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Abstract

In this thesis I investigate the possibility to improve current mortgage advisory. I find
that a borrower of a 3,000,000 DKK loan, who had applied an ex-ante optimal strategy
during the historical period 2010-2018, would have refinanced her loan eight times, and
saved loan costs of 1,113,289 DKK relative to an otherwise identical borrower who didn’t
refinance at all. Had she instead applied a strategy based on the rules of thumb commonly
used by mortgage bank advisers, she would have only been able to achieve 48,349 DKK
or about 5% of the potential savings, and this reveals that there is room for improvement
in current mortgage advisory. I investigate the possibility to unlock a larger portion of
the potential gains, by implementing stochastic programming models, which takes into
into account the individual preferences of a borrower. More specifically i test a model
proposed by Rasmussen, Madsen & Poulsen (2013)[26], in which decision making is based
on 200 alternative scenarios of the future development in interest rates and bond prices,
that are simulated in a stochastic framework. The objective of the strategies suggested
by the model is to minimize a mix of average costs and risk across scenarios, in which
the relative importance depends on the risk aversion level of the borrower. I find that a
borrower who had applied a low risk strategy designed for risk-averse borrowers during
the 2010-2018 period, would have refinanced her loan four times, and achieved loan costs
savings of 294,387 DKK, by combining fixed rate- and adjustable rate loans in a portfolio.
Even if she had been unwilling to originate adjustable loans, she would have refinanced
five times, and achieved costs savings of 107,641 DKK, i.e. about twice as large as those
of the rules of thumb strategy. As the excellent performance of this strategy might have
been a consequence of the specific development in interest rates and bond prices in the
historic scenario, results are tested out-of-sample by simulating 250 alternative sets of
historic data, and repeating previous analyses for each of them. The low risk strategy still
achieves the largest savings, and is moreover less risky than the rules of thumb strategy.
These results imply a great opportunity to improve mortgage advisory, by introducing
model-based optimization models.
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1 Introduction

1.1 Motivation

Only very few individuals possess savings sufficiently large to purchase a home outright.
The vast majority of the population need to finance their purchase by borrowing money,
and the most common way is to take a mortgage loan. Although the Danish mortgage
system offers relatively cheap financing, loan payments typically constitute the largest
expenditure of a household and has a big impact on private economies. Mortgage bor-
rowers must choose from a large pallet of loans, and it is very difficult to assess which
one is favorable. While the fees associated with each loan are also not very transparent,
the main challenge is that the loan costs depend on the stochastic development in future
interest rates, which means that they cannot be determined ex-ante. This makes mortgage
decisions complex even for experts.

For these reasons it is not surprising that several recent studies reveal discrepancies be-
tween actual portfolio decisions made by borrowers and the optimal decisions. Nordfang
& Steffensen (2017)[25] have shown that it can sometimes be optimal to combine a mix
of traditional loan types in a portfolio. This option is however rarely utilized in practice
and many borrowers are not even aware that it exists. Andersen, Campbell, Nielsen &
Ramadorai (2014, p.24)[16] finds that although Danish mortgage borrowers have an ongo-
ing opportunity to refinance their initial loan portfolio in the future, their behavior were
in the period 2010-2014 too inactive to take advantage of potential refinancing gains.

Borrowers will often be best served by relying on counseling from either the bank or an
independent third part. Current mortgage bank advisory on loan choice and -refinancing
is however mainly based on a set of simple rules of thumb, which have been prevalent for
many years.1 They do not take individual risk preferences or loan horizons into account
and are therefore unable to differentiate between borrowers. Innovation in the advisory
area seems to have been neglected, and this is especially a problem as new loan types are
introduced over time. Moreover, the existing set of rules guides borrowers only about fixed
rate loans, and is not applicable to adjustable rate loans which have grown tremendously
in popularity.

There appears to be room for improvement regarding mortgage decision making, and
this has been confirmed by Rasmussen, Madsen & Poulsen (2013), who find large poten-
tial gains during 2000-2010. Among others as e.g. Nielsen & Poulsen (2004)[24], they
suggest the use of a stochastic framework in which models better tailored towards individ-
ual investors can be developed. They find that optimization strategies from such models
perform better than the traditional rules of thumb, that are currently applied in advisory.

I wish to contribute to the research area, with a new test of stochastic optimization models.
My methodology is generally reminiscent of that in Rasmussen, Madsen & Poulsen (2013)
and (2011)[27], but does contain minor modifications, for instance in the way that bonds
are priced. Moreover I will gather data independently and make my own assessments
with respect to computational implementation, as Rasmussen et al. do not clarify such
matters in depth. The main contribution however, is that model performance is tested
on a much more recent data period. If I can confirm previous findings, it should reinforce
their credibility, and be another step towards implementation of strategies in practice.

1The rules can often be found on the homepage of the banks and are very similar across all banks.
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1.2 Research questions

Motivated by the findings above, this thesis seeks to answer the following research question:

Is it possible to achieve significant loan costs savings for borrowers, by im-
proving current mortgage advisory, through implementation of model-based
optimization strategies?

To answer this question, i will adress the following subquestions:

• How large is the potential for loan cost reductions by portfolio optimization?

• To what extend is traditional mortgage advisory able to realize this potential?

• To what extend do model-based strategies realize the potential?

• How do the strategies perform out-of-sample?
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2 Mortgage

2.1 The mortgage system

A mortgage loan is intermediated by a mortgage bank and has safety in real estate. When
a borrower takes a mortgage loan, the mortgage bank finances it by issuing mortgage
bonds that are sold to investors in the market on behalf of the borrower, who then re-
ceives the proceeds of the sale to pay for his new home. Imagine that the borrower has a
debt to the mortgage bank, who has a debt to the investor.2

To pay off the loan the borrower must periodically make loan payments to the mort-
gage bank. These loan payments consist of three elements, namely principal payments,
interest payments and administration payments. The first two elements are forwarded to
the investor as repayment of the money lend and to compensate him for his supply of
money, while the third is kept by the mortgage bank to cover salary expenses, administra-
tion costs, losses on the loans, and regulatory capital requirements. Mortgage banks thus
function as intermediary links between borrowers and investors, and as producers of both
real estate loans and saving products. The mortgage system is depicted in figure 1.

The mortgage system

Figure 1: This figure illustrates how a mortgage loan is created and repaid. The investor pays a
sum of money in return for bonds. The money is lend to the borrower who periodically makes loan
payments. The figure is from the homepage of one of the danish mortgage banks, Totalkredit.

By ‘Law of Mortgage Loans and Mortgage Bonds’[6] the danish mortgage banks are sub-
ject to a balance principle, which requires them to keep balance between payments from
borrowers and payments to investors. The balance does not have to be perfect, but interest
rate risk must remain inside a certain limit. Due to the non-linear dependency between
the value of some mortgage products3 and interest rates, it is almost impossible to hedge

2In practice the bonds are based on a pool of mortgage loans, and there is no direct link between
individual borrowers and investors.

3e.g. fixed interest rate callable bonds and caps, see section 2.2.
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the risk by trading regular fixed-income instruments. It follows that mortgage banks must
finance loans by issuing bonds, and vice versa that money raised from bond issuance must
be used to finance loans. By matching ingoing- and outgoing cashflows, the balance prin-
ciple ensures that mortgage banks face close to zero interest, currency and liquidity risk.
Because the mortgage banks are allowed to adjust the size of the administration payments
in periods with high expenses, they face almost no operational risk either. As a result,
mortgage banks do not bear other noteworthy risks than credit risk, which is the risk that
the borrower is unable to repay his loan.

To reduce credit risk, all mortgage loans have safety in the real estate of the borrower
which is promised as collateral to the mortgage bank. If the borrower defaults on his
obligation to pay back the debt, the bank takes ownership of the real estate and sells it
to cover their loss. The law limits how large the principal of a loan can be relative to
the value of the real estate, i.e. the loan-to-value (LTV).[6] For private ownership, LTV
cannot be higher than 80%, which means that if the real estate is worth 1,000,000, then
the loan must not be larger than 800,000. Even in the case that the borrower defaults on
his loan, the investor can therefore be fully repaid as long as the real estate has preserved
at least 80% of its original value at the time of default. Because the bank does not wish to
conduct business on handshakes, the agreement is publicly registered to obtain security.
This is a security measure for the bank, to avoid that the borrower promises the same
collateral to others.

The balance principle and the safety in real estate are defining properties of mortgage
loans, and some of the most important reasons why investment in mortgage bonds is
much safer than many other branches of the loan business. Investors obviously appreciate
this safety, and are therefore willing to accept a relatively low interest rate. This makes
mortgage loans a cheap finance form compared to e.g. regular bank loans.

2.2 Loan types

One of the most important decisions of the borrower, is to choose with which type of loan
to finance his home purchase. Several new types have appeared since 1995, and the three
most popular choices today are described in this section. The loan types differ mostly in
the pre-arranged frequency with which the coupon rate on the loan adjust to the current
interest level in the market. Adjustments can take place at the end of each payment term,
which is usually every third month. Frequent adjustment of the coupon rate equals high
uncertainty about the development over time, but is on the other hand often associated
with a lower present rate. A typical development in the coupon rate on the three loan
types is illustrated in figure 2.

The traditional fixed rate mortgage loan (FRM), is the first existing loan type on the
Danish mortgage market, and as indicated by its name, the coupon rate on such a loan
remains the same during the loan period. No matter what happens to the general interest
level in the market, FRMs never make any interest rate adjustments.4 This means that
the borrower knows the exact size of every loan payment that must be made until maturity
of the loan.

After its introduction the adjustable rate mortgage loan (ARM) quickly became a popular

4The loan could be seen as having coupon rate adjustments every 30th year.
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Figure 2: The figure is not based on real data, but rather a made up scenario of interest levels.
The point of the figure is merely to illustrate how the choice between the three loan types affects the
period for which the coupon rate is fixed. The coupon rate on a 30 year loan develops differently
depending on whether the borrower chooses fixed rate, adjustable rate, or variable rate with interest
cap. F1 and F5 loans are both included for comparison.

alternative to FRMs. As indicated by the name, the coupon rate on this loan periodically
adjusts to market levels. Various ARM types exist with different adjustment frequencies,
by which their names are also designated. The most common ARMs are F1, F3, and F5.
Let us consider the F5 loan as an example: Although the loan most often has a maturity
of 30 years, it is financed by issuing 5 year bonds with some coupon rate determined in
the market. This rate will be applicable until the maturity of the bonds 5 years later. At
this point the outstanding debt is paid back, and the mortgage bank finances the purchase
by issuing new 5 year bonds with a new coupon rate.[1] The rate on the loan has thus
been adjusted to the rate in the market. Note that because the coupon rate on ARMs is
fixed within the interval between adjustment dates, they can be considered as portfolios
of consecutive short term, fixed rate loans. But as the rate is variable over the full loan
period, the borrower is exposed to increases in the interest rate. [13] This exposure is
compensated by the fact that ARMs almost always have lower rates than otherwise equiv-
alent FRMs.

The so-called variable loan with cap is the newest of the three loan types. The loan
is called variable because it fixes very frequently, every 3 or 6 months. The cap puts a
limit on the otherwise variable coupon rate that cannot be exceeded. Svenstrup (2002)[30]
finds this loan type to be especially attractive for borrowers.
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Figure 3 shows the development in loan originations of the three most popular types.
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Figure 3: Distribution of mortgage loan originations between the three main types, FRM, ARM,
and variable rate with cap, given as a percentage of total quarterly, gross loan originations. The
data from this figure can be found in the statistics section on the homepage of Finans Danmark[4]

.

Because the volume of capped variable loan origination is almost nonexistent and because
not all mortgage banks offer this type of loan, only FRMs and ARMs will be considered in
this thesis. Since the rules of thumb do not cover ARMs, i will do the analyses both with
and without them. Only FRMs are included to begin with, but ARMs are implemented
in section 6.

2.3 Loan payments

The most common mortgage loan in Denmark is the annuity loan. The borrower of annuity
loan i must at the end of each payment term at time t make annuity payments Yt,i, which
are a mix of interest- and principal payments It,i and At,i. Payments are usually made
quarterly, 1st of January, 1st of April, 1st of July, and 1st of October, such that the length
of each term is δ = 0.25 years. It,i therefore depends on the quarterly coupon rate rt,i
which is determined from the yearly coupon rate Rti as rt,i = δRti . Define zt,i as the
remaining principal on loan i at the end of term t, and T as the time of maturity. Annuity
payment formulas are then given by

It,i = rt−δ,izt−δ,i, t = δ, ... , T, (1)

At,i = zt−δ,i

[
rt−δ,i(1 + rt−δ,i)

(−T+t−δ)/δ

1− (1 + rt−δ,i)(−T+t−δ)/δ

]
, t = δ, ... , T, (2)

Yt,i = It,i +At,i = zt−δ,i

[
rt−δ,i

1− (1 + rt−δ,i)(−T+t−δ)/δ

]
, t = δ, ... , T. (3)
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In the beginning of the loan period, zt,i will be large and It,i will consequently be large
relative to Ati . As debt is paid off over time It becomes smaller, while At,i becomes larger.
If rt,i is constant, then At,i is scheduled such that Yt,i is constant over the loan period.
For FRMs it is therefore enough to calculate Yt,i once. For ARMs however, Yt,i must be
recalculated whenever rt,i adjusts to market rates, even if the loan is originated as an
annuity. The payment profile of a 30-year FRM annuity is depicted in figure 4.

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
0

10,000

20,000

30,000

40,000

50,000

60,000

70,000

Time in years

P
ay

m
en

ts
in

D
K

K

Principal

Interest

Figure 4: Payment profile of a annuity loan with a principal of zt = 3,000,000, a yearly interest
rate of R = 8%, a maturity of T = 30, and quarterly payment terms i.e δ = 0.25.

On top of annuity payments the borrower must also make administration payments to
the bank, which are given as a percentage of the remaining principal. The quarterly
administration rate ca is determined from the yearly administration rate Ca as ca = δCa.
In Denmark negative capital moreover provides a tax shield, which means that interest
expenses can be deducted from the basis on which the borrower pays taxes. As the
tax deduction rate γ is applicable to both interest- and administration payments, the
borrower’s time-t post-tax payments on loan i are in total

Ft,i = At,i + (1− γ)(rt−δ,i + ca)zt−δ,i, t = δ, ... , T. (4)

Note that Ft,i, in contrast to Yt,i, is variable over time even for FRMs. Whether the
payment profile is now increasing or decreasing depends on the relative sizes of ca and γ.
The profile of total pre-tax payments will be increasing, but since payments consist mainly
of interest in the beginning of the period and principal in the end of the period, the tax
deduction will be much larger in the former, and the post-tax profile will therefore often
be increasing. If the borrower has more than one loan in a portfolio U , his payments are
given by

Ft =
∑
i∈U

(At,i + (1− γ)(rt−δ,i + ca)zt−δ,i), t = δ, ... , T. (5)

Administration rates
I will in this thesis use rates from the Danish mortgage bank BRFkredit [2], which for
FRMs are reported in table 1. One purpose of administration payments is to build a
capital buffer in case borrowers default on their obligations. The size of Ca therefore
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LTV w/ repayment w/o repayment

0-40% 0.3250% 0.4000%

40-60% 0.8000% 1.0000%

> 60% 1.0000% 1.7500%

0-80% 0.6125% 0.8875%

Table 1: Administration rates on fixed rate loans from BRFkredit. Rates depend on the LTV,
and repayment schedule of the loan.

depends on the riskiness of the loan, which is strongly connected to the loan type, the
repayment schedule, and the LTV. Loans without repayments exposes the mortgage bank
to credit risk for a longer time period and thus a higher probability of default, and loans
with high LTV might make the collateralalized real estate inadequate to cover the loses
resulting in case of bankrupcty. Therefore it makes sense that these loans are associated
with higher administration rates. The classification by LTV-values says that borrowing a
loan with repayments at a 40% LTV, costs 0.3250% in administration costs. Borrowing
instead at a 60% LTV costs 0.3250% on the first 40% and 0.8000% on the additional 20%,
etc. The rates in the bottom row applies to LTV’s of 80% and are weighted averages of
the other levels

0.3250% · (0.40− 0) + 0.8000% · (0.60− 0.40) + 1.0000% · (0.80− 0.60) = 0.6125%.

2.4 Bond valuation

A zero coupon bond (ZCB) is the simplest possible bond type. It pays no coupons during
its lifetime, but promises a single payment of 1 at time τ which is the maturity of the
bond. The ZCB yield y(t, τ) ensures that the time-t market price of the ZCB, denoted by
P (t, τ), is equal to the present value of the payment at time τ , i.e. P (t, τ) = e−y(t,τ)(τ−t).
It represents the continuously compounded interest rate that investors can earn by invest-
ing in the ZCB, and therefore also the opportunity cost of investing in alternative assets
with the same credit risk-level and payment time. These yields can represent the general
interest level in the market.

Consider now the time-t price of a regular, non-callable bond for which investors will
receive a payment stream of N payments Y1, . . . , YN at future time points τ1, . . . , τN . As
all of these payments constitute alternative assets, the price that investors will be willing
to pay for the bond, is in absence of arbitrage determined under consideration of the op-
portunity costs, by discounting any future time-τi payment using the corresponding ZCB
yield y(t, τi) to determine the net present value (NPV). The theoretical price is thus

P̂NCt =

N∑
i=1

Yi · P (t, τi) =

N∑
i=1

Yie
−y(t,τi)(τi−t). (6)

As the payment stream of non-callable FRM bonds is deterministic, they can easily be
priced using equation (6). The payment stream of ARM bonds is however stochastic, and
while it is not obvious how (6) is then applied, it will be described in section 6.

2.5 Loan redemption

In Denmark all mortgage borrowers have an ongoing opportunity to redeem a loan earlier
than the otherwise planned maturity T , by buying back the underlying bonds at the re-
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demption price Kt, which means that a loan with principal zt can be redeemed at a price
of ztKt. This special property is due to two options embedded in the underlying bonds.

All mortgage bonds contain a delivery option which allows the borrower to buy them
back at the prevailing market price Pt. Bonds underlying FRMs further contain a repay-
ment option, which allows the borrower to buy them back by paying the face value. The
redemption price Kt therefore depends on the loan type. For ARM bonds it is Kt = Pt,
and for FRM bonds it is Kt = min{face value, Pt} since rational borrowers will always
choose the cheapest of the two available redemption types. Note that whether a loan
with a principal of 1,000,000 consists of 10,000 bonds with a face value of 100 DKK, or
1,000,000 bonds with a face value of 1 DKK is not important, so let us for convenience and
clarity assume that all bonds have a face value of 1, such that the amount of bonds out-
standing is always equivalent to the principal of the loan zt, and such that Kt = min{1, Pt}.

With the embedded repayment option, FRM bonds are classified as callable bonds, and
cannot be priced directly by equation (6). The option can be seen as a bermudan type
call option with strike price 1, on a non-callable version of the bond.5 The borrower can
therefore be seen as being short in zt regular non-callable bonds and long in zt call options
on those bonds. The investor can similarly be seen as being long in the bonds and short in
the call options. As investors are aware of this, they will offer a lower price for the callable
bond than for a similar non-callable version. The difference between the two prices is
equal to the price of the Bermudan option Ct,i

Pt,i = PNCt,i –Ct,i. (7)

Valuation of callable FRM bonds is a topic discussed in section 7.6. Let us consider a
simple example in which a mortgage bond has a coupon Rt = 4% and the ZCB yields used
to price non-convertible bonds in (6) is constant across all maturities at a rate y. Figure
15 visualizes the relationship between PNCt , Pt and Kt for a range of y-values.

We see that PNCt depends on the relative sizes of Rt and y. Whenever y is large (small)
relative to Rt the bond is less (more) attractive, and it will trade below (above) face value.
When y = Rt the bond trades exactly at face value i.e. PNCt = 1. Also evident is the
vertical distance between PNCt and Pt as given in (7). Notice that the callable bond price
often becomes larger than 1, despite of the prepayment option. It might seem weird that
investors would be willing to pay more than 1, because rational borrowers would profit by
buying it back immediately, resulting in a loss to the investor. The reason is that there are
transaction costs associated with redemption as will be explained in section 2.8. Moreover
it seems to be that borrowers also incur social costs as suggested among others by Ander-
sen, Campbell, Nielsen and Ramadorai (2014). A borrower will not use the prepayment
option unless the price is above (1+costs).

Loans can usually be redeemed at the end of each payment term, i.e. 1st of January,
1st of April, 1st of July, and 1st of October. In practice the borrower must notify the
bank about a redemption at least two months ahead of the redemption date, but I will
disregard this notice to reduce mathematical complexity.

5Note that it is the delivery option that makes the redemption price Kt = min{1, Pt} and not Kt =
min{1, PNCt }.
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Figure 5: Non-callable, callable-, and redemption prices PNC
t , Pt and Kt of a bond with a yearly

coupon rate of Rt = 5%, for different levels of ZCB yields which are constant across maturities
and denoted by y.

2.6 Loan origination

The mortgage bank never issues bonds that trade above face value, as this would allow
origination and instantaneous redemption of loans using the repayment option and pos-
sible arbitrage profit. The coupon is set lower than market rates, such that bonds trade
at a discount to face value. If the market rates decrease such that the bond price exceeds
face value, the bond is closed for issuance. In any case, bond series are closed after three
years, after which new series are opened to replace them.6

Since bonds trade at a discount to face value, the capital raised by originating a loan
is lower than the principal, and the difference is called a ‘discount loss’. Loans can be
classified into two categories based on the way the discount loss is handled, such that the
borrower actually receives enough cash to purchase his new home. The two categories are
so-called ‘bond loans’ and ‘cash loans’, and for both categories the mortgage bank issues
a number of bonds that are larger than the cash required V0. If the borrower needs to
raise V0 = 3,000,000 and the price of the bonds are 0.98, then 3,000,000/0.98 = 3,061,224
bonds will be issued, such that the proceeds are exactly 3,061,224 · 0.98 = 3,000,000.7

For a bond loan the discount loss is handled by setting the loan principal equal to the
number of bonds issued. The advantage of this loan is that price gains at redemption
of the loan is not taxed as they are for a cash loan. For a cash loan the principal is set
equal to the proceeds, and the discount loss is instead handled by increasing the loan rate,
such that interest payments are adequate to pay the bond coupon rate on all of the bonds
issued. The advantage of this loan is that by converting the discount loss into interest
rate, it becomes tax deductible. In practice FRMs almost always belong to the bond loan
category, while ARMs belong to the cash loan category.

6Note that it will still be possible for a borrower to redeem the bonds.
7No costs are taken into account in this calculation, but they will be in section 2.8



2. MORTGAGE 14

2.7 Refinancing types

Most often is early redemption of an existing loan financed by originating a new loan.
Substituting loans like that is called loan refinancing, and can sometimes be advantageous
with the goal of loan cost reductions. Because of refinancing opportunities there is not only
one decision point at initiation of the loan, but also many decision points in the future, at
which the optimal loan portfolio must be chosen. The terminology ‘refinancing strategies’
is therefore used henceforth. The four most common types of refinancing are: refinancing
down, refinancing up, refinancing obliquely to the right, and refinancing obliquely to the
left.

Refinancing down (up) means to refinance an existing FRM to a new FRM with a lower
(higher) coupon rate. This is most often done after a decrease (increase) in the general
level of the interest rate. Since the price of the bonds underlying the new low (high)
coupon loan, are lower than those underlying the old high (low) coupon loan, a disadvan-
tage (advantage) of refinancing down (up) is that it generally leads to a higher (lower)
outstanding debt zt. The advantage (disadvantage) of refinancing down (up) is that the
lower (higher) coupon rate generally leads to lower (higher) loan payments Ft. Refinancing
down (up) is only attractive if the decrease in loan payments (outstanding debt) is more
valuable than the increase in outstanding debt (loan payments).

Refinancing obliquely to the right (left) means to refinance an existing FRM (ARM) to a
new ARM (FRM). Refinancing obliquely to the right (left) often results in lower (higher)
loan payments and outstanding debt, but risk (no risk) of future increases in the coupon
rate. Refinancing obliquely to the right (left) is only attractive if the decrease (increase)
in loan payments and outstanding debt is more (less) valuable than risk (no risk) of future
increases in the coupon rate.

The repayment option ensures that the redemption price Kt,i, on bonds that trade close
to face value, does not have a lot of room to increase. Loans based on such bonds contain
less risk of discount loses from expensive redemption, sometimes in the future, before time
T . Another advantage (disadvantage) of refinancing up (down) is therefore that it gener-
ally leads to lower (higher) redemption risk. Since the underlying bonds of ARMs have
relatively low maturities, their coupon rates rarely deviate much from the interest rates
in the market, which means that prices always trade rather close to face value. Another
advantage (disadvantage) of refinancing obliquely to the right (left) is therefore a lower
(higher) redemption risk.

Figure 6 illustrates each of the four refinancing types described above.

2.8 Transaction costs of refinancing

The incentive to refinance a loan is to reduce future loan costs. Refinancing is however
costly itself, as several fees are associated with both redemption of the old loan and
origination of the new one. The costs of refinancing might make it unprofitable to refinance,
where it would have been otherwise profitable, and are therefore important to include in
the analysis. The fees depend on whether bond prices are locked in8, but that will be
unnecessary as potential refinancing takes place on the same date as the decisions. Non-
locked FRM fees from BRFkredit[2] are reported in table 2 and 3 respectively.

8‘Kurssikret’ in danish.
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Figure 6: The figure depicts which loan types are exchanged and in what direction, when a bor-
rower conducts the most common refinancing types; Refinancing down, refinancing up, refinancing
obliquely to the left and refinancing obliquely to the right.

Fee name
Danish

fee name
Description Size Notation

Expedition
fee

Afregning
af indfrielse

Fixed fee charged by the mortgage
bank for redemption of an existing
loan.

750 FCred

Transaction
fee

Kurtage

The mortgage bank charges a fee for
selling the bonds, given as a
percentage of the market price of the
loan.

0.25% TCred

Price cut
Kurs

skæring

If the borrower decides to buy back
his loan at market price, then the
price that she must pay to the
mortgage bank is larger than the price
at which the mortgage bank buys the
bonds from the investors in the
market. The bank keeps a ‘cut’ of the
price as a way to make money, and
the price cut is expressed as a
percentage of the principal on the new
loan. This fee is not incurred if the
loan is redeemed at par.

0.10% PCred

Table 2: Overview of the transaction costs associated with the redemption of an existing FRM
at the danish mortgage bank BRFkredit
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Fee name
Danish

fee name
Description Size Notation

Expedition
fee

Ekspedi-
tionsgebyr

Fixed fee charged by the mortgage
bank for origination of a new loan.

3,000

FCorig

Registra-
tion service

fee
Tinglysnings

service

In principle the borrower is allowed to
registrate the collateral of the loan
himself, but most borrowers pay a fee
of 3,500 to their mortgage bank in
return for them to take care of the
practicalities.

3,500

Fixed
registration

fee

Fast
tinglysnings-

gebyr

Borrowers must pay a fixed fee to the
state for public registration of the
collateral. The fee is incurred
everytime a new loan is originated.

1,660

Variable
registration

fee

Variabelt
tinglysnings-

gebyr

For public registration of the
collateral, borrowers must additionally
pay a variable fee to the state, given
as a percentage of the increase in the
collateralized value, which is
equivalent to the increase in
outstanding debt. As this fee will be
very small or zero when a loan is
refinanced, it will only be applied at
initiation of the loan, i.e. at t = 0.

1.50% RF

Transaction
fee

Kurtage See table 2 0.35% TCorig

Price cut
Kurs

skæring
See table 2 0.20% PCorig

Table 3: Overview of the transaction costs associated with the origination of a new FRM at the
danish mortgage bank BRFkredit

2.9 Transaction cost formulas

With information about transaction fees from section 2.8, it is possible to calculate transac-
tion costs and the amount of bonds required to finance either a new loan or the redemption
of an existing loan.

Initial loan origination
Let us imagine a new borrower who originates loan A to purchase a house. As this is
her first loan origination, she has to pay the registration fee, and incurs the following
origination costs

OC0,A = FCorig + TForigy0,AP0,A +RFy0,A, (8)

where FCorig = 3,000 + 1,660 + 3,500 = 8,160 are the fixed origination costs. The cash
value that the borrower obtains from originating loan A, must be large enough not only
to raise cash required for the house purchase V0, but also to cover the origination costs
associated with the bond origination. The following equation must be fulfilled

y0,AP0,A = V0 +OC0,A, (9)
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and can be rewritten as

y0,A =
V0 +OC0,A

P0,A
. (10)

yA and OCA are both functions of each other, but as shown in appendix A, they can be
solved simultaneously as two equations with two unknowns , to obtain the following

y0,A =
V0 + FCorig

P0,A(1− TForig)−RF
, (11)

OC0,A =
−P0,AFCorig − (TForigP0,A +RF )V0

TForigP0,A +RF − P0,A
. (12)

Loan refinancing
At some time-point t in the future, the borrower still holds the same loan A with a
remaining principal of zt,A. She believes that it might be profitable to refinance, by
redeeming the existing loan and originating a new. The following redemption costs will
be incurred by redeeming the existing loan

RCt,A = FCred + TFredxt,AKt,A + PCredxt,A · 1(Kt,A<1), (13)

where 1(Kt,A<1) is an indicator function, that makes the price cut occur only if the bond
price is lower than 1, in which case the bonds are bought at market price. In total the
borrowers financial need, to be able to redeem loan A is

FN = RCt,A + xt,AKt,A. (14)

To raise cash for the redemption of loan A, she will originate loan B, but by doing so the
following origination costs are incurred

OCt,B = FCorig + TForigyt,BPt,B. (15)

Note that this time she does not have to pay the registration fee, because this is not her
first loan origination.

The cash value she obtains from originating the new loan must be large enough to cover
both the financial need and the costs of origination

yt,B =
FN +OCt,B

Pt,B
. (16)

Solving yt,B and OCt,B simultaneously results in

yt,B =
FN + FCorig
Pt,B(1− TForig)

, (17)

OCt,B =
FCorig + FN · TForig

1− TForig
. (18)
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3 Back-test

For comparison of strategies it would be preferable to be in possession of exact knowledge
about the amount of costs that will be incurred by borrowers who pursue a certain strategy
in the future. Such knowledge is however unobtainable as the future is yet unknown.
Instead back-tests will be conducted to measure how strategies perform on historic data,
i.e. how they would have performed if they had been applied in the past.

3.1 Performance measure

I will in this section present a more precise, quantitative definition of the loan costs in-
curred by the borrower.

Loan costs
A borrower must make loan payments Ft from t = δ until maturity of the loan at time T .
Note that transaction costs incurred from refinancing are paid for by issuing additional
bonds as explained in section 2.8. This results in a larger outstanding debt zt, which leads
to larger loan payments, which therefore implicitly takes transaction costs into account.
The total loan costs incurred by a borrower over all T years is therefore simply

T∑
t=δ

Ft. (19)

Net present value
The sum in (19) does not form a real economic value, since the payments take place at
different points in time. Because of the time value of money, rational borrowers should
prefer to defer payments as late as possible. In financial theory we equivalate payments
in time by discounting each of them with a discount factor dt, as in (6). They are usually
increasing in maturity, which represents that it is preferable to make payments as late as
possible. The NPV of the loan costs in (19) is

NPV =
T∑
t=δ

dtFt. (20)

Period costs
There is one problem with the NPV calculation in (20). According to Rasmussen, Madsen,
& Poulsen (2011, p. 86) the average lifetime of a loan is 5-8 years, which is much shorter
than the common loan maturity of T = 30. We cannot expect the borrower to hold his
loan until maturity, since his housing market participation is likely to change. Borrowers
will sometimes buy a new home or even switch over to leasing. In both cases the borrower
would need to redeem the existing loan, to adjust to his new financial needs. As the
loan is redeemed for reasons other than cost reduction, it might become very expensive
if we don’t plan for it. To reduce vulnerability to risks outside the model, let us define
a planning horizon τ ≤ T , after which the borrower is assumed to liquidate his position
early. When he does that he must pay the market value of the remaining principal and
the resulting redemption costs. The total liquidation costs Lτ are given by

Lτ =
∑
i∈U

FNi =
∑
i∈U

(zτ,iKτ,i +RCτ,i). (21)
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The period costs up until time τ are then given by

O =
τ∑
t=δ

dtFt + dτLτ . (22)

The period costs in (22) takes into account not only loan payment risk but also redemption
risk, i.e. risk of discount loses from early redemption. Period costs is the measure that I will
seek to minimize, and will also function as a performance measure for strategy comparison.

As the back-test period in Rasmussen, Madsen, & Poulsen (2013) ended in 2010, I will as a
natural extension choose a back-test period stretching from primo 2010 until primo 2018.
This corresponds to a planning horizon of τ = 8, which is in compliance with the average
loan lifetime of 5-8 years. In this thesis refinancing decisions will be made four times pr.
year, which means that there will be 4 ·8 = 32 decision points at which the composition of
the loan portfolio must be chosen. As i have assumed that it is not necessary to notice the
bank about loan redemption ahead of time, they will be taken on the same dates as the
loan is potentially refinanced. Denoting the beginning of the period by t = 0, the decision
points will therefore be t = 0, ... , τ − 0.25.

The period costs are deceptively easy to use, because we need to determine the discount
factors dt. It would probably be best to set them equal to the relevant ZCB prices at
t = 0, or to determine them in collaboration with the borrower through advisory meetings
with the bank. Danish mortgage banks are however in the process of convincing more
borrowers to choose FRMs over ARMs, and using a higher discount rate would reduce the
significance of payments late in the loan period, and be in favor of ARMs. Discussions
about discount factors might further lead to communication problems, as most borrowers
are unfamiliar with NPV calculations. As Rasmussen, Madsen, & Poulsen (2013, p.7) has
moreover found that results are insensitive to the discount factors, I will in this thesis use
dt = 1 ∀t, which is equivalent to a discount rate of 0%.

3.2 Bond data preparation

Bond prices and -coupon rates are required to calculate the period costs of a given strategy
as in (22). Only bonds that have been open at some point in the back-test period are
relevant. Moreover, only 30-year bonds with repayments from BRFkredit is included to
reduce computational complexity. As 30-year bonds with repayments are the most fre-
quently issued in practice by far, and bond selections are very similar across banks, this
should have very little impact on results. There are 11 bonds that fit these criteria, and
data for these has been gathered from Nasdaq’s website.[7] Coupon rates are for unknown
reasons not listed for all of the bonds, and some of them have therefore been retrieved
from the website Stamdata.[11]

Prices are prepared in Excel for further analysis. As prices are listed pr. 100 DKK of
face value at Nasdaq, they have been divided by 100 to match a face value of 1 DKK.
Prices for the first day in each of the 32 terms are needed, but are not always available
due to weekends etc. In that case the most recent price is used. It is important to treat
issuance- and redemption prices differently. While redemption prices are always set to Kt,
we need issuance prices to account for the fact that bonds can only be issued inside a three
year issuance window and only if they trade at prices less than face value, as discussed in
section 2.6. Whenever these requirements are unfulfilled issuance prices are set to zero,
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which means that no refinancing strategy would choose to issue the bonds, as that would
result in extra debt without any proceeds.

The preparation file is attached in appendix B.

3.3 Payment parameters

In all back-tests the borrower will be assumed to originate one of the most common loan
imaginable. The borrower needs to raise DKK V0 = 3,000,000 of cash to buy his house, and
originates an annuity loan with T = 30 year maturity. As the house is worth 3,750,000
he borrows at a 3,000,000

3,750,000 = 80% LTV, which means that he must pay the yearly adm.
rate Ca = 0.6125% given by table 1. From 2019 and onward the tax deduction rate will
be 25.6% on negative capital income above 50,000 and 100,000 pr. year for singles and
married couples respectively.[12] For the relevant loan size, these levels will almost always
be exceeded in each of the first τ years, and γ = 25.6% will therefore be used.

3.4 Issue-and-hold strategy

The issue-and-hold strategy is the most basic strategy, in which the borrower initially
chooses a FRM loan and simply holds it until the end of the planning period, without
refinancing a single time. Being the most basic strategy should definitely not be confused
with being the worst strategy, but it can be seen as a lower bound that other strategies
must outperform to be any kind of successful. The back-test performance of all strategies
in this thesis will be benchmarked against the issue-and-hold strategy.

The standard recommendation from mortgage banks to borrowers, is to originate a loan
that trades at a price as close to face value as possible9. The banks explain that the pro-
ceeds of the loan will then be as close to the principal as possible, and the borrower will
incur the lowest possible discount loss at origination. That is not a very good reasoning,
as loans that trade farther from face value are on the other hand compensated by low
coupon rates, leading to low loan payments Ft. As discussed in section 2.7 loans for which
the underlying bonds trade close to face value does however contain less redemption risk.

It is assumed that borrowers in most cases follow the advice of mortgage banks, and
choose the bond that trades closest to face value. In the beginning of the back-test period
at the 1st of january 2010, this was the 5% coupon bond with ISIN DK0009366429.

3.5 Issue-and-hold strategy results

Let us combine what has been learned in previous sections, to compute the total period
costs of the issue-and-hold strategy in the back-test period. The borrower needs to raise
cash of V0 = 3,000,000 and originates a loan by issuing the bonds with coupon rate R = 5%
corresponding to r = 1.25%, and with a price of P0,5% = 0.9825. Using equation (11) and
the parameters in section 3.3, we can compute the amount of bonds that she needs to
issue

y0,5% =
3,000,000 + 8,160

0.9825(1− 0.0035)− 0.015
= 3,120,300.

9https://www.pengeinfo.dk/ll̊aneberegner/
https://www.brf.dk/laantyper/laan-med-fast-rente-1-5-pct
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Since this is the first time she originates bonds of type A, the outstanding debt will in the
beginning be equal to the amount of bonds originated z0,5% = y0,5%. We can then compute
the principal payments and loan payments that she must pay throughout the back-test
period, by (2) and (5). The first payments of the period at t = 0.25 are for instance

A0.25,5% = 3,120,300
[0.0125(1 + 0.0125)(−30+0.25−0.25)/0.25

1− (1 + 0.0125)(−30+0.25−0.25)/0.25

]
= 11,338,

and
F0.25,5% = 11,338 + (1− 0.256)(0.0125 + 0.001531) · 3,120,300 = 43,911.

At the end of the period the borrower has an outstanding debt of 2,677,562. Since the
market price of the bonds is higher than the face value of the bond, she uses her prepayment
option to buy back the bonds at a price of K = min(1, 1.139) = 1. Since she also needs to
pay redemption costs, the total liquidation costs becomes:

Lτ = 750 + 0.0025 · 2,677,562 + 2,677,562 · 1 = 2,685,005.

The total period costs that a borrower would have incurred by applying the issue-and-hold
strategy during 2010-2018 are then

O =

τ∑
t=0.25

dtFt + dτ · 2,685,005 = 4,103,341.

The issue-and-hold strategy is implemented in Excel, and the file is attached in appendix
C. An overview of the strategy and its performance is given by table 4. The content of ta-
ble 4 is almost identical to that of figure 7 in Rasmussen, Madsen, and Poulsen (2013)[26],
but presents it alternatively with numbers rather than by charts. Similar tables will be
used later to present the results of other refinancing strategies.

For each time-point the table shows the amount of bonds that is issued and/or redeemed
yt and xt. Whenever a transaction happens, the table further provides the corresponding
prices Pt and Kt, nessesary to compute yt. It also contains the yearly coupon rate of the
bonds Rt, and corresponding profiles of principal- and loan payments At and Ft. The
last two rows show the resulting liquidation costs Lτ and the overall period costs of the
strategy O.
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t yt xt Rt Pt Kt zt At Ft

0.00 3,120,300 5.0% 0.9825 3,120,300 - -

0.25 5.0% 3,108,962 11,338 43,911

0.50 5.0% 3,097,483 11,479 43,935

0.75 5.0% 3,085,860 11,623 43,958

1.00 5.0% 3,074,092 11,768 43,982

1.25 5.0% 3,062,177 11,915 44,006

1.50 5.0% 3,050,113 12,064 44,031

1.75 5.0% 3,037,898 12,215 44,056

2.00 5.0% 3,025,530 12,368 44,081

2.25 5.0% 3,013,008 12,522 44,106

2.50 5.0% 3,000,329 12,679 44,132

2.75 5.0% 2,987,492 12,837 44,158

3.00 5.0% 2,974,494 12,998 44,185

3.25 5.0% 2,961,334 13,160 44,212

3.50 5.0% 2,948,009 13,325 44,239

3.75 5.0% 2,934,518 13,491 44,266

4.00 5.0% 2,920,858 13,660 44,294

4.25 5.0% 2,907,028 13,831 44,322

4.50 5.0% 2,893,024 14,003 44,351

4.75 5.0% 2,878,846 14,179 44,380

5.00 5.0% 2,864,490 14,356 44,409

5.25 5.0% 2,849,955 14,535 44,438

5.50 5.0% 2,835,238 14,717 44,468

5.75 5.0% 2,820,682 14,901 44,499

6.00 5.0% 2,805,659 15,087 44,529

6.25 5.0% 2,789,974 15,276 44,560

6.50 5.0% 2,774,507 15,467 44,592

6.75 5.0% 2,758,847 15,660 44,624

7.00 5.0% 2,742,991 15,856 44,656

7.25 5.0% 2,726,983 16,054 44,689

7.50 5.0% 2,710,683 16,255 44,722

7.75 5.0% 2,694,225 16,458 44,755

8.00 2,677,562 5.0% 1.0000 0 16,664 44,789

Lτ 2,683,005

O 4,103,341

Table 4: The issue-and-hold strategy, and period costs resulting from application during 2010-
2018. For each decision point t ∈ [0, 8], the table shows the amount of bonds issued yt, bonds
redeemed xt, the coupon rates Rt, and corresponding origination- and redemption prices Pt and
Kt. It also shows the outstanding debt zt, principal payments At, and loan payments Ft.
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4 Crystal ball model

In this section we will consider a model which can only be used if the borrower has per-
fect information about the future. He needs to know exactly how both interest rates and
bond prices are going to develop throughout the entire backtest period, as if he was in
possession of a crystal ball. While this is obviously unrealistic, the refinancing gains of
the model represents an upper bound for what can be achieved by portfolio optimization,
and uncovers the potential of developing a more realistic model. Only if the gains of the
crystal ball model are economically significant is there any incentive to spend resources
on the development of a more realistic model.

Even with full information, it is not straight forward to figure out the optimal strat-
egy. There are on average 2 bonds to choose between at every decision point. Choosing
between 2 bonds for e.g. three consecutive periods results in 23 = 8 possible combinations.
With a limited number of decision points it would be realistic to set up payment streams
for each of these combinations as in table 4 and choose the strategy that results in the
lowest period costs. The 32 decision points in the back-test period makes this task im-
possible, since there are approximately 232 = 4,294,967,296 strategies to choose between.
I will alternatively formulate a linear programming problem on the form

min z = c>x,

s. t. Ax ≥ b,

x ≥ 0,

(23)

where bold capital letters are matrices and bold small letters are column vectors. c and
x are n× 1 vectors of cost coefficients and decision variables and the objective scalar z is
the resulting period costs. A is a m× n matrix describing m linear combinations of the n
decision variables that must be larger than or equal to the elements of the m× 1 vector b.

The problem can be solved in R with the function ‘Rglpk solve LP’ from the Rglpk
package.[9] As inputs to the function we need to set up and provide the four vectors/matrices,
according to the mathematical formulation in the following section.10 For numerous exam-
ples of how to set up other unrelated linear programming problems in R, Sallan, Lordan,
and Fernandez (2015)[29] is recommended.

4.1 Mathemathical formulation

The objective function
Since this model has perfect information about the future, payments streams of strategies
are deterministic and period costs can be calculated with no uncertainty. As none of the
strategies contain any risk, the crystal ball model does not face the classical risk-reward
trade-off. The objective of the linear programming problem should therefore simply be
minimization of total period costs as

min z = min
[ τ∑
t=δ

dtFt + dτRτ

]
. (24)

Input data
To set up the matrices in the linear programming problem, the model is for all decision

10Note that if these matrices are defined such that the there is either no solution or an infinite solution,
the function will return a zero value.
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points t and for every loan i supplied with the following information:

rt,i, coupon rate for loan i at time t,
Pt,i, origination price for loan i at time t,
Kt,i, redemption price for loan i at time t,
γ, tax reduction rate, given as a percentage of negative capital income,
ca, administration costs, given as a percentage of the loans outstanding debt,
FCorig, fixed transaction costs associated with loan origination,
FCred, fixed transaction costs associated with loan redemption,
TFred, variable transaction costs associated with loan redemption, given as a percentage
of the loans market value,
TForig, variable transaction costs associated with loan origination, given as a percentage
of the loans market value,
PCred, variable price cut costs associated with loan redemption, given as a percentage of
the loans outstanding debt,
PCorig, variable price cut costs associated with loan origination, given as a percentage of
the loans outstanding debt,
M , a typical linear programming constant, in this case used to ensure that fixed costs are
incurred in the case of refinancing.

Variables
Given the input data above, the model will choose the optimal loan portfolio at each de-
cision point in the backtest period and at maturity. To make the decision, the following
variables must be determined by the model

zt,i, outstanding debt for loan i at time t,

ZOt,i =

{
1, if loan i should be originated at time t

0, otherwise

ZRt,i =

{
1, if loan i should be redeemed at time t

0, otherwise

yt,i, amount of issued bonds for funding loan i at time t,
xt,i, amount of redeemed bonds for repaying loan i at time t,
At,i, principal payments for loan i at time t,
Ft,i, total loan payments at time t,
Lτ , the market value of outstanding debt at horizon τ .

Note that while all of these variables are affected by model decisions, some of them are
implicitly given as the model chooses values for other variables. Loan payments Ft,i can
for instance be computed as soon as the outstanding debt zti is chosen. The problem is
therefore set up such that the model only has to choose values for zti, ZOti, ZRti, yt,i,
and xt,i. With 11 bonds, 32 decision points, and 5 decision variables pr. bond pr. decision
point, the x-vector given in (23) contains a total of n = 5·11·32 = 1,760 decision variables.

Balance equations at t = 0
At initiation the borrower must issue enough bonds to raise cash required for his home
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purchase V0, and to pay for the resulting origination costs incurred∑
i∈U

P0iy0i ≥ V0 +
∑
i∈U

(
FCorig + TForigy0,iP0,i +RFy0,i

)
. (25)

The initial principal, must further be set equal to the amount of bonds issued:

z0,i = y0,i, ∀i ∈ U. (26)

This second restriction is important, because without it the model will believe that it is
possible to raise infinite amounts of cash, without obtaining any debt.

Balance equations at t > 0
Equation (27) ensures that whenever a loan is refinanced, the cash raised from issuing
new bonds is sufficient to pay for the market value of the existing bonds, as well as both
origination- and redemption costs.∑

i∈U
Pt,iyt,i ≥

∑
i∈U

(
Kt,ixt,i +OCt,i +RCt,i

)
, t = δ, ... , τ − δ (27)

OCt,i and RCt,i are given as in equation (15) and (21) by

OCt,i = FCorig + TForigyt,iPt,i, (28)

and
RCt,i = FCred + TFredxt,iKt,i + PCredxt,i · 1(Kt,i<1). (29)

Equation (30) ensures that the outstanding debt is updated for every period. Note that
even if no refinancing takes place, zt must be updated because principal payments are
made. If refinancing takes place, bonds redeemed or issued must be deducted or added
respectively.

zt,i = zt−δ,i −At,i − xt,i + yt,i ∀i ∈ U, t = δ, ... , τ. (30)

Payments
Computation of At,i, Ft,i, and Lt,i are given by

At,i = zt−δ,i

[
rt−δ,i(1 + rt−δ,i)

(−T+t−δ)/δ

1− (1 + rt−δ,i)(−T+t−δ)/δ

]
, t = δ, ... , τ, (31)

Ft =
∑
i∈U

(At,i + (1− γ)(rt−δ,i + ca)zt−δ,i, t = δ, ... , τ. (32)

Lτ =
∑
i∈U

(zτ,iKτ,i +RCτ,i). (33)

Fixed costs
Equation (34) and (35) ensures that whenever origination or redemption takes place, fixed
costs are incurred in (25) and (27).

MZOt,i − yt,i ≥ 0 ∀i ∈ U, t = 0, ... , τ, (34)

MZRt,i − xt,i ≥ 0 ∀i ∈ U, t = 0, ... , τ. (35)

M is a common linear programming input variable, which here is given a value that is
always larger than both yt,i and xt,i. For equation (34) and (35) to hold, the model
must set the binary variables ZOt,i and ZRt,i to 1, if any bonds are originated or issued
respectively.
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4.2 Crystall ball results

The crystal ball model is implemented in R, and the file can be found in appendix D. The
resulting strategy and period costs are presented in table 5. The model manages to bring
down the outstanding debt at t = τ to 2,418,108, while holding loans with coupon rates of
3.4% on average. As a consequence the model incurs total period costs of only 3,656,283
DKK, which benchmarked against the issue-and-hold strategy, reveals potential refinanc-
ing gains of 447,059. None of the gains are a result of the initial loan choice, for which
the model chooses to originate the same 5% loan as recommended by the banks. They are
rather achieved by utilizing the redemption options to refinance the loan at future time
points, in this case six times in total.

Let us inspect the model’s first decision to refinance at t = 0.75. As the borrower can use
her call option to redeem the bonds underlying her existing loan, their redemption price
is K0.75,5% = min{1, P0.75,5%} = min{1, 1.0345} = 1. If the loan is refinanced, she incurs
the following redemption costs

RC5%,0.75 = 750 + 0.0025 · 3,085,860 · 1 = 8,465.

Her financial need will be

FN = 8,465 + 3,085,860 · 1 = 3,094,325.

The amount of bonds of the new loan that she needs to originate is then:

y0.75,3% =
8,160 + 3,094,325

0.9300 · (1− 0.0035)
= 3,347,722

And the resulting origination costs are

OC3%,0.75 = 8,160 + 0.0035 · 3,347,722 · 0.9300 = 19,057.

A number of key figures are shown in table 6, to compare the two loan opportunities.

Loan comparison

Figure Current loan New loan

Outstanding debt 3,085,860 3,347,722

1st year gross payments 220,157 192,660

1st year net payments 176,075 161,951

Table 6: Key figures for comparison of the current and the new loan.

Refinancing down from a 5% to a 3% loan, results in lower interest payments which leads
to lower loan payments. On the other hand it also results in a higher outstanding debt,
because the price of the bonds underlying the new loan are lower than those underlying
the old loan. Whether this is a good trade would outside the crystal ball model be a
difficult decision. Within it however, the price on the bonds underling the 3% loan are
with certainty known to drop from 0.9300 to 0.8590 between t = 0.75 and t = 1.00. The
model takes this future refinancing opportunity into account in its decision and originates
the 3% loan at t = 0.75, only with the intend of refinancing up to a 4% loan again at
t = 1.00. By redeeming the 3% loan much cheaper than it is originated, the model manages
to lower the coupon rate from 5% to 4% between t = 0.50 to t = 1.00, without any increase
in the outstanding debt11.

11The small decrease in outstanding debt is almost perfectly offset by the two principal payments.
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t yt xt Rt Pt Kt zt At Ft

0.00 3,120,300 5.0% 0.9825 3,120,300 - -

0.25 5.0% 3,108,962 11,338 43,911

0.50 5.0% 3,097,483 11,479 43,935

0.75 3,085,896 5.0% 1.0000 11,623 43,958

0.75 3,347,722 3.0% 0.9300 3,347,722

1.00 3,329,749 3.0% 0.8590 17,972 40,467

1.00 3,070,945 4.0% 0.9410 3,070,945

1.25 4.0% 3,056,804 14,141 40,488

1.50 4.0% 3,042,521 14,283 40,508

1.75 4.0% 3,028,095 14,426 40,528

2.00 4.0% 3,013,526 14,570 40,549

2.25 4.0% 2,998,810 14,716 40,569

2.50 4.0% 2,983,947 14,863 40,590

2.75 4.0% 2,968,936 15,011 40,611

3.00 2,953,775 4.0% 1.0000 15,161 40,633

3.00 3,036,679 3.0% 0.9815 3,036,679

3.25 3.0% 3,018,329 18,350 38,755

3.50 3.0% 2,999,841 18,488 38,769

3.75 3.0% 2,981,241 18,627 38,783

4.00 2,962,448 3.0% 0.9390 18,766 38,798

4.00 2,847,418 3.5% 0.9870 2,847,418

4.25 3.5% 2,830,521 16,897 38,678

4.50 3.5% 2,813,476 17,045 38,696

4.75 3.5% 2,796,282 17,194 38,715

5.00 3.5% 2,778,938 17,345 38,734

5.25 2,761,441 3.5% 1.0000 17,496 38,753

5.25 2,953,123 1.5% 0.9438 2,953,123

5.50 1.5% 2,928,433 24,689 36,293

5.75 2,903,651 1.5% 0.8670 24,782 36,289

5.75 2,579,953 3.0% 0.9863 2,579,953

6.00 3.0% 2,561,772 18,181 35,516

6.25 3.0% 2,543,455 18,317 35,530

6.50 3.0% 2,525,000 18,455 35,545

6.75 3.0% 2,506,407 18,593 35,559

7.00 3.0% 2,487,675 18,732 35,574

7.25 3.0% 2,468,802 18,873 35,588

7.50 3.0% 2,449,787 19,014 35,603

7.75 3.0% 2,430,630 19,157 35,618

8.00 2,411,329 3.0% 1.0000 0 19,301 35,633

Lτ 2,418,108

Costs 3,656,283

Table 5: The crystal ball strategy, and results of application during 2010-2018.
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5 Current advisory

Historically the crystal ball model has been able to reduce the period costs incurred by
a borrower. The model was however created in a deterministic framework with perfect
information about the future, and its results should therefore be seen as an upper limit of
the achievable refinancing gains. In practice borrowers are obviously not in possession of
such information, and any realistic refinancing strategy should be restricted to the knowl-
edge that is available at the decision point.

In this section I will first describe the principles on which mortgage banks are currently
advising borrowers to refinance their loan. Secondly I wish to enlighten whether execut-
ing a strategy based on this advice, can capture some of the potential gains revealed by
the crystal ball model, by reducing the period costs relative to the basic issue-and-hold
strategy.

Mortgage advisory should preferably be tailored towards the individual borrower, by tak-
ing into account his personal preferences and economic situation. Despite promises of
doing so, mortgage banks most often base their advice on very simple rules of thumb, that
in no way differentiate between borrowers.

5.1 Rules of thumb

The rules of thumb used by mortgage advisors are originally formulated by Rasmussen,
Madsen, & Poulsen (2013), and the formulation is based on a series of interviews with
mortgage bank employees in charge of the banks advisory politics, and in particular a
specific interview with the executive of Realkreditforeningen12. There are two sets of
rules: one set regarding the conditions under which a borrower should refinance up, and
one regarding the conditions under which he should refinance down. Mortgage banks are
generally reluctant to advice borrowers about refinancing that involves issuance of ARM
bonds, as basic rules are incapable of adequately dealing with the kind of risk associated
with this loan type. For this reason there exists no rules of thumbs to guide borrowers
about optimal oblique refinancing behavior.

The rules of thumb recommend refinancing down if the following holds true:

1. The coupon-rate of the new loan should be 2% lower than that of the existing loan,
and the loan payments during the first year of the new loan should be at least 5%
lower than those of the existing loan.

2. The outstanding debt of the existing loan should be above 500,000 DKK.

3. The maturity of the existing loan should be greater than 10 years.

4. The market price of the bonds underlying the new loan should be above 0.95.

The rules of thumb recommend refinancing up if the following holds true:

1. The reduction in available debt should be at least 10%.

2. The outstanding debt of the existing loan should be above 500,000 DKK.

3. The maturity of the existing loan should be greater than 10 years.

12Realkreditforeningen has subsequently become a part of Finans Danmark.
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4. The market price of the bonds underlying the new loan should be above 0.98.

Rule 1 is meant to ensure that reductions in loan payments Ft are more valuable than the
increase in outstanding debt zt if the borrower is considering to refinance down, or vice
versa if he considers to refinance up. Rules 2 and 3 are meant to ensure that cost savings
gained from refinancing are adequate to cover the transaction costs incurred. Note that
since loans in this thesis have an initial principal of more than 3,000,000 DKK and a ma-
turity of 30 years, it is during the 8 year planning period, impossible for the outstanding
debt and time to maturity to drop below 500,000 DKK and 10 years respectively. Rule
2 and 3 will therefore have no impact in this thesis. Rule 4 is equivalent to the recom-
mendation for the issue-and-hold strategy, and ensures that bonds are issued close to face
value, not only initially but over the entire loan period. This rule separates itself from the
other rules as it accounts for the risk that the loan might be refinanced again in the future.

Multiple loans might simultaneously satisfy the conditions for refinancing as specified
by the rules of thumb. In decisions about refinancing down, the loan that results in the
lowest loan payments during the first year will be chosen. In decisions about refinancing
up, the loan that results in the largest decrease in outstanding debt will be chosen. Note
that the rules of thumb do not take into into account that the borrower is expected to
make an early loan redemption at time τ . The rules might therefore suggest refinancing
down at e.g. t = τ − 0.25, in which case potential savings in Ft will generally be small,
and insufficient to cover increase in outstanding debt and transaction costs.

As we also did for the issue-and-hold strategy, we will in the implementation of the rule
of thumb strategy follow the general advice and initially issue bonds with a price as close
to 1 as possible.

5.2 Rules of thumb strategy results

The rules of thumb are implemented in Excel, and the file is attached in appendix E. The
resulting strategy and period costs are presented in table 7. With total costs of 4,054,992
DKK the strategy gains 48,349 relative to the passive issue-and-hold benchmark strategy.
This is not a bad result, when taking into consideration the simplicity of the rules, and
the minimal effort required to check whether they are satisfied or not. A gain of this size
would in most households be economically significant.

With uncertainty the rules need to be strict and recommend refinancing only when it
appears very favorable, which in contrast to the crystal ball model makes them incapable
of exploiting less subtle opportunities. As a result we see that while both strategies origi-
nates and liquidates the same loans at t = 0 and t = τ , the rules recommend only a single
refinancing during the period, down from the 5% loan to a 3% loan at t = 2. Note that
as the reduction in the coupon rate is 2% and as the new loan has a price of 0.9500, rule
1 and 4 are only barely satisfied. No additional refinancing opportunities in the period
fulfill the rules.

While the rules of thumb do achieve small gains relative to the passive benchmark strat-
egy, they realize only about 10% of the potential revealed by the crystal ball model. This
is despite the fact that we have so far only allowed access to FRMs. By including ARMs
which are not covered by the rules, the unrealized potential gains will probably be even
larger.
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t yt xt Rt Pt Kt zt At Ft

0.00 3,120,300 5.0% 0.9825 3,120,300

0.25 5.0% 3,108,962 11,338 43,911

0.50 5.0% 3,097,483 11,479 43,935

0.75 5.0% 3,085,860 11,623 43,958

1.00 5.0% 3,074,092 11,768 43,982

1.25 5.0% 3,062,177 11,915 44,006

1.50 5.0% 3,050,113 12,064 44,031

1.75 5.0% 3,037,898 12,215 44,056

2.00 3,025,530 5.0% 1.0000 12,368 44,081

2.00 3,213,356 3.0% 0.9500 3,213,356

2.25 3.0% 3,194,947 18,409 40,001

2.50 3.0% 3,176,399 18,548 40,015

2.75 3.0% 3,157,712 18,687 40,030

3.00 3.0% 3,138,886 18,827 40,044

3.25 3.0% 3,119,918 18,968 40,059

3.50 3.0% 3,100,807 19,110 40,074

3.75 3.0% 3,081,554 19,254 40,089

4.00 3.0% 3,062,156 19,398 40,104

4.25 3.0% 3,042,612 19,543 40,119

4.50 3.0% 3,022,922 19,690 40,134

4.75 3.0% 3,003,084 19,838 40,149

5.00 3.0% 2,983,098 19,987 40,165

5.25 3.0% 2,962,962 20,136 40,181

5.50 3.0% 2,942,674 20,287 40,196

5.75 3.0% 2,922,235 20,440 40,212

6.00 3.0% 2,901,642 20,593 40,228

6.25 3.0% 2,880,894 20,747 40,244

6.50 3.0% 2,859,991 20,903 40,260

6.75 3.0% 2,838,932 21,060 40,277

7.00 3.0% 2,817,714 21,218 40,293

7.25 3.0% 2,796,337 21,377 40,310

7.50 3.0% 2,774,800 21,537 40,326

7.75 3.0% 2,753,102 21,699 40,343

8.00 2,731,240 3.0% 1.0000 0 21,861 40,360

Lτ 2,738,818

O 4,054,992

Table 7: The rules of thumb strategy, and period costs resulting from application during 2010-
2018. For each decision point t ∈ [0, 8], the table shows the amount of bonds issued yt, bonds
redeemed xt, the coupon rates Rt, and corresponding origination- and redemption prices Pt and
Kt. It also shows the outstanding debt zt, principal payments At, and loan payments Ft.
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6 Adjustable rate loans

The goal of this section is to assess the effect on the results, when the borrower has
the opportunity to include ARMs in her loan portfolio. Such an incorporation will have
no impact on the issue-and-hold strategy or the rules of thumb strategy as neither of
these ever recommend ARMs. But with declining interest rates during the back-test
period, ARMs might be very attractive especially in the crystal ball model, but also in the
stochastic model developed later. There are many different ARMs with unique interest
rate adjustment frequencies, and this raises the question of which loan should be included
in the model.

6.1 The F0.25 loan

This analysis will include an F0.25 loan, which as indicated by the name, makes interest
adjustments with quarterly intervals. As interest rate adjustments happen at the same
time as refinancing decisions are made at the end of payment terms, the F0.25 loan adjusts
at every decision point in the back-test period. This reduces the complexity of implement-
ing it in the model. It also has several other advantages, some of which will be explained
below.

In practice not many banks offer loans that adjust more frequently than every six months,
but it is possible to originate a F-short loan with quarterly adjustments at BRFkredit.[3]
This loan however differs from other F-loans in multiple ways, one of them being that the
maturity of the underlying bonds, currently three years, is longer than the time between
adjustments. Since these differences would otherwise negate some advantages of picking
the F0.25 loan, I will for simplicity treat it as a regular F-loan.

6.2 Bond prices

It has not been possible to obtain any records of historic prices on any ARM bonds. It
can however be shown that whenever the interest rate on an ARM bond adjusts to the
current rate in the market, its price becomes equal to its face value, and this means that
the F0.25 bond is going to trade at a price of 1 at all decision points.

Let us show this by first splitting equation (6) by moving the value of the first payment
Y1 outside of the sum and letting the sum begin from i = 2 instead of i = 1

Pt = Y1 · e−y(t,τ1)·(τ1−t) +

N∑
i=2

Yi · e−y(t,τi)·(τi−t) (36)

Instead of discounting the payments in the sum from τi all the way back to t, we can
discount in two steps, first from τi to τ1 and then from τ1 to t

Pt = Y1 · e−y(t,τ1)·(τ1−t) + e−y(t,τ1)·(τ1−t)
N∑
i=2

Yi · e−y(τ1,τi)·(τi−τ1). (37)

The two terms on the right hand side of (37) corresponds to the present value of the first
annuity payment Y1 and the time t+ δ bond price after the payment has been made. The
bond price at time t can therefore be rewritten as

Pt = (Y1 + Pt+δ) · e−y(t,τ1)·(τ1−t) = (Y1 + Pt+δ) · e−y(t,τ1)·δ. (38)
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At time T nothing more is owed and no more payments are left, such that that PT = 0 =
zT . Combining this with equation (38), the price one period before time T can then be
written as

PT−δ = (YT + zT ) · e−y(T−δ,T )·δ. (39)

The annuity payment YT can be split up into principal- and interest payments AT and IT

PT−δ = (AT + IT + zT ) · e−y(T−δ,T )·δ. (40)

Let us use the fact that AT = zT−δ − zT and IT = rT−δ · zT−δ to rewrite

PT−δ = (zT−δ− zT + rT−δ · zT−δ + zT ) · e−y(T−δ,T )·δ = (1 + rT−δ) · zT−δ · e−y(T−δ,T )·δ. (41)

Assuming that mortgage bonds are credit risk-free, reasonable investors will demand a
coupon rate on mortgage bonds that is equivalent to the prevailing risk-free interest rate
in the market, at which they could alternatively invest their money. The yearly rate that
can be earned by investing in a ZCB with maturity in δ years is y(T − δ, T ). As this yield
is compounded continuously while coupon rates are compounded quarterly, investors will
require a coupon rate of RT−δ = 1

δ · (ey(T−δ,T )·δ − 1)[22] or equivalently

rT−δ = ey(T−δ,T )·δ − 1. (42)

Inserting (42) into (41) we get

PT−δ = (1 + ey(T−δ,T )·δ − 1)zT−1e
−y((T−δ),T )·δ = zT−δ (43)

The same method can clearly be repeated backwards until t = 0, resulting in Pt = zt ∀t.

Since we know that the F0.25 bond always has a price equal to 1, one of the before
mentioned advantages of including it as the only ARM bond, is that we don’t have to
compute any theoretical bond price estimates. Fewer calculations makes the analysis less
prone to pricing errors.

As mentioned in section 2.5 ARMs are cash loans, and discount loses from origination
of cash loans are paid by increasing the loan rate. Furthermore any price gains from re-
demption of cash loans must be taxed. Another advantage of the F0.25 is that it is safe
to ignore this taxation, as there will never be discount loses or price gains on the loan.

6.3 Transaction costs

While the origination costs of ARMs are exactly the same as for FRMs, the redemption
costs differ significantly between the two types. We must enable the model to distinguish
between the two loan types, and select the appropriate redemption costs. On ARM loans
the borrower must further pay the price cut fee not only upon redemption, but also peri-
odically whenever the interest rate adjust to the level in the market. The mortgage bank
charges the borrower with a price cut for handling the renewal of the underlying bonds,
as presented in table 8.

Since the adjustment fee is incurred at future adjustment dates regardless of whether
the borrower is completely passive, and not as a consequence of her choice to originate
the loan, it might seem odd to classify it as a transaction fee. She does however have the
opportunity to refinance to another loan in which case the fee is not incurred, so basically
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Fee name
Danish

fee name
Description Size Notation

Price cut
Kurs

skæring
See table 2. 0.30% PCARMred

Table 8: Overview of the transaction costs associated with adjustments of an existing ARM at
the danish mortgage bank BRFkredit

the fee results as a consequence of her decision to keep the ARM loan.

Since ARMs are cash loans, price cuts on both origination, adjustment, and redemp-
tion are handled differently than other transaction costs. They are accounted for in the
same fashion as discount loses, by increasing the loan rate above the coupon rate on the
bonds.[5] The fee is thus paid over time, from one adjustment date to the next. This
leads to a new transaction cost that is unique to ARMs, namely the ‘Lump price cut’ as
explained in table 9.

Fee name
Danish

fee name
Description Size Notation

Lump price
cut

Tabt
kursskæring

If a loan is redeemed on a
non-adjustment date, the previous
price cut will not yet have been fully
paid off through interest payments.
As the borrower is relieved of those
payments in the future, any remaining
fee must be paid as a lump sum. The
size depends on the timing of the
redemption.

TBD
(0%)

LPCred

Expedition
fee

Ekspedi-
tionsgebyr

See table 2. 750 FCred

Transaction
fee

Kurtage See table 2.
0.35%
(0%)

TCARMred

Price cut
Kurs

skæring
See table 2.

0.10%
(0%)

PCARMred

Table 9: Overview of the transaction costs associated with the redemption of an existing ARM
at the danish mortgage bank BRFkredit

At adjustment dates the bonds underlying the ARM expires naturally. By redeeming
the loan at this point in time, the borrower can save the transaction fee and the price
cut that the mortgage bank would otherwise charge for repurchasing the bonds.[10] Any
price cut from the previous adjustment date will also have been paid off, so there will not
be any lump sum payment. Adjustment dates are therefore generally an advantageous
point in time to refinance an ARM. Redemption costs that can be saved by refinancing
on an adjustment date, are indicated in the size column by zeros in parentheses. In our
analysis these costs will never be incurred, as the decision points at which refinancing
might happen are always on the same date as adjustment of the F0.25 loan.
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6.4 Loan payments

Loan rates
Price cut fees from adjustment as in table 8, are incurred in every term that the F0.25
loan is held. Let us for simplicity assume that the fee is also paid upon origination of the
loan. Since the fee is given as a percentage of the outstanding debt, it can be taken into
account in the loan rate, by adding it to the coupon rate on the loan rt,i. Define the yearly
and quarterly loan rates paid by the borrower each term as Lt,i and lt,i. It follows that:

Lt,i = Rt,i + 4 · PCARMred and lt,i = rt,i + PCARMred (44)

The coupon rates on the loan rt are computed as in (42) from the 0.25-year ZCB yields
y(t, t+0.25). The 0.25-year yields are not directly observable in the market and are there-
fore estimated by extrapolation of the observed yield curve. This is a topic that will be
explained in-depth in section 7. For now, please accept these yields as given.

Administration rates
Since ARMs are riskier than FRMs, borrowers of these loans must pay higher administra-
tion rates, as presented in table 10. An F0.25 loan with repayment and LTV of 80% will

LTV w/ repayment w/o repayment

0-40% 0.4250% 0.5000%

40-60% 1.0500% 1.2000%

> 60% 1.5000% 2.1000%

0-80% 0.8500% 1.0750%

Table 10: Administration rates on adjustable rate loans from BRFkredit.

have an administration rate of cARMa = 0.8500%.

6.5 Crystal ball results with ARM

The crystal ball model with ARMs is implemented in R, and the file is attached in ap-
pendix D. The resulting strategy and period costs are presented in table 11. Note that
coupon rates are reported exclusive of the price cut fee. With total costs of 2,990,052
DKK, the model now reveals potential refinancing gains of 1,113,289 DKK.

The F0.25 loan is originated initially and held for the majority of the period. This is not
surprising as observed yields in the back-test period have been rapidly declining, which
makes ARMs inexpensive. The loan is however refinanced obliquely eight times in total.
The F0.25 is at four occasions briefly replaced with FRMs to take advantage of large price
drops one or two terms later. The largest reduction in outstanding debt is achieved by
originating the 3% loan at t = 0.75 for a price of 0.9300 and redeeming it again at t = 1.25
for a price of 0.8250. The same loan was originated at t = 0.75 and redeemed one term
earlier at t = 1.00 in the crystal ball without access to ARMs. Back then the model was
unable to take advantage of the additional price drop between t = 1.00 and t = 1.25, since
at that point there would be no other loans to refinance to. Now the model always has
the opportunity to refinance to the F0.25 loan.

The size of the crystal ball gain is approximately twenty times larger than that of the
rules of thumb strategy, and provides a huge incentive to improve current advisory on
mortgage portfolio optimization, and unlock some of this potential.
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t yt xt Rt Pt Kt zt At Ft

0.00 3,064,860 1.46% 1.0000 3,064,860 - -

0.25 1.29% 3,048,095 16,765 36,788

0.50 1.45% 3,030,728 17,368 36,296

0.75 3,013,700 1.28% 1.0000 17,027 36,744

0.75 3,261,534 3.00% 0.9300 3,261,534

1.00 3.00% 3,244,024 17,510 39,425

1.25 3,226,383 3.00% 0.8250 17,641 39,439

1.25 2,689,972 1.46% 1.0000 2,689,972

1.50 1.83% 2,674,311 15,660 33,202

1.75 1.29% 2,659,459 14,852 34,155

2.00 1.03% 2,643,163 16,296 32,806

2.25 1.08% 2,626,103 17,060 32,197

2.50 0.68% 2,609,074 17,030 32,306

2.75 0.65% 2,590,912 18,162 31,421

3.00 2,572,571 0.72% 1.0000 18,341 31,339

3.00 2,639,376 3.00% 0.9815 2,639,376

3.25 3.00% 2,623,427 15,950 33,684

3.50 3.00% 2,607,358 16,069 33,697

3.75 2,591,168 3.00% 0.9385 16,190 33,709

3.75 2,457,995 0.57% 1.0000 2,457,995

4.00 0.37% 2,439,546 18,449 30,414

4.25 0.62% 2,420,506 19,040 30,021

4.50 0.96% 2,402,028 18,478 30,492

4.75 0.89% 2,384,307 17,721 31,164

5.00 0.72% 2,366,326 17,980 31,025

5.25 2,347,838 0.10% 1.0000 18,489 30,687

5.25 2,505,987 1.50% 0.9438 2,505,987

5.50 2,485,036 1.50% 0.8675 20,951 30,798

5.50 2,180,184 0.24% 1.0000 2,180,184

5.75 0.45% 2,161,596 18,587 27,882

6.00 0.35% 2,143,439 18,157 28,228

6.25 0.38% 2,124,960 18,480 28,039

6.50 0.27% 2,106,486 18,474 28,083

6.75 2,087,688 0.32% 1.0000 18,798 27,895

6.75 2,212,135 1.50% 0.9511 2,212,135

7.00 2,192,212 1.50% 0.9268 19,923 28,615

7.00 2,055,006 0.28% 1.0000 2,055,006

7.25 0.19% 2,036,220 18,786 27,701

7.50 0.18% 2,017,150 19,070 27,542

7.75 0.10% 1,997,992 19,158 27,513

8.00 1,978,606 -0.02% 1.0000 0 19,386 27,391

Lτ 1,979,356

O 2,990,052

Table 11: The crystal ball strategy with access to the F0.25 loan, and results of application
during 2010-2018.
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7 Stochastic framework

The crystal ball model in the previous section revealed large potential gains from refinanc-
ing, but the model relied on perfect information about the future development in interest
rates and bond prices. A realistic model must be restricted from the portion of historical
data that is only available to us now in the present, but was not yet revealed at the deci-
sion point in the back-test. A stochastic programming framework in which optimization
decisions must be made in the presence of uncertainty, will be created in this section. In
section 8 a stochastic optimization model that fits into this environment, is presented.
With uncertainty, refinancing gains on par with those of the crystal ball model can never
be achieved. The goal is to unlock some of the large potential, and outperform the rules
of thumb from section 5.1.

As in the deterministic framework, the objective is still to choose the strategy that mini-
mizes the period costs of the borrower. This becomes a difficult challenge without knowl-
edge about the future, since it is no longer possible to calculate the period costs associated
with each refinancing strategy ex-ante. We can still easily calculate loan payments Ft,i on
FRMs since they have fixed coupon rates, and liquidation costs Lτ,i of the F0.25 loan, since
the price on the underlying bond is assumed to always be 1. Liquidation costs of FRMs
and loan payments on the F0.25, are on the other hand not so easily determined. The
former is a function of the prevailing market price of the bond Pτ,i, which is a function of
the yields at time τ , and the ladder is a function of the development in the 0.25-year yield
y(t, 0.25), none of which are known at the decision point. This problem is accommodated
by simulating a tree of 200 alternative future scenarios (AFSs), as illustrated in figure 7.
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Figure 7: Scenario tree representing the 200 possible scenarios of the development in interest
rates and bond prices. Only 5 branches are drawn to preserve graphic clarity.
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Each branch in the tree represents one possible AFS denoted by s, and they all have
equal probabilities of occurring denoted by ps = 1

200 . Each AFS contains simulations of
the development in interest rates and bond prices, which makes it possible to determine
liquidation costs on FRMs and loan payments on the F0.25 loan. Total period costs can
then be determined for all strategies, in all scenarios. The idea is then for the model to
minimize the average loan costs across all scenarios. This section will explain how one
tree, which is adequate for the model to make one decision, can be simulated from decision
point t0 = 0. To conduct a back-test however, scenario trees must be simulated from each
of the 32 decision points in the back-test period.

Section 7.1 and 7.2 explains what a yield curve is and how it can parameterized. In
section 7.3 such parameters are estimated, and in section 7.4 a model that describes their
dynamics over time is created. In section 7.5 this model is used to simulate yields in AFSs.
These yields are in section 7.6 used to price callable bonds also in AFSs.

7.1 The yield curve

There are multiple ways in which it is possible to describe the development in quarterly
yields. One way is to describe yields with different maturities individually, in one time-
series for each. The observed development in the yield with maturity τ = 10 is in figure 8
illustrated in this way.
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Figure 8: Development in the 10-year interest rate during the back-test period 2010-2018. The
blue circles marks the yield at four possible dates of interest.

Another possibility is to present yields with all maturities together in one yield curve
for each relevant time point. The yield curve (or the term structure of interest rates)
describes how the yields of bonds at some fixed point in time t depend on the time-to-
maturity τ , and is thus a function τ → y(t, τ). The yield curve at time t is given by
y(t, τ1), ... , y(t, τN ). Possession of yield curves at all relevant time points gives access to
the exact same information as time-series of the individual yields. The blue circles in
figure 8 marks for instance the 10-year yield on four specific dates. These yields could
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alternatively be found via yield curves corresponding to these dates, as shown in figure 9.
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Figure 9: 4 examples of observed yield curves in the back-test period 2010-2018. The blue circles
marks the 10-year yield of four possible dates of interest.

The coherence in the two figures is highlighted by the blue circles that match each other
perfectly. The first blue circle in figure 8 for instance, matches the blue circle on the yield
curve in figure 9(a).

The most popular yield models as e.g. Vasicek, CIR, and Nelson-Siegel, use only a few
parameters to describe the entire yield curve as a whole. It is much more convenient to
simulate only these few parameters, than to simulate each of the yields individually. In
the following section we will learn how one of the models in the category above, describes
the yield curve in a very simple and intuitive way.

7.2 Yield curve model

Increasing demand for a model with the ability to describe the whole term structure of
yields with only a few parameters, led Nelson and Siegel (1987)[23] to propose the following
three-factor term structure model

y(t, τ) = b1(t) + b2(t)

(
1− e−λtτ
λtτ

)
− b3(t)e−λtτ ,

where y(t, τ) is the ZCB yield at time t with maturity τ , which depends on the time-varying
parameters β1, β2, β3, and λt. The main goal of this model was exactly flexibility to de-
scribe the shapes generally associated with the yield curve, namely monotonic, humped,
and S-shaped. The Nelson-Siegel model has since its introduction been a frequently ap-
plied tool in the field of yield curve modeling.
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With the intent of providing more intuitive economic interpretations of the parameters,
Diebold and Li (2002)[18] later reformulated the original Nelson-Siegel model in the fol-
lowing way

y(t, τ) = β1(t) + (β2(t) + β3(t))

(
1− e−λtτ
λtτ

)
− β3(t)e−λtτ . (45)

It is clear that the Diebold and Li version use a different factorization than the original
Nelson-Siegel curve, but that they match if we set b1t = β1t, b2t = β2t +β3t, and b3t = β3t.
(45) can be rewritten as

y(t, τ) = β1(t) + β2(t)

(
1− e−λtτ
λtτ

)
+ β3(t)

(
1− e−λtτ
λtτ

− e−λtτ
)
. (46)

The three factor values β1, β2, and β3, can be interpreted as the level, slope, and curvature
of the yield curve. To understand this interpretation it can be useful to look at the factor
loadings on which they are multiplied. Figure 10 illustrates the factor loadings across yield
maturities.
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Figure 10: Factor loadings on the three factors β1, β2, and β3 of the Diebold & Li model.
Loadings are based on λ = 0.58

As the loading on β1 is constant at 1, it affects the yield curve equally across all maturities,
and the relation between changes in β1 and the level of the yield curve, is therefore 1:1. As
the loading on β2 is positive and primarily affects short maturity yields, larger β2 values
results in larger short-term yields relative to the long-term yields, and therefore a decrease
in the slope of the yield-curve. As the loading on β3 primarily affects medium maturity
yields, larger β3 values results in larger medium-term yields relative to short-term and
long-term yields, and therefore increased curvature. Figure 11 illustrates an initial yield
curve, and how increases of 0.01 in each the factor values affects it.

7.3 Fitting the yield-curve

Note that the yields computed by formula (46) is simply the models estimate of the
actual yield observed in the market y(t, τ), and will be denoted by ŷ(t, τ). In practice it is
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Figure 11: The blue curve is an initial Diebold & Li yield curve, based on factor loadings
β1 = 0.0492, β2 = −0.0162, and β3 = −0.0160 and λ = 0.58. The other three curves illustrates
what happenes to the yield curve, when one of the three factors are increased by 0.01.

impossible to specify the three factor values β1, β2, and β3, such that the two yields match
each other perfectly for all maturities τ . There will always be a deviation between them,
given by the error term y(t, τ)− ŷ(t, τ) = ε(t, τ). Prespecifying λt as a fixed value, enables
computation of the two now time-independent factor loadings, such that the problem of
determining the factor values is reduced to an ordinary least squares (OLS) regression:

y(t, τi) = β1(t)−β2(t)
(

1− e−λτi
λτi

)
+β3(t)

(
1− e−λτi
λτi

−e−λτi
)

+ε(t, τi), i = 1 ... N (47)

More precisely, it is a cross-sectional regression for which yields with maturities ranging
from τ1 to τN are observed at one point in time t, and regressed on the factor loadings.
We can formulate the N equations above as an equation system in matrix form

y(t, τ1)

y(t, τ2)
...

y(t, τN )


︸ ︷︷ ︸

Y
N×1

=


1 1−e−λτ1

λτ1
1−e−λτ1
λτ1

− e−λτ1
1 1−e−λτ2

λτ2
1−e−λτ2
λτ2

− e−λτ2
...

...
...

1 1−e−λτN
λτN

1−e−λτN
λτN

− e−λτN


︸ ︷︷ ︸

X
N×3

β1(t)β2(t)

β3(t)


︸ ︷︷ ︸

θ
3×1

+


ε(t, τ1)

ε(t, τ2)
...

ε(t, τN )


︸ ︷︷ ︸

ε
i×1

(48)

The objective of the OLS regression is to determine the factor values θ that minimize the
sum of squared errors (SSE)

arg min
θ
SSE(θ) = arg min

θ
ε>ε = arg min

θ
(Y −Xθ)>(y −Xθ). (49)

The solution to this minimization problem is given by

θ̂ = (X>X)−1X>Y. (50)

Solving this regression at some time point t, results in a vector of factor value estimates
θ̂(t) = (β̂1(t), β̂2(t), β̂3(t))

>. As it is in Denmark standard practice to value mortgage
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bonds using swap rates on CIBOR 6M, I have from Bloomberg collected swap rates with
maturities τ = {1, 2, 3, 4, 5, 7, 10, 15, 20, 30}, dating back til 2002. I use these as input in
the Nelson-Siegel model to represent observed yields y(t, τ) in vector Y .

F0.25 coupon rates
By solving the regression at all decision points in the back-test period, and inserting
the resulting factor values into (46) with τ = 0.25, the observed yield curves is ex-
trapolated, to obtain the development in the 0.25-year yield in the observed scenario
y(δ, 0.25), ... , y(τ − δ, 0.25), as was used to determine the F0.25 loan rate lt,i in section 6.4.

7.4 Factor dynamics

To simulate the development of factor values in AFSs, a model that describes their dy-
namics is required.

The VAR(1) model
To describe the factor value dynamics, a regular autoregressive AR(p) model would be a
reasonable choice. In such a model the future values of a time-varying variable, depends
solely on p of its own most recent realizations (lags), and a noise term. To account for
mild correlation between the factors however, I choose as Rasmussen, Madsen & Poulsen
(2013)[26] to model the dynamics as a vector autoregressiv model, also abbreviated as
a VAR(p) model. This is a multi-variable model, and a generalized version of the one-
variable AR(p) model. In a VAR(p) model, the process of a collection of variables in a
vector (in this case θ(t)), are described as linear functions of, not only their own past lags,
but also past lags of the other variables contained in the same vector. The model will
more specifically be of first order i.e. a VAR(1) model, which means that only the most
recent lags, from one period ago, are included in the process 13. The model describes the
factor dynamics as the following linear equation system

θ(t) = Kθ(t− 1) + e(t) ∀ t, (51)

where K is a 3 × 4 matrix, and e(t) is a 3 × 1 vector. For intuition we can alternatively
write the relationship at one specific time-point t in matrix notation

β1(t)β2(t)

β3(t)

 =

K1,0 K1,1 K1,2 K1,3

K2,0 K2,1 K2,2 K2,3

K3,0 K3,1 K3,2 K3,3




1

β1(t− 1)

β2(t− 1)

β2(t− 1)

+

e1(t)e2(t)

e3(t)

 , (52)

or as a general equation systemβ1(t)β2(t)

β3(t)

 =

K1,0 +K1,1β1(t− 1) +K1,2β2(t− 1) +K1,3β3(t− 1) + e1(t)

K2,0 +K2,1β1(t− 1) +K2,2β2(t− 1) +K2,3β3(t− 1) + e2(t)

K3,0 +K3,1β1(t− 1) +K3,2β2(t− 1) +K3,3β3(t− 1) + e3(t)

 . (53)

Equation (53) more explicitly describes how each of the time t factor values βi(t) are
affected by some constant parameter Ki,0. They furthermore depend on the time t −
1 realizations of themselves and the other two factor values, and the strength of these
dependencies are given by the parameters Ki,1, Ki,2 and Ki,3. All combined they represent

13See Ferstl and Weissensteiner (2011)[19] for more
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the expected direction of the factor values. The noise terms ei(t) introduces stochasticity,
and are included to reflect that the factor development cannot be described perfectly by
the other parameters. The noise terms are assumed to have zero autocorrelation, i.e.
to be independent over time, and they are further assumed to be identically normally
distributed e(t) ∼ N3(0,

∑
), which means that correlation between factors can also be

captured by correlation in the noise terms. Denoting the covariance between ei and ej as
cov(ei, ej) = σij , we can write the covariance matrix as

∑
=

 σ21 σ1,2 σ1,3
σ2,1 σ22 σ2,3
σ3,1 σ3,2 σ22

 . (54)

While equation (51)-(53) describes factor levels, we can for any factor i subtract βi(t− 1)
from both sides, to inspect the factor changes from time t−1 to t. For factor 1 for instance,
we get the following expression

β1(t)− β1(t− 1) = K1,0 +K1,1β1(t− 1) +K1,2β2(t− 1) +K1,3β3(t− 1)− β1(t− 1) + e1(t).

As shown in appendix G, the expectation can be written as

E[β1(t)−β1(t−1)] = (1−K1,1)

(
K1,0 +K1,2β2(t− 1) +K1,3β3(t− 1)

1−K1,1
−β1(t−1)

)
. (55)

As evident from (55) the expected change in β1 is positive or negative, depending on
whether the current level is below or above (K1,0+K1,2β2(t−1)+K1,3β3(t−1))/(1−K1,1).

Preparation
To estimate the parameters of the VAR(1) model, knowledge about the development in
the factor values that we are trying to describe must first be acquired. A time series of
3×1 vectors of factor values is collected, by solving the regression in (48) at many points in
time with equally spaced intervals. A weekly rather than quarterly interval length is used
for increased accuracy. The most precise VAR(1) model should be estimated with data
from the period in which we are going to simulate yields. This is however not possible,
as access to data that was not already available at the decision point must be prohibited,
for the model to be realistic. Since the Bloomberg data dates back to 2002, the VAR(1)
model will be based on data from an estimation period spanning 2002-2010, i.e. eight
years. As the cross sectional regression in (48) is solved for each of the 418 weeks in this
estimation period,14 a time-series containing 418 sets of factor values is obtained in total.

Essential to the estimation of factor values is computation of the factor loadings, which
requires a specification of λ. The 418 regressions are solved using 100 different λ-values
in steps of 0.01, i.e. λ = {0.00, 0.01 , ... , 1}. Solving these regressions results not only in
a time-series of factor values, but also a time-series of residuals,15 with which we can for
each week compute the minimized sum of squared errors as

SSE(ti) = e(ti)
>e(ti). (56)

The total SSE for the entire period can then be computed by summing them up

SSEtotal =
418∑
i=1

SSE(ti). (57)

14Not 8 · 52 = 416, because there were 53 weeks in 2004 and 2009.
15These residuals come from 48, and should not be mistaken for those in 51.
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The λ-value selected is the one that results in the minimum SSEtotal, and equivalently
the best average fit between observed and fitted yield curves. In the R file in appendix F
it is found to be 0.58 in the estimation period of 2002-2010. Time-series of factor values
corresponding to a constant λ = 0.58 are therefore used in further analysis, and are plot-
ted in figure 12(a):(c). The purpose of figure 12(d) is to assess how well the Nelson-Siegel
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Figure 12: (a):(c) show the weekly development in factor values during 2002-2010, found by
applying 48 on observed yield data using λ = 0.58. (d) shows the average difference between the
observed yield curve and the theoretical curve resulting from the factor values in percentage points.

yield curve fits the observed yield curve over time. 418 weekly curves are fitted using the
time-series of factor value, and the quality of the fit is measured by the average percentage
point difference between the two curves across the 10 maturities. The difference is never
above 0.10% and therefore at a very satisfactory level.

To get a better idea about which parts of the yield curve are fitted well, we can al-
ternatively plot the average fitted yield curve against the average observed yield curve as
in figure 13. Such a curve can be computed either by averaging the 418 fitted yield curves,
or slightly simpler by fitting one yield curve using averages of the factor value time-series.
As yields are a linear function of the factor values, both ways lead to the same result.

Figure 13 reveals that the largest deviations are between yields with long maturities e.g.
20 or 30 years. These deviations occur mainly because the model attempts to fit the 1-year
yield, and the set of factor values required to make the slope of the curve become flatter
in the bottom left, does not fit long maturity yields particularly well.16 The average fitted
30-year yield is however only 0.05% higher than the observed 30-year yield. That is a very
small deviation which should not have any significant impact on decision making.

16If the 1-year yield is removed from the analysis, the fit is nearly perfect.



7. STOCHASTIC FRAMEWORK 44

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30

3.2

3.4

3.6

3.8

4

4.2

4.4

4.6

4.8

Maturity in years

Y
ie
ld

in
%

Figure 13: Average yield curve from observed data plotted with blue stars, and the average fitted
yield curve obtained from the Nelson-Siegel model using average values of β̂1, β̂2, and β̂3 over the
estimation period 2002-2010.

A VAR(1) model that describes the dynamics of the factor development in figure 12
(a)-(c), can now be developed.

Estimation
We have 418 observations of factor values in the estimation period, which means that the
VAR(1) dynamic described in (51)-(53) is estimated over 418−1 = 417 points in time. As
θ̂(t) and θ̂(t − 1) are both vectors containing three factor values each, we can formulate
a multivariate multiple time-series regression problem containing three response variables
that all depend on three predictor variables


θ̂(t1)

θ̂(t2)
...

θ̂(t417)


︸ ︷︷ ︸

Y
417×3

=


1 θ̂(t0)

1 θ̂(t1)
...

...

1 θ̂(t416)


︸ ︷︷ ︸

X
417×4

K> +


ε̂(t1)

ε̂(t2)
...

ε̂(t417)

 . (58)

Note that for convenience, everything in (59) has been transposed relative to (51)-(53).
The entire K matrix can then be estimated using ordinary least squares which has the
following solution[15]

K̂
3×4

= Y >X (X>X)−1. (59)



7. STOCHASTIC FRAMEWORK 45

The K-matrix can alternatively be estimated in three pieces, by formulating regular mul-
tiple linear regressions for one response variable at a time

β̂i(t1)

β̂i(t2)
...

β̂i(t417)


︸ ︷︷ ︸

Yi
417×1

=


1 θ̂(t0)

1 θ̂(t1)
...

...

1 θ̂(t416)


︸ ︷︷ ︸

X
417×4

K>i +


ε̂i(t1)

ε̂i(t2)
...

ε̂i(t417)

 ∀ i,

where Yi is the i’th column of Y and Ki is the i’th row of K which describes the dynamics
of factor i only. The solution to such a problem is again found using OLS

K̂i
1×4

= Y >i X (X>X)−1.

Using this method, the three rows of K must then be combined afterwards. Checking
that both ways leads to the same result, reassures that the VAR(1) model, which has a
big impact on simulations and refinancing decisions, is estimated correctly.

The matrix of residuals is simply found by subtracting theoretical values from observed
values

ê
417×3

= Y − K̂>X. (60)

Obtaining residuals enable us to also estimate the covariance matrix. We could of course
compute each of its elements individually using standard formulas

σ̂2i =
1

417− 1

417∑
t=1

(êi(t)− ēi)2,

and

σ̂i,j =
1

417− 1

417∑
t=1

(êi(t)− ēi)(êj(t)− ēj),

where ēi is the average factor i residual over the 417 observations. But since the residuals
are a product of the OLS regression, we know that they will be zero on average i.e.
E(êt) = 0, and this leads to an equivalent and simpler way to obtain the covariance
matrix using matrix notation ∑̂

=
1

417− 1
ê>ê.

Reported in table 12 are averages of the factor developments during 2002-2010 as illus-
trated in figure 12, and a corresponding VAR(1) K-matrix estimated by (59). While

∑̂
will be needed in the following section, it does not have any intuitive interpretation. For

that reason a matrix with standard deviations
√∑

i,j along the diagonal, and correlations∑
i,j /
√∑

i,j

∑
i,j above the diagonal, is instead reported.

From the K-matrix it is clear that factors are only weakly dependent on each other,
and mainly driven by past realizations of themselves. Since cross-dependencies are almost
zero, Ki,0/(1−Ki,i) will according to (55) be an approximation to the long term equilib-

rium level of βi, and it will be close to the average across the estimation period β̂i. Noise
terms will however prevent it from ever stabilizing.
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VAR(1) model parameters

Factor β̄ K̂ STD/correl.

β1 β2 β3

β1 0.0492 0.0016 0.9684 -0.0056 0.0117 0.0014 -0.6050 -0.2000

β2 -0.0162 -0.0017 0.0370 1.0009 0.0041 0.0014 -0.1400

β3 -0.0160 -0.0004 -0.0079 0.0083 0.9457 0.0036

Table 12: Averages of the factor value time-series in figure 12 obtained from danish swap rate
data from 2002-2010, and estimates of the VAR(1) model parameters obtained by applying 59 to
them.

The three autocorrelation parameters Ki,i are very close to 1, which according to (55)
means that the speed at which the factor is pulled toward the equilibrium level (1−Ki,i)
is close to zero. This means that the yield curve at time t is expected to be very similar
to the previous week at time t − 1

52 , which limits the possibility of large sudden changes
to the yield curve, and makes conversion to the long term level a slow process.

Note that even if there was zero correlation between factor values, the interest rates in
the yield curve would still be correlated, since each factor influences the entire curve as
discussed in section 7.2.

In possession of the K- and covariance matrices, we are now ready to simulate yields
in AFSs.

7.5 Yield simulation

To simulate factor values from decision point t0, we need to estimate a set of initial factor
values i.e. θ(t0), and these are easily obtained from a single cross-sectional regression
using the observed yield curve at t = t0 as in (48). We can then simulate a new set of
values one period later i.e. θ(t1) by applying equation (51). Multiplying the K-matrix
to θ(t0), steers it towards the long term equilibrium level, while adding the noise term
ensures uncertainty in the factor development, such that not all simulations are identical.

To replicate the correlation between the three noise terms found in the estimation period,
they cannot simply be generated by multiplying standard deviations from

∑̂
to standard

normally distributed variables x ∼ N(0, 1). The standard approach to generate correlated
noise terms ε(t1) is instead to perform a Cholesky-decomposition of the covariance matrix.
The Cholesky-matrix B has the property

B>B =
∑

.

Determination of B can in R be accomplished with the command ‘chol
(∑)

’. Given a
column vector of three N(0, 1) variables (x1, x2, x3)

>, a vector ε(t1) of three N3(0,
∑

)
noise terms can then be generated as

ε(t1) =

ε1(t1)ε2(t1)

ε3(t1)

 = B>

x1x2
x3

 .
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All random number generations in this thesis are based on a seed equal to 4, such that
the effect of computational changes becomes more transparent, and such that results can
be reproduced if necessary.

Since the parameters in K̂ and
∑̂

estimated in section 7.4 are based on weekly obser-
vations, they represent weekly factor development. Equation (51) must therefore be ap-
plied recursively for every week until t = τ . Simulating from decision point t0 = 0, this
corresponds to 418 times. New 3 × 1 noise term vectors are generated for each of the
418 steps, and the variances/covariances between the resulting time-series is calculated.

Although they are not completely identical to those in
∑̂

they are very close, and they
should converge in the limit if more noise terms are generated.

After simulating the factor values, a yield curve for every week can easily be computed by
using equation (46) repeatedly. To discount payments of bonds with quarterly payment
frequencies and maturities of 30 years, we will need yields with maturities ranging from 3
months to 30 years i.e. τ ∈ {0.25, 0.50, ... , 30}. With matrix algebra all of the yield curves
can much more conveniently be determined simultaneously, by multiplying the three time-
series of factor values with a new extended matrix of factor loadings containing all 120
maturities. The gray paths in the four charts of figure 14 illustrate yield simulations in
30 out of 200 AFSs17, with maturities 1, 10, 20, and 30 respectively. Simulations are
made from decision point t0 = 0, and are based on the VAR(1) model in table 12. Also
illustrated with blue paths are actual yields observed in the back-test period.
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Figure 14: Simulations and observations of interest rates with maturities 1, 10, 20, and 30 years.
The blue curves show the observed rates, while the grey simulations are computed with factor
model coefficients based on data from the period 2002-2010.

17Including only 30 paths gives a better visual expression than including all 200.



7. STOCHASTIC FRAMEWORK 48

Figure 14 illustrates how simulations are slightly increasing on average, since they are
pulled towards the long term equilibrium level of the VAR(1) model. The equilibrium
level is very similar to the average observed level in the 2002-2010 estimation period,
which was much higher than the average level in 2010-2018. This means that simulated
yields quickly diverge from the observed yield, which constitutes a big shortcoming of the
VAR(1) model. Only for a few maturities do the simulations manage to replicate the rapid
decline in the interest level that has been observed in the historical scenario. 14(a) shows
that the 1-year yield is one of those exceptions.

The two purposes of yield simulation were to forecast the development in the F0.25 coupon
rate and the yield curve at time τ . Simulations of the 0.25-year yield and short-term yields
are in general very reminiscent of the 1-year yield simulations. The model might underes-
timate the attractiveness of the F0.25 loan, since the average simulation of the 0.25-year
yield are higher than the observed rate in the period. They are however wildly dispersed
which accurately reflects the high riskiness of the F0.25 loan, so although the model will
deem it unlikely that F0.25 loan costs becomes as low as in the observed scenario, it will
count it as a possibility. Simulations of yields with longer maturities, are however poor
forecasts of the range in which yields actually end up at time τ . Since the yield level is
overestimated in all simulations, bond prices will be underestimated, and therefore unable
to capture the real redemption risk born by the borrower.

Note that the VAR(1) model was based on weekly simulations to increase accuracy, but
only quarterly simulations are needed in the analysis ahead. Since there are 13 weeks
per quarter, every 13th observation in the yield curve simulation is therefore picked out
and saved for further analysis. Let y(t, τ)s denote simulation s of the time t yield with
maturity τ . The yields that are needed moving forward, are presented in 61.


y(0, 0.25)1 · · · y(0, 30)1 · · · y(0, 0.25)200 · · · y(0, 30)200

y(0.25, 0.25)1 · · · y(0.25, 30)1 · · · y(0.25, 0.25)200 · · · y(0.25, 30)200

...
. . .

...
. . .

...
. . .

...

y(τ, 0.25)1 · · · y(τ, 30)1 · · · y(τ, 0.25)200 · · · y(τ, 30)200

 (61)

7.6 Callable bonds

As mentioned in section 2.5, Danish FRM bonds do not fit into the category of regular
bonds, as they contain an embedded Bermudan call option. Determining the value of
the option and pricing callable mortgage bonds is an extremely complex topic. One of
the most popular models for this purpose is that of Jakobsen (1992)[21], who propose
an arbitrage-free model in which callable mortgage bonds Pt,i are priced relative to non-
callable fixed payment bonds PNCt,i . As bond valuation is not the main focus of this thesis,
I will use a simpler valuation model proposed by Nielsen and Poulsen (2004)[24], which
is based on the same idea as that in Jakobsen (1992). They too argue for a valuation
function of the type

Pt,i = fn(PNCt,i ).

Where n indicates that the function depends on the maturity of the bond. The question is
what this relationship should look like. Nielsen and Poulsen (2003) propose the following
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piece-wise function for valuation of 30-year callable bonds

f30(x) =


x for x ≤ c,
x− a(x− c)b for c ≤ x ≤ c+ (ab)1/(1−b),

c+ (ab)1/(1−b) − a(ab)b(1−b) for x ≥ c+ (ab)1/(1−b),

(62)

where x is the price of the non-callable bond and a, b, c are parameters that must be
estimated from market data. The second piece of (62) describes the concave relationship
between the two prices, in which the price on the callable bond is always lowest. The first
piece reflects that whenever the price of the non-callable bond is far below par, the option
embedded in the callable bond will be far out of the money and therefore unlikely to be
exercised. In that case the value of the two bonds should be the same. The third piece
reflects a theoretical upper limit of the price. As explained in section 2.5 investors should
never be willing to pay much more than the face value of the bond.

The methodology for estimating the f30(x) parameters is similar to the one we used to
fit the Nelson-Siegel yield curve in section 7.2. In this context a, b, and c are chosen as
opposed to β1, β2, and β3 such that theoretical and observed bond prices P̂ and P , rather
than yields ŷ(t, τ) and y(t, τ), are fitted. The most accurate bond pricing model param-
eters for valuation in the back-test period 2010-2018, are most likely obtained by using
bond data from that same period. For a realistic implementation however, we should also
in this case refrain from using historic data not yet available at the beginning of the back-
test period. The parameters are estimated using quarterly bond price observations from
Nasdaq in the same estimation period as for the VAR(1) model i.e. 2002-2010. Estimation
consists of the following steps:

1. First, I identify dates at the end of each term in the back-test period, for which a
reasonable amount of observed callable bond prices Pt are available, and match them
with observed yield curves at the same dates. The observed yield curves are then
interpolated using λ = 0.58 in the Nelson-Siegel model as in section 7.3, to obtain
theoretical yield curves {ŷ(t, 0.25), ..., ŷ(t, 30)}.

2. Secondly, I compute quarterly annuity payments Yt of the observed callable bonds
by plugging their coupon rates into (3). I then discount these payments using the
quarterly yield curves just interpolated as in (6), to compute theoretical prices on
similar non-callable versions P̂NC .

3. Thirdly, I guess on appropriate values of a, b, c, and compute theoretical model
prices on callable bonds P̂ using (62). Squared differences between observed and
model prices (P − P̂ )2 are then computed, and the best fitting values of a, b, and c
are estimated by minimizing the SSE.

As (62) is a piece-wise function there is no closed-form solution for estimation of the three
parameters. The numerical solver in Excel is is used to minimize the SSE, and the file is
attached in appendix H. The result is presented in the left side of table 13. The estimates
are very different from those of Nielsen and Poulsen (2004), since they use bond face values
of 100 DKK instead of 1. For better comparison I have subsequently set up the model
using face values of 100, and the resulting estimates are presented in the right side of table
13. Our estimates are then very much alike.



7. STOCHASTIC FRAMEWORK 50

Callable bond pricing parameters

Face value = 1 DKK Face value = 100 DKK

â 0.815727 0.013689

b̂ 1.888735 1.887661

ĉ 0.757854 75.815249

Table 13: Bond pricing model parameters a, b, and c estimated by fitting model prices to observed
market prices of callable bonds in 2002-2010. Parameters are computed for bond face values of
both 1 and 100.

Function values of (62) can now be plotted for a range of theoretical non-callable prices
P̂NC . The relationship between callable and non-callable bond prices is illustrated by the
blue line in figure 15.
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Figure 15: Model prices and observed prices of callable bonds from the estimation period
2002-2010, plotted as a function of theoretical non-callable bond prices. The model parameters
a=0.815727, b=1.888735, and c=0.757854 have been estimated by fitting model prices to observed
prices.

The line exhibits the concave relationship given by the second piece in (62). For com-
parison the dotted black line simply illustrates P̂NC as a function of itself. As given by
the first piece in (62), the two prices are almost identical at low values of P̂NC . This is also
true for the slopes of the two lines, which means that both prices increase at approximately
the same rate. While the slope of P̂NC remains constant, the slope of P̂ slowly decays,
and the difference between the prices increases exponentially. Eventually the slope goes to
zero, creating an upper limit for P̂ , as given by the third piece in (62). The limit is 1.0471
and implies total refinancing costs of 4.71%18. The limit is reached at P̂NC = 1.3750 and
the price difference increases linearly afterwards. The black dots represent the observed
callable bond prices P , used to estimate the parameters. While there does not seem to

18Including any social costs.
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be a pattern in the distribution of the residuals, they are slightly larger for bonds with
high values of P̂NC , which makes sense since that is where the prepayment option is most
difficult to value.

Although the model fits the price data from the estimatio period 2002-2010 well, there is
no guarantee that the bond price relationship will stay the same in the future. To assess
the accuracy of the model in the back-test period of 2010-2018, which is what I am really
interested in, an out-of-sample test is conducted by comparing function values to bond
data from this time period as in figure 16.
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Figure 16: Model prices, prediction interval, and observed prices of callable bonds from the back-
test period 2010-2018, plotted as a function of theoretical non-callable bond prices. The model
parameters a = 0.815727, b = 1.888735, and c = 0.757854 and the prediction interval are based on
observed prices from the estimation period 2002-2010.

The blue and the dotted black lines are equivalent to those in figure 15. This time the
dots represent observations of callable bond prices P from 2010-2018, more precisely all
the FRM bonds i ∈ U as introduced in section 3.2. These prices exhibit the same curvy
relationship as P̂ represented by the blue line, but with a slightly steeper slope. Out-of-
sample there seems to be a tendency for the pricing model to undervalue callable bonds
with a high non-callable value. Remember however that bonds with prices exceeding par
are closed to issuance, and will always be redeemed exactly at par. Therefore it is not too
important how the bond prices behaves above par. How they behave below par is much
more important, and it does seem as if the model overvalues callable bonds with a low
non-callable value. To assess the significance, a 95% prediction band for P̂ is illustrated
by the dotted light blue curves in figure 16. The band is calculated by formulas from
Bowerman (2015, p. 487) [17]. With P̂NC = x and P̂ = ŷ, it is given by

ŷi ± t0.025 · s ·
√

1 +
1

n
+

(xi − x̄)2

SSxx
, (63)
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where

s =

√
SSE

n− 2
,

and

SSxx =
∑
i

x2i −
(
∑

i xi)
2

n
.

The resulting prediction band is ŷi ± 0.056057, which means that only 5% of realized
prices are expected to deviate more than 0.056057 from prices given by the model. The
band seems accurate since the actual number of observations in the back-test period that
lie outside it, is 13

259 = 5.0193%. If only observations for which the bonds are open are
considered, only 4

129 = 3.1008% observations are outside the band, which means that large
deviations are even less likely for the bonds that are most important to the analysis. The
average prediction error for all bonds is furthermore only 0.0222 corresponding to 2.1787%
of the average model price 1

N

∑
i P̂i. For our purposes this level of accuracy is satisfactory.

Let PNC,sτ,i and P sτ,i denote the non-callable and callable price on bond i at time τ in
scenario s. The former is computed using equation (6) and the yield curve in the last
row of (61). The latter is subsequently computed using equation (62) and the a, b, c
parameters in table 13. Repeating for all 11 FRM bonds and all 200 AFSs, a matrix of
bond prices as in (64) is obtained. P

1
τ,1 · · · P 200

τ,1
...

. . .
...

P 1
τ,11 · · · P 200

τ,11

 . (64)

With tools to simulate the coupon rate on the F0.25 loan and bond prices on FRMs, I am
ready to implement the stochastic optimization model.
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8 Optimization model

A more realistic optimization model from Rasmussen, Madsen, & Poulsen (2013) is pre-
sented in this section. The model is a single period, two-stage stochastic model, which
disregards any future refinancing opportunities and treats the refinancing decision at de-
cision point t0, as if it is either now or never. This is equivalent to treating both of the
redemption options as expiring immediately. As that is not actually the case, one might
argue for the use of a multi-period model, in which the refinancing decision is made under
consideration of the possibility to adjust the portfolio at future decision points. Unfor-
tunately such a model involve much higher mathematical complexity, and according to
Rasmussen, Madsen, & Poulsen (2011, p.192)[27] sometimes even a lower quality. Note
that while the decision making of the one-period model is based on a simplifying assump-
tion which might negatively affect its performance, it is perfectly realistic to apply in
practice. The model will be formalized mathematically in section 8.1

Period costs
Define Ost0,i as the total period costs that the borrower will incurr in scenario s by issuing

any single bond i19 at t = t0, and redeeming it at time t = τ . These costs are given by

Ost0,i =
τ∑

t=t0

dtF
s
t,i + dτL

s
τ,i, (65)

In contrast to (22), we can use (65) to calculate period costs ex-ante, before they are
incurred. The result is however not the period costs that will be incurred in the actual
scenario, but rather in the AFSs that we learned how to simulate in section 7. For any
given AFS we have exact information about yields and bond prices, and we can therefore
use equations (5) and (21) to compute the amount of loan payments F st,i and liquidation
costs Lsτ,i, that will be incurred by issuing a specific bond in that AFS. Repeating for all
12 bonds and 200 AFSs, the following 12× 200 matrix of period costs is obtainedO

1
t0,1

· · · O200
t0,1

...
. . .

...

O1
t0,12

· · · O200
t0,12

 . (66)

All of the prerequisite analyses in section 7 has had the purpose of determining (66).
Under the assumption that the 200 AFSs are the only possible outcomes, total expected
period costs of any given strategy can now be computed as∑

i

∑
s

pszt0,iO
s
t0,i. (67)

Minimization of the expected loan costs in (67), is the primary objective of the stochastic
model.

Back-testing
It is important to stress that the initially chosen loan portfolio is not supposed to be held
all the way until time τ . The model should be applied periodically, to re-estimate the
optimal portfolio. In a back-test the performance of the model is assessed by applying it
at all decision points in the 2010-2018 period, i.e. t0 ∈ {0, 0.25, ... , τ − δ}. That means t0

19This is equivalent to origination of loan i with an initial outstanding debt of zt0,i = 1.
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can be anywhere in the back-test period and should not be confused with t = 0, which is
exactly primo 2010.

For each decision point t0 we should re-estimate the period costs in (66), by executing
the following steps:

1. Apply (51) recursively, starting at the t0 factor level, to simulate the development in
factor values from t0 to τ in 200 AFSs. Apply (46) on the factor values to determine
the corresponding yield curve developments.

2. Apply (6) and (62) to compute time-τ non-convertible- and convertible prices for all
11 FRM bonds, in each of the 200 AFSs.

3. Apply (44) to determine the loan rate on the F0.25 loan from the simulation of the
0.25-year yield, in each of the 200 AFSs.

4. Apply (65) to determine the period costs of all twelve bonds, in each of the 200
AFSs.

Figure 17 exemplifies how new scenarios of quarterly yields are simulated at each decision
point t0. Simulations of the 10-year yield in 30 out of 200 AFSs are illustrated at 3 out of
32 decision points, namely at t0 = 0, t0 = 2.25, and t0 = 4.75.

2010 2011 2012 2013 2014 2015 2016 2017 2018

−2

−1

0

1

2

3

4

5

6

Year

Y
ie
ld

in
%

Figure 17: For each term 200 yield simulations are generated using the VAR(1) model based on
observed yield data from 2002-2010. Simulations of the 10-year rate in 30 out of 200 AFSs are
depicted at 3 out of 32 decision points, namely t0 = 0, t0 = 2.25, and t0 = 4.75. The blue curve is
the observed 10-year rate.

As discussed in the previous section it is off-limits to base the VAR(1) model on historic
data that had not yet been revealed at the decision point. All simulations in figure 17 are
therefore generated from a VAR(1) model that is based on data from 2002-2010, and has
parameters as presented in table 12. The problem is that no matter how much the ob-
served yields decline, the simulations will always revert to the same long term equilibrium
yield of this model. The simulations are therefore very unlikely to be realized in the future.
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To improve simulation quality we should at decision points t0 > 0 utilize that new in-
formation has been revealed since t = 0, by periodically re-estimating the VAR(1) model
using data from the most recent eight year period. Figure 18 illustrates how such an
adjustment affects the yield simulations.
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Figure 18: For each term the VAR(1) model parameters are updated using the most recent eight
years of observed data, and 200 new simulations are generated. Simulations of the 10-year rate
in 30 out of 200 AFSs are depicted at 3 out of 32 decision points, namely t0 = 0, t0 = 2.25, and
t0 = 4.75. The blue curve is the observed 10-year rate.

The scenarios look much more realistic than in figure 17. Note that forecast of the time-τ
yields from decision points late in the period e.g. t0 = 4.75, averages about the same level
as the observed yield, and should lead to better portfolio decisions than in the beginning
of the period.

Application of the optimization model at one decision point requires a matrix as in (66),
so a back-test including each of the 32 terms in the planning period requires a 384× 200
matrix as illustrated in table 14.



O1
0,1 · · · O200

0,1
...

. . .
...

O1
0,12 · · · O200

0,12
...

. . .
...

O1
7.75,1 · · · O200

7.75,1
...

. . .
...

O1
7.75,12 · · · O200

7.75,12


.

Table 14: Period costs associated with an outstanding debt of 1 for each of the 12 bonds, in 200
AFSs, simulated from the beginning of the 32 terms in the back-test period.
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8.1 Mathematical formulation of the model

The stochastic model is formulated as a linear programming problem and is in many ways
reminiscent of the crystal ball model. The main difference is the objective function, and
that refinancing equations apply to only one time-point, namely t0.

Objective function
The objective of the optimization model is to minimize the average or expected period
costs of the loan across the 200 AFSs.

min
[∑

i

∑
s

pszt0,iO
s
t0,i

]
.

Input data
The model is supplied with the following information about any loan i at t = t0:

Pt0,i, origination price for loan i at time t0,
Kt0,i, redemption price for loan i at time t0.
It0,i, outstanding debt for the existing loan i at time t0,
ps, probability of scenario s,
Osi , total period costs for loan i at scenario s, for an initial outstanding debt of 1,
FCorig, fixed transaction costs associated with loan origination,
FCred, fixed transaction costs associated with loan redemption,
TFred, variable transaction costs associated with loan redemption, given as a percentage
of the loans market value,
TForig, variable transaction costs associated with loan origination, given as a percentage
of the loans market value,
PCred, variable price cut costs associated with loan redemption, given as a percentage of
the loans outstanding debt,
PCorig, variable price cut costs associated with loan origination, given as a percentage of
the loans outstanding debt,
M , a constant used to ensure that fixed costs are incurred in the case of refinancing.

Variables
The model must choose the following variables:

zt0,i, outstanding debt for loan i at time t0

ZOt0,i =

{
1, if loan i should be originated at time t0

0, otherwise

ZRt0,i =

{
1, if loan i should be redeemed at time t0

0, otherwise

yt0,i, amount of originated bonds for funding loan i at time t0
xt0,i, amount of redeemed bonds for repaying loan i at time t0

Refinancing equations
The following restrictions must be satisfied in the optimization:

zt0,i = It0,i − xt0,i + yt0,i, ∀i ∈ U. (68)
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Note that at t0 = 0 the borrower has no loans i.e. I0,i = 0.∑
i∈U

(Pt0,iyt0,i) =
∑
i∈U

(Kt0,ixt0,i + coyt0,i + crxt0,i + cofZOt0,i + crfZRt0,i). (69)

Fixed costs
Fixed costs must also be taken into account in decision making:

MZOt0,i − yt0,i ≥ 0 ∀i ∈ U (70)

MZRt0,i − xt0,i ≥ 0 ∀i ∈ U (71)

8.2 High risk strategy results

The stochastic model is implemented in R as two separate files without and with access
to ARMs. It has also been implemented in Excel and the results are in compliance with
each other. All three files can be found in appendix I. The resulting high risk strategies
and period costs are presented in table 15 and 16 respectively.

Without ARM
The high risk strategy without ARMs refinances five times in total, only one fewer than the
crystal ball model. It is far from able to capture the potential gains revealed by the crystal
ball model. Even more critical, it underperforms not only the rules of thumb, but also the
issue-and-hold strategy by -124,883 and -76,534 DKK respectively. While this was a feared
consequence of the poor yield simulation quality, it is still a little disappointing to confirm.

The strategy performs bad mainly because it originates a 3% coupon loan at t = 0 and
holds it for large portion of the time. As a consequence of the declining yield level in the
observed scenario combined with the non-linear nature of bond redemption prices, this
loan is expensive relative to the 5% loan originated in the other strategies. Since redemp-
tion prices are capped at Kt = min(1, Pt) the price on the 5% bond has very little room
to grow, whereas the 3% bond in the declining yield environment is redeemed much more
expensive than it was issued at t = 0. The reason for the model’s choice is that future
yields have been overestimated, such that all bond prices are estimated to be below face
value at t = τ , which makes the 3% bond the cheapest to redeem. A tendency for this
strategy to prefer low coupon loans, is generally present also at later decision points.

On the positive side the model does try to take advantage of fluctuations in bond prices.
At t = 0.25 for instance, the decline in the price on the 3% bond, and the rise in the price
on the 4% bond, makes the potential reduction in outstanding debt advantageous enough,
that the model decides to refinance up.

With ARMs
If we permit the model access to originate the F0.25 loan, the picture changes completely.
The model now outperforms the issue-and-hold strategy and even the rules of thumb by
461,677 and 413,327 DKK respectively. The high risk strategy with the F0.25 loan even
slightly outperforms the crystal ball model without access to the F0.25, by 14,618.

The model now chooses to hold the F0.25 loan through the majority of the back-test
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t yt xt Rt Pt Kt zt At Ft

0.00 3,637,250 3.0% 0.8450 3,637,250 - -

0.25 3,618,454 3.0% 0.8325 18,796 43,235

0.25 3,254,623 4.0% 0.9350 3,254,623

0.50 4.0% 3,240,271 14,352 42,274

0.75 3,225,776 4.0% 0.9825 14,496 42,295

0.75 3,441,490 3.0% 0.9300 3,441,490

1.00 3.0% 3,423,014 18,476 41,600

1.25 3.0% 3,404,400 18,614 41,615

1.50 3.0% 3,385,646 18,754 41,629

1.75 3.0% 3,366,751 18,895 41,644

2.00 3.0% 3,347,715 19,036 41,658

2.25 3.0% 3,328,535 19,179 41,673

2.50 3.0% 3,309,212 19,323 41,688

2.75 3.0% 3,289,744 19,468 41,703

3.00 3.0% 3,270,130 19,614 41,719

3.25 3.0% 3,250,369 19,761 41,734

3.50 3.0% 3,230,460 19,909 41,749

3.75 3.0% 3,210,401 20,059 41,765

4.00 3.0% 3,190,192 20,209 41,781

4.25 3.0% 3,169,832 20,361 41,796

4.50 3.0% 3,149,318 20,513 41,812

4.75 3.0% 3,128,651 20,667 41,828

5.00 3,107,829 3.0% 1.0000 20,822 41,844

5.00 3,148,075 2.5% 0.9960 3,148,075

5.25 2.5% 3,125,319 22,756 40,981

5.50 3,102,420 2.5% 0.9460 22,899 40,992

5.50 3,029,755 3.0% 0.9785 3,029,755

5.75 3.0% 3,008,711 21,044 41,402

6.00 3.0% 2,987,508 21,202 41,419

6.25 3.0% 2,966,147 21,361 41,435

6.50 3.0% 2,944,625 21,522 41,452

6.75 2,922,943 3.0% 1.0000 21,683 41,469

6.75 2,974,769 2.0% 0.9915 2,974,769

7.00 2.0% 2,949,566 25,203 39,658

7.25 2.0% 2,924,237 25,329 39,661

7.50 2.0% 2,898,782 25,455 39,665

7.75 2.0% 2,873,200 25,583 39,668

8.00 2,847,489 2.0% 1.0000 0 25,710 39,672

Lτ 2,855,358

O 4,179,875

Table 15: High risk strategy without access to the F0.25 loan recommended by the stochastic
model, and results of application in the 2010-2018 period.
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t yt xt Rt Pt Kt zt At Ft

0.00 3,064,860 1.46% 1.0000 3,064,860 - -

0.25 1.29% 3,048,095 16,765 36,788

0.50 1.45% 3,030,728 17,368 36,296

0.75 1.28% 3,013,700 17,027 36,744

1.00 1.12% 2,996,088 17,613 36,277

1.25 1.46% 2,977,907 18,181 35,842

1.50 1.83% 2,960,570 17,336 36,756

1.75 1.29% 2,944,128 16,442 37,811

2.00 1.03% 2,926,088 18,040 36,318

2.25 1.08% 2,907,202 18,886 35,644

2.50 0.68% 2,888,349 18,853 35,764

2.75 0.65% 2,868,244 20,106 34,785

3.00 0.72% 2,847,939 20,304 34,693

3.25 0.66% 2,827,754 20,186 34,857

3.50 0.42% 2,807,294 20,406 34,707

3.75 0.57% 2,786,023 21,271 34,144

4.00 0.37% 2,765,112 20,911 34,473

4.25 0.62% 2,743,531 21,581 34,027

4.50 0.96% 2,722,587 20,944 34,561

4.75 0.89% 2,702,501 20,086 35,323

5.00 0.72% 2,682,121 20,380 35,165

5.25 0.10% 2,661,165 20,956 34,782

5.50 0.24% 2,638,334 22,831 33,473

5.75 0.45% 2,615,841 22,493 33,741

6.00 0.35% 2,593,868 21,973 34,159

6.25 0.38% 2,572,505 22,363 33,931

6.50 0.27% 2,549,149 22,356 33,985

6.75 2,526,401 0.32% 1.0000 22,748 33,756

6.75 2,566,027 2.00% 0.9915 2,566,027

7.00 2,544,287 2.0% 0.9694 21,740 34,209

7.00 2,492,777 0.28% 2,492,777

7.25 0.19% 2,469,989 22,788 33,603

7.50 2,446,857 0.18% 1.0000 22,788 33,603

7.50 2,596,147 1.50% 0.9493 2,596,147

7.75 1.50% 2,571,842 24,305 34,506

8.00 2,547,446 1.50% 0.9865 0 24,396 34,502

Lτ 2,522,635

O 3,641,665

Table 16: High risk strategy with access to the F0.25 loan recommended by the stochastic model,
and results of application in the 2010-2018 period.



8. OPTIMIZATION MODEL 60

period. At t = 6.75 we see that the model briefly switches to the 2% FRM, before switch-
ing back to the F0.25 loan one term later. This pattern is very reminiscent of that taken
by the crystal ball model, which also held the F0.25 loan when it had access to it, and
made one-term switches away from the otherwise preferred F0.25 loan.

8.3 Risk implementation

The goal of the optimization model so far has been to reduce the expected loan costs,
with no considerations regarding the level of risk resulting from the choice of refinancing
strategy. Most people are however risk averse, meaning that they prefer as little risk as
possible. As should be clear from the following (extreme) example, it would for most
borrowers therefore be unwise to focus solely on average loan costs, and not on risk.

Imagine a borrower who has a monthly budget of 20,000 that he can spend on his mortgage
loan, and a choice between two different refinancing strategies: strategy 1 guarantees loan
costs of 19,000, while strategy 2 has two possible outcomes of either 15,000 or 21,000 with
an equal 50% probability, i.e. loan costs of 18,000 on average. The borrower will probably
prefer strategy 1, because despite the fact that strategy 2 is cheaper on average it is also
riskier. While loan costs of 15,000 are nice since they enable him to buy something extra
in that month, loan costs of 21,000 incurred in the bad scenario would exceed his budget,
and this might force him to raise new capital through much more expensive channels, or
not impossibly to sell his house.

There are many possible ways to define the risk of refinancing strategies, and if we were to
apply the optimization model in the advisory of individual borrowers, we could make this
definition very specific. An obvious definition of risk in the example above, would be the
event in which the budget is exceeded. In the linear programming setting, it is possible
to implement the constraint that monthly loan payments in no scenarios are allowed to
exceed 20,000, and then minimize the expected loan costs under this constraint. As Ra-
mussen, Madsen & Poulsen (2013), I will in this thesis implement the more general risk
measure Conditional Value at Risk (CVaR), with the purpose of protecting the borrower
against very bad outcomes.

8.3.1 CVaR

CVaR is a supplementary tail risk measure, to one of the most widely used tail risk
measures, namely Value at Risk (VaR). In the context of this analysis, VaR measures the
amount of period costs that will be exceeded in only 100 · (1−α)% of the 200 AFSs. The
borrower can thus be 100 ·α% confident that during the τ years of the planning period, the
period costs incurred will be less than the VaR value. The distribution of loses obviously
depend on the choice of loan portfolio, which makes VaR a function of not only α but also
the vector of decision variables x. More formally it is given by

V aR(x, α) = min{ξ ∈ R : P (Ot0 ≤ ξ) ≥ α)}. (72)

A clear weakness of the VaR measure however, is that it reveals nothing about the mag-
nitude of the costs above the VaR value, in the right tail of the probability distribution.
You could easily imagine two different distributions with the same VaR, but with vastly
different right tails, as exaggerated graphically in figure 19.

Most borrowers would deem distribution 2 to be more risky than distribution 1, but the
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(a) Distribution 1

(b) Distribution 2

Figure 19: Illustration of value at risk (VaR) and conditional value at risk (CVaR) for two
distributions of period costs.

VaR measure would rank them as equally risky. In this regard CVaR has an advantage
over VaR. CVaR measures the expected loan costs, conditional on the costs exceeding
the VaR. With discrete distributions containing a finite number of outcomes, it can be
formalized as

CV aR(z, α) =
1

1− α
∑

Os>V aR

Ost0p
s, (73)

where (1 − α)−1ps is the probability of scenario s, under the condition that one of the
(1− α) · S worst scenarios will occur. By taking the distribution of the tail into account,
the CVaR measure is able to appropriately distinguish between the risk of the two distri-
butions in figure 19. A confidence level of α = 0.95 will be used in this analysis, i.e. the
CVaR measures the expected period costs in the (1− 0.95) · 200 = 10 worst scenarios.

A second advantage is that CVaR is a so-called coherent risk measure which possesses
the important property subadditivity. Subadditivity means that CVaR satisfies the basic
diversification effect that we are all familiar with, such that the risk of a portfolio of loans
is smaller or equal to the sum of the individual loan risks, i.e.

CV aR(A+B) ≤ CV aR(A) + CV aR(B). (74)

If we used a risk measure as VaR which doesn’t possess this property, certain strategies
might sometimes unreasonably be punished by the model for combining multiple loans
in a portfolio, although such an action would in fact reduce the risk. The model would
be inclined to reject such strategies and sub optimally hold only a single loan. By using
CVaR as our risk measure the model is often rewarded for combining loans.
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8.4 Implementing CVaR in the model

Apart from the few slight adjustments to the mathematical formulation as described be-
low, the stochastic model with CVaR is identical to the risk-neutral version of section 8.1.

Objective function
The objective of the optimization model is reformulated to minimization of a weighted
average of the expected period costs and the CVaR of the loan portfolio

min (1− λ)
[∑

i

∑
s

pszt0,iO
s
i

]
+ λCV aR(x, α). (75)

The λ used as weight in the average has nothing to do with the λ in the Nelson-Siegel
model. It is a predetermined constant expressing the borrowers aversion to risk and ranges
from 0 to 1, λ ∈ R(0,1). λ = 0 represents a borrower who is indifferent about the risk of
his loan portfolio, and only wishes to minimize expected period costs. In this case the
second part of the objective function vanishes, revealing that the model is just a more
general version of the risk neutral-model in section 8.1. λ = 1 represents the most risk
averse borrower possible, who cares only about minimizing the risk of his portfolio.

Additional input data
λ, risk weight influencing the the focus of the objective function,
α, the confidence level for CVaR calculations.

Risk variables
A third advantage of CVaR is that it that it can be formulated linearly, whereas VaR
in a linear programming setting must be obtained as a by-product of CVaR. The linear
formulation introduced by Rockafellar and Uryasev (2000)[28], makes CVaR suitable in a
linear programming setup. The following 202 extra variables are added to the model.

ξ(x, α), Value-at-Risk (VaR) for a 100α% confidence level,
CVAR(x, α), Conditional Value-at-Risk for a portfolio of loans z for a 100α% confidence
level,
ξs+(x, α), the amount of the total costs on top of ξ for a scenario s. If the total costs do
not exceed ξ, the value of ξs+ will be zero.

Risk constraints
CVaR in (73) is written in terms of the VaR (ξ), and the period costs on top of VaR (ξs+)

CV aR(z, α) = ξ +
1

1− α
∑
s

psξs+. (76)

Equation (77) ensures that ξs+ is equal to or larger than the costs on top of VaR.

ξs+ ≥
∑
i

[zt0,iO
s
i ]− ξ ∀ s ∈ S. (77)

In an attempt to minimize CVaR the model will seek to lower ξ, which constitutes the
first part of (76). Because of (77) however, a low ξ results in high ξs+’s, which due to the
second part of (76) results in a higher CVaR. The model weights the two parts against
each other, and it turns out that the CVaR is minimized exactly when ξ is equal to VaR.
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8.5 Low risk strategy results

The changes to the stochastic model is made to the existing R and Excel files, that were
attached in appendix I. The recommended low risk strategies, without and with access to
ARMs, and the resulting period costs are presented in table 17 and 18 respectively.

Without ARMs
The low risk strategy without ARMs outperforms the issue-and-hold strategy and even
the rules of thumb by 107,641 and 59,291 DKK respectively. As in the example in the
beginning of this section, a lower willingness to undertake risk generally decreases the
expected gains of a strategy. In the optimization model the period costs are also expected
to increase as we increase the λ parameter, and thus the risk aversion of the borrower.
Following the poor results of the high risk strategy, it is therefore comforting to find that
the low risk strategy performs much better.

The low risk strategy starts in the 5% loan rather than the 3% loan recommended by
the high risk strategy. The loan is refinanced five times, the same number as for the high
risk strategy. Whereas both strategies refinances down to a 2.5% loan t = 5 and up to a
3% at t = 5.5, the timing and even the direction of the other three times are vastly different.

The diversification effect of combining multiple loans in a portfolio, as expressed by equa-
tion (74), is decreasing in the correlation ρ between the period costs of the loans. It is
largest for ρ = −1, while it is nonexistent for ρ = 1.20 The correlation between the three
available FRMs with coupons 3%, 4%, and 5% is at t = 0 for instance, 0.9987, 0.9332 and
0.9456 respectively. It is therefore not surprising that the model, despite the subadditivity
property of CVaR, opts to never hold more than one loan at a time.

Since CVaR is a coherent risk measure it also has the property of proportionality. Propor-
tionality means that the CVaR of an amount zi of bond i is equal to zi times the CVaR
of one bond i

CV aR(zi ·Oi) = zt · CV aR(Oi). (78)

On the basis of this property, I reformulate the objective function given by (75) as

min (1− λ)
[∑

i

∑
s

pszt0,iO
s
i

]
+ λ

[∑
i

zt0,iCV aR(Oi, α)
]
. (79)

This formulation is generally incorrect as it does not take into account the diversification
effect of (74). Only when the model chooses not to combine loans, will it give the same
result as (75). I have used (79) only as a trick to easily test the R results in Excel, and
once again they are in compliance.

With ARMs
The low risk strategy with ARMs outperforms the issue-and-hold strategy and the rules
of thumb by 294,387 and 246,038 respectively. The model chooses to originate the F0.25
loan at t = 0 and keep it until time τ , even longer than for the high risk strategy. Very
interestingly the model now chooses to combine the F0.25 loan with a FRM in a portfolio
and thus to hold multiple loans simultaneously. Because of this behavior, table 18 has
been set up slightly different than previous tables. The usual information about the loans

20This is contrary to classic asset management with access to short-selling, where high positive correla-
tions also offer opportunities for diversification.
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t yt xt Rt Pt Kt zt At Ft

0.00 3,120,300 5.0% 0.9825 3,120,300 - -

0.25 5.0% 3,108,962 11,338 43,911

0.50 3,097,483 5.0% 11,479 43,935

0.50 3,226,716 4.0% 3,226,716

0.75 4.0% 3,212,281 14,435 42,118

1.00 4.0% 3,197,702 14,579 42,138

1.25 4.0% 3,182,977 14,725 42,159

1.50 4.0% 3,168,104 14,872 42,180

1.75 4.0% 3,153,083 15,021 42,201

2.00 4.0% 3,137,912 15,171 42,222

2.25 4.0% 3,122,589 15,323 42,244

2.50 3,107,113 4.0% 1.0000 15,476 42,266

2.50 3,198,737 3.0% 0.9800 3,198,737

2.75 3.0% 3,179,919 18,818 40,311

3.00 3.0% 3,160,960 18,959 40,326

3.25 3.0% 3,141,858 19,101 40,341

3.50 3,122,614 3.0% 0.9650 19,245 40,356

3.50 3,070,252 3.5% 0.9913 3,070,252

3.75 3.5% 3,052,554 17,697 41,183

4.00 3.5% 3,034,702 17,852 41,202

4.25 3.5% 3,016,694 18,008 41,222

4.50 3.5% 2,998,528 18,166 41,241

4.75 3.5% 2,980,203 18,325 41,261

5.00 2,961,717 3.5% 1.0000 18,485 41,282

5.00 3,000,493 2.5% 0.9960 3,000,493

5.25 2.5% 2,978,804 21,690 39,060

5.50 2,956,979 2.5% 0.9460 3,102,420 21,825 39,070

5.50 2,888,148 3.0% 0.9785 2,956,979

5.75 3.0% 2,868,088 20,061 39,467

6.00 3.0% 2,847,876 20,211 39,483

6.25 3.0% 2,827,513 20,363 39,498

6.50 3.0% 2,806,998 20,516 39,514

6.75 3.0% 2,786,328 20,669 39,530

7.00 3.0% 2,765,504 20,825 39,547

7.25 3.0% 2,744,523 20,981 39,563

7.50 3.0% 2,723,385 21,138 39,579

7.75 3.0% 2,702,088 21,297 39,596

8.00 2,680,632 3.0% 1.0000 0 21,456 39,612

Lτ 2,688,084

O 3,995,701

Table 17: Low risk strategy without access to the F0.25 loan recommended by the stochastic
model, and results of application in the 2010-2018 period.
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are split up into one section for each loan type; the FRM to the left and the ARM to the
right. To save visual space, yt, xt, zt, At, and Ft are now reported in thousands and At
and Ft are reported on a portfolio basis. The Pt and Kt columns are further merged into
one, in which the price reported is the one that is relevant depending on whether the loan
is originated or redeemed. With this design only one vertical line is needed to describe a
refinancing.

The mixture of loans is not surprising, since the correlations between ARM and FRM
costs are much lower than that between two FRMs. At t = 0 for instance, the corre-
lation between the F0.25 loan and each of the three available FRMs is even negative at
−0.0678,−0.0634, and −0.0464. This results in much greater diversification effects than
were possible with FRMs alone.

8.6 Intermediary risk weights

Risk weights of 0 and 1 corresponds to the two most extreme cases in which the borrower
only cares about expected period costs or CVaR respectively, but λ is not limited to just
these two values, it can take any value in between. Let us in this section investigate the
effect on the results of using intermediary risk weights λ ∈ [0.1, ... , 0.9]. The resulting re-
financing strategies will not be thoroughly reported, but will be shortly described below,
in ascending order in terms of the weights.

Without ARMs
With FRMs only, the optimal refinancing strategy is generally insensitive to small changes
in the level of risk aversion. For λ ∈ [0.1, 0.5] the strategy is exactly the same as in the
risk-neutral case with λ = 0. At λ ∈ [0.6, 0.8] the model postpones refinancing from the
4% loan to the 3% loan until t = 2.5 instead of t = 0.75. The 3% loan is further redeemed
earlier at t = 4 instead of t = 5 and instead the 3.5% loan is held between t = 4 and
t = 5, as was also the case for the risk-averse strategy. The 3% loan issued at t = 5.5 is
no longer replaced at t = 6.75, but held until τ . At λ = 0.9 the model recommends the
same strategy as for λ = 1.

With ARMs
In the high risk strategy with ARMs a 2% FRM was originated at t = 6.75 and a 1.5%
FRM was originated at t = 7.5. The model omits to originate the first of these at λ values
of λ ∈ [0.2, 0.4], whereas the second is omitted at values larger than λ = 0.5. At λ = 0.5
the model instead originates a 3% FRM loan at t = 1, as was also the case in the low risk
strategy albeit at t = 0. The principal on the loan is however much smaller and the loan
is only held for a short time, but as we increase λ from 0.5 to 1, a larger weight is shifted
from the ARM loan to this 3% loan. Interestingly the model holds the 3% loan for the
longest time at λ = 0.6.

The period costs of all strategies are summarized in the following section.
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FRM ARM

t yt xt Rt Pt/Kt zt yt xt Lt Pt/Kt zt At Ft

0.00 1,565 3.00% 0.8450 1,565 1,754 2.66% 1.0000 1,754 - -

0.25 1,557 3.00% 0.8325 0 1,315 2.45% 1.0000 3,059 18 40

0.50 1,586 3.00% 0.8800 1,586 1,379 2.65% 1.0000 1,663 17 36

0.75 3.00% 1,578 2.48% 1,654 18 39

1.00 3.00% 1,570 2.32% 1,644 18 39

1.25 3.00% 1,561 2.66% 1,634 18 39

1.50 3.00% 1,552 3.03% 1,625 18 39

1.75 3.00% 1,544 2.49% 1,616 18 40

2.00 3.00% 1,535 2.23% 1,606 19 39

2.25 3.00% 1,526 2.28% 1,595 19 39

2.50 775 3.00% 0.9800 742 774 1.88% 1.0000 2,359 19 39

2.75 3.00% 738 1.85% 2,343 21 38

3.00 3.00% 733 1.92% 2,326 21 38

3.25 3.00% 729 1.86% 2,310 21 38

3.50 3.00% 724 1.62% 2,293 21 38

3.75 3.00% 720 1.77% 2,276 22 37

4.00 3.00% 715 1.57% 2,258 22 37

4.25 3.00% 711 1.82% 2,241 22 37

4.50 3.00% 706 2.16% 2,224 22 38

4.75 3.00% 701 2.09% 2,207 21 38

5.00 3.00% 697 1.92% 2,191 21 38

5.25 692 3.00% 1.0000 0 705 1.30% 1.0000 2,879 22 38

5.50 - 0 1.44% 2,854 25 36

5.75 - 0 1.65% 2,830 24 37

6.00 - 0 1.55% 2,806 24 37

6.25 - 0 1.58% 2,782 24 37

6.50 - 0 1.47% 2,758 24 37

6.75 - 0 1.52% 2,733 25 37

7.00 - 0 1.48% 2,708 25 37

7.25 - 0 1.39% 2,684 25 37

7.50 - 0 1.38% 2,659 25 36

7.75 - 0 1.30% 2,633 25 36

8.00 - 0 2,608 - 0 25 36

Lτ 2,688

O 3,995

Table 18: Low risk strategy with access to the F0.25 loan recommended by the stochastic model,
and results of application in the 2010-2018 period.
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9 Result summary

Let us make a brief summary of the results so far, before continuing the analysis. Table
19 summarizes the period costs resulting from application of each previously discussed
refinancing strategy, in back-tests on the period 2010-2018. Results are all based on a loan
with proceeds of 3,000,000, and are given both with and without inclusion of the F0.25
loan. Also given are the gains of each strategy, relative to the issue-and-hold benchmark
strategy.

w/o F0.25 w/ F0.25

Strategy Section Costs Gain Costs Gain

Issue-and-hold 3.4 4,103,341 - - -

Crystall ball 4.2 3,656,283 +447,059 2,990,052 +1,113,289

Rules of thumb 5.1 4,054,992 +48,349 - -

Stochastic high risk 8.1 4,179,875 -76,534 3,641,665 +461,677

Stochastic low risk 8.3 3,995,701 +107,641 3,808,954 +294,387

Table 19: Summary of the period costs that a borrower would have incurred, had she applied the
refinancing strategies during 2010-2018, on a loan with proceeds of 3,000,000.

The results of using intermediary values of λ are reported in table 20, but none of them
are particularly interesting.

w/o F0.25 w/ F0.25

Strategy Section Costs Gain Costs Gain

Stochastic λ = 0.1 8.6 4,179,875 -76,534 3,587,528 +515,813

Stochastic λ = 0.2 8.6 4,179,875 -76,534 3,598,513 +504,828

Stochastic λ = 0.3 8.6 4,179,875 -76,534 3,598,513 +504,828

Stochastic λ = 0.4 8.6 4,179,875 -76,534 3,598,513 +504,828

Stochastic λ = 0.5 8.6 4,179,875 -76,534 3,553,085 +550,256

Stochastic λ = 0.6 8.6 4,002,383 +100,959 3,619,755 +483,586

Stochastic λ = 0.7 8.6 4,002,383 +100,959 3,641,088 +462,253

Stochastic λ = 0.8 8.6 4,002,383 +100,959 3,716,544 +386,797

Stochastic λ = 0.9 8.6 3,995,701 +107,641 3,771,344 +331,997

Table 20: Period costs resulting from application of the stochastic model, using intermediary
values of the risk weight λ.

An Excel file with computations of payment streams and period costs for all strategies is
attached in appendix J.
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10 Out-of-sample test

As we are all well aware, history rarely repeats itself. An individual who wins on a lottery
ticket, or gets struck by lightning, should not expect the same outcome again in the fu-
ture. The results of all the strategies applied in back-tests up until this point, have been
dependent on the historical development in interest rates and mortgage bond prices in the
back-test period. The observed development is however just one of many scenarios that
could have occured. Previous results might therefore have been pure coincidence.

The results of the high risk strategy without ARMs in section 8.2 made it appear very
unattractive, but it might have simply been a consequence of bad luck. The steeply declin-
ing interest rate level in the observed scenario was extraordinarily difficult for the model to
forecast, so the results would probably have been better in alternative scenarios, exhibit-
ing a more regular interest rate behavior. The low risk strategy without ARMs as well as
both high- and low risk strategies with ARMs on the other hand, had great success in the
observed scenario, but whether these strategies are also able to outperform the rules of
thumb in general is a question yet unsolved. For instance there seemed to be a tendency
for the high risk strategy without ARMs to choose the lowest coupon loans available, and
the same tendency might have been present in the two strategies with ARMs. If the de-
cisions of the model is biased towards ARMs, the great results exhibited might have been
a consequence of good luck, in regards to the declining interest rates. In other scenarios
with increasing interest rates, the model might have been punished for such behavior.

The results of the single back-test conducted should not make us confident in the models
decisions. It would be irresponsible to advise mortgage borrowers based on such a vague
background. To draw any conclusions about the viability of the model and help us to an-
swer some of the questions above, I will in this section conduct an out-of-sample test. The
purpose of such a test is to make sure that results can be generalized, so that the quality
of a model is independent of the input data. This is done by repeatedly back-testing a
strategy following the same methodology as in previous sections, but using alternative sets
of historical data.

Unfortunately only about 30 years of mortgage data exist,21 and with a back-test pe-
riod of τ = 8 years, that will only be sufficient for two additional back-tests. To overcome
this data limitation, purely fictive scenarios of historic data can be simulated as alter-
natives to the one observed. The number of simulations used in the analysis has a big
impact on the results. I have chosen to generate 250 alternative historic scenarios (AHSs).
With such a large number the results seem stable, i.e. changes from increasing the number
further are insignificant.

The out-of-sample test is conducted for all of the previous strategies, both with and
without ARMs, by repeating the following procedure once for each AHS, i.e. 250 times:

1. An alternative to the historic yield curve development is simulated, using a VAR(1)
model based on observed yield curves in the back-test period 2010-2018, as will be
explained in section 10.1.

2. For each term, fictive bonds that more realistically match the simulated yield de-
velopment are priced and opened, as prescribed by the rules explained in section

21and even less is available to me.
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10.2.

3. These alternative yields and prices generated constitute one AHS, which is used as
input to the relevant model, and the optimal strategy is then determined as described
in the section related to that model.

10.1 Simulation of historic yields

Unlike AFSs in section 7, AHSs do not have to be generated until the end of the plan-
ning horizon i.e. primo 2018. In that case, any data can realistically be used to estimate
the VAR(1) model used for yield simulation. The estimation period should preferably
be chosen such that AHSs surround the observed historic scenario, while simultaneously
reflecting a diverse range of possibilities. The back-test period spanning 2010-2018, or
the entire period in which data is available i.e. 2002-2018, seem to be the most logical
candidates.

Figure 20 illustrates yield simulations in 30 out of the 250 AHSs when the VAR(1) model
is based on 2010-2018 only.
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Figure 20: The four charts show the development in simulated yields with maturities 1, 10, 20,
and 30 years respectively. The blue curve represents the observed yield, and the 30 gray curves
represents simulations. The VAR(1) model coefficients are based on data from 2010-2018.

The simulations surround the observed yields much better than was the case in section 7,
since the VAR(1) model is now based on data from the same period, as yields are simu-
lated in. However, the clear downward trend in observed yields during the relatively short
period of 2010-2018, means that small residual values are obtained from estimation of the
K̂ matrix. This results in low

∑̂
-values, which leads to correspondingly small noise terms

in yield simulations. As evident from figure 20 the yields become mostly driven by the K̂
matrix, and none of them deviates greatly from the observed yields.
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Figure 21 illustrates yield simulations in 30 out of the 250 AHSs when the VAR(1) model
is based on 2002-2018. Although the K̂ matrix still drives the yields slightly downwards on
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Figure 21: The four charts show the development in yield simulations with maturities 1, 10, 20,
and 30 years respectively. The blue curve represents the observed yield, and the 30 gray curves
represents simulations. The VAR(1) model coefficients are based on data from 2002-2018.

average, the noise terms are now much larger and results in much greater variety between
simulations.

I believe several points makes it more appropriate to base the VAR(1) model on data
from the 2002-2018, and to use simulations as in figure 21. Firstly the yield development
observed during 2010-2018, is in in figure 20 positioned in the middle of the simulations,
which classifies it as an average case- or expected scenario. I believe that interest rates
have dropped more than expected, and should rather be classified as a low case scenario
as in figure 21. Secondly the yields in figure 20 are in all simulations decreasing, but
if we want to test the robustness of the model we should aim to use simulations with a
wide range of outcomes. The yields in figure 21 seem most appropriate, since they are
not always decreasing, and sometimes even increasing. With increasing yields the model
might for instance be punished, if it picks the F0.25 loan regardless. Yields in figure 21
are therefore used in subsequent analyses.

Testing the stochastic model out-of-sample
Note that when testing the stochastic model out-of-sample, two different sets of scenarios
are involved: the AHSs, and the AFSs. For each AHS, simulations of historic yields from
2010 to 2018, are combined with observed historic yields from 2002-2010, into a sixteen
year period. As in section 8, the stochastic model simulates 200 AFSs from each decision
point t0 during the back-test period. It estimates the VAR(1) model based on the most
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recent eight years of the sixteen year period. At t0 = 0 the VAR(1) model will be based
on observed data exclusively, and AFSs will be very similar across the 250 AHSs. Figure
22 illustrates 200 AFSs of the 10-year yield, in 4 out of the 250 AHSs from figure 21(b).
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Figure 22: The charts illustrate 200 AFSs of the 10-year yield in AHS 2, 11, 16, and 250. 3 out
of 32 scenario trees are depicted, namely at t0 = 0, t0 = 2.25, and t0 = 4.75.

10.2 Fictive mortgage bonds

Only a limited amount of mortgage bonds are open for issuance at any point in time. As
the yield developments in AHSs are vastly different from that in the observed scenario, it
is unlikely that the same set of bonds would be available in both. The bonds that were
available in the observed scenario would in some high yield AHSs be very cheap. In some
low yield AHSs they would all trade at prices above face value, and therefore be closed
for issuance. A fictive bond selection, that more appropriately mimics what is offered by
mortgage banks in practice, will therefore be created in each AHS. Fictive bond openings
must at each decision point t follow the rules established below.

Fixed rate mortgage bonds

1. With the exception of a 0.1% coupon, coupon rates must be divisible by 0.5%.

2. There will never be multiple bonds with the same coupon rate open at the same
time.

3. Between the potential bonds that satisfy rule 1 and 2, the two bonds with prices
closest to, but below, 1 will be open.

4. All bonds that were open at t − δ and still trades at a price below 1, will be kept
open for issuance.
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5. Every third year all previously available bonds close, before two new bonds are
opened according to rule 3.

Not all bonds satisfying rules 1 and 2 are considered. In practice only bonds with coupons
in the set {1.5%, 2%, 2.5%, 3%, 3.5%, 4%, 5%, 6%, 7%} have been opened since 2002. Due to
the development of the yield curve in some extreme alternative scenarios it is however nec-
essary to also consider coupons in the set {−2%,−1.5%,−1%,−0.5%, 0.1%, 0.5%, 1%}22,
since there would otherwise be no bonds trading below face value.

A simulated scenario is now arbitrarily chosen and appropriate fictive bond openings are
explained in the following example. For the first three years of the back-test period, table
21a shows origination prices on many potential bonds that all satisfy rule 1-2. Bonds are
priced with the simulated yields from section 10.1. Table 21b on the other hand, only
shows prices on bonds that also satisfy rule 3-5 and are therefore open for issuance.

At t = 0 the 5% bond that was otherwise open in the historic scenario, is closed in
the AHS, since its price is just above 1. Instead, the 3.5% and the 4% bonds should be
open according to rule number 3. Due to this rule there are at least two open bonds at
any point in time, and the purpose is to ensure that the model always has refinancing de-
cisions to make, as was similarly almost always the case in the observed historical scenario.

At t = 0.50 the yields have increased and the price on the 5% bond has dropped be-
low 1. According to rule 3, the 4% and 5% bonds will now be open. Additionally, the
3.5% bond will remain open according to rule 4. There are therefore multiple ways in
which the bond selection can become larger than just two: if any bond satisfies rule 4 but
not rule 3, as for instance the 3.5% bond at t = 0.50 or if the bond underlying the existing
loan does not satisfy rule 3, as must for instance be the case at t = 2.

At t = 3 the 1.5%, 2% bonds, that would otherwise remain open according to rule 4,
are closed according to rule 5. Rule 5 can alternatively be formulated as negating rule 4
every third year. This rule limits the number of open bonds in scenarios with increasing
interest rates, which could otherwise become very large.

Adjustable rate mortgage bonds

1. As in the observed scenario, F0.25 bonds will be the only ARM bonds available.

2. The F0.25 bond coupon rate depends on the 0.25-year yield y(t, 0.25) as in (44).

3. The F0.25 bonds always trades at face value, i.e. at a price of 1.

10.3 Out-of-sample results

Table 22 reports for all strategies without ARMs, the average period costs across the
250 alternative historic scenarios, along with the average-, minimum-, and maximum gain
relative to the issue-and-hold benchmark strategy. Also reported is the risk in terms of
CVaR, in this case intended as a performance measure, and not as a decision variable in a
model. It is calculated using ex-post information about the 250 AHSs, and now represents
the average costs in the 0.05 · 250 ≈ 13 worst-case scenarios. Identically for all scenarios,
the issue-and-hold strategy originates a 4% loan and never refinances.

22The 0.1% coupon is used instead of a 0% which would require special treatment.
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t 1.0% 1.5% 2.0% 2.5% 3.0% 3.5% 4.0% 5.0% 6.0%

0.00 0.6719 0.7212 0.7723 0.8209 0.8658 0.9066 0.9431 1.0012 1.0369

0.25 0.6822 0.7322 0.7835 0.8316 0.8758 0.9160 0.9515 1.0074 1.0400

0.50 0.6590 0.7073 0.7577 0.8070 0.8526 0.8944 0.9319 0.9928 1.0323

0.75 0.6570 0.7051 0.7553 0.8048 0.8505 0.8924 0.9301 0.9914 1.0315

1.00 0.6633 0.7120 0.7626 0.8117 0.8571 0.8985 0.9357 0.9957 1.0339

1.25 0.6854 0.7357 0.7870 0.8349 0.8789 0.9188 0.9541 1.0092 1.0408

1.50 0.7079 0.7597 0.8103 0.8570 0.8997 0.9378 0.9710 1.0208 1.0452

1.75 0.7185 0.7709 0.8209 0.8671 0.9090 0.9462 0.9784 1.0255 1.0464

2.00 0.8013 0.8512 0.8966 0.9372 0.9723 1.0014 1.0239 1.0465 1.0472

2.25 0.8494 0.8962 0.9379 0.9739 1.0035 1.0260 1.0407 1.0472 1.0472

2.50 0.8915 0.9347 0.9721 1.0028 1.0260 1.0411 1.0471 1.0472 1.0472

2.75 0.8622 0.9080 0.9485 0.9831 1.0109 1.0313 1.0436 1.0472 1.0472

3.00 0.8397 0.8872 0.9297 0.9668 0.9976 1.0216 1.0380 1.0472 1.0472

(a) Origination prices on potential bonds

t 1.0% 1.5% 2.0% 2.5% 3.0% 3.5% 4.0% 5.0% 6.0%

0.00 - - - - - 0.9066 0.9431 - -

0.25 - - - - - 0.9160 0.9515 - -

0.50 - - - - - 0.8944 0.9319 0.9928 -

0.75 - - - - - 0.8924 0.9301 0.9914 -

1.00 - - - - - 0.8985 0.9357 0.9957 -

1.25 - - - - - 0.9188 0.9541 - -

1.50 - - - - - 0.9378 0.971 - -

1.75 - - - - - 0.9462 0.9784 - -

2.00 - - - 0.9372 0.9723 - - - -

2.25 - - 0.9379 0.9739 - - - - -

2.50 - 0.9347 0.9721 - - - - - -

2.75 - 0.9080 0.9485 0.9831 - - - - -

3.00 - - - 0.9668 0.9976 - - - -

(b) Origination prices on open bonds

Table 21: Example of bond openings in an arbitrarily chosen AHS. (a) shows the price calculations
on bonds that might potentially be opened according to rule 1-2, and (b) shows prices on those
that are actually opened according to rules 3-5.

w/o F0.25

Strategy Avg. costs CVaR Avg. gain Min gain Max gain

Issue-and-hold 4,064,413 4,088,876 - - -

Crystall ball 3,561,396 3,922,883 +503,017 +109,315 +1,103,536

Rules of thumb 3,960,360 4,164,021 +104,053 -146,590 +633,598

Stochastic high risk 4,124,381 4,451,143 -56,621 -482,110 +355,899

Stochastic low risk 3,971,988 4,147,024 +92,772 -185,834 +447,893

Table 22: Average and CVaR of period costs across the 250 AHSs, as well as the average-,
minimum- and maximum gain relative to those of the issue-and-hold strategy, reported for each of
the strategies without ARMs.
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The average gains of the strategies are generally very reminiscent of the gains in the
observed scenario reported in table 19. Note that the CVaR of the issue-and-hold strategy
is not equal to the average costs, which reflects variance in the redemption price of the
underlying bonds at time τ . The refinancing gain is however obviously always 0, since the
strategy is benchmarked against itself. The minimum gain of the crystal ball strategy is
positive, which means that it never loses money. As expected this strategy has the highest
average gain between all of the strategies, and once again reveals great opportunities to
save money by refinancing.

The disappointing result of the high risk strategy has been slightly improved, but the
costs are still 56,621 below the issue-and-hold costs. We can therefore confirm that the
bad performance in the observed scenario was not a consequence of bad luck in regards to
the declining yields. The strategy simply seems to underperform in general. It is also by
far the most risky of all the strategies in terms of CVaR. The low risk strategy continues
to combine portfolios of loans, and very positively it performs almost as well as it did in
the observed scenario with average gains of 92,772. These gains are however surpassed
by the gains of the rules of thumb strategy, which are impressively 104,053 on average,
and approximately twice as large as in the observed scenario. Average gain is however
only one aspect of performance. The low risk strategy is on the other hand unsurprisingly
the least risky of all the strategies (except for the crystal ball of course). Which one is
the best strategy depends on the individual borrowers level of risk aversion. The low risk
strategy has another less obvious advantage. Lower risk for individual borrowers, leads to
less defaults, which leads to less risk in the mortgage bank. If all borrowers adopt a low
risk strategy, the mortgage bank might therefore eventually differentiate administration
fees between strategies and not only loans, and this could make it cheaper than the rules
of thumb.

Figure 23 illustrates the results graphically by probability distributions of possible gains
across the 250 AHSs. The chart is created by splitting the 250 gain outcomes of each strat-
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Figure 23: Distributions of refinancing gains for each of the refinancing strategies without access
to the F0.25 loan, applied on 250 alternative historic scenarios of the period 2010-2018.
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egy into seven equally sized intervals.23 The negative average gain and the high CVaR of
the high risk strategy appear very clearly from the gray distribution. The majority of the
distribution outcomes are negative. The distribution of the low risk strategy represented
by the dark blue line is much better positioned. We see that although the minimum of
the low risk strategy is slightly lower than for the rules of thumb strategy, it has fewer
negative gains leading to a lower CVaR. The right tail of the rules of thumb distribution
includes some very large gains, which pulls the average above that of the low risk strategy.

Table 23 reports the average gains of all strategies with access to the F0.25 loan. As

w/ F0.25

Strategy Avg. costs CVaR Avg. gain Min gain Max gain

Issue-and-hold 4,064,413 4,088,876 - - -

Crystall ball 3,154,038 3,479,495 +913,722 +556,242 +1,424,328

Rules of thumb 3,960,128 4,164,021 +104,053 -146,590 +633,598

Stochastic high risk 3,771,513 4,337,888 +296,247 -501,118 +948,600

Stochastic low risk 3,850,630 4,037,482 +217,131 -240,701 +637,703

Table 23: Average and CVaR of period costs across the 250 AHSs, as well as the average-,
minimum- and maximum gain relative to those of the issue-and-hold strategy, reported for each of
the strategies with ARMs.

in the observed scenario the gains are much higher than with FRMs only, but they are
however all lower than they were in the observed scenario. This is especially true for
the high risk strategy for which average gains are 296,247 compared to 461,677 in section
8.2. The lower gains are a natural consequence of the yield development in alternative
scenarios which on average has been flatter than the development in observed yields. It
leads to less declining F0.25 coupon rates, which limits the potential gains of holding this
loan.

We see that both the high risk- and the low risk strategy beats the rules of thumb in
terms of average gains. The CVaR of the high risk strategy is lower with ARMs than
without them, despite this loan type usually being perceived as the most risky one, but
the strategy is still riskier than the rules of thumb. A choice between the two would again
depend on individual preferences. The CVaR of the low risk strategy is also lower with
ARMs, which makes sense because the model would never originate these loans if they
resulted in a larger ex-ante CVaR. More importantly the strategy is less risky than the
rules of thumb, which means that it outperforms it in both aspects. This result very
strongly supports the possibility of lowering the loan costs of borrowers using model based
strategies.

Figure 24 illustrates the probability distributions of gains when the F0.25 loan are ac-
cessible. Although the high risk strategy looks much more attractive than without ARMs,
its riskiness is still intimidating when presented visually. Note further that in contrast to
in the observed scenario, the average gain of the high risk strategy is not much larger than
that of the low risk strategy, and probably doesn’t offset extra risk. I don’t think many
people would be risk-accepting enough to choose this strategy.

23The highest point on the orange rules of thumb distribution for instance, is not the probability of gains
exactly equal to 0, but rather the probability of them being inside the interval ]− 62,500, 62,500].
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Figure 24: Distributions of refinancing gains for each of the refinancing strategies with ARMs,
applied on 250 alternative historic scenarios of the period 2010-2018.

Basing the VAR(1) model on 2010-2018
As already argued for in section 10.1 i do NOT believe that basing the VAR(1) model on
2010-2018 instead of the entire 2002-2018 period, gives a fair assessment of the strategies.
Nonetheless I have for completeness tested the effect on the results, which are reported in
table 24 both with and without access to the F0.25. Note that the average period costs of
the issue-and-hold strategy is now equivalent to the CVaR. The reason is that the yield
simulations in figure 20 are always on such a low level, that the 4% bond is redeemed at face
value. Using these simulations, would assume that the issue-and-hold strategy is risk-free.
The higher redemption price leads to higher average costs of the issue-and-hold, which is
one of the reasons why the gains on the rest of the strategies are all higher than previously.

As the yields are always declining, the F0.25 loan is always a good deal, and from the
minimum gains we see that it is therefore unrealistically no longer possible for the two
stochastic strategies with ARMs to lose money. The average gain of the high risk strategy
has especially skyrocketed, and the strategy is now performing even better than it did in
the observed scenario. Not only is it the best strategy in terms of average gain, but also in
terms of CVaR. The strategy can in this environment completely exploit the F0.25 loan,
with no consequences in terms of risk.

Although the risk of the low risk strategy both with and without the F0.25 loan has
decreased, it did contrary to the other strategies not experience the same jump in average
gains, which is on the same level no matter what period the VAR(1) model is based. At
first glance this might appear as a bad result for the low risk strategy, but really it is quite
the opposite. The stability in the performance of the strategy indicates that it, unlike the
high risk strategy, is insensitive to design choices. It will require more testing before being
used in practice, but I believe a potential in stochastic model based refinancing strategies
can be confidently confirmed.
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w/o F0.25

Strategy Avg. costs CVaR Avg. gain Min gain Max gain

Issue-and-hold 4,086,784 4,086,784 - - -

Crystall ball 3,476,775 3,841,626 +610,009 +122,304 +1,202,004

Rules of thumb 3,897,726 4,140,738 +189,058 -99,616 +696,942

Stochastic high risk 4,090,706 4,371,633 -3,921 -419,986 +432,316

Stochastic low risk 3,989,593 4,121,809 +97,191 -69,012 +381,443

w/ F0.25

Strategy Avg. costs CVaR Avg. gain Min gain Max gain

Crystall ball 3,053,767 3,350,849 +1,033,018 +645,782 +1,563,886

Stochastic high risk 3,512,915 3,843,198 +573,870 +51,015 +895,264

Stochastic low risk 3,863,665 3,975,197 +223,119 +24,067 +387,294

Table 24: Average and CVaR of period costs across the 250 AHSs, as well as the average-,
minimum- and maximum gain relative to those of the issue-and-hold strategy, reported for each
of the strategies both without and with ARMs. The VAR(1) used to generate AHSs is based on
2010-2018 only.

10.4 Model quality

The high risk strategy has been awfully underachieving due to large discrepancies between
AHSs and AFSs, which makes the stochastic model unable to accurately calculate the true
average period costs, which it seeks to minimize. A good performance requires that the
average of the AFS yields is close to the AHS yield. The main problem is that the VAR(1)
model used to simulate AFSs is estimated only from the most recent eight years of data
available at the decision point, while the VAR(1) model used in simulation of AHSs is
estimated from the entire period 2002-2018.

In this section I wish to isolate the stochastic model from the problem of imprecise AFS
simulations, to document that the quality of the model is reasonable. This is done by
allowing full knowledge about the historic yield development in estimation of the VAR(1)
model. AFSs will then be based on the same VAR(1) model as AHSs. Figure 25 illustrates
the effect of the adjustment in the four AHSs that were also shown in figure 22.

The yields in AFSs now much better surround the declining AHS yields, as in e.g. scenario
2, 11, and 250. The biggest improvement is in the AFSs simulated from t0 = 0 represented
by the black simulation trees. The t = τ levels of the observed yield and the average AFS
are now very similar. Note that there is still stochasticity involved in the optimization
problem. Only uncertainty about the parameters in the VAR(1) model is eliminated.

Table 25 reports the gains of all strategies, both without and with access to ARMs.
Using AFSs of higher quality have improved the gains of the high risk strategy, which is
now 167,982 and 484,825 without and with ARMs respectively. The gains of the low risk
strategy has also improved, and it is a little surprising that even with the adjustment just
made, the average gain of the high risk strategy is only slightly higher. The important
result is that both strategies are vastly superior to the issue-and-hold strategy and even
the rules of thumb strategy, which should be an incentive that motivates invention of new
tools that can better simulate the stochastic yield development.
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Figure 25: The charts illustrate 30 out of 200 AFSs of the 10-year yield made by the stochastic
model when the true VAR(1) model is known, in AHS 2, 11, 16, and 250. 3 out of 32 scenario
trees are depicted, namely at t0 = 0, t = 2.25, and t = 4.75.

w/o F0.25

Strategy Avg. costs CVaR Avg. gain Min gain Max gain

Issue-and-hold 4,064,413 4,088,876 - - -

Rules of thumb 3,960,128 4,164,021 +104,053 -146,590 +633,598

Stochastic high risk 3,899,778 4,182,691 +167,982 -205,530 +565,504

Stochastic low risk 3,905,095 4,058,277 +162,665 -137,921 +578,540

w/ F0.25

Strategy Avg. costs CVaR Avg. gain Min gain Max gain

Stochastic high risk 3,582,935 3,896,761 +484,825 -76,468 +958,710

Stochastic low risk 3,648,564 3,904,919 +419,196 -131,659 +744,158

Table 25: Average and CVaR of period costs across the 250 AHSs, as well as the average-,
minimum- and maximum gain relative to those of the issue-and-hold strategy, reported for each
of the strategies both without and with ARMs. The VAR(1) used to generate AHSs is based on
2010-2018 only.
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11 Conclusion

To achieve loan costs savings for borrowers, the purpose of this thesis was to investigate
possibilities to improve current mortgage advisory, which is suspected to be outdated due
to a lack of innovation.

Section 3 presented the crystal ball model which took advantage of full information about
the future to determine an ex-post optimal strategy. The strategy found it optimal to orig-
inate the same loan as recommended by mortgage banks initially, but to refinance the loan
for a total of six times during the eight year period. Such a behavior would historically
have resulted in refinancing gains of 447,059 DKK relative to the passive issue-and-hold
strategy. This reveals the existence of a great potential for loan cost reductions by means
of mortgage portfolio optimization.

Section 5 presented the rules of thumb that are commonly used in current mortgage
advisory. The strategy recommended by these rules has been somewhat successful by
gaining 48,349 DKK of cost reductions relative to the issue-and-hold strategy, but such a
gain constitutes only about 10% of the potential revealed by the crystal ball. This is a
consequence of a too passive refinancing behavior involving only a single refinancing, in
contrast to the six times of the crystal ball. The inadequacy of the rules became even
clearer when access to origination of ARMs was added in section 6. While the rules of
thumb strategy naturally remained unchanged, the crystal ball model favored ARMs as
it knew that interest rates would decline. Potential gains then grew to 1,113,289 DKK,
and based on these results there seems to be room for improvement of current mortgage
advisory.

Section 8 presented the stochastic model, which determines realistic ex-ante optimal strate-
gies as those that perform best across 200 simulated alternative scenarios of the future.
The model suggested two strategies depending on the borrower’s level of risk aversion.
The high- and low risk strategies sought to minimize average costs and CVaR and were
recommended to risk neutral- and completely risk averse borrowers respectively. As the
strategies resulted in refinancing gains of -76,534 and 107,641 DKK, the high risk strategy
underperformed not only the rules of thumb but also the passive issue-and-hold strat-
egy, while the low risk strategy outperformed them both. By allowing access to ARMs,
both high- and low risk strategies outperformed the rules of thumb strategy, with gains
of 461,677 and 294,387 DKK respectively. In both strategies were ARMs held for the
majority of the period, and in the low risk strategy interestingly combined with FRMs to
take advantage of diversification effects.

Section 10 conducted an out-of-sample test to investigate whether historic results are
plausible to hold in the future, by repeating previous analyses on 250 alternative sets of
historic data. The results were very reminiscent of those in the historic scenario. Most
notably did the rules of thumb perform significantly better and slightly outperformed the
low risk strategy without ARMs. The low risk strategy was on the other hand less risky,
which means that the best strategy depends on the risk aversion of individual borrowers.
With ARMs however, both high- and low risk strategies outperformed the rules of thumb
by a large margin. The high risk strategy resulted in higher average gains than the low
risk model, but also a much higher CVaR. Because of the low risk strategy’s lower risk,
its ability to perform even in absence of ARMs, and its insensitivity towards the VAR(1)
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model parameters, it seems preferable over the high risk strategy.

In summation the answer to the question raised in this thesis, is that there is a good
possibility to improve current mortgage advisory by implementing stochastic model-based
strategies, and the low risk strategy developed by Rasmussen, Madsen, & Poulsen (2013)
is an excellent foundation to build upon.
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Appendices

A Bonds to originate and origination costs

Solution for the two equations with two unknowns in section 2.9, used to determine the
number of bonds that must be issued and the corresponding origination costs.

We have that
OC0,A = FCorig + TCorigy0,AP0,A +RFy0,A

and

y0,A =
V0 +OC0,A

P0,A
.

Substituting the first into the second we get

y0,A =
V0 + FCorig + TCorigy0,AP0,A +RFy0,A

P0,A
,

P0,Ay0,A = V0 + FCorig + TCorigy0,AP0,A +RFy0,A,

P0,Ay0,A − TCorigy0,AP0,A −RFy0,A = V0 + FCorig +RFy0,A,

y0,A(P0,A(1− TCorig)−RF ) = V0 + FCorig + TLy0,A,

y0,A =
V0 + FCorig

P0,A(1− TCorig)−RF
.

Substituting the second into the first we get

OC0,A = FCorig + (TCorigP0,A +RF )(
V0 +OC0,A

P0,A
),

P0,AOC0,A = P0,AFCorig + (TCorigP0,A +RF )(V0 +OC0,A),

P0,AOC0,A = P0,A(FCorig) + (TCorigP0,A +RF )V0 + (TCorigP0,A +RF )OC0,A,

(TCorigP0,A +RF )OC0,A − P0,AOC0,A = −PAFCorig − (TCorigP0,A +RF )V0,

(TCorigP0,A +RF − P0,A)OC0,A = −P0,AFCorig − (TCorigP0,A +RF )V0,

OC0,A =
−P0,AFCorig − (TCorigP0,A +RF )V0

TCorigP0,A +RF − P0,A
.

B Bond data preparation

Link to Excel file in which prices raw prices are prepared:
https://www.dropbox.com/home/Master’s%20thesis/Bond%20prices?preview=Nasdaq+prices.xlsx

Link to prices and coupon rates after preparation, which are loaded into refinancing mod-
els:
https://www.dropbox.com/home/Master’s%20thesis/Bond%20prices

C Issue-and-hold strategy file

Dropbox link to Excel file with implementation of the issue-and-hold strategy presented
in section 3.
https://www.dropbox.com/home/Master’s%20thesis/Issue-and-hold?preview=Issue-and-hold.xlsx
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D Crystal ball model strategy file

Dropbox links to R files with impementation of the crystal ball model presented in section
4. D

Crystall ball model without F0.25:
https://www.dropbox.com/home/Master’s%20thesis/Crystal%20ball?preview=Crystal+ball

+model.R

Crystall ball model with F0.25:
https://www.dropbox.com/home/Master’s%20thesis/Crystal%20ball?preview=Crystal+ball

+model+w.+F0.25.R

E Rules of thumb strategy file

Dropbox link to Excel file with impementation of the rules of thumb strategy presented
in section 5.

https://www.dropbox.com/home/Master’s%20thesis/Rules%20of%20thumb?preview=Rules

+of+thumb.xlsm

F Lambda estimation file

Estimation of λ used for fitting the yield curve in section 7.4.
https://www.dropbox.com/home/Master’s%20thesis/Stochastic%20framework?preview

=Lambda+estimation.R

G VAR(1) model - factor changes

We can show that the β values will increase or decrease, depending on whether they are
above or below a long term equilibrium level. We have

β1(t)− β1(t− 1) = K1,0 +K1,1β1(t− 1) +K1,2β2(t− 1) +K1,3β3(t− 1)− β1(t− 1) + e1(t).

The two terms of β1(t− 1) on the right hand side can be collected into one

β1(t)− β1(t− 1) = K1,0 − (1−K1,1)β1(t− 1) +K1,2β2(t− 1) +K1,3β3(t− 1) + e1(t).

This expression can be factorized by moving (1−K11) outside a parentheses

β1(t)−β1(t−1) = (1−K1,1)

(
K1,0 +K1,2β2(t− 1) +K1,3β3(t− 1) + e1(t)

1−K1,1
−β1(t−1)

)
+e1(t).

Since the noise terms have means equal to zero, the expectation of the change in β1 is

E[β1(t)−β1(t−1)] = (1−K1,1)

(
K1,0 +K1,2β2(t− 1) +K1,3β3(t− 1)

1−K1,1
−β1(t−1)

)
. (80)
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H Callable bond pricing parameter estimation file

Dropbox link to Excil file with estimation of parameters a, b, and c, used for pricing of
callable bonds in section 7.6.
https://www.dropbox.com/home/Master’s%20thesis/Stochastic%20framework?preview

=Callable+bond+pricing.xlsx

I Stochastic optimization model files

Dropbox links to R and Excel files with impementation of the stochastic optimization
model presented in section 8.

Stochastic model in R without F0.25:
https://www.dropbox.com/home/Master’s%20thesis/Stochastic%20model?preview=Stochastic

+optimization+model.R

Stochastic model in R with F0.25:
https://www.dropbox.com/home/Master’s%20thesis/Stochastic%20model?preview=Stochastic

+optimization+model+w.+F0.25.R

Check of R results in Excel:
https://www.dropbox.com/home/Master’s%20thesis/Stochastic%20model?preview=Stochastic

+optimization+model+Excel+check.xlsm

J Results summary file

Dropbox link to Excel file with computations of the period costs resulting from all refi-
nancing strategies implemented in back-tests as summarized in section 9.
https://www.dropbox.com/home/Master’s%20thesis?preview=Result+summary.xlsx

K Out-of-sample files

Dropbox links to R files with out-of-sample tests of all refinancing strategies as discussed
in section 10.

Crystall ball https://www.dropbox.com/home/Master’s%20thesis/Alternative%20historic

%20scenarios?preview=Crystall+ball.R

Rules of thumb https://www.dropbox.com/home/Master’s%20thesis/Alternative%20historic

%20scenarios?preview=Rules+of+thumb.R

Crystall ball with ARM https://www.dropbox.com/home/Master’s%20thesis/Alternative

%20historic%20scenarios?preview=Crystall+ball+with+ARM.R

Stochastic model https://www.dropbox.com/home/Master’s%20thesis/Alternative%20historic

%20scenarios?preview=Stochastic+model.R

Stochastic model with F0.25 https://www.dropbox.com/home/Master’s%20thesis/Alternative

%20historic%20scenarios?preview=Stochastic+model+with+ARM.R


	Introduction
	Motivation
	Research questions

	Mortgage
	The mortgage system
	Loan types
	Loan payments
	Bond valuation
	Loan redemption
	Loan origination
	Refinancing types
	Transaction costs of refinancing
	Transaction cost formulas

	Back-test
	Performance measure
	Bond data preparation
	Payment parameters
	Issue-and-hold strategy
	Issue-and-hold strategy results

	Crystal ball model
	Mathemathical formulation
	Crystall ball results

	Current advisory
	Rules of thumb
	Rules of thumb strategy results

	Adjustable rate loans
	The F0.25 loan
	Bond prices
	Transaction costs
	Loan payments
	Crystal ball results with ARM

	Stochastic framework
	The yield curve
	Yield curve model
	Fitting the yield-curve
	Factor dynamics
	Yield simulation
	Callable bonds

	Optimization model
	Mathematical formulation of the model
	High risk strategy results
	Risk implementation
	Implementing CVaR in the model
	Low risk strategy results
	Intermediary risk weights

	Result summary
	Out-of-sample test
	Simulation of historic yields
	Fictive mortgage bonds
	Out-of-sample results
	Model quality

	Conclusion
	Bibliography
	Appendices
	Bonds to originate and origination costs
	Bond data preparation
	Issue-and-hold strategy file
	Crystal ball model strategy file
	Rules of thumb strategy file
	Lambda estimation file
	VAR(1) model - factor changes
	Callable bond pricing parameter estimation file
	Stochastic optimization model files
	Results summary file
	Out-of-sample files

