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Abstract 

 

The thesis investigates the Norwegian pension market, where it analyzes asset allocations 

in various defined-contribution schemes. By comparing different contribution profiles from 

academic literature and firms in the market, the thesis finds the optimal contribution 

profiles for different investors from three different income groups. It is built a model that 

considers one risky asset and one less risky asset. The model estimates the expected utility 

of the total pension holding for an average investor of these groups. Equity returns and bond 

returns are modeled with a Geometric Brownian motion with constant parameters of 

volatility and risk-premium. The results indicate that several of the present investment 

strategies in the market are suboptimal for Norwegian pension savers and that the 

contribution profiles with high equity exposure are the most optimal. Since folketrygden 

considers as a risk-free asset, investors are more risk-willing towards high equity exposure 

of the contribution pension. Contribution profiles with gradual adjustments are though 

deemed optimal to more risk averse and high-income investors.  

 

Keywords: defined-contribution pension, asset allocation, life cycle portfolios. 
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Chapter 1  

 

Introduction 
 

 

The Norwegian population is aimlessly ignorant when it comes to pension saving. Almost 

70% of the nation does not know how much to expect from folketrygden and defined-

contribution schemes as they retire. As many as 15% of the population assumes that the 

total pension at retirement does not deviate from the yearly income (Sparebank1, 2018). In 

reality, the pension is much less. As of the reform in 2011, the contribution from 

occupational pension schemes became more relevant than before. However, the underlying 

concern is this; people do not trust financial advisors of occupational pension savings. They 

trust their employer (Plahte, 1, 2018).  

 

Employers select employees’ pension plans. Traditionally, the pension plan has a 

contribution profile with a moderate risk level that gradually adjusts until retirement. The 

logic behind these profiles is to make it easy for the employees, so they do not have to make 

any further adjustments in the period up to retirement. This is helpful for those with limited 

knowledge of savings and finance. It also seems intuitively reasonable to reduce the risk as 

one gets older. However, people are blindly unaware of the possibility to change 

contribution profiles. Statistics show that only 3% of the Norwegian population has changed 

their contribution profile, and only 10% of those have selected a more offensive 

contribution profile (Aamodt-Hansen, 2014). There are many consequences to this 

ignorance. In particular, younger people with a long pension-horizon have lower equity 

exposure than they should have. Modest exposure to equities reduces the risk of the 

investment but also increases the chance of receiving a lower pension in the future (Plahte, 

2, 2018). The overall risk assessment in the Norwegian market is bigoted. Risk assessment 
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of contribution plans should be seen in a broader context, not just as the size of the 

contribution pension. After all, most of the pension is already secured by folketrygden. 

 

 

 

1.1  Motivation 

 

Throughout our studies, we have gained valuable knowledge about extensive economic 

thinking and financial models. We wanted our master thesis to address a topic we could 

make good use of in the future, and a topic where we could challenge ourselves within an 

area where we had limited knowledge. We also wanted that people without an economic 

background to be able to understand the findings and learn from them. Pension saving is an 

engaging topic that affects everyone in society. After finishing our education, we will start 

working full time and start our own pension saving. Many firms offer almost the same 

contribution profiles, and we wish to receive the best possible return given our level of risk 

aversion. 

 

The variety of different angles of this topic was vast. It was an easy choice when Sector Asset 

Management presented the idea of investigating a newly established firm in a well-

established Norwegian pension market. We hope that Duvi will get good use of our findings 

and that the firm can use these to compete for a solid market position in the pension market. 

The thesis is not an analysis of Duvi itself, but rather a study of how Duvi positions in the 

Norwegian pension market. Throughout the thesis, we have applied numerous models that 

we have used in our studies at cand.merc. Finance and Strategic Management, but also 

several new challenging models that have contributed to a profound understanding of the 

Norwegian pension market. 
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1.2 Problem Statement 

 

Several theories suggest that the older investors are, the lower equity exposure should be 

included in their pension contribution profiles. They state that it is unnecessary to expose 

the pension holding to higher risk since first payout approaches. Investing in bonds is 

assumed as a safe investment, where the investor will receive a stable and low return at the 

end. Even though financial markets have changed since the financial crisis in 2008, the 

pension saving profiles have not. Norwegian pension insurers provide “standard” profiles 

that they recommend to the average Norwegian pension saver. These profiles have 

surprisingly low equity portions. Duvi is a new entrant in the Norwegian pension market 

and has a different strategy than its competitors: the more equities, the better. Research 

from Willis Towers Watson (2017) also shows that equities historically have a much higher 

return than bonds. Even though equities are associated with more risk, the long-term return 

is higher. Duvi believes that it is unnecessary to downscale the amount invested in equities 

as we grow older, because of the long holding-period in contribution pension. Moreover, 

bond returns are often consumed by inflation. This means that an investor may lose money 

by investing in bonds, and research finds that the majority of the Norwegian pension savers 

save their pension in suboptimal contribution profiles (Estrada, 2014). 

 

This master thesis derives a model that estimates the total pension holding for an investor 

that pays yearly contributions to defined-contribution schemes from the age of 25 and 

retires at the age of 67. The model contributes to evaluating the total pension holding of the 

different contribution profiles. Besides, risk measures are included to examine the risk of 

the various profiles and test if the investor is compensated for the extra risk taken. 
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1.2.1 Research Question 

 

The problem statement leads to the following research question: 

 

What are the optimal contribution profiles for investors with constant relative risk aversion, 

by comparing different contribution profiles from academic literature and firms in the 

Norwegian pension market? 

 

The research question leads to the following sub-questions: 

1. What characterizes the Norwegian pension market, and what is the rationale behind 

Duvi’s entrance? 

2. By which contribution profiles will an investor achieve the highest secure amount 

of pension at retirement? 

3. How sensitive are the results of the optimal contribution profiles when changing the 

parameter values? 

 

 

 

1.3 Literature Review 

 

Pension contribution profiles need a stable funding ratio, and this often translates to a need 

for consistent and steady return. Perhaps one of the most featured aspects of defined-

contribution schemes is the risk profile. De Dreu and Bikker (2012) argue that the risk 

profile should reflect the preferences of the investors. Often, these investors do not hold the 

same preferences. To solve this, pension insurance companies offer standardized life cycle 

contribution profiles that differ in asset allocation between equities and bonds up until 

retirement. This is called gradual adjustment, and the purpose is to adjust the exposure 

towards risk when retiring. Arnott (2012) and Estrada (2014) refer to this as the "glide path 

illusion”. Instead, they suggest higher equity exposure throughout the investment period. 

Samuelson (1969) also questions the heart of traditional life cycle strategies. He argues that 
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asset allocation should not depend on the length of the holding period, which is an essential 

argument for traditional life cycle strategies.  

 

Whether the risk increases or decreases during the contribution holding-period depends on 

the definition of risk. If risk is defined as the possibility of loss, then risk will decline by 

diversification of the assets. Markowitz (1952) argues that people tend to choose 

contribution profiles that offer the highest expected return for a defined level of risk. He 

finds that the diversification of combining several assets reduces the overall risk in 

investment strategies. Aaslid (2017) concludes that contribution profiles with gradual 

adjustments are preferable than investing in 100% equities, for this reason only. Traditional 

finance theory states that investors with high CRRA-preferences always will prefer a secure 

investment rather than a risky investment with the same expected utility. Kahneman and 

Tversky (1979) argue that investors overweigh outcomes that are considered uncertain and 

undervalue outcomes that are attained with certainty. However, Benartzi and Thaler (1995) 

find a cognitive error in traditional financial theory. They call this “the Myopian Risk 

Aversion”. They find that individuals’ risk aversion and short-term evaluation of investment 

opportunities, explain why people dislike investing in equities. This research contradicts 

the findings of traditional life cycle strategies that argue for investing in equities because of 

the long investment horizon.  

 

However, traditional life cycle theories argue that if risk is defined as the total value of a 

loss, then risk will increase over time. Milevksy (2001) and Ameriks, Veres, and 

Warshawsky (2001) argue the benefits of using traditional life cycle strategies in defined-

contribution schemes. Their findings illustrate that the presence of bonds is necessary to 

restrain portfolio volatility and provide liquidity to cover investor’s living expenses. Bodie, 

Merton and Samuelson (1992) advocate that younger investors should choose profiles that 

are more offensive because they can adapt to changes more rapidly than senior investors 

can. Also, Malkiel (1999) and Cocco, Gomes and Maenhout (2005) highlight the importance 

of traditional life cycle theories. These theories advocate the importance of gradual 

adjustment in equity exposure as the pension holding increases. However, the investment 

committee in Duvi highlights an important, but often neglected fact of traditional life cycle 

strategies. Duvi believes that the long holding-period of pension plans makes it suboptimal 

to gradually adjust the equity exposure according to traditional life cycle theories. 
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Research proves that the current contribution profiles in Norway do not aim to maximize 

the expected utility. Instead, they seek to balance the relationship between risk and return. 

Bengen (1997) advocates for more offensive contribution profiles in the Norwegian market. 

If the future market follows the trends of past behavior, then the contribution profiles 

should invest 50% to 70% in equities. Aaslid (2017) also finds this to be true. He states that 

aggressive contribution profiles have outperformed the conservative contribution profiles 

since 1872. We want to challenge these findings. This thesis takes the basis in current 

research and seeks to examine what types of contribution profiles are optimal for different 

types of investors.  

 

 

 

1.4 Structure 

 

The thesis consists of nine different chapters that aim to answer the research question and 

the three sub-questions. These sub-questions are answered chronologically in the three 

sub-conclusions through the thesis. Chapter 2 starts with an introduction of the Norwegian 

pension market. This chapter examines the structure and characteristics of the market. 

Chapter 3 discloses the relevant theoretical framework for the analysis, followed by chapter 

4 that analyzes the pension market and why Duvi chooses to enter. This chapter answers 

the first sub-question. Further, chapter 5 examines the methodology and the pension model. 

Here, the choice of dataset, the construction of the model and explanation to the different 

parameter values are included. The following chapters comprise the findings. Chapter 6 

presents all descriptive statistics of the total pension holding from the contribution profiles, 

followed by the expected utility and certainty equivalents. This structure makes it easy for 

the reader to follow, where the results first are presented at a high level and thereafter 

narrowed down. Sub-question 2 is answered in this chapter. How sensitive the results are 

from the forecasted parameter values is analyzed in chapter 7. Here, the analysis tests 

values in different intervals on the essential parameters, and answers sub-question 3. 

Finally, the thesis ends with a discussion in chapter 8, where it discusses the selected 

pension model, the findings, and suggestions for future research. Chapter 9 sums up the 

thesis in a conclusion.  
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1.4.1 Data Collection 

 

To prove the thesis’ validity, it is essential for a quality assessment. This includes confirming 

the methodology and theoretical framework that we use to create credibility (Bitsch Olsen 

& Pedersen, 2002). Empiricism and theory are used as the basis for the analysis. To 

strengthen the integrity of the theoretical section, we use literature that is available in CBS 

Library, and our supervisor and Sector Asset Management have provided with alternative 

literature. A broad selection of resources gives us a more profound understanding of the 

theory that is used. The data collection for the empirical section strengthens the validity of 

the thesis. To be able to collect all the different management fees, we have contacted the six 

competitors by phone. As there is limited access to private information about the various 

firms in the market, some of the credibility is lost as the estimations are based on public 

information and subjective assumptions. 

 

 

 

1.5 Delimitation 

 

The pension model is not dynamic, nor can adapt to any given situation. Therefore, the 

thesis delimits in some areas. We do not believe that the delimitations weakens our model 

and results, but is necessary when assessing a modeling-problem. The assumptions try to 

base on objective research, but in some situations, subjective assumptions might have been 

biased because of the own perception of Duvi and the pension market. Defined-contribution 

profiles are through the thesis called contribution profiles. The thesis addresses concepts 

and theories on a moderate academic level. It is, therefore, assumed that the reader has 

basic economic and financial knowledge. Concepts are discussed and explained sequentially 

throughout the thesis, why it is essential to read the thesis chronologically, since concepts 

and theories only are described once. The thesis is written in English, which is not our native 

language. We have tried to write and phrase the sections on a high academic level and 

therefore delimit us from sentences that may have a Norwegian appearance and sentence 

structure.  
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This thesis aims to examine asset allocations in defined-contribution schemes in Norway, 

and delimits from other countries for comparison. The Norwegian pension system consists 

of three pillars, where the thesis will only consider the first two pillars, i.e., folketrygden and 

occupational pension schemes, in the model. Only income pension from folketrygden is 

included and the model does not include taxes on folketrygden. Even though tax deductions 

on folketrygden are described in chapter 2, these are not included to simplify the model. 

Nor is AFP pension, as the thesis mainly investigates the occupational pension. Occupational 

pension is divided into defined-benefit schemes and defined-contribution schemes. 

However, the thesis will only include defined-contribution schemes as they are the most 

popular among employers. The thesis also delimits from including the last pillar, private 

pension savings, as this varies across individuals. For instance, some people might have two 

cabins and a house, and some only have age pension. Further, it is found the most relevant 

to compare the standard contribution profile of Duvi with the standard contribution profiles 

DNB, Storebrand, Gjensidige, and KLP in the analysis, and delimit from other companies. 

This is because these companies reasonably represent the market standard. The strategic 

analysis is, therefore, dependent upon these companies, but delimits from analyzing factors 

that are not relevant for this market. 

 

First and foremost, the model is based on forecasted parameters. Some of these parameters 

are from external sources, i.e., inflation, expected returns, others are our own estimations, 

and some are derived from simulations. There exists various different theories that 

demonstrates the relationship between risk and return. However, the model uses the 

Geometric Brownian motion, CRRA-utility, prospect theory as it is argued that these provide 

the best theoretical frameworks for the analysis. In the simulations, 1000 different 

simulations are compared for contribution profiles. The expected utilities and certainty 

equivalents are based on the 1st percentile and the 99th percentile of the statistical 

distribution, as these indicate good and bad outcomes for an investor. Adding more 

simulations or changing the percentiles might provide with different findings. However, the 

thesis delimits from this, as we believe that 1000 simulations and the percentiles offer 

robust parameters for comparison. 

 

The model is designed for an average Norwegian person with no personal savings, 

domestically or internationally. It assumes that the person is employed, and works in the 
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same company throughout the whole pension-holding period of 42 years, and retires at the 

age of 67. The life expectancy has an increasing trend. Based on forecasts of historical data, 

it is reasonable to assume a life expectancy of 86 years, where the constant relative risk 

aversion is 3,8 throughout the lifetime. The constant relative risk aversion will not be 

affected by differences in gender, occupational status or relationship status. We know that 

these are not realistic assumptions but delimits from this to generalize the Norwegian 

population.  

 

Lastly, the thesis illustrates the findings as descriptive statistics, expected utility and 

certainty equivalents. These are reasonable measures of evaluation, and the thesis delimits 

from other alternative evaluation measures. The results incorporate pension from both 

occupational pension schemes, as well as the pension from folketrygden. This is because 

folketrygden has a significant influence on people’s perception and selection of the different 

contribution profiles. Findings of expected utility and prospect theory are not displayed 

without folketrygden, but these results can be seen in Appendix L. The sensitivity analysis 

tests the results by changing a numerous of parameters. The thesis only examines the 

parameters that is found most essential and delimits from testing the results against 

alternative parameters.  
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Chapter 2 

 

The Norwegian Pension System 
 

 

The Norwegian pension system consists of age savings as part of folketrygden, occupational 

pension savings, and private pension savings. Folketrygden is the pension an individual 

receives from the government. Occupational pension is the part that an employer pays to an 

employee’s pension savings account, and private pension savings are individual savings 

besides the two other pillars. This section will start by thoroughly explain the structure of 

Norwegian pension system by going into details of folketrygden, occupational pension, and 

private pension savings. Further, this chapter will then discuss how the pension market was 

before and after the new pension reform in 2011. 

 

 

 

2.1 Folketrygden 

 

Folketrygden is a national social insurance system, which is administrated by the 

Norwegian Labor and Welfare Administration (NAV). The purpose of folketrygden is to 

provide economic safety by securing income and compensate for special expenses as 

unemployment, disability, and retirement. One of the main objectives is to equalize income 

and living conditions for individuals and different groups of individuals (Lovdata, 2018). It 

was established in 1967 and is the foundation of the Norwegian pension system. 
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2.1.1 Income Pension 

 

Folketrygden is financed through contributions from members, employers, and the 

government. A person is considered a member of folketrygden if this person has lived in 

Norway for more than twelve months. All people who have lived in Norway more than three 

years after they have turned sixteen years old have the right to receive a pension from 

folketrygden. People born in 1963 and after, earn pension from folketrygden by the new 

regulations. How much a person receives depends on how much the person has worked. 

Folketrygden is also adjusted for the life expectancy of a person. A generation with longer 

life expectancy has to expect to work longer than a generation with shorter life expectancy. 

The base amount, “G” is the most central factor. G is used to estimate the pension from 

folketrygden. This amount is adjusted once a year and is adjusted accordingly with the 

increase in income level. In 2017, G was NOK 93.634, which was an increase of 1,14% from 

2016 (Regjeringen.no, 1, 2017), and employees earn between 1G and 7,1G yearly. The 

pension holding from folketrygden can be expressed as: 

 

𝑃𝑒𝑛𝑠𝑖𝑜𝑛 ℎ𝑜𝑙𝑑𝑖𝑛𝑔 = 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝐺′𝑠 𝑒𝑎𝑟𝑛𝑒𝑑 ∗ 𝐺 ∗ 18,1% (2.1) 

 

 

2.1.2 Guaranteed Pension 

 

A person will also be entitled to payments from folketrygden even though the person is 

unemployed. This entitlement is called guaranteed minimum pension. To receive a 

guaranteed minimum pension, it is required to withdraw 100% of the age pension, and the 

person has to have received disability pension at least three years. The full guaranteed 

minimum pension is given to those who have received social security for 40 years or more 

(NAV, 2017). Individuals who additionally have earned income pension from folketrygden 

will get 80% lower guaranteed pension of earned income pension. The guaranteed pension 

is differentiated by relationship status, where single people receive a rate up to 2G, and 

married will receive up until 1,75G. The purpose of the differentiating is because it is more 
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expensive to live alone than sharing the costs with another person. The guaranteed pension 

holding can be expressed as: 

 

𝐺𝑢𝑎𝑟𝑎𝑛𝑡𝑒𝑒𝑑 𝑝𝑒𝑛𝑠𝑖𝑜𝑛 ℎ𝑜𝑙𝑑𝑖𝑛𝑔 =
𝐺 ∗ 2

𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑟𝑎𝑡𝑖𝑜
∗ 𝑏𝑎𝑠𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 (2.2) 

 

The base number and relation ratio are used in the estimation and express the remaining 

life expectancy at the payout time (NAV, 2, 2018). These numbers were introduced after the 

new regulations of flexible withdrawal. The relation ratio is adjusted by multiplying the 

relation ratio of the year 1963 to the relative difference of the base numbers of for instance 

1993 and the relevant cohort. The expression calculates the relation number: 

 

𝑅𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑟𝑎𝑡𝑖𝑜67,1993 = 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑟𝑎𝑡𝑖𝑜67,1963 ∗
𝑏𝑎𝑠𝑒 𝑛𝑢𝑚𝑏𝑒𝑟67,1993
𝑏𝑎𝑠𝑒 𝑛𝑢𝑚𝑏𝑒𝑟67,1963

(2.3) 

 

 

2.1.3 Withdrawal of Folketrygden 

 

An individual can at the earliest start to receive payments from folketrygden at the age of 

62. The individual can also decide how much pension to receive every year, either 20%, 

40%, 50%, 60%, 80% or 100%. Once started to receive payments, it is possible to change 

the payout limit once a year. Even though a person receives pension, it still can earn income 

from other sources. The longer this person waits to receive the payments, the bigger the 

pension holding gets. The payment received depends on pension savings, the age of when 

an individual wants to receive it, the payout level, if the individual is married to someone 

with its own individual income, or if the person has lived his/her whole life outside Norway 

(NAV, 1, 2018). The base number is estimated for every cohort. The base number is the 

cohorts remaining life expectancy at the payout time. The yearly pension will depend on 

actual age and age at retirement, so the base number has to reflect the expected present 

value from all the future pension payments. The principle of the number is the 

governmental expenses from folketrygden to be unaffected by the increasing remaining life 
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expectancy in the society. Expenses from folketrygden are included in the same way as other 

expenses in the state budget. However, income arrives from taxes and contributions, such 

as employee contribution and disability contribution. In 2017, income to folketrygden was 

estimated to NOK 318,9 billion, where disability contribution constituted NOK 139,5 billion 

and employee contribution constituted NOK 177,1 billion. Expenses accounted for NOK 

460,3 billion, which means that the estimated financing needs were NOK 141,5 billion in 

2016 (Stortinget, 2018).  

 

The estimation of folketrygden for a regular Norwegian person is as follows: Ola Nordmann 

is born in 1960 and has been employed since 1980. During his years of employment, he has 

had a yearly income of NOK 500.000, and he has paid 18,1% of his wage to folketrygden 

every year. If he retires at the age of 62, his pension holding in folketrygden will be 500.000 

* 18,1% * 40 = NOK 3.620.000. At the retirement age of 62, the base number will be 19,79. 

The pension holding is divided on this number, which expresses the total yearly payout from 

folketrygden, which is NOK 182.921. Now, Ola Nordmann decides to retire at the age of 67 

or 70 instead. Table 2-1 shows the different payments from folketrygden, dependent on 

when Ola Nordmann chooses to retire.  

 

Table 2-1: Estimation of folketrygden with age adjustments and flexible payout 

 Age: 62 Age: 67 Age: 70 

Years of employment 40 45 49 

% to folketrygden 18,10% 18,10% 18,10% 

Yearly income 500.000 500.000 500.000 

Pension holding 3.620.000 4.072.500 4.434.500 

Base number 19,79 15,14 13,36 

Payment 182.921 268.989 331.924 

 

As can be seen from Table 2-1, the longer Ola Nordmann is under employment, the larger 

the payment becomes every year. If he postpones retiring until he is 67 years old, he will 

receive a payment that is 47% larger every year. If he delays retiring within eight years, he 

will receive a payment that is 81,5% larger every year.   
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Pension from folketrygden is a taxable income, and a person has to pay tax at the payout 

time. However, a person has rights to a tax deduction that reduces income taxes on the 

pension income. In 2016, yearly payments up to NOK 184.800 would give the maximum tax 

deduction of NOK 29.880. Thus, it is not possible to get higher tax deduction than the sum 

of the income taxes. If the pension payment is larger, the tax deduction will reduce, and it 

will be removed entirely with a yearly income of NOK 536.859 or higher. Thus, if the pension 

paid out is less than 100% of full pension or only paid out in parts of the year, the tax 

deduction will also reduce. Table 2-2 below illustrates the effects of tax deduction. 

 

Table 2-2: Effects of tax deduction on pension payments from folketrygden. Panel (a) shows 

that Kari has taxes to pay lower than the tax deduction, which leads to zero taxes to pay. 

Panel (b) shows that Thomas has to pay taxes due to higher taxes to pay than the maximum 

tax deduction. Source: Own depiction of Martinsson, 2015. 

 

(a) Kari  (b) Thomas 

NOK   NOK  

Age pension 150.000  Age pension 180.000 

Taxes before tax 

deduction 

21.338  Interest rate income 20.000 

Max. tax deduction 29.880  Taxes before tax deduction 33.281 

Taxes to pay 0  Max. tax deduction 29.880 

   Taxes to pay 3401 

 

 

Kari withdraws 100% age pension and receives NOK 150.000 every year. She does not have 

any other income. Before the tax deduction, she pays NOK 21.338 in taxes of the pension 

income. Since she is not allowed to receive higher tax deduction than the sum of income 

taxes and the disability contribution, her tax deduction will be NOK 21.338. This means that 

she will not pay any taxes. Thomas also withdraws 100% age pension of NOK 180.000 every 

year. Also, he receives NOK 20.000 in interest rate income. Taxes on the pension income 

amount to NOK 33.281. Since the pension income is below NOK 184.800, he will receive a 

maximum tax deduction of NOK 29.880. This means that Thomas has to pay taxes of NOK 

33.281 – NOK 29.880 = NOK 3401 (Skatteetaten, 1, 2018). 
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2.2 Occupational Pension 

 

Occupational pension is a pension that is earned under employment. All employees, both in 

private and public sector, are covered by an occupational pension scheme. The occupational 

pension is regulated by the law of Statens Pensjonskasse and is governed by the State 

Pension Fund (SPK). In 2006, compulsory occupational pension (OTP) was established in 

the private sector. This is the most important pension scheme in the private sector, and the 

law imposes all employers to have a compulsory occupational pension scheme for all 

employees (NAV, 3, 2018). Thus, it is only compulsory for firms that employ at least two 

employees with working time and a wage that constitute 75% or more of a full-time 

position. The pension scheme has to be the same for all employees with a wage level 

between 1G and 12G. For employees with an income above 12G, several pension insurance 

companies offer an additional pension. For instance, DNB offers extra pension up to 80G 

with a yearly rate of 2,9% (DNB, 2015). 

 

An employer in the private sector can select between defined-benefit schemes and defined-

contribution schemes. Defined-benefits schemes mean that the pension is defined as a fixed 

rate, and it is often based on a defined part of the wage on retirement. On the other side, 

defined-contribution schemes mean that an employer has to pay a deposit every year so 

that the employees earn pension rights. This deposit has to be minimum 2% and maximum 

7% of an income between 1G and 7,1G, and between 7,1G and 12G, the maximum deposit is 

25,1% (Regjeringen.no, 2011). Before the introduction to OTP, half of the employers in the 

private sector had more generous occupational pension schemes with defined-benefit 

plans. The vesting period was often thirty years to receive a full pension from the scheme. 

After the introduction of OTP, defined-contribution plans are more popular among the 

employers, as this provides a greater cost containment. However, the employee's overview 

of its actual pension savings is less clear with this type of scheme (Fellesordningen for AFP, 

1, 2018). 

 

In addition to the contribution, the pension scheme also includes a pension scheme in the 

case of disabilities. Only employees under the age of twenty and employees with a position 

of less than 20% of a full-time job can be omitted from the pension scheme. Employers and 
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employees are not obliged to pay wealth taxes of the pension holding. However, at the 

payment time, the pension is taxable as pension income with a tax rate of 43,5% in 2018 

(Regjeringen.no, 2, 2017).  

 

Occupational pension consists of occupational pension and contractual pension (AFP). 

Contractual pension schemes are pension schemes for employees that are 62 years old or 

older, that works in a firm that is covered by collective agreements. Employees who retire 

before 62 years old will therefore not receive any AFP (Finans Norge, 2014). Initially, these 

schemes were provided as early retirement schemes in the age from 62 to 66 years old. AFP 

is built on a tripartite relationship between employer’s organizations, labor organizations 

and the government, where the government covers 1/3 and the firms cover 2/3 

(Fellesordningen for AFP, 2, 2018). Figure 2-1 below shows how the pension saving 

structure was before 2011 and how the new pension saving structure is today. 

 

Figure 2-1: Old and new pension saving structure. Source: Own depiction of Fellesordningen 

for AFP, 1, 2018.  
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2.3 Private Pension Saving  

 

Private pension saving is a supplement to an individual’s existing public social security 

schemes, providing a secondary pension income in addition to pensions from other social 

security institutions. In other words, it has a role to play linking long-term savers, with long-

term opportunities (Europa Commission, 2018). Private pension plans are established 

through banks, life-insurance companies, pension companies, and mutual fund 

management companies (Akademikersne, 2017). In 2008, the government implemented 

legislation on private pension savings in Norway, “induviduell pensjonsordning med 

skattefordel (IPS)” (Private pension scheme with tax benefits). This scheme opened the 

possibility for tax-favored private pension saving (Finans Norge, 2010). In 2017, the 

legislation of IPS was revised, to improve the tax-benefits and to attract more individuals to 

save their pension in private pension schemes (Smarte Penger, 2017). The most significant 

regulations are below: 

 

The duration and the payout period. A person who invests in a private pension plan 

will have the same terms as occupational pension plans and folktrygden. The pension is 

saved until retirement and is not paid out until the person retires. However, private pension 

plans differ as the invested capital is determined by the pension scheme, which can be 

specified by the life insurance company and the individual (Akademikerne, 2017). 

 

Tax-benefits of company schemes. The most favored regulation of IPS is the tax 

benefits. An individual can save a maximum of NOK 40.000 a year and deduct NOK 9600 in 

tax benefits the same year. This implies an effective tax rate of 24% a year (Smarte Penger, 

2017). To compare, the minimum tax-rate for pension-income is 29%, so IPS is, therefore, 

more beneficial concerning the lower tax-rate (Skatteetaten, 2, 2018). Other tax-benefits 

includes, a preferable tax rate in the security market. A person has to tax deduct gains and 

losses in the security market with an effective tax rate of 30,75%. Through private pension 

plans, this tax rate will reduce to 24% (Nordstrøm, 2017).   
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2.4 The Norwegian Pension Market before the Reform 

 

The Norwegian economy was booming in the early 2000’s. The growing popularity of 

retirement lead to a greater part of the population wanted to combine occupational income 

and retirement savings. The government also provided retirement pension in line with the 

social security, i.e., social services such as guaranteeing adequate assistance for elderly and 

unemployed (Farrell, 2016). The age pension was based on the twenty years of employment 

with the highest income, and the state had to carry the costs related to the aging population 

(Hoemsnes, 1, 2016). The average Norwegian would receive a yearly pension from 

folketrygden according to expression (2.4). The person retires at the age of 67 with an 

annual income of NOK 500.000, would receive NOK 266.633 in pension per year.  

 

𝑃𝑒𝑛𝑠𝑖𝑜𝑛 𝑏𝑒𝑓𝑜𝑟𝑒 𝑡ℎ𝑒 𝑟𝑒𝑓𝑜𝑟𝑚 = 

 

(𝐺𝑡 ∗ 𝑃𝑡 ∗
𝐺 − 𝐼𝑛𝑐𝑜𝑚𝑒𝑡

𝐺
∗ 𝑁𝑏𝑒𝑓𝑜𝑟𝑒 1992) + (𝐺𝑡 ∗ 𝑃𝑡 ∗

𝐺 − 𝐼𝑛𝑐𝑜𝑚𝑒𝑡
𝐺

∗ 𝑁𝑎𝑓𝑡𝑒𝑟 1992) + 𝐺 (2.4) 

 

where 𝑃𝑡 expresses the percentage of pension1, 𝑁𝑏𝑒𝑓𝑜𝑟𝑒 1992 denotes the years of 

employment before 1992, divided by the total of number of years in employment. 

𝑁𝑎𝑓𝑡𝑒𝑟 1992 expresses the years of employment after 1992, divided by the sum of the number 

of years in employment. 

 

In 2050, the estimated costs of the aging population expected to double because of the 

challenges related to the pension plans in Norway. These challenges were severe because 

of the inconsistency between the age pension and income. The retirement age was 67, and 

there were no AFP-arrangements in the public sector (Regjeringen.no, 3, 2017). In the prior 

years, the government in Denmark implemented a similar reform, and the results were 

promising. Therefore, in 2011, the Norwegian government implemented the pension 

reform (Hoemsnes, 1, 2016).  

                                                           
1 The percentage of pension is regulated by the government and is 45% before 1992 and 42% after 
1992 (Nav, 2015). 
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2.5 The Norwegian Pension Market after the Reform 

 

The Norwegian government introduced the pension reform in 2011 after nearly ten years 

of research and political work. The primary objective was to improve the economy and 

sustainability, equality and simplicity. To reach that objective, the reform incentivized older 

people to stay longer in workforce by for instance allowing the ability to combine work and 

receive early pension from 62 years old (Nordby & Næsheim, 2017). It has only been a few 

years since the implementation, but the results seem promising. “This reform is the best 

policy in terms of welfare that Norway has experienced in the last thirty years” (Hoemsnes, 1, 

2016).  

 

The reform had a positive effect. According to the managing director of Ministry and Labor 

and Social Affairs, the reform increased the overall wealth for elderly. In 2011, only 33.000 

people in the age between 62 and 67 received early-pension while being in employment. 

Whereas in 2015 this amounted to 88.000 (Hoemsnes, 1, 2016). This saves the government 

more than 60 billion each year (Amundsen, 2015). Moreover, research shows that the 

reform is likely to make a significant impact, as it intended on. A study shows that the 

government began to reap the benefits of the reform already in 2017, as the expenditures 

of age pension decreased relative to what it would have been without the new reform 

(Fredriksen, Holmøy, Strøm & Stølen, 2015). 

 

However, the implications of the reform are diverging for the pensioners. The pension from 

folketrygden decreased because of life expectancy adjustments, and as a result, the 

contribution pension from occupational pension becomes far more important. Table 2-3 

illustrates the importance of the contribution pension from occupational pension, as the 

pension from folketrygden decreases. It follows that a pensioner born before 1943 receives 

a pension from folketrygden according to the old regulations, illustrated in expression (2.4). 

Pensioners born between 1943 and 1962 receive life-adjusted pension according to the old 

regulations, and pensioners born after 1962 receive pension from folketrygden by the new 

regulations.  

 



  THE NORWEGIAN PENSION SYSTEM 

page 25 
 

Table 2-3: The effects of the reform in 2011. Estimations are conducted by equation (5.8) 

in chapter 5.  

 Old regulations Old regulations with new 

reform 

New regulations 

Age: 62 

Income: 500.000 266.633 240.922 160.056 

Income: 1.000.000 479.310 453.867 320.111 

Age: 67 

Income: 500.000 266.633 258.121 229.841 

Income: 1.000.000 479.310 470.789 459.683 

 

As can be seen from Table 2-3, the reform decreases the overall pension from folketrygden. 

The new regulations give a yearly payouts of NOK 229.841 from folketrygden, compared to 

NOK 266.633 which was the amount given by the old regulations. The reform also opened 

up the possibility of early retirement from 62 years of age. If a person chooses to receive a 

pension from folketrygden from the age of 62, this pension falls to NOK 160.056. Table 2-3 

also shows that this difference grows as the income increases. This is because higher income 

groups are restricted to 7,1G so the implications of the reform will, therefore, appear larger 

than for the lower income groups. The estimations in Table 2-3 are outlined in Appendix A. 
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Chapter 3 

 

Theoretical Background 
 

 

The following section examines the theoretical frameworks that will be used in the analysis. 

The section is divided into two: strategic theory and financial theory. The strategic theory 

starts by presenting the PESTLE analysis that analyzes macro-environments, and thereafter 

the competitive analysis, Porters Five Forces. The financial theory reveals modern portfolio 

theory, expected utility theory, and prospect theory. 

 

 

 

3.1 Strategic Theory 

 

3.1.1 PESTLE Analysis 

 

Firms find themselves in environments that are changing more rapidly than ever before. 

The PESTLE analysis is a widely used framework to map the macro-environmental factors 

that influence businesses. The analysis aims to answer different factors that affect the 

environment, and is divided into (Process Policy, 2018): political, economic, social, 

technological, environmental, and legal. The thesis excludes environmental factors as it do 

not add value to the analysis. 

Political Factors. It is essential to establish the political situation of the 

country that a firm operates. This determines to what extent a government may influence 
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the economy of an industry. The level of government stability is an important factor for how 

stable the industry might be (Team FME, 2013).  

Economic Factors. The economic factors of an industry directly affect firms 

and have significant long-term effects. A rise in the inflation rate, for instance, will affect 

how firms price their products. It will also affect the purchasing power of consumers, which 

eventually will change the demand and supply models of that economy (Team FME, 2013). 

Social Factors. An industry's social environment is essential to scrutinize to 

understand the factors firms should be aware. Some of the social factors worth considering 

are age distribution, employment level, and income statistics. For a pension insurance firm, 

these factors may have a resonating effect (Team FME, 2013). 

Technological Factors. Technological factors are the factors that may have 

the most significant impact on an industry, favorably or unfavorably. Automation, research 

and development, and awareness are vital factors for assessing and listing issues in a long-

term perspective. If firms fail to follow the technological changes, they leave the 

opportunities for smaller firms or new entrants, which have the chance to erode the market 

and achieve considerably market shares (Team FME, 2013). 

Legal Factors. Specific laws affect the industry environment in a particular 

country. Pension insurance firms have to prove their legal obedience, and this has, of course, 

implications of how they operate (Team FME, 2013). 

 

 

3.1.2 Porter’s Five Forces 

 

Porter's Five Forces is an industry analysis that encompasses external forces that influence 

the competitive environment of an industry. The state of competition in industries depends 

on five fundamental competitive forces: 1) the threat of new entrants, 2) the industry 

rivalry, 3) the threat of substitutes, 4) the buyers bargaining power, and 5) the bargaining 

power of suppliers. The strength of these forces decides the future profit potential in the 

industry. For firms to stay competitive in industries, it is crucial to determine a competitive 

strategy that allows the firm to defend itself against the competitive forces or that the firm 

can influence them in its favor (Porter, 1980).  
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Threat of Entry. New entrants desire to gain market share and often have 

substantial resources. These capacities can lead to reduced price level, and inflated costs for 

incumbents2, which eventually will drive down the overall profitability of the market. The 

threat of entry mainly depends on two events: the barriers to entry and the reaction that 

the entrant can expect from existing competitors (Porter, 1980). 

Pressure from Substitute Products. All firms compete with industries 

that produce substitute products. Substitute products limit the potential returns of an 

industry because they place a ceiling on the prices that firms can charge for its products 

(Porter, 1980). 

Bargaining Power of Buyers. Buyers can have a significant impact on 

industry profitability, by for instance forcing down prices, or bargaining for higher quality 

or more services, and playing competitors against each other (Porter, 1980). 

Bargaining Power of Suppliers. Dominant suppliers may drive down the 

profitability of an industry by threatening to raise prices or reduce the quality of purchased 

products (Porter, 1980). 

The Intensity of Rivalry among Existing Competitors. Rivalry within 

a market occurs because one or more of the competitors either feels the pressure or sees 

the opportunity to advance their position. The level of rivalry often has visible effects on 

competitors and may lead to vengeance and counter moves. If this escalates, all firms may 

end up suffering and be worse off than they were before (Porter, 1980). 

 

 

 

3.2 Financial Theory 

 

Following Bodie, Kane, and Marcus (2014), the optimal investment strategy depends on the 

investor's initial wealth and the asset allocation of the portfolio. Additionally, the optimal 

strategy has to secure for safety and liquidity (Chen, Li & Sun, 2017). Therefore, the financial 

                                                           
2 Incumbents refers to those firms that already are established in a market. 
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theory outlines the theoretical background of modern portfolio theory, and the academic 

frameworks of asset allocation. Further, expected utility theory and prospect theory are 

described, as to understand how pension insurance firms have to adjust their portfolios to 

the individual's risk preferences to secure the living standard of retirees. 

 

 

3.2.1 Modern Portfolio Theory  

 

In 1952, Markowitz developed a portfolio construction theory in which investors would be 

compensated with higher returns for bearing higher risk. Markowitz proved through his 

research that the correlation between the assets affects the portfolio variance, and thereby 

the investor could lower his risk by diversification of the assets. This theory is known as the 

Mean-Variance Analysis and is central in Capital Asset Pricing Theory (Guerard, 2010).   

 

Capital Asset Pricing Theory  

The capital asset pricing theory describes the relationship between risk and expected 

returns for assets, particularly equities. Further, the capital allocation line is widely used 

throughout finance when optimizing the capital allocation in investment portfolios. The 

capital allocation combines the risk and return of the risky assets with a risk-free asset to 

reduce risk. The capital allocation line is expressed as:  

 

𝐸(𝑟𝑐) = 𝑟𝑓 +
𝐸(𝑟𝑝) − 𝑟𝑓

𝜎𝑝
𝜎𝑐 (3.1) 

 

where 𝑟𝑓 is the risk-free rate of return and 𝐸(𝑟𝑝) is the expected return on the risky portfolio. 

The model also incorporates risk through the standard deviations of the complete portfolio, 

𝜎𝑐, and the risky portfolio, 𝜎𝑝. The last term is the Sharpe ratio multiplied by the standard 

deviation of the complete portfolio. The Sharpe ratio is a proper measurement of portfolio 

performance, as it measures the performance relative to risk. The higher the Sharpe ratio, 
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the higher expected return corresponding to any level of volatility (Corporate Finance 

Institute, 2018). 

 

In simple portfolio theory, an investor has the ability to invest in two different assets at time 

𝑡. The two assets have a risk and return from 𝑡 to 𝑡𝑡+1 and are noted as assets 𝑟𝑒 and 𝑟𝑏. 

According to the simple portfolio theory, the expected return on the investment portfolio is 

expressed as the weighted average of the expected return of the two assets: 

 

𝐸(𝑟𝑝) = 𝑤𝑒 ∗ 𝐸(𝑟𝑒) + 𝑤𝑏 ∗ 𝐸(𝑟𝑏) (3.2) 

 

The corresponding standard deviation is shown in expression (3.3). The square root of 

three fractions estimates the standard deviation. The first two, is the weighted average of 

the variance, and the last fraction incorporates the covariance: 

 

𝜎𝑝 = √[𝑤𝑒2 ∗ 𝜎𝑒2 + 𝑤𝑏2 ∗ 𝜎𝑏2 + 2 ∗ 𝑤𝑒𝑤𝑏𝐶𝑜𝑣(𝑟𝑒, 𝑟𝑏)] (3.3) 

 

where the portfolio weights are the composition of a particular holding in equities (𝑤𝑒) or 

bonds (𝑤𝑏). The last fraction incorporates the covariance between the two assets 𝑜𝑣(𝑟𝑒, 𝑟𝑏).3   

 

Diversification  

The covariance is a measure of the joint variability between two random variables. The 

higher the values of one variable mainly correspond to the higher values with the other 

variable if the covariance is positive. If the covariance is negative, the higher values of one 

variable will correspond to lower values with the other variable, i.e., opposite behavior. The 

covariance is expressed as:    

 

                                                           
3 Bodie, Kane and Marcus (2014) 
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𝐶𝑜𝑣(𝑟𝑒, 𝑟𝑏) = 𝜌𝑒,𝑏 ∗ 𝜎𝑒 ∗ 𝜎𝑏 (3.4) 

 

where 𝑝𝑒,𝑏 is the correlation between assets. The correlation must fall within the range of -

1 to 1. A coefficient of 1 indicates the assets vary perfectly together, while a correlation of -

1 denotes that the two assets vary the complete opposite of each other (Bodie, Kane & 

Marcus, 2014). More assets in the portfolio results in diversification benefits as additional 

assets decrease non-systematic risk. The non-systematic risk is a measure of firm-specific 

risk that is associated with a single firm. An example of firm-specific risk is a sudden strike 

by the employees, or a new governmental regulation affecting a particular group of firms. 

In other words, diversification in asset allocation is essential and reduces an investor’s 

overall risk (Wiafe, Basu & Chen, 2015).4 

 

Figure 3-1: Illustration of diversification benefits from non-systematic risk. 

 

 

Figure 3-1 illustrates the principles of how diversification reduces the overall risk in asset 

allocation. When the correlation coefficient equals to 1, the portfolio will not benefit from 

diversification, as can be seen from the straight line. In this scenario, the standard deviation 

is only a weighted average between the two assets. However, as the correlation coefficient 

decreases from 1 and approaches -1, the portfolio benefits from diversification. As seen, the 

lower the correlation coefficient reduces the risk for a given level of return. In the event of 

a correlation of -1, the investment portfolio will have the least amount of risk for a given 

level of return.  

                                                           
4 Bodie, Kane and Marcus (2014) 
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The Efficient Frontier  

The modern portfolio theory relies on the claim that investors choose portfolios that 

generates the lowest amount of risk for a defined rate of return. In other words, investors 

seek out portfolios on the efficient frontier. Portfolios that lies below the efficient frontier 

are suboptimal, as they do not provide enough return for the defined level of risk. Figure 3-

2 illustrates the linking between the suboptimal portfolios and the efficient frontier. As can 

be seen, the portfolios that cluster below or to the right of the efficient frontier are 

suboptimal because they have a higher level of risk given the return of the investment 

(Bodie, Kane & Marcus, 2014). 

 

Figure 3-2: Illustration of the efficient frontier. The striped gray figure expresses the 

efficient frontier, and the dark red dots denote suboptimal portfolios. 

 

 

Figure 3-2 shows the efficient frontier. However, there are not one efficient frontier in the 

security market. The efficient frontier can change to meet the need and characteristics of 

different of portfolio managers and investors. For example, if an investor may require a 

minimum return on the investment portfolio or may rule out investments in ethically or 

politically undesirable industries (InvestingAnswers, 2018). 
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3.2.2 Expected Utility Theory  

 

Rational decision-makers have different perception towards risk and uncertainty. The 

expected utility theory incorporates these perceptions. Expected utility theory states that 

an investor chooses between risky and uncertain prospects by comparing their expected 

utility values. According to Kirkwood (2013), it is intuitive to use expected utilities as a way 

to take risk into account, when ranking investment decisions. The expected utility is 

expressed as (Levin, 2006): 

 

𝐸[𝑢(𝑥)] =∑𝑝𝑖𝑢(𝑥𝑖)
𝑛

𝑖=1

(3.5) 

 

The term 𝑢(𝑥𝑖) represents the utility of the function. The greater the utility, the more 

valuable is the outcome. The term 𝑝𝑖  represents the probability of the respective values.  

 

Constant Relative Risk Aversion 

King et al. (1990) and Geweke (2001) highlight some difficulties in the application of 

rational expectation models to choices under uncertainty (Nigues et al., 2012). Therefore, 

the thesis assumes that a rational decision-maker has a constant relative risk aversion 

(CRRA). The CRRA preferences are some of the most common objective functions in 

portfolio theory literature. This is because the investor's portfolio (and consumption) policy 

is proportional to wealth and the value function is homothetic5 in wealth. In a multi-period 

setting, these features of CRRA preferences imply that the wealth is not a state variable in 

the investor’s problem (Brandt & Sahalia, 2001). Nevertheless, the wealth of the investor 

will be adjusted according to the investor's risk aversion(𝛾), as can be seen by the following: 

 

                                                           
5 In consumer theory, a consumer’s preferences (risk aversion) are called homothetic if they can be 
represented by a utility function that is homogeneous (Carter, 2001).  
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𝑢(𝑥𝑡+1) = {
𝑥𝑡+1
1−𝛾 
1 − 𝛾

       𝑓𝑜𝑟 𝛾 > 0,   𝛾 ≠ 1

𝑙𝑛(𝑥)                     𝑓𝑜𝑟 𝛾 = 1 
(3.6) 

 

where 𝑥𝑡+1 expresses the value function of wealth, 𝛾 expresses the coefficient of relative 

risk aversion. 𝛾 is a parameter with any value, except for 𝛾 = 1, in which case the function 

takes the form 𝑢(𝑥𝑡+1) = 𝑙𝑛(𝑥). 

 

The coefficient of relative risk aversion expresses the degree of risk aversion. 𝛾 is constant, 

and a higher degree of 𝛾 equals a higher degree of risk aversion. The utility function 

increases in 𝑥1−𝛾 when 𝛾 < 1, and decreases in scenarios where 𝛾 > 1. However, by 

dividing the numerator by (1 − 𝛾), the marginal utility is positive. These types of utility 

functions are useful when estimating pension because it eliminates any income effects 

(Eeckhoudt, Gollier, & Schlesinger, 2005).   

 

Certainty Equivalent (CE) 

Expected utility numbers do not have a straightforward, intuitive interpretation. However, 

there is a specific certainty equivalent corresponding to any specified expected utility. The 

certainty equivalent of an investment is the precise amount that is equally preferred to the 

investment and is often referred to as the selling price (Kirkwood, 2013). In other words, 

the certainty equivalent is the guaranteed amount that makes the individual indifferent 

between making an investment, or not making an investment (Treich, 2008). For any utility 

function, the expected utility is expressed as: 

 

𝐸[𝑢(𝑥)] =
𝐶𝐸1−𝛾

1 − 𝛾
 (3.7) 

 

 

 

 



  THEORETICAL BACKGROUND 

page 35 
 

Solving the equation, the certainty equivalent is defined as:  

 

𝐶𝐸 = (𝐸[𝑢(𝑥)](1 − 𝛾))
1
1−𝛾 (3.8) 

 

In situations involving pension, alternatives with more substantial certainty equivalents are 

preferred. The expected utilities are used directly to rank options in a decision problem, and 

it can be shown that the alternative with the highest expected utility will also most likely 

have the preferable certainty equivalent. Certainty equivalence can also be used to 

determine the risk aversion. If the certainty equivalent is less than the expected utility, an 

investor is risk averse towards the alternative. If the certainty equivalent is equal the 

alternative, the person is said to be risk neutral. Finally, if the certainty equivalent is more 

than the alternative, the investor is risk seeking (Kirkwood, 2013).   

 

 

3.2.3 Prospect Theory 

 

Expected utility theory is a central normative analysis of decision-making which has 

dominated modern economic theory and describes how individuals behave under risk and 

uncertainty. However, this model has been criticized for not being a descriptive model of 

how individuals behave. Kahneman and Tversky (1979) have developed a model that 

addresses this problem. This model, called "Prospect theory", is a more precise description 

of decision-making analysis. They found that individual investors overweigh outcomes that 

are considered uncertain and undervalue outcomes that are attained with certainty. People 

make decisions based on biases. This is called loss aversion, meaning that individuals rather 

secure small gains with higher probabilities than more uncertain outcomes with lower 

probabilities. The value of an uncertain outcome is expressed as: 

 

𝑉(𝑥; 𝑝) =∑𝜋(𝑝𝑖)𝑣(𝑥𝑖)
𝑛

𝑖=1

(3.9) 
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where 𝑣 expresses the overall expected utility of outcomes to the individual making the 

decision. 𝑥1, 𝑥2, … , 𝑥𝑛 express all the potential outcomes, 𝑝1, 𝑝2, … , 𝑝𝑛 convey the respective 

probabilities (Fennema & Wakker, 1997). The value function passes through a reference 

point. This point demonstrates where losses hurt more than gains are appreciated. 

Individuals care about expected utility relative to this point (e.g., current wealth) rather 

than absolute outcomes. Additionally, the function is steeper for outcomes below the 

reference point (i.e., losses) than for outcomes above the reference point (i.e., gains). In 

expected utility theory, individuals do not care about a reference point, and they do not care 

how gains and losses are framed. Tversky and Kahneman (1992) explain the power function 

for the prospect theory through the following expression: 

 

𝑣(𝑥𝑇) = {
(𝑥𝑇 − 𝑅𝑃)𝛼,             𝑥𝑇 ≥ 𝑅𝑃
−𝜆(𝑅𝑃 − 𝑥𝑇)𝛼,       𝑥𝑇 < 𝑅𝑃

(3.10) 

 

where 𝑅𝑃 is the reference point that defines what an individual investor considers as a loss 

or a gain. α expresses the level of concavity and convexity of the value function, and λ refers 

to the steepness of the function (i.e., the loss aversion). α < 1 shows risk aversion for an 

individual where the gain is the outcome and risk-seeking where a loss is the outcome. For 

gains, the function is concave and convex for losses, and is illustrated as an S-formed utility 

function (see Figure 3-3). 

 

Figure 3-3: Hypothetical value function in prospect theory. 
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Central in this theory is that smaller probabilities are overweighed and that moderate and 

high probabilities are undervalued. Therefore, Tversky and Kahneman argue that 

psychological, subjective probabilities should be estimated by the following probability 

weighting function: 

 

𝑤(𝑝) =
𝑝𝛾

(𝑝𝛾 + (1 − 𝑝)𝛾)
1
𝛾

(3.11) 

 

where the parameter, γ, denotes the weight of both gains and losses as it simplifies the 

model considerably, and is found in the interval 0,287 ≤ γ ≤ 1 (Rieger & Wang, 2006). 

Earlier research, there among Tversky and Kahneman (1992), and Camerer and Ho (1994) 

also support this simplification. As γ becomes lower, the higher the skewness in the 

weighting of the probabilities. If γ = 1, then 𝑤(𝑝) = 𝑝 and it can be applied in the expected 

utility theory with an abnormal utility function.  

 

To correct for the irrational effects from the probability-weighted estimations, the 

cumulative prospect theory is used (CPT) (Tversky & Kahneman, 1992). This model 

transforms the entire cumulative distribution function rather than transforming each 

probability separately. It also extends the prospect theory to uncertain as well as to risky 

prospects with any number of outcomes while maintaining most of its essential features 

(Tversky & Kahneman, 1992). Let us assume an investment with 𝑚+ 𝑛 + 1 events, 𝑥𝑇,−𝑚 <

. . < 𝑟𝑝 <. . < 𝑥𝑇,𝑛 with the respective probabilities 𝑝−𝑚,… , 𝑝𝑛. The investment is defined by 

(𝑥; 𝑝), where 𝑥 = (𝑥𝑇,−𝑚,… , 𝑥𝑇,𝑛) and 𝑝 = (𝑝−𝑚,… . , 𝑝𝑛). The overall value of the prospects 

is expressed as: 

 

𝑉(𝑥; 𝑝) = 𝑉+(𝑥; 𝑝) + 𝑉−(𝑥; 𝑝) (3.12) 

 

where 𝑉+(𝑥; 𝑝) is the value of a positive prospect and 𝑉−(𝑥; 𝑝) is the value of a negative 

prospect. The prospects are defined as: 
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𝑉+(𝑥; 𝑝) = 𝑤(𝑝𝑛)𝑢(𝑥𝑇𝑛) +∑[𝑤(∑𝑝𝑛−𝑗

𝑖

𝑗=0

) − 𝑤(∑𝑝𝑛−𝑗

𝑖−1

𝑗=0

)]
𝑛

𝑖=1

𝑢(𝑥𝑇,𝑛−𝑖) (3.13) 

𝑉−(𝑥; 𝑝) = 𝑤(𝑝−𝑚)𝑢(𝑥𝑇,−𝑚) +∑[𝑤(∑𝑝−(𝑚−𝑗)
𝑖

𝑗=0

) − 𝑤(∑𝑝−(𝑚−𝑗)
𝑘−1

𝑗=0

)]
𝑚

𝑖=1

𝑢(𝑥𝑇,−(𝑚−𝑖))  

 

To be able to compare the results with the utility of CPT and CRRA, it is estimated the 

certainty equivalents of the functions. The certainty equivalents of the value function are 

defined as: 

 

𝐶𝐸 =

{
 
 

 
 𝑅𝑃 + [𝑉(𝑥; 𝑝)]

1
𝛼             𝑥𝑇 ≥ 𝑅𝑃

𝑅𝑃 − [
−𝑉(𝑥; 𝑝)

𝜆
]

1
𝛼
        𝑥𝑇 < 𝑅𝑃

(3.14) 
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Chapter 4 
 

Duvi and the Pension Market 
 

 

The Norwegian pension market has been in constant change for the last seventeen years. 

Changes in life expectancy, regulations in folketrygden, the new AFP regulations, and 

changes in the private pension market, are only some of the changes that have happened 

these years. The changes have also affected the pension insurance firms that are competing 

in this market. Some firms have been positively affected by the new regulations and have 

managed to adapt to the changes in their business strategy. Others have not benefited from 

the new rules and been overrun by other growing companies. One example is Silver 

Pensjonsforsikring (Silver). Silver received concessions to operate as a pension insurance 

company in 2005 but did not manage to adapt to new financial regulations. This resulted in 

the bankruptcy of Silver and the decision of making the company a public administrated 

company, with Storebrand to manage Silver's pension product portfolios (Lorentzen & 

Molnes, 2017). Even though the new regulations might negatively affect existing pension 

firms, they also open up opportunities for smaller firms to increase their market shares or 

for new firms to enter the market. This chapter analyzes the Norwegian pension market and 

why Duvi enters this market. 

 

 

 

4.1 Duvi Pensjon 

 

The reform in 2011 increased the attention for pension insurance companies. Duvi Pensjon, 

a Norwegian pension insurance firm, believes that the current companies take advantage of 

people's ignorance towards pension. In 2013, the entrepreneurs Asbjørn Erdal and Jan 

Martin Hunderi established Pensjon Pluss as a private pension insurance company. In the 

following years, Pensjon Pluss changed the company name from Pensjon Pluss to Duvi 
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Pensjon (Duvi) and entered the Norwegian pension market (Duvi, 1, 2018). Since the 

company entered the Norwegian pension market in 2015, it has acquired a variety of skilled 

people and attracted a diverse ownership structure, consisting of Sector Asset Management 

and Klaveness Marine Finance. 

 

The last couple of years, the firm has strived to achieve transparency in the pension market 

by making pension easier for pensioners and corporations (Duvi, 2, 2016). Duvi believes the 

industry is long overdue, and it is time to change the perception of pension. Their slogan is 

“Pension as it should be” (Duvi, 1, 2018). The thesis appraises Duvi’s point of view and uses 

Duvi as a case study, to investigate the defined-contribution plan market. Section 4.1.1 

elaborates on the business and investment strategy. Section 4.1.2 describes the firm’s 

products and defined-contribution schemes, followed by section 4.1.3 that explains the 

costs related to defined-contribution pension. 

 

 

4.1.1 Business and Investment Strategy  

 

Duvi has a simple business and investment strategy. It aims to be "Easier – Cheaper – Better”. 

Duvi wants its operations to be easy and avoid unnecessary processes, and at the same time 

secure the contribution pension saving. The firm aims to be cheaper by using standardized 

processes and a simple investment strategy. Lastly, Duvi wants to be better than the current 

market. Better regarding investment policy, and better in terms of human capital. Duvi 

emphasizes that it can only be easier, cheaper and better if the company simplifies its 

pension plan. This means fewer contribution products, simple investment strategies and 

lower management and administration fees than the competitors (Duvi, 2, 2018). 

Nonetheless, Duvi firmly believes that by doing so, the firm will have a competitive position 

in the Norwegian pension market.  

 

Duvi has long-term business and investment strategies. The overall strategy is to maximize 

the investment return, as well as minimize the management fees (Duvi, 2, 2018). Duvi 

believes that this strategy will generate the highest return on the investments, and enable 

the company to compete in the Norwegian pension market (Duvi, 2017). The opposite of 

the investment strategy is what the committee refers to as “Pension Mistakes”, as these 

mistakes will reduce the overall return of the investments. Figure 4-1 illustrates the return 
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on the invested capital (ROIC), and how it will decrease if committing these pension 

mistakes.  

 

Figure 4-1: Pension mistakes firms make. Source: Own depiction of Duvi, 2, 2018. 

 

 
 

Figure 4-1 illustrates the two pension mistakes. The first point is "Expensive management 

fees”. Duvi states that other pension companies charge too high management fees and that 

it is easy to minimize these. Duvi mitigates the first pension mistake by standardization of 

the pension profiles, Duvi Long-Term and Duvi-Short Term. Duvi also reduces the 

management fees by investing in funds, rather than picking which securities to invest in. 

The second point is "Short-term investment strategy”. Duvi believes that the basis for all 

investment strategies should be long-term, not short-term, as equities have outperformed 

bonds historically (Duvi, 2, 2018). Duvi tries to mitigate the second pension mistake by 

recommending the contribution profile Duvi Long-Term to everyone under the age of 60. 

Duvi contacts each investor the year they turn 60 to discuss a change in the contribution 

profile. They find that by eliminating these two pension mistakes, the yearly pension at 

retirement can increase from NOK 170.000 to NOK 350.000. According to Åsmund Paulsen, 

this investment strategy will provide and secure a high return on the invested capital (Duvi, 

2, 2018). 

 

 

4.1.2 Products and Defined-Contribution Schemes  

 

Duvi has four different products. One primary product; defined-contribution scheme, and 

three complementary products; disability pension, sick leave insurance and waiver of 

premium. The defined-contribution scheme secures the occupational pension up until 
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retirement. These products are sold to private corporations, with more than two employees. 

The complementary product, waiver of premium is compulsory, and the two others are 

optional. Waiver of premium secures that the employee receives the occupational income if 

the employee is ill or disabled more than 52 weeks. This is a necessary product according 

to the OTP law. The disability pension secures that the employee will receive income if 

disabled, and the sick leave insurance ensures that the employee receives pension income 

in situations of impairment (Duvi, 2, 2018). 

 

The investment strategy is reflected in Duvi’s defined-contribution schemes, as the 

company only has two different contribution profiles. The aggressive contribution profile, 

Duvi Long-Term, is the standard contribution profile of the company (Duvi, 3, 2018). It has 

an equity exposure of 80% until the person is 60 years old. The profile invests in 20% 

Norwegian interest-bearing securities, 40% Norwegian equities and 40% in global funds, 

as Duvi believes that this gives the highest return on the investments (Duvi, 2, 2018). The 

profile, Duvi Short-Term, is more conservative and is preferable for those with a higher 

aversion towards uncertainty. This profile invests 70% in Norwegian interest-bearing 

securities, 15% in Norwegian equities and 15% in global funds (Duvi, 2, 2018).  

 

 

 

4.2 Market Players 

 

Duvi expresses that the main competitors in the pension market are Storebrand 

Livsforsikring (Storebrand), Nordea Livsforsikring (Nordea), Gjensidige Forsikring 

(Gjensidige), SpareBank1, KLP and DNB Livsforsikring (DNB). The market is divided into 

public, occupational pension, and private, occupational pension. Among public, 

occupational pension, KLP has been the leading player for many years, but recently DNB 

and Storebrand have continually gained more significant market shares. DNB and 

Storebrand started to increase market shares after changes in regulations at the beginning 

of 2000, which resulted in changes in the market for municipal occupational pension 

(Pensjonskontoret, 2017). 6 In the market for private occupational pension, DNB, Nordea, 

                                                           
6 The new regulations enabled occupational pension insurers to exchange information, which 
allowed people to transfer pension schemes to other companies (Wiborg, Caspari, Bjørnstad & 
Hodne, 2000). 
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SpareBank1, and Storebrand are the largest players. DNB and Storebrand are the two 

largest companies with a considerable high market share compared to the competitors. 

Some of the pension companies operate with a variety of product portfolios, and others less. 

Some profiles invest in 100% equity portion, others with ratios as 20%, 40%, 60% or 80%. 

A high equity portion means higher expectations to equity returns but is at the same time 

more exposed to risk and volatility in the market. Also, a low level of equity portion means 

a lower expected return, but less risk. 

 

Statistics from Finans Norge shows that Storebrand and DNB are the clear market leaders, 

with market shares in the market for defined-contribution schemes based on written 

premiums of respectively 32% and 28% (Gjensidige, 2016). The distribution of the market 

shares can be seen below in Figure 4-2. 

 

Figure 4-2: Market shares of defined-contribution schemes in Q3, 2016. Source: Own 

depiction of Gjensidige, 2016. 

 

 
 

 

Norsk Pensjon (2018) reports market statistics data for the seven largest companies in the 

market. Figure 4-3 shows performance relative to risk level for the seven companies. The 

risk level is categorized from 1 to 10 for the equity exposure. Risk level 1-4 are profiles with 

0-39% equity exposure. Level 4-7 are profiles with 40-69% equity exposure, and level 7-10 
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are profiles with 70-100% equity exposure. Panel (a) shows gross return7 relative to risk 

level for the different firms the last five years. What is quite impressive is how expensive 

SpareBank 1 BM Bank is compared to the performance, and how well KLP P90 is doing 

compared to the significantly low management fees. Panel (b) expresses the Sharpe ratio 

relative to risk level for the seven companies. The higher the risk level, the lower the Sharpe 

ratio. The figure displays the more established companies in the market. As Duvi is new to 

this market, data is insufficient for comparison on gross return and Sharpe ratio, and 

therefore not included. It also displays that the higher the risk level, the lower the Sharpe 

ratio. This means that firms like KLP P90 have inferior returns relative to the amount of risk 

taken.  

 

Figure 4-3: Performance relative to risk level for the different firms the last five years. The 

risk level is illustrated from 1-10, where 1 defines the lowest equity portion, and 10 

represents the highest equity portion. Panel (a) shows the gross return relative to risk level. 

Panel (b) displays the Sharpe ratio relative to risk level.  

 

(a) Gross return relative to risk level. 

 
 

 

 

 

 

 

                                                           
7 Gross return is measured as the return before adjusted for management fees. 
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(b) Sharpe ratio relative to risk level. 

 
 

 

 

4.3 The Costs of Pension Savings 

 

The pension mistakes in Figure 4-1 exemplifies the of importance of low fees. In addition to 

management fees, which is often defined as a percentage of the total net assets, most of the 

pension firms charge administration fees on pension policies and other pension products. 

The size of this fee depends on the number of employees of the pension schemes, and the 

size of the saving balance of the pension policy on the individual pension policy. According 

to the Norwegian regulations, the employer pays the fees of the occupational pension 

scheme. When an employee changes job, the scheme turns into a pension policy and the fees 

transfer to the employee. In other words, if the person has been employed in several 

companies, the person will have several pension policies. Some of the pension firms may 

have fees as high as 6,44% of the saving balance. This means that individuals have to pay a 

fee that consumes more than 6,44% of their pension savings every year. Typically, pension 

saving amounted to NOK 10.000, or less will be the most affected by such high fees 

(Finansportalen, 2018). The lower the saving balance, the more critical is the size of the 

management fee and the management fee.   

 

In order to minimize the fees, Duvi has implemented new and efficient technology, 

standardized processes and simplified the tasks of administration. Table 4-1 shows the fees, 
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where the administration fee is fixed, and the management fee is a percentage of the pension 

holding.  

 

Table 4-1: Duvi’s administration fees (A. fees) and management fees (M. fees). 

 
Total net assets 
per employee 

50.000 100.000 300.000 

 A. fees   M. fees Total  A. fees   M. fees Total  A. fees   M. fees Total  

Defined-contribution occupational pension 

10 employees 500 0,65% 1,65% 500 0,65% 1,15% 500 0,65% 0,82% 

11 to 15 
employees 

450 0,65% 1,55% 450 0,65% 1,10% 450 0,65% 0,80% 

16 employees 
and more 

300 0,65% 1,25% 300 0,65% 0,95% 300 0,65% 0,75% 

Pension policies          

1 employee 120 0,50% 0,74% 120 0,50% 0,62% 120 0,50% 0,54% 

 

 

As can be seen, the total fees of the contribution profile differ with the number of employees 

and total net assets of the employees in the company. The management fee is 0,65% for both 

Duvi Long-Term and Duvi Short-Term, as having equal fees is a part of the overall business 

strategy. As the firm aims to provide a high return by having low fees, the management fee 

of the pension policies amounts to 0,50%, which is lower than for the defined-contribution 

pension. The administration fee will, however, vary with the number of employees of the 

company. This means that it will cost the same if an employee has 50.000 or 300.000 in net 

assets per employee. Duvi chooses to hold the fees equal because the firm only operates 

with a limited number of products and contribution profiles. Duvi assures that individuals 

will pay the business price even though they are paying for their pension policies (0,62%). 
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Table 4-2: Differences in fees on pension policies in the different companies. Source: Own 

depiction of Duvi, 2, 2018. 

 
Total net assets  50.000 100.000 300.000 

 A. fees M. fees Total A. fees M. fees Total A. fees M. fees Total 

Defined-contribution occupational pension 

Duvi   1,25%   0,95%   0,75% 

Average six largest   1,26%   1,01%   0,84% 

Pension policies          

Duvi 120 0,50% 0,74% 120 0,50% 0,62% 120 0,50% 0,54% 

Storebrand (no. 1) 400 1,10% 1,90% 400 1,10% 1,50% 400 1,10% 1,23% 

DNB (no. 2) 400 1,10% 1,90% 400 1,10% 1,50% 400 1,10% 1,23% 

Average six largest 366 0,99% 1,72% 366 0,99% 1,35% 366 0,99% 1,11% 

 

 

The thesis will use the term “management fee” when referring to the management and 

administration fees if nothing else is stated. It can be an expensive affair to change job. Table 

4-2 shows how the fees of an employee increase when changing job. When an individual is 

employed in a company, the employer pays on average 1,01% in fees to the pension 

insurance company. However, when this person changes job, he/she receives the obligation 

to pay the fees for the pension policy. Now the fees are 1,3 times as high than it was when 

the employer paid the fees of 1,01%. These fees are based on data from the different pension 

insurance companies and can be found in Appendix B. For instance, it is more expensive to 

hold a pension policy in Storebrand, than in Duvi. Investing NOK 300.000 in Duvi gives the 

opportunity to save NOK 2.070 ((1,23%-0,54%)*100.000) if a person invests the same 

amount in Storebrand. This indicates that the more this person invests in Duvi, the more 

he/she will save. This is mainly because Duvi charges higher management fees pr. number 

of employees and lower management fees than the other companies. 

 

 

 

4.4 Strategic Analysis 

 

Most Norwegians do not know how much they will receive in pension, and experts argue 

that many people will be shocked by how little they will receive (Wig, 2015). Around 70% 

of the Norwegian population does not care about their pension. Therefore, it is quite evident 
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that it is essential to analyze the pension market. It is necessary to understand the external 

forces and the environmental factors to interpret why Duvi enters the market with its 

specific strategy. The following section analyzes the environmental factors in a PESTLE 

analysis, and thereafter studies the competition in the market with a Porter’s Five Forces 

analysis. The analysis will merge Political and Legal factors and exclude environmental 

factors from the PESTLE analysis.  

 

 

4.4.1 PESTLE 

 

Political and Legal Factors 

Financial institutions are heavy regulated by the government, and pension insurance firms 

are covered by several laws. For instance, the law of defined-contribution, “OTP-loven”, and 

the law of occupational pension. These regulations are crucial to secure financial stability 

and that the pension insurance firms do not take more risk than what the government 

perceives as justifiable. Norwegian pension insurance firms are regulated by the law of 

insurance business, "Forsikringsvirksomhetsloven". The minimum requirement of capital 

adequacy corresponds to 8% of the calculation base, ref. Forsikringsvirksomhetsloven § 7-

3. The calculation base comprises assets items and items outside the balance sheet. These 

posts are given a risk weight of the credit risk that they represent (Regjeringen, 2006).  

 

As Norway is a part of the EEA8, pension firms are encompassed by the Solvency regulations. 

The primary goals of the Solvency Directive are to secure financial stability and assure that 

pension insurance companies are covered to survive a financial crisis. The Solvency margin 

is estimated as a percentage of the premium income from different industries. Final 

Solvency margin is, therefore, the sum of the highest estimation after premium income. In 

2016, the Solvency II Directive was introduced with the purpose to improve the existing EU 

directive and regulations.  

 

The new directive is demanding for the Norwegian pension insurance firms. They are 

required to have a buffer large enough to survive a 200-year crisis as of 2008, and 

additionally to survive another crisis right after the first one. The regulatory environment 

makes it possible for new entrants to enter and compete in the pension market, as the 

                                                           
8 EEA is The European Economic Area. 
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incumbent firms might find it difficult to adjust to the new regulations. Silver is an example 

of a firm that did not manage to fulfill the Solvency II requirements to obtain enough capital 

to secure its customers in the future. The primary challenge is to assure yearly returns on 

the pension portfolios, even though it is not paid out for several years. To secure this, firms 

need to reduce the equity exposure, as the risk is too high for short-term equities 

(Hoemsnes, 2, 2016).  

 

Pension funds are also subject to quantitative investment regulations, as Norway is a 

member of OECD9 and subject to IOPS10. Investments in equities, in particular unlisted, are 

restrained and limited at 10%. Pension firms also face limitations in self-investment, foreign 

currency exposure, and ownership concentration limits. The requirements are to secure the 

asset allocation in pension funds, to prevent “old age poverty” in the nearest future (OECD, 

2017). 

 

Economic Factors 

The key policy rate is one of the most important economic factors. This rate is the interest 

rate that banks receive on their deposits in the central bank of Norway. It is used as a tool 

in monetary policy to counteract recessions and to keep inflation on a stable level. Low 

growth, increased unemployment, and low inflation are factors that will influence a reduced 

key policy rate. Since 2012, the key policy rate has reduced from 1,5% to today's level at 

0,5% which is the lowest in history. The low rate acts as a tool from the central bank to avoid 

too weak economic activity and too high unemployment. Low rates stimulate increased 

borrowing, increased investments as the purchasing power improve, and eventually the 

inflation increases. Thus, Nordea Markets believe that the key policy rate will increase 

ultimo 2018. 

 

After the rate reduction in 2012, the Norwegian economy has improved, with a stable 

unemployment rate of 4,1% (NTB, 2018). The low and stable unemployment rate is also 

good news for the Norwegian pension system. This means less public contributions to the 

unemployed and more contributions from the employers to the pension insurers. However, 

the pension insurers need to be prepared for periods with low interest rate level. One 

challenge is that the firms tend to invest much of the contributions profiles in the monetary 

                                                           
9 OECD is The Organization for Economic Co-operation and Development. 
10 IOPS is the input/output operations per second and is widely used as a performance 
measurement. 
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market and fixed income securities. Thus, more of the contribution profiles have changed 

investment strategies to be more aggressive towards equity exposure. For instance, both 

KLP and Duvi does not gradually adjust exposure in equities until investors reach 

respectively 52 and 60 years old. This makes them less sensitive to the interest rate level as 

low interest rates lower the return on the profiles. 

 

Additionally, the savings rate is an important economic factor. The savings rate expresses 

how much households save from financial and residential investments relative to income. 

High savings rate indicates that the consumers have a negative perspective of the future 

economy, aging population, or/and new pension reforms. The consumer price index (CPI) 

is a measure of the changes in the price level of goods and services purchased by 

households. The purchasing power increases if the increase in income level expected to be 

higher than the CPI. On the other hand, a lower CPI increases the real returns on 

investments. Historically, the average Norwegian nominal increase in income level has been 

3,79%, while the relative CPI has been 3,14% meaning that the pension insurance firms 

have enjoyed the increased buying pattern.  

 

Social Factors 

The size of the population is a significant indicator of how much pension insurance firms 

can expect to receive from contributions. The Norwegian government forecasts a yearly 

population growth of 0,73%. From panel (a) in Figure 4-4, it can be seen that women have 

longer life expectancy than men and that life expectancy has increased the last 50 years. In 

the occurrence of low population growth as illustrated in panel (b), pension firms will 

experience fewer customers. An increased population means more customers to the firms, 

which again increases the pension firms’ earnings. 
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Figure 4-4: Panel (a) illustrates an increased population growth relative to increased 

growth in life expectancy. Panel (b) shows how the Norwegian Bank forecasts the 

population growth out of three scenarios: one scenario where the population growth goal 

is reached, one scenario with high population growth and one situation with low population 

growth. Source: Own depiction of SSB, 1, 2018. 

 

(a) Population growth relative to life expectancy growth for men and women. 

 
 

(b) Forecasted growth in population from the year 2018 to 2100.  

 
 

However, longer expected lifetime means increased pension payouts from the government. 

An augmented share of elderly and increased life expectancy can be critical for the 

government and eventually lead to lower payouts. The 2011 reform is an example of action 

from the Norwegian government as it forecasted a boom of pensioners in the upcoming 

years. On the other side, fewer payouts from the government increase the incentive to save 

in the private pension market, which are positive outlooks for the pension insurance firms. 

Positive outlooks make it profitable for pension insurance companies to enter the market.  
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Technological Factors 

There is no doubt that all of today's industries are affected by a technological change. 

Advancement in technology reduces the need for local offices and staff. To grow and be 

visible, it is crucial for financial institutions to follow the technological change. Duvi wants 

to make pension savings easy and accessible for pension savers. However, Duvi is not a well-

known name in the pension insurance market. Technological advances are therefore 

essential for them to be noticed in the market. For instance, advanced technology and 

excellent customer service helps pension insurers to more excellent risk management, and 

are crucial for the pension firms to be able to retain their market position. As Norwegians 

know so little about pension, it is extra important for the firms to be visible and explain their 

products as easy as possible. This will eventually attract customers.  

 

 

4.4.2 Porter’s Five Forces 

 

Threat of Entry 

An entrant is a newly established firm or existing firm that potentially wants to enter the 

pension insurance market in the nearest future. Markets with high profitability are often 

attractive for newly established firms. The more firms establish, the higher the intensity of 

competition and the more the overall profitability in the market decreases. Barriers to entry 

are therefore crucial for firms to retain profit in their respective markets. A market is not 

attractive if the cost of entry is higher than the potential profit of entering. The threat of new 

entrants is present in the pension insurance market. Firms in other markets who wish to 

expand to the pension insurance market are threats. For instance, banks or technology firms 

store vast amounts of behavioral data that can be used to their advantage. These companies 

may have competitive advantages as many of them have expanded to new markets before. 

Economies of scale is less present in this market as only the incumbent firms benefit from 

their existing customer-base and cross-sale products. However, the firms are dependent on 

specialized competence and efficient systems to estimate the risk and the pricing of their 

products. Those who not possess these resources will have to invest a lot in human capital 

and IT systems. Firms who have a significant customer base are not as sensitive to individual 

events as the other firms are. Efficient IT systems and distribution networks are vital when 

reaching out to the customers since sales through local offices declines. 
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Pension is a homogenous product, so the possibilities for product differentiation are low. 

Homogenous products make it easy for other firms to supply the same products. All pension 

products are also publicly available on the Internet, so if a pension insurer introduces a new 

and better product portfolio, all the other competitors will be able to copy it. This also means 

that the switching costs are low. Storebrand and DNB are the market leaders, saying that 

the existing firms have decent margins. Duvi’s business strategy is to profit from these 

margins by being easier, cheaper and better than the current companies in this market are.  

 

If the market is efficient (or semi)11, new entrants will be able to obtain enough capital to 

enter. However, in 2016 the new Solvency II regulations made it more difficult for the 

pension insurance firms to fulfill the requirements. If the investment of entering the market 

does not give a positive net present value, the entrant should not enter. This means that the 

costs related to the investment exceed the projected earnings. Barney (1991) argues that 

the capital investment is irrelevant as long as the discounted return is higher than the cost 

of entering. However, newly established firms can experience that it still is difficult to obtain 

enough capital to fulfill the requirements because of the present economies of scale and 

entry barriers. The Norwegian pension insurance market has high barriers to entry for 

newly established firms because of the existing economies of scale and entry barriers. For 

existing financial institutions, the entry barriers are lower since they already have 

experience, customers, and have financial backup. 

 

Pressure from Substitute Products 

Products and services are substitutes when an increase in the price of the one product or 

service leads to increased demand for the other product or service. Homogenous products 

are sensitive to substitutes. Although pension saving is a homogenous product it does have 

very few substitutes. Almost all employees are entitled to a defined-contribution scheme. 

Yet, individuals have the option to save in other assets, like a house, cabin, and personal 

savings, which have an impact on the selection of the contribution profile. Nevertheless, 

since many people do not want to manage their capital themselves, the demand for pension 

saving insurers is high. The threat from substitutes is therefore low and is expected to stay 

low in the nearest future. 

 

 

                                                           
11 An efficient market is one where the market price reflects all available information in the market. 
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Bargaining Power of Buyers 

The level of bargaining power depends on the buyer’s ability to push prices down or require 

additional benefits from Duvi and the competitors. Pension saving is a homogenous product 

that is supplied by many firms. The battle of the customers is fierce, especially of the large 

business customers. Their bargaining power is high as they can set the firms up against each 

other and thereby lower the prices. Private customers are not as significant income source 

and therefore do not have as much power as the business customers. 

 

One of the main challenges for the firms is the customers’ low switching costs. Advanced 

technology and the Internet make it easy for customers to compare prices and products, and 

change supplier. Finanssans explains how individuals can move their pension policies in 

less than 5 minutes, meaning that it is effortless to change (Rammen, 2017). Low switching 

costs are also affected by lower customer loyalty. Since there is less need for local offices, 

fewer people will feel loyal to the firms in which they use for pension savings. Duvi is not a 

total supplier, which makes it challenging to compete with Storebrand and DNB that offer 

different products additionally. This allows them to cross-sell between banking and pension 

products. Moreover, it is easier for customers to deal with one firm than several. Customers 

to firms with a broader product range have lower bargaining power than customers to firms 

that do not have this. Duvi's customers, therefore, have high bargaining power. Because all 

the companies offer the same products, there is a fierce competition of the customers.  

 

Since pension is a homogenous product, the competition for customers is fierce. Large 

business customers are a significant income source that makes them compelling in 

negotiations compared to private customers. However, firms that supply more products 

than only pension saving have a more powerful position than firms that are not able to 

cross-sell. Therefore, the bargaining power of buyers is moderate to high.  

 

Bargaining Power of Suppliers 

Bargaining power of the suppliers is essential as it determines future costs. If the suppliers 

have high bargaining power, they will be able to push prices up. The natural supplier of 

pension insurance firms is human capital. Skilled consultants and analysts are crucial to 

reduce risk and increase sales. However, specialized human capital is also very attractive in 

the competing firms. If a firm loses essential personnel to a competitor, this firm will now 

have costs related to finding and training a new skilled person. This increases the bargaining 
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power of the human capital. It is common that pension insurance companies have a 

diversified ownership structure where the investors also operate as the suppliers. In Duvi, 

the majority shareholder Sector Asset Management also serves in the investment 

committee in the company. This implies that the supplier power is higher for the employees 

that have more experience as they possess valuable information. Since more people take 

higher education that increases the competition among skilled labor, the suppliers 

bargaining power is moderate.  

 

Intensity of Rivalry among Existing Competitors 

The intensity of rivalry is both affected by and affects the other forces. The Norwegian 

pension insurance market can be interpreted as an oligopoly12 with Storebrand and DNB as 

the largest firms. They had market shares of respectively 32% and 28% ultimo 2016. Even 

though the smaller firms have gained larger market shares, the larger firms are clear market 

leaders (Mørk, 2017). This can be explained by that the large firms are total suppliers, i.e., 

they deliver more than only pension services. Another explanation is that they all compete 

for the same customer base. This implies that new entrants as Duvi can easily compete for 

the same customers as the incumbent firms. Since the market is highly profitable, it 

indicates that the intensity of competition is not very high, but this might change in the 

future. Nonetheless, many firms are competing, so it has to be some level of rivalry. 

Governmental regulations, like Solvency II, can create new requirements for capital. This 

can eliminate some of the competition and increase the price level. After Solvency II was 

introduced, firms had to operate more conservative because of uncertainty about the size 

of the buffer in the future. Therefore, profitability reduces when new regulations are 

introduced to markets. The intensity of rivalry is at a moderate level. The profitability is 

high for many of the firms in the market, meaning that one can expect that more newly 

established firms enter, as Duvi has done. 

 

 

 

 

 

 

                                                           
12 Oligopoly is a market structure with a limited number of firms.  
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4.5 Sub-Conclusion: Why Do Duvi Enter the Norwegian 

Pension Market?  

 

The Norwegian market for occupational pension primarily consists of six large pension 

insurers and Duvi. The last years, pension insurers have gained high profits and made it 

costly for people to change jobs. In 2011, the pension reform lowered the age pension from 

folketrygden, which increased the demand for defined-contribution schemes. The analysis 

examines that there are few substitutes to occupational pension schemes, and people do not 

want to manage their capital themselves. Norwegians know little about pension, which is 

why it is important for firms to be visible and explain their products. The regulatory 

environment makes it possible for new entrants to enter, as incumbents might find it 

difficult to adjust to regulations. Further, reductions in unemployment and lower CPI make 

it favorable to yield from offensive investment decisions. The insurers compete for the same 

customers. However, the customers have high bargaining power and low switching costs. 

This is because one individual offer easily can be replicated by other firms. Duvi believes 

the industry is long overdue, and it is time to change the perception of pension. Their 

business model is to be easier, cheaper and better than the current firms in the market are.  
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Chapter 5 
 

The Pension Model 
 

 

The following section addresses the financial parameter values for the pension model and 

the methodology for the analysis. The model is based on realistic and carefully selected 

parameter values and compiled using macro enabled VBA-functions in Excel. Chapter 5 

starts by examining the data for the model and thereafter describe the different parameter 

values. The section finishes with explaining the simulation method.  

 

 

 

5.1 Data 

 

5.1.1 Asset Allocation  

 

The model is founded on the historical dataset from Dimson, Marsh and Staunton (2017), 

as Duvi and Sector Asset Management believe that this dataset represents the expected 

long-run investment returns. However, the dataset is not aligned with the prospects of the 

Norwegian market. Therefore, the section also includes MSCI World and ST5X in the 

sensitivity analysis, retrieved from Datastream and Bloomberg at Copenhagen Business 

School.  

 

Dimson, Marsh and Staunton (2017) 

Duvi’s investment strategy is based on an analysis, using the historical dataset from Dimson, 

Marsh and Staunton. The dataset contains the yearly long-run returns from 1900 to 2012. 

The World Real Equity TR USD (%Total Return) portfolio is used to represent the long-run 

return on a globally diversified portfolio, consisting annualized return of 23 countries, in 

which is weighted by its starting-year-equity-market capitalization. The historical equity 
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return is 6,5%, with a standard deviation 18%. The World Real Bond TR USD (%Total 

Return) portfolio represents the annualized return on bonds for the same 23 countries, with 

an average return of 2,38% and a standard deviation of 12%.  

 

MSCI World and ST5X 

The indexes MSCI World and ST5X are frequently used to describe the prospects of 

Norwegian securities. MSCI World captures the Norwegian market as the Norwegian equity 

market converges towards more diversified world indexes. A Norwegian governmental 

bond index like ST5X better represents the Norwegian market than the DMS world index, 

as it reflects changes in the Norwegian key policy rate. It is also argued that this index 

includes higher interest rate risk than other bond indexes at Oslo Stock Exchange, due to 

the longer duration, and investors are therefore compensated with higher returns. ST5X is 

an index bond with a fixed duration of five years with a return on bonds of 5,46% and a 

standard deviation of 4%. The dataset MSCI World is a global equity benchmark that 

represents large and mid-cap equity performance across 23 developed market countries, 

and covers approximately 85% of the free float-adjusted market capitalization in each 

country (MSCI, 2018). The historical equity return is estimated to 8,68%, and the standard 

deviation of the portfolio is 19%.  

 

Parameters for the Norwegian Economy 

In 2017, The Department of Finance, Mork, and the central Bank of Norway, estimated the 

parameters in Table 5-1. These parameters represent the expected investment returns on 

bonds and equities in Norway for the next 30 years. The real return on bonds are adjusted 

with the long-run inflation rate and are estimated between 0% and 1%. The risk premium, 

i.e., the expected rate return minus the risk-free rate, is expected to be between 2% and 4% 

in the years.  

 

Table 5-1: Parameters for the Norwegian economy. Source: Own depiction of 

Regjeringen.no, 4, 2017.  

(%) The Department of Finance Mork The central bank of Norway 

Real return on bonds  0,5 - 1 0 - 1 0,75 

Risk premium on stocks 3 2 - 4 3 
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Table 5-1 expresses that historical returns do not predict the future prices, as it does not 

reflect the market expectations. This thesis will, therefore, use the predicted expected 

returns on equities of 6,5% and expected bond return of 3%.  

 

 

5.1.2 Evaluation of Risk and Return 

 

The datasets are based on total returns and therefore include dividends. Total returns are 

used because the returns get more stable when the dividends are included. Table 5-2 

outlines the real return on bonds and equities, standard deviation, and correlations 

between the two asset allocations. Worth noticing is that the datasets from Dimson, Marsh 

and Staunton (2017) have a higher correlation than MSCI World and ST5X. The lower 

correlation implies diversification benefits, i.e., an asset allocation that has a higher return 

for a given standard deviation. Furthermore, the standard deviation of an investment is a 

measurement of risk, and the higher the standard deviation, the higher the risk. 

 

Table 5-2: Estimated returns, volatility, and correlation of the asset allocations.  

 Dimson, Marsh and Staunton (2017) MSCI and ST5X 

Real Return, bonds 0,98% 0,98% 

Real Return, equity 4,41% 4,41% 

Standard deviation, bonds 12% 4% 

Standard deviation, equity 18% 19% 

Correlation 0,47 -0,33 

 
 

 

 

5.2 Deriving the Model 

 

The contribution portfolio depends on several factors. First, portfolio performance depends 

on continuous equity and bond returns for the period. The portfolio performance also 

depends on the weight in equities and bonds, and the equity allocation depends on the 

contribution portfolio. It is created one contribution portfolio for 100% equities and one 
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portfolio including both equities and bonds. The value of the contribution portfolio at time 

𝑡, 𝐶𝑃𝑡, for an investor in Duvi is defined as: 

 

Contribution portfolio with 100% equities time 𝑡, 𝐶𝑃𝑒𝑡: 

 

𝐶𝑃𝑒𝑡 = 𝐶𝑃𝑒𝑡−1 ∗ (1 + (𝑒
𝑟𝑒 − 𝑓)) + 𝐶𝑡 (5.1) 

 

Contribution portfolio with equities and bonds at time 𝑡, 𝐶𝑃𝑒,𝑏𝑡 : 

 

𝐶𝑃𝑒,𝑏𝑡 = 𝐶𝑃𝑒,𝑏𝑡−1 ∗ (1 + ((𝑤𝑒 ∗ 𝑒
𝑟𝑒) + (𝑤𝑏 ∗ 𝑒𝑟𝑏)) − 𝑓) + 𝐶𝑡 (5.2) 

 

where 𝐶𝑡 denotes the contribution, and 𝑤𝑒 and 𝑤𝑏 denote the weights in respectively 

equities and bonds. 𝑓 is the management fees for the saving period of 42 years. The 

estimation of these fees is further explained in section 5.3.1. 𝑒𝑟𝑒  and 𝑒𝑟𝑏  are random 

simulated returns based on the expected returns, historical correlation, and standard 

deviation of the equities and bonds. The returns are defined as: 

 

𝑒𝑟𝑒 = 𝑒𝑙𝑛(1+(𝑋𝑒𝑡𝜎𝑒+𝜇𝑒)) (5.3) 

 

and 

 

𝑒𝑟𝑏 = 𝑒𝑙𝑛(1+(𝑋𝑏𝑡𝜎𝑏+𝜇𝑏)) (5.4) 

 

where 𝑋𝑡 is the generic stochastic random variable derived from a multivariate Gaussian 

distribution. It follows that the contribution at time t, 𝐶𝑡, is decided by: 

 

𝐶𝑡 = 𝑌𝑡 ∗ 𝑧 (5.5) 

 

where 𝑧 denotes the contribution rate, and 𝑌𝑡 is the income level on time 𝑡 which is defined 

as: 

 

𝑌𝑡 = {
𝑌𝑡−1 ∗ (1 + 𝜋𝑟𝑒𝑎𝑙)                           𝑓𝑜𝑟 𝑡 𝜖 [25,54]
𝑌𝑡−1                                                    𝑓𝑜𝑟 𝑡 𝜖 [55,66]

(5.6) 
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where 𝑌𝑡−1 is expressed as the yearly income in the previous period and multiplied by the 

real annual increase in income level, 𝜋𝑟𝑒𝑎𝑙. When 𝑡 ≥ 55 the yearly income is real and 

constant, i.e., there is no increase in the wage level. The model assumes that the person gets 

less demanding tasks and will not be promoted, and thereby the wage does no longer 

increase. 

 

Several assumptions hold for this model. The investor has only earned pension at one 

employer and that the investor starts working at time 𝑡 = 0. The contributions happen 

ultimo every year, i.e., the first contribution occurs at time 𝑡 = 0, and the last contribution 

occurs at time 𝑇. Furthermore, to achieve ideal equity allocation, the pension insurance 

firms rebalance the contribution portfolios every year. There are no transaction costs in the 

rebalancing of the portfolio. However, the impact of different management fees will be 

analyzed in a sensitivity analysis in section 7.2. Finally, the portfolio is considered hedged 

against currency fluctuations. Therefore, the model does not evaluate the risk of currencies 

on foreign equity investments.  

 

 

5.2.1 Estimation of Folketrygden 

 

The estimation of folketrygden is based on current rates. The model underlines that 

folketrygden increases in line with the real increase in the income level. Contributions from 

folketrygden is defined as: 

 

𝐹 =
�̅� ∗ 𝑝𝐹 ∗ 𝑇
𝐵𝑁

(5.7) 

 

where �̅� expresses the average yearly income at of 42 years, and 𝑝𝐹 denotes the percentage 

of revenue to folketrygden. The percentage 𝑝𝐹 is deterministic at 18,10%. The model also 

incorporates the number of years in employment 𝑇, and the base number, 𝐵𝑁. 𝐵𝑁 is 

determined by the year of birth and the number of years in employment, 𝑇. This is pre-

defined by the Norwegian government (NAV, 2, 2018). Folketrygden is further applied as a 

present value of the total folketrygd, 𝑃𝑉(𝐹), and is expressed as: 

 

𝑃𝑉(𝐹) =
𝐹 ∗ 20

(1 + 𝑟𝑓)
20 (5.8) 
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5.2.2 Evaluation Method of the Contribution Profiles 

 

The thesis compares different contribution profiles by matching their respective expected 

utilities, the accompanying certainty equivalents and their Value-at-Risk at a 95% 

confidence interval. The total pension estimated in expected utility and prospect theory is 

based on the weighted average of a good state and a bad state. The model assumes these 

states to be the 1st percentile and 99th percentile of the different contribution profiles. These 

states will mitigate the outliers in the distribution, and at the same time capture the 

uncertainty of the pension market. Expected utility is estimated as the present value at 𝑡 =

66 of the yearly payouts from folketrygden and the contribution pension. Both the total 

payout from the contribution pension and the total payout from the total pension are 

examined. The total payout of contribution pension (CP) at retirement is therefore defined 

as: 

 

𝑇𝑃𝐶𝑃 = 𝐶𝑃66 (5.9) 

 

and total payout 

 

𝑇𝑃 = 𝑇𝑃𝐶𝑃 + 𝑃𝑉(𝐹) (5.10) 

 

The model also examines the yearly annuity payouts of the contribution pension and 

folketrygden. The yearly payout from contribution pension is estimated by: 

 

𝑌𝑒𝑎𝑟𝑙𝑦 𝑝𝑎𝑦𝑜𝑢𝑡𝐶𝑃 = 𝑇𝑃𝐶𝑃 ∗
𝑟𝑓

1 − (1 + 𝑟𝑓)
−20 (5.11) 

 

and the yearly payout from folketrygden: 

 

𝑌𝑒𝑎𝑟𝑙𝑦 𝑝𝑎𝑦𝑜𝑢𝑡𝐹 = 𝑃𝑉(𝐹) ∗
𝑟𝑓

1 − (1 + 𝑟𝑓)
−20 (5.12) 
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The total yearly payout is, therefore: 

 

𝑌𝑒𝑎𝑟𝑙𝑦 𝑝𝑎𝑦𝑜𝑢𝑡 = 𝑇𝑃 ∗
𝑟𝑓

1 − (1 + 𝑟𝑓)
−20 (5.13) 

 

What matters for an investor is the expected utility of an investment decision. The model 

assumes that the investor estimates the expected utility by the probability of total payout, 

where folketrygden is constant and therefore not a probability-weighted parameter. 

Consequently, the expected utility of total payout, 𝑇𝑃, of the contribution portfolio is 

described as: 

 

𝐸[𝑢(𝑇𝑃)] =∑𝑝𝑖𝑢(𝑇𝑃𝐶𝑃) + 𝑃𝑉(𝐹)
𝑛

𝑖=1

(5.14) 

 

where 𝑇𝑃𝐶𝑃 denotes the yearly total payout from the contribution pension, and the utility 

of  𝑇𝑃𝐶𝑃 is multiplied by a probability, 𝑝𝑖 , for outcome 𝑖 of a total of 𝑛 outcomes.  

 

The certainty equivalent (CE) to the expected utility of total payout can be written as: 

 

𝐶𝐸 = (𝐸[𝑢(𝑇𝑃)](1 − 𝛾))
1
1−𝛾 (5.15) 

 

where 𝛾 denotes the level of risk aversion. Since theorists have criticized expected utility as 

a measure for several years, prospect theory is evaluated as a complement for expected 

utility theory. The model defines the value of an uncertain prospect of the total payout of 

the contribution portfolio as: 

 

𝑉(𝑇𝑃; 𝑝) =∑𝜋(𝑝𝑖)𝑣(𝑇𝑃𝐶𝑃) + 𝑃𝑉(𝐹)
𝑛

𝑖=1

(5.16) 
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With the respective certainty equivalents: 

 

𝐶𝐸 =

{
 
 

 
 𝑅𝑃 + [𝑉(𝑇𝑃; 𝑝)]

1
𝛼         𝑓𝑜𝑟 𝑇𝑃 ≥ 𝑅𝑃 

𝑅𝑃 − [
𝑉(𝑇𝑃; 𝑝)

𝜆
]

1
𝛼
     𝑓𝑜𝑟 𝑇𝑃 < 𝑅𝑃

(5.17) 

 

Evaluation of Risk 

Value-at-Risk (VaR) measures the total risk of a pension portfolio for a specific period of 

time at a pre-defined confidence level. This model uses a confidence interval of 95%. The 

risk measure is commonly used by financial institutions to forecast potential losses of their 

investments. VaR is defined as: 

 

𝑉𝑎𝑅 = 𝜇 + 𝜎𝑁−1(𝑋) (5.18) 

 

where 𝑁−1(𝑋) is the inverse cumulative standard normal distribution, 𝑋 is the 95% 

confidence interval, 𝜇 and 𝜎 denote the mean and standard deviation of the portfolio (Hull 

2015). For instance, an investor can understand VaR as a maximum loss of an investment at 

a confidence level of 95%. This means that the probability of losing more than VaR is 5%. 

This exceeding loss is called “expected shortfall”. Expected shortfall is the expected loss 

during time 𝑇 conditional on the loss being greater than VaR. The value expresses the 

average loss that exceeds VaR and is defined as: 

 

𝐸𝑆𝑋 = 𝜇 +
𝑓(𝑉𝑎𝑅𝑋 − 𝜇)𝜎

1 − 𝑋
𝜎 (5.19) 

 

where 

𝑓(𝑥) =
1
√2𝜋

𝑒−
𝑥2
2 (5.20) 

 

denotes the density function for the standard normal distribution (Hull, 2015). 
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5.2.3 Description of Life Cycle Contribution Profiles 

 

More and more investments include larger equity exposure than before. For instance, the 

Norwegian Bank Investment Management increased the equity portion from 0% to 60% 

from 1996-2007 (see Figure 5-1). The bank argues that the yearly performance is less 

critical of vast holdings with a long-run perspective. It is the pension holding at retirement 

that matters, and this increases as the equity portion increases. 

 

Figure 5-1: Historical value of Norges Bank Investment Management relative to equity 

allocation. Source: Own depiction of Finansdepartmenetet, 2016. 

 
 

Recent studies have suggested rules that allocate a lower fraction of the portfolio to equities 

for older investors. Life cycle strategies with gradual adjustment hold a moderate to high 

exposure to equities at the beginning of the saving period, but gradually regulate to include 

higher portions of bonds (Wiafe, Basu & Chen, 2015) (Cairns, Blake & Dowd, 2005). Bengen 

(1997) advises that if future market returns follow the trends of behavior in the past, then 

a retirement portfolio should hold 50% to 70% allocation in equities. Milevsky (2001) and 

Ameriks, Veres, and Warshawsky (2001) demonstrate through simulation, the need for 

holding a substantial equity allocation in a contribution portfolio. They explain that the 

presence of bonds is mainly to restrain portfolio volatility and provide liquidity to cover an 

investor’s living expenses. On the other side, Malikel (1999) suggests that the optimal asset 

allocation depends on investor’s age. The investment in equities equals 100 minus the 

investor’s age:  
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𝑤𝑒𝑡 =
100 − 𝑡
100

(5.21) 

 

Following Malkiel’s rule, the optimal weight in equities is adjusted according to age. The 

article from Cocco, Gomes, and Maenhout (2005), proposes an adjustment to Malkiel's rule. 

The most optimal asset allocation for an investor under 40 years of age is 100% in equities, 

for an investor between 40 to 60 is between 97% to 52,5%, and above 60 years old is 50% 

in equities: 

 

𝑤𝑒𝑡 = {
100%          for t < 40

(200 − 2,5𝑡)%      for t ∈ [40 − 60]
50%             for t > 60

(5.22) 

 

The two theories above ignore critical factors such as the level of risk aversion, risk 

premium and the volatility in the market. Markowitz (1952) suggests that the optimal 

weight in equities is independent of total assets and income level if the market follows a 

Geometric Brownian motion and the investor has CRRA-preferences. Therefore, the optimal 

weight in equities only depends on the expected risk-premium13, the level of risk aversion 

(𝛾), and the variance in the market (𝜎𝑝2). The optimal weight, 𝑤𝑒∗, is defined as: 

 

𝑤𝑒∗ =
𝐸(𝑟𝑝) − 𝑟𝑓
𝛾 ∗ 𝜎𝑝2

(5.23) 

 

Additionally, the thesis tests the life cycle contribution profiles for Duvi’s four major 

competitors: DNB, Storebrand, Gjensidige, and KLP. It would be excessive to include all 

market players, and therefore the model focuses solely on Duvi, these four firms, the three 

academic theories, and 100% equities and 100% bonds. A comparison of the different 

contribution profiles is illustrated in Figure 5-2, panel (a). Table 5-3 below shows the 

characteristics of the different profiles. The model assumes that the primary competitors 

will have a linear downscaling in the contribution profiles.  

 

                                                           
13 The risk-premium expresses the compensation in which an investor receives by taking additional 
risk, and is defined as: 𝑟𝑝 = 𝐸(𝑟𝑝) − 𝑟𝑓 . 
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Figure 5-2: Comparison of contribution profiles. Panel (a) shows the different contribution 

profiles from the literature, while panel (b) illustrates the recommended contributions 

profiles for Duvi and four significant competitors in the Norwegian pension insurance 

market. The time interval is set between 25 and 86 years old.  

 

(a) Comparison of the equity portion of the different life cycle contribution profiles from 

academic literature. 

 

 

(b) Comparison of the equity portion for Duvi and the four competitors’ contribution 

profiles. 
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Table 5-3: Characteristics of the different life cycle contribution profiles of the different 

firms.  

Profile Age when downscaling starts Average equity 
portion 1-42 

Average equity 
portion 1-62 

Duvi 60 73% 59% 
DNB 47 63% 46% 
Storebrand 37 58% 46% 
Gjensidige 30 64% 50% 
KLP 53 87% 67% 
Malkiel 25 55% 45% 
Cocco et al. 40 80% 71% 
Markowitz Constant 37% 37% 

 

It appears from Table 5-3 that KLP and Cocco et al. are the most aggressive contribution 

profiles. The equity portions are divided into saving year 1 – 42 and year 1 – 62. Cocco et al. 

and KLP have a much higher equity portion from year 1 – 62 than several of the profiles 

have for year 1 – 42. The model uses the equity portions from year 1 – 42, i.e., from saving 

starts to retirement, in the estimations of total payout and expected utility. 
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5.3 Calibration of the Model  

 

5.3.1 Determination of the Variables in the Model  

 

Table 5-4: Parameter values that are used in the model.  

 

Description Variable Value 

Starts employment (age)  25 

Retirement age  67 

Income at 𝑡 = 0, low income 𝑌𝑡=0𝑙𝑜𝑤 NOK 100.000 

Income at 𝑡 = 0, middle income 𝑌𝑡=0𝑚𝑖𝑑𝑑𝑙𝑒  NOK 500.000 

Income at 𝑡 = 0, high income 𝑌𝑡=0ℎ𝑖𝑔ℎ NOK 1.300.000 

Annual saving of AUM, low income 𝑧𝑙𝑜𝑤  5% 

Annual saving of AUM, middle income  𝑧𝑚𝑖𝑑𝑑𝑙𝑒  10% 

Annual saving of AUM, high income 𝑧ℎ𝑖𝑔ℎ  17% 

Annual fees1-42 𝑓42 0,997%  

       Duvi42  0,95% 

       DNB42  1,19% 

       Storebrand42  1,01% 

       KLP42  0,59% 

       Gjensidige42  0,81% 

Coefficient for risk aversion 𝛾 3,8 

Real rate of equity return  𝜇𝐸  4,41% 

Std. dev equity 𝜎𝐸  18% 

Real rate of bond return 𝜇𝐵 0,98% 

Std. dev bond 𝜎𝐵  12% 

Real increase in income, low income 𝜋𝑙𝑜𝑤  0,45% 

Real increase in income, middle income 𝜋𝑚𝑖𝑑𝑑𝑙𝑒  0,63% 

Real increase in income, high income 𝜋ℎ𝑖𝑔ℎ  0,93% 

Historical inflation 𝐼ℎ𝑖𝑠𝑡𝑜𝑟𝑖𝑐𝑎𝑙  3,14% 

Inflation 𝐼𝑒𝑥𝑝𝑒𝑐𝑡𝑒𝑑  2% 

Real risk-free rate 𝑟𝑓  0,5% 

Correlation between equity and bonds  𝜌𝐸𝐵  0,47 
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Income Groups – Contribution Rates and Real Increase in Income 

The model uses a base case where it considers the average Norwegian who starts full-time 

employment at the age of 25 and retires at the age of 67. It is a sensible assumption to begin 

in a full-time job with defined-contribution schemes at the age of 25. This person has a 

yearly income at 𝑡 = 0 amounted to NOK 500.000 and saves 10% in defined-contribution 

each year. An annual income of NOK 500.000 is reasonable, as this was the average of men 

and women in 2017 (SSB, 2, 2018). 

 

To test the robustness of the results, the model also comprehends two other income groups, 

low-income and high-income. The low-income group has a yearly income of NOK 100.000 

and saves 5% in defined-contribution each year. The high-income group has a yearly income 

of NOK 1.300.000, and the model assumes that higher income levels indicate a higher 

contribution rate. Therefore, the contribution rate of the high-income group is assumed to 

be 17% per annum.  

 

There are three different levels of increase in income. These represent the increase in 

income for low, middle and high-income groups. Statistics from 2000-2017 show that 

occupations like entertainment and culture are low-income occupations. Entertainment and 

culture have had an average nominal increase of 3,6%. For the middle-income group, the 

model uses the average of all occupations from the same research, which gives an average 

nominal increase of 3,79%. The oil and gas sector counts as high-income occupations, and 

the average nominal increase the last 17 years is 4,1%. With a historical inflation rate of 

3,14%, the real increases of income levels are respectively 0,45%, 0,63% and 0,93% (see 

Appendix E) (SSB, 3, 2018).  

 

Management Fees 

The total fees are defined as the fees for the first 42 saving years, and the model uses the 

five firms’ own fees for the different time-periods. The fees for estimating the contribution 

profiles for 100% equities, 100% bonds, and the theories, Malkiel, Cocco et al., and 

Markowitz, are an average of the fees of the seven largest firms’ fees, where 𝑓4̅2 = 0,997%. 

These estimates are based on data from the different pension insurance companies and can 

be found in Appendix B. 
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Risk-Free Rate 

Following the Department of Finance, Mork and the central bank of Norway, the yearly 

return on bonds should lie around 0% to 1%. The Norwegian 10-year government bond has 

since 2000 had a real average of 0,6%, discounted by the historical inflation. The estimation 

can be found in Appendix D. As the real bond return is expected to be low, the model 

therefore assumes that 0,5% is a realistic yearly real risk-free rate. 

 

Inflation 

Inflation is determined as the rate at which the general level of prices for goods and services 

is rising, and the historical coefficient of Norway is estimated to 3,14% (Jordà, Schularick & 

Taylor, 2017). The historical coefficient is based on the Norwegian consumer price index, 

dated back to 1872. It is chosen to use this dataset in the estimation of the historical inflation 

because it covers the same time-period as the dataset from Dimson, Marsh and Staunton. 

The estimation can be found in Appendix D. Nonetheless, the inflation should not be 

determined based on historical data, instead be an indicator of the general increase the next 

years. In 2018, the central bank of Norway evaluated the inflation goal to 2%, which will be 

used in the model. According to the central bank of Norway, the inflation rate will create a 

sustainable production and employment rate (Norges Bank, 2018).  

 

 

5.3.2 Determination of Coefficients in the Utility Functions 

 

Expected Utility  

The coefficient of risk aversion determines the certainty equivalent for a rational investor. 

Assuming an investment with two outcomes, NOK 50.000 and NOK 100.000 that has an 

expected utility of NOK 75.000. The certainty equivalent of the investment varies with 

CRRA, outlined in Table 5-5.  

 

Table 5-5: Certainty equivalents of different levels of risk aversion. 

 

𝜸  0 1 2 5 10 20 30 

𝑪𝑬  75.000 70.711 66.667 58.566 53.991 51.858 51.209 
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The table above illustrates that a rational investor, with a risk aversion of 10, will settle for 

NOK 53.991 even though the expected utility of the payoff is NOK. 75.000. Gandelman and 

Hernàndez-Murillo (2014) estimated the coefficient of relative risk aversion for 75 

countries. Their analysis suggests that the coefficient varies closely around 1, and 

determines the coefficient in Norway to 1,16. However, in 2006 Schroyen and Aarbu (2017) 

conducted a survey asking about what makes people feel safe and secure and what 

situations they fear most. This resulted in a sample of average risk aversion coefficients 

ranging from 3,8 (Norway) to 10,2 (Chile). The model assumes that people are risk averse 

towards pension savings and decide to use the coefficient of risk aversion of 3,8.  

 

Prospect Theory  

Following Tversky and Kahneman (1992), the estimations of the coefficients in prospect 

theory are problematic. If the coefficients associated with the theory are not constrained, 

the number of estimated parameters for each subject will be too large. Tversky and 

Kahneman (1992) estimated the value function for gains (𝛼) and losses (𝛽) to 0,88, by 

diminishing sensitivity. Further, they denote the loss aversion (𝜆) to 2,25, and the convexity 

(𝛾) and change in value (𝛿) to respectively 0,61 and 0,69. However, in 2011 Rieger, Wang 

and Hens (2011) estimated cumulative prospect theory parameters for the median in each 

country. In Norway, they estimated the values to 0,55 (𝛼), 1,00 (𝛽), 0,55 (𝛾) and 1,83 (𝜆).  

 

The analysis will use the coefficients from both Tversky and Kahneman, and Rieger, Wang 

and Hens to get a satisfying basis of comparison. Further, two reference points will be used 

in the estimations. The first reference point is the average total pension payout of an 

investment in 100% bonds. The second reference point is 66% of the expected final income 

at the date of retirement, as this is what employees in the public sector use as a standard 

when selecting contribution profile. All employees in municipal and public sector will 

receive, with certainty, 66% of final income from municipal pension funds if they do not 

change pension profile to private insurers. This means that if the yearly pension of 

contribution schemes are less than the expected final income, there will be no incentive to 

change contribution profile (Andreassen, 2014).  The expected gain and loss from an 

uncertain outcome is profoundly influenced by the point of reference in prospect theory. 

Therefore, the model includes two reference points to validate the results.  
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5.4 Simulation 

 

5.4.1 Monte Carlo Simulation 

 

This model considers several variables as stochastic to make the results more realistic. A 

range of random possible outcomes and the probabilities that they will occur, are modeled. 

The simulation works as a risk analysis tool, where it builds a probability distribution for 

any factor that has inherent uncertainty. The simulations are made as random variables 

with a multivariate normal distribution. There is simulated 1000 returns, as this number 

gives a satisfying basis for comparison (Bonate, 2001). Other simulations are also tested, for 

instance 15.000 returns, but this gave the same overall results as 1000 simulations did, 

except the percentiles and the standard deviations. Therefore, this model uses the 1000 

simulations as these make the Excel sheet easier to work with. Appendix F contains a 

detailed description of how the simulations are conducted, and Table 5-6 compares the 

descriptive statistics of 1000 and 15.000 simulations. All the stochastic random variables 

are adjusted to the respective means and standard deviations with a Geometric Brownian 

motion. To reduce the outliers in the simulations and make the dataset less skewed, the 

datasets and returns are log-transformed.  

 

Table 5-6: Convergence in the descriptive statistics from the middle-income group, with 

1000 and 15.000 simulations. Duvi and 100% equities are illustrated, as these profiles have 

some of the contribution profiles that are the most exposed to the fluctuations in the market.  

 

 Simulations: 1000 Simulations: 15.000 

 Total pension Standard deviation Total pension Standard deviation 

100% equities  5.172.743 4.250.754 5.012.163 3.896.089 

Duvi  4.024.669 2.404.798 3.930.946 2.246.592 
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5.4.2 Stochastic Differential Equations 

 

Financial models with continuous time are typically expressed through stochastic 

differential equations. These equations give meaning to a differential equation where one 

or more of the terms are subject to random noise. This means that one term of the model is 

a stochastic process that is exposed to uncertainty. The solution is a stochastic process, in 

which leads to that the stochastic differential equation becomes a stochastic process.  

 

Standard Wiener Process 

A Wiener process, often called Brownian motion, is a continuous stochastic process. The 

process is a model for random noise and is used at the uncertain term in the simulation of 

the return. The Wiener process, 𝑋𝑡, is characterized by the following properties 

(Brandimarte, 2014): 

1. 𝑋0 = 0 

2. 𝑋𝑡 ~ 𝑁(0, 𝑡). For any given time interval [𝑠, 𝑡], the increment 𝑋𝑡 − 𝑋𝑠 is distributed 

with 𝑁~(0, 𝑡 − 𝑠) as a normal random variable with expected value as 0 and 

standard deviation equal to √𝑡 − 𝑠. These increments are stationary, in which only 

the width of the time increment is relevant and not where the increments are 

located. 

3. The increments are independent. For time 𝑡1 < 𝑡2 < 𝑡3 < 𝑡4, 𝑋𝑡2 − 𝑋𝑡1and 𝑋𝑡4 −

𝑋𝑡3will be independent random variables. 

 

Multivariate Gaussian distribution 

The multivariate normal distribution, also called the multivariate Gaussian distribution, is 

used in the simulation of the stock and bond market. A multivariate Gaussian distribution is 

an extension of the traditional Wiener process, and enables the model to generate stochastic 

random variables that have the same correlation as the historical dataset (Johnson, 2017). 

The multivariate Gaussian distribution is expressed as:  

 

𝑋𝑡 = [
𝜇1
𝜇2
𝜇𝑝
]~𝑁(𝜇, Σ) = 𝑁([

𝜇1
𝜇2
𝜇𝑝
] , [ 

𝜎12 𝜎12 𝜎1𝑝
𝜎12 𝜎22 𝜎2𝑝
𝜎1𝑝 𝜎2𝑝 𝜎𝑝2

]) (5.24) 
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Where the covariance matrix Σ is equal to the correlation matrix due to the stochastic 

normally distributed variables. A simplified model is expressed as:  

 

𝑁(𝜇, Σ) = 𝑁([
0
0
0
] , [ 

1 𝑝12 𝑝1𝑝
𝑝12 1 𝑝2𝑝
𝑝1𝑝 𝑝2𝑝 1

]) (5.25) 

 

Geometric Brownian motion 

Geometric Brownian motion is a continuous stochastic process in which the log of the 

random variable follows a Brownian motion with drift. This is the most basic model for 

modeling random development of stock prices. A stochastic process, 𝑆𝑡, follows a Geometric 

Brownian motion if it fulfills the following stochastic differential equation: 

 

𝑑𝑆𝑡 = 𝜇𝑆𝑡𝑑𝑡 + 𝜎𝑆𝑡𝑑𝑋𝑡 (5.26) 

 

where 𝜇 and 𝜎 are constant parameters and respectively express drift and volatility. 𝑋𝑡 is 

the random variable generated in the multivariate Gaussian distribution. Itô’s Lemma14 is 

applied to rewrite Equation (5.26) to: 

 

𝑑 𝑙𝑜𝑔𝑆𝑡 = (𝜇 −
𝜎2

2 )
𝑑𝑡 + 𝜎𝑑𝑋𝑡 (5.27) 

 

is generalized Wiener-process can now be integrated: 

 

𝑙𝑜𝑔𝑆𝑡 = 𝑙𝑜𝑔𝑆0 + (𝜇 −
𝜎2

2
) 𝑡 + 𝜎𝑋𝑡 (5.28)  

 

𝑋𝑡 is normally distributed and can be written as 𝑋𝑡 = 𝑍√𝑡 where 𝑍 ~ 𝑁(0,1), the log of the 

price will follow a normal distribution: 

 

𝑙𝑜𝑔𝑆𝑡 ~ 𝑁 [𝑙𝑜𝑔𝑆0 + (𝜇 −
𝜎2

2
) 𝑡, 𝜎2𝑡] (5.29)  

 

 

                                                           
14 Itô’s Lemma is used to estimate the derivate of a time-dependent function of a stochastic process 
(QuantStart, 2012). 
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can therefore solve for 𝑆𝑡 that: 

𝑆𝑡 = 𝑆0𝑒
{(𝜇−𝜎

2

2 )𝑡+𝜎𝑋𝑡} (5.30) 

 

or 

 

𝑆𝑡 = 𝑆0𝑒
{(𝜇−𝜎

2

2 )𝑡+𝜎√𝑡𝑍} (5.31) 

 

which gives log normally distributed prices and counts for all positive values of 𝑆0. The 

expected price at time t is described as 𝐸[𝑆𝑡] = 𝑆0𝑒𝜇𝑡 (Brandimarte, 2014).  
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Chapter 6 

 

Results 
 

 

This chapter reveals the contribution profiles that are most optimal for investors from 

different income groups, with different levels of risk aversion. The analysis considers 

several different measures that examine the attractiveness of the profiles. Chapter 6 begins 

by revealing the statistics of the results for the different contribution profiles. Thereafter, 

the balance between risk aversion and return is examined, where the expected utility of the 

profiles are analyzed in section 6.2. Section 6.3 studies how investors consider gains and 

losses in investments, and section 6.4 examines that there are not only gains related to 

equities. 

 

 

 

6.1 Descriptive Statistics of the Contribution Profiles 

 

The purpose of the life cycle contribution profiles is not to maximize the expected total 

assets, but instead estimating an optimal balance between risk and return for the individual 

pensioner. Contribution profiles with the highest equity portion give the highest total 

pension at the age of 67. Table 6-1 shows contribution pension from the different profiles. 

The results show that 100% equities and KLP are those profiles that give the highest 

average total payout for investors when retiring at 67 years old. It follows that these profiles 

also contain the most uncertainty about the pension value, as these have the highest 

standard deviations. However, the standard deviation is not necessarily a good measure of 

the total risk of the investment, as investors often care about the worst loss possible, instead 
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of the deviations around the value. The results also illustrates that the profiles with the 

lowest payout also have the lowest standard deviation, which means there will be less 

uncertainty about the size of the payout from these profiles. Taking a closer look at the 

percentiles, it appears that investing in 100% equities has a higher total payout than the 

value of 100% bonds already in the 1st percentile for all income groups. A percentile 

expresses the value that a certain percentage falls below. The 1st percentile therefore 

explains the value that falls below the number 1 out of 100 times. From the 25th percentile, 

the value for the 100% equities profile is at the same level as the most aggressive profiles.  

 

Table 6-2 shows the total pension at the age of 67. This is the pension from defined-

contribution pension and folketrygden. The results show lower volatility in the payouts 

between the profiles than in Table 6-1. For only contribution pension, the profile with the 

lowest payout value amounts to 49% of the profile with the highest payout value. When 

folketrygden is included, the lowest payout value amounts to 74% of the highest. 

Furthermore, the average total pension of the 100% equities profile is much higher when 

folketrygden is included. The medians for all the contribution profiles for all income groups 

are below the average total pension holdings. This indicates positive skewness in the 

distribution, i.e., that the upside potential is higher than the downside potential and that 

standard deviation may express the risk in the upside.  
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Table 6-1: Descriptive statistics of the contribution profile performance (NOK 1000). 

 

Profile Average 
Total 

Pension 

Standard 
Deviation 

P(1) P(25) Median P(75) P(99) 

Scenario 1        
Duvi 316 182 95 197 269 370 999 
DNB 252 124 89 167 223 300 727 
Storebrand 247 114 93 170 223 293 655 
Gjensidige 312 155 109 208 276 372 888 
KLP 402 269 112 234 328 478 1465 
Malkiel 275 126 102 188 247 325 742 
Cocco et al. 327 189 104 204 281 390 1078 
Markowitz 254 108 98 179 232 300 619 
100% equities 414 332 94 216 314 506 1542 
100% bonds 207 87 83 146 189 248 514 
Scenario 2        
Duvi 4025 2405 1137 2436 3405 4740 13.284 
DNB 3357 1749 1132 2185 2971 4011 10.039 
Storebrand 3370 1648 1185 2266 2987 4024 9392 
Gjensidige 3612 1836 1241 2389 3188 4305 10.389 
KLP 4769 3258 1293 2733 3881 5670 17.679 
Malkiel 3386 1610 1219 2289 3020 4030 9377 
Cocco et al. 4072 2439 1243 2492 3464 4873 13.838 
Markowitz 3113 1360 1160 2158 2830 3668 7760 
100% equities 5173 4251 1108 2635 3873 6370 19.772 
100% bonds 2511 1091 991 1764 2287 3012 6395 
Scenario 3        
Duvi 19.561 11.632 5551 11.870 16.579 23.050 64.331 
DNB 16.512 8582 5574 10.760 14.620 19.737 49.336 
Storebrand 16.649 8132 5854 11.201 14.762 19.877 46.350 
Gjensidige 17.200 8659 5959 11.424 15.194 20.510 49.183 
KLP 22.767 15.423 6226 13.127 18.592 27.096 83.636 
Malkiel 16.377 7742 5916 11.099 14.621 19.459 45.149 
Cocco et al. 19.669 11.706 6029 12.068 16.769 23.508 66.430 
Markowitz 15.069 6550 5634 10.465 13.701 17.768 37.418 
100% equities 24.965 20.392 5390 12.767 18.711 30.751 94.872 
100% bonds 12.168 5264 4815 8567 11.094 14.603 30.904 
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Table 6-2: Descriptive statistics of the total pension, contribution profiles and folketrygden 

(NOK 1000). 

 

Profile Average 
Total 

Pension 

Standard 
Deviation 

P(1) P(25) Median P(75) P(99) 

Scenario 1        
Duvi 1281 182 1060 1162 1234 1335 1963 
DNB 1217 124 1054 1132 1188 1264 1692 
Storebrand 1212 114 1057 1135 1188 1258 1620 
Gjensidige 1277 155 1074 1173 1241 1337 1853 
KLP 1367 269 1077 1199 1293 1443 2429 
Malkiel 1240 126 1067 1153 1212 1290 1707 
Cocco et al. 1292 189 1069 1169 1246 1355 2043 
Markowitz 1219 108 1062 1143 1197 1265 1584 
100% equities 1379 332 1059 1181 1279 1471 2507 
100% bonds 1172 87 1048 1111 1154 1213 1479 
Scenario 2        
Duvi 9022 2405 6134 7433 8402 9737 18.280 
DNB 8354 1749 6129 7182 7968 9008 15.036 
Storebrand 8367 1648 6182 7263 7984 9020 14.389 
Gjensidige 8608 1836 6238 7386 8185 9302 15.386 
KLP 9766 3258 6290 7730 8878 10.667 22.676 
Malkiel 8383 1610 6216 7286 8017 9027 14.374 
Cocco et al. 9069 2439 6240 7489 8460 9870 18.835 
Markowitz 8110 1360 6157 7155 7827 8665 12.757 
100% equities 10.170 4251 6105 7632 8870 11.366 24.769 
100% bonds 7508 1091 5987 6761 7284 8008 11.392 
Scenario 3        
Duvi 33.326 11.632 19.316 25.635 30.343 36.815 78.095 
DNB 30.277 8582 19.339 24.525 28.385 33.502 63.101 
Storebrand 30.414 8132 19.619 24.966 28.527 33.641 60.115 
Gjensidige 30.965 8659 19.724 25.189 28.959 34.275 62.948 
KLP 36.532 15.423 19.991 26.892 32.357 40.861 97.401 
Malkiel 30.142 7742 19.681 24.864 28.386 33.224 58.914 
Cocco et al. 33.434 11.706 19.794 25.883 30.534 37.273 80.195 
Markowitz 28.834 6550 19.399 24.230 27.466 31.533 51.182 
100% equities 38.730 20.392 19.155 26.532 32.476 44.516 108.637 
100% bonds 25.932 5264 18.850 22.332 24.859 28.368 44.669 
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Figure 6-1: Total pension distribution compared to investing 100% in bonds and 66% of 

expected final income. Panel (a) shows total pension for the low-income group, panel (b) 

shows total pension for the middle-income group, and panel (c) shows for the high-income 

group. 

 

(a) Low-income group           (b) Middle-income group 

 

(c) High-income group 

 

Figure 6-1 shows yearly total pension for all of the contribution profiles for all income 

groups. Both the contribution pension and folketrygden are estimated as annuities. It 

appears that contribution pension constitutes a big part of the total pension for high-income 

groups, and that age pension from folketrygden makes up a big part of the total pension for 

lower income groups. High-income groups are restricted to folketrygden above 7,1G and 

will therefore experience relatively lower pension from folketrygden than contribution 

pension. The results show that all profiles for all the income groups beat an investment in 
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100% bonds. It also follows that none of the contribution profiles will provide a yearly 

payout that is equal or higher than 66% of the expected final income for the low-income 

group. This can be explained by that this group has a lower contribution rate than the other 

income groups (5% against 10% and 17%). Investors from the middle and high-income 

groups will receive yearly payouts that are above the requirement of 66% of expected final 

income. Investors from the low-income group do not satisfy the requirement, and it is 

necessary to save through private pension schemes additionally to receive a yearly payout 

that is higher or equal to 66% of expected final income. 

 

Table 6-3: Probabilities (P) that the contribution profile of Duvi performs better than the 

other contribution profiles, relative to values of average total payout. 

 DNB Storebrand Gjensidige KLP Malkiel Cocco 
et al. 

Markowitz 100% 
equities 

100% 
bonds 

P 85% 82% 70% 9% 79% 46% 82% 25% 86% 
 

 

Table 6-3 expresses that an investment in Duvi will beat an investment in all other 

contribution profiles most of the time, except KLP, 100% equities and Cocco et al. DNB has 

a high average equity portion, so it is remarkable that investing in Duvi gives higher total 

asset value than investing in DNB 85 times out of 100. This witness the effect of the high 

management fees at DNB reduce much of the total pension holding. Additionally, investment 

in Duvi beats 100% equities 25% of the time and KLP only 9% of the time. This may also 

reflect some of the risk of 100% equities as Duvi will perform better when the equity return 

is low. However, KLP includes bonds and a high equity portion, which outperforms Duvi 81 

out of 100 times. 

 

Additionally, the profiles are ranked after the level of total pension payout at the investor's 

age of 67. Figure 6-2 shows a weighted score for the contribution profiles. Every profile 

receives a score after the ranking of the different contribution profiles. 10 points are the top 

score and highest total pension payout, and 1 is the worst score and the lowest total pension 

payout. It appears that KLP has the highest score of 8,6. This is a clear indication that KLP’s 

profile performs the best, given the forecasted parameter values. DNB and Storebrand 

scores low in this ranking, which means that these profiles do not give as high returns as 
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the other profiles do. They are both total suppliers that cross-sell to their customers as 

examined in chapter 4, so the firms can charge prices because they always will have 

customers. Appendix G examines these estimations. 

 

Figure 6-2: Weighted score, ranked after the size of the total pension payout at the 

investor's age of 67. The points are reflected on a scale from 1 to 10. 10 is the highest total 

pension payout while 1 is the lowest.  

 

 

 

 

6.2 Portfolio Selection with CRRA Utility for Different 

Income Groups 

 

When selecting a contribution profile, it is valuable to know how much the expected 

consumption at retirement might change if choosing a suboptimal profile. Expected utility 

theory distinguish between expected utility and certainty equivalents as a way of ranking 

alternatives. Expected utility ranks investments by the outcome and the possibility of the 

outcome, while certainty equivalent also considers risk aversion in this ranking. This gives 

an indication of how much of the expected consumption at retirement might decrease by 

choosing a suboptimal contribution profile. If an investor is neutral towards risk, ranking 

alternatives with certainty equivalents is the same as ranking them by their expected 

utilities. If an investor is risk averse, i.e., where CRRA > 0, the certainty equivalents of the 

contribution profiles will be below the expected utility. Table 6-4 shows the expected utility 
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of the different contribution profiles. The expected utilities of the different investor types 

show the same results as the descriptive statistics in Table 6-1.  

 

Table 6-4: Expected utility and certainty equivalents of the total pension for the different 

contribution profiles (NOK 1000). Panel (a) shows the expected utilities, and panel (b) 

illustrates the certainty equivalents. 

 (a) Expected utility 
Profile Low-income Middle-income High-income 
100% equities 1783 15.437 63.896 
KLP 1753 14.483 58.696 
Cocco et al. 1556 12.538 49.994 
Duvi 1512 12.207 48.706 
Gjensidige 1463 10.812 41.336 
Malkiel 1387 10.295 39.298 
DNB 1373 10.583 41.220 
Storebrand 1339 10.286 39.867 
Markowitz 1323 9457 35.291 
100% bonds 1264 8690 31.625 
 (b) Certainty Equivalents 
Profile Low-income Middle-income High-income 
KLP 498 4515 18.033 
100% equities 492 4436 17.314 
Cocco et al. 420 4102 16.811 
Duvi 394 3923 16.062 
Gjensidige 381 3677 15.341 
Malkiel 338 3504 14.882 
DNB 324 3514 14.905 
Storebrand 306 3472 14.937 
Markowitz 300 3171 13.663 
100% bonds 257 2746 11.903 

 

Panel (a) expresses that investing 100% in equities gives the highest expected utility of all 

the contribution profiles. Duvi has the fourth most optimal contribution profile, as it is more 

conservative than 100% equities, KLP, and Cocco et al. However, we do not believe that 

people are risk neutral towards risk when it comes to pension saving. Therefore, certainty 

equivalents are a more accurate measurement to rank contribution profiles. The findings 

illustrate that the most optimal contribution profile as of expected utility differs slightly 

from the certainty equivalents.  
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As can be seen from panel (b), a contribution profile in KLP has a higher certainty equivalent 

than investing in 100% equities for all income groups. The results indicate that the gradual 

adjustment in equities makes this contribution profile more preferable for investors with a 

constant relative risk aversion (CRRA) of 3,8, because these investors are risk averse 

compared to expected utility ranking. Higher income investors have higher level of income 

and thereby higher contribution rates than the low and middle-income investors. This 

contributes to explain why high-income investors are less risk-willing, as their certainty 

equivalents are lower than for low and middle-income investors. Statistics show that higher 

part of the population takes higher education. Higher education level among the population 

means a higher portion of high-income investors. The results indicate that risk averse high-

income investors prefer the more conservative profiles, so a higher portion of high income 

investors eventually leads to more investors who select conservative profiles (SSB, 2017). 

 

Figure 6-3: Certainty equivalents (CE) of the different contribution profiles relative to a 

profile investing in 100% bonds, for all levels of income. The figure shows estimations for 

an investor with a risk aversion of 3,8. 

 

 

It can be seen from Figure 6-3 that it is optimal for all income groups to select a contribution 

profile in KLP as this indicates the highest certainty equivalent. The reason for this is 

because these profiles have on average a higher equity exposure which makes them more 

attractive for a person with a CRRA of 3,8. An essential but often forgotten notation is that 

the management fees of contribution profiles have a significant impact on the ranking of 

certainty equivalents. The contribution profiles of DNB and Gjensidige have almost the same 

investment strategy, investing respectively 63% and 64% on average in equities. 

Nevertheless, the contribution profile in DNB has a lower certainty equivalent than 
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Gjensidige for all investor types. Therefore, we find it reasonable to assume that higher fees 

minimize the investment return on contribution profiles.  

 

The impact of the financial regulations may be visible here. Financial regulations require 

the pension firms to store large capital buffers in case of a market crash. This can be an 

explanation of high management fees. Additionally, firms cannot operate as risky as they 

might wish to because of these regulations. The investments are therefore less equity 

exposed, which then again can be a justification of the conservative contribution profiles. 

However, there are circumstances that may push the management fees to a lower level. It 

has been seen that this market is not perfectly competitive since profitability exists. Hence, 

no market forces push down the management fees to an equal level. Firms can then charge 

different fees to investors and profit regardless lower returns. If more firms enter, as Duvi 

has done, the profitability will decrease and so will the management fees. As argued in 

chapter 4, it is essential to the firms in today’s market to acquire technological advances. 

Such advances can, for instance, contribution to better risk management, which eventually 

can lower the management fees.  

 

 

6.2.1 Certainty Equivalents of Different Degrees of Risk Aversion 

 

Different degrees of risk aversion will change what the investors consider as preferable 

profiles. The findings in Figure 6-4 illustrates that investors are willing to risk a smaller 

portion of their pension as CRRA increases. Hence, contribution profiles with gradual 

adjustments will be more attractive than investing 100% in equities with a higher level of 

CRRA. High-income investors are the most sensitive to changes in CRRA.  
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Figure 6-4: Certainty equivalents (CE) relative to a contribution profile invested 100% in 

bonds for the different degrees of risk aversion. Panel (a) shows the certainty equivalents 

for the low-income group, panel (b) shows the certainty equivalents for the middle-income 

group, and panel (c) shows the certainty equivalents for the high-income group.  

 

(a) Certainty equivalents relative to investing 100% in bonds for the low-income group. 

 

 

(b) Certainty equivalents relative to investing 100% in bonds for the middle-income group. 
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(c) Certainty equivalents relative to investing 100% in bonds for the high-income group.  

 

 

It appears from Figure 6-4 that the low-income group prefers to invest in 100% equities 

rather than in gradually adjusted contribution profiles when the risk aversion is 2,9 or less, 

while investors from the middle and high-income groups prefer 100% equities when the 

risk aversions are respectively 3,2 and 2,8. In the event of a CRRA of 6, KLP will have the 

preferable contribution profile, while Duvi has the 4th, 5th or 6th optimal profile for all income 

groups. One explanation is that the management fees of the KLP profile are lower than Duvi 

and the other profiles.  

 

The figure also illustrates that higher CRRA does not necessarily imply that the conservative 

contribution profiles exceed the offensive ones. DNB’s high fees consume the investment 

returns of the contribution profile, as the certainty equivalents only exceed Duvi at a CRRA 

above 15 for the high-income group. It will never be more preferable for the low and middle-

income group to invest in DNB for any levels of CRRA. Another interesting finding is that no 

one will be better off selecting 100% equities or 100% bonds when the risk aversion 

exceeds 3,2. This is due to the diversification in the gradually adjusted profiles. Diversified 

contribution profiles mitigate uncertainties in the market, so these profiles become more 

optimal when the CRRA increases. The diversification effects can be seen in Figure 6-4.  
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6.3 Portfolio Decision with Cumulative Prospect Theory 

 

Prospect theory differs from expected utility theory. In prospect theory, an investor makes 

decisions based on perceived gains and not perceived losses. The theory states that an 

investor is more risk-seeking in the loss area of the utility function. It appears that 

contribution profiles with 100% equities and aggressive contribution profiles are the most 

attractive for an investor with loss aversion. The more conservative life cycle profiles have 

higher chances of loss. However, it follows that the losses are more limited compared to the 

more aggressive profiles. The 100% equities profile has less probability of loss, but this loss 

is also more significant, and the drawdown is higher. Table 6-1 has already illustrated that 

the downside risk for the total pension lies around the same value for 100% equities and 

the other life cycle profiles, making the right tail of the distribution much longer. This counts 

if the reference point is set as the total pension value of an investment in 100% bonds or 

66% of the expected final income. Figure 6-5 indicates that a higher loss aversion does not 

affect the ranking of the profiles. All investors with loss aversion, from all income groups, 

will find investment in 100% equities the most attractive. The probability of loss is much 

lower when investing 100% in equities, so it is the profiles with gradual adjustment that are 

the most affected by a higher loss aversion. 
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Figure 6-5: Cumulative distribution of the expected total pension from the middle-income 

group. The dashed straight-line shows expected total pension in a 100% bonds investment 

of the contribution pension. The full straight line indicates 66% of expected final income. 

 

 

Figure 6-6 shows the certainty equivalents for investors with CPT preferences. Panel (a) 

and (b) show estimations with parameters from Tversky and Kahneman (1992), and panel 

(c) and (d) show the results with parameters from Rieger, Wang and Hens (2011). The 

figures look very much the same, but the y-axis’s in panel (a) and (b) are higher because of 

the lower risk aversion as alpha is lower. Tversky and Kahneman assume that the 

psychological costs of losses, 𝜆, are on average 2,25 times higher than the utility of the same 

amount of gains. Rieger, Wang and Hens find that the psychological costs are only 0,83 times 

higher. When the asset value of a 100% bonds investment is used as reference point, the 

results show that the certainty equivalents relative to an investment in 100% bonds are 

higher for 100% equities than with the gradually adjusted strategies. I.e., the investor gains 

more from investing in 100% equities. The probability of loss is much higher for the 

gradually adjusted profiles, showing that the investor will always be better off sticking to 

the riskiest investment. It appears that the probability of loss for the profiles is even higher 
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with 66% of the expected final income as a reference point. Nonetheless, the likelihood of 

loss in 100% equities is still lower than the profiles with gradual adjustment. With a higher 

probability of loss, it follows that the certainty equivalents are lower and the utility of 

investing lowers.  

 

The certainty equivalents drop in panel (c) and (d) because both alpha and lambda are 

lower than in panel (a) and (b). Investing in 100% equities is the best alternative since the 

probability of loss is the lowest, and profiles with gradual adjustment are less attractive 

since the likelihood of loss is higher. An investor would choose to invest in the adjusted 

profiles only with extreme values of the parameters. The reference point has to be unusually 

low, lambda, 𝜆, has to be higher than 4 and alpha, 𝛼, less than 0,5. In this event, the 

probability of loss would be higher for investments in 100% equities than for the gradually 

adjusted profiles. These estimations can be seen in Appendix I. However, such an occasion 

is considered as very unrealistic.  

 

Figure 6-6: Certainty equivalents (CE) relative to an investment in 100% bonds. The figures 

show estimations for all three income groups. Panel (a) and (b) show estimates with 

parameters from Tversky and Kahneman (1992), and panel (c) and (d) with parameters 

from Rieger, Wang and Hens (2011). 

 

(a) Reference point = investing 100% in bonds, 𝛼 and 𝛽 = 0,88, 𝜆 = 2,25, 𝛾 = 0,61 and 𝛿 = 

0,69. 

 

 

 



  RESULTS 

page 92 
 

(b) Reference point = 66% of expected final income, 𝛼 and 𝛽 = 0,88, 𝜆 = 2,25, 𝛾 = 0,61 and 𝛿 

= 0,69. 

 

 

(c) Reference point = investing 100% in bonds, 𝛼 = 0,55, 𝛽 = 1, 𝜆 = 0,83, 𝛾 and 𝛿 = 0,55. 

 

 

(d) Reference point = 66% of expected final income, 𝛼 = 0,55, 𝛽 = 1, 𝜆 = 0,83, 𝛾 and 𝛿 = 0,55. 

 

 

All contribution profiles have certainty equivalents above 1; hence investors are better off 

investing in these rather than 100% in bonds. Duvi is still the fourth most optimal profile. 

By investing 100% in bonds rather than 100% in equities, an investor will lose as much as 

62% of the utility when using the parameters from Tversky and Kahneman (30% with 

parameters from Rieger, Wang and Hens). 
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The above estimations are based on the total pension, i.e., folketrygden is included as a safe 

amount. The results appear the same when only contribution pension is tested, see 

Appendix L. However, the certainty equivalents relative to an investment in 100% bonds 

are higher. Prospect theory states that investors are more risk-seeking regard losses. Hence, 

since contribution pension is the only pension investors have now, the utility of risky 

investments is higher. Investors from the low-income group have an extremely high 

certainty equivalent in 100% equities. This is because low-income investors have little to 

lose, so they are willing to take more risk.  

 

 

 

6.4 Risk 

 

It is important to realize that there are not only potential upsides for the contribution 

profiles. The higher the equity exposure, the higher the uncertainty of the total pension 

holding. Changes in interest rates affect return on equities more than the return on bonds, 

as it is easier for investors to substitute to other bonds with shorter duration. Table 6-5 

shows the 95% Value-at-Risk (VaR) of the different profiles. VaR can be understood as the 

95% probability that an investor will not lose more than the given VaR value. 

 

Table 6-5: Value-at-Risk (VaR) at a 95% confidence interval for the different contribution 

profiles. The table shows VaR for the ages of 34, 44, 54 and 64 years old.  

Age Duvi DNB Storebrand Gjensidige KLP 100% 

bonds 

100% 

equities 

Malkiel Cocco 

et al. 

Markowitz 

34 27,4% 27,4% 27,4% 29,4% 31,8% 19% 31,8% 24,7% 31,8% 20,5% 

44 27,4% 27,4% 24,3% 25% 31,8% 19% 31,8% 23% 29,5% 20,5% 

54 27,4% 22,4% 21,3% 21,5% 29,4% 19% 31,8% 21,5% 24,5% 20,5% 

64 19,8% 19% 19,4% 19,4% 20,3% 19% 31,8% 20,4% 22,1% 20,5% 

 

The table above illustrates that VaR for an investor is higher in the early years than in the 

later years. The higher VaR comes from the higher equity exposure in the contribution 

profiles. When the investor gets older, the equity exposure gradually reduces in many of the 
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profiles. The 100% equities profile has on average the highest loss at all of the age stages. 

This shows that the high return also comes with a price. If VaR occurs at the age of 64, the 

investor ends up losing no more than 31,8% of the total pension holding, with 95% 

probability. This is much more critical than losing 31,8% at the age of 34 since the pension 

holding has not reached a high value yet. The VaR estimations for the low-income and high-

income group are not presented, as these results look very much the same as for the middle-

income group. Nevertheless, a loss of 31,8% of the total pension at the age of 64 is much 

more critical for an investor from the low-income group than for an investor from the high-

income group, since the low-income investors hold much smaller pension holdings. 

 

Figure 6-7 expresses how much the pension portfolio is worth after VaR. The dark-blue 

column expresses the value of the other profiles relative to the 100% equities profile after 

100% equities have experienced the VaR loss. It is assumed no loss in the other profiles. The 

gray column expresses how much the profiles are worth relative to the Duvi profile.   

 

Figure 6-7: Value of the different contribution profiles relative to the Duvi and 100% 

equities profiles after these two profiles have lost VaR. The other profiles have not 

experienced any losses. Panel (a) shows the predictions when the loss happens after 20 

saving years, and panel (b) shows the predictions when the loss occurs after 40 saving years.  

 

(a) Loss in relative terms after 20 years.        (b) Loss in relative terms after 40 years 
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Figure 6-7 expresses that even though the VaR loss happens after 20 years for either the 

100% equities profile or the Duvi profile, the total payout at the age of 67 is still higher than 

the majority of the other profiles. If the loss happens after 40 years, i.e., the investor is 64 

years old, these two profiles will still have a higher value of total pension than for DNB, 

Markowitz and 100% bonds. For instance, if 100% equities experience VaR after 20 years 

(panel (a)), the profile will still be 38% better than DNB at the age of 67. And if Duvi 

experiences VaR after 40 years (panel (b)), the profile will still be 16% better than DNB at 

the age of 67. The results, therefore, indicate that even though the aggressive profiles 

contain more risk, they still give higher total pension value at the age of 67 than several of 

the other profiles, and that is without any loss of the other profiles. The VaR values do not 

include folketrygden, and as identified, folketrygden makes up a significant part of the total 

pension for investors from the low-income group. Since these investors do not risk losing a 

big part of their pension, they are more risk-willing, as the results show in Figure 6-3 above. 

 

VaR defines the maximum loss an investor will experience on a 95% confidence level. This 

means that there is still 5% chance that the investor will lose more than VaR. Expected 

shortfall examines how much on average an investor will lose if being unlucky and ends up 

as one of the 5%. Even though the highest VaR is 31,8% for 100% equities, the average loss 

is 39% if the investor ends up outside that 95% confidence interval. Even though 

Storebrand has a VaR of 27,4%, the expected shortfall is only 28%. This means that the VaR 

value is a precise measure of what an investor in Storebrand might expect as a maximum 

loss. 

 

Table 6-6: Expected shortfall (ES) for a sample of the contribution profiles from the middle-

income group. 

 100% equities Duvi DNB Storebrand Gjensidige KLP 100% bonds 
ES 39% 32% 29% 28% 30% 35% 24% 

 

Again, the results show from Table 6-6 that the most aggressive profiles also have the risk 

of losing the highest portion of the pension portfolio. Even though this analysis has proven 

that the aggressive profiles after a loss are more optimal than some of the conservative 

profiles before a loss, it is up to the individual investor in the end. Some investors are 
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comfortable with the risk of losing much of their holding, even though they will give a high 

return in the end, and some investors are not.  

 

 

 

6.5 Sub-conclusion: Which Contribution Profiles Give the 

Highest Secure Amount of Pension? 

 

The 100% equities and KLP profiles stand out in all the areas that are evaluated. These 

contribution profiles have the highest average total pension payout at the age of 67. They 

also have the highest expected utility and certainty equivalents relative to an investment in 

100% bonds. Prospect theory also evaluates the utility of investments, but here the investor 

is risk-seeking in the loss region of the utility function. The results still indicate that 100% 

equities, followed by KLP, are the most optimal profiles even with different levels of risk 

aversion and reference points. The more conservative profiles have higher chances of loss, 

so it is actually the more conservative profiles that lose the most when the risk aversion 

changes. Nevertheless, there is more risk and uncertainty related to the total pension 

holding for the more aggressive profiles. The 95% Value-at-Risk and Expected Shortfall are 

higher for the offensive profiles, but a worst-case scenario in these profiles is still more 

optimal than an unchanged scenario for several of the conservative profiles. Overall, the 

analysis indicates that the aggressive contribution profiles, 100% equities, KLP, Cocco et al. 

and Duvi, are the most optimal for all groups of investors. 
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Chapter 7 

 

Sensitivity Analysis 
 

 

The analysis depends on the selected parameter values that are forecasted. The purpose of 

this chapter is to analyze the effect on the results of changes in the values of the parameters. 

We examine how much the certainty equivalents depend on the fixed parameters, by 

changing one parameter at a time holding everything else constant. The certainty 

equivalents relative to the total asset value of an investment 100% in bonds are tested for 

all income groups. The certainty equivalents are used as measurement as these reflect the 

highest pension holdings relative to investors risk preferences. The sensitivity analysis is 

an effective way to test the robustness of the findings. If it appears substantial changes in 

the results when changing the parameters, the results highly depend on the parameter 

values. The degree of sensitivity also represents how much an investor should be willing to 

take risks, and how sensitive to changes the total pension is. Highly sensitive results will 

make investors more conservative in their investment strategy. 

 

Several factors test the findings from chapter 6. The analysis starts by changing the dataset 

to one other market. First, it tests for the Norwegian market to predict contribution pension 

with a dataset that the Norwegian government often use to predict the future. All of the 

firms charge different management fees, and this may give misleading results to find the 

most optimal equity portion in a contribution portfolio. Therefore, the analysis continues 

by testing all profiles with the same level of management fees. It also examines the 

sensitivity in the return and volatility of equities, the return on bonds, and finally, it tests 

for inflation and the real increase in income level. In section 7.3 to 7.6, the results are only 

displayed for the low-income group and the high-income group, as the results for the 

middle-income group looks much the same as the results for the two other income groups. 
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7.1 Change of Dataset 

 

Duvi has used the DMS World dataset as the basis for the firm’s strategy, so the primary 

results depend on this dataset. The results are tested against the equity index, MSCI World, 

and the Norwegian government bond, ST5X, as these datasets are often used to predict the 

future of Norwegian economy. Historically, the Norwegian market has been volatile. The 

analysis assumes that the Norwegian market will converge more towards international 

markets because of increased internationalization and globalization. 

 

As the Department of Finance, Mork, and the central bank of Norway suggest, the yearly real 

bond return, 𝜇𝐵, is set to 0,98% and the annual real expected equity return, 𝜇𝐸 , is set to 4,41 

%. The standard deviation of bonds, 𝜎𝐵, is now 4% and the standard deviation of equities, 

𝜎𝐸, is 19%, i.e., almost equal to DMS World. This new dataset also provides a new correlation 

coefficient of -0,33. This indicates that it is more beneficial to allocate the portfolio in both 

equities and bonds, because the asset returns do not increase and decrease together. The 

results indicate that 100% equities beats 100% bonds as late as in the 24th percentile. Figure 

7-1 expresses that 100% equities will still be the most optimal profile for the low-income 

group, as this group is more risk-willing, which has been seen earlier. KLP is the best profile 

for the middle and high-income investors. A risk aversion of 6 suggests that investing in 

100% equities is the worst alternative for these two groups. These investors should select 

one of the contribution profiles with gradual adjustments. Low-income investors will have 

the 100% equities profile as the second most attractive at this level of risk aversion. 

Nevertheless, 100% equities will be the most attractive for investors from all income groups 

with a risk aversion of 2,3 or less.  
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Figure 7-1: Certainty equivalents (CE) relative to an investment in 100% bonds for MSCI 

World and ST5X. Panel (a) shows estimations with a risk aversion of 3,8. Panel (b) shows 

estimates for risk aversion to 2,3 and panel (c) shows for a risk aversion of 6. 

 

(a) Risk aversion = 3,8 

 

 

(b) Risk aversion = 2,3             (c) Risk aversion = 6 
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7.2 Equal Management Fees 

 

The level of management fees is extremely different for each of the firms. Some of the 

profiles have high equity portion in their contribution profiles but end up being unattractive 

because of the high fees. For the middle-income group, the lowest cost (KLP) is only 50% of 

the highest cost (DNB). This ends up having a big impact on the total pension value at the 

age of 67, because of the effect of compounding. The return will be lower since investors 

pay management fees on their pension holdings that already have been charged by these 

fees. The fees are set to the average of the seven firms' fees, and are as follows: 

• Low-income group: 𝑓𝑙𝑜𝑤 = 1,78% 

• Middle-income group: 𝑓𝑚𝑖𝑑𝑑𝑙𝑒 = 0,997% 

• High-income group: 𝑓ℎ𝑖𝑔ℎ = 0,82% 

 

From Figure 7-2 panel (a), the results still indicate that investing 100% in equities is the 

most attractive contribution profile, followed by KLP, Cocco et al., and Duvi. Panel (b) shows 

that higher risk aversion leads to more conservative investment strategies, which is also 

supported by Pratt (1964) and Arrow (1965). Even though the management fees are equal, 

investment in the riskiest contribution profile is still the most optimal at a CRRA of 3,8. 
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Figure 7-2: Certainty equivalents (CE) relative to an investment in 100% bonds with 

different levels of risk aversion. Panel (a) shows results for an investor with a risk aversion 

of 3,8, and panel (b) for an investor with a risk aversion of 10. 

 

(a) Risk aversion = 3,8                                   (b) Risk aversion = 10 

  

 

It is remarkable that for a level of risk aversion of 10 in panel (b), 100% and Duvi are the 

least preferable, but KLP and Cocco et al. are better. These four profiles have the highest 

equity portion, so one might expect that they all are least preferred. Now, Malkiel is one of 

the optimal profiles. The reason why Cocco et al. and Malkiel are more optimal profiles for 

investors with CRRA of 10, is because they start gradual adjustments earlier than the other 

profiles. The key is to contain a high equity portion through the whole saving period and let 

the gradual adjustment begin early. However, this scenario only counts when the risk 

aversion is high, and all the different contribution profiles have the same management fees. 

If a profile is gradually adjusted every year, it requires active yearly management, which 

will increase the management fees considerably. These profiles will then end up not being 

the most optimal after all. This contributes to explain why so many of the firms do not have 

gradual adjustments over a long period. 
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7.3 Changes in the Stock Market 

 

The primary results are based on the parameters that 𝜇𝐸 = 6,5% and 𝜎𝐸 = 18%. There is a 

lot of uncertainty about how the stock market will look in the future. The analysis therefore 

tests the expected return and standard deviation of equities for different values of the 

parameters to check the robustness of the results. The nominal risk-free rate is held 

constant at 2,5%.  

 

Figure 7-3 shows estimations for the low and high-income group. Low-income investors 

will find 100% equities the most attractive for a nominal equity return 𝜇𝐸 > 6%. This equals 

a risk-premium of 4,5%. The risk-premium expresses the compensation in which an 

investor receives by taking additional risk, and is defined as: 𝑟𝑝 = 𝐸(𝑟𝑝) − 𝑟𝑓. Additionally, 

the low-income investors will select KLP as a gradual adjustment profile when 𝜇𝐸 < 6%, 

which also equals a yearly risk-premium of 4,5%. For the high-income investors, 100% 

equities is attractive when 𝜇𝐸 ≥ 8%, which gives a risk-premium of at least 6,5%. The KLP 

profile is preferable when 2% < 𝜇𝐸 < 8% for high-income investors. The Norwegian risk-

premium has historically been around 5%15, and is estimated to stay constant in the nearest 

future. Therefore, a risk-premium of 4,5% for the low-income group is lower than the 

estimate of the risk-premium, which indicates that the primary results are realistic. Changes 

in the stock market for high-income investors give more uncertain outcomes, and these 

investors might prefer the more conservative profiles with gradual adjustments. 

 

 

 

 

 

 

                                                           
15 PwC has the seven last years estimated the risk-premium in the Norwegian market. This has been 
about 5% every year. It was 5% in 2017 (PwC, 2017).  



  SENSITIVITY ANALYSIS 

page 103 
 

Figure 7-3: Sensitivity in the expected return on equities expressed through certainty 

equivalents (CE) relative to a 100% bonds investment. Panel (a) shows the estimations for 

the low-income group, and panel (b) shows for the high-income group. 

 

(a) Low-income group       (b) High-income group 

 

 

As for the equity volatility, 𝜎𝐸, Figure 7-4 indicates that low-income investors prefer high 

volatility. These investors have lower values to lose; thus higher volatility gives higher 

chances of more significant gains. This demonstrate that the primary results hold for all 

levels of volatility for low-income investors. For the high-income investors, an investment 

in 100% equities holds for a nominal 𝜎𝐸 < 15%. DMS World and MSCI World have 

illustrated that the volatility lays around 18% and 19%, so a 𝜎𝐸 of 15% is slightly unrealistic. 

The KLP profile is the most optimal for a 𝜎𝐸 > 15%. At a volatility level of 25%, the expected 

utility of 100% equities for high-income investors is the highest of all the profiles. However, 

since the certainty equivalent considers risk aversion, 100% equities ends up being the 

second worst alternative for these investors. The sensitivity in the volatility points the 

importance of investing in a stable equity index, as 100% equities are not robust for a higher 

level of volatility than 15%. Investing the full pension holding Oslo Stock Exchange may, for 

example, be too risky. Modern financial theory states that portfolios should be diversified 

to reduce risk, so “putting all the eggs in the same basket” with a pension portfolio leads to a 

more uncertain exposure. This is what is called “home bias”. 
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Figure 7-4: Sensitivity in equity volatility expressed through certainty equivalents (CE) 

relative to a 100% bonds investment. Panel (a) shows the estimations for the low-income 

group, and panel (b) shows for the high-income group.  

 

(a) Low-income group         (b) High-income group 

 

 

The estimations for the low-income group are highly robust against changes in the stock 

market for those parameter values that are set. Even high volatility and low expected return 

will not change the results, which is a realistic scenario in today’s market. High-income 

groups, on the other hand, are more uncertain, and they will possibly select the more 

conservative gradual adjustment profiles.  
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7.4 Bond Return 

 

Several of the contribution profiles contain high bond exposure. Changes in bond return, 𝜇𝐵, 

will change the performance of these profiles. Following the Department of Finance, Mork, 

and the central bank of Norway, the nominal bond return will lay around 2% to 3% the next 

thirty years. Figure 7-5 shows that low-income investors should still invest in 100% equities 

and KLP. More conservative gradual adjustment profiles will only be attractive to investors 

if 𝜇𝐵 > 9%. A bond return above this level is highly unrealistic. KLP is optimal for 𝜇𝐵 < 9% 

while 100% equities is optimal for 𝜇𝐵 < 4%. From panel (b) it appears that the estimations 

are robust up to 𝜇𝐵 < 6% for KLP, and the 100% equities profile holds for 𝜇𝐵 < 2%. These 

findings are above the predicted level of bond return, so there is reason to argue that the 

primary results are robust. 

 

Figure 7-5: Sensitivity in bond return expressed through certainty equivalents (CE) relative 

to a 100% bonds investment. Panel (a) shows the estimations for the low-income group, 

and panel (b) shows for the high-income group.  

 

(a) Low-income group           (b) High-income group 
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7.5 Inflation and Real Increase in Income Level 

 

Increased interest rates can be damaging for bonds return, but inflation, 𝐼, is even more 

damaging. This is because increased interest rates hurt bond returns in a short-term 

perspective. Thus, higher rates also give investors the chance to earn a higher pension on 

new bond investments. In times of high inflation, investors who have invested in bonds may 

even experience a negative return on the investment, as investors will demand higher yield 

to compensate for the inflation risk.  

 

Furthermore, inflation does not have any upside potential to investors, which means that 

inflation is much more damaging. This is one of the main foundations of Duvi’s investment 

strategy and is supported by Strauts (2015). Therefore, it is valuable to test the different 

profiles towards different levels of inflation. The Norwegian inflation goal is 2%. From 

Figure 7-6, it still appears that 100% equities and KLP are the most attractive profiles for 

low-income investors. KLP holds for 𝐼 < 2,5% and 100% equities holds for 𝐼 > 2,5%. The 

profiles with high portions of bonds are least attractive. Some of the gradual adjustment 

profiles may be attractive for high-income investors with deflation in the market, but KLP 

is still optimal up to a level where 𝐼 < 4%. 100% equities is more preferred on a level above 

4%, and the results indicate that the conservative profiles decline considerably the higher 

the inflation, since these profiles contain a relatively high portion of bonds. Even in a 

deflation scenario, i.e., 𝐼 < 0, 100% equities and KLP are still the most optimal profiles. It 

can therefore confidently be stated that the main findings are stable for changes in the 

inflation level. These profiles have an increasing trend even though the majority of profiles 

declines. This supports Duvi's strategy that bond return is profoundly damaged by 

increased inflation. 

 

The real increase in income, 𝜋, will affect how much the different investors will save every 

year. It is tested for an interval of -2% to 7%, and the results in Figure 7-7 indicate that the 

higher the increase in income level, the more risk averse the investors become. KLP holds 

for 𝜋𝑙𝑜𝑤 < 1% and 𝜋ℎ𝑖𝑔ℎ < 6%, while 100% equities holds for 𝜋𝑙𝑜𝑤 > 1% and 𝜋ℎ𝑖𝑔ℎ > 6%. 

This means that all income groups will still be better off by investing in KLP and 100% 
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equities if the income level changes. The primary results also hold for changes in this 

parameter. 

 

Figure 7-6: Sensitivity of the certainty equivalents (CE) relative to an investment in 100% 

bonds for the different profiles for changes in inflation for values of -2% to 7%. Panel (a) 

shows the predictions for low-income investors, and panel (b) shows for the high-income 

investors. 

 

(a) Low-income group        (b) High-income investors 
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Figure 7-7: Sensitivity of the certainty equivalents (CE) relative to an investment in 100% 

bonds for the different profiles for changes in real increase in income level for values of -2% 

to 6%. Panel (a) shows the predictions for low-income investors, and panel (b) shows for 

the high-income investors. 

 

(a) Low-income group          (b) High-income investors 

 

 

 

 

7.6 Actions from Duvi 

 

From the primary results and the sensitivity analysis, it is found that Duvi has the second-

best contribution profile of all of the different pension saving firms, after KLP. However, it 

is also seen that the 100% equities profile and the theory of Cocco et al. are overall more 

optimal for investors. These are just life cycle profiles that are optimal, but none of the firms 

uses these strategies. Therefore, KLP is the only competitor in the market that is more 

optimal than the profile that Duvi offers. KLP has, as already known, lower management 

fees than Duvi. For the middle-income investors, the management fee is 0,59%, against 

Duvi’s fee that is 0,95%. KLP also has a higher average equity portion of 87% against Duvi’s 

73%. Hence, there are looked into some scenarios of what actions Duvi should make to be 

able to beat KLP and have a better contribution profile. 
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The results estimate that the fees for the middle investor have to equal to -0,10% for Duvi's 

investors to receive the same expected utility. This is a highly unrealistic scenario, as Duvi 

cannot pay pension savers to invest their pension in their firm. Since Duvi is a new entrant 

in the Norwegian pension market, it is assumed that it is difficult to reduce the management 

fees. Therefore, it is necessary to increase the equity portion. The equity exposure from age 

25 to 60 has to be 102% to achieve the same expected utility as investors in KLP have. This 

means that Duvi has to short bonds16, which is also highly impractical and is outside this 

thesis’ limitations. Finally, the results indicate that the equity exposure from age 25 to 60 

has to be 100% and 60% from age 60 to 66, for pension savers in Duvi to receive the same 

expected utility of their pension as in KLP.  

 

 

 

7.7 Sub-conclusion: How Sensitive Are the Results to 

Changes in the Parameter Values? 

 

100% equities and KLP are still the profiles that give the highest certainty equivalents 

relative to an investment in 100% bonds, for all income groups. Low-income investors still 

prefer high risk and select 100% equities for all realistic values of expected equity return 

and equity volatility. High-income investors will possibly choose gradually adjusted profiles 

in the event of a more volatile stock market. When inflation and the income level change, 

100% equities and KLP are still the most optimal profiles. This finds the primary results 

from Chapter 6 robust, as the estimations from the sensitivity analysis support the findings. 

Duvi is the second most optimal contribution profile offered by the firms in the market. For 

Duvi’s investors to receive the same expected utility of their pension as investors in KLP 

without changing any of the management fees, Duvi has to have an equity portion of 100% 

equities the first 35 years and then 60% the last six years before retirement. 

 

 

                                                           
16 Selling a bond is the same as shorting it. 
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Chapter 8 

 

Discussion 
 

 

There is little transparency in the Norwegian pension market. This lack considers to be a 

problem with pension saving schemes and indicates that some of the pension insurance 

companies have suboptimal contribution profiles. The model and findings aim to evaluate 

different contribution profiles in the Norwegian pension market. To exemplify, Duvi is used 

as a case study and use the model to test the effects of the different management fees and 

different equity exposure. The findings illustrate which contribution profiles that will be the 

optimal given a constant relative risk aversion of 3,8. This section discusses the meaning 

and the importance of the pension model and the findings, acknowledge the thesis’ 

limitations, states the clinical relevance and makes suggestions for further research. Section 

9.1 discusses the pension model, followed by a discussion of the results in section 9.2. 

Section 9.3 discusses the relevance of this case study and makes suggestions for further 

research.  

 

 

 

8.1 The Pension Model  

 

In 2017, Aaslid revealed a study showing how pension from Norwegian contribution 

profiles differs. This study was based on historical data, covering the Norwegian market 

since 1872. It revealed that there are significantly large alterations between the best and 

the worst profile. Therefore, the thesis aims to construct a pension model that shows the 

differences in the contribution profiles, and how this affects the pension holding at 
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retirement. The thesis displays this pension in three different ways. The first is through 

descriptive statistics, the second is expected utility and lastly through certainty equivalents. 

This model provides robust results as it displays the findings through the three different 

evaluation measurements. The descriptive statistics illustrate the distribution of the results, 

and the behavioural finance theories incorporate the investors’ perspective towards risk 

and return. To demonstrate the risk and uncertainty concerning the different profiles, it is 

chosen to use the percentiles of 1 and 99. Another way to incorporate the risk and return is 

using Value-at-Risk or expected shortfall, at a 95% confidence interval. However, we want 

this model to be realistic towards the fluctuations in the market and therefore choose to use 

the 1st percentile as a measurement of a bad state, and the 99th percentile as a measurement 

of a good state. Those percentiles are selected because they reflect the uncertainty of the 

different contribution profiles. This model does not aim to find the one optimal contribution 

profile, but rather to illustrate the optimal contribution profile for different types of 

investors. In other words, the model can be used as a tool to compare and find the optimal 

pension profile given the investor’s preferences. Nonetheless, the purpose of the thesis is 

not to uncover the potential risks related to selecting between the different contribution 

profiles. Therefore, an extension of the model could be to include risk management in 

contribution profiles.  

 

The asset allocation of the pension model follows the theoretical frameworks of 

Markowitz’s static mean-variance theory. The simulations of the real return of equities and 

bonds follow a geometric Brownian motion, based on estimates for expected return and 

standard deviation. Thus, it is difficult to provide correct predictions of future price changes. 

The model uses the nominal returns on equities and bonds of 6,5% and 3%, which is in line 

with the predicted estimates from the central bank of Norway, Mork and the Department of 

Finance. The measurement of volatility in the market, i.e., the standard deviation, is derived 

from historical data. However, Campbell and Shiller (1988) and Fama and French (1988) 

argue that it is possible to predict the expected risk premium without the use of simulations. 

Further, Bodie et al. (1992) find that one can predict that an investor’s decisions if 

uncertainty diminishes. However, these findings do not affect the essence of the results. On 

the contrary, these findings validate the findings and support that aggressive contribution 

profiles are better than conservative profiles. If investors can predict the future, they will 

have high equity exposure in times with high returns and low exposure in times with low 

returns. 
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Several pension models incorporate personal adaptions in the investment strategy. The 

model does not include personal adaptions and solely focus on the differences of life cycle 

strategies and management fees. Aaslid (2017) finds that 93,6% of the uncertainty in 

pension plans can be explained by studying the asset allocation. Therefore, there is no 

reason to believe that the findings would change if including personal adaptions in the asset 

allocations of the different contribution profiles. Thus, the results might have differed if the 

model included stochastic simulations for some of the constant parameters. It is chosen to 

keep the inflation rate as a constant parameter throughout the holding period. One of the 

main arguments for Duvi’s aggressive profile, with 80% in equities and 20% in bonds, is 

that inflation can mitigate the return of bonds. And, historically, it has. The dataset from 

Dimson, Marsh and Staunton illustrates that the historical inflation exceeds the nominal 

bond return, which gives a real bond return of -0,26%. However, the historical inflation rate 

of 3,14% is not a robust parameter to use in the future. Therefore, the model uses the 

predicted inflation rate of 2%. Nonetheless, the inflation might differ from 2% in the future. 

The compiled sensitivity analysis examines how the results might vary in a scenario with 

deflation or if the inflation rate increases. The findings from the sensitivity analysis support 

Duvi’s claim. They also illustrate that the model is fairly sensitive to fluctuations in annual 

income and the contribution rates. An extension of the model could be to include a 

stochastic simulation of the two parameters. Munk and Ranvid (2017) advise using a 

stochastic simulation where assets and income correlates, to mitigate some of the 

uncertainty in the estimations. The correlation will require an empirical study, and will 

probably vary with the investor’s education, industry, age and income level (Munk & Ranvid, 

2017). 

 

The model assumes that an investor has the same contribution profile until retirement. In 

reality, the investor can change the profile dynamically until retirement, to adjust to changes 

in lifestyle and preferences. Clark and Strauss (2008) find that men are less risk averse than 

women. Bucher-Koenen and Kluth (2013) and Chen and Volpe (2002) argue that men are 

less risk averse because they have higher confidence and greater financial literacy. By 

following these arguments, one might believe that men would prefer more aggressive 

contribution profiles than women. Further, Bertaut (1998) finds that people with a higher 

education-level are more likely to possess stocks. The constant relative risk aversion of 3,8 

does however not include any of these preferences. An evolvement of this model could be 

to add personal differences, and the option to change contribution profile up until 
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retirement. As Aaslid (2017) illustrates, longer holding-periods result in smaller differences 

between the Norwegian contribution profiles. The results indicate that the pension differs 

even though the contribution pension has a long holding-period of 43 years. Therefore, it is 

decided to disregard the option to change the profile dynamically and to include personal 

differences but would encourage including this in future research.  

 

 

 

8.2 Findings 

 

The results show that aggressive contribution profiles are more optimal than conservative 

profiles. These findings are validated through descriptive statistics, expected utilities and 

certainty equivalents, and finally through various sensitivity analysis. Therefore, the thesis 

shows that the results are robust. However, an average Norwegian can experience to receive 

a large variety in expected payout, depending on the fluctuations in the market. In one 

scenario, investors in Duvi can expect their pension to amount to NOK 13.283.591. In 

another scenario, the same pension can be NOK 1.137.401. This would affect the lifestyle 

choice of investors. Thus, in situations of large fluctuations or increasing bond prices, 

gradually adjusted profiles are preferable. 

 

The results of Aaslid’s of the study were clear; aggressive contribution profiles perform on 

average better than conservative. The analysis illustrates that there is not a single holding-

period of 43 years where a profile of 100% bonds has generated a higher pension holding 

than 100% equities. At the same time, the analysis shows that the distance between the 

return on equities and bonds is extensive, so it is unlikely there will be portfolios where the 

conservative solutions will generate higher pension then the aggressive one. Even with the 

effects of market shocks, aggressive profiles outperform conservative. This therefore 

supports the findings. Based on information on historical data it is unlikely to experience 

those extreme market conditions. However, in a highly volatile market, the findings 

illustrate the importance of risk management in pension plans. 
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The behavioural finance models display different results. The expected utility model frames 

the utility as the weighted average of the 1st and the 99th percentiles, and CRRA-preferences 

are incorporated in the certainty equivalents. The results illustrate that the contribution 

profile investing 100% in equities has the highest expected utility for all income groups. 

Nevertheless, the offensive profile in KLP has the highest certainty equivalent. This is 

because investors with CRRA-preferences are risk averse towards uncertain outcomes, and 

will, therefore, invest in a more diversified contribution profile. By using the coefficient for 

risk aversion from the study of Gandelman and Hernàndez-Murillo, the findings are even 

more robust. A CRRA of 1,16 includes that 100% equities and  KLP are the most optimal 

contribution profiles for all three investor groups. The results from prospect theory tell 

another story. Investors will invest 100% in equities rather than in gradually adjusted 

profiles for all income groups. However, the results from expected utility theory and 

prospect theory are not contradictory, even though they seem different. Both theories 

illustrate that investors do not have the same perception of risk and return. Yet, preferences 

of expected utility and prospect theory still prefer aggressive contribution profiles. This 

finding validates the findings from the descriptive statistics. 

 

Contribution profiles have different investment strategies up until retirement. These 

strategies are called gradually adjusted strategies, and they differ in asset allocation 

between equities and bonds up until retirement. A problem in asset allocations in pension 

plans is finding the right balance between risk and return. The results illustrate that VaR for 

an investor is higher in the early years than in the later years. At the same time, they indicate 

that aggressive profiles will experience periods where investors can lose 39% of the total 

pension. Experiencing such losses close to retirement may be disastrous. However, it 

appears that the profile of Duvi secures a higher pension then DNB, even in the event of a 

critical scenario. Aaslid (2017) concludes that contribution profiles with gradual 

adjustments are more preferable for people with a higher degree of risk aversion. Further, 

he suggests that investors who want to secure their pension should select conservative 

contribution profiles. However, the thesis examines that other factors play a major role 

when deciding a contribution profile, such as management fees, investment strategy, return 

history, and portfolio selection.  
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8.3 Relevance and Suggestions for Future Research  

 

The 2011 reform changed the defined-contribution pension market, as the government 

reduced the pension from folketrygden. To secure a certain lifestyle at retirement, it became 

more critical to manage and ensure the contribution up until retirement. The different 

pension insurance firms offer several contribution profiles with different risk and return. 

An investor’s employer chooses the contribution profile; however, the employee carries the 

risk and return of that profile (Skar, 2014). Still, people’s knowledge of contribution pension 

is alarmingly low, as only one out of ten possesses knowledge about their pension plan 

(Skar, 2014). The research of this thesis has clinical relevance. The findings uncover the 

Norwegian pension market, as the model reveals the differences in the contribution profiles. 

Besides, the model can also be used to optimize Duvi’s investment strategy. 

 

According to Bodie et al. (1992), younger investors should choose a more offensive profile 

because they can easier adapt to lifestyle changes than older investors can. The risk 

tolerance that determines the optimal contribution portfolio differs over time, as aging and 

changes in macroeconomic conditions may lead to a systematic shift in an individual's risk 

tolerance (Sahm, 2007). Bodie et al. and Sahm consider the optimal portfolio to be a product 

of traditional and individual factors. This thesis’ model only focuses on the traditional 

factors, such as the employment period and age of retirement. Future research could include 

individual factors, such as work effort, consumption, personal savings and personal 

investments. This would extend the model. Despite the fact that consumption does not affect 

the contribution pension, it might affect personal savings and investments. The inclusion of 

savings and personal investments will, however, have an unclear effect. Including personal 

savings might underpin the findings as it can be seen as complements to the contribution 

pension. An extended model could additionally include complements such as inheritance 

and housing. In that case, the contribution pension will constitute a smaller part of the total 

pension. Nonetheless, the inclusion of personal investments could affect some of the 

findings. If the private savings are invested in the stock market, then the investor might 

want to choose a less aggressive pension profile to diversify the equity exposure.   
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The traditional life cycle strategies solely focus on the assets, ignoring the expenditure side. 

Lundbergh (2018) discusses the oversimplification of the pension model in the article "Why 

I binned life-cycle investing". He argues that the pension model only focuses on the pension-

income, ignoring the cost of living. The utmost important “investment” decision is 

considering how to reduce living expenditures in retirement. Future research is 

recommended to examine the linkage between the contribution profile and the cost of 

living. An important, but often overlooked fact is that the expenditures in retirement often 

is far less than when in employment. The inclusion of expenditure in the model is 

ambiguous. On one side, it might validate the findings as the person can invest the surplus 

in personal savings. On the other hand, private investments in equities might disprove the 

results. Another interesting aspect is that people might become less risk averse as the cost 

of living declines. According to prospect theory, the gain and loss of an uncertain outcome 

are derived from a certain reference point. For some investors, this point of reference is 

investing 100% in bonds. For others, the reference point could be expected total 

expenditures. Reduced living expenses would therefore support that offensive life cycle 

strategies are more optimal than conservative, as the reference point decreases, according 

to behavioural finance. 

 

Pension plans need a stable funding ratio. This often translates to a need for consistent and 

steady return. Therefore, we suggest future research to expand this model additionally to 

incorporate alternative asset classes. A study by Munk and Rangvid (2017) illustrates the 

benefits of investing in alternative asset classes. They find that the most optimal asset 

allocation in gradually adjusted contribution profiles consists of alternative asset classes, 

bonds, and equities until the person is 45 years. From age 45 to 67 they advise investing in 

equities and bonds solely. They argue that alternative asset classes offer diversification, and 

decent uncorrelated returns (Munk & Rangvid, 2017). Future research could test if this is 

the optimal asset allocation, as there is currently little research on this topic. Alternative 

asset classes as investing in property or hedge-funds, possess different qualities and can be 

used to substitute equities or bonds in a portfolio. Many investors want to secure their 

investments against expected losses. Investing in equities and mutual funds will make the 

value of the placement to fall in the event of a market collapse. However, the inclusion of 

alternative investments could protect against such events, since they are unaffected by the 

security market. 
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Chapter 9 

 

Conclusion 
 

 

This thesis aims to find the optimal contribution profiles for investors with constant relative 

risk aversion (CRRA) by using investment strategies from academic literature and firms in 

the Norwegian pension market. Duvi Pensjon (Duvi), DNB, Storebrand, Gjensidige, and KLP 

are the included pension firms, as these are the ones with substantial market shares and 

experience from the market. Additionally, the analysis includes contribution strategies from 

Malkiel (1999), Cocco, Gomes and Maenhout (2005), and Markowitz (1952), since these are 

well-known life cycle theories from academic literature. Lastly, it examines contribution 

profiles with 100% equities and 100% bonds. Strategies provide the thesis with an excellent 

basis of investigating the optimal contribution profiles for investors with CRRA preferences.  

 

The Norwegian pension market consists of several firms, where only a few have substantial 

market shares. Pension insurance firms are heavily regulated by financial legislation that 

requires the firms to have adequate capital buffers to meet all requirements. As the pension 

product itself is a homogenous product, it is easy for new entrants to establish in the market. 

However, it is challenging to achieve market shares as the large firms already have 

substantial market shares. Therefore, new entrants, like Duvi, need to achieve technological 

advances to be a well-known firm in the market and exploit areas where the larger firms fail 

to compete. Duvi has just recently entered, and believes that the industry is long overdue, 

and that it is time to change the perception of pension. The firm has a clear strategy: the 

higher the equity exposure in the contribution profiles, the higher the total pension holding 

will be at retirement. Research shows that equity portfolios have performed better than 

bond portfolios the last decades. If investors are comfortable with the risk related to 

equities, they will also achieve a higher pension holding. 
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We build a model that estimates the average total pension holding for a Norwegian investor 

for the different contribution profiles. This investor starts working at the age of 25 and 

retires at 67 years old. Monte Carlo simulations are conducted to simulate random variables 

that covariate, through a Multivariate Gaussian distribution and a Geometric Brownian 

motion. The estimated pension holdings find the expected utility of the pension, as well as 

using prospect theory to test when the investor makes decisions based on perceived gains 

and not perceived losses. Value-at-Risk and expected shortfall are sufficient risk measures 

to evaluate the uncertainty regarding the different contribution profiles.  

 

The different contribution profiles are tested for three different income groups: low, middle 

and high. It quickly appears that the different management fees of the firms have a 

significant impact on the outcome of the contribution profiles. Pension holdings are affected 

by the compounding effect. Every year, employers or investors pay management fees on 

pension holdings. These fees are set as a percentage of the holding. This means that they 

pay management fees on a holding that already has been charged for these fees. Therefore, 

a yearly management cost of 2% seems low but ends up being critical after several years of 

saving. The results indicate that most investors should select aggressive contribution 

profiles, i.e., contribution profiles that contain a high equity portion, instead of the profiles 

that employers often determine as a standard. The contribution profiles with high equity 

exposure are 100% equities, KLP, Cocco et al., and Duvi. It requires a high level of risk-

aversion for investors to rationalize the choice of the more conservative profiles. Despite 

the fact that the profiles with gradual adjustment can be more appealing regarding 

uncertainty, the more offensive profiles give higher returns. However, it follows that there 

is more risk related to the aggressive profiles. The higher risk represents higher uncertainty 

around the total pension holding at the age of 67. This risk is illustrated through standard 

deviations, Value-at-Risks at a 95% confidence level, and expected shortfalls. The results 

show that all aggressive profiles also are exposed to lose the highest portion of the pension 

holdings. Nevertheless, a few of the offensive profiles have a higher total pension after a 

worst-case scenario than several of the more conservative profiles in an unaffected 

scenario.  

 

All individuals who have lived in Norway for more than three years after turning sixteen are 

entitled to pension contributions from folketrygden. The size of folketrygden depends on 
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how much individuals have worked and their income level. Investors with low income will 

receive higher contributions from folketrygden than investors with high income. It follows 

that high-income investors pay higher contributions to defined-contribution schemes than 

those with lower income. 100% equities and KLP indicate to be the most optimal 

contribution profiles for the majority of the investors. As investors additionally have 

folketrygden as a safe amount, they are willing to take more risk with the contribution 

pension. For investors with lower income, folketrygden will have a more significant portion 

of the total pension than for high-income investors. With no uncertainty related to the 

amount from folketrygden, low-income investors will be more risk-seeking. If these 

investors end up with a negative return from the profile, they will receive a higher pension 

from folketrygden, and if they end up with a positive return, they achieve a higher pension 

holding. Most of the “standard” contribution profiles that are recommended by the pension 

firms only pay off for highly risk-averse investors. As research proposes that an average 

Norwegian individual has a risk-aversion of 3,8 or lower, all three types of investors will be 

better off by aggressive profiles. If the level of CRRA increases from 3,8, the results suggest 

that the gradually adjusted profiles are more attractive. However, the conservative profiles 

are attractive only if the level of CRRA is above 5, which is a high level for Norwegian 

investors. Pension firms should, therefore, adjust their recommended profiles to higher 

equity exposure. This should not be problematic to implement for the pension firms since 

several of them already offer portfolios with higher equity exposure than what the so-called 

recommended profiles contain. 

 

To check the robustness of the findings, different factors that may have a significant impact 

on the results are tested. Fluctuations in the stock market, inflation or bond returns still do 

not change that aggressive contribution profiles are the most optimal for all three investor 

types. The results find that even though several factors change, the 100% equities profile 

and the KLP profile are still the most optimal for most investors. However, it can be seen 

that high-income investors are more sensitive to changes than low-income investors are. 

The findings, therefore, do not preclude that some of the more conservative profiles are 

more optimal for high-income investors, though not with a lower equity portion of 70% as 

this is the equity portion of the most optimal conservative profile. Duvi stands out as the 

second-most optimal profile offered by the pension firms. Only the KLP profile gives a 

higher return. Since Duvi is in the start-up phase, it is unrealistic to reduce the management 

fees. Thus, Duvi’s investors will receive the same expected utility of the total pension at 
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retirement if Duvi increases the equity portion to 100% the first 35 years, and then to 60% 

the last six years before retirement. 

 

The thesis contributes to relevant research of the Norwegian pension market. Norwegians 

are highly ignorant to their pension savings, and as much as 70% of the population does not 

know how much pension they can expect when they retire. Also, 3% has actively changed 

the asset allocation in their contribution profiles. This is alarmingly low, and we believe that 

this investigation contributes to people’s low enlightenment. The findings are also possible 

to understand for an average investor. Contribution profiles with high equity exposure, as 

100% equities and KLP, are the most optimal to all three investor groups with a constant 

relative risk aversion of 3,8. It is, therefore, nothing that stops investors to change the asset 

allocations in their pension portfolios now.
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Appendix 
 

 

Appendix A. Estimation of Folketrygden  

 

 

Appendix A-1: Estimation of folketrygden. Age at retirement: 67. Yearly income NOK 

500.000 

Age at retirement: 67 Old reform  New reform with old 
regulations 

New reform 

Total earning (years) 40 40 40 
Average yearly income (NOK) 500.000 500.000 500.000 
Pension points 4,36 4,36  
Percentage (before 1992) 0,45 0,45  
Percentage (after 1992) 0,42 0,42  
Withdrawal age  67 67  
Withdrawal year 2027 2027  
    
Base amount (NOK) 93.634 93.634  
    
Pension points  4,36 4,36  
Average percentage of 
pension  

0,42 0,42  

Relation ratio 1 1,1  
    
Yearly payout (old 
regulations) 

172.999 172.999  

    
Pension holding   3.620.000 
Base number    15,75 
    
Yearly payout from 
folketrygden (NOK)  

266.633 258.121 229.841 
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Appendix A-2: Estimation of folketrygden. Age at retirement: 67. Yearly income NOK 

1.000.000. 

Age at retirement: 67 Old reform  New reform with old 
regulations 

New reform 

Total earning (years) 40 40 40 
Average yearly income (NOK) 1.000.000 1.000.000 1.000.000 
Pension points 9,72 9,72  
Percentage (before 1992) 0,45 0,45  
Percentage (after 1992) 0,42 0,42  
Withdrawal age  67 67  
Withdrawal year 2027 2027  
    
Base amount (NOK) 93.634 93.634  
    
Pension points  9,72 9,72  
Average percentage of 
pension  

0,42 0,42  

Relation ratio 1 1,1  
    
Yearly payout (old 
regulations) 

385.676 385.676  

    
Pension holding   7.240.000 
Base number    15.75 
    
Yearly payout from 
folketrygden (NOK)  

479.310 470.798 459.683 
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Appendix A-3: Estimation of folketrygden. Age at retirement: 62. Yearly income NOK 

500.000. 

Age at retirement: 62 Old reform  New reform with old 
regulations 

New reform 

Total earning (years) 40 35 35 
Average yearly income (NOK) 500.000 500.000 500.000 
Pension points 4,36 4,36  
Percentage (before 1992) 0,45 0,45  
Percentage (after 1992) 0,42 0,42  
Withdrawal age  67 62  
Withdrawal year 2027 2022  
    
Base amount (NOK) 93.634 93.634  
    
Pension points 4,36 4,36  
Average percentage of 
pension  

0,42 0,42  

Relation ratio 1 1,38  
    
Yearly payout (old 
regulations) 

172,999 173.218  

    
Pension holding   3.167.500 
Base number    19,79 
    
Yearly payout from 
folketrygden (NOK)  

266.633 240.922 160.056 
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Appendix A-4: Estimation of folketrygden. Age at retirement: 62. Yearly income NOK 

1.000.000. 

Age at retirement: 62 Old reform  New reform with old 
regulations 

New reform 

Total earning (years) 40 35 35 
Average yearly income (NOK) 1.000.000 1.000.000 1.000.000 
Pension points 9,72 9,72  
Percentage (before 1992) 0,45 0,45  
Percentage (after 1992) 0,42 0,42  
Withdrawal age  67 62  
Withdrawal year 2027 2022  
    
Base amount (NOK) 93.634 93.634  
    
Pension points  9,72 9,72  
Average percentage of 
pension  

0,42 0,42  

Relation ratio 1 1,38  
    
Yearly payout (old 
regulations) 

385.676 386.164  

    
Pension holding   6.335.000 
Base number    19,79 
    
Yearly payout from 
folketrygden (NOK)  

479.310 453.867 320.111 

 

 

 

 

 

 

 

 

 

 

 

 

 



APPENDIX A. ESTIMATION OF FOLKETRYGDEN 

page 135 
 

The formal value of earned folketrygd 

The pension holding in folketrygden is adjusted every year so that the value is maintained 

over time. Formally, the value of earned folketrygd at time 𝑇 is expressed as the following: 

 

𝐹𝑇 =∑𝐹𝑇−𝑡+1

𝑇

𝑡=1

∏(1 + 𝑤𝑇−𝑗+2)
𝑡

𝑗=1

(𝐴. 1) 

 

where 𝐹𝑇 is the total value of folketrygden at retirement age, 𝑇 denotes all employment 

years, 𝐹𝑇−𝑡+1 is folketrygden that is earned in the time period. The last term of the 

expression represents the growth rates, expressed as: 

 

𝐹𝑇 = 𝐹𝑇 + 𝐹𝑇−1(1 + 𝑤𝑇)…+ 𝐹2(1 + 𝑤3)(1 + 𝑤4)… (1 + 𝑤𝑇) +
𝐹1(1 + 𝑤2)(1 + 𝑤3)… (1 + 𝑤𝑇) (𝐴. 2) 

where the first term is the earning that occurs in the last period. This earning does not 

accrue interest. The following terms accrue interests with the yearly growth rates.  

 

 

 

 

 

 

 

 

 

 

 



APPENDIX B. MANAGEMENT FEES 

page 136 
 

Appendix B. Management Fees 

 

 

Appendix B-1: Management fees of defined-contribution schemes No. of employees: 1 

 Defined-contribution occupational pension  

No. of employees: 1 Total net assets 

    25.000 50.000 100.000 300.000 
Company      
Duvi   2,65% 1,65% 1,15% 0,82% 
Storebrand 8,00% 4,30% 2,45% 1,22% 
DNB   6,44% 3,63% 2,22% 1,29% 
Gjensidige 1,96% 1,31% 0,98% 0,76% 
Nordea   2,66% 1,73% 1,26% 0,95% 
SpareBank 1  2,75% 2,00% 1,62% 1,37% 
KLP    1,90% 1,15% 0,77% 0,52% 
Average  3,77% 2,25% 1,49% 0,99% 
Average 6 largest  3,95% 2,35% 1,55% 1,02% 

 

 

Appendix B-2: Management fees of defined-contribution schemes. No. of employees: 50 

 Defined-contribution occupational pension  

No. of employees: 50 Total net assets 
    25.000 50.000 100.000 300.000 
Company     
Duvi   1,85% 1,25% 0,95% 0,75% 
Storebrand 2,25% 1,42% 1,01% 0,74% 
DNB   2,32% 1,57% 1,19% 0,94% 
Gjensidige 1,29% 0,97% 0,81% 0,70% 
Nordea   1,60% 1,19% 0,99% 0,86% 
SpareBank 1  2,00% 1,62% 1,44% 1,31% 
KLP    1,15% 0,77% 0,59% 0,46% 
Average   1,78% 1,26% 1,00% 0,82% 
Average 6 largest  1,77% 1,26% 1,01% 0,84% 
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Appendix B-3: Management fees of defined-contribution schemes. No. of employees: 250 

 Defined-contribution occupational pension  

No. of employees: 250 Total net assets 
    25.000 50.000 100.000 300.000 
Company     
Duvi   1,85% 1,25% 0,95% 0,75% 
Storebrand 1,70% 1,15% 0,87% 0,69% 
DNB   2,13% 1,48% 1,15% 0,93% 
Gjensidige 1,29% 0,97% 0,81% 0,70% 
Nordea   0,95% 0,87% 0,83% 0,80% 
SpareBank 1  1,44% 1,34% 1,30% 1,27% 
KLP    0,59% 0,49% 0,45% 0,42% 
Average   1,42% 1,08% 0,91% 0,79% 
Average 6 largest  1,35% 1,05% 0,90% 0,80% 

 

 

Appendix B-4: Management fees in pension policies. No. of employees: 1 

Management Fees Pension policies  

No. of employees: 1 Total net assets 
    25.000 50.000 100.000 300.000 
Company     
Duvi   0,50% 0,50% 0,50% 0,50% 
Storebrand 1,10% 1,10% 1,10% 1,10% 
DNB   1,10% 1,10% 1,10% 1,10% 
Gjensidige 0,89% 0,89% 0,89% 0,89% 
Nordea   1,19% 1,19% 1,19% 1,19% 
SpareBank 1  1,25% 1,25% 1,25% 1,25% 
KLP    0,40% 0,40% 0,40% 0,40% 
Average  0,92% 0,92% 0,92% 0,92% 
Average 6 largest 0,99% 0,99% 0,99% 0,99% 
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Appendix B-5: Administration fees in pension policies. No. of employees: 1 

Administration fees Pension policies  

No. of employees: 1 Total net assets 

    25.000 50.000 100.000 300.000 
Company     
Duvi   120,00 120,00 120,00 120,00 
Storebrand 400,00 400,00 400,00 400,00 
DNB   250,00 400,00 400,00 400,00 
Gjensidige 459,00 459,00 459,00 459,00 
Nordea   250,00 468,00 468,00 468,00 
SpareBank 1  468,00 468,00 468,00 468,00 
KLP    - - - - 
Average  278,14 330,71 330,71 330,71 

Average 6 largest 304,50 365,83 365,83 365,83 
 

 

Appendix B-6: Management fees of pension policies. No. of employees: 1 

 Pension policies  

No. of employees: 1 Total net assets 
    25.000 50.000 100.000 300.000 
Company     
Duvi   0,98% 0,74% 0,62% 0,54% 
Storebrand 2,70% 1,90% 1,50% 1,23% 
DNB   2,10% 1,90% 1,50% 1,23% 
Gjensidige 2,73% 1,81% 1,35% 1,04% 
Nordea   2,19% 2,13% 1,66% 1,35% 
SpareBank 1  3,12% 2,19% 1,72% 1,41% 
KLP    0,40% 0,40% 0,40% 0,40% 
Average  2,03% 1,58% 1,25% 1,03% 
Average 6 largest 2,21% 1,72% 1,35% 1,11% 
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Appendix C. Gross Return and Sharpe Ratio 

 

 

Appendix C-1 and C-2 illustrate the Gross return and Sharpe ratio of the pension insurers in 

the Norwegian pension market.  

 

Appendix C-1: Estimation of Gross return 

Companies    Gross return Management fees Risk level 

SpareBank 1 100% aksjer 22,75% 1,35% 10 
Kombinert Pensjonsprofil Aksjer Valutasikret 13,10% 0,69% 10 
KLP P90   12,54% 0,40% 9 
SpareBank 1 Offensiv 17,73% 1,25% 8 
Kombinert Pensjonsprofil Offensiv Valutasikret 11,23% 0,69% 8 
Handelsbanken 75 16,87% 0,89% 7 
KLP P70   10,63% 0,40% 7 
SKAGEN 60   11,21% 1,05% 6 
Eika Moderat   10,77% 0,92% 6 
Sparebank 1 Moderat 12,88% 1,15% 5 
Kombinert Pensjonsprofil Balansert Valutasikret 8,35% 0,69% 5 
SpareBank 1 Forsiktig 8,11% 1,05% 3 
KLP P30   6,60% 0,40% 3 
Kombinert Pensjonsprofil Trygg 6,48% 0,65% 2 
Storebrand Forsiktig Pensjon 5,97% 0,60% 2 
Aktiva Bedrift 10 4,99% 0,29% 1 
SpareBank 1 BM Bank 1,89% 0,95% 1 
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Appendix C-2: Estimation of Sharpe ratio  

Companies    Sharpe ratio Management fees Risk level 

Handelsbanken 100 2,39 0,99% 10 
Danica Pensjon Norge Aksje 1,31 0,75% 10 
Aktiv Pensjonsprofil Aksjer 1,94 1,80% 10 
KLP P90   1,45 0,40% 9 
SpareBank 1 Offensiv 2,42 1,25% 8 
SKAGEN 80   1,41 1,20% 8 
Handelsbanken 75 2,41 0,89% 7 
KLP P70   1,55 0,40% 7 
Eika Moderat   2,04 0,92% 6 
SKAGEN 60   1,18 1,05% 6 
SpareBank 1 Moderat 2,51 1,15% 5 
Kombinert Pensjonsprofil Balansert Valutasikret 1,6 0,69% 5 
Eika Forsiktig   2,27 0,59% 3 
Aktiva Bedrift 30 1,77 0,39% 3 
Storebrand Forsiktig Pensjon 2,47 0,60% 2 
Kombinert Pensjonsprofil Trygg Valutasikret 1,79 0,69% 2 
SpareBank 1 BM Bank 4,36 0,95% 1 
Kombinert Pensjonsprofil Renter 1,31 0,65% 1 
Aktiva Bedrift 10 2,07 0,29% 1 
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Appendix D. Historical Inflation and Risk-Free Rate 

 

 

We have estimated the historical inflation rate to 3,14%. The historical inflation rate is 

derived from the historical CPI, and the dataset is downloaded from Jordà-Schularick-Taylor 

Macrohistory database (2018).  

 

Appendix D-1: Estimation of historical inflation  

Year Country  ISO CPI Inflation  

          
1990 Norway NOR 100,00 4,13% 
1991 Norway NOR 103,42 3,42% 
1992 Norway NOR 105,85 2,35% 
1993 Norway NOR 108,27 2,29% 
1994 Norway NOR 109,78 1,40% 
1995 Norway NOR 112,47 2,45% 
1996 Norway NOR 113,88 1,25% 
1997 Norway NOR 116,81 2,58% 
1998 Norway NOR 119,46 2,27% 
1999 Norway NOR 122,25 2,33% 
2000 Norway NOR 126,02 3,09% 
2001 Norway NOR 129,82 3,02% 
2002 Norway NOR 131,50 1,29% 
2003 Norway NOR 134,75 2,48% 
2004 Norway NOR 135,38 0,47% 
2005 Norway NOR 137,44 1,52% 
2006 Norway NOR 140,64 2,33% 
2007 Norway NOR 141,67 0,73% 
2008 Norway NOR 147,00 3,77% 
2009 Norway NOR 150,19 2,17% 
2010 Norway NOR 153,79 2,40% 

2011 Norway NOR 155,79 1,30% 
2012 Norway NOR 156,90 0,71% 
2013 Norway NOR 160,24 2,13% 

          
Average inflation rate from 1872 - 2013:  3,14% 
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The historical real risk-free rate is 0,6%. The rate is derived from the Norwegian 10-year 

governmental bond, from 2000 to 2017.  

 

Appendix D-2: Estimation of the historical risk-free rate 

Date  
10-year 

government bond  
    

31-12-00 6,22% 
31-12-01 6,24% 
31-12-02 6,38% 
31-12-03 5,04% 
31-12-04 4,36% 
31-12-05 3,74% 
31-12-06 4,07% 
31-12-07 4,78% 
31-12-08 4,47% 
31-12-09 4,00% 
31-12-10 3,52% 
31-12-11 3,12% 
31-12-12 2,10% 
31-12-13 2,58% 
31-12-14 2,52% 
31-12-15 1,57% 
31-12-16 1,33% 
31-12-17 1,64% 

    
Nominal risk free rate: 3,76% 
Real risk free rate: 0,60% 
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Appendix E. Real Increase in Income  

 

 

The real increase in income is estimated to respectively: 

• Low-income groups: 0,45% 

• Middle-income groups: 0,63% 

• High-income groups: 0,93%  

 

Appendix E-1: Estimation of real increase in income for all three income groups 

NOK 1000 Yearly Income  Nominal Increase 

Date  High-Income  Middle-Income Low-Income  High-Income  Middle-Income Low-Income  
2000 81 81 82    
2001 85 86 86 5,90% 5,12% 5,39% 
2002 90 90 91 5,39% 5,33% 5,47% 
2003 94 94 94 4,81% 4,38% 2,85% 
2004 97 97 97 3,45% 3,29% 3,44% 
2005 100 100 100 2,62% 2,88% 3,12% 
2006 104 104 104 4,40% 3,75% 3,95% 
2007 111 109 110 6,15% 5,39% 5,48% 
2008 117 115 115 5,57% 5,26% 4,74% 
2009 123 120 119 5,04% 4,31% 3,39% 
2010 127 124 122 3,40% 3,59% 2,59% 
2011 133 129 125 4,37% 3,97% 2,61% 
2012 138 134 131 4,32% 3,72% 4,64% 
2013 144 139 136 4,37% 3,68% 3,78% 
2014 148 143 139 2,70% 2,78% 2,50% 
2015 152 147 144 2,58% 2,56% 3,29% 
2016 155 149 146 1,77% 1,96% 1,62% 
2017 158 153 150 2,07% 2,49% 2,64% 

 

 

 

 

 

Nominal Increase 4,1% 3,8% 3,6% 

Real Increase 0,93% 0,63% 0,45% 
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Appendix F. Monte Carlo Simulation 

 

 

We use a traditional Monte Carlo Simulation to estimate expected returns on equities and 

bonds. We have estimated the expected returns in the simulation using the following 

expressions:  

 

𝐸(𝑟𝑒) = 𝜇𝑒 + 𝜎𝑒 ∗ 𝑋𝑒𝑡 (𝐹. 1) 

𝐸(𝑟𝑏) = 𝜇𝑏 + 𝜎𝑏 ∗ 𝑋𝑏𝑡 (𝐹. 2) 

 

where 𝜇𝑒 and 𝜇𝑏 are the means, and 𝜎𝑒 and 𝜎𝑏 are the standard deviations. These are derived 

from historical datasets. The drift 𝑋𝑡 is estimated using a Multivariate Gaussian Distribution. 

The following sections uncovers the approach to estimating: 𝜇, 𝜎 and 𝑋𝑡.  

  

Estimating mean (𝝁) and standard deviation (𝝈) 

We have estimated standard deviations using historical datasets from DMS. The means are 

constant, and based on parameter values on risk premium of equities and real return of 

bonds.  

 

The formulas for the standard deviation are found below: 

 Formula  In Excel  

Standard deviation (𝜎) 
𝜎 = √

∑(𝑥 − 𝑥𝑎𝑣𝑔)
2

𝑛 − 1
 

=Stdev.s () 
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The estimated values for mean and standard deviations are outlined below:  

 Equities Bonds   

Mean (𝜇) 𝜇𝑒 = 4,41% 𝜇𝑏 = 0,98% 

Standard deviation (𝜎) 𝜎𝑒 = 17% 𝜎𝑏 = 11% 

 

 

Estimating the drift (𝑿𝒕) using a Multivariate Gaussian Distribution 

We have chosen to use multivariate Gaussian random numbers to estimate the drift in the 

Monte Carlo Simulation. The random numbers are derived by using the multivariate 

Gaussian distribution, and are used to capture simple correlations between related 

stochastic processes. The Gaussian distribution is estimated as following:  

 

𝑋𝑡 = 𝑁(𝜇, Σ) = 𝑁([
0
0
0
] , [ 

1 𝑝12 𝑝1𝑝
𝑝12 1 𝑝2𝑝
𝑝1𝑝 𝑝2𝑝 1

]) (𝐹. 3) 

 

where Σ is the correlation matrix. There are several ways to decompose the correlation 

matrix. We have chosen to perform a Cholesky decomposition of the correlation matrix, as 

this is the most standard method of simulating random numbers with multiple correlated 

variables.  

 

We have estimated the drift using a VBA macro-enabled function in Excel. The function’s 

only input variable is the correlation matrix between the equities and bonds. The 

correlation matrix is estimated by using the historical data from the DMS World dataset. 

When changing dataset in the sensitivity analysis, we derive new random numbers that 

correlate according to the new dataset.   

 

The output consists of two columns, 𝑋𝑒1, 𝑋𝑒2, … , 𝑋𝑒𝑡  and 𝑋𝑏1, 𝑋𝑏2, … , 𝑋𝑏𝑡 . These are 

multivariate random variables, and are used as the drift in the Monte Carlo Simulation. 
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Appendix G. Ranking of Contribution Profiles  

 

 

Figure 6-2 in Chapter 6 shows the weighted score of the different defined-contribution 

profiles, ranked after the size of the total pension payout. Panel 1-X illustrates the overall 

score of the respective profiles. The points are reflected on a scale from 1 to 10. 10 is the 

highest pension payout and 1 is the lowest. The overall score is in relative terms compared 

to the other contribution profiles in the pension market.  

 

Appendix G-1:  100% in equities 

 

 

 

Appendix G-2:  Duvi 
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Appendix G-3:  DNB 

 

 

 

Appendix G-4:  Storebrand  
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Appendix G-5:  KLP  

 

 

 

Appendix G-6:  Cocco et al.   
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Appendix G-7:  Markowitz 

 

 

 

Appendix G-8:  100% bonds 
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Appendix H. Expected Utilities and Certainty Equivalents 

 

 

We use expected utility theory and prospect theory when estimating the certainty 

equivalents of the different contribution profiles. Appendix H-1 illustrates the model for 

certainty equivalents according to the expected utility theory. Appendix H-2 illustrates the 

model for certainty equivalents according to prospect theory. Both panels take basis in 

Duvi’s standard contribution profile for the middle-income groups. Note that we use the 

average of the expected utilities and certainty equivalents in the further estimations.  

 

Appendix H-1: Estimation of expected utility and certainty equivalent  

 Duvi 
   
Constant relative risk aversion 3,8  
Yearly Income NOK 500.000  
   
Pension from folketrygden NOK 4.996.882  
   
 Good state  

(99% percentile) 
Bad state   
(1% percentile) 

   
Pension from occupational  
pension schemes 

NOK.  
13.283.591 

NOK.  
1.137.401 

   
Probability  Expected Utility Certainty Equivalent 
1% 
10% 
20% 
30% 
40% 

6.255.745 
7.348.902 
8.563.521 
9.778.140 
10.992.759 

1.158.116 
1.360.785 
1.618.613 
1.921.304 
2.284.425 

50% 12.207.378 2.732.584 
60% 13.421.997 3.307.681 
70% 14.636.616 4.088.922 
80% 15.851.235 5.251.882 
90% 17.065.854 7.310.979 
99% 18.159.011 12.117.299 
Average  12.207.378 3.922.990 
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Appendix H-2: Estimation of gain/loss and certainty equivalent  

 Duvi 
Yearly Income NOK 500.000  
   
Pension from folketrygden NOK 4.996.882  
   
Reference point 
(100% bonds) 

NOK 2.510.782  

   
 Good state  

(99% 
percentile) 

Bad state   
(1% percentile) 

   
Pension from occupational  
pension schemes 

NOK. 
13.283.591 

NOK.  
1.137.401 

   
Weight Function   
Good State Bad State Gain/Loss Certainty Equivalent 
5,53% 
18,63% 
26,08% 
31,84% 
37,00% 
42,06% 
47,39% 
53,38% 
60,74% 
71,17% 
91,16% 

94,51% 
77,49% 
66,90% 
58,78% 
51,81% 
45,40% 
39,17% 

-450.394 6.450.044 
-151.704 
23.263 
158.175 
277.396 
391.846 
509.303 
638.169 
791.774 
1001.949 
1.384.358 

7200.557 
7.599.312 
8.316.965 
9.039.955 
9.776.552 
10.563.998 
11.456.942 
12.553.767 
14.102.569 
17.028.856 

32,76% 
25,70% 
17,01% 
3,97% 

  
Average  415.830 10.371.683 
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Appendix I. Extreme Parameter Values in Prospect Theory  

 

 

It takes extreme parameter values for the gradually adjusted profiles to outperform 100% 

equities in prospect theory. The reference point has to be unusually low, lambda, 𝜆, has to 

be higher than 4 and alpha, 𝛼, less than 0,5. 

 

Appendix I-1: Certainty equivalent relative to investing 100% in bonds 
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Appendix J. Value at Risk 

 

 

Value of the different contribution profiles relative to the Duvi and 100% equities profiles 

after these two profiles have lost VaR. The other profiles have not experienced any losses. 

 

Appendix J-1: Value of the different contribution profiles relative to Duvi 

  Reference point: Duvi 

Contribution profiles Loss in relative terms after 20 years Loss in relative terms after 40 years 
Duvi 0,00% 0,00% 
DNB -15,87% -26,18% 
Storebrand 7,56% -5,62% 
Gjensidige 14,11% 0,13% 
KLP 41,84% 24,46% 
Malkiel 8,51% -4,78% 
Cocco et al. 24,20% 8,98% 
Markowitz 2,26% -10,27% 
100% equities 49,60% 31,27% 
100% bonds -12,78% -23,47% 

 

 

Appendix J-2: Value of the different contribution profiles relative to 100% equities 

  Reference point: 100% equities 

Contribution profiles Loss in relative terms after 20 years Loss in relative terms after 40 years 
Duvi 19,25% -8,61% 
DNB -18,77% -37,75% 
Storebrand 3,86% -20,41% 
Gjensidige 10,18% -15,56% 
KLP 36,95% 4,96% 
Malkiel 4,78% -19,70% 
Cocco et al. 19,92% -8,10% 
Markowitz -1,26% -24,33% 
100% equities 0,00% 0,00% 
100% bonds -15,78% -35,46% 
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Appendix K. Sensitivity Analysis  

 

 

Sensitivity in nominal equity returns  

 

Appendix K-1: Expected utility. Sensitivity in nominal equity returns for the low-income 
group 

NOK 1000    Sensitivity in nominal equity returns (%)  

Contribution profiles  0% 4% 8% 12% 16% 

 100% equities    1.158 1.158 2.186 4.828 13.537 
 Malkiel    1.173 1.173 1.468 1.800 2.399 
 Cocco et al.    1.161 1.161 1.757 2.780 5.360 
 Markowitz    1.175 1.175 1.372 1.545 1.807 
 Duvi     1.156 1.156 1.682 2.461 4.275 
 DNB    1.153 1.153 1.458 1.852 2.649 
 Storebrand     1.156 1.156 1.413 1.716 2.332 
 Gjensidige    1.198 1.198 1.571 2.075 3.132 
 KLP    1.181 1.181 2.052 3.594 7.779 
 100% bonds    1.264 1.264 1.264 1.264 1.264 

 

 

Appendix K-2: Certainty equivalent. Sensitivity in nominal equity returns for the low-
income group 

NOK 1000    Sensitivity in nominal equity returns (%)  

Contribution profiles  Test  0% 4% 8% 12% 16% 

100% equities   170 329 617 1.078 1.847 
Malkiel   188 270 387 556 782 
Cocco et al.   177 302 509 818 1.273 
Markowitz   190 252 332 438 578 
Duvi    173 286 472 736 1.127 
DNB   173 256 374 557 807 
Storebrand    175 249 352 510 734 
Gjensidige   209 299 439 648 949 
KLP   193 348 602 960 1.496 
100% bonds   257 257 257 257 257 
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Appendix K-3: Expected utility. Sensitivity in nominal equity returns for the middle-income 
group 

NOK 1000    Sensitivity in nominal equity returns (%)  

Contribution profiles  0% 4% 8% 12% 16% 

 100% equities    7.364 10.621 20.696 55.439 170.048 
 Malkiel    7.563 8.958 11.356 15.600 23.616 
 Cocco et al.    7.406 9.711 15.171 28.636 63.408 
 Markowitz    7.578 8.598 10.082 12.313 15.696 
 Duvi     7.403 9.579 14.420 24.975 50.306 
 DNB    7.485 9.089 11.836 17.624 29.375 
 Storebrand     7.587 8.942 11.351 16.189 25.507 
 Gjensidige    7.684 9.227 12.101 18.348 31.272 
 KLP    7.498 10.523 18.202 37.435 89.735 
 100% bonds    8.690 8.690 8.690 8.690 8.690 

 

 

Appendix K-4: Certainty equivalent. Sensitivity in nominal equity returns for the middle-
income group 

NOK 1000    Sensitivity in nominal equity returns (%)  

Contribution profiles  0% 4% 8% 12% 16% 

100% equities   1.795 3.160 5.408 9.106 18.451 
Malkiel   2.080 2.861 3.946 5.453 7.599 
Cocco et al.   1.946 3.097 4.854 7.327 11.921 
Markowitz   2.105 2.714 3.485 4.505 5.849 
Duvi    1.937 3.006 4.542 6.903 10.570 
DNB   2.029 2.869 3.998 5.626 7.922 
Storebrand    2.107 2.859 3.914 5.460 7.567 
Gjensidige   2.166 2.982 4.174 5.925 8.604 
KLP   2.008 3.338 5.324 8.175 13.891 
100% bonds   2.746 2.746 2.746 2.746 2.746 
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Appendix K-5: Expected utility. Sensitivity in nominal equity returns for the high-income 
group 

NOK 1000    Sensitivity in nominal equity returns (%)  

Contribution profiles  0% 4% 8% 12% 16% 

 100% equities    25.223 40.916 88.911 254.340 798.734 
 Malkiel    26.159 32.890 44.376 64.732 102.826 
 Cocco et al.    25.424 36.473 62.577 126.790 292.104 
 Markowitz    26.227 31.143 38.291 48.981 65.183 
 Duvi     25.463 35.972 59.279 110.165 231.811 
 DNB    25.993 33.861 47.341 75.572 132.875 
 Storebrand     26.556 33.241 45.117 68.903 114.691 
 Gjensidige    26.576 33.827 47.382 76.424 136.725 
 KLP    25.777 40.024 76.503 167.227 412.258 
 100% bonds    31.625 31.625 31.625 31.625 31.625 

 

 

Appendix K-6: Certainty equivalent. Sensitivity in nominal equity returns for the high-
income group 

NOK 1000    Sensitivity in nominal equity returns (%)  

Contribution profiles  0% 4% 8% 12% 16% 

100% equities   7.619 12.625 20.898 36.943 81.457 
Malkiel   9.172 12.299 16.658 22.900 31.910 
Cocco et al.   8.551 12.975 19.730 29.577 50.500 
Markowitz   9.315 11.805 14.957 19.230 25.031 
Duvi    8.528 12.593 18.392 28.062 44.515 
DNB   9.081 12.344 16.856 23.311 32.938 
Storebrand    9.469 12.484 16.751 23.017 31.865 
Gjensidige   9.462 12.627 17.304 24.162 35.203 
KLP   8.762 13.643 21.044 32.768 59.023 
100% bonds   11.903 11.903 11.903 11.903 11.903 
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Sensitivity in equity volatility 

 

Appendix K-7: Expected utility. Sensitivity in equity volatility for the low-income group 

NOK 1000    Sensitivity in equity volatility (%)  

Contribution profiles  5% 13% 20% 25% 

100% equities   1.405 1.608 1.985 2.350 
Malkiel   1.276 1.337 1.416 1.485 
Cocco et al.   1.320 1.438 1.671 1.831 
Markowitz   1.266 1.303 1.342 1.386 
Duvi    1.320 1.424 1.597 1.744 
DNB   1.257 1.316 1.415 1.492 
Storebrand    1.251 1.295 1.384 1.439 
Gjensidige   1.322 1.394 1.513 1.639 
KLP   1.422 1.576 1.882 2.054 
100% bonds   1.264 1.264 1.264 1.264 

 

 

Appendix K-8: Certainty equivalent. Sensitivity in equity volatility for the low-income 
group 

NOK 1000    Sensitivity in equity volatility (%)  

Contribution profiles  5% 13% 20% 25% 

100% equities   413 460 521 562 
Malkiel   284 316 347 372 
Cocco et al.   327 379 452 486 
Markowitz   274 292 307 325 
Duvi    322 364 419 456 
DNB   264 296 342 372 
Storebrand    260 283 328 349 
Gjensidige   318 352 398 440 
KLP   408 451 519 541 
100% bonds   257 257 257 257 
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Appendix K-9: Expected utility. Sensitivity in equity volatility for the middle-income group 

NOK 1000    Sensitivity in equity volatility (%)  

Contribution profiles  5% 13% 20% 25% 

100% equities   10.516 13.071 17.916 22.387 
Malkiel   8.874 9.661 10.686 11.679 
Cocco et al.   9.433 11.003 14.094 16.265 
Markowitz   8.750 9.218 9.735 10.265 
Duvi    9.528 11.010 13.342 15.234 
DNB   8.910 9.838 11.185 12.382 
Storebrand    8.906 9.618 10.889 11.975 
Gjensidige   9.124 10.027 11.449 12.935 
KLP   10.441 12.327 16.091 18.217 
100% bonds   8.690 8.690 8.690 8.690 

 

 

Appendix K-10: Certainty equivalent. Sensitivity in equity volatility for the middle-income 
group 

NOK 1000    Sensitivity in equity volatility (%)  

Contribution profiles  5% 13% 20% 25% 

100% equities   4.931 4.597 4.310 4.098 
Malkiel   3.258 3.417 3.504 3.587 
Cocco et al.   3.812 4.009 4.202 4.208 
Markowitz   3.113 3.188 3.193 3.241 
Duvi    3.774 3.868 3.968 4.004 
DNB   3.194 3.373 3.597 3.714 
Storebrand    3.194 3.347 3.559 3.692 
Gjensidige   3.356 3.551 3.748 3.921 
KLP   4.493 4.414 4.441 4.342 
100% bonds   2.746 2.746 2.746 2.746 
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Appendix K-11: Expected utility. Sensitivity in equity volatility for the high-income group 

NOK 1000    Sensitivity in equity volatility (%)  

Contribution profiles  5% 13% 20% 25% 

100% equities   40.390 52.636 75.667 97.333 
Malkiel   32.467 36.240 41.175 45.851 
Cocco et al.   35.168 42.675 57.445 67.897 
Markowitz   31.920 34.121 36.590 39.151 
Duvi    35.775 42.885 54.083 63.418 
DNB   33.005 37.527 44.181 49.992 
Storebrand    33.070 36.586 42.840 48.176 
Gjensidige   33.436 37.586 44.183 51.109 
KLP   39.736 48.550 66.570 76.706 
100% bonds   31.625 31.625 31.625 31.625 

 

 

Appendix K-12: Certainty equivalent. Sensitivity in equity volatility for the high-income 
group 

NOK 1000    Sensitivity in equity volatility (%)  

Contribution profiles  5% 13% 20% 25% 

100% equities   23.115 19.316 15.705 13.587 
Malkiel   14.837 14.929 14.579 14.375 
Cocco et al.   17.564 17.282 16.577 15.697 
Markowitz   14.115 14.009 13.531 13.360 
Duvi    17.323 16.523 15.677 15.007 
DNB   14.616 14.693 14.947 14.849 
Storebrand    14.672 14.810 14.977 15.007 
Gjensidige   14.978 15.210 15.297 15.415 
KLP   20.386 18.548 16.988 15.744 
100% bonds   11.903 11.903 11.903 11.903 
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Sensitivity in bond returns  

 

Appendix K-13: Expected utility. Sensitivity in bond returns for the low-income group 

NOK 1000    Sensitivity in nominal bond return (%)  

Contribution profiles  -2% 2% 6% 10% 

100% equities   1.783 1.783 1.783 1.783 
Malkiel   1.197 1.339 1.576 1.987 
Cocco et al.   1.381 1.516 1.694 1.931 
Markowitz   1.147 1.275 1.523 2.018 
Duvi    1.334 1.470 1.659 1.914 
DNB   1.202 1.331 1.532 1.857 
Storebrand    1.174 1.299 1.506 1.858 
Gjensidige   1.247 1.409 1.672 2.102 
KLP   1.572 1.713 1.884 2.091 
100% bonds   1.082 1.206 1.558 2.598 

 

 

Appendix K-14: Certainty equivalent. Sensitivity in bond returns for the low-income group 

NOK 1000    Sensitivity in nominal bond return (%)  

Contribution profiles  -2% 2% 6% 10% 

100% equities   492 492 492 492 
Malkiel   206 306 448 647 
Cocco et al.   323 398 486 589 
Markowitz   168 266 425 676 
Duvi    293 372 465 572 
DNB   207 297 418 582 
Storebrand    188 280 409 594 
Gjensidige   242 348 496 691 
KLP   415 480 552 631 
100% bonds   112 214 443 906 
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Appendix K-15: Expected utility. Sensitivity in bond returns for the middle-income group 

NOK 1000    Sensitivity in nominal bond return (%)  

Contribution profiles  -2% 2% 6% 10% 

100% equities   15.437 15.437 15.437 15.437 
Malkiel   7.896 9.679 12.735 17.992 
Cocco et al.   10.292 12.023 14.318 17.353 
Markowitz   7.207 8.858 12.029 18.564 
Duvi    9.835 11.661 14.096 17.534 
DNB   8.224 9.994 12.815 17.478 
Storebrand    7.884 9.656 12.676 18.013 
Gjensidige   8.286 10.175 13.259 18.485 
KLP   12.304 14.005 16.055 18.526 
100% bonds   6.395 7.961 12.448 25.988 

 

 

Appendix K-16: Certainty equivalent. Sensitivity in bond returns for the middle-income 
group 

NOK 1000    Sensitivity in nominal bond return (%)  

Contribution profiles  -2% 2% 6% 10% 

100% equities   4.436 4.436 4.436 4.436 
Malkiel   2.256 3.211 4.535 6.351 
Cocco et al.   3.262 3.920 4.698 5.628 
Markowitz   1.860 2.854 4.382 6.800 
Duvi    3.056 3.738 4.519 5.457 
DNB   2.380 3.251 4.436 6.033 
Storebrand    2.242 3.172 4.508 6.353 
Gjensidige   2.448 3.389 4.695 6.446 
KLP   3.822 4.370 4.960 5.611 
100% bonds   1.261 2.324 4.515 9.161 
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Appendix K-17: Expected utility. Sensitivity in bond returns for the high-income group 

NOK 1000    Sensitivity in nominal bond return (%)  

Contribution profiles  -2% 2% 6% 10% 

100% equities   63.896 63.896 63.896 63.896 
Malkiel   27.778 36.341 50.992 76.207 
Cocco et al.   39.232 47.528 58.523 73.052 
Markowitz   24.457 32.394 47.618 78.762 
Duvi    37.198 46.010 57.825 74.289 
DNB   29.639 38.333 52.166 74.889 
Storebrand    28.024 36.759 51.641 77.864 
Gjensidige   29.418 38.332 52.873 77.236 
KLP   48.391 56.435 66.141 77.822 
100% bonds   20.570 28.092 49.658 114.389 

 

 

Appendix K-18: Certainty equivalent. Sensitivity in bond returns for the high-income group 

NOK 1000    Sensitivity in nominal bond return (%)  

Contribution profiles  -2% 2% 6% 10% 

100% equities   17.314 17.314 17.314 17.314 
Malkiel   9.825 13.683 19.150 26.851 
Cocco et al.   13.453 16.076 19.249 23.143 
Markowitz   8.317 12.367 18.707 29.050 
Duvi    12.660 15.323 18.445 22.233 
DNB   10.287 13.813 18.799 25.644 
Storebrand    9.899 13.685 19.360 27.309 
Gjensidige   10.430 14.167 19.565 26.947 
KLP   15.249 17.447 19.872 22.559 
100% bonds   5.797 10.172 19.219 39.586 
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Sensitivity in inflation 

 

Appendix K-19: Expected utility. Sensitivity in inflation for the low-income group 

NOK 1000    Sensitivity in inflation (%)  

Contribution profiles  -2% 1% 4% 7% 

100% equities   3.719 2.045 1.463 1.225 

Malkiel   2.227 1.508 1.228 1.112 

Cocco et al.   2.884 1.744 1.319 1.146 

Markowitz   2.001 1.422 1.192 1.099 

Duvi    2.687 1.687 1.291 1.134 

DNB   2.217 1.488 1.220 1.100 

Storebrand    2.106 1.447 1.205 1.097 
Gjensidige   2.558 1.610 1.271 1.128 
KLP   3.478 2.010 1.423 1.185 
100% bonds   1.782 1.340 1.159 1.083 

 

 

Appendix K-20: Certainty equivalent. Sensitivity in inflation for the low-income group 

NOK 1000    Sensitivity in inflation (%)  

Contribution profiles  -2% 1% 4% 7% 

100% equities   929 577 355 217 
Malkiel   726 409 230 138 
Cocco et al.   856 505 288 165 
Markowitz   662 364 204 127 
Duvi    799 474 269 155 
DNB   697 391 222 128 
Storebrand    674 373 213 125 
Gjensidige   815 460 261 152 
KLP   954 590 345 194 
100% bonds   552 310 178 113 
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Appendix K-21: Expected utility. Sensitivity in inflation for the middle-income group 

NOK 1000    Sensitivity in inflation (%)  

Contribution profiles  -2% 1% 4% 7% 

100% equities   40.926 18.860 11.261 8.223 

Malkiel   21.268 11.863 8.278 6.759 

Cocco et al.   29.887 14.993 9.460 7.227 

Markowitz   18.247 10.724 7.814 6.593 

Duvi    27.963 14.429 9.236 7.132 

DNB   22.808 12.247 8.460 6.777 

Storebrand    22.020 11.836 8.267 6.751 

Gjensidige   24.127 12.549 8.564 6.879 

KLP   35.843 17.651 10.479 7.601 
100% bonds   15.345 9.640 7.379 6.407 

 

 

Appendix K-22: Certainty equivalent. Sensitivity in inflation for the middle-income group 

NOK 1000    Sensitivity in inflation (%)  

Contribution profiles  -2% 1% 4% 7% 

100% equities   7.861 5.093 3.370 2.225 

Malkiel   7.074 4.155 2.494 1.538 

Cocco et al.   7.722 4.826 2.973 1.820 

Markowitz   6.582 3.782 2.264 1.424 

Duvi    7.473 4.554 2.848 1.754 

DNB   6.927 4.162 2.548 1.543 

Storebrand    7.032 4.120 2.495 1.532 

Gjensidige   7.380 4.359 2.639 1.623 

KLP   8.183 5.224 3.297 2.033 
100% bonds   5.489 3.237 1.968 1.277 
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Appendix K-23: Expected utility. Sensitivity in inflation for the high-income group 

NOK 1000    Sensitivity in inflation (%)  
Contribution profiles  -2% 1% 4% 7% 
100% equities   185.270 80.154 43.990 29.343 
Malkiel   91.819 46.809 29.620 22.321 
Cocco et al.   132.806 61.732 35.265 24.539 
Markowitz   77.262 41.368 27.407 21.515 
Duvi    124.556 59.426 34.314 24.146 
DNB   100.880 49.317 30.771 22.516 
Storebrand    97.547 47.506 29.914 22.426 
Gjensidige   103.471 49.499 30.698 22.737 
KLP   159.821 73.665 39.802 26.192 
100% bonds    63.535 36.181 25.290 20.624 

 

 

Appendix K-24: Certainty equivalent. Sensitivity in inflation for the high-income group 

NOK 1000    Sensitivity in inflation (%)  

Contribution profiles  -2% 1% 4% 7% 

100% equities   31.193 19.696 13.402 9.192 
Malkiel   29.741 17.521 10.822 6.972 
Cocco et al.   31.467 19.655 12.466 8.006 
Markowitz   28.040 16.168 10.003 6.517 
Duvi    30.552 18.493 11.965 7.763 
DNB   28.892 17.540 11.052 7.040 
Storebrand    29.775 17.627 11.009 7.040 
Gjensidige   30.321 18.077 11.266 7.220 
KLP   32.960 20.674 13.427 8.747 
100% bonds    24.497 14.583 8.762 5.605 
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Sensitivity in nominal increase in income level  

 

Appendix K-25: Expected utility. Sensitivity in nominal income level increase for the low-
income group 

NOK 1000    Sensitivity in nominal increase in income level (%)  

Contribution profiles  -2% -1% 1% 2% 4% 6% 

100% equities   1.339 1.536 2.098 2.487 3.531 5.178 
Malkiel   1.000 1.173 1.652 1.980 2.886 4.351 
Cocco et al.   1.150 1.332 1.832 2.174 3.115 4.569 
Markowitz   945 1.114 1.580 1.900 2.806 4.241 
Duvi    1.107 1.292 1.780 2.114 3.045 4.497 
DNB   988 1.158 1.640 1.962 2.848 4.271 
Storebrand    963 1.132 1.605 1.925 2.817 4.212 
Gjensidige   1.064 1.242 1.736 2.067 3.011 4.443 
KLP   1.305 1.511 2.041 2.397 3.364 4.850 
100% bonds   894 1.060 1.516 1.829 2.717 4.126 

 

 

Appendix K-26: Certainty equivalent. Sensitivity in nominal income level increase for the 
low-income group 

NOK 1000    Sensitivity in nominal increase in income level (%)  

Contribution profiles  -2% -1% 1% 2% 4% 6% 

100% equities   366 422 579 684 958 1.385 
Malkiel   248 289 397 469 658 981 
Cocco et al.   314 362 488 573 795 1.115 
Markowitz   218 254 354 419 605 905 
Duvi    291 340 459 536 746 1.064 
DNB   238 276 384 452 628 918 
Storebrand    225 262 367 433 610 879 
Gjensidige   282 326 446 524 742 1.048 
KLP   368 428 577 674 923 1.286 
100% bonds   182 216 305 365 536 811 
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Appendix K-27: Expected utility. Sensitivity in nominal income level increase for the 
middle-income group 

NOK 1000    Sensitivity in nominal increase in income level (%)  

Contribution profiles  -2% -1% 1% 2% 4% 6% 

100% equities   12.050 13.556 17.844 20.806 28.495 40.798 
Malkiel   7.606 8.809 12.120 14.378 20.477 30.163 
Cocco et al.   9.609 10.928 14.497 16.898 23.434 33.284 
Markowitz   6.875 8.031 11.203 13.341 19.309 28.836 
Duvi    9.179 10.543 14.115 16.436 22.850 32.690 
DNB   7.879 9.059 12.468 14.754 20.790 29.984 
Storebrand    7.628 8.793 12.028 14.370 20.509 29.820 
Gjensidige   8.107 9.275 12.701 14.957 21.202 30.736 
KLP   11.147 12.716 16.557 19.078 25.855 35.928 
100% bonds   6.224 7.305 10.359 12.421 18.203 27.503 

 

 

Appendix K-28: Certainty equivalent. Sensitivity in nominal income level increase for the 
middle-income group 

NOK 1000    Sensitivity in nominal increase in income level (%)  

Contribution profiles  -2% -1% 1% 2% 4% 6% 

100% equities   3.218 3.759 5.293 6.298 8.953 13.210 
Malkiel   2.543 2.968 4.144 4.929 7.040 10.352 
Cocco et al.   2.999 3.489 4.836 5.732 8.161 11.650 
Markowitz   2.287 2.683 3.769 4.507 6.483 9.685 
Duvi    2.820 3.314 4.638 5.489 7.798 11.268 
DNB   2.564 2.984 4.168 4.973 7.058 10.177 
Storebrand    2.528 2.946 4.081 4.928 7.056 10.190 
Gjensidige   2.690 3.122 4.350 5.165 7.398 10.690 
KLP   3.255 3.814 5.302 6.268 8.869 12.707 
100% bonds   1.948 2.298 3.276 3.929 5.751 8.741 
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Appendix K-29: Expected utility. Sensitivity in nominal income level increase for the high-
income group 

NOK 1000    Sensitivity in nominal increase in income level (%)  

Contribution profiles  -2% -1% 1% 2% 4% 6% 

100% equities   50.562 56.449 73.529 85.169 114.423 162.155 
Malkiel   29.365 33.814 45.999 54.257 76.143 111.313 
Cocco et al.   38.923 43.927 57.331 66.279 90.345 126.036 
Markowitz   25.870 30.095 41.582 49.308 70.651 104.874 
Duvi    37.143 42.290 55.757 64.329 87.829 123.650 
DNB   31.092 35.475 48.262 56.648 78.466 111.219 
Storebrand    29.983 34.299 46.211 54.957 77.302 110.684 
Gjensidige   31.302 35.646 48.294 56.393 79.147 112.900 
KLP   45.948 52.057 66.525 75.991 101.013 137.657 
100% bonds   22.741 26.628 37.540 44.854 65.308 98.545 

 

 

Appendix K-30: Certainty equivalent. Sensitivity in nominal income level increase for the 
high-income group 

NOK 1000    Sensitivity in nominal increase in income level (%)  

Contribution profiles  -2% -1% 1% 2% 4% 6% 

100% equities   12.244 14.463 20.910 25.027 36.122 54.149 
Malkiel   10.622 12.497 17.728 21.235 30.787 45.880 
Cocco et al.   12.036 14.153 20.019 23.988 34.790 50.419 
Markowitz   9.714 11.480 16.361 19.746 28.721 43.328 
Duvi    11.299 13.420 19.210 22.962 33.246 48.894 
DNB   10.692 12.560 17.803 21.392 30.928 45.405 
Storebrand    10.697 12.583 17.700 21.543 31.301 45.820 
Gjensidige   10.996 12.917 18.266 21.902 31.966 46.759 
KLP   12.704 15.029 21.386 25.588 36.947 54.127 
100% bonds   8.316 9.902 14.278 17.236 25.543 39.164 
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Change of Dataset  

 

Appendix K-31: Expected utility. Change of dataset for all three income groups 

NOK 1000 Expected Utility  

Contribution profiles  Low-income Middle-income High-income 

100% equities 1.927 17.107 71.920 
KLP 1.762 14.844 60.357 
Cocco et al. 1.528 12.276 48.685 
Duvi  1.513 12.300 49.133 
Gjensidige 1.393 9.977 37.393 
Malkiel 1.324 9.573 35.799 
DNB 1.315 9.777 37.231 
Storebrand  1.284 9.478 35.895 
Markowitz 1.232 8.275 29.625 
100% bonds 1.174 7.544 26.107 

 

 

Appendix K-32: Certainty equivalent. Change of dataset for all three income groups 

NOK 1000 Certainty Equivalent  

Contribution profiles  Low-income Middle-income High-income 

100% equities 511 4.288 15.838 
KLP 504 4.608 18.398 
Cocco et al. 412 4.141 17.207 
Duvi  403 4.115 17.104 
Gjensidige 361 3.697 16.128 
Malkiel 312 3.476 15.366 
DNB 302 3.509 15.583 
Storebrand  285 3.477 15.764 
Markowitz 251 2.899 13.414 
100% bonds 206 2.468 11.811 
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Equal Management Fees  

 

Appendix K-33: Expected utility. Equal management fees for all three income groups 

NOK 1000 Expected Utility  

Contribution profiles Low-income Middle-income High-income 

100% equities 1.783 15.437 63.896 
KLP 1.627 13.464 54.380 
Cocco et al. 1.556 12.538 49.994 
Duvi  1.522 12.121 48.017 
DNB 1.429 10.857 42.027 
Gjensidige 1.407 10.546 40.506 
Malkiel 1.387 10.295 39.298 
Storebrand  1.383 10.303 39.333 
Markowitz 1.323 9.457 35.291 
100% bonds 1.248 8.493 30.646 

 

 

Appendix K-34: Certainty equivalent. Equal management fees for all three income groups 

NOK 1000 Certainty Equivalent  

Contribution profiles Low-income Middle-income High-income 

100% equities 492 4.436 17.314 
KLP 444 4.236 17.070 
Cocco et al. 420 4.102 16.811 
Duvi  399 3.896 15.893 
DNB 358 3.629 15.187 
Gjensidige 347 3.563 15.040 
Malkiel 338 3.504 14.882 
Storebrand  334 3.479 14.731 
Markowitz 300 3.171 13.663 
100% bonds 245 2.634 11.427 
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Actions from Duvi  

 

Appendix K-35: Investment strategy. Equity exposure from age 25 to 60 has to be 100% 

and 60% from age 60 to 66 

NOK 1000 Equity Exposure from t=25 to t=60  

Equity exposure t=60 to t=66 50% 60% 70% 80% 90% 100% 

0% 3.199 3.397 3.612 3.848 4.106 4.388 

10% 3.257 3.458 3.678 3.893 4.154 4.438 

20% 3.296 3.499 3.722 3.964 4.230 4.520 

30% 3.356 3.563 3.790 4.037 4.308 4.604 

40% 3.417 3.629 3.859 4.112 4.388 4.689 

50% 3.480 3.696 3.931 4.188 4.469 4.777 

60% 3.545 3.764 4.004 4.266 4.553 4.866 
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Appendix L. Alternative Results 

 

 

The results includes the total payout from folketrygden. We have chosen to include 

folketrygden, as this illustrates a more realistic picture of investors’ preferences towards 

the optimal contribution profile. Another approach would be to evaluate the investors’ 

expected utility without the pension from folketrygden.  

 

Appendix L-1: Expected utility and certainty equivalents of the total pension for the 

different contribution profiles for all three income groups 

NOK 1000 Expected utility 
Contribution profiles Low-income Middle-income High-income 
100% equities 818 10.440 50.130 
KLP 788 9.486 44.930 
Cocco et al. 591 7.541 36.229 
Duvi 546 7.210 34.940 
Gjensidige 498 5.815 27.571 
Malkiel 421 5.298 25.533 
DNB 408 5.586 27.455 
Storebrand 373 5.289 26.101 
Markowitz 358 4.460 21.526 
100% bonds 298 3.693 17.860 
 Certainty Equivalents 
Contribution profiles Low-income Middle-income High-income 
KLP 
Cocco et al. 
Gjensidige 
Malkiel  
Storebrand 

190 
177 
183 
168 
153 

2.207 
2.112 
2.082 
2.034 
1.982 

10.622 
10.237 
9.990 
9.868 
9.789 

Duvi 161 1.935 9.439 
Markowitz 160 1.915 9.293 
DNB 149 1.906 9.382 
100% equities 160 1.897 9.229 
100% bonds 136 1.629 7.916 
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Appendix L-2: Certainty equivalents of the different contribution profiles relative to a 

profile investing in 100% bonds, for all three levels of income. The figure shows estimations 

for an investor with a risk aversion of 3,8 

 

 

 

Appendix L-3: Certainty equivalents relative to an investment in 100% bonds. The figure 

illustrates estimations for all three income groups. Reference point = investing 100% in 

bonds, 𝛼 and 𝛽 = 0,88, 𝜆 = 2,25, 𝛾 = 0,61 and 𝛿 = 0,69 

 

 

 

 

 


