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Resumé 

Dette speciale omhandler anvendelsen af en seks-faktor model til modelleringen af aktieafkast, for at 

undersøge hvorvidt en seks-faktor model, og faktormodeller mere generelt, kan bruges af investorer til at opnå 

positive risikojusterede poteføljeafkast. De seks faktorer anvendt af modellen i dette speciale inkluderer de 

fem faktorer fra Fama & French’s (2015) fem-faktor model samt Carhart’s (1997) momentum faktor. Disse 

faktorer blev specifikt udvalgt på grund af deres hyppige anvendelse i den finansielle litteratur. 

 

Første del af specialets analyse undersøger, hvorvidt de underliggende antagelser bag faktormodellerne lader 

til at være sande. Flere statistiske analyser af hvorvidt der forekommer tidsvarierende koefficienter, varierende 

volatilitet, autokorrelation m.m., viser at en standard seks-faktor model i gennemsnit ikke er en god model for 

individuelle aktiers aktieafkast. Ydermere bliver faktorerne analyseret som tidsserier for at se, hvorvidt 

stokastiske tidsserieprocesser såsom ARMA og GARCH modeller kan bruges til modelleringen af dem. 

Faktorerne udviser store tegn på volatilitetsklumpning, men knap så mange på autokorrelation og der 

konkluderes at den primære metode, hvorpå modellering af faktorerne kan forbedres, er via modeller som 

GARCH der tillader volatilitetsklumpning.  

 

I sidste del af specialet bliver der testet hvorvidt en investorer ved hjælp af seks-faktor modellen, med og uden 

diverse modifikationer, samt teorien fra moderne porteføljeteori, kan danne porteføljer, der over perioden 

1966-2018 har positive risikojusterede afkast. Der konkluderes, at de porteføljer som bliver dannet ved 

kombinationen af moderne porteføljeteori og seks-faktor modellen har meget lave og tilfældige risikojusterede 

afkast, hvilket skyldes den enormt høje varians i de dannede porteføljer. Seks-faktor modellen undervurderer 

stærkt variansen og risikoen associeret ved individuelle aktier og bliver derfor nemt overeksponeret overfor 

idiosynkratisk risiko.  
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1. Introduction 

1.1 Introduction and Thesis Statement 
Explaining and predicting stock returns is one of the most researched areas in all of financial literature, and 

factor models are one class of econometric models aimed at explaining the cross section of stock returns. 

Factor models essentially had its beginnings with the Capital Asset Pricing Theory (CAPM), which was 

formulated back in the 1960’s by Sharpe, W (1964), Lintner, J (1965) and Mossin, J (1966). Since then, much 

financial literature has been devoted to expanding the theory and model behind the CAPM, with perhaps the 

most notable example being the three-factor model of Fama & French (1992a), who added a value and size 

factor to the existing systematic market risk factor of the CAPM. In 1997, Carhart, M. M. examined the effects 

of momentum and concluded that it played a significant role in explaining the returns of mutual funds, and 

in 2015 Fama & French expanded their three-factor model to include a profitability and investment factor.  

 

The consensus among the financial literature concerning the application of any factor model in general on 

individual stocks, is that the estimates provided are too inaccurate, and that individual stock returns are 

dictated primarily by idiosyncratic risk that is unpredictable by the factor model. The aim of this paper is to 

examine whether or not that is true, or perhaps more specifically to determine whether or not the application 

of factor models on individual stocks can provide an edge in the portfolio creation/investment process. More 

specifically the thesis statement is as follows: 

 

“The explanatory and predictive power of a six-factor model will be tested on individual stocks from the 

American stock market by 1) exploring extensions of the original factor model framework to determine if the 

underlying assumptions are true, and by 2) testing trading strategies based on individually fit factor 

regression models. “ 

 

The methodology used in this paper will build upon modern statistical tools regarding regression analysis, time-

series analysis and portfolio theory. The basis for the analysis will be the six-factor model combining the 

systematic market risk factor of the CAPM with the five other factors mentioned above, and the structure of 

the paper is as follows: 
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 Part 1 will consist of the theoretical background used in the formation of the six-factor model. It will 

summarize and clarify the findings of Sharpe, W (1964), Fama & French (1992a), Carhart, M. M. (1997), 

and Fama & French (2015), as well as present the assumptions behind the analysis of this paper. 

 Part 2 will explain the data gathering, structuring and handling, as well as go through the financial and 

statistical theories and methodologies used in this paper. 

 Part 3 will analyze the full sample data to give insight into whether or not the general assumptions of 

the factor model holds up, and by extension, how to improve the model both in terms of explanatory 

power, but more importantly in terms of predictive power. 

 Part 4 will test how well trading strategies based on the individual regression models perform. The 

findings of part three will dictate how the different strategies are constructed, although they will all be 

based on the six-factor regression model. 

 Part 5 will present the conclusions of this paper along with some areas of interest for further research. 

 

1.2 Thesis Delimitations 

As mentioned in the introductory section, this paper will focus on a specific factor model and its extensions, 

and as such, there are a number of important limitations to the analysis performed in this paper. First off, the 

underlying assumption of the CAPM, and factor models more generally, is that all stock returns are a result of 

risk exposure, namely exposure towards the (risk) factors of the model and some idiosyncratic risk unique to 

every stock. Therefore, the only source of correlation between stock returns are through their exposure 

towards the common risk factors. This limits the extensions and modifications that can be applied to a standard 

regression model. This assumption is assumed to be true throughout the analysis, and will thus not be 

addressed past this section. Also, there are numerous theories surrounding why the individual factors have 

been observed to produce risk premiums, but this paper will not be concerned with the reason why these risk 

premiums exists, but instead focus on how to potentially exploit them for investment purposes. 

 

Furthermore, an investor faces no restrictions or costs in regards to short selling, does not incur any 

transaction costs when investing, and there are no effects in terms of liquidity when investing. This assumption 

is standard in financial literature, but it is important to be aware of its implication if any part of the analysis is 

to be attempted in live markets. The sample data of this paper will be discussed more in section 3.1, but it is 

briefly noted that all stocks in the sample is part of either the NYSE, NASDAQ or AMEX exchange, and any 
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results present in this paper cannot directly be generalized to other markets. It is also important to note that 

the financial literature, upon which this analysis is based on, is much newer than some of the sample data, and 

therefore, the results cannot be generalized to be true in the future since there might be a post-publication 

effect that was not present throughout the whole sample. For example, the five-factor model of Fama & 

French was not published until 2015. 

 

This paper utilizes theories and methods from modern portfolio theory and applies statistical tools that are 

assumed to be known by the reader. The theory and methodology behind these concepts will therefore not be 

fully explained by this paper. I refer the reader to Ruppert, D. & Matteson, D. S. (2015) for a full explanation of 

most of the statistical tools utilized in this paper.  
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2. Theoretical Background/Factor Literature 

Even though this paper’s primary focus and analysis revolves around statistical modelling of stock returns 

through the use of factor model, and thus takes the route of the empirical asset pricing models, it is important 

to explain why the factor models are structured the way they are, and how they came to be such an important 

class of models. That is the point of this section, which is divided into several sub-sections each of which 

explores the literature behind the individual factors used in this paper. First off though, a brief introduction to 

the factor models in general and the six-factor model used in this paper, is in order. 

 

A factor model is essentially a standard linear regression model designed to capture the cross-section of stock 

returns via one or (usually) more risk factors, which in the context of a linear regression acts as the 

independent variables. Some factors are derived by economic and financial theory while others are simply 

observed to be present in the markets, and the factors themselves can be correlated to varying degrees. 

Exactly what factors to include in a given scenario is a difficult question to answer, especially since McLean and 

Pontiff (2016) identifies “97 variables shown to predict cross-sectional stock returns”. Including all 97 factors in 

a regression model seems unreasonable and unlikely to lead to any sort of meaningful or accurate estimations, 

and this paper therefore focuses on what seems to be the most widely used and known factors:  

 

1. Excess market return as first explored by Sharpe (1964), Lintner (1965), Mossin (1966). 

2. A size factor as presented in the three-factor model of Fama & French (1992a). 

3. A value factor as presented in the three-factor model of Fama & French (1992a). 

4. A profitability factor as presented in the five-factor model of Fama & French (2015). 

5. An investment factor as presented in the five-factor model of Fama & French (2015). 

6. A momentum factor as presented in the four-factor model of Carhart (1997). 

 

And so, the factor model that will be the basis for this paper, initially looks like this: 

 

𝑟𝑖𝑡 − 𝑟𝑓𝑡 = 𝛼𝑖 + 𝛽𝑖1(𝑟𝑚 − 𝑟𝑓)𝑡 + 𝛽𝑖2𝑆𝑀𝐵𝑡 + 𝛽𝑖3𝐻𝑀𝐿𝑡 + 𝛽𝑖4𝑅𝑀𝑊𝑡 + 𝛽𝑖5𝐶𝑀𝐴𝑡 + 𝛽𝑖6𝑀𝑂𝑀𝑡 + 𝜀𝑖𝑡 
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Exactly how the factors are defined, created and named will be discussed in section 3.1. Please also note how 

the notation is different from the standard practice in financial literature, which is done in an attempt to more 

closely align the model with classic statistical literature. 

 

2.1 Factor 1: Excess Market Return 

There is a lot of financial literature devoted to examining, explaining and predicting excess market return, and 

it is essentially an entire research area in and of itself. However, the only angle of excess market return that will 

be explored in this paper is its role as a factor in the six-factor model of this paper. This sub-section is therefore 

devoted to explaining the economic and financial reasoning for why excess market return has an impact on the 

cross-section of stock returns. This sub-section is based entirely on the findings of Sharpe (1964) and can be 

considered a summary of his findings, and the reader is referred to his paper for a more in-depth explanation 

than is provided here. 

 

It is assumed that all individual investors have utility functions 𝑈 = 𝑓(𝐸𝑊, 𝜎𝑊) with the subscript “𝑊” denoting 

“Wealth”, and the two parameters being the expected wealth and predicted standard deviation of that wealth. 

Furthermore, given the value of the standard deviation, investors prefer higher expected returns (
𝜕𝑈

𝜕𝐸𝑊
> 0) 

and given the expected return, the investors prefer a lower standard deviation(
𝜕𝑈

𝜕𝜎𝑊
< 0). This is a key concept 

in modern portfolio theory and will be used throughout this paper. In order to link investor preferences to 

investment returns it is easily seen that 𝑅𝑡 =
𝑊𝑡−𝑊1

𝑊1
 and 𝑊𝑡 = 𝑅𝑡𝑊1 +𝑊1 thus allowing us to express the 

utility function as 𝑈 = 𝑔(𝐸𝑅 , 𝜎𝑅). This relationship is illustrated in the figure below: 
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If we include a riskless asset, it will (by definition) have 𝜎𝑅𝑃 = 0 and 𝐸𝑅𝑃 equal to what Sharpe (1964) refers to 

as the pure interest rate. Furthermore, if we make the assumptions that 1) the pure interest rate is the same 

for both borrowing and lending, and 2) there is homogeneity among investor expectations. Then the problem 

of portfolio selection facing the individual investors, is reduced to a problem of choosing the amount of 

leverage (on an optimal portfolio of risky assets) needed to maximize utility (although “leverage” is not a word 

used by Sharpe in his 1964 paper). This is illustrated in figure 2.1.2 below: 

 

 

 

Figure 2.1.1 – Source: Sharpe (1964) 

The curves represent indifference curves and utility increases as you from top-left to bottom-right. The shaded 

area represents the universe of investable asset (and combinations of them). 
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The situation described above is only true for an initial set of prices. As every investor rushes to buy the 

optimal combination of risky assets, the prices of those assets will increase, which in turn decreases their 

expected return. On the other hand, assets that were not in the optimal combination will see their prices 

decrease due to a lack of demand, and their expected returns go up. This shift of prices and expected returns 

leads to a different optimal combination of assets, which will now be the subject of increased demand. This 

process continues until we have a situation where there are multiple optimal combinations of risky assets that 

are all perfectly (positively) correlated. All risky assets must enter into at least one of the optimal combinations 

for this equilibrium to hold (otherwise, we revert into the demand-changes-prices-changes-returns loop). The 

portfolio selection of the investor now look like this: 

 

 

 

 

Figure 2.1.2 – Source: Sharpe (1964) 

This figure shows that all investors (in this case A, B and C) choose a portfolio that is a combination of the 

portfolio ø and the riskless asset. 
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No individual asset will likely be an efficient “combination/portfolio” by itself, but will, as described above, be 

part of such a combination. Therefore, if we create a portfolio of “𝑎” parts risky asset “𝑖” and “(1 − 𝑎)” parts 

of an efficient/optimal combination of assets “𝑔” in which “𝑖” is a part of, we have a portfolio with a standard 

deviation of: 

 

𝜎 = √𝑎2𝜎𝑖
2 + (1 − 𝑎)2𝜎𝑔

2 + 2𝜌𝑖𝑔𝑎(1 − 𝑎)𝜎𝑖𝜎𝑔  , 𝑤𝑖𝑡ℎ 𝜌 = 𝑐𝑜𝑟𝑟(𝑖, 𝑔) 

 

For 𝑎 = 0 we then have: 

 

𝜕𝜎

𝜕𝑎
= −

1

𝜎
(𝜎𝑔

2 − 𝜌𝑖𝑔𝜎𝑖𝜎𝑔) = −(𝜎𝑔 − 𝜌𝑖𝑔𝜎𝑖) , 𝑠𝑖𝑛𝑐𝑒 𝜎 = 𝜎𝑔  𝑓𝑜𝑟 𝑎 = 0 

 

The expected return of the portfolio is: 

Figure 2.1.3 – Source: Sharpe (1964) 

As can be seen in the figure, a price equilibrium has been reached where there are multiple optimal choices as 

to what combination of risky assets to hold. 
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𝐸 = 𝑎𝐸𝑖 + (1 − 𝑎)𝐸𝑔 →
𝜕𝐸

𝜕𝑎
= −(𝐸𝑔 − 𝐸𝑖) 

 

This leads to (for 𝑎 = 0): 

 

𝜕𝜎

𝜕𝐸
=
𝜎𝑔 − 𝜌𝑖𝑔𝜎𝑖

𝐸𝑔 − 𝐸𝑖
 

 

Thus, if we let the capital market line (the line containing all tangency portfolios) be: 

 

𝜎𝑅 = 𝑠(𝐸𝑅 − 𝑃) ,𝑤𝑖𝑡ℎ 𝑃 = 𝑝𝑢𝑟𝑒 𝑖𝑛𝑡𝑒𝑟𝑒𝑠𝑡 𝑟𝑎𝑡𝑒 

 

Then, since the portfolio with 𝑎 = 0 is on the capital market line: 

 

𝜎𝑔 − 𝜌𝑖𝑔𝜎𝑖

𝐸𝑔 − 𝐸𝑖
=

𝜎𝑔

𝐸𝑔 − 𝑃
↔
𝜌𝑖𝑔𝜎𝑖

𝜎𝑔
= −(

𝑃

𝐸𝑔 − 𝑃
) + (

1

𝐸𝑔 − 𝑃
)𝐸𝑖 

 

If we then let: 

 

𝛽 =
𝜌𝑖𝑔𝜎𝑖

𝜎𝑔
 

 

We can rewrite it as: 

 

𝐸𝑖 = 𝑃 + 𝛽(𝐸𝑔 − 𝑃) ↔ 𝐸𝑖 − 𝑃 = 𝛽(𝐸𝑔 − 𝑃) 

 

This relationship is illustrated in figure 2.1.4, and what it essentially implies is that the variation of the returns 

of asset “𝑖” can be split into a systematic variation/risk that cannot be diversified away, and an unsystematic or 

idiosyncratic variation/risk related specifically to the returns of “𝑖”. However, in the framework above the 

systematic risk of asset “𝑖” is tied to an arbitrary efficient portfolio “𝑔” of which it is part of. In his paper, 

Sharpe (1964) shows how you may arbitrarily choose any of the efficient portfolios or any variable perfectly 

correlated with the returns of these portfolios. The reason for underlining the last part is because it is what 
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enables us to go from the asset returns being partially determined by an efficient portfolio, to them being 

partially determined by the overall market activity. It is assumed, that the perfect correlation between the 

efficient portfolios is due to their common dependence on the overall market activity, and any expected 

returns of an asset above the pure interest rate is due to its responsiveness to the overall market activity.  

 

 

2.2 Factor 2: The Size Factor 

This paper was inspired to include size as a factor, in the six-factor model, due to the popularity of Fama & 

French’s thee-factor model (Fama & French, 1992a). However, they were not the first to examine the 

relationship between the size of a company and its stock returns. That credit, as far as this author is aware, 

goes to Banz (1981) and this sub-section will be based on the findings of both him and Fama & French (1992a).  

 

In his paper, Banz (1981) goes into specific details about how his model and tests are constructed and it would 

be difficult and impractical to summarize it here, which is why the focus will be on the results of his paper 

rather than how he got them. As mentioned earlier in this paper, some of the factors used in the six-factor 

model of this paper, were originally simply observed empirically, rather than derived analytically. The size 

Figure 2.1.4 – Source: Sharpe (1964) 

The figure shows the linear relationship between expected returns of asset “𝑖” and the efficient combination 

“𝑔” containing “𝑖”. 
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factor is one such factor, and even though the financial literature has tried to explain it one way or the other 

since the publishing of Banz’s findings, the focus of this sub-section will be on the original empirical findings. 

Below, the main findings of Banz (1981) are printed: 

 

 

Looking at table 2.2.1, which is taken straight out of Banz’s (1981) paper, you get a clear picture of the size 

effect present in average stock returns. The size effect provides an average monthly return of 1.52 percent 

during the whole period for the portfolio holding the 10 smallest firms in the sample long, and the 10 largest 

firms short. This effect decreases as you move from the small-minus-big group, to the small-minus-median 

group, and finally to the median-minus-big group. The effect also generally decreases within each group as you 

include more firms in the portfolio (with the exception of the median-minus-big group), which is to be 

expected since it is the equivalent of including bigger stocks in the small stocks portfolio, and smaller stocks in 

the big stocks portfolio. Note, that even though the average overall returns are positive, the average returns 

Table 2.2.1 – Source: Banz (1981) 

This shows the average monthly returns (adjusted for exposure to excess market return, meaning the 

alpha/intercept of 𝑅𝑠 − 𝑅𝑏 = 𝛼 + 𝛽(𝑅𝑚 − 𝑅𝑓)) of holding an equally-weighted portfolio of smaller stocks long 

(𝑅𝑠) and an equally-weighted portfolio of larger stocks short (𝑅𝑏). The 3 columns to the left is long small stocks, 

short large stocks. The middle 3 columns are long small stocks and short medium-sized stocks. The 3 columns to 

the right are long median-sized stocks and short large stocks. The n above each column represents the amount 

of stocks in each long and short portfolio. The parentheses contain the t-statistics. 
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for the sub-periods examined are not always positive, indicating periods where the size premium is not positive 

but negative. In other words, there are drawback periods for these portfolios. This drawback can generally be 

reduced by adding more firms to the portfolios, at least for the most “interesting” case of the small-minus-big 

portfolio. This is likely due to both a decrease in the idiosyncratic risk present within the portfolio, which could 

potentially be quite big when only including 10 firms, but also the fact that including more stocks in the 

portfolios simply makes the combined portfolio less exposed to the size effect. 

 

Fama & French (1992a) find the same effect. As you can see in table 2.2.2 below, there is a much bigger spread 

in the returns when you move up and down the table (increasing/decreasing average size of the stocks within 

that portfolio), compared to when you move right and left (increasing/decreasing the average 𝛽 of the stocks 

within that portfolio). In fact, 𝛽 does not seem to have a significant effect on the average return when adjusted 

for size, and if there is any, it seems to actually be a negative one (higher 𝛽 lowers average return, which is 

completely counter-intuitive, as that would mean that higher risk yields lower returns). This result also puzzles 

Fama & French (1992a), and they do not give a conclusive reason for why this occurs. They even expand their 

time-period to examine whether this effect was limited to their sample period, but that is not the case. 

Whether or not 𝛽 (or in the six-factor model of this paper 𝛽1) has any effect on the cross-section of stock 

returns will be further explored in section 4 of this paper. 

 

Table 2.2.2 – Source: Fama & French (1992a) 

This figure shows portfolios of stock formed on both size (vertically) and 𝛽 (horizontally), which is a stocks 

exposure to the excess market return. The portfolios are equally-weighed and as you move from the top and 

down the average size of the stocks within the portfolio increases, and as you move from the left to the right 

the average 𝛽 of the stocks within the portfolio increases. 
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2.3 Factor 3: The Value Factor 

Like the size factor, the value factor, included in the six-factor model tested in this paper, was inspired by the 

popularity of the Fama & French three-factor model (Fama & French, 1992a), and their findings will be the 

basis for this sub-section. Unlike the size factor, which is quite self-explanatory about what it measures, the 

value factor is more ambiguous. In their paper, Fama & French (1992a) explores three different alternatives 

designed to capture the “value” effect: Book (value) to Market (value) ratio, Earnings/Price ratio, and leverage. 

In the end, they conclude that size and B/M account for most of the variation in average stock returns, and the 

focus throughout this paper will therefore be on B/M as the value factor.  

 

As you can see from table 2.3.1 there is a clear difference in the average return of portfolios with big 

differences in their B/M ratios (unlike the high-low 𝛽 portfolios of the previous sub-section). As you can see 

from the table, it can even be argued that the value effect (or B/M effect) is responsible for more variation the 

cross-section of stock returns than the size effect. This can be seen from the fact that if you sort only by B/M 

(the top row of table 2.3.1) the average portfolio returns go from 0.64 percent to 1.63 percent, compared to 

Table 2.3.1 – Source: Fama & French (1992a) 

This table shows portfolios of stocks formed on both size (vertically) and 𝐵/𝑀 or “value” (horizontally). The 

portfolios are equally weighted and as you move from the top and down the average size of the stocks within 

the portfolio increases, and as you move from the left to the right the average 𝐵/𝑀 of the stocks within the 

portfolio increases. 



Page 17 of 68 
 

when you sort only by size (the left most column), where the average returns fall in the range of 0.89 percent 

to 1.47 percent.  

 

2.4 Factor 4 and 5: The Profitability and Investment Factors 

The profitability and investment factors are the newest additions to the Fama & French three-factor model, 

and it is Fama & French themselves, that explore the value of these additions in their paper from 2015, which 

will form the basis of this sub-section. The fact, that profitability and investment plays a role in a stocks 

valuation, and by extension the returns of a stock, is not a new concept, and Fama & French (2015) bases their 

choice of adding these two variables, specifically on the work of Miller & Modigliani (1961) who found that the 

time “𝑡” market value of a company’s stock is: 

 

𝑀𝑡 =∑
𝐸(𝑌𝑡+𝜏 − 𝑑𝐵𝑡+𝜏)

(1 + 𝑟)𝜏

∞

𝜏=1
 

 

With ”𝑀𝑡” being market value at time “𝑡”, “𝑌𝑡” being the total equity earnings for period “𝑡”, “𝑑𝐵𝑡 = 𝐵𝑡 −

𝐵𝑡−1” being the change in book equity from “𝑡 − 1” to “𝑡” and “𝑟” being the long-term average expected 

return of the stock. If we divide the equation above with book equity, we get: 

 

𝑀𝑡
𝐵𝑡
=

∑
𝐸(𝑌𝑡+𝜏 − 𝑑𝐵𝑡+𝜏)

(1 + 𝑟)𝜏
∞
𝜏=1

𝐵𝑡
 

 

This formula actually provides a more theoretical basis and reasoning for why the value factor (B/M) was added 

in the first place. If you hold everything constant in the equation above, except for the market value “𝑀” and 

expected return “𝑟”, then a lower market value “𝑀” (which is the equivalent of getting a higher B/M value) 

would imply a higher expected return. However, as it can also be seen from the equation, increasing the 

expected equity earnings (profitability) should also increase expected return if everything else is held constant. 

Similarly, increasing the change in book equity “𝑑𝐵” (investment) should lead to a decrease in expected return 

if everything else is held constant.  
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In an effort to capture the effects on expected stock returns described above, Fama & French (2015) sought 

inspiration from the works of Novy-Marx (2013) and Aharoni, Grundy & Zeng (2013). Exactly how these effects 

are incorporated into our six-factor model will be discussed further in section 3. 

 

As it can be seen from table 2.4.1 there are fairly clear indications that controlling for profitability and 

investments made, accounts for some of the variation in the cross-section of stock returns. There is a positive 

premium between all the 𝐻𝑖𝑔ℎ𝑒𝑠𝑡 𝑂𝑃 − 𝐿𝑜𝑤𝑒𝑠𝑡 𝑂𝑃 groups, even though it is not always the biggest (meaning 

that sometimes the second or third quartiles minus the first has a bigger premium, see for example the sorting 

of big stock on B/M and OP). The same can be said for the investment effect.  

 

 

2.5 Factor 6: The Momentum Factor 

Jegadeesh & Titman (1993) explored the effect of momentum in the cross-section of stock returns, and Carhart 

(1997) included momentum as a factor in his analysis of mutual funds performance, thus extending the Fama & 

French three-factor model (1992a) to (although his notation is a little different): 

 

Table 2.4.1 – Source: Fama & French (2015) 

This table shows value weighted portfolios of stocks based on their size, B/M ratios, profitability and 

investments. All the portfolios on the left hand side of the table are small stocks (stocks with a size less than the 

NYSE median) and all the stocks to the right are big stocks (stocks with a size bigger than the NYSE median). 

The rest of the sorting process involves dividing stocks up into quartiles of their profitability (OP), B/M ratio and 

investments made. 
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𝑟𝑖𝑡 − 𝑟𝑓𝑡 = 𝛼𝑖 + 𝛽𝑖1(𝑟𝑚𝑡 − 𝑟𝑓𝑡) + 𝛽𝑖2𝑆𝑀𝐵𝑡 + 𝛽𝑖3𝐻𝑀𝐿𝑡 + 𝛽𝑖4𝑀𝑂𝑀 

 

If you look at table 2.5.1 you can clearly see that buying or selling stocks based on their past returns, 

alternatively “momentum”, has produced significant positive average returns. The effect seem most 

pronounced when based on the return of the past year compared to any of the other time-periods.  

 

 

As it can be seen from table 2.5.2 this effect is not due to the momentum portfolios coincidentally being 

exposed to systematic risk or the size effect (although it could be due to the momentum portfolio’s correlation 

with some unknown characteristic/risk, that is unexplored in the analysis of Jagadeesh & Titman (1993)). It can 

Table 2.5.1 – Source: Jegadeesh & Titman (1993) 

This table shows equally weighted portfolios formed on the basis of their past returns. The “J” indicates how 

long of a period the past return is based on in months and the “K” indicates how long the portfolios are held for. 

If it is a “Sell” portfolio, it is a portfolio consisting of the stocks in the lowest decile of past returns and a “Buy” 

portfolio consists of the stocks in the highest decile. The “buy-sell” portfolios is a zero-cost/zero investment 

portfolio buying the “buy” portfolio and selling the “sell” portfolio. Panel A consists of portfolios formed right 

after the measurement of past returns, and panel B waits a week before forming the portfolios. 
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be clearly seen from the table that the size effect does indeed account for some of the variation.  Buying 

portfolios consisting of small firms and selling those consisting of large firms does carry an average premium 

above 0. All the “S1”-“S3” columns carry a positive premium except for the low momentum one (“P1”), which 

might be coincidental. The same cannot be said about the market exposure/𝛽, where average returns, once 

again (just as in the results from Fama &French (1992a)), seem to behave counter intuitively in the sense that 

high beta portfolios have (much) smaller average returns than low beta ones. Putting aside the effects of beta 

and size clearly shows a premium for buying high momentum stocks and selling low momentum stocks, since 

all the “P10-P1” portfolio have positive average returns. 

 

 

Carhart (1997) explores the concept of mutual fund persistence, and his research covers more than an 

extension of the three-factor model. However, as part of his research he forms portfolios of mutual funds 

Table 2.5.2 – Source: Jegadeesh & Titman (1993) 

This figure shows the alpha/intercept of 𝑟𝑝𝑡 − 𝑟𝑓𝑡 = 𝛼𝑝 + 𝛽(𝑟𝑚𝑡 − 𝑟𝑓𝑡) + 𝜀𝑖𝑡 for equally weighted portfolios 

held for 6 months and formed on the basis of the past returns of 6 months with the lowest decile return 

portfolio being P1 and the highest being P10. The portfolios are then sub-divided either on the basis of the firm 

size or 𝛽, with both the average size and 𝛽 of the portfolios increasing as you move from the left to the right. 

The parentheses contain the t-statistics. 
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based on their past yearly return and regresses these portfolios against a four-factor model (the three-factor 

model of Fama & French (1992a) and the momentum factor). The result of this analysis can be seen in table 

2.5.3 (on the next page). As it can be seen from the table, the CAPM/market exposure does not explain the 

variation in average returns between the portfolios of mutual funds very well. In fact, the market exposure of 

the various decile-indexed portfolios vary very little, and the difference between the top decile portfolio and 

the bottom decile portfolio (1-10 spread) is entirely attributed to alpha/intercept/abnormal returns by the 

CAPM. On the other hand, it can be seen that the four-factor model explains the variation much better 

(although not completely). The biggest difference between the top and bottom decile portfolio is their 

exposure to the SMB (size) effect and the PR1YR (momentum) effect, suggesting that the best performing 

mutual funds hold a larger part of their portfolios in small stocks and momentum stocks. There is still quite a 

bit of unexplained difference in the average monthly returns between the top and bottom decile (0.29%), but 

this is primarily caused by the very poor performance of the bottom decile. As you can see in the bottom row 

of the table, the bottom decile accounts for 0.2% of the abnormal return difference, and if this bottom decile is 

excluded, the four-factor model accounts for the majority of average return variation. Thus, based on both the 

findings of Jagadeesh &Titman (1993) and Carhart (1997), it seems reasonable to extend the Fama & French 

(2015) five-factor model with a momentum factor.  
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 Table 2.5.3 – Source: Carhart (1997) 

This table shows the returns of portfolios of mutual funds formed on January 1st based on their past yearly 

return along with the results of regressions run on the basis of CAPM and Carhart’s own four-factor model. The 

top and bottom decile portfolios are further divided into 3 sub-categories A, B and C containing the highest, 

middle, and lowest third, respectively, returns of the top and bottom decile portfolios. The parantheses contain 

the t-statistics. 
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3. Methodology 

This section will focus on both the specific details surrounding what data is used for the basis of this paper, as 

well as how it used to create the factors and the initial regression model. Furthermore, the financial theory and 

statistical tools used in this paper will be explained, but the full derivations of the results will be omitted as 

they are assumed to be known to the reader, or alternatively, easily looked up in any standard statistical or 

financial textbook. 

 

3.1 Data Handling and Factor Creation 

This sub-section will describe how the factors, used in the time series regressions of this paper, are produced, 

as well as go through the data gathering process. First off, all return data is from the Center for Research in 

Security Prices’ (CRSP) monthly database. Only stocks trading on either the AMEX, NASDAQ or NYSE, with at 

least 3 years’ worth of monthly return data (36 months) for the period of 1962-2018 and share codes 10 or 11 

in the CRSP database (which is standard procedure in the financial literature, see for example Fama &French, 

2015), is included in the sample. However, due to the nature of the trading analysis performed in this paper, 

the return data of a stock that gets delisted, is needed for one period after delisting. Luckily, many of the stocks 

considered in this paper has a delisting return in the CRSP database, but whenever one does not exist, the 

return is set to 0. The number of stocks meeting the criteria above is 5261, with the amount of return data 

totaling 906.089. The factors themselves are from the French, K. R. data library (2018), and the data used in 

this paper is, like the return data, from 1962-2018. For full details, surrounding the factor creation process, the 

reader is referred to the data library or Fama & French (2015). However, a brief overview of the process 

involved will be provided below for every factor considered in the six-factor model of this paper: 

 

(𝑟𝑚 − 𝑟𝑓)𝑡 is the excess return of the value-weighted portfolio of all stocks in the CRSP database that are: 

incorporated in the US, listed on either NYSE, NASDAQ  or AMEX, have CRSP share code 10 or 11, good shares 

and price data at the beginning of month 𝑡, and good return data for 𝑡 minus the one month Treasury bill rate.  

 

The rest of the factors are created by first sorting all eligible stocks into value-weighted portfolios based on 

size, book-to-market ratio, operating profitability, investment, and momentum. This process is repeated yearly 

at the end of each June since the fundamental data used for the sorting process is updated on a yearly basis. 
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Size, book-to-market ratio, operating profitability, investments, and momentum is defined the following way: 

 

 Size is calculated as the market equity of a firm at the end of June of year 𝑡, and the breakpoints used 

for portfolio sorting is the NYSE median size. 

 𝐵/𝑀 of year 𝑡 is calculated as the book equity of the fiscal year ending in 𝑡 − 1 divided by market 

equity at the end of December year 𝑡 − 1, and the breakpoints used for portfolio sorting are the 30th 

and 70th NYSE percentiles. 

 The operating profit of year 𝑡 is calculated as annual revenues minus cost of goods sold, interest 

expenses, and selling, general and administrative expenses divided by book equity of the fiscal year 

ending in 𝑡 − 1, and the breakpoints used for portfolio sorting are the 30th and 70th NYSE percentiles.  

 Investments of year 𝑡 is calculated as the change in total assets from the fiscal year ending in 𝑡 − 2 to 

the fiscal year ending in 𝑡 − 1, and the breakpoints used for portfolio sorting are the 30th and 70th NYSE 

percentiles. 

 Momentum of year 𝑡 is defined as the monthly return of the past 2-12 months, and the breakpoints 

used for portfolio creation are the 30th and 70th NYSE percentiles. 

 

The monthly factor values/regressors used throughout the rest of this paper is then the return, for the previous 

month, of the yearly-rebalanced portfolios defined the following way: 

 

 Small Minus Big: 

𝑆𝑀𝐵 =
1

3
∗ (𝑆𝑀𝐵𝐵

𝑀
+ 𝑆𝑀𝐵𝑂𝑃 + 𝑆𝑀𝐵𝐼𝑁𝑉)  𝑤𝑖𝑡ℎ: 

𝑆𝑀𝐵𝐵
𝑀
=
𝑆𝑚𝑎𝑙𝑙𝑉𝑎𝑙𝑢𝑒 + 𝑆𝑚𝑎𝑙𝑙𝑁𝑒𝑢𝑡𝑟𝑎𝑙 + 𝑆𝑚𝑎𝑙𝑙𝐺𝑟𝑜𝑤𝑡ℎ

3
−
𝐵𝑖𝑔𝑉𝑎𝑙𝑢𝑒 + 𝐵𝑖𝑔𝑁𝑒𝑢𝑡𝑟𝑎𝑙 + 𝐵𝑖𝑔𝐺𝑟𝑜𝑤𝑡ℎ

3
 

𝑆𝑀𝐵𝑂𝑃 =
𝑆𝑚𝑎𝑙𝑙𝑅𝑜𝑏𝑢𝑠𝑡 + 𝑆𝑚𝑎𝑙𝑙𝑁𝑒𝑢𝑡𝑟𝑎𝑙 + 𝑆𝑚𝑎𝑙𝑙𝑊𝑒𝑎𝑘

3
−
𝐵𝑖𝑔𝑅𝑜𝑏𝑢𝑠𝑡 + 𝐵𝑖𝑔𝑁𝑒𝑢𝑡𝑟𝑎𝑙 + 𝐵𝑖𝑔𝑊𝑒𝑎𝑘

3
 

𝑆𝑀𝐵𝐼𝑁𝑉 =
𝑆𝑚𝑎𝑙𝑙𝐶𝑜𝑛𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑣𝑒 + 𝑆𝑚𝑎𝑙𝑙𝑁𝑒𝑢𝑡𝑟𝑎𝑙 + 𝑆𝑚𝑎𝑙𝑙𝐴𝑔𝑔𝑟𝑒𝑠𝑠𝑖𝑣𝑒

3

−
𝐵𝑖𝑔𝐶𝑜𝑛𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑣𝑒 + 𝐵𝑖𝑔𝑁𝑒𝑢𝑡𝑟𝑎𝑙 + 𝐵𝑖𝑔𝐴𝑔𝑔𝑟𝑒𝑠𝑠𝑖𝑣𝑒

3
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 High Minus Low: 

𝐻𝑀𝐿 =
1

2
∗ (𝑆𝑚𝑎𝑙𝑙𝑉𝑎𝑙𝑢𝑒 + 𝐵𝑖𝑔𝑉𝑎𝑙𝑢𝑒) −

1

2
∗ (𝑆𝑚𝑎𝑙𝑙𝐺𝑟𝑜𝑤𝑡ℎ + 𝐵𝑖𝑔𝐺𝑟𝑜𝑤𝑡ℎ) 

 

 Robust Minus Weak: 

𝑅𝑀𝑊 =
1

2
∗ (𝑆𝑚𝑎𝑙𝑙𝑅𝑜𝑏𝑢𝑠𝑡 + 𝐵𝑖𝑔𝑅𝑜𝑏𝑢𝑠𝑡) −

1

2
∗ (𝑆𝑚𝑎𝑙𝑙𝑊𝑒𝑎𝑘 + 𝐵𝑖𝑔𝑊𝑒𝑎𝑘) 

 

 Conservative Minus Aggressive: 

𝐶𝑀𝐴 =
1

2
∗ (𝑆𝑚𝑎𝑙𝑙𝐶𝑜𝑛𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑣𝑒 + 𝐵𝑖𝑔𝐶𝑜𝑛𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑣𝑒) −

1

2
∗ (𝑆𝑚𝑎𝑙𝑙𝐴𝑔𝑔𝑟𝑒𝑠𝑠𝑖𝑣𝑒

+ 𝐵𝑖𝑔𝐴𝑔𝑔𝑟𝑒𝑠𝑠𝑖𝑣𝑒) 

 

 Momentum: 

𝑀𝑂𝑀 =
1

2
∗ (𝑆𝑚𝑎𝑙𝑙𝐻𝑖𝑔ℎ + 𝐵𝑖𝑔𝐻𝑖𝑔ℎ) −

1

2
∗ (𝑆𝑚𝑎𝑙𝑙𝐿𝑜𝑤 + 𝐵𝑖𝑔𝐿𝑜𝑤) 

 

3.2 Standard OLS Regression and Extensions 

As mentioned in the thesis delimitations, it is assumed that the reader is on a graduate level in regards to 

finance and statistics. Since this paper does not utilize any statistical tools outside the scope of a graduate 

student, most of the statistics used in this paper should be familiar to the reader. However, in this sub-section, 

an overview of some of the key concepts and tools used will be presented.  

 

Since the factor model, in its original form, is a regression with OLS- estimated parameters, it is important to 

realize exactly how the parameters are estimated using the OLS-method, and showcase how the OLS 

assumptions, and any potential violations of them, affect the results. A linear time series regression, model like 

the one used in this paper, takes the form of (the subscript of "𝑖" has been dropped for easier notation): 

 

𝒀 = 𝑿𝜷+ 𝜺  

 

𝒀 = (
𝑌1
⋮
𝑌𝑇

) , 𝑿 = (

𝒙𝟏
⋮
𝒙𝑻
) , 𝜷 = (

𝛽0
⋮
𝛽𝑝

)  𝑎𝑛𝑑  𝜺 = (

𝜀1
⋮
𝜀𝑇
) 
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𝒙𝒕 = (1 𝑋𝑡,1 ⋯ 𝑋𝑡,𝑝)  

 

The OLS estimate is then the estimates of 𝛽 that minimizes the squared residuals: 

 

(𝒀 − 𝑿𝜷)𝑻(𝒀 − 𝑿𝜷) → �̂�𝑶𝑳𝑺 = (𝑿
𝑻𝑿)

−𝟏
𝑿𝑻𝒀 

 

Or alternatively: 

 

min
𝛽0,…,𝛽𝑝

∑(𝑌𝑡 − 𝒙𝑡𝜷)
2

𝑇

𝑡=1

→ �̂�𝑶𝑳𝑺 = (𝑿
𝑻𝑿)

−𝟏
𝑿𝑻𝒀 

 

The covariance matrix of 𝜷 is then: 

 

𝐶𝑂𝑉(�̂�𝑶𝑳𝑺|𝑿) = (𝑿
𝑻𝑿)

−𝟏
𝑿𝑻𝐶𝑂𝑉(𝒀|𝑿)𝑿(𝑿𝑻𝑿)

−𝟏
= 𝜎𝜀

2(𝑿𝑻𝑿)
−𝟏

 

 

The assumptions underlying the model above are as follows: 

 

1. Linear dependence between the independent and dependent variables. This assumption is assumed to 

be true throughout this paper. 

 

2. Normality of the errors/residuals. This assumption will also be assumed to be true in this paper. Even if 

this assumption does not hold up the coefficient estimates will still be unbiased.  

 

3. Strict Exogeneity, meaning that the residuals are uncorrelated with the regressors, so that 𝐸[𝜺|𝑿] = 0. 

This assumption is also assumed to be true. 

 

4. The coefficients are constant. This assumption is not necessarily very problematic if the goal of a time 

series regression is to provide explanation for the observed data rather than predictions about future 

values. However, the core analysis of this paper will do exactly that. One simple method of dealing with 

time-varying coefficients is the method of using a weighted regression scheme. The method is not very 
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complicated and the estimation technique shown above simply becomes: 

 

min
𝛽0,…,𝛽𝑝

∑𝑤𝑡(𝑌𝑡 − 𝒙𝑡𝜷)
2

𝑇

𝑡=1

→ �̂�𝒘𝒆𝒊𝒈𝒉𝒕𝒆𝒅 = (𝑿
𝑻𝑾𝑿)

−𝟏
𝑿𝑻𝑾𝒀 𝑤𝑖𝑡ℎ 𝑾 = (

𝑤1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝑤𝑡

) 

 

However, using the weighted regression estimations can also be dangerous for predicting future 

values, since it essentially discounts the information of an observation, and one should therefore be 

careful when specifying a weighting scheme. 

 

5. The error terms, or alternatively the residuals, are assumed to have constant variance 

(homoscedasticity) and no serial correlation: 𝜎𝜀𝑡
2 = 𝜎𝜀

2 and 𝐶𝑜𝑣(𝜀𝑡 , 𝜀𝑠) = 0  ∀ 𝑡 ≠ 𝑠. This assumption is 

what allows 𝐶𝑂𝑉(�̂�|𝑿) = 𝜎𝜀
2(𝑿𝑻𝑿)

−𝟏
 in the model above, since 𝐶𝑂𝑉(𝒀|𝑿) = 𝐶𝑂𝑉(𝜺) = 𝜎𝜀

2𝑰. In 

essence, the ordinary least squares solution is just a special case of the generalized least squared 

model: 

 

𝒀 = 𝑿𝜷+ 𝜺 , 𝑬[𝜺|𝑿] = 𝟎 , 𝐶𝑂𝑉(𝜺) = 𝜮 = (

𝜎𝜀1
2 ⋯ 𝐶𝑜𝑣(𝜀1, 𝜀𝑇)

⋮ ⋱ ⋮
𝐶𝑜𝑣(𝜀1, 𝜀𝑇) ⋯ 𝜎𝜀𝑇

2
) 

 

�̂�𝑮𝑳𝑺 = (𝑿
𝑻𝜮−𝟏𝑿)

−𝟏
𝑿𝑻𝜮−𝟏𝒀 

 

Thus, the covariance matrix of the residual can now take many forms other than the restrictive 

structure of the OLS model. However, 𝜮 needs to be known before GLS estimates can be obtained. 

There are multiple ways of trying to estimate the covariance matrix, but the method used in this 

analysis is by first estimating the coefficients via OLS and then fitting an 𝐴𝑅𝑀𝐴(𝑝, 𝑞) model onto the 

residuals, thus obtaining an estimated 𝜮, which can then be used in the GLS estimation.  

 

3.3 ARMA and GARCH Models 

The autoregressive-moving-average model (ARMA) and the generalized-autoregressive-conditional-

heteroscedasticity model (GARCH), provide convenient ways of modelling any time series that show serial 
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correlation and heteroscedasticity in the form of volatility clustering.  The 𝐴𝑅𝑀𝐴(𝑝𝑚 , 𝑞𝑚) and 𝐺𝐴𝑅𝐶𝐻(𝑝𝑣 , 𝑞𝑣) 

model takes the form (with 𝑌𝑡  being any time series): 

 

𝐴𝑅𝑀𝐴(𝑝𝑚 , 𝑞𝑚): 𝑌𝑡 = 𝜇 + 𝜙1(𝑌𝑡−1 − 𝜇) +⋯+ 𝜙𝑝𝑚(𝑌𝑡−𝑝𝑚 − 𝜇) + 𝜃1𝜀𝑡−1 +⋯+ 𝜃𝑞𝑚𝜀𝑡−𝑞𝑚 + 𝜀𝑡  , 𝜀𝑡~𝑁(0, 𝜎𝜀
2) 

 

𝐺𝐴𝑅𝐶𝐻(𝑝𝑣 , 𝑞𝑣): 𝑌𝑡 = 𝑎𝑡 = 𝑠𝑡𝜀𝑡  , 𝜀𝑡~𝑁(0,1) 

 

𝑠𝑡 = (√𝑤 + 𝛼1𝑎𝑡−1
2 +⋯+ 𝛼𝑝𝑣𝑎𝑡−𝑝𝑣

2 + 𝛽1𝑠𝑡−1
2 +⋯+ 𝛽𝑞𝑣𝑠𝑡−𝑞𝑣

2 ) 

 

𝐶𝑜𝑚𝑏𝑖𝑛𝑒𝑑: 𝑌𝑡 = 𝜇 + 𝜙1(𝑌𝑡−1 − 𝜇) + ⋯+ 𝜙𝑝𝑚(𝑌𝑡−𝑝𝑚 − 𝜇) + 𝜃1𝑎𝑡−1 +⋯+ 𝜃𝑞𝑚𝑎𝑡−𝑞𝑚 + 𝑎𝑡 

 

As it can be seen, the conditional mean of the 𝐴𝑅𝑀𝐴(𝑝𝑚 , 𝑞𝑚) changes, while the conditional volatility stays 

the same, and vice versa for the 𝐺𝐴𝑅𝐶𝐻(𝑝𝑣 , 𝑞𝑣) process. The stochastic element of the 𝐴𝑅𝑀𝐴(𝑝𝑚 , 𝑞𝑚) and 

𝐺𝐴𝑅𝐶𝐻(𝑝𝑣 , 𝑞𝑣) processes (𝜀𝑡) is white noise, and does not necessarily need to be Gaussian, although that is 

the standard assumption. The parameters are usually estimated through maximum likelihood, which will be the 

standard procedure of this paper. The 𝐴𝑅𝑀𝐴(𝑝𝑚 , 𝑞𝑚) and 𝐺𝐴𝑅𝐶𝐻(𝑝𝑣 , 𝑞𝑣) processes have interesting 

expected future value properties, but the only future expected values that will be used in this paper is the next-

period expected values which are: 

 

𝐴𝑅𝑀𝐴(𝑝𝑚 , 𝑞𝑚): 𝐸[𝑌𝑡+1|𝑌𝑡] = 𝜇 + 𝜙1(𝑌𝑡 − 𝜇) +⋯+ 𝜙𝑝𝑚(𝑌𝑡−𝑝𝑚+1 − 𝜇) + 𝜃1𝜀𝑡 +⋯+ 𝜃𝑞𝑚𝜀𝑡−𝑞𝑚+1 

 

𝐴𝑅𝑀𝐴(𝑝𝑚 , 𝑞𝑚): 𝐸[𝜎𝑌𝑡+1
2 |𝑌𝑡] = 𝜎𝜀

2 

 

𝐺𝐴𝑅𝐶𝐻(𝑝𝑣 , 𝑞𝑣): 𝐸[𝜎𝑌𝑡+1
2 |𝑌𝑡] = 𝑤 + 𝛼1𝑎𝑡

2 +⋯+ 𝛼𝑝𝑣𝑎𝑡−𝑝𝑣+1
2 + 𝛽1𝑠𝑡

2 +⋯+ 𝛽𝑞𝑣𝑠𝑡−𝑞𝑣+1
2  

 

𝐺𝐴𝑅𝐶𝐻(𝑝𝑣 , 𝑞𝑣): 𝐸[𝑌𝑡+1|𝑌𝑡] = 0 

 

𝐶𝑜𝑚𝑏𝑖𝑛𝑒𝑑: 𝐸[𝑌𝑡+1|𝑌𝑡] = 𝜇 + 𝜙1(𝑌𝑡 − 𝜇) + ⋯+𝜙𝑝𝑚(𝑌𝑡−𝑝𝑚+1 − 𝜇) + 𝜃1𝑎𝑡 +⋯+ 𝜃𝑞𝑚𝑎𝑡−𝑞𝑚+1 

 

𝐶𝑜𝑚𝑏𝑖𝑛𝑒𝑑:  𝐸[𝜎𝑌𝑡+1
2 |𝑌𝑡] = 𝑤 + 𝛼1𝑎𝑡

2 +⋯+ 𝛼𝑝𝑣𝑎𝑡−𝑝𝑣+1
2 + 𝛽1𝑠𝑡

2 +⋯+ 𝛽𝑞𝑣𝑠𝑡−𝑞𝑣+1
2  
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The accuracy of these predictions obviously depend on how well the process fits the underlying and unknown 

real time series process, which might be very poorly. Both the 𝐴𝑅𝑀𝐴(𝑝𝑚 , 𝑞𝑚), 𝐺𝐴𝑅𝐶𝐻(𝑝𝑣 , 𝑞𝑣), and the 

combined framework can be expanded to the multivariate case of multiple time series. However, the only 

multivariate version explored in this paper is the vector-autoregressive model (VAR) and as such, the other 

multivariate versions will not be covered here. The 𝑉𝐴𝑅(𝑝) is the multivariate version of the 𝐴𝑅(𝑝) univariate 

model and take the following form: 

 

𝒀𝒕 = 𝝁 +𝜱𝟏(𝒀𝒕−𝟏 − 𝝁) +⋯+𝜱𝒑(𝒀𝒕−𝒑 − 𝝁) + 𝜺𝒕 

 

𝜺𝒕~𝑵(𝟎,𝜮) 

 

As it can be seen, this is the exact same notation as in the 𝐴𝑅𝑀𝐴(𝑝𝑚 , 𝑞𝑚) case above, except in matrix 

notation and without the moving average effects. The dimension of the vectors and matrices above depend on 

the amount of time series processes that are included in the model. If “𝑑” is the number of time series 

processes, then 𝒀𝒕: 𝑑 ∗ 1 𝑣𝑒𝑐𝑡𝑜𝑟, 𝝁: 𝑑 ∗ 1 𝑣𝑒𝑐𝑡𝑜𝑟, 𝜱𝒊: 𝑑 ∗ 𝑑 𝑚𝑎𝑡𝑟𝑖𝑥, and 𝜺𝒕: 𝑑 ∗ 1 𝑣𝑒𝑐𝑡𝑜𝑟. The biggest 

difference between the univariate and multivariate models are thus that there is assumed to be a specific 

dependence structure between the time series, and the next period expected values become: 

 

𝐸[𝒀𝒕+𝟏|𝒀𝒕] = 𝝁 +𝜱𝟏(𝒀𝒕 − 𝝁) +⋯+𝜱𝒑(𝒀𝒕−𝒑+𝟏 − 𝝁) 

 

𝐸[𝐶𝑂𝑉(𝒀𝒕+𝟏)|𝒀𝒕] = 𝜮 

 

3.4 Portfolio Theory 

The basis for the portfolio creation/optimization performed in section 5 will be briefly explained here. In 

modern portfolio theory the concept of the efficient frontier is that, given a universe of risky assets, linear 

combinations of those assets will form a frontier of efficient portfolios that maximizes the expected return 

subject to a specific risk value, measured as the standard deviation of the portfolio. Two methods for portfolio 

optimization will be performed in section 5 and they are based on the tangency portfolio and the minimum 

variance portfolio. The tangency portfolio, is the portfolio on the efficient frontier that maximizes the Sharpe 

ratio (
𝐸[𝑟𝑝−𝑟𝑓]

𝜎𝑝
), and the minimum variance portfolio is the efficient portfolio with the lowest amount of 
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variance as measured by the standard deviation. The weights for the tangency portfolio and the minimum 

variance portfolio are given by (see “Portfolio Theory with Matrix Algebra” (2013) for full derivation):  

 

𝒘𝒎𝒊𝒏𝑽𝒂𝒓,𝒕 =
𝜮𝒕
−𝟏𝟏

𝟏𝑻𝜮𝒕
−𝟏𝟏

 

 

𝒘𝒕𝒂𝒏𝒈𝒆𝒏𝒄𝒚,𝒕 =
𝜮𝒕
−𝟏(𝝁𝒕 − 𝑟𝑓,𝑡 ∗ 𝟏)

𝟏𝑻𝜮𝒕
−𝟏(𝝁𝒕 − 𝑟𝑓,𝑡 ∗ 𝟏)

 

 

𝜮𝒕, 𝝁𝒕, and 𝑟𝑓,𝑡 are the covariance matrix, expected returns, and risk free interest rate, respectively, all as 

measured at time t. Usually, the values are calculated as the sample covariance matrix and sample means, but 

that will not be the case in this paper, since those values will come from a factor model. The specific details as 

to how these covariance matrices and expected returns are calculated will be explained in section 5. 
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4. Data Analysis 

This section will explore the sample factor data, return data, and the relationship between them. It will start by 

fitting a standard OLS regression model onto the data, to get a sense of how well a factor model regression on 

individual stocks initially performs, on average. Then, a series of tests of the standard OLS assumptions will be 

performed to see if the model might be improved by modifying it. Lastly, the time series of the factors 

themselves will be explored to see if some structure might be imposed upon them. This section will lay the 

foundation for the trading strategies tested in section 5. 

 

4.1 Initial Regression Analysis 

The analysis will start by simply fitting a regression model with OLS-estimators and see how well such a model 

explains the cross-sectional stock returns. Since we are fitting a regression model to each of the 5261 stocks in 

our sample, it would not be feasible to provide summary statistics for each of them. The summary statistics 

listed below are therefore an average of all the summary statistics from each stock, the best model fit, and the 

worst model fit. The best and worst model fit are defined as those having the highest and lowest adjusted 𝑅2 

value, respectively. 

 

Average Statistics Estimate Standard Error t-statistic p-value 

Intercept/alpha 0.0004229272 0.01933703 0.14073968 0.5047842 

𝑹𝒎 −𝑹𝒇 0.8720018520 0.43758878 3.21586954 0.1523909 

𝑺𝑴𝑩 1.0843150113 0.74014136 2.10517825 0.2042495 

𝑯𝑴𝑳 0.0464586260 1.04667415 0.28754997 0.4012689 

𝑹𝑴𝑾 -0.1514987673 1.32572947 0.13594397 0.4284180 

𝑪𝑴𝑨 0.0220559157 1.46886254 0.02457371 0.4653996 

𝑴𝑶𝑴 -0.0445161307 0.52880023 -0.22696861 0.4281795 

Adjusted 𝑹𝟐 0.1543775 

 

“Best” Statistics Estimate Standard Error t-statistic p-value 

Intercept/alpha 0.027138204 0.01189968 2.28058211 0.02797630 

𝑹𝒎 −𝑹𝒇 1.594663284 0.24409398 6.53298911 .00000008428601 

𝑺𝑴𝑩 1.111286602 0.49032277 2.26643891 0.02890488 

𝑯𝑴𝑳 0.006007281 0.51147021 0.01174512 0.9906873 

Table 4.1.1 

Average summary statistics for the factor model regression on untransformed/unedited data. 
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𝑹𝑴𝑾 -0.494752332 0.78341414 -0.63153357 0.5312845 

𝑪𝑴𝑨 -1.728964006 0.89319011 -1.93571782 0.05999250 

𝑴𝑶𝑴 0.303239474 0.42878225 0.70721088 0.4835355 

Adjusted 𝑹𝟐 0.7206295 

 

“Worst” Statistics Estimate Standard Error t-statistic p-value 

Intercept/alpha -0.02869657 0.06034685 -0.47552724 0.6378556 

𝑹𝒎 −𝑹𝒇 -0.04665745 1.07705967 -0.04331928 0.9657341 

𝑺𝑴𝑩 -0.59384330 2.56847871 -0.23120429 0.8187258 

𝑯𝑴𝑳 -1.75924723 3.33134778 -0.52808874 0.6013226 

𝑹𝑴𝑾 -1.50821949 4.47970304 -0.33667845 0.7387032 

𝑪𝑴𝑨 2.78973177 4.23072841 0.65939751 0.5146709 

𝑴𝑶𝑴 1.03204171 1.88539676 0.54738702 0.5881624 

Adjusted 𝑹𝟐 -0.1749765 

 

As it is clear from the summary statistics, there is huge variation in how well the model fits an individual stock, 

and the average fit is quite poor with an adjusted 𝑅2 value of 0.154. The excess market return factor and the 

SMB factor are the most significant ones on average, and interestingly enough, the intercept is on average the 

least significant part of the factor model, with the four other factors, on average, being around the same level 

of significance. Given these rather poor average significance levels, the average estimates should be viewed 

with some reservations. Especially since all the four least significant factors, on average, have estimates close 

to 0. However, given the relatively good significance values of the excess market return and SMB factors, it 

seems reasonable to conclude that the average stock (in our sample) is positively exposed towards these 

factors. It is worth noting that even though the factors are not significant at the 0.05 level, on average, they all 

find some subset of the regression models where they do have significance at the 0.05 level. From a purely 

economic perspective this makes sense since the firms in our sample all have different characteristics and are 

analyzed at different time periods, thus making it reasonable to assume different sorts of risk exposures for the 

firms analyzed. It is not surprising that the worst fit finds all risk factors insignificant, but it is interesting that 

the best fit, which is good statistically speaking, only finds two of the factors (the same two factors deemed 

most significant by the average statistics) statistically significant at the 0.05 level. As explored in section 3.2, 

Table 4.1.2 

Summary statistics for the factor model regression with the highest adjusted 𝑅2 on untransformed data. 

Table 4.1.3 

Summary statistics for the factor model regression with the lowest adjusted 𝑅2 on untransformed data. 
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there can be various reason as to why a standard OLS regression model is not a good fit. To get a picture of 

whether or not this might be due to small sample sizes, the adjusted 𝑅2 is plotted against the number of 

sample returns for each stock, and the result can be seen in figure 4.1.4: 

 

As it can be seen, there does seem to be clustering in the bottom left corner of figure 4.1.1, indicating that the 

worst model fits do indeed tend to be from regression models with small sample sizes. However, it does not 

appear to explain the whole reason as to why the models on average have poor fits, seeing as how the best 

fitting models also have small sample sizes. Furthermore, even if you focus on regression models with over 300 

data points, the average adjusted 𝑅2 does not appear to move above 0.2, which admittedly is better, but far 

from good. 

 

 

 

Figure 4.1.1 

The adjusted 𝑅2 value associated with an individual factor model regression and the number of sample returns 

used for estimation. 
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4.2 Log-Transforming the Data 

The first attempt at improving the model fits will be to log-transform the returns themselves such that our 

model becomes: 

 

log (1 + 𝑟𝑖𝑡 − 𝑟𝑓𝑡) = 𝛼𝑖 + 𝛽𝑖1(𝑟𝑚𝑡 − 𝑟𝑓𝑡) + 𝛽𝑖2𝑆𝑀𝐵𝑡 + 𝛽𝑖3𝐻𝑀𝐿𝑡 + 𝛽𝑖4𝑅𝑀𝑊𝑡 + 𝛽𝑖5𝐶𝑀𝐴𝑡 + 𝛽𝑖6𝑀𝑂𝑀𝑡 + 𝜀𝑖𝑡 

 

This transforms the data in such a way that positive outliers are “pulled” towards the rest of the data, negative 

outliers are “pushed” away, but the majority of data remains relatively unchanged, and since the data has 

many more extreme positive outliers, it seems like a reasonable thing to try. The two charts below show a Q-Q 

normal plot of the stock with the highest return/biggest outlier of our sample before and after log-

transforming the excess return. 

 

 

 

 

Figure 4.2.1 

This figure shows a Q-Q plot of the untransformed returns of the stock in the sample with 

the biggest outlier.  
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As you can see from figure 4.2.1 and 4.2.2 the transformation makes the extreme return, a bit less extreme. 

Another solution could be to remove all outliers entirely, but that comes at the cost of losing potentially 

valuable information, and there are no natural cut-off point for what constitutes an outlier, which could lead to 

rather arbitrary data deletion. Whether or not we should log-transform the actual factors themselves is likely 

not of importance since they do not contain as many massive outliers as the return data, but since it is very 

easy to do the two analyses simultaneously, both results will be presented throughout the rest of this section. 

The exact same analysis, as was done in the previous sub-section (4.1), is performed again with the now log-

transformed returns and factors. The case where both the returns and the factors are log-transformed will be 

in parentheses: 

 

Average Statistics Estimate Standard Error t-statistic p-value 

Intercept/alpha -0.01639958 
(-0.01462767) 

0.01788177 
(0.01749872) 

-0.80386713 
(-0.67042543) 

0.3923411 
(0.4113217) 

𝑹𝒎 −𝑹𝒇 
0.89212595 
(0.88303848) 

0.40437578 
(0.40125138) 

3.42917678 
(3.44295593) 

0.1372518 
(0.1371391) 

Figure 4.2.2 

This figure shows a Q-Q plot of the log-transformed returns of the stock in the sample with 

the biggest outlier.  
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𝑺𝑴𝑩 
1.08826827 
(1.05792103) 

0.68510184 
(0.68599207) 

2.23520905 
(2.17640420) 

0.1875764 
(0.1943100) 

𝑯𝑴𝑳 
0.08079626 
(0.06335692) 

0.96788639 
(0.97035851) 

0.31516042 
(0.29755241) 

0.4035174 
(0.4031876) 

𝑹𝑴𝑾 
-0.09641993 
(-0.10913274) 

1.22567676 
(1.22593688) 

0.16784032 
(0.15751644) 

0.4236228 
(0.4237219) 

𝑪𝑴𝑨 
0.04189381 
(0.04151555) 

1.35765568 
(1.36365372) 

0.04269935 
(0.04585464) 

0.4642635 
(0.4640149) 

𝑴𝑶𝑴 
-0.01854577 
(-0.03833511) 

0.48953748 
(0.48684107) 

-0.12561854 
(-0.17406344) 

0.4336895 
(0.4325122) 

Adjusted 𝑹𝟐 
0.1659806  

(0.1666606) 

 

“Best” Statistics Estimate Standard Error t-statistic p-value 

Intercept/alpha 
0.01889552 
(0.02212698) 

0.01265979 
(0.01243962) 

1.4925621 
(1.7787512) 

0.1433979 
(0.08288143) 

𝑹𝒎 −𝑹𝒇 
1.57399400 
(1.60243768) 

0.25968579 
(0.25885221) 

6.0611479 
(6.1905505) 

0.0000003877507 
(0.0000002550434) 

𝑺𝑴𝑩 
1.22958524 
(1.22815692) 

0.52164277 
(0.51144321) 

2.3571404 
(2.4013554) 

0.02339822 
(0.02107271) 

𝑯𝑴𝑳 
-0.24820925 
(-0.18890691) 

0.54414104 
(0.52910243) 

-0.4561487 
(-0.3570328) 

0.6507501 
(0.7229440) 

𝑹𝑴𝑾 
-0.26520196 
(-0.34840431) 

0.83345573 
(0.81904606) 

-0.3181956 
(-0.4253782) 

0.7519920 
(0.6728409) 

𝑪𝑴𝑨 
-1.47679413 
(-1.56425054) 

0.95024378 
(0.95674055) 

-1.5541213 
(-1.6349788) 

0.1280329 
(0.1099001) 

𝑴𝑶𝑴 
0.41228984 
(0.40842526) 

0.45617127 
(0.43478373) 

0.9038049 
(0.9393757) 

0.3715101 
(0.3531761) 

Adjusted 𝑹𝟐 
0.6849913 

(0.6912524) 

 

“Worst” Statistics Estimate Standard Error t-statistic p-value 

Intercept/alpha 
-0.06528326 
(-0.06683538) 

0.05945812 
(0.05853521) 

-1.0979706 
(-1.14179782) 

0.2809519 
(0.2625700) 

𝑹𝒎 −𝑹𝒇 
-0.03001661 
(0.08885824) 

1.06119773 
(1.00861142) 

-0.0282856 
(0.08809957) 

0.9776217 
(0.9303830) 

𝑺𝑴𝑩 
-0.25770665 
(-0.17724139) 

2.53065254 
(2.49986530) 

-0.1018341 
(-0.07090038) 

0.9195660 
(0.9439476) 

Table 4.2.1 

Average summary statistics for the factor model regression on log-transformed data. 

Table 4.2.2 

Summary statistics for the factor model regression with the highest adjusted 𝑅2 on log-transformed data. 
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𝑯𝑴𝑳 
-1.18202685 
(-1.00522355) 

3.28228679 
(3.25790597) 

-0.3601230 
(-0.30854898) 

0.7212782 
(0.7597971) 

𝑹𝑴𝑾 
-1.58927671 
(-1.46467071) 

4.41373014 
(4.43080169) 

-0.3600756 
(-0.33056562) 

0.7213133 
(0.7432703) 

𝑪𝑴𝑨 
2.43040024 
(2.49093549) 

4.16842217 
(4.19451761) 

0.5830504 
(0.59385506) 

0.5642169 
(0.5570608) 

𝑴𝑶𝑴 
1.25838223 
(1.23075751) 

1.85763039 
(1.85695538) 

0.6774126 
(0.66278249) 

0.5033352 
(0.5125303) 

Adjusted 𝑹𝟐 
-0.1740127 

(-0.1717575) 

 

As you can from the tables above, log-transforming the data certainly does not transform the model from a bad 

one into a good one. There is a modest increase in average adjusted 𝑅2, but a decrease in the highest adjusted 

𝑅2. The intercept, excess market return factor and SMB also experience modest increases in average 

significance levels. The difference between the two cases of untransformed and log-transformed factors is 

almost non-existent, and the analysis thus provides no conclusive answer as to whether or not the factors 

should be log-transformed. Overall, the log-transformation did not drastically change the model fit, but 

nevertheless it did improve the average model fit a little, and the rest of this paper will therefore utilize log-

transformed returns. This section (4) will also continue to run analyses on the both the untransformed and log-

transformed factors in search of a definitive answer as to whether or not log-transforming the factors will 

provide better fitting models. 

 

4.3 Changing the Residual Structure 

The underlying assumption in a standard OLS regression is that the residuals are normally distributed with fixed 

variance and mean equal to zero. What the different violations has as implications for the estimation process 

was discussed in section 3.2, and the focus of this section is therefore to examine the structure of the residuals 

of the OLS regressions from the previous sub-section, and determine how to deal with any violations of the 

underlying assumptions. More specifically, tests will be performed to look for any possible serial correlation 

and heteroscedasticity present in the residuals, and appropriate methods for dealing with it will be tested.  

 

Table 4.2.3 

Summary statistics for the factor model regression with the lowest adjusted 𝑅2 on log-transformed data. 
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A Durbin-Watson and Ljung Box test was run on the residuals of the individual regression models in both the 

case of untransformed and log-transformed factors. In the case of untransformed factors, 
1039

5261
≈ 20% and 

1078

5261
≈ 20% of the Durbin-Watson and Ljung Box tests, respectively, rejected the null-hypothesis (at a 0.05 

level) that there is no serial autocorrelation between the residuals. The average p-value of the tests in the 

cases where the null-hypothesis is rejected were 0.01556 and 0.01553. In the case of log-transformed factors, 

1031

5261
≈ 20% and 

1081

5261
≈ 20% of the Durbin-Watson and Ljung Box tests, respectively, rejected the null-

hypothesis. The average p-value of the tests in the cases where the null-hypothesis is rejected were 0.01549 

and 0.01562. The tests all agree that for around 20% of the regression models there is evidence to suggest 

serial correlation, and it makes no difference whether or not the factors are log-transformed. What this means 

is that there is a case to be made for imposing a different covariance structure than the one assumed by the 

OLS estimation procedure. 

 

To test for possible heteroscedasticity among the residuals a Ljung box test was performed on the squared 

residuals.  At a 0.05 level the null hypothesis of no serial correlation was rejected by 
1376

5261
≈ 26% of the models 

with untransformed factors and by 
1372

5261
≈ 26% of the models with log-transformed factors. These results 

suggest that heteroscedasticity, and more specifically, volatility clustering might be an issue. Once again, there 

is little to no difference between the case with untransformed factors and the one with log-transformed 

factors.  

 

A solution to account for the serial correlation and heteroscedasticity of the residuals is to fit an 

𝐴𝑅𝑀𝐴(𝑝𝑚 , 𝑞𝑚) + 𝐺𝐴𝑅𝐶𝐻(𝑝𝑣 , 𝑞𝑣) model onto every individual regression model’s residuals. In this paper, only 

an 𝐴𝑅𝑀𝐴(𝑝, 𝑞) extension to the regressions will be performed, and the heteroscedasticity will remain a 

subject for further research. To test how many of our regressions might be improved by modelling the 

residuals as 𝐴𝑅𝑀𝐴(𝑝, 𝑞) models, all sub-models of an 𝐴𝑅𝑀𝐴(5,5) was fitted to the residuals of the 

regressions, and the complete regression + 𝐴𝑅𝑀𝐴(𝑝, 𝑞) model’s BIC was calculated and compared to the case 

of the standard regression. When the factors remained untransformed, 
623

5261
≈ 12% of our regressions could 

improve their BIC value with an 𝐴𝑅𝑀𝐴(𝑝, 𝑞) extension, and  
656

5261
≈ 12,5%  of the models were improved 

when using log-transformed factors. The practical importance/implication of this (if there is any) will be 

examined further in section 5. 
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4.4 Dealing with Time-Varying Coefficients 

One can imagine that a firm’s/stock’s exposure towards the risk factors, represented by our model factors, are 

subject to change over time as the company itself and the world around it evolves. Because of that, we might 

be able to improve our model by allowing for time-varying coefficients. There are several ways to do this, but 

the method tested in this paper will revolve around weighted least squared estimators, so that more recent 

observations are given more weight relative to older observations, which could theoretically lead to better 

forecast estimates if the regression coefficients are indeed time-varying. 

 

In section 5 when the different trading strategies are examined, the only method of weighted least squared 

regression that will be used, to try and tackle the problem of time-varying coefficients, is the rolling regression. 

This is a special case of the weighted least squares regression that takes the following form: 

 

∑𝑤𝑡(�̂�𝑡 − 𝑦𝑡)
2

𝑛

𝑡=1

 𝑤𝑖𝑡ℎ 𝑤𝑡 = 1 𝑓𝑜𝑟 𝑡 = 𝑛, 𝑛 − 1,… , 𝑛 − 𝑝 𝑎𝑛𝑑 0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

 

This form of weighting scheme is equivalent to running a standard OLS regression, but only using the 𝑝 most 

recent observations. To see if time-varying coefficients play an important role in the modelling of stock returns, 

a rolling regression with 𝑝 = 60, corresponding to 5 years’ worth of monthly return data, is run on the stocks in 

our sample with 10 or more years’ worth of return data, so the effect of time-varying coefficients is more 

clearly examined. The (unadjusted) average 𝑅2 is then listed in comparison to the average 𝑅2 of the standard 

regression models (but still only using stocks with ten or more years of data). This comparison is done in both 

the case of untransformed factors as well as the one with log-transformed factors. The results can be seen in 

the table below: 

 

Average 𝑹𝟐’s Untransformed Factors Log-Transformed Factors 

Full Sample 𝑹𝟐 0.205 0.206 

Rolling 𝑹𝟐 0.289 0.289 

 

Table 4.4.1 

Average 𝑅2 for standard regressions utilizing the full sample of stocks with more than 10 years’ worth of 

data and rolling regressions on the same data.  
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As it can be seen in the table above, using a rolling regression rather substantially improves the model’s 

explanatory power. This is a sign that the coefficients (or at least some of them) do indeed vary over time for 

some, if not all, stocks. To illustrate this effect, the estimated exposure/coefficient to the excess market return 

factor (untransformed), for the stock showing the greatest variation of this coefficient, is plotted below, with 

the straight line representing the estimated coefficient for a regression utilizing the full data sample. 

 

It is worth noting, that even in the case of the regression model using the full data sample, the excess market 

return factor is deemed statistically significant at the 0.05 level, suggesting that it does indeed account for 

some of the stock return variation present in this particular stock. However, looking at the estimates from the 

rolling regression, it seems clear that this stock’s exposure to the excess market return does indeed vary over 

time. Using the full sample estimate of 2.065 as the expected exposure to the excess market return in the next 

period, could lead to a greater estimation error of the stock return than if a rolling regression estimate was 

used, and this will be examined further in section 5. 

Figure 4.4.1 

Estimated exposure towards the excess market return factor of the rolling regression model showing the 

greatest variation of this exposure, alongside the estimated exposure from a standard regression. 
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Another potential weighting scheme, that could have been used, is the exponentially weighted regression that 

takes the form: 

 

∑𝑤𝑡(�̂�𝑡 − 𝑦𝑡)
2

𝑛

𝑡=1

 𝑤𝑖𝑡ℎ 𝑤𝑡 = 𝜆
𝑛−𝑡 

 

The weighting scheme gives exponentially less weighted to observations further in the past (if 0 < 𝜆 < 1). The 

benefits of using an exponentially weighted regression over a rolling regression is that it utilizes the full 

information set available at time 𝑡 and allows for a wider range of weighting schemes. However, there is no 

natural value for 𝜆 and the optimal value of 𝜆, if this model is to be used for predictions, might be hard if not 

impossible to estimate. 

 

4.5 Examining Sub-Models 

You might run into issues when estimating the coefficients of the factor model if the factors are highly 

correlated (multicollinearity) and a sub-model of our full six-factor model might then be preferred. To examine 

whether this might be the case, the correlation matrix and a matrix scatterplot of the log-transformed factors 

are produced (the results are practically identical when the factors are untransformed): 

 

Corr. Matrix 𝑹𝒎 − 𝑹𝒇 𝑺𝑴𝑩 𝑯𝑴𝑳 𝑹𝑴𝑾 𝑪𝑴𝑨 𝑴𝑶𝑴 

𝑹𝒎 −𝑹𝒇 1.00 0.28 -0.26 -0.23 -0.38 -0.13 

𝑺𝑴𝑩 0.28 1.00 -0.08 -0.35 -0.09 -0.04 

𝑯𝑴𝑳 -0.26 -0.08 1.00 0.07 0.69 -0.18 

𝑹𝑴𝑾 -0.23 -0.35 0.07 1.00 -0.05 0.11 

𝑪𝑴𝑨 -0.38 -0.09 0.69 -0.05 1.00 -0.01 

𝑴𝑶𝑴 -0.13 -0.04 -0.18 0.11 -0.01 1.00 

Table 4.5.1 

The full sample correlation matrix of the log-transformed factors. 
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The correlation between the factors are generally not that high and in some cases extremely low, so 

multicollinearity is not likely to be the only reason for the generally poor model fits. However, multicollinearity 

is not the only reason it is prudent to examine sub-models. As it can be seen from tables in sub-sections 4.1.1-

2, even the best individual model fits does not find every factor statistically significant (at the 0.05 level), and 

from a purely economic interpretation, where the factors are proxies for unknown risks, it makes sense for 

some stocks to not be exposed to all risk factors. If that is the case, the estimates of the coefficients that 

actually matter might improve if the statistically insignificant factors are removed. In order to see if that might 

be the case the sub-model with the highest adjusted 𝑅2 was fit onto each of the stocks: 

 

Sub-model regression Untransformed Factors Log-transformed Factors 

Adjusted 𝑹𝟐 0.184 0.185 

Average nr. of Factors 3.39 3.38 

Figure 4.5.1 

A scatterplot matrix of the log-transformed factors. 
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Table 4.5.2 

Adjusted 𝑅2for the sub-models with the highest adjusted 𝑅2 value along side the average amount of factors 

included in the sub-model. 

Figure 4.5.2 

The distribution of the amount of factors used the best regression sub-model with untransformed factors. 

Figure 4.5.3 

The distribution of the amount of factors used the best regression sub-model with log-transformed factors. 
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As it can be seen from table 4.5.2, the adjusted 𝑅2 becomes higher on average when fitting the optimal sub-

model onto the stocks (see the results of section 4.2). This is true for both the case of untransformed and log-

transformed factors and the difference between them is, once again, almost non existing. The number of 

factors in the sub-model that maximizes adjusted 𝑅2 is on average 3.385 with most stocks utilizing between 2 

and 5, and as it can be seen from the figures 4.5.2 and 4.5.3 less than 5 % of stocks maximize their adjusted 𝑅2 

with the full-model, suggesting that future returns might be more accurately predicted when using some sub-

model of the full six-factor model.  

 

4.6 Examining the Factors 

In order to determine the one period ahead expected returns of the individual stocks, which will be done in the 

next section, you need to estimate the one period ahead expected value/risk premium of the six factors in our 

model. The simplest method utilized in the next section is to use the average value of the factors and as the 

expected one period ahead risk premium, along with the sample covariance matrix as the expected one period 

ahead covariance matrix. Another possibility is to assume some structure of factors, such as marginal 

ARMA(+GARCH errors) processes for each factor or a VAR process. This sub-section will examine whether or 

not imposing a structure on the factor data is likely to lead to increased precision in our one period ahead 

expected risk premiums, and as a byproduct of that examination determine whether or not log-transforming 

the factors is likely to lead to better return/volatility estimations. Below you can see the time series of all the 

factors:  
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The time-series above seem to have a couple of things in common:  

 

1. As usual there appears to be little difference between the log-transformed factors and the 

untransformed, which was to be expected since there were no extreme outliers in the data.  

2. The time-series appear mean-reverting/have constant unconditional mean. 

3. It’s hard to tell whether the factors exhibit serial correlation/autocorrelation. 

4. The time-series appear to show heteroscedasticity/volatility clustering. 

 

The first attempt to capture the mean-reversion, potential autocorrelation, and heteroscedastic behavior of 

the factors, is by fitting an 𝐴𝑅𝑀𝐴(𝑝𝑚 , 𝑞𝑚) + 𝐺𝐴𝑅𝐶𝐻(𝑝𝑣 , 𝑞𝑣) model onto every factor individually. That is, the 

following model is fit onto every factor: 

 

𝑌𝑡 = 𝜇 + 𝜙1(𝑌𝑡−1 − 𝜇) +⋯+ 𝜙𝑝𝑚(𝑌𝑡−𝑝𝑚 − 𝜇) + 𝜃1𝑎𝑡−1 +⋯+ 𝜃𝑞𝑚𝑎𝑡−𝑞𝑚 + 𝑎𝑡 

 

𝑎𝑡 = 𝜎𝑡𝜀𝑡 , 𝜀𝑡~𝑁(0,1) 

 

𝜎𝑡 = √𝑤 + 𝛼1𝑎𝑡−1
2 +⋯+ 𝛼𝑝𝑣𝑎𝑡−𝑝𝑣

2 + 𝛽1𝜎𝑡−1
2 +⋯+ 𝛽𝑞𝑣𝜎𝑡−𝑞𝑣

2  

 

This could help capture the type of autocorrelation (if any) present in each factor, along with the 

heteroscedastic behavior. However, fitting such a model onto each factor individually would fail to 

Figure 4.6.1 

Time series plots of all the factors both untransformed and log-transformed. 



Page 47 of 68 
 

capture/impose any correlation structure of the factors, which may or may not play an important role in 

investment decisions. In the table below the 𝐴𝑅𝑀𝐴(𝑝𝑚 , 𝑞𝑚) + 𝐺𝐴𝑅𝐶𝐻(𝑝𝑣 , 𝑞𝑣) model structures with the 

lowest BIC (every sub model of an 𝐴𝑅𝑀𝐴(3,3) + 𝐺𝐴𝑅𝐶𝐻(3,3) has been tested, including the case where 𝑝𝑚 =

𝑞𝑚 = 𝑝𝑣 = 𝑞𝑣 = 0)  are shown for each untransformed and Log-transformed factor along with the associated 

BIC. The reason for choosing BIC as the model selection tool is due to the fact, that it penalizes the model for 

having a high number of parameters. If you use log-likelihood for model selection, the models chosen are 

typically not very parsimonious and overfitting may be a problem. 

 

Model Fits Untransformed Log-transformed 

𝑹𝒎 −𝑹𝒇 
𝐴𝑅𝑀𝐴(2,2) + 𝐺𝐴𝑅𝐶𝐻(1,1) 

𝐵𝐼𝐶 = −2269.762 
𝐴𝑅𝑀𝐴(2,2) + 𝐺𝐴𝑅𝐶𝐻(1,1) 

𝐵𝐼𝐶 = −2253.178 

𝑺𝑴𝑩 
𝐴𝑅𝑀𝐴(0,0) + 𝐺𝐴𝑅𝐶𝐻(1,1) 

𝐵𝐼𝐶 = −2772.747 
𝐴𝑅𝑀𝐴(0,0) + 𝐺𝐴𝑅𝐶𝐻(1,1) 

𝐵𝐼𝐶 = −2779.552 

𝑯𝑴𝑳 
𝐴𝑅𝑀𝐴(1,0) + 𝐺𝐴𝑅𝐶𝐻(1,1) 

𝐵𝐼𝐶 = −2946.363 
𝐴𝑅𝑀𝐴(3,2) + 𝐺𝐴𝑅𝐶𝐻(1,1) 

𝐵𝐼𝐶 = −2954.018 

𝑹𝑴𝑾 
𝐴𝑅𝑀𝐴(1,0) + 𝐺𝐴𝑅𝐶𝐻(1,1) 

𝐵𝐼𝐶 = −3448.163 
𝐴𝑅𝑀𝐴(1,0) + 𝐺𝐴𝑅𝐶𝐻(1,1) 

𝐵𝐼𝐶 = −3436.469 

𝑪𝑴𝑨 
𝐴𝑅𝑀𝐴(1,0) + 𝐺𝐴𝑅𝐶𝐻(1,1) 

𝐵𝐼𝐶 = −3378.922 
𝐴𝑅𝑀𝐴(0,1) + 𝐺𝐴𝑅𝐶𝐻(1,1) 

𝐵𝐼𝐶 = −3381.965 

𝑴𝑶𝑴 
𝐴𝑅𝑀𝐴(0,0) + 𝐺𝐴𝑅𝐶𝐻(1,1) 

𝐵𝐼𝐶 = −2521.37 
𝐴𝑅𝑀𝐴(0,0) + 𝐺𝐴𝑅𝐶𝐻(1,1) 

𝐵𝐼𝐶 = −2502.911 

 

As it can be seen from the table above, the model structure is the same for the untransformed and log-

transformed factors, with the exception of the HML and CMA factors, although fitting the model chosen in the 

case of a log transformed factor on the corresponding untransformed factor (or vice versa) yields only a small 

difference in BIC. Furthermore, it seems like heteroscedasticity is indeed present in the factors and that this 

heteroscedasticity is captured well by a 𝐺𝐴𝑅𝐶𝐻(1,1) element. Every model in the table have some associated 

statistics to test for goodness of fit. These include a Ljung-Box test on the standardized residuals to test 

whether the conditional mean is captured by the mean model (𝐴𝑅𝑀𝐴(𝑝𝑚 , 𝑝𝑣)), a Ljung-Box test on the 

squared standardized residuals to test whether the conditional variance is captured by the variance model 

(𝐺𝐴𝑅𝐶𝐻(𝑝𝑣 , 𝑞𝑣)), and a goodness of fit test to determine whether the assumption of Gaussian standardized 

Table 4.6.1 

Model structures of univariate ARMA+GARCH model and their associated BIC value. 
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residuals is acceptable. The tests suggests the models in general are good fits (they capture both the 

conditional mean and variance) and that the assumption of Gaussian standardized residuals is acceptable.  

 

Another choice for modelling the factors are the multivariate versions of the 𝐴𝑅𝑀𝐴(𝑝𝑚 , 𝑞𝑚) +

𝐺𝐴𝑅𝐶𝐻(𝑝𝑣 , 𝑞𝑣) framework. As mentioned earlier, only a vector autoregressive model (𝑉𝐴𝑅(𝑝)) will be used in 

this paper, thus failing to capture the heteroscedasticity that does seem to be present in the data. As explained 

in section 3.3 the 𝑉𝐴𝑅(𝑝) model takes on the following structure: 

 

𝒀𝒕 = 𝝁 +𝜱𝟏(𝒀𝒕−𝟏 − 𝝁) +⋯+𝜱𝒑(𝒀𝒕−𝒑 − 𝝁) + 𝜺𝒕 

 

𝜺𝒕~𝑵(𝟎,𝜮) 

 

With 6 factors 𝒀𝒕, 𝝁, and 𝜺𝒕 are all 6 ∗ 1 dimensional vectors and 𝜱𝟏,… ,𝜱𝒑 are all 6 ∗ 6 dimensional matrices. 

The 𝑉𝐴𝑅(𝑝) models with 𝑝 = 0,… , 𝑝 = 10 were fit onto the untransformed and log-transformed factors and 

in both cases the model with the lowest BIC value was the 𝑉𝐴𝑅(1). The models had the following parameters: 

 

𝐹1:𝑅𝑚 − 𝑅𝑓  , 𝐹2: 𝑆𝑀𝐵 , 𝐹3:𝐻𝑀𝐿 , 𝐹4:𝑅𝑀𝑊,𝐹5: 𝐶𝑀𝐴 , 𝐹6:𝑀𝑂𝑀 

 

𝜱𝟏,𝑼𝒏𝑻 =

(

  
 

0.024
0.146
0.053
−0.010
0.023
−0.132

0.026
0.021
−0.009
0.096
0.002
0.085

0.010
0.043
0.173
0.003
0.035
−0.124

−0.090
0.098
−0.037
0.188
0.016
−0.051

−0.177
−0.079
0.040
0.017
0.112
−0.010

−0.026
−0.040
0.004
−0.012
−0.004
0.029 )

  
 

 

 

𝜮𝑼𝒏𝑻 =

(

  
 

0.00193

0.00034
−0.00032
−0.00022
−0.00033
−0.00025

0.00034
0.00088
−0.00007
−0.00025
−0.00006
0.00000

−0.00032
−0.00007
0.00078
0.00005
0.00038
−0.00020

−0.00022
−0.00025
0.00005
0.00048
−0.00002
0.00010

−0.00033
−0.00006
0.00038
−0.00002
0.00040
0.00000

−0.00025
0.00000
−0.00020
0.00010
0.00000
0.00174 )
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𝜱𝟏,𝑳𝒐𝒈𝑻 =

(

  
 

0.035
0.143
0.053
−0.008
0.020
−0.131

0.028
0.026
−0.019
0.085
0.000
0.092

0.019
0.049
0.169
0.009
0.033
−0.118

−0.085
0.117
−0.050
0.175
0.010
−0.042

−0.182
−0.089
0.038
0.005
0.106
−0.024

−0.021
−0.039
0.000
−0.012
−0.006
0.046 )

  
 

 

 

𝜮𝑳𝒐𝒈𝑻 =

(

  
 

0.00198

0.00035
−0.00032
−0.00022
−0.00034
−0.00025

0.00035
0.00087
−0.00007
−0.00025
−0.00006
0.00002

−0.00032
−0.00007
0.00077
0.00005
0.00038
−0.00020

−0.00022
−0.00025
0.00005
0.00049
−0.00002
0.00011

−0.00034
−0.00006
0.00038
−0.00002
0.00040
0.00000

−0.00025
−0.00002
−0.00020
0.00011
0.00000
0.00186 )

  
 

 

 

The results above are not that meaningful or interpretable in and of themselves, since the predictive power of 

the model will not be tested until the next section when trading strategies are analyzed. However, once again 

there is little difference between the untransformed and log-transformed case, which by now does not come 

as a surprise. The benefit of using a 𝑉𝐴𝑅(𝑝) model instead of marginal 𝐴𝑅𝑀𝐴(𝑝𝑚 , 𝑞𝑚) + 𝐺𝐴𝑅𝐶𝐻(𝑝𝑣 , 𝑞𝑣) 

models is that dependence structure is much more elaborate and includes correlation between the factors. 

This could (if the model is accurate) lead to better estimates of the expected return of the individual stocks, 

however, as mentioned there is no part of this model that captures the heteroscedasticity/volatility clustering 

that seems to be present within the factor time series, so there is definitely a trade-off between the models 

examined here.  

 

4.7 Section Conclusions 

This section has examined the data structure present in our sample both in terms of the stock return’s 

dependence on the factors, but also the structure of the factors themselves. The section has provided 

statistical evidence that suggests several improvements can be made in regards to the standard OLS factor 

regression when trying to explain and, in the next section, predict stock returns. The extensions to the standard 

OLS regression model has been tested separately and not in conjunction with each other. This was done to 

examine the individual extensions in isolation to get a better idea of whether or not they provided a better 

model for explaining stock returns. This section is ultimately meant to be a guidance as to what problems the 

standard OLS regression faces, and what simple extensions an investor can use to try and alleviate them. More 
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advanced models and extensions to the standard OLS regression exists and should prove an interesting area for 

further research.  
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5. Trading with Factor Models 

This section is meant to showcase whether or not using factor models as the basis for investment decisions is 

profitable over the sample period in question, and by extension if it might be profitable in the future. The 

previous section failed to conclude whether or not it would be wise to log-transform the factors in order to 

increase model accuracy. Because of this, it seems likely that the results of trading with either untransformed 

or log-transformed factors would yield similar results, and due to the rather extensive computations needed to 

perform the analysis of this section it is more prudent to choose one or the other. Therefore, since the log-

transformed factors had the slightest edge in average adjusted 𝑅2 in section 4.2, the trading analysis of this 

section will be performed with log-transformed factors. You can create multiple strategies with different 

selection criteria using the factor models, but this paper will focus on two portfolio strategies: the expected 

minimum variance portfolio, and the expected tangency portfolio, both of which were briefly explained in 

section 3.4. The portfolios will be rebalanced monthly to incorporate new information into the portfolio 

creation process. 

 

The general approach to finding the weights for the minimum variance and tangency portfolio were also 

covered in section 3.4, but when finding the expected minimum variance portfolio and tangency portfolio using 

factor models, the framework changes to:  

 

𝐸[𝒘𝒎𝒊𝒏𝑽𝒂𝒓,𝒕+𝟏|𝑭𝒕] =
𝐸[𝜮𝒕+𝟏

−𝟏 |𝑭𝒕]𝟏

𝟏𝑻𝐸[𝜮𝒕+𝟏
−𝟏 |𝑭𝒕]𝟏

 

 

𝐸[𝒘𝒕𝒂𝒏𝒈𝒆𝒏𝒄𝒚,𝒕+𝟏|𝑭𝒕] =
𝐸[𝜮𝒕+𝟏

−𝟏 |𝑭𝒕](𝐸[𝝁𝒕+𝟏 − 𝑟𝑓,𝑡+1 ∗ 𝟏|𝑭𝒕])

𝟏𝑻𝐸[𝜮𝒕+𝟏
−𝟏 |𝑭𝒕](𝐸[𝝁𝒕+𝟏 − 𝑟𝑓,𝑡+1 ∗ 𝟏|𝑭𝒕])

 

 

𝑭𝒕: 𝐴𝑙𝑙 𝑖𝑛𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 𝑎𝑣𝑎𝑖𝑙𝑎𝑏𝑙𝑒 𝑎𝑡 𝑡𝑖𝑚𝑒 𝑡 

 

𝐸[𝜮𝒕+𝟏|𝑭𝒕] = 𝐸[𝜷𝒕+𝟏|𝐹𝑡]𝐸[𝜮𝒇𝒂𝒄𝒕𝒐𝒓𝒔,𝒕+𝟏|𝑭𝒕]𝐸[𝜷𝒕+𝟏
𝑻 |𝐹𝑡] + 𝐸[𝑑𝑖𝑎𝑔(𝝈𝜺𝒔𝒕𝒐𝒄𝒌𝒔,𝒕+𝟏

𝟐 )|𝑭𝒕] 

 

𝐸[𝝁𝒕+𝟏 − 𝑟𝑓,𝑡+1 ∗ 𝟏|𝑭𝒕] = 𝐸[𝜷𝟎,𝒕|𝑭𝒕] + 𝐸[𝜷𝒕+𝟏|𝐹𝑡]𝐸[𝝁𝒇𝒂𝒄𝒕𝒐𝒓𝒔,𝒕+𝟏|𝑭𝒕] + 𝐸[𝜺𝒔𝒕𝒐𝒄𝒌𝒔,𝒕+𝟏|𝑭𝟏] 
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The equations above can seem confusing, but all they really show is that we use the expected regression values 

found at time t, along with the expected values of the factors and their covariance matrix, in order to calculate 

the values needed to find the weights for the two portfolios in question. It is important to note that all the 

strategies based on the framework above, only uses data available at the time of portfolio creation, meaning 

that no stock or factor data beyond time 𝑡 is used to optimize expected portfolio values at time 𝑡 + 1 to keep 

the analysis out-of-sample. Throughout the analysis only stocks with monthly return data for at least 36 

months in the past 5 years, that are still active on either NYSE, NASDAQ or AMEX will be considered for the 

portfolio creation at time 𝑡. The reason for choosing this particular approach is to allow for stocks who are 

delisted from an exchange, but relatively quickly relisted, to become part of the portfolio optimization process 

even if they do not have 3 consecutive years’ worth of monthly return data. This has the implication that our 

portfolio testing will be done from August 1966 to December 2017 since return data starts July 1963 leaving a 

total of 616 months’ worth of portfolio returns. With every strategy tested, a series of performance 

measurements will be listed for ease of comparison between strategies. Additionally, all portfolios are long-

short, assumed to have no transaction costs and portfolio weights summing to one (by definition of the 

framework above). Furthermore, as models with a low adjusted 𝑅2 are unlikely to have any predictive power, 

the stocks considered for portfolio creation are limited to those with adjusted 𝑅2 above 0.15. The 0.15 level is 

arbitrary, but a full analysis of the optimal cut-off point is out of the scope of this paper, but should be further 

researched before implementing any strategies examined below.  

 

5.1 Modelling the Factors  

As showed in the equations above, in order to find the weights for the expected minimum variance and 

tangency portfolio, it is necessary to derive the expected values and expected covariance matrix of the factors. 

All the approaches discussed in section 4 regarding modelling the factors will be tried in this section. The first 

way of modelling the factors (which will be referred to as the “Simple Method”) is to use the sample mean and 

sample covariance matrix as the next period’s expected values, so that the expected next period factor values 

and factor covariance matrix, in the calculations above, becomes: 

 

𝐸[𝝁𝒇𝒂𝒄𝒕𝒐𝒓𝒔,𝒕+𝟏|𝑭𝒕] = (

𝑚𝑒𝑎𝑛(𝐹1,1, … , 𝐹1,𝑡)

⋮
𝑚𝑒𝑎𝑛(𝐹6,1, … , 𝐹6,𝑡)

) 
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𝐸[𝜮𝒇𝒂𝒄𝒕𝒐𝒓𝒔,𝒕+𝟏|𝑭𝒕] = (
𝜎1
2̂ ⋯ 𝜌1,6̂𝜎1̂𝜎6̂
⋮ ⋱ ⋮

𝜌1,6̂𝜎1̂𝜎6̂ ⋯ 𝜎6
2̂

) 

 

The second way of modelling the factors (which will be referred to as the “Univariate Method”) is to fit 

marginal 𝐴𝑅𝑀𝐴(𝑝𝑚 , 𝑞𝑚) + 𝐺𝐴𝑅𝐶𝐻(𝑝𝑣 , 𝑞𝑣) (see section 3.3 for model specifications) models onto the sample 

data available at time 𝑡, so that the expected factor values and covariance matrix becomes (note the slightly 

awkward notation to distinguish expected factor value from process mean): 

 

𝐸[𝝁𝒇𝒂𝒄𝒕𝒐𝒓𝒔,𝒕+𝟏|𝑭𝒕] =

(

  
 
𝐸[𝐹1,𝑡+1] = 𝜇1 +∑ 𝜙1,𝑖+1(𝐹1,𝑡−𝑖 − 𝜇1)

𝑝1,𝑚−1

𝑖=0
+∑ 𝜃1,𝑗+1𝑎1,𝑡−𝑗

𝑞1,𝑚−1

𝑗=0

⋮

𝐸[𝐹6,𝑡+1] = 𝜇6 +∑ 𝜙6,𝑖+1(𝐹6,𝑡−𝑖 − 𝜇6)
𝑝6,𝑚−1

𝑖=0
+∑ 𝜃6,𝑗+1𝑎6,𝑡−𝑗

𝑞6,𝑚−1

𝑗=0 )

  
 

 

 

𝐸[𝑎𝐹,𝑡+1
2 ] = 𝐸 [(𝜎𝐹,𝑡+1𝜀)

2
] = 𝑤𝐹 +∑ 𝛼𝐹,𝑖+1𝑎𝐹,𝑡−𝑖

2
𝑝𝐹,𝑣−1

𝑖=0
+∑ 𝛽𝐹,𝑗+1𝜎𝐹,𝑡−𝑗

2
𝑞𝐹,𝑣−1

𝑗=0
 

 

𝐸[𝜮𝒇𝒂𝒄𝒕𝒐𝒓𝒔,𝒕+𝟏|𝑭𝒕]] = (
𝐸[𝑎1,𝑡+1

2 ] ⋯ 0

⋮ ⋱ ⋮
0 ⋯ 𝐸[𝑎6,𝑡+1

2 ]
) 

 

The third and final way, that the factors will be modelled, (which will be referred to as the “Multivariate 

Method”) is to fit a 𝑉𝐴𝑅(1) model (see section 3.3 for model specifications) onto the factor data available at 

time 𝑡 so that the expected values needed, becomes: 

 

𝐸[𝝁𝒇𝒂𝒄𝒕𝒐𝒓𝒔,𝒕+𝟏|𝑭𝒕] =

(

 
 
𝐸[𝐹1,𝑡+1] = 𝜇1 +∑ 𝜙1,𝑖

6

𝑖=1
(𝐹𝑖,𝑡 − 𝜇𝑖)

⋮

𝐸[𝐹6,𝑡+1] = 𝜇6 +∑ 𝜙6,𝑖
6

𝑖=1
(𝐹𝑖,𝑡 − 𝜇𝑖))
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𝐸[𝜮𝒇𝒂𝒄𝒕𝒐𝒓𝒔,𝒕+𝟏|𝑭𝒕] = 𝐶𝑂𝑉(𝜺𝑽𝑨𝑹,𝒕) = (

𝜎𝜀1
2 ⋯ 𝜌𝜀1,𝜀6𝜎𝜀1𝜎𝜀6
⋮ ⋱ ⋮

𝜌𝜀1,𝜀6𝜎𝜀1𝜎𝜀6 ⋯ 𝜎𝜀6
2

) 

 

5.2 Full Information Standard Regression 

The first strategy that will be tested is to use a standard full six-factor model OLS regression (referred to as the 

“Standard Model”) with all available data at time 𝑡, and with the individual returns log-transformed, which will 

be standard procedure throughout this section. With this method of modelling the individual stocks, the 

estimates needed to calculate the next period’s expected portfolio return and variance (see the beginning of 

this section) becomes: 

 

𝐸[𝜷𝟎,𝒕|𝑭𝒕] = (
�̂�1,0,𝑡
⋮

�̂�𝑁,0,𝑡

) , 𝐸[𝜷𝒕+𝟏|𝑭𝒕] = (
�̂�1,1,𝑡 ⋯ �̂�1,6,𝑡
⋮ ⋱ ⋮

�̂�𝑁,1,𝑡 ⋯ �̂�𝑁,6,𝑡

)  

 

𝐸[𝜺𝒔𝒕𝒐𝒄𝒌𝒔,𝒕+𝟏|𝑭𝟏] = (
0
⋮
0
) , 𝐸[𝑑𝑖𝑎𝑔(𝝈𝜺𝒔𝒕𝒐𝒄𝒌𝒔,𝒕+𝟏

𝟐 )|𝑭𝒕] = (

�̂�𝜀1
2 ⋯ 0

⋮ ⋱ ⋮
0 ⋯ �̂�𝜀𝑁

2
) 

 

Throughout this section, a strategy will be referred to as “Regression Model (Factor Model) Strategy” to 

identify how the stock returns and factors were modelled. For example, if the strategy in question is based on a 

standard regression model, with the factors modelled with the multivariate method, it would be referred to as 

the “Standard Model (Multivariate Method) Strategy”. All the strategies in this section will have their time 
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series of returns (without extreme outliers |𝑟| > 0.5) plotted alongside the market portfolio (as described in 

section 3.1). In addition, there will be a table of performance measurements based on all the data: 

 

Standard Models Simple Method Univariate Method Multivariate Method 

Tangency 

𝑬[𝒓𝒑] 0.099 -0.125 -0.051 

𝝈𝒑
𝟐 21.9 5.59 3.33 

𝑬[𝒓𝒑 − 𝒓𝒇]

𝝈𝒑
𝟐

 0.0043 -0.0231 -0.0160 

Figure 5.2.1 

The returns of the market portfolio (blue), Standard Model (Simple Method) Strategy (green), Standard Model 

(Univariate Method) Strategy (black), and Standard Model (Multivariate Method) Strategy (red). 

Figure 5.2.2 

The returns of the market portfolio (blue), Standard Model (Simple Method) Strategy (green), Standard Model 

(Univariate Method) Strategy (black), and Standard Model (Multivariate Method) Strategy (red). 
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Minimum 
Variance 

𝑬[𝒓𝒑] 0.270 0.057 0.33 

𝝈𝒑
𝟐 65.45 2.43 65.88 

𝑬[𝒓𝒑 − 𝒓𝒇]

𝝈𝒑
𝟐

 0.0040 0.0222 0.0049 

 

It would have seemed natural when testing trading strategies to chart the cumulative return and calculate risk 

measures such as drawdown, Value-at-Risk and Expected Shortfall. However, it is the case for all the strategies 

tested in this section that, eventually, there is a return of at least -100%. That is also the reason as to why the 

time series charts above are without outliers, seeing as including them reduces the charts to almost a straight 

line around 0 with a few massive spikes, and even without outliers their only purpose is likely to showcase the 

enormous amount of variance. This seems to be due to the fact that the strategies regularly gets exposed to 

individual stocks with weights of above 2, thus taking on severe idiosyncratic risk. The reason for the 

overexposure is simply due to the fact that based on expected values of risk premiums, risk 

exposures/coefficients, and the covariance of the factors themselves, some stocks are deemed more attractive 

than they really are. This is, of course, a disappointing result, and the performance measures provided are not 

very indicative of any potential trading performances based on the framework of this paper, since if any further 

attempts at fixing this framework should be attempted, the first step would be to fix the single stock 

overexposure, which would lead to very different results. And while there is huge variation in the results 

surrounding the different trading strategies, it seems completely random and unlikely to yield any useful 

information. While the time series charts and performance tables will continue to be posted throughout this 

Table 5.2.1 

Performance measurements surrounding the Standard Model Strategies. 
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paper, as the different strategies are tested and explained, there is no need for further comments regarding 

the results, since all they do is display the same ineffectiveness produced by this first strategy. 

 

5.3 Standard Regression with ARMA(p,q) Residuals 

As it was shown in section 4.3, there seems to be statistical evidence that some regression models might be 

improved by letting the covariance matrix of the residuals be dictated by an 𝐴𝑅𝑀𝐴(𝑝, 𝑞) model (referred to as 

the “ARMA Model”). The expected values become (estimated coefficients are now from the GLS framework): 

 

𝐸[𝜷𝟎,𝒕|𝑭𝒕] = (
�̂�1,0,𝑡
⋮

�̂�𝑁,0,𝑡

) , 𝐸[𝜷𝒕+𝟏|𝑭𝒕] = (
�̂�1,1,𝑡 ⋯ �̂�1,6,𝑡
⋮ ⋱ ⋮

�̂�𝑁,1,𝑡 ⋯ �̂�𝑁,6,𝑡

)  

 

𝐸[𝜺𝒔𝒕𝒐𝒄𝒌𝒔,𝒕+𝟏|𝑭𝟏] =

(

  
 
𝐸[𝜀1,𝑡+1|𝑭𝟏] = 𝜇1 +∑ 𝜙1,𝑖+1(𝜀1,𝑡−𝑖 − 𝜇1)

𝑝1,𝑚−1

𝑖=0
+∑ 𝜃1,𝑗+1𝜖1,𝑡−𝑗

𝑞1,𝑚−1

𝑗=0

⋮

𝐸[𝜀𝑁,𝑡+1|𝑭𝟏] = 𝜇6 +∑ 𝜙𝑁,𝑖+1(𝜀𝑁,𝑡−𝑖 − 𝜇6)
𝑝6,𝑚−1

𝑖=0
+∑ 𝜃𝑁,𝑗+1𝜖𝑁,𝑡−𝑗

𝑞6,𝑚−1

𝑗=0 )

  
 
  

 

𝐸[𝑑𝑖𝑎𝑔(𝝈𝜺𝒔𝒕𝒐𝒄𝒌𝒔,𝒕+𝟏
𝟐 )|𝑭𝒕] = (

�̂�𝜀1
2 ⋯ 0

⋮ ⋱ ⋮
0 ⋯ �̂�𝜀𝑁

2
) 

 

The time series charts and performance table for all ARMA Models are printed below: 
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ARMA Models Simple Method Univariate Method Multivariate Method 

Tangency 

𝑬[𝒓𝒑] 0.011 0.017 -0.063 

𝝈𝒑
𝟐 4.54 5.69 3.28 

𝑬[𝒓𝒑 − 𝒓𝒇]

𝝈𝒑
𝟐

 0.0017 0.0023 -0.0203 

Minimum 
Variance 

𝑬[𝒓𝒑] -0.153 -0.088 0.51 

𝝈𝒑
𝟐 5.78 4.27 58.27 

Figure 5.3.1 

The returns of the market portfolio (blue), ARMA Model (Simple Method) Strategy (green), ARMA Model 

(Univariate Method) Strategy (black), and ARMA Model (Multivariate Method) Strategy (red). 

Figure 5.3.2 

The returns of the market portfolio (blue), ARMA Model (Simple Method) Strategy (green), ARMA Model 

(Univariate Method) Strategy (black), and ARMA Model (Multivariate Method) Strategy (red). 
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𝑬[𝒓𝒑 − 𝒓𝒇]

𝝈𝒑
𝟐

 -0.0270 -0.0214 0.0087 

 

5.4 Rolling Regression 

In this sub-section the strategy utilizing weighted regression for expected excess log-return and covariance 

calculations will be examined (referred to as the “Rolling Model”). Although the actual weighted regression 

coefficients will be different from the coefficients of the standard OLS regression due to a different data base, 

there will be no difference in the way the expected excess log-returns and covariance is calculated and the 

results from 5.2 will therefore apply. The optimal lookback horizon for the rolling regression is unknown, and 

the lookback period is arbitrarily set to 5 years’ worth of monthly return data (60 months). The time series 

charts and performance table are printed below: 

 

 

 

Figure 5.4.1 

The returns of the market portfolio (blue), Rolling Model (Simple Method) Strategy (green), Rolling Model 

(Univariate Method) Strategy (black), and Rolling Model (Multivariate Method) Strategy (red). 

Table 5.3.1 

Performance measurements surrounding the ARMA Model Strategies. 
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Rolling Models Simple Method Univariate Method Multivariate Method 

Tangency 

𝑬[𝒓𝒑] -0.131 -0.163 0.030 

𝝈𝒑
𝟐 3.11 6.26 29.01 

𝑬[𝒓𝒑 − 𝒓𝒇]

𝝈𝒑
𝟐

 -0.0434 -0.0267 0.0009 

Minimum 
Variance 

𝑬[𝒓𝒑] 0.077 0.093 0.549 

𝝈𝒑
𝟐 24.09 25.69 84.15 

𝑬[𝒓𝒑 − 𝒓𝒇]

𝝈𝒑
𝟐

 0.0030 0.0034 0.0065 

Figure 5.4.2 

The returns of the market portfolio (blue), Rolling Model (Simple Method) Strategy (green), Rolling Model 

(Univariate Method) Strategy (black), and Rolling Model (Multivariate Method) Strategy (red). 

Table 5.4.1 

Performance measurements surrounding the Rolling Model Strategies. 
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5.5 Sub-Model Regression 

The “Sub-Model” strategy involves fitting the sub-model of the full six-factor regression with highest adjusted 

𝑅2 before then performing the usual calculations for expected return and variance, where any coefficient not 

included in the best fitting sub-model is set to 0 and thus the calculations from 5.2 apply. The time series charts 

and performance table are printed below: 

 

Sub-Models Simple Method Univariate Method Multivariate Method 

Tangency 𝑬[𝒓𝒑] -0.013 -0.132 0.395 

Figure 5.5.1 

The returns of the market portfolio (blue), Sub-Model (Simple Method) Strategy (green), Sub-Model (Univariate 

Method) Strategy (black), and Sub-Model (Multivariate Method) Strategy (red). 

Figure 5.5.2 

The returns of the market portfolio (blue), Sub-Model (Simple Method) Strategy (green), Sub-Model (Univariate 

Method) Strategy (black), and Sub-Model (Multivariate Method) Strategy (red). 
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𝝈𝒑
𝟐 2.88 3.76 87.01 

𝑬[𝒓𝒑 − 𝒓𝒇]

𝝈𝒑
𝟐

 -0.0057 -0.0360 0.0045 

Minimum Variance 

𝑬[𝒓𝒑] 0.099 -0.200 0.098 

𝝈𝒑
𝟐 22.96 6.81 22.92 

𝑬[𝒓𝒑 − 𝒓𝒇]

𝝈𝒑
𝟐

 0.0041 -0.0300 0.0041 

 

5.6 All Extensions 

This strategy involves using the combination of all models/extensions explored in this paper and will be 

referred to as the “Full Model”. The exact procedure goes as follows: Find the sub-model with the highest 

adjusted 𝑅2 using OLS estimation and data for the last 5 years, and then re-estimate the coefficients found to 

be significant with a regression model fit with an 𝐴𝑅𝑀𝐴(𝑝, 𝑞) model for the residuals. Thus, after this 

procedure, the calculation for the expected return and covariance is identical to the one in section 5.3. The 

time series charts and performance table are printed below: 

  

Table 5.5.1 

Performance measurements surrounding the Rolling Model Strategies. 

Figure 5.6.1 

The returns of the market portfolio (blue), Full Model (Simple Method) Strategy (green), Full Model (Univariate 

Method) Strategy (black), and Full Model (Multivariate Method) Strategy (red). 
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5.7 Section Conclusions 

It is quite apparent that estimating expected excess log returns and covariance matrices using a factor model 

comes with a lot of uncertainty. There is uncertainty surrounding the coefficients/risk exposure, individual 

stock variance, expected factor value and covariance structure, and it shows in the trading results. Using the 

standard framework for finding the minimum variance and tangency portfolio in conjunction with the expected 

Figure 5.6.2 

The returns of the market portfolio (blue), Full Model (Simple Method) Strategy (green), Full Model (Univariate 

Method) Strategy (black), and Full Model (Multivariate Method) Strategy (red). 

Table 5.6.1 

Performance measurements surrounding the Full Model Strategies. 
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values from a factor model, overloads the exposure on individual stocks deemed very attractive in an expected 

risk/reward sense, without actually being it.  
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6. Conclusion and Further Research 

6.1  Conclusion 

Through the statistical study of the application of a factor model, consisting of (the most commonly used) six 

factors, on individual stocks on the NASDAQ, NYSE, and AMEX exchanges from the period of July 1962 to 

December 2017, it seems clear that their ability to help investors in the portfolio creation process is severely 

limited. In its most basic form the standard factor model is a regression model with OLS estimated coefficients 

and this means that the factor model is subject to several assumptions that may or may not hold up in real life. 

In fact, when testing these assumptions, most of them seem to be violated. The coefficients seem to vary 

significantly over time and using them as the basis for expected future risk factor exposure seems to provide 

inaccurate guidance for an investor in the portfolio creation process. There is evidence of serial correlation and 

heteroscedasticity in the residuals of the regression model, and there seems to be little consistency in regards 

to what factors are most significant, with some stock utilizing one and others all six in their best-fit regression 

model. Extending the standard OLS regression framework to allow for effects such as serial correlation and 

heteroscedasticity in the residuals does seem to help explain the variation in stock returns, but does little to 

increase the predictive power of the model and by extension has limited additional information to offer an 

investor. The most promising extension of the standard framework seems to be to allow for time-varying 

coefficients. The simple methods of a rolling regression significantly helped in increasing model explanatory 

power, but yet again failed to carry that over into profitable information for investors.  

 

The factors themselves show significant signs of heteroscedasticity and some signs of serial correlation, thus 

providing even more uncertainty about expected returns and variances/covariances. A 𝑉𝐴𝑅(1) model and 

marginal 𝐴𝑅𝑀𝐴(𝑝𝑚 , 𝑞𝑚) + 𝐺𝐴𝑅𝐶𝐻(𝑝𝑣 , 𝑞𝑣) models, were fit on the factor data, and from a purely statistical 

point of view it increased model explanatory power but failed to provide an edge in the investing process. 

 

Ultimately, using factor models to guide the portfolio creation process in the way it was done in this paper, 

does not seem to be a profitable decision for an investor. Even when the strategy is aimed towards finding the 
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expected minimum variance portfolio, the portfolio becomes far too heavily invested in risky stocks and thus it 

would be more prudent for an investor to simply invest in a market portfolio. 

 

6.2 Further Research 

As described in conclusion sub-section above, trying to use factor models on individual stocks does not initially 

seem to provide a profitable investing strategy. However, there is plenty of room for further research about 

how to extend the methods of this paper, and there seems to be a few natural paths to take: 

 

 Placing additional requirements on the portfolios created seems to be the natural starting point for 

further analysis, since the main problem seems to be overexposure to single stocks. Placing a 

restriction on the maximum amount of exposure towards any single stock would be a good starting 

point and could potentially prevent the trading strategies from imploding altogether. Furthermore, it 

would be interesting to perform an analysis that combines the statistical methods utilized in this paper 

and the methods practiced by fundamental investors to see if any meaningful improvements could be 

made.  

 

 Exploring more complex time-varying regression models such as the dynamic linear model that would 

take a form of something similar to: 

 

𝑌𝑡 = 𝑭𝒕
𝑻𝜷𝒕 + 𝜀𝑡 

𝜷𝑡 = 𝑿𝒕−𝟏
𝑻 𝜷𝒕−𝟏 + 𝑹𝒕 

 

In the model specification above 𝑭𝒕 is the vector of factors at time 𝑡 with 𝜷𝒕 being the (now) time-

varying coefficients or factor exposures, also at time 𝑡. 𝜀𝑡  and 𝑹𝒕 are usually modelled as univariate and 

multivariate Gaussian distribution with mean 0 and constant variance/covariance, but could in 

principle take on any sort of distribution desired, although the complexity and the uncertainty about 

estimates would increase.  

 

 Modelling the factors themselves with more complex multivariate structures such as a multivariate 

version of the 𝐴𝑅𝑀𝐴(𝑝𝑚 , 𝑞𝑚) + 𝐺𝐴𝑅𝐶𝐻(𝑝𝑣 , 𝑞𝑣) could potentially help identify high variance stocks 
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better than any of the models explored in this paper. However, it is doubtful that changing the model 

of the factors themselves is likely to lead to any sort of significant improvements in trading results. As 

explored in section 5, all strategies “blew up” despite trying out 3 different methods of modelling the 

factors.  

 

 Another way to potentially help the model explored in this paper is to allow for 

heteroscedasticity/volatility clustering in the individual regression model residuals. However, in section 

4.3 it was shown that only around 26% of regression models showed signs of 

heteroscedasticity/volatility clustering and therefore it is unlikely that using this extension would all of 

a sudden lead to profitable investment strategies. 
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