is due to the variation along different data dimensions. These 
include: time period, country, type of pension system analyzed, age ranges, model and 
estimation used, and quality of data.  Blau (2016) approach is to create a model where 
individuals have a choice between having a pension and not having a pension and measures the 
effect on total savings. He then applies different types of pension systems and measures the 
result. He finds that for a DB pension an increase of 1 USD decreases other savings by 0.09 USD 
and for a DC pension an increase of 1 USD decreases other savings by 0.37 USD. When 
measuring the effect of social security an increase 1 USD crowds out other savings by 0.56 USD. 
The results from the regression are -0.38, -0.64, and -0.47 for DB, DC and SS respectively. 

Chetty et al. (2014) did an empirical analysis using a quasi-experimental research design in 
Denmark where a price subsidy and an automatic contribution that put part of a worker’s wage 
in a pension account were implemented by policy makers.  

They hypothesize that there are two types of individuals in the economy active savers and 
passive savers. They define the first group as individuals maximize their utility by making saving 
decision that take the reform into account. The second group by contrast make fixed 
contribution to their retirement savings that are unaffected by the introduction of the subsidy 
and automatic contribution. This hypothesis can be interpreted as a partial spill over from 
behavioral theory as the second group of individuals are in some sense not acting rationally. 
The implication of such a dichotomy of individuals in society means policies related to pensions 
will be effective to the degree that the two groups are represented similar to the conclusion on 
representation of productivity and myopia.  

Chetty et al. (2014)’s model predicts, as the theoretical models in this paper also predict, that 
the active group adjusts its finances appropriately to the automatic contributions such that 
there is no effect on total savings given no liquidity constraints. The assumption is that before 
the change individuals are maximizing their utility function thus the introduction of a higher 
automatic contribution causes them to reduce their voluntary pension contributions.  

Chetty et al. (2014) prediction on the passive group is ambiguous. Passive savers may not take 
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direct action, but if they have liquidity they can maintain their current consumption and simply 
use the funds in their bank account to absorb the reduction in their disposable income. The 
alternative scenario is that they hold their current savings constant and absorb the reduction in 
disposable income by reducing their consumption. In the first case there will be no effect on 
total savings and in the second total savings will increase.  

Their model predicts a that the price subsidy will have no effect on passive savers while active 
savers will save more in their retirement accounts; however, the overall effect on active savers 
is ambiguous due to, as discussed previously, the income and substitution effects. Chetty et al. 
(2014) find that when there is an introduction of an automatic contribution total savings 
increase by approximately 0.80 DKK for an increase of 1 DKK in contributions. They find that 
individuals who switch to a firm that contributes more to their retirement account do not 
change voluntary pension contributions, savings in taxable accounts, or liabilities.  

They also find that a government policy for mandatory savings raised total saving by nearly 1% 
of earnings on average. In the automatic contribution portion of their analysis they conclude 
that 85% of the sample are passive savers while in the price subsidy seems to indicate 81% of 
the sample are passive savers.  

In their paper they use a difference-in-difference design to calculate the change in savings from 
a reduction in subsidies for contributions into capital pension accounts, which was reduced by 
0.14 DKK for every 1 DKK put into it. The result was that individuals most of who were in the 
top income tax bracket substantially reduced their savings in this type of account and 19% of 
the sample accounted for the entire reduction. They also find that 0.57 DKK of each 1 DKK that 
would have been put in the capital pension account was moved to an annuity pension account. 
Further they estimate 0.99 DKK of each 1 DKK contributed to retirement accounts would have 
been saved in taxable accounts. Their conclusion is that for every 1 DKK the government spends 
on price subsidies to increase pension savings results in 0.01 DKK of actual savings.  

An inference we have seen a few times is also confirmed by Chetty et al. (2014) that 
sophisticated individuals are much closer to the individuals assumed in economic models and 
therefore they make adjustments in line with the models given a change. Additionally, they 
showed that this type of individual may be in the minority and the majority of the population 
may be unsophisticated and do not react in line with the economic models. They add their 
finding are consistent with literature citing Campbell & Mankiw's (1989) and Mankiw's (2000) 
model of savings and spenders where part of the population follows the LCH and the other part 
follows a rule of thumb based on current disposable income.  

Lastly they present two additional insights. First the marginal propensity of consumption out of 
disposable income is larger than marginal propensity of consumption out of pension 
contributions. Second the interest elasticity of savings is low demonstrated by the fact that 
passive savers do not react to changes in the return on savings and active savers’ saving rates 
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are inelastic with respect to net-of-tax interest rates.  

Andersen (2018) also uses a quasi-experimental research design using the Danish policy on 
reduced tax incentives for saving in annuity pension schemes in 2010. He takes a slightly 
different approach by considering debt repayment in his model. In fact, the paper can be seen 
as an add on to the existing literature as it explores whether savings in retirement accounts are 
crowded out by other private savings or debt repayment. The central premise is that individuals 
when maximizing their utility will “invest” savings where it can earn the highest return. Since 
debt can be thought of as negative savings if it carries a higher interest rate than any other 
after-tax investment choices then individuals will repay debt rather than invest in one of the 
available choices.  

Andersen (2018) finds that gross debt is reduced by 0.31 DKK for every 1 DKK that retirement 
savings is decreased. When there are changes in tax incentives for pension accounts individuals 
will make adjustments to their liabilities or debt. This is another dimension that policy makers 
can consider when making decisions about the pension system. Andersen (2018) also 
substantiates Chetty et al. (2014) conclusion by finding that only 23% of individuals responded 
actively to a change in tax incentives and for these individuals full crowding out occurred. 
Finally, Andersen (2018) analysis on heterogeneity finds that the active group are better 
educated and less exposed to unemployment than the passive group. 

A third paper on crowding out using data from Denmark is by Arnberg & Barslund (2013). They 
find scarce evidence of substitutability between mandatory occupational pension savings and 
private savings. For every 1 EUR paid into the mandatory pension scheme there is a 
simultaneous reduction in private savings between 0-30 cents. The drop in private savings is 
dependent on the age of cohort. The findings are perfectly aligned with the earlier discussion 
on age being a factor in how substitutable different types of savings are. For the youngest 
group there is no evidence of crowding out so an increase of 1 EUR in mandatory savings results 
in no change in private savings. The oldest group in the study (50-54) reduces their savings by 
30 cents for every 1 EUR increase in mandatory savings.  

Karunarathne & Abeysinghe (2005) take a different perspective by examining the effects of 
crowding out in Sri Lanka a low-middle income SOE. They consider fully funded defined 
contribution known as an Employee Provident Fund (EPF). There finding are line with the 
literature such as Feldstien (1974) that indicate mandatory savings crowds out other forms of 
private savings. This reasons given are however different to developed countries. They state 
that in developed countries behavioral factors such as myopia as well as the interplay of the 
income and substitution effect are responsible for crowding out while in Sri Lanka the effect on 
disposable income is the deciding factor.  

Individuals in Sri Lanka will lower their voluntary savings or even borrow to maintain their 
current consumption level. This is because individuals have relatively low incomes thus they 
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cannot afford to increase their total savings as their current consumption may only cover vital 
expenditures such as rent, food, transport, and medical bills. However, Karunarathne & 
Abeysinghe (2005) still argue that given behavioral factors and the unsustainability of PAYG 
systems these mandatory funded pensions are needed.  

Karunarathne & Abeysinghe (2005) present an argument against mandatory funded systems in 
the case of Sri Lanka as they do not provide sufficient financial protection to contributors. 
These funds are subject to administrative and compliance issues that can be quite substantial. 
For example, these funds have investment guidelines that are influenced by governmental 
budgetary purposes. This means these funds are limited in the kinds of assets they can invest in 
potentially earning a sub-optimal return. It is then plausible that a PAYG system in the country 
will earn a similar return as funded system. With full crowding out under these conditions 
individuals are worse off under the mandatory pension system.  

Crowding out is linked to behavioral aspects. Mandatory savings increase savings while 
incentives have smaller effects. There is evidence of the myopic individuals in society. scarce 
evidence of substitutability between mandatory occupational pension savings and private 
savings. The effect differs for developed and developing economies.   

9. DEFINED BENEFITS AND DEFINED CONTRIBUTIONS 
The definition from Lindbeck & Persson (2003) [is that in a] defined contribution system … the 
contribution rates are exogenous while the benefits are endogenous. In a defined benefit 
system, the benefit is either a fixed lump-sum or amount, which has been determined by the 
individual’s previous earnings, implying that future contribution rates have to be endogenous 
for the pension budget to balance.  
 
Underfunding of public pension systems has led many governments to switch from DB plans to 
DC plans in order to shift the burden from the taxpayers to the participants (Ali & Frank, 2019). 
In countries with an occupational pension pillar DC plans are a necessity to facilitate labor 
mobility. Occupational DC plans are often accompanied by elements of vesting and tenure, 
which restricted mobility. Changing tastes are also driving changes as young workers, especially 
millennials, prefer more freedom to change job and therefore have a preference for DC plans 
(Ali & Frank, 2019).  
 
This leads to a hypothesis that when individuals have the freedom to choose a DC or DB plan 
certain individuals with certain characteristics are more likely to choose one plan over the 
other. This may seem benign until one considers that these underlying differences may lead to 
adverse selection (Ali & Frank, 2019). Ali & Frank’s (2019) first hypothesis is that people with 
higher levels of education are more likely to choose a DC plan.   
 
Ali & Frank (2019) find that individuals with financial literacy benefit from a movement towards 
DC plans while uninformed investors face significant risks. Additionally, they find that low cost 
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DC plan alternatives such as index funds and ETFs are not lucrative enough for firms offering 
them to offer advice and financial counseling. This where policy makers can increase welfare by 
creating regulations such as the federal regulation that took effect in the US in 2017 (Ali & 
Frank, 2019). 
 
In 2015 half of OECD countries had taken measures to improve the sustainability of their 
pension systems. One of the measures has been to change the formula used to calculate the 
initial pension from a DB to a DC; however, this does not guarantee sustainability. The 
consensus seems to be that contribution rates must be increased or the generosity of pensions 
needs to be decreased relative to wages. One suggestion has been the introduction of a buffer 
or contingency fund as a kind of intertemporal budget balance (Alonso-García et al., 2018). 
 
Alonso-García et al. (2018) state that from the perspective of policy makers, the central goal is a 
pension system that is comprised of adequacy and actuarial fairness. Maintaining adequacy 
under the current conditions pulls in the opposite direction of sustainability as the first causes a 
deterioration of the second. They show that under a set of assumptions DC and DB plans have 
the same equilibrium structure in the steady state. The steady state is given when wage, 
population growth, and contribution rates are constant, and survival probability and retirement 
age is time independent.  
 
They consider three different pension schemes: DB, DC with SD, and DC without SD. The SD 
addition is when there is a survivor dividend. This is the sum of the contributions of individuals 
who do not survive until retirement. With an SD the state can increase the notional return by 
redistributing the balances within the same generation (Alonso-García et al., 2018). 
 
Alonso-García et al. (2018) use data from the Belgium population as inputs for their model and 
forecast up till 2060 to get the following results. The DB scheme enters into debt very quickly 
despite its initial liquidity. This is due to the increasing dependency ratio. The model also 
accounts for reforms to increase the retirement age, but this does not make the system 
sustainable or decrease the dependency ratio. For DC schemes a higher dependency pulls 
liquidity down. They define liquidity as an indicator that compares the income from 
contributions, financial assets, and pension expenditure in a particular year, formally: 
 

𝐿𝑅" =
𝐶" + 𝐹"o

𝑃"
	[114] 

 
where 𝐹"o is the value of the buffer fund, 𝐶" is the contribution from time 𝑡, and 𝑃" is the 
pension expenditure also at time 𝑡. By 2040 the forecast from the model shows the debt in the 
DB system is 10 times the contributions for the same year. Forecasts of actuarial fairness show 
that DB and DC with SD schemes have higher pay outs relative to contributions. The DC without 
SD is exactly actuarially fair as individuals receive a payout equal to their contributions. With an 
addition of SD the payout naturally goes up (Alonso-García et al., 2018). Alonso-García et al. 
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(2018) final remarks are that DC systems are more sustainable and fair compared to DB 
systems. 
 
Tyrowicz et al., (2018) look at inequality with heterogeneous cohorts and pension systems. 
They find that reform that shifts from a DB system to a DC system causes an increase in 
consumption inequality, but lower wealth inequality. If there is a simultaneous introduction of 
a minimum pension benefit the consumption inequality decreases permanently by 50%; 
however, it increases wealth inequality this is because it can lead to lower voluntary savings for 
individuals with lower life-time income. There are significant costs to implementing a minimum 
pension under a DC system, but the costs are less than the forecasted imbalance in the DB 
system (Tyrowicz et al., 2018).  
 
The DC system outperforms the DB system in all macroeconomic effects. Capital per effective 
unit of labor is higher, labor supply is higher, tax rates are lower, and the pension system deficit 
is lower. A DC system with minimum benefits performs better than a DB system, but worse 
than a standard DC on all macro metrics. The redistribution welfare effects of a minimum 
pension are unambiguously positive (Tyrowicz et al., 2018).  
 
Draper et al. (2017) also analyzes the transition from a DB system to a DC system with a focus 
on the efficiency effects related to intergenerational risk sharing and labor market distortions. 
They use a model based on a small open economy similar to the Netherlands. They use equity 
risk as the only risk factor in the model, which they argue is generalizable because it is the most 
important risk factor among other reasons.  
 
Draper et al. (2017) find that there are higher welfare gains under a DB system than a DC 
system. They calculate that for workers average consumption is 3.4% and for pensioners it is 
1.9% higher. The decomposition of the effect on welfare shows that the gain from 
intergenerational risk is sharing is 141% while the welfare loss due to labor market distortions is 
40%. This leads to the conclusion that a DB system is superior to a DC system based on risk. This 
conclusion is particular for a SOE because in a closed-economy the welfare gains may be lower 
due to crowding out.  

10. PAYG AND FUNDED PENSION SYSTEMS 
The discussion on pensions will be concluded in this section with a direct comparison of 
unfunded and funded pension systems in relation to the main objectives of policy makers.  

There are several criteria Siebert (1997) lays out for evaluating the quality of a pension system 
1) it satisfies an intertemporal budget constraint in that there must be a reasonable relation 
between contributions and payments 2) it is efficient 3) it maximizes the equivalence between 
the present value of contribution and benefits for the individual 4) its goal is providing income 
during retirement (distinguishable from the goal of redistribution).  
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In a PAYG system pensioners benefit from high productivity growth while in a funded system 
high returns go to savers usually the working population. Siebert (1997) argues that the 
requirement that funded pension systems are more efficient, given by the condition 𝑟 > 𝑛 + 𝑔, 
is met citing as a first argument that this is the conclusion from growth theory. Evidence from 
industrial countries in the period 1950-1992 show an annual population growth of 0.9% for 
which the real interest rate is higher thus the rate of time preference exceeds the population 
growth.  
 
Siebert (1997) continues that when technical progress is introduced the rate of return on 
capital has a lower bound of 𝑛 + 𝑔. The scenario 𝛿 > 𝑛 + 𝑔 is theoretically possible, but 
requires supply to grow at a higher rate need to compensate time preferences thus not 
realistic. He further argues that the lower bound of the market interest rate must be higher 
than 𝑛 + 𝑔 on account of taxation. He demonstrates the reasoning with a simple case where an 
economy has no technical progress. The condition for optimality is: 
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In order for the condition to be met the market interest rate must exceed the RHS (𝛿 + 𝑛) by 
𝜏𝑓′(𝑘). Additionally, in a SOE in a funded system the interest rate is given by the world interest 
rate thus investors are not constrained by domestic investment opportunities (Siebert, 1997). In 
Germany the average rate of return on capital was 4.7% while the wage growth was 2.3% and 
the standard of pension real growth rate was 1.9%. Feldstein (1996) calculates the implicit rate 
of return for participants in the social security system in the US as 2.6% and the real rate of 
return as 9.3% thus participants received a return lower by 6.7% (Siebert, 1997). 
 
There are two areas where the PAYG system is inferior relative to the funded system. These are 
labor market distortions and capital accumulation. In a PAYG system contributions are used to 
pay obligations owed to the retired population while in a funded system the savings are 
invested in the capital market in order to earn a return and subsequently they create capital 
accumulation (Siebert, 1997).   
 
This discussion on the different systems has had as an implicit assumption that governments 
have a choice, which system to implement with a starting point that no system exists. The 
reality is that most economies have pre-existing pension systems many of which are PAYG 
systems. Sinn (2000) criticizes the notion that PAYG systems waste economic resources. This 
based on the fact that even though the funded system offers a higher rate of return a transition 
to such a system has no aggregate gains. His solution is a partial transition to a funded system. 
This is based on the idea, as Siebert (1997) suggests, that capital accumulation is higher under a 
funded system and thus a partial transition allows the missing human capital caused by the 
demographic changes to be replaced by real capital. Additionally, he adds that a partial 
transition helps smooth tax and child rearing costs.  
 
Sinn (2000) calculations on the implicit rate of return for PAYG systems in Germany and the 
capital market show that the assumption holds that funded systems offer a higher return than 
PAYG systems (see Appendix 7). The data from 1957 to 1997 forecasted to 2002 shows that 
individuals who entered the system in 1957 at 20 and rolled over their invested in ten-year 
German government bonds earn a return of 4.2% while if they join the PAYG system they earn 
2.8%.  
 
Sinn (2000) argument confirmed by Feldstein & Liebman (2002), which we demonstrated 
earlier in this paper, is that the first generation gains from the introduction of the PAYG system 
by redistributing wealth from subsequent generations. In this sense it does not waste economic 
resource, but rather distributes them. If governments wanted to return to a funded system 
there may be no possible Pareto improving transition, which means someone will be made 
worse off.  
 
Two reasons for how redistribution to the initial generation occurred and why it continues are: 
1) the initial generation got together and in the nature of self-interest voted for the system thus 
receiving a windfall. From then on any subsequent generation 𝑡 will not want to terminate the 
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system as it will have already accumulated some claims and ending it will mean the next 
generation will not be liable for their claims. In this way the system is perpetuated. 2) it is an act 
of altruism as many of the current retiring generation had very low incomes during a part of 
their lives and now that the standard of living has increased dramatically due to gains in 
technology and productivity these people deserve a share of this economic wealth (Lindbeck & 
Persson, 2003). 
 
Sinn (2000) overarching premise is that all pension systems are zero sum games as ultimately all 
contributions must equal the all pension benefits for all generations in present value terms. The 
implicit tax rate of PAYG systems is: 
 

𝜏" =
𝑟"NO − 𝑖"NO
1 + 𝑟"NO

	[126] 

 
Here if the internal rate of return is equal to the interest rate then the implicit tax rate is zero as 
the individual does equally well participating in the PAYG system or investing in the capital 
market. The implicit government debt is (see Sinn (2000) for calculation): 
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This is the same result as the explicit tax rate found in section 4.4.1. This leads Sinn (2000) to 
two propositions 1) the present value of the implicit taxes at any point in time 𝑡	means all 
subsequent generations must pay has the same value as the implicit government debt under a 
PAYG system 2) in the special case where 𝐷± = 𝑁±�𝑃± the welfare gain attributed to the first 
generation with the introduction of a PAYG system is equal to the present value of the implicit 
taxes that all future generations have to pay. This is meant to demonstrate the point that a 
PAYG system does not waste resources, but rather redistributes them and thus is not 
inefficient. 
 
Now we turn out attention to the possibility of transitioning from a PAYG system to a fully 
funded system. Sinn (2000) states that in order to repay the claims of the retired generation 
abandoning the PAYG system means imposing an explicit tax on the current working 
generation. This imposes a double burden on the generation where the transition takes place. 
This can be avoided by spreading the cost over all generations through explicit borrowing. It 
does not however reduce the tax burden and it is possible to create a borrowing strategy that 
perfectly follows the time paths of the implicit tax and debt in a PAYG system Sinn (2000).  
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10.1 DISTORTIONS IN THE LABOR MARKET 
Sinn (2000) addresses the point raised by Feldstein & Liebman (2002) that under a capital-
income tax a funded system is more efficient because in an unfunded system it creates 
distortions in the labor market.  
 
Sinn (2000) implicitly argues that the distortion caused by the PAYG system with the 
introduction of a capital-income tax is down to a discussion on optimal taxation rather than 
optimal pension systems. It is not a complete argument to compare to systems where there 
already exists a tax system in place that favors one. The optimization must be holistic with the 
pension system and the tax system being optimized simultaneously. As can be seen in the 
section on taxation there is plenty of debate on optimal taxation with Atkinson (1980) 
concluding that it depends on the policy objectives.  
 
Sinn’s (2000) objection is therefore valid on theoretical grounds; however, if as in most 
economies there is an existing capital-income tax we must accept that it will not be changed on 
the grounds that it makes the countries pension system inefficient and by extension in SEOs 
with a capital-income tax and a PAYG system there are efficiency grounds to argue transitioning 
to a funded system. Sinn’s (2000) response to this would be that if the problem is private 
capital accumulation is too low then the government can take measures to increase capital 
accumulation. Thus a transition to a funded system on these grounds is a second-best policy 
and a first-best policy may be, for example, an investment tax credit.  
 
(Breyer, 1989) finds that with lump-sum taxes and transfers PAYG systems are 
intergenerationally Pareto efficient. This also holds when the rate of interest is permanently 
above the rate of growth. (Homburg, 1990) accepts the result, but criticizes the use of lump-
sum payments as not being representative of reality. He demonstrates that in a SOE a PAYG 
creates distortions. (Breyer & Straub, 1993) shows this result also holds for a closed economy.  
 
Increasing social security contributions in a pension system tied to employment reduces the net 
wage and widens the tax wedge. In the case where the marginal cost of labor is greater than 
the marginal productivity of labor the demand for labor is weakened. If contribution rates 
increase in a PAYG system, the level of unemployment may also increase (Siebert, 1997).  
 
Sinn (2000) acknowledges the result from Homburg (1990) that the amount of contribution 
creates a wedge between the marginal product of labor and the marginal compensation to 
workers. This causes workers to reduce their hours of work for more leisure. This was also 
illustrated earlier by Siebert (1997). Moving from an unfunded system to a funded system 
removes interpersonal redistribution and reduces the tax burden (Sinn, 2000).  
 
Lindbeck & Persson (2003) provide an example of the efficiency gains of moving from a non-
actuarial system to a quasi-actuarial system. In the system the marginal tax wedge on labor 𝜏 
will become 
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𝜏
𝑅 − 𝐺
1 + 𝑅 ≡ 𝜏 Ù1 −

1 + 𝐺
1 + 𝑅Ú	[128] 

 
Where is G is the rate of return from the PAYG system and R is the rate of return from the 
capital market. Contributions over 32 years with 𝐺 = 0.02, 𝑅 = 0.04, and 𝜏 = 0.2 will reduce 
the tax wedge by 10.8% from 20% to 9.2%. Since there is no change in the average tax rate 
there is no income effect, but moving to individual accounts creates a substitution effect thus 
increasing labor supply. Provided real wages are constant or at least do not fall aggregate 
savings are likely to increase as a result (Lindbeck & Persson, 2003). The also makes the overall 
system more transparent and might help dealing with behavioral issues. The redistribution 
effect of this kind of system that uses indexing increases inequality and shown by Piirits & Võrk 
(2019) discussed later on.  
 
10.2 RISK AND RISK SHARING 
Sinn’s (2000) earlier comparison of the rate of return for a PAYG system and a funded system 
used the bond market. It would also be possible for individuals to invest in the equity market 
earning an even higher return. This is especially relevant for the current economic climate as 
the German 10Y bond yield has fallen to nearly zero and historically has been negative 
(tradingeconomics.com, 2019). The market risk premium is around 5.5% currently (Groenendijk 
et al., 2018). Sinn’s (2000) argues that if risk in the market is priced appropriately investing in 
equity does not mean an increase in welfare as the increase in returns to investors is equal to 
the price of the risk they are taking.  
 
Lindbeck & Persson (2003) take an interesting approach to the question of risk in different 
systems using a portfolio approach. When a PAYG system is set up it solves a missing market 
problem by providing a new asset, which has an uncertainty yield tethered to the growth rate 
of the tax base. If the return on the capital market and the return on this asset are not perfectly 
correlated the assets introduction constitutes a welfare improvement. 
 
The result is demonstrated by Lindbeck & Persson (2003) using portfolio theory and illustrated 
in figure 12 as follows. Investors in the capital market face what is known as the efficient 
frontier. This is all the possible returns an individual can achieve at the lowest possible risk also 
known as variance. The efficient frontier before the PAYG asset is introduced is represented as 
the curve AA. The new asset is represented by the point P’s risk/return profile.  
 
If this asset is fully divisible and marketable then the possible efficient frontier will be shift 
outward and located above AA (not depicted), which Lindbeck & Persson (2003) call the “Shiller 
Frontier”. However, a PAYG asset is non-marketable and indivisible meaning it will be below the 
Shiller Frontier. This because for some individuals a mandatory system will be to large or small 
compared to the number of PAYG assets they would have purchased voluntarily. Whether it is 
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above or below the original frontier AA depends on the size of the system, the wealth of the 
individuals, and the covariance between the asset and other assets in the financial market.  
 
Figure 12 shows the case where the new frontier given by the curve CC is above the original 
frontier AA. A non-constrained individual can then achieve the point where the Capital Market 
Line (CML) BB’ is tangent to CC. A constrained individual chooses point P, which is an 
improvement over point O where the individual would be in the absence of the system.  
 
Risk-return Portfolio Opportunities in Mandatory Pension Systems 

  
Figure 12 Source: Lindbeck & Persson (2003) 
 
 
A transition to a fully funded system removes the possibility of CC and thus the unconstrained 
individual chooses point M where the CML BB is tangent to AA. This improvement in welfare, 
due to portfolio diversification, is one of the reasons a partial shift to a funded system is 
proposed over a transition to fully funded system.  
 
Takayama (2016) illustrates the additional risks of a funded system with an example from 
Japan. In 1942 a funded pension system was set-up for private sector employees called Kosei 
Nenkin Hoken (KNH). Between 1945 and 1949 hyperinflation caused the CPI to increase by 
about 100 times. This essentially wiped out any contributions that had been made. This is an 
extreme case and we will probably not see that kind of inflation in developed countries and 
most developing countries barring crises or political instability. This does not change the lesson 
that a funded system is very sensitive to changes in inflation and can have serious 
consequences for the value of the pension fund. 
 
There is further evidence of the risk of funded pensions seen by the reaction to the banking 
crisis followed by the sovereign debt crisis in 2007-2008. This global financial crisis destroyed a 
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lot of the value of private pensions. In the US the impact on 401(k)s, which are deferred tax 
saving accounts, varied based on the balance size. Those with a balances of less than 10,000 
USD had an increase of 40% in 2008 as the contributions were larger than the losses Those with 
balances of 200,000 USD had an average loss of more than 25% (VanDerhei, 2009). In the OECD 
it is estimated that pension assets declined by 5.4 trillion USD in 2008 (Yermo & Severinson, 
2010). 
 
Orenstein (2011) finds that the amount of pension assets destroyed in the crisis caused 
countries and international financial institutions to question and rethink the megatrend of 
privatizing pensions, but that this has not stopped the trend as the pressure of demographic 
changes continue to put pressure on existing PAYG systems.  
 
In some cases it may be possible for the government to protect pension funds through 
government subsidies to the financial system. The cost of this is shared among all tax payers. 
This was the case in Chile during the 1983-1984 financial crash where the fully funded system 
was shielded from the crisis, but enjoyed the gains when the financial market recovered in the 
second half of the 80’s (Ruiz-Tagle & Castro, 1998). 
 
10.3 EMPIRICAL EVIDENCE 
 
10.3.1 EVIDENCE FROM ITALY 
Forni & Giordano (2001) Italy has a mature PAYG system. As we have seen the demographic 
changes are expected to increase the contribution rate, which is already considered high. This is 
creating a significant wedge between labor costs and earning driving down both supply and 
demand for labor.  
 
Italy has very high contribution rates; however, any reform to the system that involves reducing 
the payroll tax means the government will have to take on debt. Under the stipulation of EU 
members countries must comply with the Stability and Growth Pact, which sets limits on its 
member nation’s budget deficit and debt trends (Forni & Giordano, 2001).  
 
Forni & Giordano (2001) cite several papers that have discussed the pension system in Italy and 
they present a summary of their results. First Castellino, O. & Fornero (1997) propose moving to 
a mixed system. The revenue shortfall is then covered by reducing the generosity of the system. 
Modigliani et al., (1999) proposal is a complete yet gradual move to a fully funded system. The 
shift is financed through a temporary increases in contributions. The rationale is that since the 
market rate of return is higher than the PAYG internal rate of return the contribution rates can 
be reduced over time while keeping the replacement rate constant.  
 
Forni & Giordano (2001) themselves propose a mixed system. They run simulations under 
several different scenarios, which provide insights into how the cost of transition can be 
distributed. If the reform applies only to new employees there will be a gradual increase in cost 
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from 2000 to 2025. If it applies to all current and future employees it will be high for 10 years 
and then drop away to zero by 2045. This result complements the result from Sinn (2000).  
 
Forni & Giordano (2001) find that if the shift to a funded system reduces the distortions in the 
labor market then the cost of the transition is significantly reduced. In the case where 
employment increases by 0.66% until 2025 in their baseline scenario the reform is self-financing 
and by 2030 aggregate cost would be completely offset by aggregate gains of the reform.  
 
10.3.2 THE CASE OF CHILE 
In 1981 Chile had a PAYG system that was failing. José Piñera the social security minister at the 
time transformed the system from an unfunded system to a fully funded system (Mander, 
2016). Cerda (2008) finds that the transition caused a decrease in the capital stock of 0.4% per 
year or 9.7% from 1981 to 2004. He also finds that real wages decreased by 2.4% and 
employment decrease by 6.3%. The findings by Corbo and Schmidt-Hebbel (2003) were 
between 1.3% and 3.7% for employment and specifically in the formal sector between 3.2% and 
7.6% (Cerda, 2008). This large informal sector is one of the challenges of the pension system in 
Chile (Mander, 2016). Cerda (2008) finds that the cost of transition up till 2004 has cost the 
country -8% of GDP while Corbo and Schmidt-Hebbel (2003) find comparably that the cost 
would have been -0.5% of GDP per year (Cerda, 2008).  
 
Cerda (2008) explains that the reform essentially brought forward the fiscal cost of the pension 
system. If the country would have continued with a PAYG system it would have experienced a 
financial crisis by 2020 due to the demographic changes. The new system provides a higher 
level of benefits than the old PAYG system (Cerda, 2008). 
 
The Chilean pension system requires workers to contribute approximately 12.5% of their 
wages. The division of the contribution is 80% to individual accounts, 7% to survivorship and 
disability insurance, and 13% to administrative and commission fees. The government has set a 
minimum means-tested benefit level, which is about 75% of minimum wage. This is financed 
through general tax revenues. The normal retirement age for individuals is 60 for women and 
65 for men (Soto, 2007).  
 
In 2004 the number of participants of the total retired participants who received the minimum 
pension was 11% and was expected to grow by 30%. In 2004 this guaranteed minimum pension 
cost the country 0.1% of GDP. The additional cost of noncontributors who receive assistance 
was 0.5% of GDP (Soto, 2007).   
 
Soto (2007) writes that the cost of transition has been 7% of GDP per year for the first 5 years, 
which has declined to a level of 3% of GDP per year by 2007 and is expected to be zero by 2030 
(see Appendix 8). The transition was financed by a strict fiscal policy that created budgetary 
surpluses. The effect of the fiscal policy has been a key factor in the macroeconomic impact of 
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the transition. Soto (2007) agrees with (Bonasia & Napolitano, 2010) in that a funded system 
can be an important catalyst for the development of capital markets.  
 
The PAYG system covered two-thirds of the labor force. In 2003 the new system covered 62% of 
the labor force. This is because of the large informal sector. About 30% of the employment is 
made up of self-employed individuals. Self-employed individuals are not required to participate 
in the system and 93% do not. Rules for self-employed are usually different than ordinary 
employees in most countries and therefore can in a sense fall out of the system. This presents 
an extra challenge for countries with a large number of self-employed individuals (Soto, 2007).  
 
Another real world problem not considered is the direct cost to individuals in the form of 
commissions and administrative fees. Mander (2016) writes that while average returns since 
the system was started have been approximately 8% due to fees net returns have been close to 
3%. Soto (2007) illustrates this graphically (see Appendix 9). In his example more than a fifth of 
the potential aggregate funds is diluted by fees and commissions. Lack of competition might be 
one of the reasons for the disproportionately high fees and commissions.  
 
10.4 SUMMARIZING REMARKS 
The usual condition that 𝑟 > 𝑛 + 𝑔. Historically this is true.  A PAYG system is unsustainable in 
the long-run. A funded system is superior market distortions and capital accumulation. Siebert 
(1997). 
 
Sinn (2000) transition to such a system has no aggregate gains. His solution is a partial 
transition to a funded system. In this sense it does not waste economic resource, but rather 
distributes them. (Feldstein & Liebman, 2002) model, which states that in the presence of a 
large enough capital income tax the introduction of a PAYG system will cause a net loss to the 
economy. a discussion on optimal taxation rather than optimal pension systems. 
 
a PAYG system is set up it solves a missing market problem by providing a new asset, This 
improvement, due to portfolio diversification, in welfare is one of the reasons a partial shift to a 
funded system is proposed over a fully funded system.  
 
Funded pensions are actuarially fair and transparent. If they are used in consort with public 
pensions they help diversify risk as they are exposed to other risks, which public pensions are 
not. They are linked to benefits such as higher savings and higher growth rates. The major 
downside is that they expose their members to investment risk, inflationary risk, and fraud 
(Börsch, 2009). 

11. REDISTRIBUTION 
A policy objective of a pension system might be in create greater equality in the society and as 
such distribute wealth from some individuals to others. Traditionally women have worked less 
than men as they have been the primary caregivers to children. A pension system can 
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redistribute wealth from men to women. Lindbeck & Persson (2003) put it as a redistribution 
from poorly educated men to highly educated women on the basis that women live longer and 
worker fewer hours. This on the surface is an unfair redistribution, but if we examine what may 
be the underlying reasons a different conclusion may be reached.  
 
In recent years with women have entered the work force and delayed having children in favor 
of careers. In light of the falling fertility rates such a redistribution could be seen as an 
important incentive for women to be willing to have more children. One solution put forward 
by Lindbeck & Persson (2003) is to keep individual accounts, but subsidize individuals who for 
good reasons are in the labor force for few years. In this way the redistribution is much more 
precise in targeting the right individuals rather than making a broad redistribution.  
 
Normally a PAYG system will redistribute wealth between generations. One of the reasons for 
implementing this kind of system in begin with was to give generations with low wages a share 
of the increase in productivity and wages. Moving away from an unfunded system to a funded 
system would imply an increase the level of inequality due to a fall in redistribution depending 
on whether it was a partial or full shift (Piirits & Võrk, 2019).  
 
The result from Tyrowicz et al., (2018) was that a shift from a DB system to a DC system causes 
an increase in consumption inequality, but lower wealth inequality. If there is a simultaneous 
introduction of a minimum pension benefit the consumption inequality decreases permanently 
by 50%; however, it increases wealth inequality this is because it can lead to lower voluntary 
savings for individuals with lower life-time income. 
 
Piirits & Võrk (2019) cites several sources that show that lower levels of income inequality and 
poverty are associated with high levels of social expenditures. Additionally, other cross-
sectional studies show results that as the ratio of income for the elderly comes from public 
pension benefits increases the income inequality decreases. Conversely other time-series 
studies show that as the ratio of income derived from private pensions increases the inequality 
in income among the elderly also increases (Piirits & Võrk, 2019).  
 
Piirits & Võrk (2019) analyze the effect of simulating a change in the pension system relative to 
the current multi-pillar system. Inequality as measured by the Gini coefficient among Estonian 
pensioners is 0.1 in Estonia. Introducing an insurance coefficient, which indexes the pension 
benefit to the individual’s wage relative to the average wage and the creation of a funded 
pension scheme increases the Gini coefficient to between 0.27 and 0.33 by 2045.  
 
Piirits & Võrk (2019) conclusion is consistent with this paper’s position. They state that 
inequality can be reduced by implementing a system with a higher flat-rate component. 
Essentially guaranteeing a certain level of income for pensioners. This implicitly says that if the 
policy makers have a Rawlsian objective the pension system should reflect that.  
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Pension reforms can also have redistribution consequences. Fehr & Jess (2007) look at the 
effect of a pension reform in Germany introduced in 2005, which was aimed at increasing 
private savings through deferred taxation of retirement benefits. In order to balance its budget 
the government had to increase taxation somewhere else.  
 
Fehr & Jess (2007) find that financing the reform with only consumption taxes has efficiency 
gains of 2.4 billion euros per year and financing the reform with an increase income tax might 
cause efficiency losses. The type of tax also effects generational income. An increase in 
consumption tax disproportionately hurts the older cohorts. If we consider the OLG model with 
two periods the old do not earn and therefore do not gain from the tax incentive, but their 
consumption is more expensive due to a higher consumption tax. The young generation shares 
the burden of the consumption tax with the old, but solely benefit from the tax incentive.   

12. CONCLUSION 
We started our discussion with a brief consideration of welfare. Although some literature 
suggests a possible Pareto improvement by moving from an unfunded system to a funded 
system the general consensus from the literature and empirical evidence contradicts this view. 
Based on this conclusion a welfare improvement is not what policy makers should be 
considering rather they should be interested in their objectives and the specific context their 
policies will take place in.  
 
Taking the specific case of a SOE we see that capital mobility and an exogenous interest rate 
alter the outcome for the economy. In the Solow model a change in the economy doesn’t effect 
output and capital per effective labor rather the level of net foreign assets adjusts to hold them 
constant. This demonstrates an important difference between SOEs and non-SOEs as the 
current demographic changes still require the same level of savings in contrast to the closed 
economy case where the golden rule level of savings falls. The weakness of this model is that 
savings is exogenous to the model is corrected in the Ramsey model; however, the assumptions 
for a steady state are difficult to accept and if the economy is not in a steady state in the long-
run it violates the requirements of a SOE.  
 
The Samuelson model expanded by the Diamond model gets around the issues. After adapting 
the model for a SOE we get our first insight when comparing a funded and an unfunded system. 
In the case where 𝑟 > 𝛾 individuals are better off under a funded system than a PAYG system. 
Honekamp’s (2007) and (Aaron, 1966) show similar results from their models.  
 
There is some general context that can be applied universally to SOEs when discussing 
pensions. The change in demographics and there effect on sustainability is at the center of the 
discussion on pensions. An increase in longevity and low or falling fertility rates are generally 
considered to be undermining the sustainability of pension systems especially unfunded 
systems. As stated by Bongaarts (2004) the increase in public pension expenditure will be 
driven by the trends in OADR.   
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Suggested solutions are increasing migration, encouraging higher fertility, increasing the 
participation level, increasing the retirement age, and finally reduce the generosity of pensions. 
The last point is a lead in the fact that policy makers need to consider the political support 
needed to successfully implement reforms.  
 
Taxation has a definite impact on the efficiency of different pension systems, but is one of 
those factors that is context specific. We cannot say anything beyond this as taxation must be 
optimized in tangent with the pension system or ex post. In general taxation creates a 
deadweight loss in the labor market. Th effect of bequest motives and precautionary savings 
are similar and have implications for taxation because the interest elasticity of these saving is 
relatively inelastic. 
 
The behavior of individuals is very important to consider when setting up or reforming a 
country’s pension system especially in regards to how individuals save. There is a substantial 
amount of literature that supports this conclusion. It effects different areas even as we have 
seen crowding out. Taken together the literature points to incentives having a small impact 
while mandatory savings having a significant impact. Context is still important as the effect of 
mandatory pensions can be worse for developing countries due to low levels of disposable 
income.  
 
A defined contribution system seems to be superior to a defined benefit system measured on 
the metric of sustainability. A DC system is usually associated with a funded system while a DB 
system is associated with an unfunded system. The literature indicates that the condition 𝑟 >
𝑛 + 𝑔 has been historically true confirming a funded systems superiority along this dimension. 
A funded system is also superior in that it has a higher level of capital accumulation, which can 
offset the loss of human capital due to demographic changes and it doesn’t distort the labor 
market as an unfunded system does.  
 
The unfunded system does have some benefits such as the possibility of increasing 
diversification and providing other protections that reduce risk. An unfunded system is also 
superior if policy makers have a Rawlsian objective as it redistributes wealth, which decreases 
inequality. The case of Chile provided an excellent example of the outcome of transitioning 
from a unfunded system to a funded one. The empirical result from Chile is consistent with the 
prediction from the theoretical models that a transition only shifts the burden between 
generations.  
 
The example also shows the importance of context as mandatory contribution did not improve 
coverage due to the large number of self-employed. Lack of competition between investment 
firms has meant contributors have not received the full value of their investments. In the case 
of Sri Lanka we saw that specific government objectives restricted the returns to contributors. 
These are important contextual considerations that policy makers need to be aware of.  
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In closing, a mixed system seems to be the best way forward for SOEs; however, the size of 
each part is country dependent. Completely unfunded pension systems are simply not 
sustainable in the long-run. Policy objectives and context will be the determinants of what the 
optimal system should be. Any reforms must also consider individual behavior and political 
support.  
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14. APPENDICES 
 
APPENDIX 1 
 
The growth rates of technology and labor are: 
 

�̇�" = 𝑛𝐿" 
�̇�" = 𝑔𝐴" 

 
The growth rate of a variable equals the rate of change of its natural log  
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the rates of change of the logs of L and A are constant and that they equal n and g  
 

ln(𝐿") = [ln(𝐿±] + 𝑛𝑡 
ln(𝐴") = [ln(𝐴±] + 𝑔𝑡 

Capital depreciates at rate δ so the flow of capital is  

�̇�" = 𝑠𝑌" − 𝛿𝐾" 

Using the fact that 𝑘 = ¢
`Ñ

 and the chain rule gives 
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The break-even investment is the amount of investment is needed to keep k at its existing level, 
when �̇� = 0 actual investment and break-even investment are equal.  

APPENDIX 2 
 
Closed Economy 
 
The presentation of this model is also taken from Romer (2012). The assumptions are the same 
as the Solow model.  
 
We define household utility as: 
 

𝑈 = � 𝑒o�"𝑢j𝐶(𝑡)l
𝐿(𝑡)
𝐻 𝑑𝑡

�			

"�±
	 

 
Where 𝐿" is the labor force, H is the number of households, Ñ(")

Ð
 is the number of individuals in 

the household, 𝑢(𝐶(𝑡)) is the instantaneous utility function, and 𝜌 is the discount rate. The 
larger the value of 𝜌 is the less households value future consumption compared to current 
consumption.  
 
The instantaneous utility function is CRRA (constant-relative-risk-aversion) 
 

𝑈j𝐶(𝑡)l =
𝐶(𝑡)Oo¬

1 − 𝜃 , 𝜃 > 0, 𝜌 − 𝑛 − (1 − 𝜃)𝑔 > 0 

 
Here 𝜃 is the coefficient for relative risk aversion. When 𝜃 is small, marginal utility falls more 
slowly as consumption rises, and so the household is more willing to allow its consumption to 
vary over time. If 𝜃 is close to zero, utility is almost linear in C, and so the household is willing to 
accept large swings in consumption to take advantage of small differences between the 
discount rate 𝜌and the rate of return on saving 𝑟. The elasticity of substitution between 
consumption at any two points in time is 1/𝜃.  

Three additional features of the instantaneous utility function are worth mentioning. First, 
𝐶Oo¬is increasing in C if 𝜃 < 1 but decreasing if 𝜃 > 1; dividing 𝐶Oo¬by 1 − 𝜃 thus ensures that 
the marginal utility of consumption is positive regardless of the value of 𝜃. Second, in the 
special case of 𝜃 = 1, the instantaneous utility function simplifies to ln	(𝐶) and third, the 
assumption that ρ − n − (1 − 𝜃)g > 0 ensures that lifetime utility does not diverge: if this 
condition does not hold, the household can attain infinite lifetime utility, and its maximization 
problem does not have a well-defined solution.  

If we assume no depreciation the real rate of interest at time t is  
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r(t) = f′(k(t)) 

Wage per unit of effect labor Þ(ß)
à(ß)á(ß)

 is  

w(t) = fjk(t)l − k(t)f′(k(t)) 

The household budget constraint is 

� 𝑒oÆ(")𝐶(𝑡)
𝐿(𝑡)
𝐻 𝑑𝑡

�			

"�±
≤
𝐾(0)
𝐻 + � 𝑒oÆ(")𝑊(𝑡)

𝐿(𝑡)
𝐻 𝑑𝑡

�			

"�±
 

Using the Lagrange formula to derive the Euler equation we get 

𝑐̇(𝑡)
𝑐(𝑡) =

𝑟(𝑡) − 𝜌 − 𝜃𝑔
𝜃 	 

substituting 𝑓Wj𝑘(𝑡)l	𝑓𝑜𝑟	𝑟(𝑡) it can also be written 

�̇�(𝑡)
𝑐(𝑡) =

𝑓′(𝑘(𝑡)) − 𝜌 − 𝜃𝑔
𝜃  

When the economy is at a steady state where capital is k* such that �̇�	is zero then 𝑓′(𝑘(𝑡)) = 
𝜌 − 𝜃𝑔. If k increases above k*, �̇� is negative and if it decreases below k*, �̇� is positive.  
 
We denote actual investment minus break-even investment and consumption as �̇�. Since we 
assume depreciation is zero the break-even investment is (𝑛 + 𝑔)𝑘.  
 

�̇� = 𝑓j𝑘(𝑡)l − 𝑐(𝑡) − (𝑛 + 𝑔)𝑘(𝑡) 
 
When the economy is at steady state �̇� = 0 which implies 
 

𝑐(𝑡) = 𝑓j𝑘(𝑡)l − (𝑛 + 𝑔)𝑘(𝑡) 
 
The golden rule level of k is 𝑓W(𝑘) = 𝑛 + 𝑔 and the value of c is increasing in k until this level 
and then decreasing. 
 
If c is above the level that yields �̇� = 0, k is falling and when it is below the level that yields �̇� =
0, k is rising.  
 

�̇� = 𝑓j𝑘(𝑡)l − 𝑐(𝑡) − (𝑛 + 𝑔)𝑘(𝑡) − 𝐺(𝑡) 
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Because ρ is the parameter governing households’ preferences between current and future 
consumption, this change is the closest analogue in this model to a rise in the saving rate in the 
Solow model.  
 
Open economy 
 
The following presentation of the open economy model is taken from Rødseth (2011). First we 
define the two variables of technology and labor as the following where g  and n are there 
growth rates respectively. 
 

𝐴" = 𝐴±(1 + 𝑔)" 
𝐿" = 𝐿±(1 + 𝑛)" 

 
As in the Solow model when the economy is opened the capital stock becomes independent of 
domestic savings. Making a simplifying assumption to exclude depreciation. Investment can be 
written as the capital in the previous period minus the capital in the current period. 
 

𝐼" = 𝐾"NO − 𝐾" = 𝐿"NO𝐴"NO𝑘"NO − 𝐿"𝐴"𝑘" 
 
To get units in terms of effective labor divide through by 𝐴"𝐿" to get investment per unit of 
effective labor which then simplifies. 
 

𝑖" = (1 + 𝑛)(1 + 𝑔)𝑘"NO − 𝑘" = (1 + 𝛾)𝑘"NO − 𝑘" 
 
We can refer to 𝛾 as the natural growth rate which is 𝑛 + 𝑛𝑔 + 𝑔.  
 
If we assume that since the country again is a price taker and then world interest rate is 
constant, then the level of capital per effect unit of effective labor is also constant and 
investment is: 
 

𝑖 = 𝛾𝑘 
 
This is an important conclusion as it demonstrates that investment and savings levels are 
independent of each other in a SOE unlike in the Ramsey model. 
 
Adding foreign assets to the model.  
 

𝑎" = 𝑏\," + 𝑏]," + 𝑘" 
 
where 𝑏]," is the amount of foreign bonds held by domestic consumers, 𝑏\," is the amount of 
government bonds held by consumers, and 𝑘" is capital although it can also be thought of as 
corporate bonds held by consumers, finally 𝑎" is total savings held by consumers. In the steady 
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state the current account surplus is 𝛾𝑏X]. Like in the Solow model the different between savings 
and real investment will be equal to the current account surplus or deficit. The subjective 
discount factor 0 < 𝛽 < 1 is defined as:  

𝛽 =
1

1 + 𝜌 

 
The utility function is defined as: 

𝑈± =~𝛽"𝑢(𝐶")𝐿"

�

"�±

	 

The period budget constraint is: 
 

𝐴q"NO = (1 + 𝑟)𝐴q" +𝑊"𝐿" − 𝐶"𝐿", 𝑡 = 0,1,2…	 
 
The value of the assets purchased in period t+1 is the interest earned on the assets in the 
previous period plus the income earned minus the consumption.  
 
Debt is constrained in such a way that 
 

𝑙𝑖 𝑚"→�(1 + 𝑟)"𝐴q"NO = 0 
 
Thus we can write the budget constraint as  
 

~(1 + 𝑟)o"𝐶"𝐿"

�

"�±

= (1 + 𝑟)𝐴q± +~𝑊"𝐿"(1 + 𝑟)o"
�

"�±

 

 
to ensure convergence 
 

𝑟 > (1 + 𝑔)(1 + 𝑛) − 1 
 
we define 𝑐" =

^_
`_

 then the Euler equation can be written as: 

 
𝑢W(𝑐"𝐴") = 𝛽(1 + 𝑟)𝑢′(𝑐"NO𝐴"NO) 

 
The budget constraint can be rewritten as 
 

(1 + 𝛾)𝑎"NO = (1 + 𝑟)𝑎" + 𝑤" − 𝑐" 
 
If we still assume a CRRA utility function 
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𝑈j𝐶(𝑡)l =
𝐶(𝑡)Oo¬

1 − 𝜃 	 
 
Then the Euler equation is 
 

(𝑐"𝐴")o¬ = 𝛽(1 + 𝑟)(𝑐"NO𝐴"NO)o¬ 
 
Writing consumption in each period in terms of the other 
 

𝑐"NO = 𝑐"
[𝛽(1 + 𝑟)]ã

1 + 𝑔  

 
On the balance growth path consumption is constant and 𝑐"NO = 𝑐" therefore 
 

1 + 𝑟 = (1 + 𝜌)(1 + 𝑔)O/ã  
 
This is the same condition for a closed economy; however, in a closed economy the interest 
rate will adjust to changes to satisfy the condition, but in an open economy it is given 
exogenously.   
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APPENDIX 3 
 

 
Source: Ediev (2014) 

 
APPENDIX 4  
 
In the long run the pension benefit as a function of the number of children can be written: 
 

𝑝∗ = 𝑝∗{𝑛, 𝑤∗[𝑘∗(𝑛)]} 
 
Take the derivative of the function w.r.t. 𝑛 gives: 
 

𝑑𝑝∗

𝑑𝑛 =
𝑑𝑝∗

𝑑𝑛 +
𝑑𝑝∗

𝑑𝑤∗
𝑑𝑤∗

𝑑𝑘∗
𝑑𝑘∗

𝑑𝑛  

 
The first term on the RHS is positive, but the second term taken together is negative thus the 
effect of fertility is ambiguous and depends on which term dominates. The first term is the 
direct effect of a smaller work forces mean fewer individuals to contribute. The second term 
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implies a lower fertility rate increases the capital stock, which increases the wage and pension 
benefits.  
 
APPENDIX 5 
 
Pensioners per worker (PWR) is equal to the old-age-dependency ratio (ODR)  times the 
pensioner ratio (PR) divided by the employment ratio (ER). 
 

𝑃𝑊𝑅 = 𝑂𝐷𝑅 ∗
𝑃𝑅
𝐸𝑅 

 
The public pension expenditure ratio (PER) is equal to benefit ratio (BR) times the number of 
pensioners per worker (PWR).  
 

𝑃𝐸𝑅 = 𝐵𝑅 ∗ 𝑃𝑊𝑅 
 
Substituting in PWR 
 

𝑃𝐸𝑅 = 𝐵𝑅 ∗ 𝑂𝐷𝑅 ∗
𝑃𝑅
𝐸𝑅 

 
APPENDIX 6 
 
Utility function 
 

𝑈 = 𝑢j𝐶k,"l + 𝛽𝑢j𝐶n,"NOl 
 
Budget constraint 
 

𝐶k," + (1 + 𝑟)oO𝐶n,"NO = 𝑊" 
 
First order condition 
 

𝑢Wj𝐶k,"l = 𝛽(1 + 𝑟)𝑢′j𝐶n,"NOl 
 
With log utility 
 

1
𝐶k,"

=
𝛽(1 + 𝑟)
𝐶n,"NO

 

 
Substituting back into the budget constraint and solving for 𝐶k," and 𝐶n,"NO 
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𝐶k," =
𝑊"

1 + 𝛽 , 𝐶n,"NO =
𝛽(1 + 𝑟)𝑊"

1 + 𝛽  

 
Individual saving when young 
 

𝑆k," = 𝑊" − 𝐶k," =
𝛽

1 + 𝛽𝑊" 

 
Saving rate when young  
 

=
𝛽

1 + 𝛽 =
1

2 + 𝜌 

 
Saving when old of the young generation 
 

𝑆n,"NO = −𝑆k," 
 
Rewriting the equation for assets where 𝑤 = c_

`_Ñ_
 

 

𝐴q"NO =
𝛽

1 + 𝛽𝑊" = 𝜎
𝑊"

𝐴"𝐿"
𝐿"𝐴" = 𝜎𝑤𝐿"𝐴" 
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APPENDIX 7 

 
Source: Sinn (2000) 
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APPENDIX 8 
Transition deficit as a percentage of GDP, 1982–2010 

 

Source: Soto (2007) 
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APPENDIX 9 
 

 
Source: Soto (2007) 

 
 


