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Abstract 

This master thesis studies the potential added value of investing in a LETF (leveraged 

exchange traded fund) compared with an unleveraged ETF (exchange traded fund) 

when both funds track the performance of the same stock index. The potential added 

value is determined by comparing the Sharpe ratio of the two funds. LETFs could seem 

attractive to retail investors because they offer a simple way to increase exposure. 

However, research has shown that the actual returns that investors end up with, from 

holding LETFs long-term, can be very different from what the investors expect. For the 

time-period 2008-2019, we found a lower Sharpe ratio for the LETF compared with the 

ETF, a result consistent with previous studies stating that LETFs can underperform the 

underlying long-term. To statistically test the findings, we compared the performance of 

an ETF with that of a portfolio that has the same standard deviation and consists of a 

LETF, with a leverage factor of two, and a risk-free asset. The results show that the 

portfolio underperforms the ETF. These findings therefore indicate that LETFs do not 

add any value compared with the ETF. 
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1 Introduction 

LETFs (leveraged exchange traded funds) are part of a larger group, commonly known 

as ETPs (exchange traded products). Examples of other ETPs are: ETNs (exchange 

traded notes), LETNs (leveraged exchange traded notes), ETFs (exchange traded funds), 

and their inverse version. ETPs track the performance of something underlying, and 

their inverse version returns the opposite of the underlying`s performance. ETPs and 

inverse ETPs are also known as bull ETPs and bear ETPs. 

 

LETFs have been criticized because of returns that are different from what investors 

expect. LETFs do not only track the performance of something underlying, they also 

promise a multiple of the daily return. In 2009, FINRA (financial industry regulatory 

authority) in the U.S. warned retail investors about LETPs.1 

 

LETFs were first introduced in 2006, and empirical research on LETFs has been limited 

by short time-series of empirical data. In his speech in 2017, the chairman of the SEC 

(securities and exchange commission) in the U.S. said we need more discussion and 

discovery on exchange traded products.2 The early research on LETFs by Cheng & 

Madhavan and Avellaneda & Zhang3 was theoretical and the authors derived formulas 

that explain why returns of LETFs will deviate over time from what we expect. More 

recent research by Jiang & Peterburgsky, George & Trainor, and Trainor, Chhachhi, & 

Brown4 is empirical and focuses on overcoming the negative effects of LETFs that can 

justify long-term investments in LETFs.  

 

For a retail investor, a bull two-times LETF with a stock index as underlying can seem 

like a reasonable way to increase investment exposure. If a retail investor believes a 

                                                           
1  (“Leveraged and Inverse ETFs: Specialized Products with Extra Risks for Buy-and-Hold Investors | 
FINRA.org,” 2009) 
2  (SEC, 2017) 
3  (Cheng & Madhavan, 2009), (Avellaneda & Zhang, 2010), Avellaneda & Zhang also test their 
theoretical formula empirically 
4  (George & Trainor William J., 2017; Jiang & Peterburgsky, 2017; Trainor, Chhachhi, & Brown, 2018) 
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stock index will increase, she could invest. As a retail investor her investment amount is 

likely limited, but with a LETF she can multiply her investment exposure amount by 

two. This may explain why some retail investors use LETFs as an investment 

alternative instead of regular ETFs. In contrast to the simple buy and sell structure of 

LETFs, their long-term return calculation is difficult for retail investors to understand. 

Cheng & Madhavan5 argue that even professional asset managers and traders are unable 

to fully understand LETFs, which makes it questionable that retail investors understand 

LETFs. 

 

The objective of this thesis is to research the long-term performance of LETFs through 

a comparison of a LETF, hereafter known as 2x LETF, and an ETF, hereafter known as 

1x ETF, that has the same stock index as underlying. To fulfill this objective, this thesis 

seeks to answer the following research question: Should retail investors that maximize 

the risk/return ratio invest in leveraged exchange traded funds?  

 

This thesis is structured in 9 chapters: chapter 2 provides a background on exchange 

traded products, chapter 3 reviews the existing literature, chapter 4 explains important 

theories, chapter 5 describes the data utilized in this thesis, chapter 6 explains the 

methodology chosen, chapter 7 assess the empirical analysis, chapter 8 present the 

conclusion, chapter 9 explains the limitations and provides suggestions on further 

research. 

 

 

 

 

                                                           
5  (Cheng & Madhavan, 2009, p. 2) 
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2 Background on exchange traded products 

ETPs are sold on a stock exchange just like normal stocks and their value changes 

during the trading day. When an investor buys a bull ETP she will have a positive return 

when the underlying has a positive return, but if she buys a bear ETP she will have a 

negative return when the underlying has a positive return. ETPs can have different 

underlying, and the ETPs name often reveal what the underlying is, for example “SPDR 

S&P 500 ETF Trust” that replicates the performance of the S&P 500 index in the 

United States.6  

 

ETFs can either replicate the performance physically and hold assets of the underlying it 

aims to track or synthetically with swaps.7 The ETF provider can choose who it engages 

in swap agreements with and the risk that the counterparty cannot fulfill their part of the 

swap agreement is a risk the ETF provider has.8 Haga & Lindset found that Norwegian 

LETFs use futures, that are also exposed to counterparty risk, instead of swaps.9 The 

value of all the assets the ETF provider holds is called AUM (assets under management) 

and if we divide AUM by the number of ETF shares issued we get the NAV (net asset 

value) of the ETF. AUM is the value of all the securities the ETF provider receives from 

the AP (authorized participant) shown in figure 2-1 below. The creation of ETF shares 

happens as an in-kind transfer between the AP and the ETF provider. If we use the 

SPDR S&P 500 ETF TRUST as an example, the AP will give a basket of all the stocks 

in the S&P 500 index to the ETF provider and receive ETF shares in return. The AP 

distributes the ETF-shares on a stock exchange. NAV is the theoretically correct price 

of one ETF-share. The market price of one ETF-share can deviate from its NAV 

because of demand, supply, and bid/ask spreads in the market. In figure 2-1, the NAV is 

the value of the ETF-shares. 

  

                                                           
6  (“Welcome to SPDR ETFs,” 2019) 
7  (Basher, Haug, & Sadorsky, 2018; Nikbakht Ehsan, Pareti Keith, 2015, pp. 155–156) 
8  (Charupat & Miu, 2016, p. 25) 
9  (Haga & Lindset, 2012, p. 4) 
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Figure 2-1: (Leung & Santoli, 2016, p. 2) 

 

LETFs offer investors a daily multiple of the underlying’s return. LETFs mostly have 

the same structure as ETFs. Because the LETFs have a return that is the multiple of the 

underlying`s daily return, LETFs function differently than ETFs. LETFs use swaps to 

deliver its promised multiple and receive in-cash from the authorized participant instead 

of securities in-kind.10 LETFs must increase or decrease their swap exposure daily to 

deliver their promised daily multiple. As an example: The underlying of a LETF has a 

price of 100, to deliver two-times the daily return the LETF buys swaps worth 200. The 

underlying has a return of ten percent and its price increases to 110.To double the return 

when the price of the underlying is 110, the LETFs needs swaps worth 220 and buys 

additional swaps worth 20. This re-balancing occurs daily towards the end of the trading 

day.  

 

The example below shows an investment of 100 in a two-times and three-times LETF 

separately.   

 

                                                           
10  (Charupat & Miu, 2016, p. 27) 
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Figure 2-2: own construction 

 

On day one and day two, the LETFs increase and decrease the correct amount according 

to their leverage factor, which is two and three. The realized leverage over the two-day 

period is four and nine, which is different from the LETFs stated leverage factor of two 

and three. The explanation is that a constant daily leverage factor is different from the 

leverage factor multiplied by the cumulative return over several days. For LETFs the 

realized leverage over multiple holding-days can be anything, it depends on the returns 

of the underlying.11 The realized leverage is calculated with this formula:  

 

𝑅𝑒𝑡𝑢𝑟𝑛 𝑖𝑛 𝑝𝑒𝑟𝑐𝑒𝑛𝑡 𝐿𝐸𝑇𝐹

𝑅𝑒𝑡𝑢𝑟𝑛 𝑖𝑛 𝑝𝑒𝑟𝑐𝑒𝑛𝑡 𝐸𝑇𝐹
 

Equation 2-1: own construction 

 

In addition to management fee, the daily re-balancing of the portfolio is another cost the 

LETF has. The total cost of LETFs is approximately 1%.12  

 

2.1 Actors and regulation for ETFs and LETFs 

On Oslo Bors, only two ETFs and two LETFs are listed and the ETF provider and 

authorized participants are shown in the figure below: 

 

                                                           
11  (Trainor et al., 2018, p. 5) 
12  (Charupat & Miu, 2016, p. 26) 

t rt,t+1 1x ETF 2x LETF 3x LETF

0 100 100 100

1 10 % 110 120 130

2 -10 % 99 96 91

Return in percent -1 % -4 % -9 %

Realized leverage 1 4 9

Realized leverage over two holding days
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Figure 2-3: own construction 

 

The ETFs and LETFs listed on Oslo Bors are UCITS funds, which are regulated by 

ESMA (European Securities and Markets Authority)13 in the U.S., one regulatory 

concern is the size of AUM for ETFs and LETFs and the complexity of these products. 

Hu & Morley14 show that in 2018 U.S. listed ETFs and LETFs have more than $3.6 

trillion in AUM and among the ten securities with the highest trading volume in the 

U.S. we have seven ETFs and LETFs.15 In their article, Hu &Morley criticize the SEC 

for only calculating deviation between NAV and market price at the end of the trading 

day. Hu & Morley argues that deviations would be larger if they calculated the 

deviation between NAV and market price throughout the trading day.16 

 

2.2 Compounding and decay 

Just as stocks, the daily positive or negative return is added to the value of the LETF 

each trading day. Let us compare three scenarios of ETF and LETF with the same 

underlying:  

 

i) An unleveraged investment in an ETF  

ii) A static leveraged investment in an ETF 

iii) An investment in an LETF 

 

A static investment is one where the investor borrows half the investment amount and 

invests in an ETF, the cost to borrow is assumed to be zero. We use an example where 

                                                           
13  (ESMA, 2019) 
14   (Hu & Morley, 2018) 
15  (Hu & Morley, 2018, p. 1) 
16  (Hu & Morley, 2018, p. 81) 

Name Ticker Leverage-factor ETF-provider Authorized participant

XACT OBX  Bear OBXEXDBEAR -2 XACT Kapital forvaltning AB DNB Markets, Handelsbanken, Virty, Carnegie, Flow Traders

XACT OBX BULL OBXEXDBULL 2 XACT Kapital forvaltning AB DNB Markets, Handelsbanken, Virty, Carnegie, Flow Traders

XACT OBX OBXEXACT 1 XACT Kapital forvaltning AB DNB Markets, Handelsbanken, Virty, Carnegie, Flow Traders

DNB OBX OBXEDNB 1 DNB Asset Management DNB Markets

Overview of Norwegian market for ETFs and LETFs
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the index increases 5% on day one and decreases -5% on day two. Below is the two-day 

cumulative equity return of the three scenarios: 

   

𝑖) (𝑟, 𝑡) ∗ (𝑟, 𝑡 + 1) = [(1 + 5%) ∗ (1 − 5%)] − 1 = −0.25% 

𝑖𝑖) 𝐿 ∗ (𝑟, 𝑡) ∗ (𝑟, 𝑡 + 1) = 2 ∗ [((1 + 5%) ∗ (1 − 5%) − 1] = −0.5% 

𝑖𝑖𝑖) (𝐿 ∗ 𝑟, 𝑡) ∗ (𝐿 ∗ 𝑟, 𝑡 + 1) = [(1 + (2 ∗ 5%)) ∗ (1 − (2 ∗ 5%))] − 1 = −1% 

Equation 2-2: where r,t is the return on day t, r,t+1 is the return one day after t, and L 

is the leverage factor 

 

From equation ii) we see that the return of the static leveraged investment in an ETFs is 

twice as negative as the unleveraged investment in equation i). It is natural to think an 

unexperienced retail investor who buys a two-times LETF would expect to receive two-

times the cumulative return of the underlying, which in this case was -0.5%. But 

equation iii) shows that the two-day cumulative return for the LETF is -1%, which is 

four times more than the unleveraged return in equation i). The difference between 

equation ii) and iii) is what some researchers refer to as decay. The reason LETFs have 

decay is the constant leverage they offer. To understand the return of LETFs over 

holding periods longer than one day, decay is an important concept to understand. 

However, it is unlikely that unexperienced retail investor understands the concept of 

decay.  

 

2.2.1 Mathematical derivation of decay  

Researchers have derived a mathematical formula for the decay effect,17 which shows 

the factors that are important to determine the size and magnitude of the decay. The 

equation below shows the theorical return of a leveraged ETF over an infinite holding 

period. 

 

                                                           
17  (Avellaneda & Zhang, 2010), (Cheng & Madhavan, 2009) 
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𝐴0 ∗ (
𝑆𝑁

𝑆0
)

𝑥

∗ exp [(𝑥 − 𝑥2) ∗
𝜎2𝑡𝑁

2
] 

Equation 2-3: where A0 is initial investment amount, SN is value of underlying at the 

end of the period, S0 is the value of the underlying at the start of the period, x is the 

leverage factor, σ^2 is the variance, and tN is the time in days 

 

The first part of equation 2-3 is the initial investment amount, A0, multiplied by the 

gross return (SN/S0) to the power of the leverage factor, x. The second part of the 

equation, the exponential of the number in the brackets, is always negative because: (x-

x^2) is always negative, the variance is always positive, and the time in days is always 

positive. The number in the brackets will be more negative when leverage factor, 

variance, and time in days are higher numbers.  

 

 

Figure 2-4: where [.] is [(x-x^2 )*(σ^2 tN)/2] from equation 2-3 

 

To relate figure 2-4 to equation 2-3, the x axis denoted as [.] is the number in the 

brackets of equation 2-3 and the y-axis is the exponential function of the number in the 

brackets in equation 2-3. The line in figure 2-4 is the exponential function of the 

number in brackets. We see that for all negative numbers on the x-axis, the value for the 
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exponential function on the y-axis is a number between zero and one, and the value of 

the exponential function goes towards zero when [.] on the x-axis becomes more 

negative. We also see that when [.] equals zero, the value of the exponential function is 

1. Higher volatility, leverage factor, and holding-period in days move us left on the x-

axis because the number [.] becomes more negative. A larger negative [.] makes exp[.] a 

number closer to zero that increases the negative impact on the gross return, which is 

the first part of equation 2-3. One mathematical point is that the exponential function 

will asymptotically move toward zero, but never reach zero. According to this formula 

the value of a LETF will never reach zero, unless the underlying goes to zero.  

 

2.2.2 An empirical example of decay 

To understand the impact of decay we can look at LETFs with the NASDAQ 100 index 

in the U.S. as the underlying. The time-period is 30.10.2017-31.12.2018. The two 

LETFs are QLD that promises two-times the daily return of the NASDAQ 100 index 

and TQQQ that promises three-times the daily return of the NASDAQ 100 index.  
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Figure 2-5: with data from yahoo finance18 

 

In figure 2-5 we see that when we reach 31.12.2018 the index is slightly higher than its 

start-value of 100 while the LETF with a leverage factor of two has decreased almost 

5% and the LETF with a leverage factor of three has decreased roughly 16%.  The daily 

returns are calculated from actual market prices and we used the daily returns to create 

figure 2-5 above, where the NASDAQ 100 index and the two funds are indexed to an 

equal starting value of 100 NOK.  

 

 

 

                                                           
18  (“Yahoo Finance - Business Finance, Stock Market, Quotes, News,” 2019) 
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3 Literature review 

The literature review is in chronological order to show how research on LETFs has 

developed in the past eleven years. The first research articles on LETFs were: 

theoretical to derive a link between LETF returns and the returns of the corresponding 

underlying, and empirical papers with simulated data to confirm the theoretical results. 

Over the years knowledge about the performance has increased, which has resulted in a 

more complete picture of the return an investor can expect from holding a LETF. One 

common theme in the research on LETFs has been the factors that can explain why an 

investor in a LETF does not receive a return that is the leverage factor multiplied by the 

return of the underlying over longer holding periods. Among these factors are 

compounding of leveraged returns, which research has shown can have a positive and 

negative impact on the LETF returns. Researchers have shown that the size of 

compounding depend on volatility of the underlying, length of holding period, and 

leverage factor.  

 

3.1 Articles in chronological order 

With Monte Carlo simulations, Trainor & Baryla19 analyzed the long-term performance 

of LETFs with a leverage factor of two. They analyzed holding periods of 1, 3, 5, and 

10 years and found a worse risk/return tradeoff for the LETF compared with the 

underlying index. The risk/return tradeoff was worse because the standard deviation of 

the LETF was two times higher than the standard deviation of the underlying index 

while the expected return was less than two times higher than the underlying index for 

all holding periods. One weakness the authors point out is the lack of empirical data on 

LETFs. To overcome data limitation and simulate returns they use a daily average 

return and standard deviation that they calculate from the historical returns of varying 

length for these indexes: S&P 500, Dow Jones Industrial Average, and Nasdaq 100. In 

the end, the authors conclude that the two times LETF should be preferred over an 

investment in the underlying index in combination with leverage from a margin 

                                                           
19  (Trainor  William J. & Baryla  Edward A., 2008) 
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account. Their conclusion seems strong relative to their data limitation and simulation 

method. 

 

Already in 2009, retail investors got a better understanding of LETFs when Cheng & 

Madhavan20 derived a formula that links the LETF return with the underlying return. 

The authors found that the long-term returns of LETFs is the gross return of the 

underlying to the power of the LETFs leverage factor multiplied by a scalar that is 

between zero and one. They also show that as time goes to infinity the scalar goes to 

zero. The formula derived has been useful for later research on LETFs. The authors 

communicate well that their results require certain market conditions when they 

conclude that the value of LETFs will be destroyed over longer holding periods. The 

condition required for value destruction is high volatility. 

 

Unaware of the work of Cheng & Madhavan, the authors Avellaneda & Zhang21 

published an article that also linked the performance of the underlying to the LETF. 

Their formulas were similar, and these authors added financing cost and expense ratio to 

the formula and tested it empirically. They ran the test during the financial crisis, 

January 2nd, 2008 to March 20th, 2009 and found a small tracking error between actual 

LETF returns and the formula they had derived. The authors provide a theoretical 

example to conclude that long-term performance of LETFs is worse compared with the 

return of its underlying. They assume a cost of borrowing and expense ratio of zero and 

does not test the long-term performance empirically. The authors highlight the realized 

variance of the underlying as the most important factor to determine the long-term 

return of the LETF. Their test period was during the financial crisis, which was an 

uncommon event and makes it difficult to evaluate if their results apply to other market 

conditions as well.  

 

                                                           
20  (Cheng & Madhavan, 2009) 
21  (Avellaneda & Zhang, 2010) 
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Another article interested in the risks of LETFs came from Jarrow22 who found similar 

results as Avellaneda & Zhang. He derived a formula for the return of a LETF that is 

constructed with an ETF and a loan in a money market account. He assumes a positive 

interest rate for the loan in the money market account and shows that the accumulated 

interest paid will also have a negative impact on LETF returns, which comes in addition 

to the impact of volatility found by previous research. His result differs from previous 

research, which assumed LETFs create their leveraged exposure for free with total 

return swaps. If we assume a constant borrowing rate larger than zero, the author shows 

that the LETF will have a higher return than the ETF when the expected return of the 

ETF is larger than the borrowing rate. The higher return will be associated with a higher 

volatility for the LETF. The paper is only focused on bull LETFs and the author argues 

the results apply equally well to bear LETFs, but previous research by Avellaneda & 

Zhang and Cheng & Madhavan23 showed that the impact of volatility is larger for bear 

LETFs than bull LETFS. 

 

To try and solve the problem of volatility for LETFs, Trainor Jr.24 researched an 

investment strategy that switches between investments in LETFs and the benchmark 

ETF based on the volatility environment. He finds a higher Sharpe ratio with an active 

investment strategy that switches between LETFs and the underlying ETF relative to 

buying and holding only the underlying ETF or the LETF separately. The author 

assumes that it is free to buy and sell ETFs and LETFs and that the ETF has an expense 

ratio of zero, which may bias the results of the active investment strategy. The research 

paper provides a more positive view on the compounding problem of LETFs and shows 

that it might be valuable to hold LETFs over longer periods.  However, the research is 

based on an active investment strategy that would be difficult for retail investors to 

implement.  

 

                                                           
22  (Jarrow, 2010) 
23  (Avellaneda & Zhang, 2010; Cheng & Madhavan, 2009) 
24  (Trainor Jr., 2011) 
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A study of Norwegian LETFs with the OBX index as underlying came from Haga & 

Lindset25 who used simple returns and daily re-balancing of LETFs as opposed to 

Avellaneda & Zhang and Cheng & Madhavan26 who used log-returns and continuous 

compounding. The Norwegian study derived theoretically the negative impact of 

interest rate and volatility on the long-term return of LETFs and then empirically 

showed that the volatility can explain why LETFs do not deliver their multiple over 

longer holding-periods. To obtain statistical significance for their results, the authors 

used a student t-test but without a test to see if returns are i.i.d. Because LETFs promise 

a multiple of the daily simple return, the authors argue that it is more appropriate to use 

simple returns when analyzing the performance of LETFs. This article is useful because 

the authors confirm that volatility can explain the long-term return deviation of the 

LETF relative to the underlying when they use simple returns and daily re-balancing. 

 

Compounding is one factor that can explain the deviation between the return of the 

LETF and the return of the underlying multiplied by the leverage factor of the LETF. In 

a practical context there might be other factors that can explain the deviation and 

Hongfei, Tang, & Xu27 found two additional factors that explains the deviation. The 

authors used the time-period 2006-2010 to study the twelve LETFs that were launched 

in 2006. They studied the non-compounding part of the deviation between the market 

price of a LETF share and its NAV. They found that the deviation can be explained by 

the LIBOR (London Interbank Offered Rate) that the LETF pays on swaps and a 

residual component that is due to market frictions and inefficiency. Their results are 

strong because it expands the understanding of the deviation between LETF returns and 

the return of the underlying multiplied by the leverage factor of the LETF.  

 

                                                           
25  (Haga & Lindset, 2012) 
26  (Avellaneda & Zhang, 2010; Cheng & Madhavan, 2009) 
27  (Hongfei Tang & Xu, 2013) 



20 
 

An attempt to find the long-term performance of LETFs and inverse LETFs came from 

Lu, Wang, & Zhang.28 The authors studied the same four benchmark indices as Trainor 

& Baryla,29 but these authors analyzed the underlying ETF, LETFs, and inverse LETFs 

separately for the four indices. The authors used empirical data from the LETFs 

inception dates in 2006 and 2007 until December 15th, 2008 and found that the LETFs 

and inverse LETFs did deliver two times and minus two times the return of the 

underlying ETF. However, their results were not statistically significant and limited to 

the short time period under study. To investigate the long-term performance of LETFs 

and inverse LETFs they used a stationary bootstrap method with overlapping returns 

and found that the relationship between the inverse LETF and the underlying ETF only 

held for one quarter and for the LETF the relationship held for one year. The authors 

highlight that overlapping returns may induce some bias. Their assumption of a 

stationary time-series is unlikely true as the time-period they use include the financial 

crisis. Like previous research, the authors find that variance explains the return 

deviation and these results are statistically significant. The authors use a student t-test 

that assume returns are i.i.d, but without a test to see if returns are actually i.i.d. Their 

research paper is useful for retail investors because it shows that retail investors would 

be able to hold LETFs for up to one year and receive a return that is close to the stated 

multiple of the underlying ETF. The authors conclude that LETFs should not be bought 

by buy and hold investors with an investment horizon of more than one year. This 

seems like a strong conclusion given their statistical limitations and that their study only 

investigates the tracking performance of LETFs, but no other performance measures. 

 

A theoretical paper was published by the authors Fang & Perng30 to extend the 

derivation of the relation between LETFs and the underlying derived by Avellaneda & 

Zhang and Cheng & Madhavan.31 As opposed to Haga & Lindset,32 these authors argue 

                                                           
28  (Lu, Wang, & Zhang, 2012) 
29  (Trainor  William J. & Baryla  Edward A., 2008) 
30  (Fang & Perng, 2014) 
31  (Avellaneda & Zhang, 2010; Cheng & Madhavan, 2009) 
32  (Haga & Lindset, 2012) 
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that geometric returns are more appropriate than arithmetic mean to derive the link 

between LETFs and the underlying because of the large impact volatility has on LETF 

returns. The authors provide mathematical proof for all formulas they derive and show 

that the formula they derive for the link between LETFs and the underlying fits better 

than a static leveraged ETF and the underlying. However, the authors create a 

hypothetical leveraged return path for S&P 500 returns. They use the time-period 2nd of 

July 2007-30th of June 2009, which includes the financial crisis. The authors also show 

theoretically that LETFs will underperform in sideways markets and for flat markets the 

underperformance is larger for LETFs with higher leverage ratio. Last, they find that in 

a market that rises over time the LETF can outperform.  

 

The first authors to research LETFs in a portfolio setting were DiLellio, Hessea, & 

Stanley33 who examined a period of rising equity prices, 1990-2000 and a period of flat 

equity prices, 2001-2010. The authors found that an allocation of 10% in a -1x LETF 

can reduce volatility more than the reduction in return and thus increases the risk-return 

ratio. For 2x LETFs the increase in return was less than the increase in standard 

deviation, which is the same result as the authors Trainor & Baryla34 found. The authors 

use empirical data to simulate returns, as opposed to the assumption that returns follow 

a geometric Brownian motion. The authors assume a 1% total cost for LETFs and 

subtract this cost monthly, to fit with reality this cost should be subtracted daily. The 

research adds knowledge about the performance of including LETFs in a traditional 

portfolio.  

 

Tracking error of LETFs can be understood as the ability of the LETF to deliver the 

return it promises. Research until this point has shown that retail investors cannot 

expect a two-times LETF to deliver two times the return of the underlying over longer 

holding periods. However, it is still interesting to know what factors contribute to the 

                                                           
33  (DiLellio, Hessea, & Stanley, 2014) 
34  (Trainor  William J. & Baryla  Edward A., 2008) 
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size of the tracking error. The authors Charupat & Miu35 were able to show that 

management costs associated with transactions made to provide the leverage factor 

results in underperformance for LETFs and that this underperformance is larger for 

LETFs with higher leverage factor. The authors also confirm that the LETFs cannot 

deliver the leverage factor they promise because of compounding and they suggest that 

compounding becomes more important as the time-period lengthens. However, the 

authors only look at weekly and quarterly returns, not longer time-periods. The authors 

provide a good rationale for why they only look at weekly and quarterly returns. They 

argue that the independent variables in their regression are highly correlated and to 

avoid issues of multicollinearity the authors limit the time-period. Their results are 

statistically significant, and they use empirical data from inception until 31st of 

December 2012. The authors include 30 funds in their analysis, which include ETFs, 

inverse LETFs and LETFs. The high number of funds limit the authors from making a 

clear recommendation as their results varies between the funds. This research is useful 

because it shows that management costs and financing costs of LETFs help explain the 

tracking error of LETFs. 

 

Research on long-term performance of LETFs is limited by empirical data. To 

overcome this limitation Loviscek, Tang, & Xu36 used daily returns of the Dow Jones 

Industrial Average from its inception in 1896 until 31st of December 2010. They 

simulate LETF returns by multiplying the daily index return by the leverage factor. The 

authors compare the simulated LETF return to the naïve expected return, which is the 

cumulative return over the holding period multiplied by the leverage factor. Over the 

long holding period, the authors find results that indicate the compounding effect is not 

as large as previous research has shown. The authors show that the holding period 

return of the LETF minus the naïve expected return is positive and statistically different 

from zero. However, when the authors look at four major events: World War I, World 

                                                           
35  (Charupat & Miu, 2014) 
36  (Loviscek, Tang, & Xu, 2014) 
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War II, the great depression, and the financial crisis they do find that compounding has 

a statistically significant negative impact on LETF returns. The article adds knowledge 

about the return investors can expect when holding a LETF for longer periods.  

 

The research paper by George & Trainor37 increases the retail investors understanding 

of how LETFs can be used over longer holding periods. They find that portfolios with 

LETFs achieve a higher Sharpe ratio and indicates that portfolios with LETFs can 

outperform in higher interest-rate environments. Their results are strong because they 

use actual returns of Dow Jones Industrial Average, but their positive results for LETFs 

are based on an interest-rate environment we have not seen while the LETFs have 

existed. Positive results for long-term performance of LETFs are also found in the 

article by Jiang & Peterburgsky38 who find that portfolios that short the bull and bear 

LETF of the S&P 500 and goes long the treasury bill rate outperforms the S&P 500 

index. They find that re-balancing of the portfolio is key for the outperformance.  

 

The authors: Trainor, Chhachhi, & Brown39 argue that with a LETF, the investor can 

obtain the same investment exposure to an underlying index as an investment in an ETF 

by using less wealth and that the excess wealth can be invested in the risk-free rate. 

Their simulation shows that the portfolio of a LETF and risk-free rate outperform the 

ETF in periods where the interest rate was high, such as 1979-1991, but underperform 

in periods of low interest rates, such as 1946-1959. The authors also find 

outperformance from 2010-2017, even though the interest rates were low, which they 

attribute to low volatility and upward trending stock markets. Instead of the risk-free 

rate they use a portfolio of bonds as the second asset in the portfolio. Therefore, the 

authors should have adjusted for volatility of the bond portfolio when calculating the 

standard deviation of the portfolio. The authors obtain statistical significant results, but 

they use a method that requires returns to be strictly stationary.  

                                                           
37  (George & Trainor William J., 2017) 
38  (Jiang & Peterburgsky, 2017) 
39  (Trainor et al., 2018) 
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3.2 Other literature 

This chapter presents other articles that are relevant for ETFs and LETFs, which I 

decided not to focus on in the thesis.  

 

Managers of LETFs must rebalance their swap positions towards the end of the trading 

day to keep their leverage factor the following trading day, and researchers have studied 

this re-rebalancing. Both bull and bear LETFs have to re-balance in the same direction. 

If the underlying goes up, the bull LETF must buy more swaps to increase exposure and 

the bear LETF must buy more swaps to reduce exposure. In a theoretical paper, 

Wagalath,40 shows that re-balancing has a negative impact on LETF returns even for a 

one-day holding-period. The author also finds that the negative impact of re-balancing 

is higher in periods with high volatility, when liquidity in the underlying is low, and for 

bear LETFs. Shum, Haryanto, and Rodier41 found increased volatility at the end of the 

trading day because of LETFs re-balancing activity. They also found higher re-

balancing costs for LETFs that have a volatile index as underlying.  

 

Research has found other factors to explain the tracking performance of LETFs versus 

ETFs with the same underlying. Tang & Xu42 show that management fee, LIBOR 

interest paid on swaps, and bid-ask spreads have a negative impact on LETF returns 

with VIX as underlying.  

 

LETFs can have different leverage-factors and Lundström & Peltomäki43 show that an 

investment strategy that increases leverage in expected return and decreases leverage 

with volatility can be optimal and make LETFs valuable for long-term retail investors.  

 

                                                           
40  (Wagalath, 2014) 
41  (Shum, Hejazi, Haryanto, & Rodier, 2016) 
42  (H Tang & Xu, 2018) 
43  (Lundström & Peltomäki, 2018) 
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3.3 Conclusion of literature review 

To understand returns of LETFs, researchers compare LETF returns to the naïve 

expected returns of the corresponding underlying. The naïve expected return is the 

cumulative return of the underlying multiplied by the leverage factor of the LETF. One 

factor that cause a deviation between LETF returns and the naïve expected return is 

what researchers refer to as compounding. Because LETFs compound daily leveraged 

returns, they are different over time from the naïve expected return. The compounding 

effect can be positive or negative. If the compounding effect is positive, the LETF 

return will be higher than the naïve expected return and opposite for negative 

compounding effect. Research also highlight LIBOR interest paid on swaps and market 

inefficiency as explanatory factors for the deviation between LETF returns and the 

naïve expected return, but this thesis has not focused on these two factors.  

 

The recent introduction of LETFs in 2006 means that some research has been limited by 

lack of empirical data.  Research has used simulation methods to test the theoretical 

derivations. The simulation methods have had strong assumptions, such as Monte Carlo 

simulations that assumes returns are normally distributed. Later Monte-Carlo 

simulations have been combined with bootstrap method that allows the researcher to 

keep distribution, skewness, and kurtosis of the actual data used. The theoretical 

derivations showed the compounding effect becomes more negative when: holding 

period is longer, volatility is higher and leverage factor is higher. Research also found 

that as time goes to infinity the value of the LETF will go towards zero, but never reach 

zero. This large and negative effect of compounding was contradicted by more recent 

research that found a less negative effect of compounding.  

 

From the literature review it is important to keep in mind that compounding is the main 

factor that explains the return deviation of LETFs relative to the naïve expected return, 

but that the views on the impact of compounding varies between researchers. 
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4 Theory 

This chapter describes the theories that are relevant as a background for this thesis.  

 

4.1 The rational investor 

In this thesis, the fundamental belief is that investors are rational and make investment 

decisions to maximize their terminal wealth. The theories about the rational investor 

represent the classical view of an investor and sets the philosophical foundation of this 

thesis. Already in 1952 Harry Markowitz argued that investors should consider 

expected return and variance when they make investment decisions.44 Prior to this, 

investors chose assets with the sole purpose of achieving the highest expected return. 

Markowitz also showed that stocks with the best combination of expected return and 

variance within one industry is not enough, the investor must diversify her investments 

over multiple industries to achieve the best combination of expected return and 

variance.45 William F. Sharpe included risk in the analysis and showed that investors 

have an aversion for risk, which means that investors require a higher expected return 

for an investment that has a higher risk.46 Eugene Fama extended the idea of an investor 

who considers expected return and variance in their investment decision and who has an 

aversion for risk. Fama developed the efficient market hypothesis, which says that the 

price of all assets includes all available information.47  

 

4.2 The Sharpe Ratio 

The rational investor wants an optimal combination of risk and return, and the Sharpe 

ratio can function as a performance measure to compare various investment alternatives. 

The Sharpe ratio was first introduced by William F. Sharpe in 1966 in a paper that 

referred to it as the reward to variability ratio.48 The reward to variability ratio captured 

                                                           
44  (Markowitz, 1952) 
45  (Markowitz, 1952) 
46  (Sharpe, 1964) 
47  (Malkiel & Fama, 1970) 
48  (Sharpe, 1966) 
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the investors need to review both expected return and risk.49 The ideas about a 

performance measure was later expanded upon and explained in detail by William F. 

Sharpe and he formally defined the Sharpe ratio as a performance measure that captures 

the expected return per unit of risk in 1994.50  

 

One idea that came out of the literature review is that investors can analyze expected 

return and standard deviation of the LETF as two separate factors to determine the risk-

return ratio. The articles from Trainor & Baryla and DiLellio et al.51 argued that the 

risk-return ratio of two-times LETFs are worse than the underlying because the increase 

in standard deviation of the LETF compared with the underlying is larger than the 

increase in expected return. We can review that conclusion considering the Sharpe ratio 

with a hypothetical example where we assume a risk-free rate of 1.15% and the Sharpe 

ratio is calculated with formula in equation 4-1.  

 

 

Figure 4-1: own construction 

  

From the table above, we can see that with a two-times higher standard deviation for the 

LETF, the expected return only needs to be 62% higher (4.85% versus 3%) for the ETF 

and LETF to have the same Sharpe ratio. This means that the expected return does not 

have to be twice as high as the expected return on the underlying for the LETF to have 

                                                           
49  (Sharpe, 1966) 
50  (Sharpe, 1994) 
51  (DiLellio et al., 2014; Trainor  William J. & Baryla  Edward A., 2008) 

ETF LETF

Leverage factor 1 2

Risk-free rate 1.15 % 1.15 %

Expected return 3.00 % 4.85 %

Standard deviation 6.00 % 12.00 %

Sharpe ratio 0.3083 0.3083

Hypothetical example of Sharpe ratios 

for an ETF and a LETF
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an equal risk-return tradeoff when the standard deviation is twice as high. The formula 

for the Sharpe ratio is: 52 

 

𝑆𝑅(𝑖) =
(𝜇𝑖 − 𝑟𝑓) 

𝜎(𝜇𝑖 − 𝑟𝑓) 
 

Equation 4-1: where SR(i) is the Sharpe ratio of asset I, μ-rf is the excess return of asset 

i, and σ(ui-rf)  is the standard deviation of excess returns 

 

Another idea that was repeated in the literature review is the impact of volatility on 

long-term performance of LETFs. Cheng & Madhavan53 argue that volatility leads to 

value destruction of LETFs over longer holding periods. The impact of volatility is 

captured by the Sharpe ratio and would be a valuable performance measure to analyze 

LETFs compared with ETFs with the same underlying.  

 

4.3 Jensen’s alpha 

Michael Jensen extended the idea of the CAPM (capital asset pricing model) to allow 

for portfolios that earn more than the risk premium with the same level of risk.54 The 

CAPM formula in Jensen’s article was:55 

 

𝐸(𝑅𝑖) = 𝑅𝑓 +  𝛽𝑖(𝐸(𝑅𝑚) − 𝑟𝑓) + 𝜀 

Equation 4-2: where β is beta, E(Rm) is expected return on the market portfolio, and ε 

is the error term 

 

Jensen argued that in the regression above, the abnormal return of a portfolio manager 

will be an omitted variable that influences the error term, ε. To include the abnormal 

return, Jensen allowed for a non-normal constant with this regression:56 

                                                           
52  (Reghai, 2014, p. 165) 
53  (Cheng & Madhavan, 2009) 
54  (Jensen, 1968, p. 6) 
55  (Jensen, 1968, p. 2) 
56  (Jensen, 1968, p. 6) 



29 
 

 

𝑅𝑖 − 𝑅𝑓 =  𝛼𝑖 +  𝛽𝑖(𝑅𝑚 − 𝑅𝑓) + 𝜀 

Equation 4-3: where α is alpha, β is beta, and ε is the error term of the regression 

 

In short, Jensen added alpha to the regression that allowed for a non-zero constant and 

made the expected value of the error term equal to zero.57 

 

The use of alpha to compare performance of portfolios is no longer only related to the 

CAPM, it is used to determine the excess risk adjusted return and is normally compared 

to a benchmark index.58 

 

4.4 Returns 

The actual return of an asset can be calculated as the change in price from one trading 

day to the next with this formula:59  

 

𝑟𝑡 =
𝑃𝑡 − 𝑃𝑡 − 1

𝑃𝑡 − 1
 

Equation 4-4: where rt is the return on day t, Pt is the price of the ETF or LETF on day 

t, and t-1 is one day before t 

 

The formula above is used to calculate the rate of return between time t and t-1 where t 

can take any value and normally represents a day, a month, a quarter, or a year. Here we 

assume t is a day. The prices of the ETF and LETF used in this thesis are adjusted for 

dividends.60 The formula above gives us the historical daily return of the asset. The 

daily rate of return is normally expressed in one of three ways: rate of return, gross 

                                                           
57  (Jensen, 1968, p. 7) 
58  (Longo, 2009, p. 204) 
59  (Tsay, 2010, p. 3) 
60 For 1x ETF see appendix 2, for 2x LETF see page 1 of “KIID (pdf)” in (XACT Kapitalforvaltning AB, 2019b) 



30 
 

return, or log-return. The gross return is just the rate of return plus one and the log-

return is the logarithm of the gross return.  

 

 

Figure 4-2: own construction 

 

The graph above shows the relationship between rates of returns and log-returns. We 

see that for large positive and negative rates of returns the log-returns are less negative 

and less positive. We also see that the rates of return and log-returns are quite close for 

less extreme rates of returns. Log-returns capture extreme returns in a better way 

because it limits the impact these extreme values have on a time series of financial data. 

 

In the literature on LETFs, the researchers have different views about what returns to 

use. The simple arithmetic mean is used by Haga & Lindset61 while both Cheng & 

Madhavan62 and Avellaneda & Zhang63 used log-returns to create the link between 

LETF returns and the returns of the underlying. When Fang & Perng64 derive the link 

between LETF returns and the returns of the underlying they argue that geometric 

returns best capture the large effect of volatility.  

                                                           
61  (Haga & Lindset, 2012, p. 3) 
62  (Cheng & Madhavan, 2009, p. 12) 
63  (Avellaneda & Zhang, 2010, p. 21) 
64  (Fang & Perng, 2014, p. 1) 
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4.5 Variance, skewness, and kurtosis 

The variance of an asset shows us how much the prices varies around its mean over 

time and is calculated with this formula:65 

 

𝑉𝑎𝑟(𝑟) = 𝐸[(𝑟 − 𝜇𝑟)2] 

Equation 4-5: Where r is the return, E is expected value, and μ is the mean or expected 

value 

 

The square root of the variance is known as the standard deviation.66  

 

𝑆𝑡𝑑(𝑟) =  √[𝐸[(𝑟 − 𝜇𝑟)2]] 

Equation 4-6: where r is the return, E is expected value, and μ is the mean or expected 

value 

 

The next order moment after the variance is the skewness:67 

 

𝑆𝑘𝑒𝑤(𝑟) =
𝐸(𝑟 − 𝜇𝑟)^3

(𝜎𝑟^3
 

Equation 4-7: where r is the return, E is expected value, μ is mean or expected value, 

and σ is the standard deviation 

 

The skew can be positive, negative, or zero. The skewness is how much of the 

probability in a distribution of returns is above or below the mode, which is the return 

that occurs the most times.  

 

                                                           
65  (Stock & Watson, 2015, p. 67) 
66  (Stock & Watson, 2015, p. 67) 
67  (Stock & Watson, 2015, p. 69) 
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The fourth order moment is the kurtosis:68 

 

𝐾𝑢𝑟𝑡(𝑟) =
𝐸(𝑟 − 𝜇𝑟)^4

𝜎𝑟^4
 

Equation 4-8: where r is the return, E is expected value, μ is mean or expected value, 

and σ is the standard deviation 

 

The kurtosis shows us how much probability the distribution has in its tails. If the 

distribution has more probability in its tails, the kurtosis is higher. We can interpret a 

larger kurtosis as a higher probability of very large positive or negative returns.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                           
68  (Stock & Watson, 2015, p. 71) 
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5 Data 

5.1 Data collection  

This thesis analysis a LETF with a leverage factor of two, in this thesis known as 2x 

LETF, and one ETF, in this thesis known as 1x ETF. The 2x LETF and 1x ETF has 

Oslo Bors total return index (OBX) as underlying. The data was exported from the 

Bloomberg terminal69 for the time-period: 22.01.2008-10.04.2019. For each fund there 

are 2819 daily price observations, but during this time-period there are many trading 

days without an actual trade conducted. To account for trading days without an actual 

trade, daily bid and ask prices for the 2x LETF and 1x ETF was exported from the 

Bloomberg terminal. In the 2x LETF and 1x ETF, the ETF provider requires that the AP 

function as the market maker and sets bid and ask prices throughout the trading day.70 

DNB is the ETF provider for 1x ETF and requires that the difference between bid and 

ask price is maximum 0.15 NOK.71 XACT is the ETF provider for 2x LETF and also 

requires their AP to set bid and ask prices, but they not disclose what the maximum 

spread can be. The bid and ask price reported at the end of the trading day should reflect 

the actual market price of the 1x ETF and 2x LETF.  

 

The daily closing price for each fund is calculated as the average of the bid and ask, 

which is the same method Oslo Bors uses to calculate daily closing prices.72 The daily 

closing price that is calculated, is used as the daily price of the 2x LETF and 1x ETF in 

this thesis. Details about the data is listed in the table below.  

 

                                                           
69  (Bloomberg Professional Services, 2019) 
70  For 2x LETF see (XACT Kapitalforvaltning AB, 2019a, p. 13) and for 1x ETF see appendix 5 
71  See appendix 5 
72  See “Oslo Børs Market Model Equities – issue 9.4” chapter 9.3.2.3 Mid Price (OSLO BORS, 2018) or 
appendix 6 
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Figure 5-1: own construction 

 

5.2 Data cleaning 

The bid and ask price exported was the last bid price and ask price reported on Oslo 

Bors for each trading day. The AP in the 2x LETF and 1x ETF are market makers73 and 

daily bid and ask prices should be a fair approximation of the actual market closing 

price for the 2x LETF and 1x ETF. However, DNB only requires the AP to set bid and 

ask prices during normal market conditions,74 and we assume the same applies for 

XACT. The table below shows the dates that the 2x LETF and 1x ETF had no bid or ask 

price reported. 

 

 

Figure 5-2: own construction 

 

On the 23.10.2008, Oslo Bors had a negative return of -9.71% that is an unusually high 

negative daily return for an index. It may be the explanation for why there is no bid or 

ask price reported on the 23.10.2008. It is more difficult to know why there are no bid 

and ask prices reported on 8th of May 2008 and 2nd of October 2012 as Oslo Bors did 

not make a significant move these two days. For the three days without a bid and ask 

                                                           
73  For 2x LETF see (XACT Kapitalforvaltning AB, 2019a, p. 13) and for 1x ETF see appendix 5 
74  See appendix 5 

Fund name DNB OBX XACT OBX Bull

Ticker OBXEDNB OBXEXDBULL

Name used in this thesis 1x ETF 2x LETF

Direction Bull Bull

Leverage factor 1 2

Number of calculated closing prices 2819 2819

Details about the data

2x LETF 1x ETF

Date 23.10.2008 08.05.2008

Date 23.10.2008

Date 02.10.2012

Trading days without a price reported
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price reported, the average of the price the day before and the day after was used to 

ensure that each of the 2819 trading days have a closing price.  

 

Two methods were used to check for outliers in the data set: a graphical check and a 

calculation of minimum and maximum daily returns. The graph below shows the daily 

closing price of the 2x LETF and 1x ETF for the time-period 22.01.2008-10.04.2019. 

Both funds are indexed at 100 NOK as the starting value 22.01.2008.  

 

 

Figure 5-3: own construction 

 

The graph looks pretty good, there does not seem to be any unexplainable outliers in the 

dataset. The daily returns are calculated with the formula in equation 5-1 and excels 

minimum and maximum function is used to find the highest and lowest daily return. 

The results are reported in the table below. 
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Figure 5-4: own construction 

 

The table shows the minimum and maximum daily return for each fund based on the 

daily return. There does not seem to be any single trading day with a daily return that is 

unusually high or low. Based on the analysis of the time-series graph and the minimum 

and maximum daily return, there does not seem to be any outliers in the dataset.  

 

5.3 Data description 

In this chapter the data is described in more detail with mean, variance, skewness, and 

kurtosis. Because the data are of time-series nature: volatility clustering, 

autocorrelation, and stationarity is also analyzed.  To create the data descriptive table in 

figure 5-5 below we first calculated daily returns with formula 5-1:75  

 

𝑟𝑡 =
𝑃𝑡 − 𝑃𝑡 − 1

𝑃𝑡 − 1
 

Equation 5-1: where rt is the return on day t, Pt is the price of the ETF or LETF on day 

t, and t-1 is one day before t 

 

 

Figure 5-5: own construction 

 

                                                           
75  (Tsay, 2010, p. 3) 

Minimum Maximum

1x ETF -10.83 % 12.40 %

2x LETF -20.79 % 20.72 %

Daily simple returns

Mean Median Mode

Standard 

Deviation

Sample 

Variance Count

1x ETF 0.05 % 0.09 % 0.00 % 1.66 % 0.03 % 2818

2x LETF 0.07 % 0.15 % 0.00 % 3.04 % 0.09 % 2818

Descriptive statistics based on daily simple returns
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The mean is the arithmetic mean calculated with formula 5-2:76  

 

𝜇 =  
1

𝑇
∑ 𝑟𝑡

𝑇

𝑡=1

 

Equation 5-2: where μ is the arithmetic mean, T is the number of daily observations, 

and ∑_(t=1)^T〖rt〗 is the sum of all returns from day 1 to T 

 

We see that the mean for the 1x ETF is lower than the mean for the 2x LETF. The 

median is the middle return when all the returns are sorted from most negative return to 

most positive return. We see that both funds have a positive mode that suggests there 

are more trading days with positive returns than negative returns. No clear interpretation 

can be made based on the median, but we know the median of a standard normal 

distribution is zero. The mode is the return that occurs the most times and the mode is 

zero when there are no returns that occur twice. The variance and standard deviation are 

calculated with formulas 5-3 and 5-4:77  

 

𝜎2 =  
1

𝑇 − 1
∗  ∑(𝑟𝑡 − 𝜇)2

𝑇

𝑡=1

 

Equation 5-3: σ^2 is the variance and T is the number of daily observations 

 

𝜎 =  
1

𝑇 − 1
∗ √∑[(𝑟𝑡 − 𝜇)2]

𝑇

𝑡=1

  

Equation 5-4: where σ is the standard deviation and T is the number of daily 

observations 

 

                                                           
76  (Tsay, 2010, p. 9) 
77  (Tsay, 2010, p. 9) 
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As seen in figure 5-5 above, the standard deviation and variance are higher for the 2x 

LETF, which is natural because the leverage factor magnifies the effect of daily returns. 

The number of returns is 2818, which is one less than the number of closing prices.  

 

5.3.1 Skewness and kurtosis 

After the first and second order moment of a distribution, which is the mean and 

variance, comes the third and fourth order moment, which is skewness and kurtosis. The 

skewness is valuable to look at because it shows us if the probability distribution of 

returns is symmetrical around its mean or asymmetrical. The skewness of a standard 

normal distribution is symmetrical and has the value zero.78 Returns that are normally 

distributed generally have a skewness close to zero. Financial returns will often have a 

negative skewness, which means that the probability distribution is tilted towards the 

right. The consequence of negative skewness is that more of the probability mass is 

concentrated in the left tail, which means that there is a higher probability of highly 

negative returns.  

 

The kurtosis of a probability distribution shows us how much of the probability mass is 

concentrated in the tails. The standard normal distribution has a kurtosis of three,79 and 

probability distributions with kurtosis above three are referred as having fat tails. The 

consequence of kurtosis is that the likelihood of observing large negative or large 

positive returns are higher. 

 

The skewness and kurtosis of the daily simply returns for the 1x ETF and 2x LETF are 

shown in the table below.  

 

                                                           
78  (Stock & Watson, 2015, p. 83) 
79  (Stock & Watson, 2015, p. 83) 
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Figure 5-6: own construction 

 

The skewness for both funds is negative, but relatively close to zero. Both funds have a 

kurtosis more than three. To get a better understanding of the skewness and kurtosis we 

plot the PDF (probability density function) of the two funds in two separate graphs. We 

then overlay the PDF with a normal distribution curve. In the graphs below, the 

columns represent the PDF of the daily returns for each fund. The blue curve is the 

normal distribution that is plotted with the mean and standard deviation of the fund in 

the graph.  

 

Kurtosis Skewness

1x ETF 8.83 -0.18

2x LETF 7.96 -0.41

Daily simple returns
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Figure 5-7: own construction 

 

Both graphs above show the excess kurtosis as the columns of the PDF stretching 

higher than the top of the normal distribution curve. The main observation is that both 

PDF graphs seem to be relatively symmetrical around the mean and the slight negative 

skewness does not seem to make the distribution of the time-series non-normal. To 

study the excess kurtosis more closely we can look at the left tail in more detail.  
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Figure 5-8: own construction 

 

The columns that are above the normal curve show the excess kurtosis. The numerical 

value for skewness and kurtosis and the graphical analysis of the PDF function confirm 

that both time-series have excess kurtosis and the consequence is that there is a higher 

probability of returns that are large and positive or large and negative compared with 

what we would find for a normal distribution. The negative skewness does not seem to 

be an issue. 
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5.3.2 Volatility clustering  

In financial time-series we can often observe that changes in volatility appears in 

clusters.80 Volatility clustering means that the time-series does not have a constant 

variance across time. We can analyze volatility clustering in a graph with the daily 

closing prices in NOK and the daily return in percent.  

 

 

Figure 5-9: own construction 

                                                           
80  (Stock & Watson, 2015, pp. 577, 710) 
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The two graphs above show that the volatility for 1x ETF and 2x LETF is higher around 

the end of 2008 and the end of 2011 than it is in 2017. This clustering of volatility 

means that the variance of the time-series is not constant across time and the assumption 

of homoskedasticity is violated and we have heteroskedasticity. The consequence of 

heteroskedasticity is that the standard errors when we run a regression are not valid.81 

 

5.3.3 Autocorrelation 

Our data is of time-series nature, the autocorrelation refers to the correlation between 

today and one day before. Financial time-series are thought to be random and 

unpredictable, which means that there should be low autocorrelation in financial time-

series.82 To calculate the autocorrelation we need to lag our time-series.83 A lag of zero 

means that all the returns in our time-series are moved zero days back and the 

autocorrelation function of lag zero is the correlation between today and today. The first 

lag means that all the returns in our time-series are moved one day back so the return 

today is now the return yesterday and we do the same for all days. The ACF 

(autocorrelation function) of lag one shows us the correlation between today and one 

day ago. The same happens for lag 2, 3 , 4, …, 12. In the table below we add 12 lags, 

which is equal to twelve trading days.  

 

 

Figure 5-10: own construction 

 

The table above shows us that both time-series show signs of autocorrelation. The 

autocorrelation of lag zero is naturally one because it is the correlation between the 

                                                           
81  (Stock & Watson, 2015, p. 207) 
82  (Stock & Watson, 2015, p. 577) 
83   (Stock & Watson, 2015, p. 572) 

Lag 0 1 2 3 4 5 6 7 8 9 10 11 12

1x ETF 1 -0.046 -0.064 -0.013 0.002 -0.062 -0.015 0.05 -0.021 -0.011 0.039 -0.019 -0.048

2x LETF 1 0.009 -0.044 -0.027 -0.024 -0.034 -0.022 0.052 -0.036 0.005 0.03 -0.016 -0.04

Autocorrelation function for daily simple returns 
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return today and today. We can graph the ACF to see if the autocorrelation in residuals 

is statistically significant.  

 

 

Figure 5-11: own construction 

 

The graphs above show us significant spikes at lag 2, 7, and 12 for the 1x ETF and lag 

2, 7, 12, and 16 for the 2x LETF. The spikes outside the blue band means we have 

significant autocorrelation. From the autocorrelation table and autocorrelation function 

in the two graphs we can see that there is autocorrelation. One consequences of 

autocorrelation is that the assumption of i.i.d. (independent and identically distributed) 

returns is violated because returns are not independent.84 

                                                           
84  (Stock & Watson, 2015, p. 173) 
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5.3.4 Stationarity  

Before we use normal inference with time-series data we should test to see if the time-

series are stationary with an augmented dickey fuller test.85 A stationary time-series 

evolves within a fixed range and a non-stationary time-series will for instance grow 

exponentially over time. The ADF (augmented dickey fuller) test is used to determine if 

there is a stochastic trend in the time-series that would make the time-series non-

stationary. The normal dickey fuller test assumes the appropriate lag length to use is 1, 

but the augmented version of the dickey fuller test allows for a longer lag length. 

Because the appropriate lag length is unknown we let the statistical program RStudio86 

set the lag length using AIC (Akaike information criterium).87 The AIC is the criterium 

that normally sets the longest lag length. The null hypothesis in the augmented dickey 

fuller test that we want to reject is that the time-series has stochastic trend, which would 

make the time-series non-stationary.88 We add a time-trend in the regression because we 

want the alternative to be that the time-series is stationary around a deterministic trend. 

However, in both the regressions we run, the time-trend is insignificant, and we drop it 

and run the augmented dickey fuller test without a time trend. The output from the test 

is in the figure below, see test with time-trend in appendix 5 and 6.89  

 

                                                           
85  (Stock & Watson, 2015, p. 604) 
86  (RStudioTeam, 2018) 
87  (Bertrand, 1988) 
88  (Stock & Watson, 2015, p. 604) 
89  See appendix 5 for 1x ETF and appendix 6 for 2x LETF 
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Figure 5-12: own construction 

 

Figure 5-12 above shows that the test-statistic is -16.5476 for 1x ETF and -20.0812 for 

2x LETF, which is larger than the critical value of -3.43. We can reject the null 

hypothesis a stochastic trend and go for the alternative of no stochastic trend, which 

means the time-series is stationary. There are two versions of stationarity and for a time-

series to be strictly stationary the probability distribution must be constant across time.90 

We found in chapter 5.3.2 that this is not the case because the volatility of the time-

series comes in clusters. A less strict version that fits better with empirical data is weak 

                                                           
90  (Tsay, 2010, p. 30) 
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stationarity that requires the mean of the time-series to be constant across time and the 

covariance to only depend of the time difference, but not on where we are in time.91 

Based on the augmented dickey fuller test and the violation of strict stationarity we 

move forward with the assumption that both time-series are weakly stationary.  

 

5.3.5 Summary of data description and i.i.d. returns 

In this chapter we have found that both time-series exhibit excess kurtosis and negative 

skewness, volatility clustering, autocorrelation, and weak stationarity. However, the 

negative skewness did not seem to be an issue. Because of excess kurtosis the time-

series look non-normal and the requirement that the returns are i.i.d. is violated because 

we have autocorrelation, which violates the independent requirement.92 The non-i.i.d. 

finding is consistent with the paper by Loviscek et al.93 who also found excess kurtosis 

and autocorrelation in their time-series of daily returns. 

 

5.4 The risk-free rate 

In the U.S., the treasury bill is often used as the risk-free rate in research where a risk-

free rate is required. In their research article, the authors Basher, Haug, & Sadorsky94 

use the U.S. 3-month treasury bill rate as the risk-free rate to calculate excess returns. A 

treasury bill does not pay any interest during its lifetime but is sold at a discount by the 

government and pays back its principal at maturity.95 The investor who buys a treasury 

bill from the government can hold it until maturity or sell it in the secondary market. 

Norway also has a treasury bill that is backed by the Norwegian government.  

 

The Norwegian treasury bills are issued by the National bank of Norway. Norway has 

had a triple A credit rating since 198796 and this thesis assumes Norwegian treasury bills 

                                                           
91  (Tsay, 2010, p. 30) 
92   (Stock & Watson, 2015, p. 173) 
93  (Loviscek et al., 2014, p. 13) 
94  (Basher et al., 2018, p. 7) 
95  (Mishkin & Eakins, 2013, p. 301) 
96  (“Norway - Credit Rating,” 2019) 
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are risk-free. The national bank of Norway reports annual synthetic rates for treasury 

bills with maturities of: 3 months, 6 months, 9 months, and 12 months.97 This thesis 

uses the 3-month treasury bill, the same maturity as Basher et al.98 The annualized daily 

3-month treasury bill rate is presented in the graph below: 

 

 

Figure 5-13: own construction 

 

We see that the rate has been below 1% since 2015, but that it has started to rise again 

recently. The national bank of Norway increased its rate by 25 basis points or 0.25% in 

2019, the first increase since March 2016.99 To calculate the non-annualized daily risk-

free rate, we use formula in equation 5-5:  

 

 𝑟𝑓𝑡 =
𝑅𝐹𝑡

252
 

Equation 5-5: where rft is the daily risk-free rate and RF,t is the annualized daily risk-

free rate 

                                                           
97  (“Norges Bank,” 2019) 
98  (Basher et al., 2018, p. 7) 
99  (“Changes in the key policy rate,” 2019) 
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In a year there are approximately 252 trading days and we assume the same for number 

of interest-rate days. 

 

5.5 OBX index 

The 1x ETF and 2x LETF both have the OBX as underlying. The OBX has the 25 

stocks that are most traded on the Norwegian stock exchange, Oslo Bors.100 A 

diversified stock portfolio should have weights in many different industries. The 

Norwegian stock exchange is dominated by oil companies and the OBX is not well 

diversified. However, the OBX total return index still represents well the largest and 

most relevant stocks on the Norwegian stock exchange. Haga & Lindset also use LETFs 

with the OBX index as underlying in their paper about LETFs in Norway.101 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                           
100  (“OBX Total Return Index,” 2019) 
101  (Haga & Lindset, 2012) 
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6 Methodology 

This chapter elaborates on the choice of Sharpe ratio. Further, an explanation will be 

made for why statistical testing of the Sharpe ratio is complex since Sharpe ratios are 

calculated from sample returns and sample standard deviations, which are two variables 

subject to random variation. To overcome this challenge, a method is utilized that 

compares the 1x ETF with a portfolio of w (weight) * 2x LETF and (1 - w) * risk-free 

asset. The w is set such that the standard deviation of the 1x ETF matches the standard 

deviation of the portfolio of 2x LETF and risk-free asset. Then the denominator of the 

Sharpe ratio for the 1x ETF will equal the denominator of the Sharpe ratio of the 

portfolio of the 2x LETF and risk-free asset. This enables us to assess the Sharpe ratio 

difference by their numerator only, which is the excess return of the 1x ETF and the 

excess return of the portfolio of the 2x LETF and the risk-free asset.   

 

6.1 Motivation for the research design 

The research question presented in the introductory chapter set the focus of this thesis 

on the potential for added value of investing in a LETF compared with an ETF. The 

literature review found that research has been interested in the return paths of LETFs 

compared with ETFs and the potential value of holding LETFs long-term. The 

researchers have identified daily compounding of leveraged returns as one explanatory 

factor for the return deviation, but researchers have different views on the potential 

value of holding LETFs long-term. The research question presented in the introductory 

chapter was: Should retail investors that maximize the risk/return ratio invest in 

leveraged exchange traded funds? To answer this research question, we use the Sharpe 

ratio as a performance measure to compare the 2x LETF with the 1x ETF.  
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6.1.1 Motivation for the choice of Sharpe ratio 

The Sharpe ratio is the performance measure that is best known and most widely used in 

finance102 and it gives us the excess return per unit of risk.103 With the Sharpe ratio, 

investors can compare the performance of LETFs and ETFs with the same underlying 

and determine if the LETF is valuable as an investment alternative compared with the 

ETF.  

 

The standard deviation that is used in the Sharpe ratio formula measures both positive 

and negative deviations from the mean and one critical view of the Sharpe ratio is that 

investors only care about negative deviations from the mean.104 Another critical view of 

the Sharpe ratio is that it only measures total risk through the standard deviation, but not 

the value it adds to an already diversified portfolio.105 The first critical view that 

investors only care about negative deviations from the mean is fair and one could 

consider another performance measure such as the Sortino ratio. 106 The Sortino ratio 

improves the Sharpe ratio by replacing the standard deviation of all returns with the 

standard deviation of only negative returns.107 But in a study of 12 performance 

measures, in addition to the Sharpe ratio, the authors found that all the performance 

measures ranked the 2763 hedge funds under analysis the same way.108 Additionally, the 

literature review highlighted volatility as an important factor that explains the deviation 

between LETF returns and the naïve expected return of ETFs without a comment on 

positive deviations from the mean versus negative deviations from mean. The second 

critical view that the Sharpe ratio does not determine the value the LETF adds to an 

already diversified portfolio is true, and research on risk and return of a portfolio should 

analyze the covariance or correlation between the asset and the portfolio. But this thesis 

                                                           
102  (Auer & Schuhmacher, 2013, p. 1) 
103  (Sharpe, 1994) 
104  (Eling & Schuhmacher, 2007, p. 4) 
105  (Eling & Schuhmacher, 2007, p. 2) 
106  (Sortino & van der Meer, 1991) 
107  (Sortino & van der Meer, 1991) 
108  (Eling & Schuhmacher, 2007) 
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simply compares the value of one LETF versus an ETF with the same underlying, it 

does not consider the overall contribution of the LETF to an already diversified 

portfolio.  

 

Within the context of comparing one LETF to one ETF, it would seem like the Sharpe 

ratio will perform well as a performance measure. This thesis uses the Sharpe ratio as 

the performance measure.  

 

6.2 Rationale for research design  

6.2.1 Sample Sharpe ratio 

Sharpe ratios are frequently reported in the financial media without statistical 

significance.109 The Sharpe ratio that will be calculated in the empirical analysis of this 

thesis is a Sharpe ratio that is based on a sample. But we do not know if the sample 

Sharpe ratio truly represents the real population Sharpe ratio of the 1x ETF and 2x 

LETF. The Sharpe ratio is calculated from sample returns and sample standard 

deviations, which are two variables subject to random variation.110 The random variation 

in returns and standard deviation makes the Sharpe ratio also subject to random 

variation. Because we only have a sample Sharpe ratio, it is valuable to test the 

statistical significance of the sample Sharpe ratio to determine if it is a fair 

representation of the unknown population Sharpe ratio. 

 

6.2.2 Hypothesis and statistical significance 

To determine if the Sharpe ratio of the 2x LETF, hereby known as SR2, is better than 

the Sharpe ratio of the 1x ETF, hereby known as SR1, we use the same hypothesis as 

Auer & Schumacher:111 

 

                                                           
109  (Opdyke, 2007) 
110  (Opdyke, 2007, p. 2) 
111  (Auer & Schuhmacher, 2013, p. 3) 
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𝐻0: 𝑆𝑅1 − 𝑆𝑅2 = 0 𝑣𝑠.  𝐻1: 𝑆𝑅1 − 𝑆𝑅2 ≠ 0 

Equation 6-1: where: H0 is the null hypothesis, SR1 is the Sharpe ratio of 1x ETF, SR2 

is the Sharpe ratio of 2x LETF, H1 is the alternative hypothesis, and ≠ is different from 

 

The null hypothesis we want to reject is that the two Sharpe ratios are equal and instead 

go for the alternative hypothesis that these two Sharpe ratios are different. In this thesis 

we are interested in the statistical significance of the difference in Sharpe ratio. One 

problem with the Sharpe ratios is that it is a numerical value that comes without a 

measure of variability, such as the mean that has variance as a measure of variability. 

This makes it more complex to test the statistical significance of the difference in two 

Sharpe ratios. Auer & Schumacher112 use the method suggested by Jobson & Korkie,113 

which was corrected by Memmel114 and the method suggested by Ledoit & Wolf115 to 

test the statistical significance of their null hypothesis. The next paragraph is a 

discussion of the methods used by Auer & Scumacher116 and an alternative method 

proposed by Opdyke.117 

 

Jobson & Korkie created a method to calculate the statistical significance between two 

Sharpe ratios,118 which was corrected later by Memmel.119 The method by Jobson & 

Korkie that was corrected by Memmel was invalid when returns have excess kurtosis 

and autocorrelation.120 In chapters 5.3.1 and 5.3.3, excess kurtosis and autocorrelation 

were found to be present in both time-series used in this thesis. A new method was later 

presented by Opdyke121 that relaxed some of the strict assumptions of Jobson & Korkie 

and Memmel. The formulas Opdyke used was later found to have the same assumptions 

                                                           
112  (Auer & Schuhmacher, 2013) 
113  (Jobson & Korkie, 1981) 
114  (Memmel, 2003) 
115  (Ledoit & Wolf, 2008) 
116  (Auer & Schuhmacher, 2013) 
117  (Opdyke, 2007) 
118  (Jobson & Korkie, 1981) 
119  (Memmel, 2003) 
120  (Auer & Schuhmacher, 2013, p. 1) 
121  (Opdyke, 2007) 
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as Jobson & Korkie and Memmel. Opdyke did seemingly not add a new way to test the 

statistical significance of the difference between two Sharpe ratios.122 Ledoit & Wolf 

developed a method to test the statistical significance of the difference between two 

Sharpe ratios with a studentized circular block bootstrap method.123 The method of 

Ledoit & Wolf requires that returns are strictly stationary.124 In chapter 5.3.4 we found 

that the time-series used in this thesis are not strictly stationary. The statistical methods 

that Auer & Schumacher125 use in their paper and the method suggested by Opdyke126 

have assumptions that might not hold in an empirical context. The discussion about the 

use of these methods is at a statistical level beyond the scope of this thesis. This thesis 

has chosen not to use the same methods as Auer & Schumacher127 or Opdyke,128 but 

instead found an alternative method to test the statistical significance of the difference 

in Sharpe ratios. 

 

6.2.3 Alternative method to test the hypothesis 

The discussion above shows that a direct test of the statistical significance of the Sharpe 

ratio difference will not be used in this thesis. The goal is still to test the hypothesis 

from chapter 6.2.2 that is repeated below: 

 

𝐻0: 𝑆𝑅1 − 𝑆𝑅2 = 0 𝑣𝑠.  𝐻1: 𝑆𝑅1 − 𝑆𝑅2 ≠ 0 

Equation 6-2: where: H0 is the null hypothesis, SR1 is the Sharpe ratio of 1x ETF, SR2 

is the Sharpe ratio of 2x LETF, H1 is the alternative hypothesis, and ≠ is different from 

 

The inspiration to find an alternative method to test the statistical significance of the 

difference in Sharpe ratios comes from Trainor, Chhachhi, & Brown.129 Trainor et al. 

                                                           
122  (Ledoit & Wolf, 2008, p. 4) 
123  (Ledoit & Wolf, 2008) 
124  (Ledoit & Wolf, 2008, p. 2) 
125  (Auer & Schuhmacher, 2013) 
126  (Opdyke, 2007) 
127  (Auer & Schuhmacher, 2013) 
128  (Opdyke, 2007) 
129  (Trainor et al., 2018)  
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argue that to make the risk-profile of the LETF and ETF with the same underlying 

comparable, an investment of only 50% in the LETF will obtain the same investment 

exposure as 100% invested in the ETF. The intuition is that every $1 invested in a 

LETF, with a leverage factor of two, gives an investment exposure of $2. Therefore, 

only half the investment amount is needed to obtain the same exposure as the ETF with 

the same underlying. Trainor et al. then argues that 100% invested in the ETF is 

comparable to 50% in a LETF and 50% in a risk-free rate. The justification Trainor et 

al. uses for this setup is that volatility impacts LETF returns over longer holding-

periods, as previous research has found, and that the portfolio with a LETF and risk-free 

rate better accounts for the impact of volatility on LETF returns, which makes the 

portfolio comparable to an investment in the ETF that has the same underlying.  

 

Instead of investing 50% in the 2x LETF and 50% in the risk-free asset, as suggested by 

Trainor et al., we set the weight of the 2x LETF and the risk-free asset such that the 

standard deviation of the portfolio is equal to the standard deviation of the 1x ETF. By 

creating the portfolio this way, the portfolio and the 1x ETF will have the same risk-

profile. We can rewrite the hypothesis from above:  

 

𝐻0: 𝑆𝑅1 − 𝑆𝑅𝑝𝑓 = 0 𝑣𝑠.  𝐻1: 𝑆𝑅1 − 𝑆𝑅𝑝𝑓 ≠ 0 

Equation 6-3: where: H0 is the null hypothesis, SR1 is the Sharpe ratio of 1x ETF, SRpf 

is the Sharpe ratio of the portfolio, H1 is the alternative hypothesis, and ≠ is different 

from 

 

We still have a hypothesis that compares the Sharpe ratio of the 1x ETF to the Sharpe 

ratio of the 2x LETF, but we have replaced SR2 with SRpf. To see the impact on the 

Sharpe ratio of setting the standard deviation of the portfolio equal to the standard 

deviation, we can write the hypothesis with mathematical notation for the Sharpe ratio 

from chapter 4.2: 
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𝐻0: [
𝜇1 − 𝑟𝑓 

𝜎(𝜇1 − 𝑟𝑓)
] − [

𝜇𝑝𝑓 − 𝑟𝑓 

𝜎(𝑝𝑓 − 𝑟𝑓)
] = 0 𝑣𝑠.  𝐻1: [

𝜇1 − 𝑟𝑓 

𝜎(𝜇1 − 𝑟𝑓)
] − [

𝜇𝑝𝑓 − 𝑟𝑓 

𝜎(𝑝𝑓 − 𝑟𝑓)
] ≠ 0 

Equation 6-4: where μ1 is the arithmetic mean of daily returns for the 1x ETF, rf is the 

arithmetic mean of the daily risk-free rates, (μ1-rf) is the excess return of 1x ETF, σ(μ1-

rf) is the standard deviation of the excess returns of 1x ETF, μpf is the arithmetic mean 

of daily returns of the portfolio, (μpf-rf ) is the excess return of the portfolio, and σ(μ1-

rf) is the standard deviation of the excess return of the portfolio 

 

The first observation from the hypothesis above is that when the standard deviation of 

the portfolio is equal to the standard deviation of the 1x ETF, the denominator of the 

Sharpe ratio equation is equal, which means that ERσ1 = ERσpf. The only variation in 

the Sharpe ratio equation is now a potential difference in the numerator or the daily 

excess returns of the 1x ETF and the portfolio. Because the standard deviations of the 

portfolio and the 1x ETF are equal, we can re-write the hypothesis and show that we test 

the statistical significance of the difference in excess returns of the portfolio and the 1x 

ETF.  

 

𝐻0: [𝜇1 − 𝑟𝑓] − [𝜇𝑝𝑓 − 𝑟𝑓] = 0 𝑣𝑠.  𝐻1: [𝜇1 − 𝑟𝑓] − [𝜇𝑝𝑓 − 𝑟𝑓] ≠ 0 

Equation 6-5: where (μ1-rf) is the excess return of 1x ETF and (μpf-rf) is the excess 

return of the portfolio 

 

A common method to compare the excess returns of a portfolio with the excess returns 

of an index is the single-index model that is normally used to estimate alpha for hedge 

funds, see for example Busack, Drobetz, and Tille.130 The single-index model can be 

used by running an OLS (ordinary least squares)131 regression with the portfolio as the 

dependent left-hand side variable and the index as the independent right-hand side 

variable. In this case we use the portfolio as the dependent variable and the 1x ETF as 

the independent variable. 

                                                           
130  (Busack, Drobetz, & Tille, 2014) 
131  (Stock & Watson, 2015, p. 159) 
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One benefit of running an OLS regression is that we can determine if the portfolio has 

any abnormal return compared with the 1x ETF. The abnormal return is often referred 

to as alpha and was introduced in chapter 4.3. If the portfolio has an alpha different 

from zero, the Sharpe ratio of the portfolio is different from the Sharpe ratio of the 1x 

ETF. 

 

When the time-series is heteroskedastic and autocorrelated, t-statistics cannot be used to 

determine the statistical significance because standard errors are not valid. 132 A second 

benefit of using the OLS regression is that we can adjust for autocorrelation and 

heteroskedasticity, that was found in chapters 5.3.2 and 5.3.3, with HAC 

(heteroskedasticity and autocorrelated) standard errors. 133 

 

6.3 Research methods 

We want to test the hypothesis in equation 6-4 in chapter 6.2.3. We start with the 1x 

ETF and calculate the daily excess return, arithmetic mean of daily excess return, and 

standard deviation:134 

 

𝐸𝑅(𝑟1𝑡) = 𝑟1𝑡 − 𝑟𝑓𝑡 

𝐸𝑅(𝜇1) =
1

𝑇
∑(𝑟1𝑡 − 𝑟𝑓𝑡)

𝑇

𝑡=1

 

Equation 6-6: where: ER(r1t) is the daily excess return of the 1x ETF, r1t is the daily 

return of the 1x ETF, rft is the daily risk-free rate, ER(μ1) is the arithmetic mean of 

daily excess returns for 1x ETF, and T is number of daily observations  

 

                                                           
132  (Stock & Watson, 2015, p. 647) 
133  (Stock & Watson, 2015, p. 650) 
134   (Berk & DeMarzo, 2016, p. 413; Tsay, 2010, p. 9) 
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𝐸𝑅(𝜎1) =  
1

𝑇 − 1
∗ √∑[(𝐸𝑅(𝑟1𝑡) − 𝐸𝑅(𝜇1))2]

𝑇

𝑡=1

  

Equation 6-7: where ER(σ1) is the standard deviation of daily excess returns of the 1x 

ETF, ER(r1t) is the excess return of the 1x ETF, ER(μ1) is the arithmetic mean of daily 

excess returns, and T is the number of daily observations 

 

Next, we create the portfolio of the 2x LETF and a risk-free asset that has the same 

standard deviation as the 1x ETF. We calculate daily returns of the portfolio with this 

formula:  

 

𝑟𝑝𝑓𝑡 = 𝑟2𝑡 ∗ 𝑤 + 𝑟𝑓𝑡 ∗ (1 − 𝑤) 

Equation 6-8: where rpft is the daily return of the portfolio, r2t is the daily return of the 

2x LETF, w is the weight, and rft is the daily risk-free return 

 

We then calculate the daily excess return and arithmetic mean of daily excess return of 

the portfolio with this formula:  

 

𝐸𝑅(𝑝𝑓𝑡) = 𝑟𝑝𝑓𝑡 − 𝑟𝑓𝑡 

𝐸𝑅(𝜇𝑝𝑓) =
1

𝑇
∑(𝑟𝑝𝑓𝑡 − 𝑟𝑓𝑡)

𝑇

𝑡=1

 

Equation 6-9: where ER(pft) is the daily excess return of the portfolio, rpft is the daily 

return of the portfolio, rft is the daily risk-free return, , ER(μpf) is the arithmetic mean 

of daily excess return of the portfolio, and T is the number of daily observations 

 

The standard deviation of a portfolio with two assets is calculated with a different 

formula, but one of the two-assets in the portfolio is a risk-free asset, with a standard 

deviation of zero, and the formula for the standard deviation of a portfolio simplifies to 

the formula for the standard deviation of a single asset. Therefore, we can use the 
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formula in equation 6-7 to calculate the standard deviation of the portfolio. Next, we 

need to find the value of w. In excel, we use solver find the value of w that makes the 

standard deviation of the portfolio equal to the standard deviation of the 1x ETF with a 

constraint that w is positive, see spreadsheet in appendix.135 

 

Now that we have created a portfolio with the same standard deviation as the 1x ETF, 

we can use the revised hypothesis for the excess returns from chapter 6.2.3: 

 

𝐻0: [𝜇1 − 𝑟𝑓] − [𝜇𝑝𝑓 − 𝑟𝑓] = 0 𝑣𝑠.  𝐻1: [𝜇1 − 𝑟𝑓] − [𝜇𝑝𝑓 − 𝑟𝑓] ≠ 0 

Equation 6-10: where (μ1-rf) is the excess return of 1x ETF and (μpf-rf) is the excess 

return of the portfolio 

 

As explained in chapter 6.2.3, we can use a normal OLS regression136 to compare the 

excess returns of the portfolio to the excess returns of the 1x ETF. We can now run the 

regression below:  

 

𝐸𝑅(𝑝𝑓𝑡) =  𝛼 +  𝛽𝐸𝑅(𝑟1𝑡) +  𝜀 

Equation 6-11: where ER(pft) is the daily excess return of the portfolio, α is alpha, β is 

beta, ER(r1t) is excess return of the 1x ETF, and ε is the error term 

 

The regression above gives us two coefficients that we can interpret. The first 

coefficient is alpha that was introduced in chapter 6.3 as Jensen’s alpha. The alpha-

coefficient can be interpreted as the abnormal return the portfolio has above the 1x ETF. 

If alpha is zero, the Sharpe ratios are equal. A positive alpha will indicate that the 

portfolio has outperformed the 1x ETF and a negative alpha will indicate that the 

portfolio has underperformed the 1x ETF. The second coefficient in the regression is 

beta. Because we have set the standard deviation of the portfolio equal to the standard 

                                                           
135  See appendix 7 
136  (Stock & Watson, 2015, p. 159) 
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deviation of the 1x ETF, the beta-coefficient is just the correlation between the portfolio 

and the 1x ETF. The formula below shows the derivation of the beta-coefficient:137  

 

𝛽(𝑝𝑓, 𝑟1) =
𝑐𝑜𝑣(𝑝𝑓, 𝑟1)

𝜎^2(𝑝𝑓)
=  

𝑐𝑜𝑟𝑟(𝑝𝑓, 𝑟1) ∗ 𝜎(𝑝𝑓) ∗ 𝜎(𝑟1)

𝜎(𝑝𝑓) ∗ 𝜎(𝑝𝑓)
= 𝑐𝑜𝑟𝑟(𝑝𝑓, 𝑟𝑖) 

Equation 6-12: where: β is beta, pf is portfolio, r1 is the 1x ETF, cov is covariance, σ^2 

is the variance, corr is correlation, and σ is standard deviation 

 

Because the standard deviation of the portfolio is equal to the standard deviation of the 

1x ETF we can cross them out.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                           
137  (Berk & DeMarzo, 2016, p. 420) 
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7 Empirical analysis 

In this chapter the output from the tests will be presented and analyzed. We start with an 

analysis of the Sharpe ratio of the 1x ETF and 2x LETF. We then move on to the 

research methods described in 6.3 to test the statistical significance of the results with 

the regression model. 

  

7.1 Comparison of Sharpe ratios 

Figure 7-1 below shows the arithmetic mean and standard deviation of the 1x ETF and 

2x LETF that are calculated from daily excess returns.   

 

 

Figure 7-1: where annualized arithmetic mean is calculated as (1+ μ)^252 – 1 and 

annualized standard deviation is calculated as √([252] )* σ 

 

The first observation is that the arithmetic mean, and the standard deviation of the 2x 

LETF is less than two-times higher than the 1x ETF. We can add a third column to the 

figure above called multiplier that divides the arithmetic mean of the 2x LETF by the 

arithmetic mean of the 1x ETF and the same for standard deviation. The output is found 

in the figure below. 

 

1x ETF 2x LETF

Arithmetic mean 0.04 % 0.06 %

Standard deviation 1.66 % 3.04 %

1x ETF 2x LETF

Arithmetic mean 10.30 % 16.45 %

Standard deviation 26.37 % 48.24 %

Annualized arithmetic mean and 

standard deviation of daily excess 

returns

Arithmetic mean and standard deviation 

of daily excess returns
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Figure 7-2: own construction 

 

We see that the multiplier for the arithmetic mean is 1.55, which is lower than the 

multiplier for the standard deviation of 1.83. This finding is in line with the research of 

Trainor & Baryla138 who compared the index to a LETF with a leverage factor of two 

and found that the increase in arithmetic mean is less than the increase in standard 

deviation. The figure below shows the Sharpe ratios of daily excess returns.  

 

 

Figure 7-3: where annualized Sharpe ratio is calculated as √([252] )* [Sharpe ratio] 

 

The table above shows that the non-annualized daily Sharpe ratio of the 1x ETF is 

higher than the Sharpe ratio of the 2x LETF. The Sharpe ratios in the table above 

indicate that the risk/return tradeoff for the 1x ETF is higher than the risk/return tradeoff 

for the 2x LETF.  

 

As described in chapter 6.2.1 and 6.2.2, it is important to test the statistical significance 

of the difference in Sharpe ratios, but instead of a direct test of the statistical 

significance of the difference in Sharpe ratios, this thesis will use the regression model 

in the next chapter.   

 

                                                           
138  (Trainor  William J. & Baryla  Edward A., 2008, p. 1) 

1x ETF 2x LETF Multiplier

Arithmetic mean 0.04 % 0.06 % 1.55

Standard deviation 1.66 % 3.04 % 1.83

Arithmetic mean, standard deviation and multiplier 

of daily excess returns

1x ETF 2x LETF

Sharpe ratio 0.0234 0.0199

Annualized Sharpe ratio 0.3716 0.3158

Sharpe ratio of daily excess returns
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7.2 Regression model 

We use the methods described in chapter 6.3. Figure 7-4 below shows the weights in the 

portfolio that we calculated with the solver function in excel, see spreadsheet.139 

 

 

Figure 7-4: own construction 

 

We see that the portfolio has 55% invested in the 2x LETF and 45% in the risk-free 

rate, which is different from Trainor et al.,140 who invested 50% the LETF with a 

leverage factor of two and 50% in the risk-free rate. Figure 7-5 below shows the 

arithmetic mean and standard deviation of daily excess returns.  

 

 

Figure 7-5: where annualized arithmetic mean is calculated as (1+ μ)^252 – 1 and 

annualized standard deviation is calculated as √([252] )* σ 

 

We see that the arithmetic mean is lower for the portfolio than it is for the 1x ETF and 

that the standard deviations for the 1x ETF and portfolio are equal. We use RStudio141 

                                                           
139  See appendix 
140  (Trainor et al., 2018, p. 4) 
141  (RStudioTeam, 2018) 

2x LETF Risk-free

Weight 55 % 45 %

Weights in the portfolio 

1x ETF Portfolio

Arithmetic mean 0.04 % 0.03 %

Standard deviation 1.66 % 1.66 %

1x ETF Portfolio

Arithmetic mean 10.30 % 8.68 %

Standard deviation 26.37 % 26.37 %

Arithmetic mean and standard deviation 

of daily excess returns

Annualized arithmetic mean and standard 

deviation of daily excess returns
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and the function lm142 from the stargazer package143 to run the regression. The output 

from the linear OLS regression is presented below.  

 

 

Figure 7-6: where *** is statistically significant at the 1% significance level and where 

t-statistic for the constant term is:  -0.3 and -9.29 for the beta-coefficient144 

 

The alpha coefficient or constant in the table above, is negative -0.00003. This means 

that for the time-period studied in this thesis: 22.01.2008-10.04.2019, the portfolio has 

underperformed the 1x ETF. The beta coefficient or ER(r1t) in the table above, is 0.935 

and shows us that the correlation between the daily excess returns of the portfolio and 

the 1x ETF is high and statistically significant. The regression has a high R-squared, 

which means the variation in ER(pft) is to a large extent explained by ER(r1t).145  

 

The negative alpha in figure 7-6, contradicts Fang & Perng who argued that LETFs 

would outperform the underlying index in a market that steadily rises.146 In figure 5-3 in 

chapter 5.2, we saw that the OBX index has been steadily rising for the time-period 

                                                           
142  (Chambers & Hastie, 1992; RDocumentation, 2017; Wilkinson & Rogers, 1973) 
143  (Hlavac, 2018) 
144  T-statistics are calculated as [(-0.0003-0)/(0.0001)] for the constant and [(0.935-1)/(0.007)] for the 
beta-coefficient 
145  (Stock & Watson, 2015, p. 167) 
146  (Fang & Perng, 2014) 
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2008-2019 and the result of a negative alpha in this regression contradicts the argument 

made by Fang & Perng. However, the alpha coefficient is not statistically significant.  

 

The statistically significant beta-coefficient that is close to one, and the R-squared of 

87.4% shows that the 1x ETF and the portfolio follow each other closely and that they 

are sensitive to the same factors.147 

 

7.3 Summary of empirical analysis 

Investments in LETFs come with a higher risk, or standard deviation, as found in figure 

7-1 where the standard deviation of the 2x LETF is 3.04% compared with 1.66% for the 

1x ETF. When we use the Sharpe ratio as a performance measure the increase in return 

needs to be high enough to compensate for the added risk the investor has when 

investing in the 2x LETF. The lower Sharpe ratio for the 2x LETF in figure 7-3 show 

that the increase in return for the 2x LETF is not high enough to compensate for the 

added risk investors take on by investing in the 2x LETF compared with the 1x ETF. In 

the regression we compare the 1x ETF to a portfolio of the 2x LETF and a risk-free 

asset. The output from the regression shows that the portfolio has underperform the 1x 

ETF.  

 

The lower Sharpe ratio of the 2x LETF and negative alpha suggests that over the 

holding period from 22.01.2008-10.04.2019 there is no added value of investing in the 

2x LETF compared with the 1x ETF. These results confirm previous research that says 

LETFs will underperform an investment in the ETF with the same underlying over 

longer holding-periods.148  

 

The data was analyzed in chapter in chapter 5.3 and returns were found to be non-i.i.d. 

When we run the regression and find t-statistics we assume returns are i.i.d. The same 

                                                           
147  (Busack et al., 2014, pp. 9–10) 
148  (Avellaneda & Zhang, 2010; Charupat & Miu, 2014; Cheng & Madhavan, 2009; Fang & Perng, 2014; 
Haga & Lindset, 2012) 
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assumption of i.i.d. returns was also used by Haga & Lindset and Lu et al.149  Because 

the returns used in this thesis are non-i.i.d., the output from the regression might be 

biased. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                           
149  (Haga & Lindset, 2012; Lu et al., 2012) 
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8 Conclusion 

This thesis has researched the potential added value of using a LETF instead of an ETF, 

which tracks the same stock index. In the existing literature, researchers have found that 

compounding of daily leveraged returns explain why LETF returns are different from 

the naïve expected return, which is the leverage factor of the LETF multiplied by the 

return of the stock index the LETF has as underlying. Researchers have also highlighted 

volatility and length of holding-period as important factors to determine the size of the 

compounding effect. Most research show that the effect of compounding of daily 

leveraged returns is negative,150 but some research have justified longer holding-periods 

for LETFs.151 

 

In this thesis we compared an ETF with a leverage factor of one, known as 1x ETF, to a 

LETF with a leverage factor of two, known as 2x LETF, for the time-period 2008-2019. 

We found that the 1x ETF has a higher Sharpe ratio than the 2x LETF. We also found 

that a portfolio with the 2x LETF and a risk-free asset does not have any abnormal 

return compared with the 1x ETF. The research question presented in the introductory 

chapter was: should retail investors that maximize the risk/return ratio invest in 

leveraged exchange traded funds? The results found in this thesis indicate that a LETF 

does not add any value to retail investors compared with an ETF that has the same stock 

index as underlying. Because the results presented in the empirical research were not 

statistically significant we are unable to make a conclusion that answers the research 

question.   

 

 

                                                           
150  (Avellaneda & Zhang, 2010; Charupat & Miu, 2014; Cheng & Madhavan, 2009; Fang & Perng, 2014; 
Haga & Lindset, 2012) 
151  (George & Trainor William J., 2017; Jiang & Peterburgsky, 2017; Loviscek et al., 2014; Trainor et al., 
2018) 
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9 Limitations and further research 

The first limitation to put light on for this thesis is that there was no statistical method 

used to directly test the statistical significance of the difference in the Sharpe ratios 

between the 1x ETF and the 2x LETF. A second limitation is the use of only one LETF. 

A third limitation is the choice of time-period that included the financial crisis in 

2008/2009.  

 

The possible methods available to test the statistical significance of the difference in 

Sharpe ratio was discussed in chapter 8.3.2 and the choice not to go forward with one of 

the alternative methods was rooted in the fact that the variability of the Sharpe ratio 

difference makes a statistical test difficult to implement. The direct test of the statistical 

significance of the difference in Sharpe ratios is more intuitive, but the assumptions 

about the variability of the Sharpe ratio difference became too complex. It was possible 

to rewrite the hypothesis and create an alternative test for the Sharpe ratio difference 

that we could test with an OLS regression that we used to make inference that is easier 

to interpret.   

 

In this thesis we chose to study on bull LETFs listen on the Norwegian stock exchange, 

which resulted in only one LETF. Studying only one LETF may have introduced some 

bias known as, survivorship bias. This means that there may be something unique with 

this LETF that has made it survive since 2008, a unique factor that may not be 

representative for LETFs in general. As figure 2-3 in chapter 2.1 shows, Oslo Bors has 

only one bull LETF listed and the choice of one LETF is therefore based on what was 

available.  

 

The time-period used in this thesis includes the financial crisis in 2008/2009. The 

choice to include 2008/2009 was made to allow for a longest possible time-series of 

data. The inclusion of the 2008 financial crisis may limit the results from being relevant 

in general as the financial crisis was a unique event.  
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A recommendation for further research is to study a broader range of LETFs to produce 

a more general picture of the risk/return tradeoff that LETFs can offer in comparison 

with ETFs. The study of more LETFs will reduce survivorship bias in the results that 

can help researchers make more general recommendations about the suitability of 

LETFs for retail investors who are interested in maximizing the risk/return tradeoff.  
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Appendix 

Appendix 1 
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Appendix 2 

DNB does not provide prospectus in English. 
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« § 4 realisasjonsgevinster og utbytte 

Realisasjonsgevinster, mottatt aksjeutbytte og renteinntekter reinvesteres i fondet. 

Utbytte utdeles ikke til andelseierne.» 

 

Own translation: § 4 return and dividend 

Returns, received dividends, and interest rate income is re-invested in the fund. 

Dividend is not distributed to owners of ETF-shares 
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Appendix 4 
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Appendix 5  

Augmented Dickey fuller test for 1x ETF. We first test with a time-trend, which is 

denoted tt in the figure below.  



80 
 

 
 

Because tt is insignificant, no star, we drop it and re-test.  
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We see that the test-statistic has a value of -16.5476, which is more negative than the 

critical value of -3.43 and we can reject the null hypothesis of a stochastic trend for the 

alternative that there is no trend.  

 

Appendix 6 

Augmented Dickey fuller test for 2x LETF. We first test with a time-trend, which is 

denoted tt in the figure below.  
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Because tt is insignificant we drop it and re-test.  
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We see that the test-statistic has a value of -20.0812, which is more negative than the 

critical value of -3.43 and we can reject the null hypothesis of a stochastic trend for the 

alternative that there is no trend.  
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