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Abstract 

The Capital Asset Pricing Model (CAPM) and its parameters are modeled under central 

quantitative financial theory applied on recent U.S. data. The fundamental assumptions are 

econometrically tested, suggesting existence of abnormal returns in violation of theoretical 

economic properties. The risk-free rate estimation approaches are evaluated and results 

show significance method-based variance, recommending implementation of a time-

variable solution. Beta estimations imply bias from non-systemic fluctuations in extension to 

time-bias resulting from time-varying estimation. Based on the analyses betas vary 

significantly from realized values, even under optimal conditions. Estimations of betas and 

market risk premia are subject to errors in variables, constituting a significant concern for 

application of market proxies. While implementing time-varying variables increase the 

robustness of the model in general, its real-world applicability remains limited and must be 

carried out with caution based on recent data. 
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Introduction 

The CAPM model was first introduced by Sharpe’s renowned 1964 publication and is applied 

today as a fundamental part of financial theory. The model is central in academia and applied 

across industries on all levels, as a simple stand-alone rate for non-financial businesses and in 

conjunction with sophisticated models in investment management (Mullins, 1982). The 

model provides a simplified framework for an economy and its underlying mechanics and lays 

the foundation for understanding key properties of numerous financial and economic area. 

Due to its extensive application in the industry, as well as the academic significance of the 

underlying theoretical framework, it has been the focus of countless reviews. Even so, recent 

market conditions differ from historical data and a continued extensive use of a model with 

considerable caveats warrants further analysis. Based on existing financial theory, the model 

is evaluated to assert its applicability and where possible, produce recommendations for 

users to add robustness in the computation of variable estimations. In the following sections, 

the model’s assumptions are tested on recent data to conclude whether the underlying 

mechanics fit compared to existing reviews. Extending from these findings, the risk-free rate, 

firm volatility and market risk premium parameters are estimated, and their robustness is 

evaluated. This aims to provide a comprehensive approach to understanding when the model 

is appropriate, what weaknesses to anticipate, and how to add precision and rigidity to 

estimations.  
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Problem statement 

The paper seeks to examine and evaluate the applicability of the CAPM model with respect 

to the consistency and accuracy of the estimation process of the parameters. Focus is placed 

on the most commonly used methods for the estimation of the parameters, including the 

OLS regression method for beta, term-structure models for the risk-free rate and average 

realized returns for expected market return. Furthermore, the paper seeks to evaluate the 

impact of the estimations under certain market assumptions to isolate the impact certain 

restrictions or assumptions may have on the accuracy of the parameters. Finally, it aims to 

answer the question of whether problems in the estimation methods may limit the real-

world applicability of the CAPM model, even if the underlying model is true. 

 
Literature review 

In the following section, existing literature on the CAPM model and its applicability and 

parameter estimation approaches is reviewed, to provide the reader with an understanding 

of the scope and fit of the thesis, as well as knowledge about the existing landscape of 

relevant research around the topic. The literature review presents the fundamental landmark 

publications introducing the bed rock assumptions for the CAPM model, and follows the 

development of the model as it is applied and tested theoretically and empirically. This is 

followed by an analysis of the application of the CAPM model today, in academia as well as in 

the financial industry. Combining the model fundamentals and their shortfalls with its present 

widespread application, suggests an evaluation of the original representation is required in 

critical areas, to absent from voiding its real-world applicability. 

The economic environment from which the model is developed was presented by Arrow and 

Debreu (1954), in a landmark publication developing the properties of equilibrium markets 

free of arbitrage. This entails a host of properties for securities pricing and financial markets, 

which are included as principles in a vast selection of state-of-the-art finance textbooks such 

as Berk, DeMarzo (2014) and Cuthbertson, Nitzsche (2004). The properties of equilibrium 

markets have since been extensively developed and applied in academia as well as the 

industry. Another landmark study with particular relevance to this paper was presented by 
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Dybvig and Ross (1989) who introduced arbitrage pricing theory and related equilibrium 

markets and their implications to security pricing. Both equilibrium markets and arbitrage 

pricing theory form the framework for theoretical asset and securities pricing today, as 

illustrated in for example the textbook of Hull (2009). While it is widely accepted that the 

underlying assumptions are simplifying to any real economy, the model’s functions for 

understanding mechanics of financial markets are widely used in the mentioned textbooks 

and in extension, applied for graduate-level finance programmes.  

Markowitz (1959) introduced the framework behind CAPM based, among other sources, on 

equilibrium market theory and later related to arbitrage pricing theory. Sharpe (1964) and 

Lintner (1965) develops the framework presented by Markowitz and presents the CAPM 

model as recognized by its current representation. In this process, the model is developed 

under strict assumptions, which simplify the subject financial markets. As such, the aspects of 

the model have been tried and tested by numerous studies, and summarized by Mullins 

(1982) it can be concluded that the model is widely accepted and applied in its original form, 

while also acknowledging that the applicability is limited due to the limitations of the 

underlying framework. Specifically, the assumptions of a market free of market frictions and 

in general equilibrium, implying absence of arbitrage and abnormal returns, are questionable. 

These caveats are tested in the thesis, based on econometric model specific tests on a 

synthetic market proxy, and the shortfalls in the model prerequisites are a key focus of 

throughout the paper. 

The wide application of the CAPM model in investment management (Sharpe, Gordon, Bailey, 

1998) and corporate finance (Berk, DeMarzo, 2014), paired with the acknowledged 

restrictions of the underlying economy (Mullins, 1982), warrants an assessment of its actual 

applicability. New data from financial markets and variations in parameter estimations based 

on quantitative analyses techniques and data selection processes, presents a gap in existing 

research. Based on the fundamental methodology of widely accepted finance literature, this 

paper seeks to reduce this gap by testing the model and estimation of its parameter based on 

the most recent data from the U.S. domestic market. The test of the CAPM model validity 

follows the approach from Campbell, Mackinlay and Lo (1996) and applies the econometric 

approach to testing the model for abnormalities. By applying this test to financial data 

spanning from 1963 to 2017, the implications about abnormal returns and in extension, the 
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fundamental CAPM assumptions, are tried against observations from the current U.S. 

economy.  

The parameters of the model are estimated based on several different approaches. 

Damodaran (2008) defines the risk-free rate and evaluates problematic aspects of the 

estimation process, which is enforced by Ernst & Young (2014) from an industry perspective. 

Simplistic fixed rate estimation approaches are applied in prevailing literature, including 

Petersen, Plenborg (2012) and Berk, DeMarzo, (2014). Meanwhile, Bliss (1996) propose a 

more refined time-varying approach to developing a term structure, which includes the curve-

fitting models of Nelsson, Siegel (1987) and Svensson (1994). While both methods are 

accepted in different settings, the impact on the estimation approach on the CAPM rates are 

required to understand the sensibility of selecting between methods when modeling a CAPM 

rate. 

The groundbreaking theory published by Sharpe presented the approach on asset pricing and 

in doing so, also started the widespread use of a beta-term, then denoted simply 𝛽, as a 

measure for finding the expected return of an asset. Sharpe (1964) argued that beta, a 

measure of the relative volatility between a company and the market, was a suitable predictor 

for expected return of an asset. He argues that the systematic risk portion, as the 

responsiveness to market changes, is the only predictor of excess market returns due to the 

fact that un-systematic risk, or firm specific risk, can be diversified away while systematic risk 

cannot. The model has since received lots of attention including positive as well as negative 

reviews. Roll’s critique (1976) famously argued that the CAPM is unprovable due to the fact 

that it simply cannot be tested. According to Sharpe’s (1964) theory, the market portfolio is 

mean-variance-efficient, but Roll (1976) argues that we have no way of knowing whether the 

true market portfolio is mean-variance efficient, due to the fact that the true market is 

impossible to observe. In extension to this, Fama and French (1996) published their paper 

heavily criticizing the CAPM claiming that the beta measure, a central part of the CAPM 

theory, does not sufficiently explain expected returns as Sharpe (1964) argued it did.  

Other problems have since emerged for the CAPM model. Sharpe (1964) assumed a constant 

relationship between an asset and its sensitivity to the market in his model. However, Francis 

(1978) argued that the beta of an asset moves randomly through time. While other research 

has shown that the movement of beta may not the random (Choudhry, 2002), it is now 



Master’s thesis  Copenhagen Business School, 2017 

Page | 7  
 

generally agreed that beta is time-varying which presents another problem for the application 

of the model, and Alexander and Chervany (1980) even found that certain betas are more 

stable than others over time. As noted by Francis (1978), this time-variance of beta presents 

a problem for the application of the model due to the fact the most common method of 

obtaining beta is through the use of an OLS regression which assumes a time-constant beta.  

Furthermore, Sharpe (1964) argued for the use of CAPM as a predictive model through the 

use of beta, however in order to use this to find the expected return of an asset, one must 

also know the expected return of the true market. Roll’s (1974) critique also very much applies 

to the expected market return as it is impossible to estimate the expected return of the 

market portfolio when we can’t observe it. This has led to problems for the application of the 

CAPM model. Merton (1980) states that the expected return of the market has been a 

neglected subject compared to other variables. This has led to a situation where average 

realized returns from market proxies are often used as proxies for the future expected market 

return in nearly all literature (Merton M. C., 1980), and though this approach has yielded 

irrational results such as negative market risk premiums over long periods of time (Elton, 

1999) other methods haven’t proven to be better (Botosan & Plumlee, 2005). 

 
Methodology 

The paper examines the validity of the CAPM model on a market proxy and the estimation of 

parameters from different approaches. This is done via quantitative modeling and current 

financial data. In entirety, the methodology includes theoretical as well as empirical analyses, 

oscillating between inductive and deductive inferences from the application of statistical, 

financial and econometric models and techniques on current market data. 

 

To assess how the CAPM model fits when applied on data from an existing economy, we 

assume the model holds and test its abnormalities. This is done through econometric 

modeling, time-series analysis and statistical programming. The framework for the tests is 

developed by Campbell, Lo and Mackinlay (1996) in the form of hypothesis tests and test 

statistics. By employing a statistical programming tool, namely Stata, the quantitative 

econometric techniques can be performed on the dataset. These tests include t-tests and 
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derivation of critical values and test statistics. Furthermore, multivariate regression is applied 

and the rigidity of the test-statistics in terms of their statistical size and power are performed. 

To test the power of the derived test statistics, the Wald test is explicated and properties and 

resulting test statistics are employed. These methods are applied to time-series data and thus 

test the theoretical foundation of the CAPM model against the dataset. This approach is 

recommended Campbell, Lo and Mackinlay (1996) and supported by the theoretical 

foundation in Cuthbertson, Nitzsche (2004). 

 

The term structure estimation consists mainly of three variable methodological components 

that affect estimation results; an asset pricing function, a pricing function relating asset prices 

to a functional form of the discount rate, and an econometric method for parameter 

estimation for the term structure curve fitting, respectively (Bliss, 1996). The risk-free 

parameter estimation is based on the fundamental option pricing models presented by Hull 

(2009) and Cuthbertson, Nitzsche (2004), for which and arbitrage-free bond market is 

presented with the modeling procedure following the framework used by Bliss (1996). The 

models are explained in detail during their application in the analyses. To briefly present the 

essential models, an overview is presented below. Based on the fundamentals of bond 

pricing, an arbitrage-free exact pricing model is re-worked to contain frictions and we have 

the expression for the bond price as below: 

𝐵 = 𝑐 𝑍 (𝜏 ) + 𝜖  

Following the bootstrapping method as explained by Cuthbertson, Nitzsche (2004), linear 

algebra and the derivation of the OLS multivariate linear regression is combined to present 

implied zero-coupon bond rates as the result of a system of linear equations: 

𝒁 = (𝑪 𝑪 ) 𝑪 𝑩  

In addition, term structure models are applied to the bond pricing data, as explicated by 

Nelsson, Siegel (1987) and Svensson (1994). These Nelsson-Siegel model defines the forward 

spot rates as: 

𝑟(𝑚) = 𝛽 + 𝛽 𝑒 + 𝛽
𝑚

𝜏
𝑒  

This model defines the risk-free rate in its functional form as: 



Master’s thesis  Copenhagen Business School, 2017 

Page | 9  
 

𝑅(𝑚) = 𝛽 + 𝛽
1 − e

𝑚
𝜏

+ 𝛽
1 − e

𝑚
𝜏

− e  

While the Nelsson-Siegel-Svensson model parsimoniously refines the models fit to data and 

has the forward spot rate defined as: 

𝑟(𝑚) = 𝛽 + 𝛽 e + 𝛽
𝑚

𝜏
e + 𝛽

𝑚

𝜏
e  

The functional form of the term structure is defined as: 

𝑅(𝑚) = 𝛽 + 𝛽
1 − e

𝑚
𝜏

+ 𝛽
1 − e

𝑚
𝜏

− e + 𝛽
1 − e

𝑚
𝜏

− e  

These term structure models and forward rates are fitted to the bond data by employing the 

ordinary least squares multivariate linear regression technique to minimize the sum of 

squared residuals between the observations and model-implied values. The OLS regression 

technique is applied throughout the paper as the central error minimization tool. Where 

relevant, the regression is checked for a host of potential shortfalls including multicollinearity, 

spurious results, homoscedasticity, and autocorrelation related issues in general. This is 

explained where relevant in the analyses sections. The OLS regression minimize the sum of 

squared residuals (SSR). Given that 𝜔 ∈ (−1,1) and with a uniform regressor, we find the 

BLUE estimates of 𝑎 and 𝜔, by minimizing the squared residuals expressed as: 

𝑆𝑆𝑅(𝑎, 𝜔) = 𝑢 (𝑎, 𝜔)  

By applying an econometric approximation tool, several parameters of the term structure 

models are estimated. This approach is aligned with the study of Bliss (1996) and constitutes 

the most instrumental methodology applied in the term structure estimation process.  

In order to test how accurate the beta estimation is under certain circumstances and 

assumptions, we use OLS regression, which is the most commonly used method (Tofallis, 

2008) (Shalit & Yitzhaki, 2002), to obtain our betas based on excess market and firm returns. 

According to the Gauss-Markov theorem, the OLS method is the best linear unbiased 

estimator (Flinn, 2004), however, there is weaknesses to the approach as it becomes biased 

in the presence of heteroskedasticity (Goldberger, 1964) (Johnston, 1972). However, as it the 
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most commonly applied method, it will still be used even when we assume heteroskedasticity 

in our model to see how it is affected by the assumption.   

We find the beta by using the matrix equation that gives us the global minimum sum of 

squares. 

𝛽 = (𝑋 𝑋) 𝑋 𝑦 

Where X is the vector of market returns and y is the vector of firm returns.  

In the case that we want to allow for an intercept, the X becomes a 2xN matrix where the 

entire first column consists of 1’s and the other column is the ordinary return vector.  

To evaluate the consistency and accuracy of the OLS regression for obtaining the correct beta, 

we use Monte Carlo simulation to simulate N=7500 days worth of daily returns for both firm 

and market. Assuming 250 trading days per year, we obtain 30 years of data. We repeat this 

process 10.000 times to get 10.000 unique pairings of market and firm returns. The models 

and process for the simulation will be explained below.    

 

In order to evaluate how the OLS regression method for betas, we simulate log excess market 

returns and log excess firm returns to run regressions on to eliminate the risk-free variable. 

Throughout the paper, different assumptions about the parameters will be changed to see 

how it affects the stability of the obtained betas from the OLS regression. 

In mathematical finance, stock prices are often assumed to be lognormally distributed 

(Merton R. C., 1976) and though there is evidence against this, it is still the most applied 

assumption (Borland, 2008). This means that log-returns are normally distributed (Why Log 

Returns, 2011) due to the following relationship: 

1 + 𝑟 =
𝑃

𝑃
= exp   

Furthermore, log-returns and raw returns are very close to each other when the returns are 

small as seen on day to day basis. Additionally, Fama (1995) suggests market prices are 

random walks meaning there should be no relationship between past, present and future 

returns. These assumptions of normal distribution and random walk gives us the tools create 

the basis for our simulation. The following model will be used for the market returns: 

𝑅 , = 𝜇 + 𝜖 , , 𝑤ℎ𝑒𝑟𝑒 𝜖  ~ 𝑁𝐼𝐼𝐷 (0, 𝜎 ) 

Where μ is average daily excess market return, ϵ a random return component obtained using 

Monte Carlo simulation and drawn from the inverse cumulative normal distribution using 
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random number generation (Skovmand, 2013), and σm is the daily standard deviation of the 

excess market return and Rm,t is the excess market return at time, t. The excess return of the 

firm will be simulated similarly with the exception that it will also be based on the market 

returns and the beta of the firm. Therefore, we have the following model for the firm returns: 

𝑅 , = 𝛽 ∗ 𝑅 , + 𝜖 ,   ∶   𝑤ℎ𝑒𝑟𝑒 𝜖 ,  𝑖𝑠 𝑛𝑖𝑖𝑑 𝑤𝑖𝑡ℎ 𝑁(0, 𝜎 )  

Where 𝝐𝒊,𝒕 is the random return component at time t that is attributable to un-systematic risk 

and generated the same way as the random return component in the market return. 𝑅 ,  is 

the excess return of the firm at time t, β is the beta of the company, and σi daily standard 

deviation of the non-systematic risk portion.  For our purposes, we use Monte Carlo 

simulation to simulate N=7500 days’ worth of daily returns for both firm and market. 

Assuming 250 trading days per year, we obtain 30 years of data. We repeat this process 

10.000 times to get 10.000 unique pairings of market and firm returns.  

 

While Fama (1995) suggests market prices are random walks, other literature suggests that 

the market is heteroskedastic and best modelled through a GARCH-model (Lo & MacMinlay, 

1988). Therefore we will also repeat the returns simulation process under the assumption of 

heteroskedasticity using a GARCH(1,1) model. Therefore, the following model will be used for 

the market return: 

𝑅 , = 𝜇 + 𝜂 , , where 𝜂 ,  ∽ 𝑁(0, 𝜎 , ) 

Where we have that: 

𝜎 = 𝜔 + 𝛽𝛼 + 𝛼𝜂 , , 𝑎𝑛𝑑 𝜔 = 𝜎 ∗
1 − 𝛼 − 𝛽

𝑡
 

Where η is the ϵ from the previous model but with heteroskedasticity, ω is the long-term 

average volatility, and 𝜎  is the starting volatility. Similarly, we do the same for the non-

systematic risk component in the firms returns giving us the following model:  

𝑅 , = 𝛽 ∗ 𝑅 , + 𝜂 , , 𝑤ℎ𝑒𝑟𝑒 𝜂 ,  ~𝑁(0, 𝜎 , ) 

We also have that: 

𝜎 = 𝜔 + 𝛽𝛼 + 𝛼𝜂 , , with ω = 𝜎 ∗
1 − 𝛼 − 𝛽

𝑡
 

Sharpe’s (1964) original CAPM assumed a constant beta parameter. However, as noted this 

has shown to be untrue (Fabozzi & Francis, 1978) and that is it time-varying. We therefore 

also simulate our data using a time-varying beta giving us the following model: 



Master’s thesis  Copenhagen Business School, 2017 

Page | 12  
 

𝑅 , = 𝛽 , ∗ 𝑅 , + 𝜖 ,  , 𝑤ℎ𝑒𝑟𝑒 𝜖 ,  ~NIID(0, 𝜎 )  

Everything is the same from the first random walk model with the exception of a time-varying 

beta. We simulate the time-varying beta by using Wiener process and a mean reversal 

component. 

𝛽 =  𝛽 + 𝜃 �̅� − 𝛽 Δ𝑡 + 𝜎𝛽 √Δ𝑡𝑍  

Where √Δ𝑡𝑍 is the Wiener Process, 𝜎 is the yearly standard deviation of the beta, 𝜃 is the 

reversal speed, and �̅� is the long-run average beta. We want to create a scenario where the 

current day beta of the firm is 1, but it may have varied in the past. Therefore we set the beta 

for the 3 most recent months of simulations to 1 before we allow for time-variance.  

 

The CAPM also opens up for the α component that show over- or underperformance. In order 

to see how this affects our beta estimation, we simulate the data while assigning each 

individual firm iteration and independent alpha giving us the following model. 

𝑅 , = 𝛼 + 𝛽 ∗ 𝑅 , + 𝜖 ,  

Only difference from the first random walk model is the 𝛼  which is the over- or 

underperformance of the firm that is not attributable to neither systematic nor unsystematic 

risk. Each firm is assigned a random alpha through random number generation and normal 

inverse cumulative distribution.   

 

The most common method of estimating the expected market return is by finding the average 

realized excess returns and adding the current days risk-free rate (Elton, 1999) (Merton M. C., 

1980). We use the average realized excess returns model and add our current day risk-free 

proxy to find the estimated expected market return. We find the excess return through the 

following model: 

𝑀 =
1

𝑛
𝑟 , − 𝑟 ,  

Where 𝑀  denotes the average realized market risk premium, over a number of observations, 

n. 𝑟 ,  is the return at time t for the given proxy chosen and 𝑟 ,  is the daily interest rate at 

time t for our given risk-free proxy. We find the average realized market risk premium and 

expected market return based on a number of proxies for both the market and the risk-free 

rate to showcase the error in variables problem. The empirical data needed is all obtained 
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from historical yahoo.finance database to ensure consistency in the methods and observation 

intervals. 

 

Tofallis (2008) mentions that due to the fact that we can’t observe and regress against the 

true market, we are forced to use proxies of the market. As we have no way of knowing how 

well the proxy reflects the actual market, there may arise a errors in variables problem due 

to an improper proxy. As it would be completely arbitrary to simulate improper proxies, we 

showcase the issue empirically instead. We select 50 random companies from the pool of 

companies that have been on the S&P500 for 30 years for data purposes. We find the betas 

of the companies using OLS regression of the excess returns using 3 different US market 

proxies based on both daily, weekly and monthly return data. As with expected market return, 

the data is obtained from yahoo.finance. We use this to show disparities of the betas chosen 

based on the market proxies, and choice of proxy may bias the obtained beta.  

 

Considering the thesis in its entirety, the methodology applied with its developing inductive 

and deductive inferences, combine to form a hermeneutic spiral and applies several financial 

models and quantitative as well as statistical techniques in the process. Thus, it strives to 

provide a tried and tested approach to analyze the CAPM model on a new set of data and 

evaluate the applicability of the model for the U.S. market. 
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CAPM tests 

To form a test of the CAPM assumptions, the mean-variance frontier must be understood. An 

econometric review of the CAPM properties and have been conducted by Campbell, Lo and 

Mackinlay (1996) and establishes a comprehensive approach for relating the mean-variance 

frontier with tests of the CAPM assumptions for an economy. First, the main assumptions and 

implications of the CAPM model is reviewed. Next, the closely related mean-variance frontier 

is modeled to derive the implications for CAPM that are required to perform an econometric 

test. Finally, an empirical approach to testing the model is carried out for individual asset 

portfolios as well as economy-wide. 

Proper es and implica ons of the CAPM economy 

To form the basis for understanding the applicability of the CAPM model, its underlying 

mechanics are analyzed from empirical perspective. By testing the model’s implications based 

on the underlying assumptions, it is possible to conclude whether the model holds for a 

certain dataset, and it is possible to assess the gravity of a misrepresentation. This analysis is 

carried out as statistical hypotheses tests, which assume the CAPM model, and in extension 

its underlying assumptions, holds and tests to which extend implications based on the CAPM 

framework are violated. Thus, conclusions about how well the model captures and explains 

the selected dataset can be drawn, which forms the preliminary foundation for further 

investigation of the applicability and rigidity of the underlying parameters of the model. The 

tests are conducted in the statistical programming tool Stata, where data is reformatted and 

models are coded to perform the necessary calculations. The Stata code is a development of 

De Gasperi et al. (2017) and included in Appendix II. 

 

The background for the CAPM model is presented by Markowitz (1959), introducing the 

notion that in an ideal setting, where the economy is free of transaction costs and without 

frictions, and where full diversification is achievable based on availability and liquidity of risky 

as well as risk-free assets, investors are optimally invested only in portfolios which are mean-

variance efficient. While this presents a relationship between the CAPM prerequisite setting 

and investors, an expansion of the scope to capture effects on the economy is required to 

investigate model-wide implications. Sharpe (1964) and Lintner (1965) develops the theory 

of Markowitz (1959) to accommodate the economy-wide scope and thus derive implications 
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that applies in a model-wide perspective and for the entirety of a subsequent economy. The 

main assumptions drawn from Sharpe (1964) and Lintner (1965) for the underlying CAPM 

mechanics are twofold. First, it is assumed that investors are homogenous in terms of 

expectations and that a risk-free asset is liquid and available for investors to borrow and lend 

without constrictions other than a capital limit. The second implication is suggested under the 

strict assumption of a market free of any financial frictions, and states that a portfolio 

capturing all invested wealth in an economy, under the assumption of homogenous investor 

expectations, is to be mean-variance efficient. This portfolio represents a maximally 

diversified portfolio within the boundaries of the economy and is denoted the market 

portfolio. Based on Markowitz (1959), Sharpe (1964) and Lintner (1965), it can be concluded 

that the CAPM equation is derived directly from the mean-variance efficiency of the market 

portfolio. Thus, we have the CAPM equation for the expected return on an asset: 

𝐸[𝑅 ] = 𝑟 + 𝛽 MRP,   𝑤h𝑒𝑟𝑒 𝛽 =
𝐶𝑜𝑣[𝑅 , 𝑅 ]

𝑉𝑎𝑟[𝑅 ]
 𝑎𝑛𝑑 𝑀𝑅𝑃 = 𝐸[𝑅 ] − 𝑟   

Here, 𝐸[𝑅 ] denotes the expected return rate on asset 𝑖, 𝑟  denotes the retun rate of a risk-

free asset, and 𝛽  is an expression of asset 𝑖’s volatility relative to the market index. Finally, 

MRP is the Market Risk Premium, which is the risk premium for holding the market portfolio 

of risky assets relative to a portfolio of purely risk-free assets.  

Based on the CAPM equation, the model presents a relationship between assets from a cross-

sectional perspective. This explains how assets with varying volatilities will result in differing 

expected returns. Furthermore, it can be concluded that the model does not include 

conditional expectations, nor time-varying expectations for return rates, be that for the 

market or asset return. Consequently, this CAPM model representation defines a single-

period model. 

The mean-variance fron er and CAPM 

To model mean-variance portfolios and relate them to the implications from CAPM, the 

methodology from (Cuthbertson, Nitzsche, 2004, chapter 5) is followed. First, we establish 

the portfolio variance and mean return. In a CAPM economy, we define a vector of all risky 

assets denoted 𝑵. These assets have a mean return denoted 𝝁, which is an N by 1 matrix, and 

a covariance matrix of N by N dimensions denoted 𝚺. Then we can setup a minimum-variance 

portfolio containing all portfolios, 𝒑, which will have a mean return of 𝜇 . For this minimum-
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variance portfolio, a constrained optimization for the variance and mean return can be set 

up. This is done so the subsequent portfolio weight 𝒘, solves the constrained optimization 

and thus we have the variance of the portfolio as: 

𝜎 = Var 𝑅 , = 𝑚𝑖𝑛 𝒘 𝚺𝐰 

Similarly, the mean return of the portfolio can be expressed as:  

𝜇 = 𝐸 𝑅 , = 𝒘 𝝁,   𝑤ℎ𝑒𝑟𝑒 𝒘 𝟏 = 1 

To illustrate this process graphically, we introduce plots of the mean-variance frontier, 

including a sample of risky assets and the portfolio 𝑝, which is transformed to portfolio 𝑔 after 

variance minimization (Jaroszek, 2017). 

 

 

 

 

 

 

 

Additionally, we introduce a risk-free asset to the economy and finds the weights for the 

portfolio on the mean-variance frontier that adjusts the minimum variance portfolio to 

account for the introduction of risk-free investment opportunities. It is clear from the plot 

that the mean of the return for the minimum-variance portfolio has shifted. The above 

minimization system can be expressed as below after adjusting for the risk-free asset 

introduction. The risk-free asset return rate is denoted 𝑅 , and the minimum-variance 

portfolio mean return is denoted 𝜇 . These also denote the portfolio weights, being the 

solution to the constrained optimization problem. 

𝜎 = Var 𝑅 , = 𝑚𝑖𝑛 𝒘 𝚺𝐰 

𝜇 = 𝐸 𝑅 , = 𝒘 𝝁 + (𝟏 − 𝒘 𝟏)𝑅 ,   𝑤h𝑒𝑟𝑒 𝒘 𝟏 = 1 

Here we note the portfolio variance is identical with and without the risk-free asset. Below 

are the plots including the risk-free asset and the tangency portfolio (Jaroszek, 2017). 
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The tangency portfolio, which is denoted 𝑞, is defined by the portfolio weigths summing to 1, 

which means all wealth is invested in risky assets and consequently no there are no capital 

allocations to the risk-free asset in this portfolio. Thus we have thath the portfolio of the 

tangency portfolio of all risky assets have the portfolio weight 𝑤  expressed as: 

𝑤 =
𝟏

𝟏 𝚺 𝝁 − 𝑅 𝟏
𝚺 𝟏 𝝁 − 𝑅 𝟏  

With the framework for the mean-variance frontier setup, we can relate is to the CAPM model 

by adding the findings of Sharpe and Lintner, which ultimately introduce the CAPM as a 

relation hereof. First, we introduce a standard regression model, in a setting with 2 risk assets 

and a risk-free asset. Here, the return of asset 𝑎 is expressed as a function of the rate of return 

for the risky asset 𝑞, the risk-free asset return rate, an error terms and 3 regression 

coefficients. So we have: 

𝑅 = 𝛽 + 𝛽 𝑅 + 𝛽 𝑅 + 𝜖  

Where 𝑅  denotes the return of asset 𝑎, 𝑅  denotes the return on risky asset 𝑞, 𝑅  is the risk-

free return, 𝜖  is the error term and finally for the regression coefficients 𝛽 , 𝛽 , 𝛽  we have: 

𝛽 = 0,   𝛽 = 1 − 𝛽 ,   𝛽 =
𝐶𝑜𝑣 𝑅 , 𝑅

𝜎
 

 From here, we can define the expected return of an asset as the mean so we have: 

 𝐸[𝑅 ] = 𝜇  

Next, the mean return can be reformulated to incorporate the regression model variables: 

𝜇 = 1 − 𝛽 𝑅 + 𝛽 𝜇  
 

⇔   𝜇 = 𝑅 + 𝛽 (𝜇 − 𝑅 ) 

When 𝑞 denotes the market portfolio, this expression is identical to the Sharpe-Lintner CAPM 

model representation: 
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𝜇 = 𝑅 + 𝛽 𝜇 − 𝑅  
 

⇔  𝐸[𝑅 ] = 𝑅 + 𝛽 (𝐸[𝑅 ] − 𝑅 ) 

Having established the relation between the mean-variance frontier and the CAPM model, 

we introduce the Sharpe ratio, which enables a test of mean-variance efficiency (Campbell, 

Mackinlay, Lo, 1996). The Sharpe ratio can be formulated as: 

𝑆𝑅 =
 𝜇 − 𝑅

𝜎
 

Where 𝑆𝑅  is the Sharpe ratio of asset 𝑖, 𝜇 − 𝑅  denotes the excess return or risk premium, 

𝜎  is the total risk. This is a measure of the excess return over total risk and we have that the 

tangency portfolio 𝑞, is characterized by having the highest possible Sharpe ratio. We can now 

test a portfolio for mean-variance efficiency, since this corresponds to testing whether the 

portfolio’s Sharpe ratio equals the maximum of the set of Sharpe ratios of all possible 

portfolios. 

 

Tes ng the CAPM applicability 

Based on the established CAPM framework, it is possible to test the validity of the model 

empirically. This can be done by testing whether the implied relationship between the Capital 

Market Line (CML) and the Security Market Line (SML) holds. The Security Market Line is the 

representation of the CAPM equation on a space of portfolio mean returns on one axis and 

volatility denoted as the beta on the other, whereas the CML depicts the same portfolios on 

a space of mean returns and variance. This can be illustrated as below from Jaroszek (2017). 

 

The relation between the CML and SML can be emphasized by investigating the market 

portfolio in both plots. In the CML, the market portfolio is the tangent portfolio on the mean-

variance frontier such that considering SML, the market portfolio has diversified away 
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idiosyncratic risk and as a portfolio of risky assets, is subject only to the systemic risk that the 

risk-free asset is also subject to. In extension, the determinant of the risk-return relationship 

for an asset is its beta value, that is, volatility, which remains as the factor determining the 

risk-return relationship (Cuthbertson, Nitzsche, 2004). The Capital Market Line, as illustrated 

in a plot with mean and variance axes, is a function of the market portfolio tangency and 

shows the frontier of ideal portfolios adjusted for the risk-return tradeoff. Conversely, the 

efficient frontier depicts the market portfolio representing a fully diversified portfolio with 

minimum risk exposure and exclusive systemic risk exposure. Thus, we can conclude a 

portfolio should not be able to have a Sharpe ratio exceeding that of the market portfolio 

(Campbell, Mackinlay, Lo, 1996). 

 

The relationship between the CML and SML can be tested by employing a time-series 

regression analysis, that determines when the risk-factors are returns. Several complications 

arise when designing this test. As a test of CAPM, the underlying parameters or representative 

proxies are required. There are several approaches for estimating each parameter, which are 

analyzed in later sections of this paper. For the purpose of this CAPM test, the focus is on the 

rigidity of the underlying assumptions, rather than parameter estimation techniques and 

consequently they are simplistically solved. The risk-free rate is uncertain and possible 

stochastic. There are several approaches to estimating the parameter, which will be 

performed in the risk-free rate section parameter estimation section. For this test, the U.S. 

30-day treasury bill is applied as a proxy for the risk-free rate, as a result of the study’s focus 

on the U.S. domestic market as well as to match the monthly return frequency of the market 

risk proxy applied in this section. Secondly, the market portfolio is un-observable. Several 

proxies are available and a closer investigation of the component is conducted in the market 

risk premium section. In this test, a common proxy is applied in the form of a value-weighted 

portfolio of traded equities on the U.S. market. Specifically, the 25 Fama-French research 

portfolios are applied as the market index proxy, available from the Kenneth R. French data 

library (French, 2017). Finally, the beta values cannot be observed. These can be estimated 

using an OLS regression, however the sample period and observation frequency impacts the 

resulting volatilities. This will be studied in detail, in the beta parameter estimation section. 

To perform the time-series regression test, the betas are estimated on a monthly frequency 



Master’s thesis  Copenhagen Business School, 2017 

Page | 20  
 

by applying the OLS estimator, to ensure the method is aligned with the other parameters of 

the model. 

 

The CAPM test largely follows Campbell, Mackinlay and Lo (1996). First, a regression model is 

defined: 

𝑅 − 𝑅 = 𝛼 + 𝛽 𝑅 − 𝑅 + 𝜀 ,   𝑓𝑜𝑟 𝑖 = 1,2, … , 𝑁 

Next, this is re-formulated to fit the CAPM representation and we get: 

𝐸[𝑅 ] − 𝑅 = 𝛼 + 𝛽 𝐸[𝑅 ] − 𝑅  

If we implement that 𝛼 = 0 for all 𝑖 we have the original CAPM representation:  

𝐸[𝑅 ] − 𝑅 = 𝛽 𝐸[𝑅 ] − 𝑅  

Here, the parameter alpha denoted 𝛼  for asset 𝑖, is introduced. This component is the basis 

for the empirical test of the CAPM validity. Revisiting the relation between the CML and the 

SML, we have that any possible combination of risky and risk-free assets represented in a 

portfolio, must necessarily have a Sharpe ration equal to or below the Sharpe ratio of the 

market portfolio, according to the CAPM assumptions. If a higher Sharpe ratio can be 

obtained, it follows that the portfolio’s return superior to the market portfolio’s, and this 

represents a violation of the Efficient Market Hypothesis and thus the CAPM assumptions 

(Cuthbertson, Nitzsche, 2004). The alpha parameter is an expression for the abnormal return 

in a portfolio, relative to the theoretical maximum market portfolio return. Graphically, this 

can be depicted as the vertical distance from the SML in a plot of beta and mean return. 

CAPM test of abnormal returns for individual hypotheses 

The CAPM tests are performed by using the statistical programming platform Stata. Stata is 

used to run the econometric tests based on code developed by the authors. To provide 

maximum transparency and replicability of the work, the Stata code is provided in Appendix 

II. The empirical data consists of a market proxy, represented by 25 Fama-French research 

portfolios containing value-weighted returns observed at a monthly frequency and sorted on 

book-to-market value and operating profitability. This data is assumed to be representative 

of the market portfolio for the purpose of the empirical CAPM validity test. The market excess 

return is and the risk-free rate are both available from the same data repository and are 

applied in the test as valid proxies. The risk-free rate is the 30-day treasury-bill rates. Both are 

included in the excel dataset. The dataset includes monthly observations spanning the period 
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from July 1963 to July 2017, with a total of 649 observations for each of the 25 portfolios, and 

for the risk-free rate and market excess return as well. This data is reformatted to fit Stata 

input requirements and the excel data as well as the output in the form of a Stata data file, 

which is formatted as a “.dta-file”, is available in Appendix I. 

a) The time variable is reformatted and defined as the time-series differentiator 

b) Portfolio names are re-defined and numbered 

c) Each monthly average value-weighted portfolio return is replaced with the 

corresponding portfolio excess return 

Now we consider the CAPM regression model, which is adjusted to fit the excess return nature 

of the study: 

𝑍 = 𝛼 + 𝛽 𝑀𝐾𝑇𝑅𝐹 + 𝜀 , ∀t = 1,2, … , 𝑇, 𝜀 ~𝐼𝐼𝐷𝑁(0, 𝜎 ) 

The error term 𝜀  is assumed to be normally distributed and independent, identically 

distributed (IIDN). For the dataset, we denote the number of return observations 𝑁, and thus 

we have 𝑁 equations to be estimated, which can be achieved by employing an econometric 

estimation method. The OLS regression method can be used to solve the system of equations 

one-by-one, whereas a maximum likelihood estimator can be applied after deriving required 

estimators. However, in this case the regressor for all equations is the same, namely the 

market returns denoted 𝑅 ,  and due to this property, it can be proven that the OLS 

estimator is the best linear unbiased estimator (BLUE), satisfying the Gauss-Markov 

conditions for econometric applicability (Johnston, 1972). As a result, the OLS regression 

method is equivalent to the maximum likelihood method for this test (Cuthbertson, Nitzsche, 

2004). 

 

With the regression model and econometric estimation method established, and with the 

relevant data proxying model variables and reformatted as Stata input, the alpha values can 

be generated for the Fama-French portfolios. An OLS regression is performed to estimate the 

intercept 𝛼 , or alpha value, of each portfolio. Thus, the validity check of the CAPM can be 

expressed in terms of a two-sided hypothesis test as: 

𝐻 : 𝛼 = 0, ∀i = 1, … , 𝑁 
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The error term setup to capture discrepancies based on the regression estimation is assumed 

to be normally distributed. However, it is assumed that a higher variance will occur in the 

regression results and to allow for this added variability, the Student’s T-distribution is 

applied. This has similar properties to a normal distribution but includes fatter tails, as a result 

of the higher variance. The alpha values resulting from the regressions are tested statistically 

by performing a t-test and the critical values and p-values are calculated. The test statistics 

for the t-test and the p-values are defined as: 

𝑝 = 2 ∗ ttail df,
𝛽

S. E. (𝛽 )) 
, 𝑤ℎ𝑒𝑟𝑒 𝑡 =

𝛽 − 𝛽

𝑆. 𝐸. (𝛽 )
 

In this definition 𝑝  is the p-value of the portfolio 𝑖, ttail refers to a Stata that generates the 

reverse cumulative t-distribution. df is the degrees of freedom equal to 𝑁=25 portfolios, 𝑡  

denotes the t-statistic of portfolio 𝑖, and finally S.E. denotes the standard error. Based on 

these parameters, the hypothesis test is conducted for each of the portfolios with a 95% 

confidence interval. Thus, the hypothesis for a portfolio is rejected if the p-value falls below 

the 5% significance level. We fail to reject the null hypothesis if the p-value is 5% or above. 

Ultimately a rejection frequency is presented, based on which we can conclude to which 

extend the CAPM holds for the test of individual hypotheses. 

 

Based on the results reported below, it can be concluded that 52 % of the hypotheses tests 

are rejected and conversely, we fail to reject 48 % of the hypotheses. In conclusion, based on 

the test of individual hypotheses, the CAPM does not hold for the economy represented by 

the dataset. However, the assumption that the CAPM must hold for each individual 

hypothesis is strict and does not reject the possibility that the CAPM holds for the economy 

as an entirety, despite not capturing every individual subsequent portfolios fully. Therefore, 

a test on the economy-wide level is warranted. 
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Tes ng the CAPM for economywide abnormal returns 

The economywide test for joint significance of alphas applies a Wald test. This test derives 

single-number test sta s cs based on a mul variate distribu on and tests whether all alphas 

are jointly zero at each me increment. The deriva on of the Wald test and its proper es is 

presented below, following the approach presented in Campbell, Mackinlay and Lo (1996). 

 

The purpose of the Wald test is to derive single number test-statistics for applicability on 

multivariate distributions. As presented by Jaroszek (2017), this is done by testing whether all 

alphas are jointly zero at a certain time increment, denoted 𝑡. First, a vector of alphas for all 

the dataset portfolios is defined as: 

𝜶 =

𝛼
⋮

𝛼
 

Next, the hypothesis can be formulated. We want to test the joint null hypothesis that all 

alphas equal zero. This is a two-sided test that answers whether an alpha parameter exists. 

Thus, the null hypothesis is formulated: 

𝐻 :  𝜶 = 0 

Portfolio, i Alphas p-values t-statistics
Rejection: 

1=reject, 0=fail to reject
1 -0.60923716 0.00136964 -3.2149398 1
2 -0.26715624 0.09720869 -1.6609464 0
3 -0.16353197 0.1138983 -1.5830519 0
4 -0.04840651 0.51650554 -0.64909774 0
5 0.06115056 0.35320564 0.92905775 0
6 -0.35768047 0.00328926 -2.9503128 1
7 -0.00211034 0.98145232 -0.02325716 0
8 -0.06172705 0.42667743 -0.79539161 0
9 0.17542714 0.01367738 2.4723889 1
10 0.1575769 0.11118215 1.5950824 0
11 -0.2323559 0.02535402 -2.2411606 1
12 0.01576186 0.85540943 0.1822936 0
13 0.18003881 0.04307612 2.0269595 1
14 0.31361031 0.00095566 3.3185325 1
15 0.42375565 0.00067828 3.4147595 1
16 -0.04363257 0.65656833 -0.44486191 0
17 0.15780879 0.09557469 1.6691335 0
18 0.33913249 0.00233058 3.0566364 1
19 0.25837848 0.03048015 2.1685549 1
20 0.36120519 0.04749263 1.9856612 1
21 0.15428836 0.14619873 1.4548393 0
22 0.3526044 0.00371125 2.9123134 1
23 0.44354345 0.00220947 3.0728328 1
24 0.45241385 0.02035181 2.3255317 1
25 0.26700878 0.29196208 1.0546872 0

Rejection frequency 52.00%
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To test this hypothesis, the excess-return CAPM model is applied. This can be expressed as 

below, including matrix notation: 

𝒁
𝑁𝑥1

=
𝜶

𝑁𝑥1
+

𝜷
𝑁𝑥1

𝑍 ,

1𝑥1
+

𝝐
𝑁𝑥1

,   𝝐 ~𝑁(𝟎, 𝚺) 

For this model, an important property is defined so we have that: 

𝐸[𝝐 𝝐 ] =
𝚺

𝑁𝑥𝑁
= 𝜎 , ,   for 𝑖, 𝑗 = 1,2, … , 𝑁 

In this formulation 𝚺 denotes the cross-sectional covariance structure. It is assumed that 

returns are independent and identically distributed over time (IID). The multivariate OLS 

regressions method is applied to estimate the elements 𝛼 ,  𝛽  for the vectors 𝜶, 𝜷: 

𝜶 =
𝛼
⋮

𝛼
,   𝜷 =

𝛽
⋮

𝛽

 

These expressions can be re-formulated so we have: 

𝜷 =
∑ (𝒁 − 𝝁)(𝑍 , − �̂� )

∑ 𝑍 , − �̂�𝑻
𝒕 𝟏

, 𝑤h𝑒𝑟𝑒 𝝁 =
1

𝑇
𝒁 , 𝑎𝑛𝑑 𝜶 = 𝝁 − 𝜷�̂�  

With these components established, the covariance matrix can be estimated. First, the 

covariance matrix is defined with the properties below: 

𝚺 =
1

𝑇
(𝒁 − 𝜶 − 𝜷𝑍 , )(𝒁 − 𝜶 − 𝜷𝑍 , )′ =

1

𝑇
𝝐 𝝐 ,   𝝐 = 𝒁 − 𝜶 − 𝜷𝑍 ,  

It is noted that the expression is divided by T (not T-2) because the approach is estimated 

using Maximum Likelihood, which is an efficient, yet not unbiased estimator. Then we have 

that conditional on 𝜶 and 𝜷 the joint distribution of 𝜶 and 𝜷 is: 

𝜶~𝑁 𝜶,
1

𝑇
1 +

�̂�

𝜎
𝚺 , 𝜷~𝑁 𝜷,

1

𝑇

1

𝜎
𝚺  

The true covariance matrix 𝚺 remains unknown, so we derive the test statistic by ignoring this 

and getting a test which is not feasible. Later, the covariance matrix 𝚺, is replaced with its 

estimator 𝚺, and thus the test is converted from an infeasible to a feasible test. At this point, 

the test statistic for 𝐻 :  𝜶 = 0 can be developed and for the infeasible test based on the 

unknown true covariance matrix 𝚺 we have that: 

𝐼𝑓 
𝑿

𝑁𝑥1
~𝑁(0, 𝑰 ),   𝑇h𝑒𝑛 𝑿 𝑿~ 𝜒  

Similarly, we have: 

𝐼𝑓 
𝒀

𝑁𝑥1
~𝑁(𝝁, 𝜮),   𝑇h𝑒𝑛 (𝒀 − 𝝁) 𝚺 (𝒀 − 𝝁)~𝜒  
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Conditional on the null hypothesis: 𝐻 :  𝜶 = 0 we have that: 

𝜶~𝑁 0,
1

𝑇
1 +

�̂�

𝜎
𝚺  

And similarly, to above re-writings, we have that: 

(𝜶 − 0)
1

𝑇
1 +

�̂�

𝜎
𝚺 (𝜶 − 0) = 𝑇 1 +

�̂�

𝜎
𝜶 𝚺 𝜶~𝜒  

This is a test statistic for 𝐻 :  𝜶 = 0 but infeasible since 𝚺 is unknown. We replace 𝚺 with an 

estimator 𝚺 to get a feasible test. Then we have the test statistic: 

𝐽 = 𝑇 1 +
�̂�

𝜎
𝜶 𝚺 𝜶~𝜒  (𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐𝑎𝑙𝑙𝑦,  𝑖. 𝑒.  𝑓𝑜𝑟 𝑇 → ∞) 

It is proven by the Slutsky theorem that this holds only in the asymptotic case where T 

approaches infinity. If we assume 𝑇 and 𝑁 are finite, we can develop another test statistic by 

converting the asymptotic 𝐽  to a finite-sample test statistic 𝐽 , which can be expressed as: 

𝐽 =
𝑇 − 𝑁 − 1

𝑇𝑁
𝐽 ~𝐹 ,  

Whether to use asymptotic or finite-sample test statistics depend on the underlying 

assumptions. 

 

To develop the test approach further, the likelihood ratio test, which is directly related to the 

derived 𝐽  and 𝐽  test statistics. The Likelihood Ratio denoted ℒℛ, employs the Maximum 

Likelihood (ML) estimation method to determine the parameter estimates that ensures the 

model is in maximum alignment with observed data in the dataset. The method is more 

general than the OLS estimator and can be used on non-linear models as well. We have the 

maximum agreement condition as: 

𝜶, 𝜷, 𝚺 =
𝑎𝑟𝑔

(𝜶, 𝜷, 𝜮) max ℒ(𝜶, 𝜷, 𝜮) 

Intuitively the ℒℛ-test is a comparison between the likelihood of the estimated model against 

the likelihood of the model with theoretical parameter values. The parameter values to 

determine ℒ 𝒂, 𝜷, 𝜮  are estimated. Then the hypothesis is introduced, where we have the 

previously formulated null hypothesis: 𝐻 :  𝜶 = 0. Next, we calculate the implied parameter 

values for 𝜷∗, 𝜮∗ and apply these to find ℒ 𝟎, 𝜷∗, 𝜮∗ . According to the likelihood theory we 

have the following under the null hypothesis: 
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−2ℒℛ = −2(ℒ∗ − ℒ) = −2 ℒ 𝟎, 𝜷∗, 𝜮∗ − ℒ 𝒂, 𝜷, 𝜮 ~𝜒  (asymptotically) 

We do not have to estimate the restricted parameters  𝜷∗, 𝜮∗ because the newly derived test 

statistic for the Likelihood Ratio, denoted 𝐽 , can be expressed as below: 

𝐽 = −2ℒℛ = 𝑇 log
𝜎

𝜎 + �̂�
𝜶 𝚺 𝜶 + 1 ~𝜒  (𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐𝑎𝑙𝑙𝑦) 

The relation between 𝐽  and  𝐽  can be expressed as below, as a conclusion of the derivation 

of the three test statistics for the economywide CAPM alpha test: 

𝐽 =
𝑇 − 𝑁 − 1

𝑇𝑁
𝐽  

𝐽 =
𝑇 − 𝑁 − 1

𝑇𝑁
exp

𝐽

𝑇
− 1  

𝐽 =
𝑇 − 𝑁 − 1

𝑇𝑁
exp

𝐽

𝑇 −
𝑁
2

− 2
− 1  

 

Running the economywide test for abnormal returns in Stata 

The Wald test derives three test sta s cs denoted 𝐽 , 𝐽  and 𝐽 , as developed by Campbell, 

Mackinlay and Lo (1996). By applying these test sta s cs, the economywide joint significance 

test for alphas evaluate the hypothesis: 

𝐻 : 𝜶 = 0, 𝜶 =

𝛼
⋮

𝛼
 

This hypothesis is joint where 𝜶 denotes a vector of N numbers containing the alphas of the 

individual por olio alphas. The derived test sta s cs 𝐽 , 𝐽  and 𝐽  are defined as. 

𝐽 = 𝑇 1 +
�̂�

𝜎
𝜶 𝚺 𝜶~𝜒  

𝐽 =
𝑇 − 𝑁 − 1

𝑇𝑁
𝐽 ~𝐹 ,   

𝐽 = −2ℒℛ = 𝑇 log
𝜎

𝜎 + �̂�
𝜶 𝚺 𝜶 + 1 ~𝜒  

The 𝐽  test statistic has an exact F-distribution with N and T-N-1 degrees of freedom 

respectively. Test statistics 𝐽  and 𝐽  are distributed asymptotically following a chi-squared 

distribution with N degrees of freedom. Applying an asymptotic or finite-sample distribution 

is decided based on underlying assumptions. As there is no specific support for disregarding 
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either form of distribution, both the asymptotic and finite-sample test statistics are a  pplied 

(Campbell, Mackinlay and Lo, 1996).  

 

 

 

 

Based on the results from all three test statistics, the p-values fall outside the critical region 

and ultimately, the economywide alpha test strongly suggest the hypothesis that alphas are 

jointly zero can be rejected. This means the CAPM relations do not hold for the dataset 

representing the U.S. economy. This implies the economy is not in equilibrium and includes 

sustainable abnormal returns. 

 

Performance of test statistics 

To ensure the implications of the economywide tests are rigid, the performance of the derived 

test-statistics are subject to further investigation. To check the robustness of the result 

stemming from the test statistics, these are tested in terms of statistical size and power. The 

size of a test denotes the probability of rejecting the null hypothesis even though it is true. To 

perform the test of size, we only need the number of assets N, and the data frequency T, and 

asymptotic tests require large sample sizes. Even though this requirement is not specified 

numerically, the dataset can be said to contain a large sample size covering a long time period 

with high observation frequency. The power of a test-statistic denotes the probability of 

rejecting the null when the alternative is true, in other words, the probability of correctly 

rejecting a hypothesis. This corresponds to the inverse of the probability of conduction a Type 

2 error. To perform a test of power we require an alternative hypothesis with a data-

generating process. To set the alternative hypothesis we also need a non-centrality 

parameter: 

𝛿 = 𝑇 1 +
𝜇

𝜎
𝜶 𝚺 𝜶 

This means a specification of the below parameters is required. 

𝜶 =

𝛼
⋮

𝛼
, 𝚺 , 𝜇 , 𝜎   

Test-
statistic

critical 
value

p-value

J0 49.21755 0.002658
J1 1.889833 0.005808
J2 7.440613 0.004349
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Here, 𝚺  contains ( ) unique elements. All these non-preset variables means there is way 

too much freedom to generate the alternative hypothesis. To formulate the alternative 

hypothesis, we apply the findings of Gibbons, Ross and Shanken (1989) and note a number 

of points surrounding the formulation. First, if a portfolio is mean-variance efficient, its 

Sharpe ratio is the maximum ratio for all possible portfolios. Secondly, the portfolio 

containing only risky assets, with a max Sharpe Ratio, is defined as the tangency portfolio 

denoted 𝑞. Finally, the CAPM implies that the tangency portfolio equals the market portfolio 

and that both have the same Sharpe Ratio. Following Gibbons, Ross, Shanken (1989) we can 

then write: 

𝜶 𝚺 𝜶 =
𝜇

𝜎
−

𝜇

𝜎
= 𝑆𝑅 − 𝑆𝑅  

If 𝜶 = 0 and 𝑆𝑅 , 𝑆𝑅 > 0 the tangency portfolios Sharpe ratio equals the market 

portfolios Sharpe ratio and CAPM holds: 

0 = 𝜶 𝚺 𝜶 = 𝑆𝑅 − 𝑆𝑅   
 

⇔   𝑆𝑅 = 𝑆𝑅  

Each test statistic has a sample counterpart component denoted 𝜶 𝚺 𝜶 and each sample 

counterpart expression should be substituted with the statistic-specific findings. From 

Cuthbertson, Nitsche (2004) we have that: 

𝜶 𝚺 𝜶 =
𝜇

𝜎
−

𝜇

𝜎
 

And as an implication of this relation we define 𝜇 ,   𝜎  ,   𝜇 ,   𝜎  ,   𝑁 and 𝑇 to setup an 

alternative hypothesis as exemplified below: 

𝐻 :  𝐽 ~𝐹 , (𝛿), 𝑤h𝑒𝑟𝑒 𝛿 = 𝑇 1 +
𝜇

𝜎

𝜇

𝜎
−

𝜇

𝜎
 

Size and power in Stata 

The first step in calculating the size and power of the test statistics is determining the critical 

value for each test statistic. The critical value for 𝐽  and 𝐽  is the same, because they are 

both asymptotically distributed following the chi-square distribution with N degrees of 

freedom. We denote this critical value 𝑐 . Thus, for 𝐽  and 𝐽  we have the critical value of 

5%, where N=25 portfolios: 

𝑐 = 𝐹 (0.95) = 37.65249 
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The test statistic 𝐽  has a different distribution, namely the exact F-distribution with N and 

N-T-1 degrees of freedom respectively. For 𝐽  and N=25, the 5% critical value for the test 

statistic, denoted 𝑐 , can then be expressed as follows:  

𝑐 = 𝐹
,

(0.95) = 1.51965 

To determine the size of each test statistic, we apply the parameter values N=25 and T=649, 

as observed in the dataset, and calculate the probability that the test statistic exceeds its 

critical value, under a true null hypothesis. We do this by rewriting the probability 

expressions and applying the formulas for the test statistics and their relations. Thus, for 𝐽 , 

𝐽  and 𝐽 , the probabilities we are looking for can be expressed as: 

𝑃(𝐽 > 𝑐 |𝐻 ) = 1 − 𝐹
,

𝑐 (𝑇 − 𝑁 − 1)

𝑇 ∗ 𝑁
 

𝑃(𝐽 > 𝑐 |𝐻 ) = 1 − 𝐹
,

(𝑐 ) 

𝑃(𝐽 > 𝑐 |𝐻 ) = 1 − 𝐹
,

𝑇 − 𝑁 − 1

𝑁
∗ 𝑒 − 1  

For 𝐽  we know that the test statistic is not asymptotically distributed but exactly distributed 

according to an F-distribution and it is subject to a finite sample size. With all its properties 

in mind and as a result of the high number of data points in the time dimension, we can 

deduct that it should have a probability of 5% as its critical value, as is confirmed above. 

Modeling these relations in Stata, the size of the test statistics can be generated and we 

initiate the calculation of powers. To determine the powers of the test statistics, we 

perform a test similar to that of size, but under the alternative hypothesis and implementing 

the non-centrality parameter (ncp) expressed as: 

As a general comment on size and power, we see that the values imply the test is somewhat 

rigid and do not cause concern in terms of high risk of type 1 errors as the cause of rejecting 

the null hypotheses.  

Where the parameters 𝑁 and 𝑇 denotes the number of portfolio and time points, 

respectively. The test of power also requires a non-centrality parameter to be defined. The 

non-centrality parameter is a component applied for the non-central F-distribution that 
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applies in the power test. The non-centrality parameter is denoted 𝛿 and expressed per 

below: 

𝛿 = 𝑇 1 +
𝜇

𝜎

𝜇

𝜎
−

𝜇

𝜎
,   𝑤ℎ𝑒𝑟𝑒 𝜶 𝚺 𝜶 =

𝜇

𝜎
−

𝜇

𝜎
 

The parameter values required to determine the power values for each test statistic must be 

determined to formulate the probabilities we are interested in under the alternative 

hypothesis. The expression for the non-centrality parameter can then be reformulated as a 

function of the test statistic’s probability distribution, T, N, δ and the relevant critical value. 

For 𝐽  the non-centrality parameter equals the value of the 𝐽  test-statistic, so we have δ =

𝐽 = 49.21755. We calculate the non-centrality parameters for the three hypothetical 

tangency portfolio means; 𝜇 ,
 = 0.6, 𝜇 ,

 = 0.8 and 𝜇 ,
 = 1.0 and 𝜎  = 4.0. The 

calculations for the powers in Stata tests the alternative hypotheses: 

𝐻 ,
 :  𝐽 ~𝐹 , (𝛿), 𝐻 ,

 :  𝐽 ~𝐹 , (𝛿), 𝐻 ,
 :  𝐽 ~𝐹 , (𝛿) 

In performing each of these tests, the three non-centrality parameters are tested for each 

test-statistic, as exemplified below for the 𝐽  test-statistic: 

𝑃 𝐽 > 𝑐 |𝐻 = 1 − 𝐹
, , 𝑐  

𝑃 𝐽 > 𝑐 |𝐻 = 1 − 𝐹
, , (𝑐 ) 

𝑃 𝐽 > 𝑐 |𝐻 = 1 − 𝐹
, , (𝑐 ) 

The Sharpe ratio (SR) can be defined in terms of the sample counterpart component from 

the non-centrality parameter, and following Gibbons, Ross and Shanken (1989) we can be 

expressed this relationship as: 

𝜶 𝚺 𝜶 =
𝜇

𝜎
−

𝜇

𝜎
= 𝑆𝑅 − 𝑆𝑅 , 𝑤ℎ𝑒𝑟𝑒 𝑆𝑅 =

𝜇 

𝜎  
 

The standard deviation is set to 4.0, an arbitrary value that serves to study the relative 

powers when varying the non-centrality parameters. For the different means, we get the 

following results for the values for the non-centrality parameters, powers and Sharpe ratios: 

 

 

Test-
statistic

Size
critical 
value

ncp1 ncp2 ncp3
power 
ncp1

power 
ncp2

power 
ncp3

Power 
from size

J_0 0.075042 37.65249 5.439539 16.64022 31.04108 0.240355 0.671468 0.945286 0.997472
J_1 0.05 1.523802 5.439539 16.64022 31.04108 0.600464 0.600464 0.921519 0.995611
J_2 0.060233 37.65249 5.439539 16.64022 31.04108 0.207881 0.632837 0.932988 0.996559
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The power of a test denotes the probability of rejecting the null hypothesis when the 

alternative hypothesis is true. In other words, the probability of correctly rejecting the null 

hypothesis. The power can also be expressed as 1 − P[Type 2 error], where a Type 2 error 

means failing to reject a false null hypothesis. 

 

Conclusion 

Based on the U.S. market data represented by the 25 Fama-French research por olios and 

the risk-free rate proxied by the 30-day treasury bill rate, the tests imply that the CAPM model 

does not hold. Specifically, the test implies the existence of abnormal returns, as represented 

by the alpha parameter, and consequently, that the market is not in an equilibrium-state as 

suggested by Arrow and Debreu and that the efficient market hypothesis is violated. These 

findings are subject to several assump ons themselves, including uncertainty around the 

es ma on approach for the underlying parameters, and thus, further analysis is required to 

clarify whether the model is applicable. To further assess the academic validity as well as the 

real-world applicability of the CAPM model, the parameters are es mated and evaluated in 

the following sec ons. 
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The risk-free rate 

To understand how the risk-free rate is estimated, it is necessary to introduce the theoretical 

framework within which assumptions and existing theorems form the basis of the analysis to 

be conducted. Two fundamental assumptions are imposed for the market environment, as 

the foundation for introducing the Fundamental Theorem of Asset Pricing. This theorem is 

presented by Dybvig and Ross (1989) and has absence of arbitrage and complete markets as 

prerequisites. Hence, we first assume the market is subject to absence of arbitrage, meaning 

the market is free of arbitrage opportunities and that it is thus in a state of arbitrage 

equilibrium. This implies a risk-neutral probability measure exists, under which arbitrage-free 

derivative prices can be found and more importantly that the arbitrage-free approach to bond 

valuation applies (Hull, 2012). The second fundamental assumption is that the economy 

consists of a complete system of markets (Arrow, Debreu, 1954), implying all assets are priced 

and traded, thus liquid, in which case the economy operates in an equilibrium state. 

The majority of finance literature determines a risk-free rate as the expected rate of return 

on a risk-free asset, typically based on a government security considered to be a default-free 

entity. The rate of return on an investment can be measured against the rate of the risk-free 

asset and thus a risk premium can be derived. However, even though the risk-free rate is 

frequently assumed to be a single-period fixed rate, derived from the same implied rate based 

on a certain government debt instrument, this can be far from the realized riskless rate 

(Damodaran, 2008). Thus, considerations about the risk-free rate and especially adding 

precision to the risk-free rate estimation can have considerable implications for cash flow 

discounting, valuations and risk premia in general. To generate a more accurate risk-free rate, 

we must determine what the parameter captures, analyze the subsequent risk-related 

variables and determine the optimal estimation approach. 

Considering the purist approach where the return rate on an asset that is subject to no risk, 

the risk-free rate is typically derived as the implied zero-coupon yield rate, based on a coupon-

bearing government bullet bond (Petersen, Plenborg, 2012). This is done since most 

governments banking authorities do not issue bonds that are coupon-free, and thus a 

mathematical reformulation, subject to a host of assumptions on the economy, is applied to 

generate the corresponding yield rate. This method entails numerous assumptions and is 
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subject to a variety of caveats including variations based on maturity, default risks linked to 

government banking systems and variation based on currency effects. The constant risk-free 

rate estimation is performed based on a proposition as to what the parameter should capture, 

and based on the prevailing method applied on government instruments. The basic 

estimation approach is then developed by combining and incorporating the suggestions from 

the best-practice method in the industry (Ernst & Young, 2014) and from Damodaran (2008), 

to provide a more comprehensive method. 

A corner stone assumption when modeling risk-free rates is that a risk-free asset exists. In 

investment theory and finance in general, risk in an investment is defined as the variability in 

the actual return from the expected return (Bodie, Kane, Marcus, 2014). A risk-free 

investment is an investment where the actual realized return equals the expected return, and 

which has no variance. Thus, the actual return will always equal the expected return and it 

follows that this return has a probability of 1. For this scenario to be possible, a risk-free asset 

must exist. An alternative perspective is that of a risk-free investment behavior relative to 

that of a risky investment. Given that the return of a risk-free asset is certain and since the 

return of a risky investment vary across the outcome of scenarios, there should be no 

correlation between the two. Thus, for an asset or and investment in an asset to be risk-free, 

certain requirements must be fulfilled. 

First, the entity that guarantees the payoff at maturity, must be free of default risk. 

Consequently, an attempt to identify risk-free assets rules out private firms, as they will be 

subject to a measurable default risk. We are then left with government bonds, which are in 

most cases considered default free. However, this assumption does not hold in all cases and 

for all perspectives. Because we have that in general, a sovereign government prints its own 

currency, in most instances such government has undisputed power to settle commitments 

from a nominal perspective. However, some governments are not in control of their official 

currency. A clear example is the eurozone, where the Euro is the official currency of several 

EU member states, while the monetary policy is controlled by the European Central Bank 

(ECB), which subsequently is run by a president and a board of national central banks heads. 

An even more pronounced example is that of independent states that have adopted a foreign 

controlled currency as their own official currency. For example, Ecuador, El Salvador and 

Zimbabwe have adopted the US Dollar as their official currency. As a result, special attention 
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must be exercised when dealing with countries that do not control the supply of their official 

currency. Furthermore, some governments may choose not to honor commitments. If a state 

expands or a regime change is constituted, there is a significant risk that the new sovereign 

government will void claims to the previous state. Additionally, if a state borrows foreign 

currency, there is a risk that the claim will not be met. (Damodaran, 2008) 

Secondly, another type of risk must be absent for an investment to be risk-free. Re-

investment risk refers to the risk introduced by adding a variable time-dimension to the space 

of risk-free rates. By doing so, a risk aspect is added to a current investment in a risk-free 

asset, from the possibility of putting a similar investment, that is, same amount invested in 

the same asset, at a later time. For example, if an investor attempts to determine the risk-

free rate for a 1-year period, a proxy government coupon-bearing bond with the same 

maturity is used. A problem occurs as the investment matures while coupons are paid and re-

invested, because the re-investment rate will differ from the original rate on the bond. This is 

the re-investment risk. The rate of return on government assets are unpredictable and vary 

over time, and thus a treasury bill with a specified rate of return, cannot guarantee the same 

rate can be obtained by re-investing coupons or the total payout at maturity. For the asset to 

be completely risk-free, a guarantee that coupon payments and payouts in general can be re-

invested at the same rate is required and future rates cannot be predicted regardless of the 

informational efficiency level. Thus, even though the asset is default free, it is not risk-free 

due to the time-varying return rates. If the investor were to determine the true risk-free rate 

of return for a certain holding period, the expected return on a zero-coupon default free asset 

with matching maturity must be derivable. This implies the risk-free rate varies across time, 

hence a fixed risk-free rate is only appropriate for a single-period cash flow. (Damodaran, 

2008) 

Additionally, since the risk-free rate is derived from a government bond for which the above 

requirements are assumed, a problem occurs when government bonds are unavailable. Even 

if it is assumed a risk-free asset exists, its yield rate cannot be derived in the absence of an 

appropriate proxy. To remedy this situation, an alternative approach can be applied, which 

mimics the purist approach, yet replaces the government bonds with a proxy corporate or 

government bond. In such case, the least risky comparable asset is applied as the risk-free 
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asset proxy and an adjustment in the form of a specific premium or discount is applied to the 

implied yield rate to mitigate the risk effect (Ernst & Young, 2014). 

 
Data collection 

For the estimation of the risk-free rate, 248 U.S. Government coupon bonds makes up the 

primary dataset. The initial analyses of this real-world data provide support to some 

expectation of arbitrage opportunity or data noise. Assuming absence of arbitrage in the bond 

market, these discrepancies can be instrumental for the ZCB bond pricing process and will be 

considered alongside further analyzes. The diagrams show the implied ZCB prices and yield 

rates, based on the government bonds collected for the U.S. market.  
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The data applied in the developed term structure estimation approaches include pricing 

information for bonds and swaps. A corner stone assumption about the risk-free rate is its 

direct relation in terms of risk-level similarity, to government bonds. The underlying 

mechanism is that government-issued bonds are guaranteed by the government that has its 

own banking system that works in autonomously from the global banking system and thus 

poses the power to meet calls for coupon payments and other agreed cash flows. However, 

in terms of bond issuance, governments vary greatly depending on monetary policy, setup 

and strength of the underlying central bank system, and currency risk. Consequently, in the 

real world the risk-free rate, which based on government bonds, is affected by several state-

level idiosyncratic risks. For example, currency risk is an important risk-factor if the country 

maintains a sovereign unique currency, or risks from default, unrest, or corruption effects if 

the country and subsequently the government and central bank organ is subject these risk-

factors. Therefore, term structures are mainly estimated based on a country or, more 

precisely, the state-level civic entity in charge of issuing government-backed bonds and linked 

to a central bank or single class of civic entities that offer government bonds. As a result, the 

data for the term structure estimation consists of a sample of coupon-bearing government-

backed bonds for all available maturities. The United States (U.S.) government is selected as 

the national region for the risk-free rate, hence the sample securities can be referred to as 

treasury bills, notes and bonds. In the following, “government bonds” are used as a term 

referring to all three securities. The available swap rates for the currency interest rate receiver 

swaps are also applied in the analysis. Using a Bloomberg Terminal, all available U.S. 

government are collected from the Bloomberg Professional financial database. This batch of 

data includes 249 government-backed coupon bonds, with maturities varying from a 6-month 

tenor to 30 years. All have semi-annual coupon payments and have bullet bond payoff 

schedules. The term structure estimation is performed with a semiannual observation 

frequency to accommodate the incremental coupon payments. To ensure the most 

comprehensive approach is applied with regards to data inclusion, all available U.S. 

government bonds are used in the analysis. For a given maturity, a range of bonds might be 

available, offering a host of maturity dates falling before and extending through the preset 

semi-annual observation frequency. Consequently, each observation includes the data 

covering the following 6 months, starting from June 30th, 2017. For example, for the 6-year 

tenor 8 bonds are offered, which have maturity in the range between June 30th 2023 and 
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December 31st 2023. The following tenor of 6.5 years cover bonds offered with maturities in 

the range January 1st 2024 to May 31st 2024, and so forth. Thus, the available bonds are 

sorted into bins that each cover 6-month tenors. To ensure the accuracy along with 

comprehensiveness, the available rates in each bin is averaged, and the mean is applied in 

further analysis, as set forth by Sydsæter, Hammond and Strøm (2012). This approach allows 

for miniscule bias due to the allowance of skewness in the un-weighted observation window. 

However, to the extent of this research, the effect is offset by the general continuity of time 

increments between available maturity dates, which limits any resulting ambiguity to 

obscurity and thus no further refinement is warranted. The critical data selection ensures 

there is no discrepancy from differing timing in terms of payment schedules for the coupon 

as well as face value payments. Furthermore, several coupon amounts are offered and all 

available amounts are included in the analysis because this parameter is not affecting the 

implied yield. the data and calculations for this section is available in Appendix III. 

 
The fixed risk-free rate  

To model risk-free assets with respect to deriving a yield rate, it is initially accepted that 

government bonds and subsequently derived implied zero-coupon bond yields are free of 

default risk and free of re-investment risk (Damodaran, 2008). It follows that the risk-free rate 

varies across time and matching the maturity of the relevant cash flow and risk-free proxy is 

required for appropriate discounting. A regular government-issued bond is coupon-bearing 

and often follow the payout structure of a bullet bond. If we consider this instrument for a 

given maturity, its implied yield rate does not equal that of a risk-free return over the same 

time period. The reason for this is the coupon payments, which will be re-invested at different 

rates during the maturity period. Therefore, the coupon-bearing default-free asset is 

converted into a zero-coupon bond, from which the risk-free rate can be determined. This is 

done by re-formulating the expression for the bond price, which is a function of its principal, 

coupon payments, rate of return at time zero. Since zero-coupon bonds (ZCB’s) are not issued 

by many governments and thus not actively traded in the debt markets, zero-coupon yields 

are non-observable and must be estimated. This can be achieved from implied components 

of liquid debt and derivative instruments. Specifically, riskless coupon bearing bonds proxied 

by treasury bills and government bonds can be employed to determine the implied ZCB price. 
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Secondly, plain-vanilla interest rate receiver swaps can be applied to supply additional implied 

ZCB prices in the long run, where the data points from government bonds are less frequent 

due to increasing gaps between maturity dates. 

The fundamental bond pricing framework explained in e.g. Berk, DeMarzo (2014) and Hull 

(2012) is followed. We start by modeling the coupon-bearing bond and ZCB prices, bearing 

the theoretical market assumptions in mind. The starting point for the derivation of the 

implied risk-free rate is the general bond pricing formula: 

𝐵 = 𝑐 ∗ 𝑍(𝜏 ), 𝑓𝑜𝑟 𝑖 = 1,2, … , 𝐼 

Here, 𝐵  is the observable coupon-bearing bond prices for government bonds 𝑖 = 1,2, … , 𝐼. 

The cash flows from coupon payments to each bond are denoted 𝑐  for bonds 𝑖 = 1,2, … , 𝐼 

with coupon payment dates 𝜏 = 𝜏 , 𝜏 , … , 𝜏 . For each coupon-bearing bond, observable 

parameters include the current price, which consists of the listed price plus accrued interest, 

and the payout structure in terms of cash flows form coupon payments. Based on this setup, 

for each default-free coupon bond, we can generate an implied zero-coupon rate by further 

modeling the expression of the zero-coupon bond rate. To model the implied ZCB prices, the 

method of Bliss (1996) is applied. Assuming interest rate compounding is continuous, the 

natural logarithm is employed in the expression. The price of a ZCB can then be denoted 𝑍(𝜏) 

and expressed as: 

𝑍(𝜏) = 𝑒 ( ), 𝑤ℎ𝑒𝑟𝑒 𝑟 =
− ln 𝑍(𝜏)

𝜏
 

Here, 𝜏 denotes the maturity date. As we are applying log prices, 𝑟  expresses the continuously 

compounded ZCB yield of a ZCB maturing at date 𝜏. In both bond price formulae there are no 

specificity with regard to time points. Since it has been concluded that we are interested in a 

single fixed zero-rate, the starting point is assumed to be time zero, that is, the current point 

in time at which the analysis is conducted. At any given time zero, a range of default-free 

government coupon-bearing bonds are offered. Based on our approximation of the 

appropriate time to maturity, which is clarified in the following section, a maturity date is 

selected. Adding the observable information to the generated model means only one 

unknown variable remains.  
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By employing a solver tool on the selected default-free bond, the implied risk-free yield rate 

is calculated. The solvers iterative trial and error process used to determine implied yield, is 

subject to certain mathematical boundaries and starting point delimitations that are 

incorporated into the model. These include a specification of the output domain, which can 

be expressed as the range of 𝑟 , where 𝑟 ∈ [0, ∞), and a starting point within the defined 

range of 𝑟 . Based on empirical evidence, for example the historical ZCB yield rate from US 

government (Bloomberg Terminal, 2017), we can further delimit the domain to 𝑟 ∈ [0,1), 

and set the starting point within this range. By doing so, the risk of out-of-bound results is 

mitigated, adding to the rigidity of the method. For the results to be applicable in the CAPM 

model, they are derived under the critical assumptions of a frictionless economy and an 

equilibrium-state market. Adding the fixed-rate assumption on-top of these, means the 

requirement for the selected maturity tenor to be representative of the corresponding 

investments that will be discounted accordingly. The results are presented in the below table, 

which shows the listed price, coupon payments, implied ZCB price and the implied risk-free 

rate. In this case, the method is applied for the maturities; 2, 4, and 6 years as depicted in the 

table below.  
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Analyzing this data further reveals a low disparity and for the sample data the following table 

summarize the result of the risk-free rate estimation: 

 

 
 

 

 

Maturity 
(years)

Ask price, B_i
Semi-annual 

coupon, 
c_i(τ_n )

Implied ZCB 
price, Z(τ)

ZCB rate

100.5429688 1.625 0.92523096 3.8803%
99.796875 1.250 0.9410638 3.0331%
99.34375 1.000 0.95208146 2.4519%
98.78125 0.750 0.96342578 1.8230%

100.5390625 1.625 0.92522827 3.7226%
99.046875 0.875 0.95769754 2.0704%

98.7109375 0.750 0.96340069 1.7515%
100.5390625 1.625 0.92522827 3.5770%
99.2265625 1.000 0.95202758 2.2628%

98.90625 0.875 0.95763994 1.9553%
100.8203125 1.750 0.9201426 3.6911%

99.171875 1.000 0.9520024 2.1815%
99.140625 1.000 0.951988 2.1431%

100.234375 1.500 0.93038434 3.0840%
99.6953125 1.250 0.9410073 2.5988%
99.0546875 1.000 0.95194834 2.0684%
100.203125 1.500 0.93036414 2.9803%

99.0625 1.000 0.95195195 2.0331%
99.8828125 1.375 0.9356019 2.7026%

Average 99.61574836 1.197 0.9436008 2.6321%
101.6875 2.125 0.84169684 4.3025%

97.8203125 1.125 0.9062025 2.4589%
102.1484375 2.250 0.83455671 4.4214%

97.703125 1.125 0.90610057 2.4106%
101.6484375 2.125 0.84164564 4.1727%
101.1171875 2.000 0.84888831 3.9237%
97.6171875 1.125 0.90602567 2.3636%
101.6171875 2.125 0.84160466 4.0503%

97.53125 1.125 0.90595065 2.3199%
101.0625 2.000 0.8488189 3.7746%

97.9453125 1.250 0.8969736 2.5039%
101.1171875 2.000 0.84888831 3.7373%
100.515625 1.875 0.85624917 3.5075%
100.0078125 1.750 0.86394007 3.3054%

Average 99.96707589 1.714 0.86768154 3.3752%
96.6640625 1.375 0.8439397 2.8253%
95.8671875 1.250 0.85506236 2.5709%

103.0625 2.500 0.76025818 4.4703%
96.4765625 1.375 0.84368381 2.7525%
96.390625 1.375 0.84356625 2.7186%

97.8203125 1.625 0.82239737 3.0829%
104.5546875 2.750 0.74519739 4.6072%
100.7734375 2.125 0.78484941 3.7708%

Average 98.95117188 1.797 0.81236931 3.3498%
*as of June 29th, 2017 @ 9:38 AM CET (UTC+1)
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min

max

mean

Maturity 
(years)

Mean Minimum Maximum
Sample 

Variance
Sample Standard 

deviation

2 0.0263 0.0175 0.0388 4.8583E-05 0.0070
4 0.0338 0.0232 0.0442 6.4049E-05 0.0080
6 0.0335 0.0257 0.0461 6.7458E-05 0.0082
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The maturity specific fixed risk-free rate 

To find a fixed risk-free rate based on government bonds, a maturity period must be selected 

to find the most representative rate. In the CAPM model, the risk-free rate is applied as a 

stand-alone variable, as well as in the calculation of the market risk premium, which is subject 

to the beta coefficient. If the beta value is assumed to equal 1, the coefficient has no adjusting 

effect on the market risk premium. As a result, the stand-alone risk-free rate adds its value to 

the CAPM rate, whereas the risk-free rate in the market risk premium subtracts its value from 

the same rate. Consequently, the risk-free is subject to an off-setting effect. This is presented 

as the consistency principle (Damodaran, 2008) and suggests that the impact of the risk-free 

rate on the final CAPM rate is less substantial than initially suggested. Furthermore, it implies 

that the beta value is directly related to the effect of the risk-free rate. As the beta increase 

its absolute deviation from 1, the adjustment based on the market risk premium, and 

subsequently the risk-free rate, increase and vice versa. This notion of the offsetting effect 

combined with the suggestion that risk-free rates can be stochastic, takes emphasis off 

refinement of risk-free rate estimation procedure. In extension, using a fixed risk-free rate 

has some support in the current literature.  

If the fixed risk-free rate approach is applied, the immediate question to be answered is 

which maturity period to select. Studying the diagrams of implied ZCB prices and yields, we 

can conclude year 1 to year 10 is subject to severe noise in the data, whereas observations 

with a tenor longer than 10 years are less noisy but the data points are also increasingly 

scarce. It is debatable which maturity to apply as a proxy. It can be argued that the 

observations with maturities less than 10 years are more representative of the current true 

rate, as it reflects more relevant data for the time point of the estimation. This is contrasted 

to the rates with more than 10 years of maturity, which can be argued to be based on 

enough historical data to have a solid foundation, and thus less noise. However, the longer 

maturity period are prone to the notion that rates might reflect irrelevant information and 

also subject to data scarcity when multiple securities are considered. Finally, doubt is added 

to any future rate from the notion that the ZCB rates could be stochastic. Ernst & Young 

(2015) concludes that government bond yields are volatile and to remedy this, average yield 

should be applied as was done for the 2,4 and 6-year maturities previously. Secondly, it is 

suggested that due to the mitigation of the offsetting effect over time, the market risk 
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premium should be adjusted and going even further, a specific premium or discount can be 

added on top of the spot government bond yield. With this many suggested adjustments to 

derive fixed risk-free rates in the industry, drawing a conclusion on a certain maturity is 

subject to a range of arbitrary considerations, specific to the preferences of the analyst. 

Damodaran (2008) suggests that government security rates differ based on maturities in the 

short and long term. As we are operating under the assumptions of a bond-market free of 

arbitrage where equilibrium markets exist as put forth by Arrow, Debreu (1954), the 5-year 

and 10.5-year maturities are reported as suggestions for a fixed rate.  

 

Meanwhile, further refinement of the estimation is recommended and especially a time-

varying approach that accommodates variable maturities. Such approach will allow us to 

relax the assumptions about the validity of the fixed-rate approach and render the concerns 

based on the consistency principle and representative effects obsolete. 

 
The time-varying risk-free rate 

To generate the implied ZCB yields from the collected bond and swap data, we apply an 

approach that combines bootstrapping, multivariate regression and curve fitting models. 

With the bond and swap pricing relations and the prerequisite assumptions, the 

bootstrapping approach can be applied to determine the implied yields of zero coupon bonds 

with different maturities. Based on the Fundamental Theorem of Asset Pricing we assume the 

market is subject to absence of arbitrage (Dybvig, Ross, 1989) and a theoretically exact linear 

pricing rule can be suggested where we have: 

𝐵 = 𝑐 ∗ 𝑍 (𝜏 ), 𝑓𝑜𝑟 𝑖 = 1,2, … , 𝐼 

Here, 𝐵  is the observable coupon-bearing bond prices for bonds 𝑖 = 1,2, … , 𝐼 at date 𝑡. The 

cash flows from coupon payments to each bond are denoted 𝑐  for bonds 𝑖 = 1,2, … , 𝐼 with 

coupon payment dates 𝜏 = 𝜏 , 𝜏 , … , 𝜏 . With 𝐼 bonds that each have 𝑁 associated cash 

Tenor Risk-free rate
5 years 3.5580%

10.5 years 4.2944%
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flows, the linear pricing rule can be translated into a system of 𝐼 linear equations and we have 

the expression where 𝑩  is the 1𝑥𝐼 vector of observable coupon bond prices, 𝑪  is the 𝑁𝑥𝐼 

matrix of coupon payments that can be denoted 𝑪 = {𝑐 } , ,…, ; , ,…, . Finally, 𝒁  is the 

1𝑥𝐼 vector of implied ZCB prices. By modeling the bond prices using these components, it is 

possible to follow the bootstrapping approach to derive the implied ZCB prices and 

subsequently, the risk-free rate term structure (Cuthbertson, Nitzsche, 2004). To prepare the 

data for this analysis, it is re-worked in Excel and among other techniques, an algorithm is 

applied to populate data for the cash flow matrix. This algorithm applies an iterative process 

to check maturity dates and scheduled payments, as to populate the matrix space with the 

relevant payoff schedule in accordance with coupons and principals across the semiannual 

time-step frequency. To follow the bootstrapping approach and setup the system of linear 

equations, we first have: 

𝑩 = 𝑪 𝒁  

Because we operate in an environment governed by the absence of arbitrage and complete 

markets, the system of linear equations must have a unique solution that imply unique ZCB 

prices. The existence of a solution can also be assumed if there are more data points for 

payment dates, compared to the number of bonds in the sample, and secondly if the vectors 

of coupon payment are linearly dependent. Both scenarios hold in this case and thus a linear 

subspace of ZCB prices are the unique solution that solves the system. Based on these 

properties we can reformulate the expression of observed bond prices, coupon payments and 

implied ZCB prices and have the proposition: 

𝒁 = (𝑪 𝑪 ) 𝑪 𝑩  

This is the derived solution that yields the vector of ZCB prices. It has thus been showed how 

the bootstrapping technique can be utilized to estimate ZCB prices. However, strict 

assumptions have been imposed since we initially assume a market without frictions. In the 

real world, imperfections affect the debt markets and subsequently prices of bonds, 

independent of the associated riskiness of the debt instrument. This can be exemplified by 

low liquidity in for example the over-the-counter (OTC) derivatives market, differing asset 

prices varying by quote sizes or the pricing effect caused by irrational market participants. To 
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allow for market imperfections, an error term is imposed to the expressions so we have the 

relation for the bond prices and coupon payments: 

𝐵 = 𝑐 𝑍 (𝜏 ) + 𝜖 , 𝑓𝑜𝑟 𝑖 = 1,2, … , 𝐼 

Translating the model to fit the dataset consisting of the system of linear equations we get: 

𝑩 = 𝑪 𝒁 + 𝝐  

This system can be solved by reformulating the expression, including transposition of the cash 

flow matrix, and employing econometric techniques such as the Ordinary Least Squares (OLS) 

multivariate regression method, where the regression model is defined as: 

𝒁 = (𝑪 𝑪 ) 𝑪 𝑩  

Whether we apply bootstrapping or multivariate regression, the final expression remains the 

same. The results for the collected data of government coupon-bearing bonds are shown 

below. The plot depicts the current implied price of default-free zero-coupon bonds across 

maturities ranging from 0.5 to 30 years. Intuitively these prices can be explained as the dollar-

amount paid to receive 1 dollar at maturity. 

 
The technical derivation of the OLS regression is described by e.g. Cuthbertson and Nitzsche 

(2004). The OLS linear regression method is used because it is considered the best linear 
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unbiased estimator (BLUE) as the Gauss-Markov conditions are satisfied in the derived model 

(Cuthbertson, Nitzsche, 2004). Finally, the bond pricing function including a component for 

the ZCB rate, is modeled to derive a pricing function that allow for adjustments according to 

a consideration of market imperfections and frictions that exist in the real world. We have 

the non-exact pricing function for a non-frictionless setting, which can be expressed as: 

𝑃 = 𝑐 , 𝑒 ∗ ( ) + 𝜖  

Since the data is subject to market imperfections, this adjusted model is more appropriate to 

define the prices. The ZCB yield as a function of maturity, denoted  𝑟(𝑚), is expected to 

develop smoothly, that is, without kinks that would represent shifts the preference function 

of market participants. Based on the established time-varying framework the observed 

market data is modelled to determine the continuously compounded yields for the zero-

coupon bonds. The implied price of the zero-coupon at date 𝑡 is denoted 𝑍 (𝜏) with 

maturity 𝜏. The yield of the continuously compounded zero-coupon is expressed following the 

denotation applied previously, but adjusted for time-variance: 

𝑍 (𝜏) = 𝑒 ( )   𝑎𝑛𝑑 𝑠𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦   𝑟 =
− ln 𝑍 (𝜏)

𝜏 − 𝑡
 

Because we assume there is no arbitrage in the bond market, the foundation of the implied 

rate remains, and thus, the observed bond prices are the product of the implied price of the 

zero-coupon bond and the sum of its associated cash flows. Similarly, the implied ZCB yield, 

𝑟 , is the actual realized return rate from a risk-free investment. The implied risk-free rates 

are calculated and plotted below. 
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Based on these yields, we can observe a maximum of 6.0813% for a 12-year tenor. Conversely, 

the 0.5-year tenor yields the minimum of 2.4541 %. If this data is treated statistically as 

sample data, henceforth we have a mean of 3.8247 % and the variance of the ZCB yields based 

on U.S. government bonds across maturities amounts to 0.000105, with a standard deviation 

of 0.010266. Consequently, if we are to select a single maturity as the foundation for deriving 

a risk-free rate, the variability and noise-level in the implied rates must be taken into 

consideration.  

 
Supplementing instruments 

Since the treasury bonds can be very limited in supply and maturity dates depending on the 

issuing government, the yield data points can be supplemented by implied ZCB yields based 

on plain vanilla currency swap rates from the extensive fixed income market. These are 

modelled as presented by Hull (2012). A swap exchanges a stream of floating rate interest 

payments for a stream of fixed rate interest payments. A payer swap pays the fixed leg of the 

swap whilst receiving the floating leg, and vice versa a receiver swap exchanges the floating 

leg for the fixed. To imitate the yield of ZCB’s we are interested in the receiver swap. The fixed 

leg value of an interest rate swap with a notional value of one is defined as: 
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𝑉 = 𝑠 𝑎 𝑃(0, 𝑇 ) 

Where 𝑠  is the swap rate at time zero, 𝑚 denotes the yearly swap settlement payments, 𝑛 

denotes the swap duration with a yearly numéraire and finally, 𝑎  denotes accrual 

periodicities. 𝑃(0, 𝑇 ) is the price for a ZCB starting at date zero with maturity at 𝑇 . Similarly, 

the opposite side of this swap, that is the value of a floating leg of an interest rate swap with 

notional of one, is defined as: 

𝑉 = 𝑃(0, 𝑇 ) − 𝑃(0, 𝑇 ) 

From these relations, the swap rates are naturally defined to set the respective initial prices 

of the swap contracts to zero and can be expressed as: 

𝑠 =
𝑃(0, 𝑇 ) − 𝑃(0, 𝑇 )

∑ 𝑎 𝑃(0, 𝑇 ) 
 

From this expression, it is noted that the swap rate effectively shows the implied yield of a 

ZCB for the respective maturity. Thus, we can use the currency interest swap rates as proxies 

for ZCB yields, for maturities where government bonds are not available. This allows more 

data points for the implied yield and thus a broader foundation for the approximating 

function to be applied. 

Likewise, the LIBOR, which denote the London Interbank Offered Rate, can be used as a 

proxy for the short term risk-free rate. However, this rate is the exchanged between banks 

and thus subject to risk. Secondly, due to the nature of private organizations involved, 

added risk from manipulation is also a factor that should be considered. The diagram below 

illustrates the three different rates over time, comparing the different risk-free yield rate 

sources. As evident from the illustration, there is significant discrepancy between the 

theoretical alignment between the rates in the CAPM setting free of arbitrage in the 

securities markets, and the interplay between the actual rates, which seems to be affected 

my market imperfections. As a consequence, to ensure the term structure is estimated with 

the highest possible purity, free of distortion from omitted sources of noise, and because 

the U.S. Government bond market offers a high number of securities for estimation 

purposes, the swap and LIBOR rates, and subsequently the noise from frictions in their 

respective markets, are excluded from further analysis for the purpose of the risk-free rate 
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parameter estimation. 

 

 

The approximating function 

Next, we select an approximating function that estimates the implied yields for maturities not 

covered by the sample of government bonds and swap rates. By doing so, a continuous-time 

model for the risk-free rate is generated. The general procedure for this curve fitting approach 

is to derive a pricing function that includes a component of the yield rate and which includes 

an error term to allow for market imperfections and frictions that exist in the real world. Next, 

the yield rate is isolated to define a function for the risk-free rate given a maturity and thus a 

realistic pricing model is defined for application in the curve-fitting process. The theoretical 

approaches to apply a curve to observable data points are numerous and the resulting term 

structures vary substantially in resulting rates, fit accuracy and parsimony. A comprehensive 

empirical study by Bliss (1996) concludes that the Nelsson-Siegel and Nelsson-Siegel-Svensson 

models provide robust and well-fitted curves, relative to comparable models and methods. 

Therefore, these models are applied in the following analysis. 

To model the discrete implied zero-coupon bond rates the they must be converted by 

continuous time modeling. The Nelsson-Siegel model and its extension, the Nelsson-Siegel-

Svenson model, are curve-fitting models that allow such modeling. The presentation of the 

methodology for the model builds on Larsen (2016). The model was presented in a paper by 

Nelsson and Siegel (1987), wherein zero-coupon bond rates are formed and fitted to a curve 
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based on differential equation solutions. Specifically, ZCB spot rates can be calculated from a 

differential equation. Forward rates, by nature of their properties, relate to the spot rates as 

predictions of these spot rates. Thus, the forward rates will solve the spot rate differential 

equations and it follows that forward rates are solutions for second-order differential 

equations. At a certain maturity 𝑚, the forward rate is denoted 𝑟(𝑚) and we have the 

expression from Nelsson, Siegel (1987): 

𝑟(𝑚) = 𝛽 + 𝛽 e + 𝛽 e  

This equation includes five variables. The maturity is a given, as can be concluded from the 

expression for the independent variable. The beta value 𝛽  is a stand-alone parameter that 

denotes the functions intercept. Meanwhile, 𝛽  and 𝛽  are coefficients for curvature of later 

sections of the curve. Finally, the components 𝜏  and 𝜏  are time constants. Several shapes 

of the resulting curve are achievable, which is determined by the values of the betas. These 

include monotonic functions as well as curves with varying slopes. Furthermore, it can be 

noted that the curvature is most likely to assume humps and each beta coefficient component 

represents a hump in the curve. It follows that adding a hump allows for more accurate 

fitments, while at the same time adding explanatory variables and the risk of 

overparameterization, as familiar from the pitfall of multivariate regressions including 

regressors with correlation yet no explanatory power over the relevant variable. The Nelsson-

Siegel model was revised after empirical tests, yielding a correction for overparameterization. 

The parsimonious modeling approach presented the revised function for the forward rate: 

𝑟(𝑚) = 𝛽 + 𝛽 𝑒 + 𝛽
𝑚

𝜏
𝑒  

As can be concluded form a comparison, a time-constant has been omitted. Next, the model 

was re-formulated to present a function for a bond yield rate rather than its forward rate. The 

result is the Nelson-Svensson model for bond yields based on time-varying maturity and we 

have: 

𝑅(𝑚) = 𝛽 + 𝛽
1 − e

𝑚
𝜏

+ 𝛽
1 − e

𝑚
𝜏

− e  
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𝑅(𝑚) denotes the yield rate as a function of maturity. As concluded by the study on 

econometric approximating functions and techniques by Bliss (1996), the Nelsson-Siegel 

model provides econometrically well performing solutions to fit a curve to implied bond 

yield data points, compared to alternative approaches. Therefore, we apply the Nelsson-

Siegel model to the implied ZCB rates, which yields a term structure as illustrated in the 

following diagram. The diagram includes the implied rate observations for maximum 

transparency. 

 

The Nelsson-Siegel model is fitted to the data points by employing the multivariate OLS 

regression method, as proposed in Bliss (1996). By doing so, the squared distance of the 

implied yield and the Nelsson-Siegel curve is minimized over the time-space, by estimating 

the model parameters 𝜽 = (𝛽 , 𝛽 , 𝛽 , 𝜏). The results of the OLS parameter estimation are 

reported. By applying the generated parameter values as input for the Nelsson-Siegel model, 

a yield rate can be generated for any maturity. Thus, we have a continuous-time term 

structure.  

 
β_0 β_1 β_2 τ

-0.99986 1.020219 1.345488 39.65362

NS parameters
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The graph takes a concave shape with two minor humps around 13 and 19 years of maturity 

respectively. In addition, an interesting observation is the short-term maturities that suggest 

considerable return is achievable even over a period as short as 6-months to 1 year. 

Theoretically, in accordance with the CAPM assumptions, we would expect the intercept of a 

term structure to exist only in the diagram coordinate (𝑥, 𝑦) = (0,0). The term structure 

however, seems suggest the likelihood of a positive intercept. Based on the previous CAPM 

test, it seems reasonable to suggest such intercept and the resulting theoretical discrepancy, 

could possibly be related to abnormal returns and market frictions. 

To add further refinement to the term structure estimation, the extended Nelsson-Siegel 

model is applied. The extension is a result of parsimonious econometric curve fitting, as such, 

the model was adjusted for accuracy based on results from empirical studies. By adding the 

model to a richer data environment, it can be adjusted and parameterized to provide a better 

fit. Svensson (1994) presented the extended model, which intuitively allows the curve to take 

on a third hump, which is placed in the initial face of the curve. This extra hump means a time-

constant parameter and a beta coefficient is added so the model is subject to six variable 

parameters. The expression for the forward rate is defined as: 

𝑟(𝑚) = 𝛽 + 𝛽 e + 𝛽
𝑚

𝜏
e + 𝛽

𝑚

𝜏
e  

The new parameter 𝛽  effectively denotes a pre-determined curvature in the function, 

whereas 𝜏  denotes a second time-constant. Both parameters define the initial third hump of 

the function and improve the fit. The functional form of the forward rate is re-formulated, to 

present the extended spot rate model Nelsson, Siegel and Svensson: 

𝑅(𝑚) = 𝛽 + 𝛽
1 − e

𝑚
𝜏

+ 𝛽
1 − e

𝑚
𝜏

− e + 𝛽
1 − e

𝑚
𝜏

− e  

This equation illustrates the parsimoniously refined model, which contains an extra 

component, easily identifiable by its 𝛽 -coefficient. Whether the standard or extended from 

of the model is optimal depends on the underlying dataset. Dispersed data resulting in 

higher fluctuation over time favors the extended model allowing several local maxima and 

minima. In contrast, the standard form aligns with implied yields that can be captured with 

2 humps or less. The extended model is applied by applying the econometric approach as 
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before, that is, the OLS multivariate regression is applied to minimize the sum of squared 

residuals. The resulting term structure is depicted and the parameter estimations are 

reported as follows. 

 

 

From the functional form of the bond yield rate, 6 variable parameters excluding maturity 

are extracted and denoted 𝜽 = (𝛽 , 𝛽 , 𝛽 , 𝛽 , 𝜏 , 𝜏 ). These are estimated as below: 

  

 

Based on the developed parameters, the bond pricing model is reformulated to 

accommodate the new input variables. Thus, as a bond pricing formula for the term 

structure models, we re-work the existing formula so we get an equation that 

accommodates the parameters 𝜽 = (𝛽 , 𝛽 , 𝛽 , 𝜏) and 𝜽 = (𝛽 , 𝛽 , 𝛽 , 𝛽 , 𝜏 , 𝜏 ) and 

we have: 

𝑃 = 𝑐 , 𝑒 ∗ ( ) + 𝜖     
( )→ ( ,𝜽)

    𝑃 = 𝑐 , 𝑒 ∗ ( ,𝜽) + 𝜖  

β_0 β_1 β_2 β_3 τ_1 τ_2
-0.05582 0.085326 -0.83534 1.05785 5.448877 6.52387

NSS parameters
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Conclusion 

As evident by the analyses, the estimation of the risk-free rate is debatable and can be 

approached with varying levels of comprehensiveness. The CAPM model is a single-period 

model inviting a single fixed rate input for the risk-free rate. A fixed rate can be estimated 

based on maturity, and thus, a fundamental assumption is implied in the application of the 

model with the fixed risk-free rate, namely that the investment considered must be matched 

with the maturity of the risk-free rate to produce an applicable result. Accuracy of the 

estimation is considerably improved by applying the risk-free parameter as a time-varying 

input. This allows individual cash flows of an investment to be matched in with corresponding 

maturities, adding precision to the output. By employing a term structure estimation method, 

a continuous function can be generated, allowing discounting cash flows at any maturity. To 

increase the applicability of CAPM in terms of the risk-free rate input, it is recommended to 

match the level of refinement with the investment and apply a time-varying term structure 

where possible. 
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The firm beta 

Since the introduction of CAPM and beta for asset valuation and risk assessment, the usage 

and teaching of betas has widespread and still is to this day (Jacobs & Shivdasani, 2012). 

William Sharpe (1964) suggested that beta was an accurate predictor of a company’s 

expected return based on its relation to the market. However, since then lots of criticism of 

the CAPM model and beta regression method used to obtain beta have been published 

(Fabozzi & Francis, 1978) (Tofallis, 2008). Some literature even suggests that simply plugging 

beta = 1 yields better results for valuation than calculating the beta (Fernandez & Bermejo, 

2009) In this section we will look at the accuracy of beta estimation using the OLS regression 

method and how it behaves in certain scenarios based on simulated data. 

In order to test beta estimation statistically, we simulate data to test the robustness of the 

regression approach for estimating beta. We simulate excess market returns as well as excess 

firm returns based on these market returns. There is no single true method of simulating 

market returns as many assumptions about the returns can be made. It has been suggested 

that market returns are simply a random walk with a drift (Fama E. F., 1995) while other 

research points towards several other factors such as homoscedasticity and mean reversion 

(Lo & MacMinlay, 1988) (Poterba & Summers, 1988). For our intents and purposes, we start 

by modelling the market returns under the assumption of a random walk with a drift. 

Furthermore, stock prices are often assumed to be lognormally distributed (Merton, 1976), 

and even though there is empirical evidence against this, it is still the most used in financial 

mathematics (Borland, 2008). By assuming stock prices are lognormally distributed, it allows 

us to assume that the returns are normally distributed (Why Log Returns, 2011). 

In order to find our firm returns, we will also need to simulate these. First off, we assume that 

the company has a beta of 1. This means that according to the CAPM model, the expected 

return of the company should be equal to the expected return of the market return. As we 

only simulate the excess return part of the returns this will be the only determinant for the 

expected returns 

However, the individual volatility of each firm return also contains non-systematic risk, i.e. 

firm specific risk and other non-market factors. This non-systematic risk is not included in the 

CAPM expected returns model as it is argued that it can be diversified away and has an 
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average of impact of 0, and therefore a company’s return should only depend on the risk free 

rate and the firms volatility relative to the market. Nevertheless, this non-systematic risk is 

certainly still present, and while it may not affect the return of the company in the long run 

under the assumption that CAPM holds, it will still affect the volatility of the firm returns and 

thus possibly be a source of error when estimating the beta due to persistent sampling-error. 

Therefore, we introduce non-systematic risk to our model to obtain the following model for 

our simulated time series. 

𝑹𝒎,𝒕 = 𝝁 + 𝝐𝒎,𝒕 

and 

𝑹𝒊,𝒕 = 𝜷 ∗ 𝑹𝒎,𝒕 + 𝝐𝒊,𝒕 

Where ϵi is the shock to the firm returns coming from the non-systematic risk of the company. 

This error term is niid as 𝑁(0, 𝜎 ), model and use the same parameters and approach as for 

the market return. Ri is the excess return of the company, β shows the relative volatility of an 

asset to the market. I.e. if the expected Rm is 10%, the expected return of the asset is 15% 

given a β of 1.5 and assuming no risk-free rate. Using Monte Carlo simulation (Campbell, Lo, 

& MacKinlay, 1997) (Skovmand, 2013) we simulate 30 years of data (N=7500) with 10.000 

iterations by using random numbers and inverse cumulative normal distribution to generate 

the 𝜖 ,  that is niid and 𝑵(𝟎, 𝝈𝒎
𝟐 ) to obtain a market return for each 7500 return simulations, 

repeated 10.000 times. Likewise we follow the same approach for the firm returns where we 

generate the error term that is niid and 𝑵(𝟎, 𝝈𝒊
𝟐) for each iteration to obtain the firm returns. 

Using our models, we use our simulated error terms to calculate the market returns with 

𝑹𝒎,𝒕 = 𝝁 + 𝝐𝒎,𝒕 and our firm returns with 𝑹𝒊,𝒕 = 𝜷 ∗ 𝑹𝒎,𝒕 + 𝝐𝒊,𝒕. Doing this for 7.500 

instances observations of returns, repeated 10.000 times, we obtain unique pairing of market 

and firm returns for each iteration and 10.000 unique betas.  

We use the following parameters for the simulations: 

μ = 𝟓%

𝒕
,   t = 250,   σϵ = σm = 𝟏𝟗%

√𝑻
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Obtaining Beta 

With our returns generated, we are able to find our beta for each pairing of returns. To find 

our beta we use standard OLS regression which is the most commonly applied method and 

the method found in finance textbooks and literature (Tofallis, 2008) (Shalit & Yitzhaki, 2002). 

We assume that the intercept is 0. The reason we set our intercept to 0 is that we simulate 

pure excess market returns and we therefore eliminate the risk-free rate from the equation 

For each market pairing, we use the OLS method to obtain our beta. This is done by finding 

the β that yields the global minimum sum of squares. We find it through the OLS matrix 

equation: 

𝛽 = (𝑋 𝑋) 𝑋 𝑦 

Doing this for each market / firm return pairing, we obtain 10.000 betas. We look at the 

statistics of the betas to see how well the model estimates our true beta which we know is 1.   

Beta Statistics – 30 year daily regression beta 

μβ 1,0003 

βmax 1,0429 

βminimum 0,9558 

σβ 0,01347 

βmax- βminimum 0,08709 

average sb 0,0130 

ADF-Test; τ-critical = -2,863 Low: -78,77 High: -76,41 

 

Firstly, the augmented Dickey-Fuller test shows us that our simulations all register as being 

stationary. We are therefore not in danger of drawing wrong conclusions based on the data 

due to non-stationarity from our simulated data.  

We see that the regression yields an average beta of practically 1, and with a low standard 

deviation of 0,01347. Through a non-cumulative distribution plot we show how accurate the 

regression is assuming normality. 
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We observe that based on the initial simulation, the regression method is fairly accurate with 

low standard deviation of the beta which signals that the method is robust under these 

circumstances and will yield consistent results. However, even with 7500 observations of 

data, the market and firm are prone to irregularities and inconsistencies as is shown with the 

largest difference in observed betas being almost 0,1 which can be rather significant when 

using CAPM for asset pricing.  

However, due to many factors, running a linear regression based on 30 years of data to obtain 

the risk-level of a company is in many cases not feasible. The company may not have existed 

30 years ago, or they may have been a completely different company with a different focus 

altogether. There is no single correct answer to which estimation interval should be used 

when running linear regressions to obtain betas, and this leads us to the next test of the beta 

estimation where we look at estimation intervals.  

Estimation Interval 

In the previous section, we looked at the linear regression coefficients obtained from a 30 

year period with 7500 observations. In this section we will see how choosing different 

estimation intervals will affect the stability and robustness of the beta estimation and the 

linear regression method. In addition to keeping the 30 year period, we will run regression 

based on the same data for periods of ½, 1, 2, 3, 5, 10 and 15 years. While the accuracy of the 

estimation will intuitively decrease with shorter estimation intervals due to increased 

sampling error, it is still important to look at how much it decreases as when we evolve the 

model, other factors may benefit from shorter estimation intervals (Alexander & Chervany, 

1980). 

0.8 0.9 1 1.1 1.2

BETA DISTRIBUTION
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Keeping everything else the same, we run the regressions to obtain the same statistical 

information as from the 30 year beta. 

Beta Statistics – 30 years to ½ year regression data 

β βminimum μβ βmax σβ  average 
sb 

βmax- 
βminimum 

30 years 0,9455 1,0001 1,0512 0,0134 0,0130 0,1057 

15 years 0,9012 1,0000 1,0711 0,0183 0,0184 0,1698 

10 years 0,8955 1,0001 1,0971 0,0225 0,0227 0,2016 

5 years 0,8524 1,0000 1,1333 0,0327 0,0324 0,2809 

3 years 0,8206 1,0002 1,1724 0,0428 0,0423 0,3517 

2 years 0,7855 1,0001 1,2115 0,0526 0,0523 0,4260 

1 year 0,6604 1,0007 1,3370 0,0752 0,0748 0,6766 

½ year 0,5154 0,9995 1,4701 0,1066 0,1066 0,9547 
 

The results show the average beta lies neatly around 1 which we goes along with what we 

assume since we know the real beta is 1. With the amount of iterations and no bias in the 

model, we should expect the average beta of the model to converge to 1 as number of 

iterations in the Monte Carlo simulation increases. However, we very clearly see that the time 

horizon chosen for the regression heavily influences in the distribution of the betas. The 

standard deviation of the betas increases heavily as the estimation interval decreases. This 

indicates that the linear regression method is prone to misinterpreting the consistent 

influence of the non-systematic error term when N decreases which is what we would expect.  

The max difference observed in beta is a massive 0,9547 which is close to being the difference 

between a perfect 1-to-1 relative correlation with the market and absolutely no market 

correlation (beta of 1 and 0). Furthermore, the standard error of the slope increases as the 

time period decreases. This shows that the accuracy of the model decreases as N decreases 

due to the fact that the linear regression model becomes prone to the shocks when N is low, 

This speaks heavily against the robustness and reliability of the linear regression approach for 

estimating betas. 

As we see, the ½ year estimation interval has a standard deviation of over 0,1. This shows a 

shortcoming of the beta estimation approach as it is very prone to the choice of estimation 
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interval that you chose to regress o. As before, we shown the confidence interval of the 30 

year beta graphically, but we add the ½ year beta for comparison to illustrate the difference. 

 

The graph illustrates the impact that the choice of regression period has on distribution of the 

betas from the Monte Carlo simulation with everything else staying the same. It shows that 

½ a year is not nearly enough time to reduce the sampling-error and give a consistent beta 

close to 1.  

Furthermore, to further show how important the choice of time period is, we look at the intra-

period differences of each single iteration. That is, we find the highest and lowest computed 

beta within each iteration of 10.000 return pairing to see how the beta can differ within the 

same data set depending on the time interval chosen to regress on. The results obtained are 

as follows: 

 Intra-data set differences of β  

σ minimum μ maximum 

0,0588 0,0158 0,1171 0,4820 

 

This shows us that the average difference between the highest and lowest beta obtained from 

the same data set is 0,1171 which in itself is a very significant average deviation based on the 

time interval. However, what is even more noteworthy is that the maximum difference 

observed within the same data set is 0,4820 which once again indicates that the choice of 
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interval is crucial for the linear regression method and it can significantly alter the outcome 

when assessing the relative risk of a company due to consistent non-systematic risk impacts.  

The conclusion is that the beta can become heavily biased due to sampling error and this 

becomes even more apparent as N decreases. Even with high amounts of observations, the 

deviations from the true beta can be significant due to persistent irregularities of the shocks. 

Furthermore, the bias of the beta can differ significantly within a single time-series depending 

on the choice of time interval we look at.  

Return Observation Interval 

So far we have used daily observations for our data. Optimally the beta obtained shouldn’t 

differ whether we look at daily, weekly or monthly returns, however, due to the way that OLS 

regression works, this is not the case and it may alter our obtained beta. We will look at 

whether the choice of interval for the data observations can significantly alter the beta 

results. Everything else from the previous section will be held constant except that we now 

also run regressions based on weekly and monthly returns, and therefore we can safely 

assume that our simulations are still stationary. The weekly and monthly returns for both the 

market and firm returns will be calculated based on the daily returns.  

E.g. weekly returns will be found by taking 5 daily returns and add it to an index price where 

after we extrapolate the weekly return, so we have: 

𝐼 , = 𝐼 , ∗ 𝑒 . ∗ 𝑒 . ∗ 𝑒 . ∗ 𝑒 . ∗ 𝑒 .  

Where Ii,T is the index price at time T, and Ii,T-5 is the index price 5 days earlier with 𝑒 .  

being the daily returns in the 5 days prior. We then find the weekly return through the 

formula: 

𝑅 = 𝐿𝑁
𝐼 ,

𝐼 ,
 

The same approach is used for the monthly returns. Doing this, we find the weekly / monthly 

returns instead of the daily, and we rerun the regressions. Firstly, we look at the same 

distribution statistics of the betas as before. The only difference between the regressions is 

the frequency of the observed data. I.e. each iteration will individually yield 3 betas. One per 

return observation interval.  
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Beta Statistics – 30 year regression beta 

 Daily Weekly Monthly 

μβ 1,0003 0,9992 0,9995 

βmax 1,0429 1,1082 1,2199 

βminimum 0,9558 0,8669 0,7580 

σβ 0,01347 0,0291 0,0576 

average sb 0,0130 0,0291 0,0584 

 

Immediately we observed that standard deviation of beta rises as the frequency of our data 

observations decreases. This is very significant as it shows the exact same data set can yield 

vastly different results when only the frequency of observations is altered with everything 

else held constant. This indicates that significant bias in the estimator can come from the 

choice of observation interval, and the larger interval we look at, the more vulnerable it 

becomes.  

 

As the table shows, the monthly beta covers a spread of over 0,2 which is extremely significant 

when we know the beta is 1. Furthermore, as the graph shows the bell curve becomes far 

flatter, and it signifies that the range of possible betas and the deviation increases drastically 

as we alter our observation frequency. Furthermore, comparing it to the graph illustrating the 

distribution of the betas when altering time horizon, it shows that the distribution altered less 
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when going from daily to monthly observations compared to the jump of going from 30 years 

of observations to ½ year of observations though it is still very significant. 

As before, we look at the intra-data set differences to see how much of a difference the choice 

of observation frequency can affect the final beta coefficient obtained from the linear 

regression. 

Intra-data set differences 

σ minimum μ maximum 

0,0318 0,0017 0,0526 0,2972 

 

As we see in the table, the maximum observed beta difference obtained from the choice of 

observation frequency selection is 0,2972. This shows that the choice can be important when 

regressing as firm can have completely different correlations to the market depending on the 

choice of data. The mean difference and the standard deviation shows that on average it will 

be somewhat significant, but once again less so that the significance of the jump from a 30 

years regression to a ½ year regression 

In conclusion, we observe that the choice of frequency for the data observations can have a 

substantial effect. The OLS regression shows less accuracy when increasing the observation 

interval, and furthermore the spread of betas is significantly larger showing that the linear 

regression becomes vulnerable to the shock showing decreasing robustness. 

Combined Period Sensitivity and Data Frequency 

We test the sensitivity of the linear regression method for our beta estimation while 

incorporating both varying time horizons and frequency for data observations. Everything 

else is held constant, and the simulation is still shown to be stationary. 

We construct a table of the findings from the simulations in order to show the behavior of the 

beta results across both period sensitivity and data frequency 
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Beta Statistics – ½ year to 30 years of data with daily, weekly and monthly regressions 

Daily βminimum μβ βmax σβ average sb βmax- 

βminimum 

30 years 0,9455 1,0001 1,0512 0,0131 0,0130 0,1057 

15 years 0,9012 1,0000 1,0711 0,0183 0,0184 0,1698 

10 years 0,8955 1,0001 1,0971 0,0225 0,0227 0,2016 

5 years 0,8524 1,0000 1,1333 0,0327 0,0324 0,2809 

3 years 0,8206 1,0002 1,1724 0,0428 0,0423 0,3517 

2 years 0,7855 1,0001 1,2115 0,0526 0,0523 0,4260 

1 year 0,6604 1,0007 1,3370 0,0752 0,0748 0,6766 

½ year 0,5154 0,9995 1,4701 0,1066 0,1066 0,9547 

Weekly βminimum μβ βmax σβ average sb βmax- 

minimum 

30 years 0,8669 0,9992 1,1082 0,0291 0,0291 0,2413 

15 years 0,8327 0,9996 1,1430 0,0417 0,0413 0,3103 

10 years 0,7862 0,9997 1,1962 0,0512 0,0508 0,4100 

5 years 0,7024 0,9997 1,3113 0,0727 0,0729 0,6089 

3 years 0,6118 0,9994 1,3939 0,0961 0,0955 0,7820 

2 years 0,4554 1,0004 1,4779 0,1189 0,1185 1,0226 

1 year 0,2184 0,9997 1,6891 0,1720 0,1715 1,4707 

½ year -0,2880 0,9976 2,4006 0,2526 0,2503 2,6886 

Monthly βminimum μβ βmax σβ average sb βmax- 

minimum 

30 years 0,7580 0,9950 1,2199 0,0576 0,0584 0,4619 

15 years 0,6710 0,9961 1,3229 0,0824 0,0832 0,6518 

10 years 0,5917 0,9976 1,4538 0,1019 0,1028 0,8622 

5 years 0,3845 0,9975 1,6443 0,1476 0,1487 1,2598 

3 years 0,1733 0,9968 1,8837 0,1964 0,1972 1,7104 

2 years -0,0548 0,9966 2,4168 0,2472 0,2474 2,4716 

1 year -1,1653 0,9968 3,7157 0,3752 0,3757 4,8809 

½ year -3,8840 0,9976 5,4340 0,6136 0,6193 9,3180 
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As the results show, reducing frequency of observations and the time period observed 

severely reduces the accuracy of the model as seen on the standard error of the slope as well 

as the standard deviation. When coupled these effects become even more apparent as seen 

on the behavior of the monthly observations. Even when looking at 5 years of observations, 

the shocks to the model is enough to yield a standard deviation of 0,1476 over 10.000 

iterations. Furthermore, 5 years of monthly observations yield a beta spread of 1,2598 which 

is more than the difference between a company have perfect correlation with the market and 

a company having no correlation to the market.  

This effect is also seen on the weekly observations. 5 years of weekly observations yield a 

standard deviation of 0,0727 which is still very significant over such a time horizon. Often 

companies change over time, and using more than 5 years of data may include data that do 

not reflect the current structure of the company or market it is in at all. Additionally, the max 

beta spread observed here is 0,6098 which enormous in the grand scheme of finance and 

asset pricing.  

On the very extreme, looking at monthly observations for ½ a year, we see the OLS regression 

approach completely break down. The standard deviation is 0,6136 with a max beta spread 

of 9,3180 with the knowledge that the beta is truly 1 in all cases. While this is the most 

extreme scenario, this shows us that the accuracy and robustness of the reliability of the 

model completely breaks down when the time interval becomes short and the observation 

interval decreases as the model becomes very vulnerable to non-systematic shocks. 

Furthermore, we graphically show the difference between the best, average and worst-case 

scenarios across both period sensitivity and observation frequency.  
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As the graphics shows, spread of the beta is severely affect when altering both time horizons 

and frequency of observations. The difference between the spread of the 30 years of daily 

observations contra the ½ year of monthly observations is staggering, and it shows how the 

accuracy of the linear regression breaks down completely due to the low number of 

observations and impact of the shocks.  

Additionally, We look at the intra-data set beta spreads to see how the choice of time horizons 

and observation frequency can influence the acquired beta from the linear regression. Most 

important is the results when we allow for changing both time horizon and observation 

frequency.  
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Intra-data set differences 

Across all time horizons and data frequencies 

σ minimum μ maximum 

0,4086 0,0975 0,6724 5,0091 
Daily – Changing Regression Period 

σ minimum μ maximum 

0,0597 0,0158 0,1168 0,4820 
Weekly - Changing Regression Period 

σ minimum μ maximum 

0,1467 0,0286 0,2690 1,4069 
Monthly - Changing Regression Period 

σ minimum μ maximum 

0,4120 0,0341 0,5969 5,0091 
30 years – Changing Observation Frequency 

σ minimum μ maximum 

0,0318 0,0007 0,0527 0,2402 
15 years – Changing Observation Frequency 

σ minimum μ maximum 

0,0458 0,0012 0,0750 0,3108 
10 years – Changing Observation Frequency 

σ minimum μ maximum 

0,0570 0,0009 0,0924 0,4057 
5 years – Changing Observation Frequency 

σ minimum μ maximum 

0,0844 0,0013 0,1321 0,6425 
3 years – Changing Observation Frequency 

σ minimum μ maximum 

0,1134 0,0027 0,1758 0,8787 
2 years – Changing Observation Frequency 

σ minimum μ maximum 

0,1453 0,0026 0,2197 1,3830 
1 year – Changing Observation Frequency 

σ minimum μ maximum 

0,2342 0,0039 0,3254 2,8112 
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½ year – Changing Observation Frequency 

σ minimum μ maximum 

0,4115 0,0043 0,5027 4,8294 
 

We note that within data sets, there is a mean spread of a 0,6724 between the minimum and 

maximum beta observed, and the maximum beta spread observed is 5,0091. It is very 

noteworthy as these results are obtained from within the same iterations of the Monte Carlo 

simulation, and it shows clearly how significant the choice of observation frequency and time 

horizon is as it can significantly alter the obtained beta. 

We furthermore look at the rejection percentages for our null hypothesis. 

 
Rejection Percentage 

H0: β = 1    Ha: β =/= 

1 

Daily Weekly Monthly 

30 years 5,11% 4,86% 4,82% 
15 years 4,76% 5,00% 4,75% 
10 years 4,77% 5,09% 4,91% 
5 years 5,05% 5,00% 4,92% 
3 years 5,14% 5,12% 5,09% 
2 years 4,89% 4,92% 5,41% 
1 year 5,00% 5,38% 6,28% 
½ year 4,85% 5,89% 9,32% 

Optimally our rejection percentage should lie around 5% assuming normal distribution. 

We note that the ½ year and 1 year regression for the monthly as well as the ½ year weekly 

rejection percentages are significantly higher than 5%. This indicates that the linear regression 

approximation becomes so volatile with the lower data observation interval and time 

intervals that we increasingly are able to reject that the beta is 1 even though we know the 

true beta is 1. Therefore we see an decrease in the power of our model and an increase in 

Type 1 errors with false positives which we attribute to the volatility of the model. In 

conclusion, we find that the robustness and stability of the approach decreases when we alter 

the time interval and observation interval 
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Non-systematic risk parameter 

So far we have assumed that our simulated errors terms were niid as N(0,σ2). However, as 

noted earlier, research suggests heteroscedasticity (Sharma, Mougoue, & Kamath, 1996) 

(Martin & Klemkosky, 1975). Based on this, we try and alter our assumptions about our error 

term. Instead we model it after the GARCH(1,1) as it may better reflect the behavior of the 

market and firm returns. We use the following parameters to model our error term. The 

model therefore becomes: 

𝑹𝒎,𝒕 𝟏 = 𝝁 + 𝜼𝒎,𝒕 𝟏  ∶   𝜼𝒎,𝒕 𝟏 ∽ 𝑵(𝟎, 𝝈𝒎,𝒕
𝟐 ) 

Where we have that: 

𝝈𝒕
𝟐 = 𝝎 + 𝜷𝜶𝒕 𝟏

𝟐 + 𝜶𝜼𝒎,𝒕
𝟐 , with ω = 𝝈𝒎

𝟐 ∗
𝟏 − 𝜶 − 𝜷

𝒕
 

The same goes for the market returns: 

𝑹𝒊,𝒕 = 𝜷 ∗ 𝑹𝒎,𝒕 + 𝜼𝒊,𝒕,   𝜼𝒊,𝒕 𝟏 ~𝑵(𝟎, 𝝈𝒊,𝒕
𝟐 ) 

Where we have that: 

𝝈𝒕
𝟐 = 𝝎𝒊 + 𝜷𝜶𝒕 𝟏

𝟐 + 𝜶𝜼𝒊,𝒕
𝟐 , with ω = 𝝈𝒊

𝟐 ∗
𝟏 − 𝜶 − 𝜷

𝒕
 

For the simulation, we use the following parameters: 

α = 0,05,   β = 0,94,   ω  = 𝜎 ∗  

σi  =  σm   = %

√
  as starting point for the standard deviation and: 

t = 250,  μ = 5%/t 

We once again run 10.000 iterations to see if the different modeling of our non-systematic 

risk parameter will have an effect on the linear regression approach for estimating our beta. 

We again do this across all previous time horizons and data observation frequencies and 

compare it to our previous results. 

Beta Statistics – ½ year to 30 years of data with daily, weekly and monthly regressions 

Daily βminimum μβ βmax σβ average sb 
30 years 0,9471 1,0000 1,0610 0,0138 0,0134 
15 years 0,9230 1,0003 1,0912 0,0193 0,0192 
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10 years 0,9100 1,0001 1,1115 0,0236 0,0238 
5 years 0,8446 0,9996 1,1849 0,0349 0,0346 
3 years 0,8147 0,9991 1,3338 0,0463 0,0456 
2 years 0,7548 0,9999 1,3879 0,0577 0,0568 
1 year 0,6035 0,9986 1,4738 0,0841 0,0821 
½ year 0,4399 0,9969 1,6927 0,1195 0,1162 
Weekly βminimum μβ βmax σβ average sb 
30 years 0,8852 0,9992 1,1570 0,0304 0,0299 
15 years 0,8220 0,9992 1,2139 0,0438 0,0431 
10 years 0,7696 0,9986 1,4489 0,0541 0,0535 
5 years 0,6683 0,9973 1,4586 0,0793 0,0779 
3 years 0,5916 0,9967 1,5753 0,1051 0,1030 
2 years 0,3422 0,9981 1,6201 0,1318 0,1289 
1 year 0,0401 0,9951 2,0227 0,1923 0,1885 
½ year -0,6904 0,9957 2,6686 0,2855 0,2745 
Monthly βminimum μβ βmax σβ average sb 
30 years 0,7809 0,9978 1,3085 0,0607 0,0602 
15 years 0,6573 0,9974 1,3789 0,0878 0,0870 
10 years 0,4741 0,9981 1,6041 0,1094 0,1084 
5 years 0,1641 0,9974 1,9680 0,1615 0,1597 
3 years -0,1672 0,9972 2,3626 0,2178 0,2139 
2 years -0,3647 0,9971 2,5013 0,2787 0,2715 
1 year -1,2251 0,9963 3,6992 0,4247 0,4168 
½ year -3,8331 0,9952 5,8122 0,6757 0,6958 

 

We notice trend of a general increase in the standard deviation of the beta distribution which 

indicates that the new assumption about our error term increases the impact of the shocks 

to the model. This seemingly leads to decreased accuracy of the linear regression model and 

increases the risk that we obtain an improper beta from our estimation methods. We 

furthermore notice a downwards trend in the mean observed beta, and this is consistent with 

the fact that we know that OLS isn’t an unbiased estimator when we introduce 

heteroskedasticity. It is therefore expected, but it still shows that OLS may yield inaccurate 

results. 

Furthermore, to make sure this our results are significant, we check whether the change in 

standard deviations of the beta observations has been statistically significant. σ2 denotes the 

original results obtained under the random walk assumption whereas σ1 denoted the 

standard deviations from the GARCH(1,1) assumption.  
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α = 0,05 Daily Weekly Monthly 

H0: σ1 = σ2 Ha: σ1 ≠ 

σ2 

Reject P-value Reject P-value Reject P-value 

30 years Yes 0,01 Yes 0,03 Yes 0,02 

15 years No 0,55 Yes 0,04 Yes 0,04 

10 years No 0,98 No 0,07 Yes 0,00 

5 years No 0,28 No 0,06 Yes 0,05 

3 years No 0,26 No 0,59 Yes 0,01 

2 years No 0,54 No 0,54 Yes 0,00 

1 year No 0,44 No 0,43 Yes 0,01 

½ year No 0,20 No 0,04 No 0,21 

 

We can confidently say that the standard deviation of beta observations has not remained 

the same for several instance of our observations and time horizons. This goes to show that 

assuming under the assumption of heteroscedasticity, not only does the general standard 

deviation change, the OLS is also no longer an unbiased estimator.  

Lastly, we look at the intra-beta differences to see whether the GARCH(1,1) model have 

affected these as well. We apply a t-test to see if our means intra-dataset differences have 

risen significantly.  

Intra-data set differences – H0: μnew = μold  Ha: μnew > μold 

Horizon / Frequency μnew μold Reject P-value 

All 0,7561 0,7251 Yes 0,00 

Daily 0,1275 0,1245 Yes 0,00 

Weekly 0,2948 0,2893 Yes 0,03 

Monthly 0,6515 0,6436 No 0,25 

30 years 0,0546 0,0537 No 0,07 

15 years 0,0788 0,0776 No 0,08 

10 years 0,0973 0,0953 Yes 0,02 

5 years 0,1415 0,1404 No 0,41 

3 years 0,1908 0,1856 Yes 0,01 

2 years 0,2406 0,2331 Yes 0,00 
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1 year 0,3601 0,3489 Yes 0,00 

½ year 0,5470 0,5301 Yes 0,01 

 

We observe that we are able to confidently reject our null hypothesis is several cases. This 

mainly goes for shorter time horizons thus indicating that the switch to a GARCH(1,1) 

assumption has a larger impact in shorter time interval beta estimations. This once again 

confirms that assuming that the error term is heteroscedastic, it decreases the robustness 

and accuracy of the linear regression model as we are more likely to obtain a result that lies 

farther from our true beta while it also decreases the robustness and consistency of each beta 

obtained from a single data set increasing the bias from the choice of estimation interval and 

observation frequency. 

  

Beta assumptions 

Up until now we have assumed that our beta remains constant over our 30 year period of 

simulations. However, research (Bos & Newbold, 1984) (Fabozzi & Francis, 1978) has shown 

that betas are not constant which was briefly touched upon earlier as well. It has also been 

shown that betas have rather low correlation to the past year betas (Tofallis, 2008). 

Therefore, it seems like an unrealistic assumption to assume that the betas remain constant. 

Structural changes or market preferences / behaviors may affect the beta of a company over 

time, and using data from periods where the beta of a company was different will lead to 

biased beta estimate (Gordon & Chervany, 1990).  

Therefore, we retest our OLS regression under the assumption of an altering beta. The ending 

3 months of the simulated returns will always be 1 where after we allow for a time varying 

beta that will reverse to a mean of 1. The model is now as follows: 

𝑅 , = 𝛽 , ∗ 𝑅 , + 𝜖 ,  

Choudry (2002) suggests that betas are time-varying and mean reversing at a slow rate. We 

therefore run 10.000 iterations with each iteration having a time varying beta reversing 

around a mean of 1. We use a Wiener process to calculate the time-changing beta through 

the formula: 

𝛽 =  𝛽 + 𝜃 �̅� − 𝛽 Δ𝑡 + 𝜎𝛽 √Δ𝑡𝑍  
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Where we use the same daily increments as for our return simulations, and �̅̅� = 1, σ = 0,1 and 

θ = 0,1 with θ being low to emulate the slow mean reversal. Below is a graph illustrating an 

example of the betas obtained from this method over 30 years.  

 

Doing this, we obtained the following results from our simulations using the time-varying 

betas.  

Beta Statistics – ½ year to 30 years of data with daily, weekly and monthly regressions 

Daily βminimum μβ βmax σβ average sb 
30 years 0,6573 0,9989 1,7465 0,1119 0,0135 
15 years 0,6244 1,0004 2,2209 0,1479 0,0190 
10 years 0,6205 1,0002 2,6189 0,1652 0,0233 
5 years 0,5733 0,9992 2,4086 0,1841 0,0330 
3 years 0,4801 0,9988 2,2732 0,1751 0,0429 
2 years 0,5551 1,0000 2,1160 0,1594 0,0527 
1 year 0,5537 1,0007 1,6255 0,1255 0,0750 
½ year 0,5196 1,0007 1,4768 0,1151 0,1067 
Weekly βminimum μβ βmax σβ average sb 
30 years 0,6640 0,9987 1,7697 0,1153 0,0302 
15 years 0,6089 1,0003 2,1658 0,1528 0,0427 
10 years 0,5517 0,9999 2,5528 0,1715 0,0523 
5 years 0,4679 0,9997 2,4529 0,1959 0,0743 
3 years 0,3639 0,9996 2,2396 0,1958 0,0968 
2 years 0,2806 1,0006 2,0568 0,1931 0,1195 
1 year 0,1977 1,0008 1,8495 0,2014 0,1719 
½ year -0,3049 1,0003 2,0410 0,2581 0,2499 
Monthly βminimum μβ βmax σβ average sb 
30 years 0,5882 0,9992 1,7310 0,1279 0,0606 
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15 years 0,4573 0,9997 2,2065 0,1711 0,0859 
10 years 0,4598 0,9991 2,7170 0,1962 0,1055 
5 years 0,1453 0,9995 2,5859 0,2368 0,1511 
3 years -0,0908 0,9991 2,4308 0,2611 0,1985 
2 years -0,1101 0,9987 2,3676 0,2897 0,2487 
1 year -0,9281 1,0016 3,1406 0,3854 0,3750 
½ year -4,3710 1,0050 9,4910 0,6022 0,6247 

 

We instantly notice that the standard deviation and spread of the betas obtained from the 

longer time horizons have increased significantly. The standard deviation of the daily 30 year 

regression beta was previously 0,0131 with a static beta, however, with the time varying beta 

the standard deviation has shot up to 0,1119 which is almost a tenfold increase in the 

standard deviation.  

We graphically show the impact of going from static beta to a time varying for each of the 

time horizons and frequency of observation options. The orange part is the extra standard 

deviation of the betas gained from introducing time varying betas whereas the blue part is 

the original standard deviation obtained from assuming a static beta of 1.  
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We note that the lower estimation intervals are much less affected by the introduction of 

time varying betas. This is expected as we know the true beta is 1 and for the first 3 months 

of observations it is set to 1. However, especially for the daily observations, we see a huge 

increase in the standard deviation of the betas obtained with the effect topping around the 

5-year mark. We also see that reduced interval of observations seem to equal a decrease in 

the impact of the time varying beta.  

With this is mind, we test statistically whether the new standard deviations are significantly 

higher than the previous ones with the static beta using an F-test in order to determine 

whether the switch from static to time varying beta has had a significant impact.  

α = 0,05 Daily Weekly Monthly 

H0: σ1 = σ2 Ha: σ1 ≠ 

σ2 

Reject P-value Reject P-value Reject P-value 

30 years Yes 0,00 Yes 0,00 Yes 0,00 

15 years Yes 0,00 Yes 0,00 Yes 0,00 

10 years Yes 0,00 Yes 0,00 Yes 0,00 

5 years Yes 0,00 Yes 0,00 Yes 0,00 

3 years Yes 0,00 Yes 0,00 Yes 0,00 
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2 years Yes 0,00 Yes 0,00 Yes 0,00 

1 year Yes 0,00 Yes 0,00 No 0,19 

½ year Yes 0,00 Yes 0,00 No 0,29 

 

As we see, for α = 0,05, we are able to reject our null hypothesis for all cases except the 1 and 

½ year monthly regressions. This indicates that the switch from a static to time varying beta 

has indeed increased our standard deviations of our beta distribution significantly. This 

indicates that under the assumption that beta is time varying, the linear regression model 

becomes far less robust and less efficient at estimating the true beta at T0 due to historical 

bias. 

In extension of this, we look at whether this increased deviation of the betas has affected our 

rejection of H0: β = 1 and note whether the rejection percentage, denoted r1 and r2, is higher 

than in the scenario with the static beta. 
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We find that with time varying beta we reject our null hypothesis in vastly more cases the 

longer the time horizon goes. This is expected due to the historical bias in the linear regression 

method for estimating the beta. Though the true beta at T0 = 1, the model can’t recognize 

that, and older data where the beta may have been different weighs just as much as the new 

time period. In conclusion, the stability and robustness of the linear regression approach 

suffers severely for estimating beta when time varying beta is assumed. While the model used 

for the time-varying beta has limitations as there are mixed opinions about how beta haves 

over time (Choudhry, 2002), we believe the results obtained showcases how much historical 

beta bias may affect the OLS regression method. We also note that the intra-beta statistics 

Rejection Percentage 

 Daily Weekly Monthly 

H0: β = 1    Ha: β =/= 

1 

New Old New Old New Old 

30 years 80,57% 5,11% 59,46% 4,86% 34,03% 4,82% 

15 years 79,30% 4,76% 56,73% 5,00% 30,40% 4,75% 

10 years 77,16% 4,77% 52,81% 5,09% 26,99% 4,91% 

5 years 70,99% 5,05% 43,52% 5,00% 20,47% 4,92% 

3 years 61,39% 5,14% 31,61% 5,12% 14,01% 5,09% 

2 years 49,54% 4,89% 21,81% 4,92% 10,45% 5,41% 

1 year 24,03% 5,00% 9,80% 5,38% 7,82% 7,11% 

½ year 6,91% 4,85% 5,90% 5,89% 8,31% 8,90% 

H0: r1 = r2 Ha: r1 ≠ 
r2 

Reject  P-value Reject  P-value Reject  P-value 

30 years Yes 0,00 Yes 0,00 Yes 0,00 

15 years Yes 0,00 Yes 0,00 Yes 0,00 

10 years Yes 0,00 Yes 0,00 Yes 0,00 

5 years Yes 0,00 Yes 0,00 Yes 0,00 

3 years Yes 0,00 Yes 0,00 Yes 0,00 

2 years Yes 0,00 Yes 0,00 Yes 0,00 

1 year Yes 0,00 Yes 0,00 No 0,06 

½ year Yes 0,00 No 0,93 No 0,14 
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see vast changes, but we do not elaborate on that as it is expected with a time varying beta, 

and instead refer to the appendix for the statistics.  

 

Market Proxy 

An important aspect of using the linear regression approach for estimating betas is the market 

proxy. A major problem with the CAPM model is that we need to regress against the true 

market, but as the true market contains every asset (Roll, 1977), this is infeasible. Instead we 

use proxies, but it is hard to determine whether they are appropriate proxies. Simulating 

different proxies would become completely arbitrary when determining how good a fit the 

simulated proxy is to the real market. Therefore, in this section we empirically test the impact 

that the choice of different market proxies can have.  

We have chosen 50 companies randomly that have been on the S&P500 index for the past 30 

years in order to ensure that we have the proper available data to run regressions on. 

Furthermore, we have chosen 3 common market indexes to regress them against; S&P500, 

Dow Jones Industrial Average, and Russell 3000. These are all considered to be proxies of how 

well the market is doing and should therefore yield similar results. We find the excess returns 

of each proxy and run an OLS regression against the excess returns of the companies to find 

their betas. We obtain the following results. For individual betas, please consult the appendix. 

Inter-Proxy Differences 
Frequency Daily Weekly Monthly 
Horizon Average Max Average Max Average Max 
30 years 0,09 0,26 0,11 0,32 0,16 1,37 
15 years 0,14 0,30 0,13 0,49 0,14 0,47 
10 years 0,13 0,29 0,13 0,29 0,15 0,52 
5 years 0,13 0,19 0,13 0,21 0,15 0,30 
3 years 0,12 0,18 0,13 0,24 0,16 0,37 
2 years 0,12 0,18 0,13 0,24 0,16 0,33 
1 year 0,19 0,34 0,21 0,35 0,32 0,88 
½ year 0,21 0,48 0,27 0,68 0,54 1,97 

 

As we see on the results, we obtain rather large average beta deviations when regression 

against different market proxies. Furthermore, we also obtain large max deviations meaning 
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that empirically, betas obtained from linear regression can be extremely biased depending on 

the choice of market proxy. This indicates at least some of these proxies are not proper 

reflections of the market as there are deviations between the betas obtained. The error in 

beta that comes from using betas that aren’t proper reflections of the market is called errors 

in variables problem (Tofallis, 2008). Often we assume that the proxies accurately reflect the 

market, but we have no way of knowing for sure. This is a major part of Rolls Critique (1977) 

where he states that the true market is unobservable so we have no way of knowing the 

extent of the errors in variables problem. To put the problem into perspective, Tofallis (2008) 

says: “… the ‘market’ in CAPM refers to the universe of all investments, which includes foreign 

equities, bonds, land, property, gold, derivatives...” 

For example the S&P500, as one of the larger US indices, covers only a very small portion of 

this ‘universe of all investments’. The following graph attempts to illustrate just how little of 

the actual market that we capture when we use the S&P500 index as our market proxy. 

1 

Even though the graph doesn’t reflect the total universe of investments, it shows the market 

capitalization or many major financial instruments. As the graph shows, the S&P500 accounts 

for merely 2% of this total market capitalization illustrated. Furthermore, according to 

Desjardins (2015) the derivatives market is merely an estimate, and the $600 trillion estimate 

                                                             
1 Data obtained from following sources: (Market capitalization of listed domestic companies (current US$), 
2017), 
(Global Real Estate Value Hits $217 Trillion In 2015, 2.7 Times World GDP, 2016) and 
(Desjardins, 2015) 
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is the low estimate, and it may be as high as $1.200 trillion. This illustrates the errors in 

variable problem as the proxy against which we run our OLS regression represents only a very 

small portion of the market, and therefore opening up to the error problem. According to 

Fama and French (1996), it is possible that the proxy problem is so severe that it undermines 

the entire validity of CAPM as it is simply not testable because we have no way of knowing 

whether the proxies are mean-variance-efficient. 

Therefore, the choice of proxy is a fundamental part of obtaining the correct beta if CAPM 

holds, but selecting the right proxy may be impossible as the entire market is not observable. 

This indicates a major shortcoming of the CAPM model, as the estimated beta obtained can 

be heavily determined by the choice of proxy thus creating a proxy-bias from the errors in the 

variables problem in the estimation, and as of now, this problem seems unsolvable.  

 
Alpha assumption 

So far we have assumed that the excess return of the company is solely based on a given 

company’s relative volatility to the market. However, The CAPM model opens up to over- and 

underperformance through the α parameter. So far we have left the assumptions about alpha 

out to isolate the effect of other assumptions. In this setion we will look at how the accuracy 

of the β estimation is affected when we allow for over- and underperformance of companies 

relative to their risk level. Therefore the model becomes the following 

𝑅 , = 𝛼 + 𝛽 ∗ 𝑅 , + 𝜖 ,  

Where α is a non-time varying constant that represents constant over- or underperformance 

relative to the company’s risk level given its correlation with the market. In order to test the 

impact of this change, we first simulate our 10.000 iterations without actually adding a 

random alpha to each iteration in order to see whether the change in methodology has an 

impact on the accuracy of our beta estimation.  

Beta Statistics – ½ year to 30 years of data with daily, weekly and monthly regressions 

Daily βminimum μβ βmax σβ average sb 

30 years 0,9459 0,9999 1,0525 0,0133 0,0133 

15 years 0,9219 1,0003 1,0828 0,0190 0,0191 

10 years 0,9098 1,0002 1,0963 0,0236 0,0238 



Master’s thesis  Copenhagen Business School, 2017 

Page | 80  
 

5 years 0,8452 0,9999 1,1611 0,0349 0,0345 

3 years 0,8058 0,9997 1,1939 0,0467 0,0455 

2 years 0,6820 0,9996 1,2523 0,0583 0,0567 

1 year 0,6340 0,9999 1,4212 0,0839 0,0820 

½ year 0,3976 0,9994 1,6920 0,1177 0,1164 

 

Weekly βminimum μβ βmax σβ average sb 

30 years 0,8851 0,9994 1,1208 0,0302 0,0298 

15 years 0,8002 1,0002 1,1628 0,0428 0,0429 

10 years 0,7580 1,0002 1,2240 0,0535 0,0533 

5 years 0,6107 0,9999 1,341 0,0791 0,0775 

3 years 0,5736 0,9989 1,4084 0,1035 0,1028 

2 years 0,4134 0,9984 1,5774 0,1292 0,1285 

1 year 0,0176 0,9986 1,9897 0,1895 0,1879 

½ year -0,3109 0,9983 2,4012 0,2747 0,2725 

 

Monthly βminimum μβ βmax σβ average sb 

30 years 0,7586 0,9999 1,2755 0,0604 0,0598 

15 years 0,6128 1,0012 1,3997 0,0869 0,0865 

10 years 0,4347 1,0003 1,4802 0,1083 0,1078 

5 years 0,2480 0,9994 1,7331 0,1605 0,1586 

3 years -0,2486 0,9980 1,8585 0,2146 0,2138 

2 years -0,4146 0,9995 2,2236 0,2724 0,2711 

1 year -1,6336 0,9987 3,2206 0,4187 0,4193 

½ year -4,6472 1,0030 10,1770 0,6756 0,6978 

 

The results are very similar to our standard simulation indicating that the change of allowing 

an intercept has had a limited impact. We notice that the standard deviation of our beta 

spread seems to have changed however. We check whether differences in standard deviation 

is statistically significant.  



Master’s thesis  Copenhagen Business School, 2017 

Page | 81  
 

 

α = 0,05 Daily Weekly Monthly 

H0: σ1 = σ2 Ha: σ1 < 

σ2 

Reject P-value Reject P-value Reject P-value 

30 years No 0,92 No 0,18 No 0,06 

15 years No 0,95 No 0,63 No 0,23 

10 years No 0,98 No 0,35 No 0,06 

5 years No 0,30 No 0,10 No 0,15 

3 years No 0,07 No 0,96 No 0,19 

2 years No 0,18 No 0,98 No 0,30 

1 year No 0,56 No 0,90 No 0,14 

½ year No 0,74 No 0,98 No 0,22 

 

Our F-test show that we are unable to reject our null hypothesis that the standard deviation 

of the betas have remained the same. This is optimal due to the fact that we know that the 

true intercept is 0 in every case our of 10.000 iterations and we therefore optimally should 

have no changes in the spread or accuracy of our beta. We furthermore look at whether the 

change has had a negative impact on the average intra-data set deviations of the beta. 

Intra-data set differences – H0: μnew = μold  Ha: μnew > μold 

Horizon / Frequency μnew μold Reject P-value 

All 0,7305 0,7251 No 0,09 

Daily 0,1262 0,1245 No 0,82 

Weekly 0,2889 0,2893 No 0,38 

Monthly 0,6496 0,6436 Yes 0,04 

30 years 0,0547 0,0537 No 0,27 

15 years 0,0783 0,0776 Yes 0,01 

10 years 0,0976 0,0953 No 0,16 

5 years 0,1423 0,1404 Yes 0,03 

3 years 0,1900 0,1856 No 0,06 

2 years 0,2376 0,2331 Yes 0,05 
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1 year 0,3564 0,3489 Yes 0,02 

½ year 0,5460 0,5301 No 0,43 

 

This time, we able to reject our null hypothesis in several instances. Though the changes are 

relatively small, it indicates that our change in methodology has impacted our intra-data set 

accuracy thus leading to less consistency in our estimation method and damaging the 

accuracy even though our true α is 0. This shows an issue with the OLS regression as it may 

use the alpha parameter to reduce the overall sum of squares at the expense of consistency 

of the obtained beta.  

 

Non-zero alpha 

However, research has shown that some return factors can be attributed to other things than 

the relative market volatility in the form of β, which will result in a consistent alpha (Pástor & 

Stambaugh, 2003). In order to test the impact of an actual alpha, we run our tests again where 

each of the 10.000 firm iterations is assigned a unique constant alpha component. The alphas 

given are niid as N(0,σ2) with σ = 𝜎 =
,

√
. Therefore, we no longer know that our true α = 0. 

We rerun the simulations and regression with the new alphas. We obtain the following 

results: 

Beta Statistics – ½ year to 30 years of data with daily, weekly and monthly regressions 

Daily βminimum μβ βmax σβ average sb 

30 years 0,9488 1,0000 1,0475 0,0133 0,0133 

15 years 0,9229 0,9999 1,0651 0,0193 0,0191 

10 years 0,8921 0,9998 1,0886 0,0238 0,0238 

5 years 0,8397 0,9998 1,1460 0,0350 0,0344 

3 years 0,7842 0,9997 1,1813 0,0466 0,0454 

2 years 0,7626 1,0001 1,2141 0,0574 0,0565 

1 year 0,5757 1,0003 1,3925 0,0833 0,0818 

½ year 0,2797 0,9996 1,5959 0,1183 0,1160 
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Weekly βminimum μβ βmax σβ average sb 

30 years 0,8816 1,0000 1,1250 0,0302 0,0298 

15 years 0,8014 0,9995 1,1799 0,0433 0,0429 

10 years 0,7650 0,9997 1,2008 0,0538 0,0533 

5 years 0,6641 1,0003 1,3376 0,0779 0,0775 

3 years 0,4722 0,9991 1,4644 0,1052 0,1026 

2 years 0,3586 0,9988 1,7048 0,1328 0,1280 

1 year -0,1049 0,9961 1,8831 0,1963 0,1875 

½ year -0,6740 0,9985 2,8660 0,2902 0,2728 

 

Monthly βminimum μβ βmax σβ average sb 

30 years 0,7888 0,9999 1,2306 0,0606 0,0600 

15 years 0,6192 0,9995 1,3547 0,0880 0,0866 

10 years 0,5612 0,9993 1,4291 0,1097 0,1081 

5 years 0,2590 0,9996 1,8466 0,1627 0,1587 

3 years -0,3208 0,9986 1,9747 0,2214 0,2130 

2 years -0,5196 0,9995 2,2830 0,2863 0,2704 

1 year -1,5305 0,9989 3,7098 0,4574 0,4217 

½ year -7,7224 1,0091 14,0129 0,8492 0,7607 

 

We note that the standard deviation of the beta seems to show small changes when the 

observation frequency is lowered and the time horizon is low as well. We test whether the 

deviations from introducing an actual α to each iterations has significantly changed the spread 

of our betas compared to when the α is truly 0. 

α = 0,05 Daily Weekly Monthly 

H0: σ1 = σ2 Ha: σ1 ≠ 

σ2 

Reject P-value Reject P-value Reject P-value 

30 years No 0,83 No 0,16 Yes 0,03 

15 years No 0,59 No 0,24 Yes 0,02 

10 years No 0,85 No 0,21 Yes 0,00 
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5 years No 0,24 No 0,58 Yes 0,01 

3 years No 0,12 No 0,57 Yes 0,00 

2 years No 0,69 No 0,27 Yes 0,00 

1 year No 0,80 Yes 0,01 Yes 0,00 

½ year No 0,55 Yes 0,00 Yes 0,00 

 

We find no significant change in the daily observations in our standard deviation of beta 

observations. However, as we move into weekly observations, we find that the lower time 

intervals are affected negatively and the spread of our observed beta increases. We find the 

same for the monthly observations where we are able to see a statistically significant increase 

for all time intervals. This indicates that the introduction of alphas negatively impacts the 

accuracy of our beta estimation, especially in the lower time intervals and observation 

intervals. Lastly, we look at the intra-data set differences to see whether they have been 

impacted in any way.  

Intra-data set differences – H0: μnew = μold  Ha: μnew > μold 

Horizon / Frequency μnew μold Reject P-value 

All 0,8455 0,7251 Yes 0,01 

Daily 0,1271 0,1245 Yes 0,00 

Weekly 0,3014 0,2893 Yes 0,00 

Monthly 0,7622 0,6436 Yes 0,04 

30 years 0,0547 0,0537 Yes 0,03 

15 years 0,0791 0,0776 Yes 0,00 

10 years 0,0982 0,0953 Yes 0,00 

5 years 0,1442 0,1404 Yes 0,00 

3 years 0,1942 0,1856 Yes 0,00 

2 years 0,2482 0,2331 Yes 0,00 

1 year 0,3866 0,3489 Yes 0,00 

½ year 0,6509 0,5301 Yes 0,00 
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Interestingly, while we are unable to reject that the alpha introduction has any influence on 

the standard deviation of our beta in many cases, we are able to reject our null hypothesis 

that the average beta deviation within single data sets from choosing estimation intervals and 

data observation intervals has remained the same. This indicates that when companies have 

alpha different from 0, it will occasionally distort the accuracy of the beta estimation. This 

indicates that the OLS methodology has a habit of misattributing alpha impacts to our β-

coefficient and vice versa and therefore negatively impact the consistency and robustness of 

the linear regression for the beta estimation.  

 

All Effects Combined 

To round off, we show the full model with all our assumptions in order to show the 

combined effect they have for the estimation process in order to determine how severe the 

inaccuracy can be. The combined model looks as follows: 

𝑅 , = 𝛼 + 𝛽 , ∗ 𝑅 , + 𝜖 ,  

Where ϵ follows the GARCH(1,1) model as described earlier. All parameters will be kept at 

the same values used in the individual sections. We obtain the following results: 

Beta Statistics – ½ year to 30 years of data with daily, weekly and monthly regressions 

Daily βminimum μβ βmax σβ average sb 

30 years 0,6574 0,9981 2,1242 0,1211 0,0137 

15 years 0,5567 0,9974 2,2011 0,1539 0,0194 

10 years 0,5461 0,9951 2,5841 0,1704 0,0238 

5 years 0,4868 0,9964 2,2599 0,1876 0,0339 

3 years 0,4782 0,9969 2,4146 0,1811 0,0439 

2 years 0,4949 0,9974 2,1177 0,1635 0,0545 

1 year 0,4621 0,9982 1,7800 0,1307 0,0780 

½ year 0,1326 0,9970 1,8525 0,1272 0,1102 

 

Weekly βminimum μβ βmax σβ average sb 

30 years 0,5971 0,9982 2,0047 0,1246 0,0306 
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15 years 0,5060 0,9977 2,1577 0,1593 0,0435 

10 years 0,4899 0,9956 2,6728 0,1782 0,0534 

5 years 0,2363 0,9970 2,3736 0,2007 0,0762 

3 years 0,3164 0,9973 2,5754 0,2036 0,0989 

2 years 0,1450 0,9981 2,4049 0,2006 0,1230 

1 year -0,4530 0,9961 3,0891 0,2209 0,1785 

½ year -2,5189 0,9976 3,3416 0,2971 0,2591 

 

Monthly βminimum μβ βmax σβ average sb 

30 years 0,5381 0,9989 2,1806 0,1373 0,0615 

15 years 0,4169 0,9973 2,1300 0,1790 0,0876 

10 years 0,1737 0,9943 2,4377 0,2036 0,1079 

5 years 0,0438 0,9970 2,4372 0,2487 0,1553 

3 years -0,2593 0,9964 2,9132 0,2825 0,2041 

2 years -0,7546 0,9944 3,7046 0,3254 0,2587 

1 year -5,2938 0,9933 6,8661 0,4760 0,3966 

½ year -15,9885 0,9825 12,3348 0,8857 0,7181 

 

As we can see, the spread and standard deviations of the betas are very high compared to 

our basic model as expected. We obtain extreme results such as a minimum observed beta 

of -15,9885 and max of 12,3348 though we know that our true beta at T0 is 1. Furthermore, 

the standard deviation of the ½ year horizon with monthly observations is an astounding 

0,8857 indicating a complete breakdown of accuracy in our estimation. As previously, we 

also look at the intra-set differences.  

Intra-data set differences – H0: μnew = μold  Ha: μnew > μold 

Horizon / Frequency μnew μold Reject P-value 

All 0,9068 0,7251 Yes 0,00 

Daily 0,2974 0,1245 Yes 0,00 

Weekly 0,4111 0,2893 Yes 0,00 

Monthly 0,8123 0,6436 Yes 0,00 
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30 years 0,0612 0,0537 Yes 0,00 

15 years 0,0844 0,0776 Yes 0,00 

10 years 0,1019 0,0953 Yes 0,00 

5 years 0,1448 0,1404 Yes 0,00 

3 years 0,1978 0,1856 Yes 0,00 

2 years 0,2552 0,2331 YEs 0,00 

1 year 0,3671 0,3489 Yes 0,00 

½ year 0,6290 0,5301 Yes 0,00 

 We notice that compared to our basic model, the intra-data set beta differences are up 

significantly in all cases. This indicates that the consistency and robustness of the estimation 

method suffers greatly when the assumptions are added and we regress on a single data 

set. Overall, the combined effects are expected as the combined assumptions should have 

no reason to cancel out each other. Lastly, we graphically show the beta distribution of our 

best-case scenario with all our assumptions included using 30 years daily observations. 

 

As we see, our best case scenario is now highly inaccurate and the distribution of the beta is 

all over the place, and we are highly likely to obtain a beta that is far from our true beta of 1.  

In conclusion, while the OLS is the easiest and most common method used in beta estimation, 

it shows significant shortcomings when it is under stress. Especially the time-varying beta 

heavily impacts the consistency of the beta, and while the model used for the time-varying 

beta simulation is arbitrary and not applicable onto all firms, it is sufficient to show that the 

OLS is incapable of dealing with time-varying betas. 

 

0.5 0.7 0.9 1.1 1.3 1.5

Beta Distribution - All assumptions 
included
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The market risk premium 

Expected Market Return 

The expected market return RM is a very important part of the CAPM model. However, as 

with other variables in the CAPM model, it is very hard to precisely estimate. According to 

literature on the subject, the estimation of the expected return of the market has been 

neglected compared to other variables, and therefore the estimation process of the 

expected market return can be very difficult and inaccurate (Merton, 1980). This also means 

that there is no single true way of measuring the expected market return One method 

suggested is to find the average historical realized market risk premium and add the current 

days risk free interest rate (Merton, 1980) and this do seem to be the most straight forward 

and used. This is also supported by other literature that suggests that realized returns are 

the go to choice for expected return proxies (Elton, 1999). However, this opens up to even 

more questions about the accuracy of this estimation process which the paper takes a closer 

look at.   

Expected Market Return Using Average Realized Premium 

The historical market risk premium approach requires us to know the historical market risk 

premiums as well as the historical risk-free interest rates in order to correctly use this 

approach. However, the true market is not observable (Roll, 1977) which means we will 

have to resort to market proxies, and at best we also only have proxies for the risk-free 

interest rate. Furthermore, the question of which time horizon to use for the historical 

market risk premium also comes up.  

In order to test the robustness of the approach, we try to estimate the market risk premium 

using the historical average realized premium approach. Previous research has used 

different proxies for the risk-free interest rate, including 10-year US bonds (Graham & 

Harvery, 2016) and US T-bills with 6-month maturity (Mehra & Prescott, 1985). In order to 

gauge the effect of the different risk-free proxies, we will be using both 6-month T-bills, 10- 

and 30-year bonds to determine the influence it has on the market risk premium. 

Furthermore, a selection of US, Japanese and European proxies will be examined in order to 

see how the choice of proxy can influence the premium estimation. Lastly, we will calculate 
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the market risk premiums for different spans of time in order to see what historical bias it 

may create. 

In order to calculate the market risk premium, the following formula will be used.  

𝑀 =
1

𝑛
𝑅 , − 𝑅 ,  

Where MP is the average realized premium for the number of days, n. Rm is the realized 

daily return of the choice of market proxy while Rf is the daily interest rate taken from the 

choice of risk-free rate proxy.  

We obtain the following results: 

Market Risk Premium using average realized premium return 

Risk-free rate proxy: 6 Month US T-Bill 

Proxy/Years Nikkei S&P500 Dow Jones Russel3000 Euro Stoxx 

50 

25 -4,48% 3,36% 3,95% 3,63% 1,07% 

15 1,44% 2,20% 2,03% 2,60% 3,92% 

10 -1,40% 1,79% 1,50% 2,02% -5,41% 

5 15,20% 9,53% 7,18% 9,67% 4,95% 

3 4,59% 4,76% 6,89% 4,43% -0,28% 

2 2,85% 2,35% 4,30% 2,30% -5,25% 

1 -0,53% 9,18% 19,85% 9,91% -7,77% 

½ 21,72% 9,45% 17,56% 10,65% -3,16% 

 

Market Risk Premium using average realized premium return 

Risk-free rate proxy: 10 year US treasury bond 

Proxy/Years Nikkei S&P500 Dow Jones Russel3000 Euro Stoxx 

50 

25 -4,11% 3,76% 4,36% 4,03% 1,46% 

15 1,94% 2,71% 2,54% 3,12% -3,44% 

10 -0,83% 2,73% 2,08% 2,60% -4,87% 
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5 15,90% 10,19% 7,83% 10,33% 5,58% 

3 5,12% 5,29% 7,43% 4,96% 0,23% 

2 3,35% 2,85% 4,82% 2,81% -4,79% 

1 -0,02% 9,73% 20,46% 10,47% -7,30% 

½ 22,29% 9,97% 18,23% 11,18% -2,70% 

 

Market Risk Premium using average realized premium return 

Risk-free rate proxy: 30 year US treasury bond 

Proxy/Years Nikkei S&P500 Dow Jones Russel3000 Euro Stoxx 

50 

25 -2,88% 5,10% 5,70% 5,37% 2,77% 

15 3,38% 4,16% 3,99% 4,57% -2,08% 

10 0,68% 3,93% 3,64% 4,17% -3,41% 

5 17,50% 11,72% 9,32% 11,85% 7,04% 

3 6,59% 6,76% 8,93% 6,42% 1,62% 

2 4,63% 4,12% 6,11% 4,08% -3,61% 

1 1,03% 10,88% 21,72% 11,63% -6,33% 

½ 23,54% 11,09% 19,43% 12,31% -1,70% 

 

Though there are several limitations to the findings due to the arbitrary choice of proxies for 

the market proxy, risk-free rate proxy and length of the historical average, there are still 

significant takeaways from the results. As seen with the market risk premiums obtained 

using the Nikkei index as market proxy looking back 1 year and the Euro Stoxx 50 index 

while looking back 3 years, the choice of risk-free proxy can mean the difference between a 

negative and a positive historical average realized premium (-0,53% for 1 year Nikkei using 6 

month T-Bill vs 1,03% for 30 year bond and -0,28% for 3 year Euro Stoxx 50 using 6 month T-

Bill vs 1,62% for 30 year bond). In fact, on average the largest difference observed between 

the use of risk-free proxy is 1,87% across all the results obtained with the average difference 

peaking at the 3-10 year observation period of between 2%-2,3%.  
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Furthermore, the empirical results show large deviations based on the interval period 

chosen indicating that there may be a very large historical bias when choosing this 

approach. There is no true single correct period to choose, but a too large period may 

include historical returns that are no longer relevant to the current market whereas a too 

short period may exclude data relevant to the present as well as be prone to periods where 

fluctuations heavily skew the realized risk premium compared to a realistic expectation. 

Even long periods may yield irrational results where the stock market underperforms the 

risk-free rate over long periods of time or risky bonds underperforming the risk-free rate 

over even longer periods of time (Elton, 1999). 

Additionally, the choice of proxy may also matter significantly. As we find, the difference in 

the calculated equity risk premiums from the US proxies differ significantly. The average 

difference between the average realized premium from S&P500 and Dow Jones is 2,63% 

which is a large difference. These findings indicate that using this methodology may be very 

volatile and yield inconsistent results based on proxy and time interval chosen. However, 

other methods haven’t been shown to be much better (Botosan & Plumlee, 2005) and 

realized returns is still the go-to proxy of choice (Elton, 1999). 

These findings indicates inconsistencies and volatility when assessing the expected market 

risk premium are supported by previous findings and surveys as well (Fernandez, Linares, & 

Fernández Acín, 2014) (Graham & Harvery, 2016) (Graham & Harvey, 2005) (Fernandez, 

Aguirreamalloa, & Avendaño, premium used in 56 countries in 2011: A survey with 6,014 

answers., 2011). In the surveys examined by Graham and Harvey (2016) from 2000 to 2016 

quarterly, they found the largest standard deviation of the risk premium estimate to be 

4,13% and a lowest standard deviation 0f 2,07%. Over the 16 years surveyed, the average 

standard deviation was 2,8% indicating very large disagreements in the expected market risk 

premium. On top of this, they found that in 2006, 18,02% of their respondents reported a 

negative excess return which is counterintuitive. Additionally, the data from the survey 

dealt only with the question of the expected 10-year market risk premium and it doesn’t 

even touch upon the differences that different time horizons may give in the expected 

market risk premium. Fernandez, Linares and Fernandez Acín (2014) find similar spread in 

the market risk premium. On top of large standard deviations of the used market risk 

premiums in several countries (e.g. 4,6% in the respondents from Brazil), they also find 
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extreme difference in the min. and max. used market risk premium (11,5% in the case of 

United States respondents). Furthermore, they also find large differences between the 

average risk premiums used in different countries, e.g. 5.4% in the US compared to 15% in 

Greece. These survey findings support our empirical findings indicating that estimation of 

market risk premium can be highly volatile and inconsistent even while using the most 

commonly applied method of the historical realized returns. Furthermore, the market risk 

premium suffers greatly from the same proxy problem as the β-estimation does. As it is 

impossible to observe the entire market, it is highly likely that the realized returns approach 

based on a proxy will suffer from the errors in variables problem as well.  
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Results 

It is easy to stress how important accurate measurements of the different parameters in the 

CAPM are. However, we want to emphasize exactly why it is so important that we have 

robust, consistent and accurate estimations of our parameters if CAPM is to be used in 

modern day finance. 

Below is a simple sensitivity analysis. The underlying company is an arbitrary company with a 

perpetual cash flow of 1. To show how small discrepancies in our parameters may influence 

the price of our asset under the assumption that we use the expected return of the asset 

derived from the CAPM as a proxy for the discount rate. The tables show how the valuation 

of the asset changes relative to the true value of the company when the estimations are off. 

 

In this table, we assume a fixed interest rate of 2%. Our true value is assumed to be found at 

β = 0.8 and MRP = 5%. As shown, a small 1% increase in MRP yields a 12% decrease in our 

asset value while a 1% decrease yields a 15% increase in value of our company. Similarly, if 

we had estimated our beta to be 1 instead of 0,8, we would lose 14% of our value while the 

opposite error would give us 20% increased asset value.   

 

 

beta/MRP 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
2.00% 150% 114% 88% 67% 50% 36% 25% 15% 7%
3.00% 131% 88% 58% 36% 20% 7% -3% -12% -19%
4.00% 114% 67% 36% 15% 0% -12% -21% -29% -35%
5.00% 100% 50% 20% 0% -14% -25% -33% -40% -45%
6.00% 88% 36% 7% -12% -25% -35% -42% -48% -53%
7.00% 76% 25% -3% -21% -33% -42% -49% -55% -59%
8.00% 67% 15% -12% -29% -40% -48% -55% -59% -63%
9.00% 58% 7% -19% -35% -45% -53% -59% -63% -67%
10.00% 50% 0% -25% -40% -50% -57% -63% -67% -70%

rf / Ri 0.0% 0.5% 1.0% 1.5% 2.0% 2.5% 3.0% 3.5% 4.0%
2.00% 300% 220% 167% 129% 100% 78% 60% 45% 33%
3.00% 167% 129% 100% 78% 60% 45% 33% 23% 14%
4.00% 100% 78% 60% 45% 33% 23% 14% 7% 0%
5.00% 60% 45% 33% 23% 14% 7% 0% -6% -11%
6.00% 33% 23% 14% 7% 0% -6% -11% -16% -20%
7.00% 14% 7% 0% -6% -11% -16% -20% -24% -27%
8.00% 0% -6% -11% -16% -20% -24% -27% -30% -33%
9.00% -11% -16% -20% -24% -27% -30% -33% -36% -38%
10.00% -20% -24% -27% -30% -33% -36% -38% -41% -43%
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This table shows how the risk free interest rate and total firm specific risk premium, calculated 

as βi*MRP, affects the pricing of our asset. At equilibrium when rf = 2% and Ri = 6%, a small 

estimation error of 0,5% of the risk free rate would lose us 6% of the asset value while going 

the other way would give us 7% extra value. If our asset has a β = 2, a 0,5% miss-estimation 

of the MRP could increase the value of the company by 14%. 

While these calculations are completely arbitrary, it is a perfect example of why the 

applicability of CAPM is severely limited due to problems found in the very foundation of the 

model. Even if CAPM holds, the current and commonly used methods for estimating the 

parameters are simply too inconsistent for us to trust them, and this is worrying as CAPM is 

still widely applied around the world, and often with less caution than this paper has applied.  

While a beta deviation of 0,2 might sound like a lot, the results of the paper showed how 

easily realistic scenarios can push the accuracy of the common OLS regression method to its 

limits, and this is without accounting for the errors in variables problem that is one of the 

major problems with the CAPM. The problem is so severe that due to all the sources of error 

in the estimation process of beta, the risk-free rate and MRP, it means that we can practically 

obtain whatever result we want in extreme cases.  

The problem becomes even larger when we consider all the interactions between the 

parameters. If we have the wrong risk-free rate proxy, it means that it may bias the beta we 

obtain from our historical return data, and it may also influence MRP that we obtain. The 

interaction between the MRP and β means that any bias may be amplified.  

Furthermore, surveys and literature on the subject show that this is not only a problem on 

paper. Graham and Harvey’s (2016) and Fernandez, Aguirreamalloa, & Avendaño (2011) 

investigations both show exactly how big the disagreements on the parameters can be. While 

disagreements on the risk-free rate are unlikely to reach the propertions of the MRP and 

expected market return, correctly assesing and agreeing on the risk-free rate is still important 

due to the implications it has for many other estimations and models.  
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Conclusion 

Based on the findings from the simulated results, the conclusion is that while the OLS is 

fairly accurate under optimal circumstances including static beta and long time intervals, 

these conditions are seldom achievable. Due to the time-varying nature of betas, long time 

intervals produce a severely biased beta, but reducing the time interval increases the 

potency of the sampling error from the non-systematic risk. Furthermore, the evidence of 

the market being heteroscedastic leaves us with an unbiased estimator which negatively 

hurts our consistency and accuracy of the estimation process. Additionally, while daily 

observations are on general best and most consistent, the intra-data set statistics show that 

the use of daily return observations will not always be better, but just averagely better. As 

we have no way of knowing true beta of the companies that of which we estimate the 

betas, we can never know which way the bias sways. This severely limits the applicability of 

the CAPM model as we can never be sure of the accuracy, and all tests in the paper has 

shown the accuracy, or lack thereof, is a considerable limitation of the OLS approach.  

On top of this the beta estimation suffers from the error in variables problem. Roll’s critique 

still holds and is very much alive. The same can be said for the MRP. The current method is 

simplistic and entirely based on historical data, and therefore on top of being riddled with 

historical bias, it still suffers from the unobservability of the true market portfolio. Even the 

largest US stock indices which are often used as proxies yield significant beta discrepancies 

even though they are highly correlated with each other.  

Furthermore, it is evident that some companies just have intrinsic advantages. If we have to 

explain this in the CAPM, we must allow for our regression to include an intercept, and as 

shown the OLS regression has a tendency to under- or overstate the intercept as we see in 

the intra-data set statistics. Optimally they should have remained the same if the impact of 

alpha was correctly captured by the intercept, however the intra-data set shows differently. 

The mean deviations in obtained betas within a data-set increased significantly when we 

introduced our alpha with everything else held constant. Therefore, we must conclude that 

the findings indicate that even assuming CAPM holds, we have no consistent way of 

applying it due to the limiting factor of the estimation processes. 
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Appendix I: FF Portfolios 

The data containing historical returns from the 25 Fama-French research portfolios is too extensive to 

be included in this appendix. The data is available at Kenneth French’s data library. Alternatively, the 

data can be provided as an Excel spreadsheet by the authors, by contacting anla11af@student.cbs.dk  

The data library: http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html 
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Appendix II: Stata code for CAPM tests 

The Stata code is usually formatted as a do-file that can be run in Stata. This can be required from 
the authors at anla11af@student.cbs.dk. The code is also reported below:  

1 
2 
3 * ============================================================================= 
4 * ======= Master's Thesis - Exam 2017 ========================================= 
5 * ============================================================================= 
6 
7 
8 * ============================================================================= 
9 * Version: Final ============================================================== 
10 * Authors: Stefan Falck & Anders Gry Larsen =================================== 
11 * ============================================================================= 
12 
13 
14 * General Opening Commands 
15 version 14 
16 clear all 
17 set more off, perm 
18 set mem 100m 
19 set matsize 10000 
20 set maxvar 32767 
21 cd "C:\Users\Lenovo\Desktop\Master thesis" 
22 capture log close 
23 log using Thesis, replace 
24 
25 * Set the working directory automatically based on host name 
26 * Instruction: use the command di "`c(hostname)'" to display your host name. 
27 * Insert your host name below where it says INSERT HOST NAME. Then insert the 
28 * path to your working directory where it says INSERT PATH. The currently used 
29 * working directory can be displayed using pwd */ 
30 
31 di "`c(hostname)'" 
32 
33 if "`c(hostname)'" == "hostname" { 
34 cd "path" 
35 } 
36 if "`c(hostname)'" == "DESKTOP-BQ1QGS0" { 
37 cd "C:\Users\Lenovo\Desktop\Master thesis" 
38 } 
39 pwd 
40 
41 * Close open logs and replace mylog 
42 capture log close 
43 log using Thesis, replace 
44 
45 
46 * ============================================================================= 
47 * Reformatting the dataset ==================================================== 
48 * ============================================================================= 
49 
50 
51 * Importing the data and formatting the date variable 
52 import excel Appendix_1_FF_Research_Portfolios ,firstrow 
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53 replace date=date(string(date), "YM") 
54 format date %td 
55 save Appendix_1_FF_Research_Portfolios 
56 
57 * Define as time-series data 
58 tsset date 
59 
60 * Rename portfolios to have a number sequence 
61 rename LoBMLoOP BM1OP1 
62 rename LoBMHiOP BM1OP5 
63 rename HiBMLoOP BM5OP1 
64 rename HiBMHiOP BM5OP5 
65 rename BM*OP* portfolio# ,addnumber 
66 
67 * For each portfolio from 1 to 25, replace the return with excess return 
68 forvalues i=1/25 { 
69 replace portfolio`i'=portfolio`i'-RF 
70 } 
71 * Generating a count of variables N (portfolios) and T (observation frequency 
72 * across time) 
73 gen N=25 
74 gen T=c(N) 
75 
Master-thesis-CAPM-test.do - Printed on 01.03.2015 00:02:34 
Page 2 
76 
77 * ============================================================================= 
78 * CAPM test of abnormal returns for individual hypotheses ===================== 
79 * ============================================================================= 
80 
81 
82 * Individual hypothesis testing and rejection frequency 
83 
84 * Setup empty vectors with zeros so intercepts, p-values and t-statistics can be 
85 * stored 
86 matrix alphas = J(25,1,0) 
87 matrix pvalues = J(25,1,0) 
88 matrix tvalues = J(25,1,0) 
89 
90 * Run a regression for each portfolio, store the intercepts in a matrix, 
91 * calculate and store p-values in a matrix and calculate and store t-values in a 
92 * matrix 
93 forvalues i = 1/25 { 
94 quietly regress portfolio`i' MKTRF 
95 * _b[_cons] is the intercept and is a stored value 
96 matrix alphas[`i',1] = _b[_cons] 
97 * t-test: calculate p-values from the regression 
98 matrix pvalues[`i',1] = 2*ttail(e(df_r),abs(_b[_cons]/_se[_cons])) 
99 * Save t-values in a matrix 
100 matrix tvalues[`i',1] = _b[_cons]/_se[_cons] 
101 * Estimate residuals 
102 predict errors`i', residuals 
103 } 
104 * 
105 
106 * Calculate the rejection frequency 
107 matrix rejection=J(25,1,0) 
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108 
109 * Show 1 if the portfolio's p-value<0.05 i.e. when we reject, and zero 
110 * otherwise: 
111 forvalues i=1/25 { 
112 if pvalues[`i',1]<0.05{ 
113 matrix rejection[`i',1]=1 
114 } 
115 else { 
116 matrix rejection[`i',1]=0 
117 } 
118 } 
119 * Display results: 
120 matrix list alphas 
121 matrix list pvalues 
122 matrix list tvalues 
123 matrix list rejection 
124 
125 
126 * ============================================================================= 
127 * CAPM test of economywide abnormal returns =================================== 
128 * ============================================================================= 
129 
130 
131 * Make 2 empty vectors, for estimated intercepts and slopes 
132 matrix a_hat = J(25,1,0) 
133 matrix b_hat = J(25,1,0) 
134 
135 * Run regressions, save intercepts and slopes in two vectors, and calculate 
136 * residuals 
137 forvalues i = 1/25 { 
138 quietly regress portfolio`i' MKTRF 
139 matrix a_hat[`i',1]=_b[_cons] 
140 matrix b_hat[`i',1]=_b[MKTRF] 
141 
142 * estimate the residuals (errors) 
143 scalar a_hat_s=_b[_cons] 
144 scalar b_hat_s=_b[MKTRF] 
145 
146 * Generates errors u_hat for each portfolio 
147 gen u_hat`i'=portfolio`i'-a_hat_s-b_hat_s*MKTRF 
148 
149 scalar drop _all 
150 
Master-thesis-CAPM-test.do - Printed on 01.03.2015 00:02:34 
Page 3 
151 * alternative estimation of residuals:"predict resid`i' , residuals" 
152 } 
153 * Estimate the covariance matrix denoted Sigma_hat 
154 correlate u_hat*, covariance 
155 matrix Sigma_hat=r(C) 
156 
157 * Calculate the squared mean and variance (squared stdev) of market excess 
158 * returns 
159 egen mu_hat=mean(MKTRF) 
160 gen mu_hat2=mu_hat*mu_hat 
161 egen sigma_m=sd(MKTRF) 
162 gen sigma_m2=sigma_m*sigma_m 
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163 
164 * Calculate the "sample counterpart" component 
165 matrix Aux_1=a_hat'*inv(Sigma_hat)*a_hat 
166 
167 * Calculate J0 and J2 test statistics and p-values 
168 gen J_0=(T*(1+mu_hat2/sigma_m2)^-1)*Aux_1[1,1] 
169 gen pvalue_J0=1-chi2(N,J_0) 
170 gen J_2=T*log((sigma_m2/(sigma_m2+mu_hat2))*Aux_1[1,1]+1) 
171 gen pvalue_J2=1-chi2(N,J_2) 
172 
173 * Calculate the J1 test-statistic and its p-value 
174 gen J_1=((T-N-1)/(T*N))*J_0 
175 gen pvalue_J1=1-F(N,T-N-1,J_1) 
176 
177 * Report results: 
178 di J_0 
179 di J_1 
180 di J_2 
181 di pvalue_J0 
182 di pvalue_J1 
183 di pvalue_J2 
184 
185 
186 * ============================================================================= 
187 * The performance of economywide test statistics ============================== 
188 * ============================================================================= 
189 
190 
191 * First we calculate the size of the tests 
192 gen c0 = invchi2(N, 0.95) 
193 gen c1=invF(N,T-N-1,0.95) 
194 
195 gen size_J0 = 1 - F(N, T-N-1, (c0 * (T-N-1)/(T*N))) 
196 gen size_J1 = 0.05 
197 gen size_J2 = 1 - F(N, T-N-1, ((T-N-1)/N)*(exp(c0/T)-1)) 
198 
199 * The results for size of test-statistics are reported: 
200 di size_J0 
201 di size_J1 
202 di size_J2 
203 
204 * Next we use the size to find critical value for test statistic 
205 gen power_J0 = 1 - nF(N, T-N-1, J_0, (c0 * (T-N-1)/(T*N))) 
206 gen power_J1 = 1 - nF(N, T-N-1, J_0, c1) 
207 gen power_J2 = 1 - nF(N, T-N-1, J_0, ((T-N-1)/N)*(exp(c0/T)-1)) 
208 
209 * The results for power of test-statistics are reported 
210 di power_J0 
211 di power_J1 
212 di power_J2 
213 
214 
215 * The non-centrality parameters 
216 gen mu_q1=0.6 
217 gen mu_q2=0.8 
218 gen mu_q3=1.0 
219 gen sigma_q=4.0 
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220 
221 gen mu_q1_2=mu_q1*mu_q1 
222 gen mu_q2_2=mu_q2*mu_q2 
223 gen mu_q3_2=mu_q3*mu_q3 
224 gen sigma_q_2=sigma_q*sigma_q 
225 
Master-thesis-CAPM-test.do - Printed on 01.03.2015 00:02:34 
Page 4 
226 gen Aux_q1=(mu_q1_2/sigma_q_2-mu_hat2/sigma_m2) 
227 gen Aux_q2=(mu_q2_2/sigma_q_2-mu_hat2/sigma_m2) 
228 gen Aux_q3=(mu_q3_2/sigma_q_2-mu_hat2/sigma_m2) 
229 
230 gen ncp1=T*(1+mu_hat2/sigma_m2)^-1*Aux_q1 
231 gen ncp2=T*(1+mu_hat2/sigma_m2)^-1*Aux_q2 
232 gen ncp3=T*(1+mu_hat2/sigma_m2)^-1*Aux_q3 
233 
234 * Report non-centrality paramters 
235 di ncp1 
236 di ncp2 
237 di ncp3 
238 
239 * Now we can find the power from the significance level from a non-central F 
240 * based on non-centrality parameter and critical value 
241 gen powerJ0_q1=1 - nF(N, T-N-1, ncp1, (c0 * (T-N-1)/(T*N))) 
242 gen powerJ0_q2=1 - nF(N, T-N-1, ncp2, (c0 * (T-N-1)/(T*N))) 
243 gen powerJ0_q3=1 - nF(N, T-N-1, ncp3, (c0 * (T-N-1)/(T*N))) 
244 di powerJ0_q1 
245 di powerJ0_q2 
246 di powerJ0_q3 
247 
248 gen powerJ1_q1=1-nF(N,T-N-1,ncp1,c1) 
249 gen powerJ1_q2=1-nF(N,T-N-1,ncp2,c1) 
250 gen powerJ1_q3=1-nF(N,T-N-1,ncp3,c1) 
251 di powerJ1_q1 
252 di powerJ1_q2 
253 di powerJ1_q3 
254 
255 gen powerJ2_q1=1 - nF(N, T-N-1, ncp1, ((T-N-1)/N)*(exp(c0/T)-1)) 
256 gen powerJ2_q2=1 - nF(N, T-N-1, ncp2, ((T-N-1)/N)*(exp(c0/T)-1)) 
257 gen powerJ2_q3=1 - nF(N, T-N-1, ncp3, ((T-N-1)/N)*(exp(c0/T)-1)) 
258 di powerJ2_q1 
259 di powerJ2_q2 
260 di powerJ2_q3 
261 
262 
263 * Determining the Sharpe ratios 
264 gen Sharpe_q1=mu_q1/sigma_q 
265 gen Sharpe_q2=mu_q2/sigma_q 
266 gen Sharpe_q3=mu_q3/sigma_q 
267 di Sharpe_q1 
268 di Sharpe_q2 
269 di Sharpe_q3 
270 
271 
272 * ============================================================================= 
273 * End of Stata code =========================================================== 
274 * ============================================================================= 
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Appendix III: Bond data 

The raw data on the U.S. government bonds is available by contacting the authors at 
anla11af@student.cbs.dk. Summarized and binned results from the data is presented below: 

 

 

 

 

 

 
 
 

# Dividends Implied ZCB prices Implied ZCB rates Maturity bins Min Mean Max
0 1 0 0 0.024540601 0.038247771 0.0608127
1 0.982913616 0.024540601 0.5 0.024540601 0.038247771 0.0608127
2 0.967919061 0.026402996 1 0.024540601 0.038247771 0.0608127
3 0.952636664 0.028532714 1.5 0.024540601 0.038247771 0.0608127
4 0.943600803 0.026321377 2 0.024540601 0.038247771 0.0608127
5 0.923700456 0.029155658 2.5 0.024540601 0.038247771 0.0608127
6 0.889494822 0.036363316 3 0.024540601 0.038247771 0.0608127
7 0.877475401 0.035385534 3.5 0.024540601 0.038247771 0.0608127
8 0.867681543 0.033751671 4 0.024540601 0.038247771 0.0608127
9 0.84509752 0.035714428 4.5 0.024540601 0.038247771 0.0608127

10 0.831305977 0.035579604 5 0.024540601 0.038247771 0.0608127
11 0.8266516 0.033342902 5.5 0.024540601 0.038247771 0.0608127
12 0.812369312 0.033498323 6 0.024540601 0.038247771 0.0608127
13 0.763509331 0.040178239 6.5 0.024540601 0.038247771 0.0608127
14 0.753169164 0.039510949 7 0.024540601 0.038247771 0.0608127
15 0.75106814 0.036886249 7.5 0.024540601 0.038247771 0.0608127
16 0.73423928 0.03739315 8 0.024540601 0.038247771 0.0608127
17 0.765428024 0.030520497 8.5 0.024540601 0.038247771 0.0608127
18 0.744136752 0.031926862 9 0.024540601 0.038247771 0.0608127
19 0.685263825 0.038723148 9.5 0.024540601 0.038247771 0.0608127
22 0.513735727 0.059153207 11 0.024540601 0.038247771 0.0608127
23 0.507782457 0.058216354 11.5 0.024540601 0.038247771 0.0608127
24 0.478029294 0.060812729 12 0.024540601 0.038247771 0.0608127
25 0.468981363 0.058765718 12.5 0.024540601 0.038247771 0.0608127
27 0.473488575 0.054806996 13.5 0.024540601 0.038247771 0.0608127
37 0.431923177 0.045028692 18.5 0.024540601 0.038247771 0.0608127
39 0.411321316 0.044939965 19.5 0.024540601 0.038247771 0.0608127
41 0.409887131 0.042944357 20.5 0.024540601 0.038247771 0.0608127
43 0.414148922 0.040506444 21.5 0.024540601 0.038247771 0.0608127
44 0.393481458 0.041887796 22 0.024540601 0.038247771 0.0608127
45 0.387241164 0.041669055 22.5 0.024540601 0.038247771 0.0608127
46 0.392653509 0.040172313 23 0.024540601 0.038247771 0.0608127
47 0.37709088 0.041032787 23.5 0.024540601 0.038247771 0.0608127
48 0.401098356 0.037657967 24 0.024540601 0.038247771 0.0608127
49 0.408357138 0.036157958 24.5 0.024540601 0.038247771 0.0608127
50 0.415720082 0.034733717 25 0.024540601 0.038247771 0.0608127
51 0.400768148 0.035485765 25.5 0.024540601 0.038247771 0.0608127
52 0.375168089 0.037318103 26 0.024540601 0.038247771 0.0608127
53 0.376101811 0.036529975 26.5 0.024540601 0.038247771 0.0608127
54 0.384984083 0.035000868 27 0.024540601 0.038247771 0.0608127
55 0.392461234 0.033684292 27.5 0.024540601 0.038247771 0.0608127
56 0.380419578 0.034183046 28 0.024540601 0.038247771 0.0608127
57 0.393404566 0.03242279 28.5 0.024540601 0.038247771 0.0608127
58 0.387889377 0.032366612 29 0.024540601 0.038247771 0.0608127
59 0.36668499 0.033696187 29.5 0.024540601 0.038247771 0.0608127
60 30 0.024540601 0.038247771 0.0608127
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Appendix IV: Swap data 

 

 

 

 
 

 
 

 
 

 

 
 

 
 

 
 

Term Market Rate Shift Shifted Rate Zero Rate Discount Yield n
3 MO 1.29506 0 1.29506 1.29506 0.996701 0.013217815 0.25
2 YR 1.5875 0 1.5875 1.58892 0.968843 0.015826351 2
3 YR 1.7081 0 1.7081 1.71127 0.950165 0.017039875 3
4 YR 1.8132 0 1.8132 1.81866 0.930002 0.018142136 4
5 YR 1.905 0 1.905 1.91323 0.909088 0.019062676 5
6 YR 1.985 0 1.985 1.99633 0.887643 0.019864274 6
7 YR 2.0562 0 2.0562 2.0709 0.865699 0.020602572 7
8 YR 2.119 0 2.119 2.13722 0.843605 0.021258863 8
9 YR 2.174 0 2.174 2.19575 0.821419 0.021857994 9

10 YR 2.22395 0 2.22395 2.24944 0.799415 0.022387507 10
11 YR 2.2663 0 2.2663 2.29525 0.777992 0.022821731 11
12 YR 2.30265 0 2.30265 2.33475 0.756882 0.023212326 12
15 YR 2.3807 0 2.3807 2.42008 0.696956 0.024068867 15
20 YR 2.4536 0 2.4536 2.50017 0.608267 0.024857067 20
25 YR 2.4807 0 2.4807 2.52675 0.533802 0.025109212 25
30 YR 2.4891 0 2.4891 2.53091 0.470242 0.025150261 30
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Appendix V: LIBOR data 

 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

Identifier t_0 = 29-06-2017 Maturity date Matuirty (years) LIBOR Yield Rate
USD LIBOR Interest Rate 1 Week 1.1733 06-07-17 0.019178082 0.01733
USD LIBOR Interest Rate 2 Weeks 1.1906 13-07-17 0.038356164 0.01906
USD LIBOR Interest Rate 1 Month 1.2272 29-07-17 0.082191781 0.02272
USD LIBOR Interest Rate 2 Months 1.2544 28-08-17 0.164383562 0.02544
USD LIBOR Interest Rate 3 Months 1.2986 27-09-17 0.246575342 0.02986
USD LIBOR Interest Rate 6 Months 1.4482 28-12-17 0.5 0.04482
USD LIBOR Interest Rate 12 Months 1.7396 29-06-18 1 0.07396
Average 0.033312857
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Appendix VI: Fixed rate estimations 

 

 

 
 

Maturity Implied ZCB Yields Fixed 5Y Fixed 10Y
0.5 0.024540601 0.035579604 0.042944357

1 0.026402996 0.035579604 0.042944357
1.5 0.028532714 0.035579604 0.042944357

2 0.026321377 0.035579604 0.042944357
2.5 0.029155658 0.035579604 0.042944357

3 0.036363316 0.035579604 0.042944357
3.5 0.035385534 0.035579604 0.042944357

4 0.033751671 0.035579604 0.042944357
4.5 0.035714428 0.035579604 0.042944357

5 0.035579604 0.035579604 0.042944357
5.5 0.033342902 0.035579604 0.042944357

6 0.033498323 0.035579604 0.042944357
6.5 0.040178239 0.035579604 0.042944357

7 0.039510949 0.035579604 0.042944357
7.5 0.036886249 0.035579604 0.042944357

8 0.03739315 0.035579604 0.042944357
8.5 0.030520497 0.035579604 0.042944357

9 0.031926862 0.035579604 0.042944357
9.5 0.038723148 0.035579604 0.042944357
11 0.059153207 0.035579604 0.042944357

11.5 0.058216354 0.035579604 0.042944357
12 0.060812729 0.035579604 0.042944357

12.5 0.058765718 0.035579604 0.042944357
13.5 0.054806996 0.035579604 0.042944357
18.5 0.045028692 0.035579604 0.042944357
19.5 0.044939965 0.035579604 0.042944357
20.5 0.042944357 0.035579604 0.042944357
21.5 0.040506444 0.035579604 0.042944357

22 0.041887796 0.035579604 0.042944357
22.5 0.041669055 0.035579604 0.042944357

23 0.040172313 0.035579604 0.042944357
23.5 0.041032787 0.035579604 0.042944357

24 0.037657967 0.035579604 0.042944357
24.5 0.036157958 0.035579604 0.042944357

25 0.034733717 0.035579604 0.042944357
25.5 0.035485765 0.035579604 0.042944357

26 0.037318103 0.035579604 0.042944357
26.5 0.036529975 0.035579604 0.042944357

27 0.035000868 0.035579604 0.042944357
27.5 0.033684292 0.035579604 0.042944357

28 0.034183046 0.035579604 0.042944357
28.5 0.03242279 0.035579604 0.042944357

29 0.032366612 0.035579604 0.042944357
29.5 0.033696187 0.035579604 0.042944357

Panel data Fixed rates
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Appendix VII: NS estimations 

 

 
 

 

 
 

Maturity Implied ZCB Yields NS r_m NS fwd error, e_i squared error, (e_i)^2 SSR
0.5 0.024540601 0.025931168 0.027023565 0.001390567 1.93368E-06 0.001750708

1 0.026402996 0.027003988 0.029110574 0.000600993 3.61192E-07
1.5 0.028532714 0.028037851 0.031081298 -0.000494862 2.44889E-07

2 0.026321377 0.02903305 0.032936905 0.002711673 7.35317E-06
2.5 0.029155658 0.029989875 0.03467855 0.000834217 6.95918E-07

3 0.036363316 0.030908616 0.036307383 -0.0054547 2.97538E-05
3.5 0.035385534 0.03178956 0.037824542 -0.003595974 1.2931E-05

4 0.033751671 0.032632991 0.039231158 -0.00111868 1.25144E-06
4.5 0.035714428 0.033439195 0.040528352 -0.002275233 5.17669E-06

5 0.035579604 0.034208453 0.041717238 -0.00137115 1.88005E-06
5.5 0.033342902 0.034941045 0.042798919 0.001598144 2.55406E-06

6 0.033498323 0.03563725 0.043774491 0.002138927 4.57501E-06
6.5 0.040178239 0.036297344 0.044645041 -0.003880895 1.50613E-05

7 0.039510949 0.036921603 0.045411648 -0.002589347 6.70472E-06
7.5 0.036886249 0.037510299 0.046075381 0.00062405 3.89438E-07

8 0.03739315 0.038063704 0.046637302 0.000670554 4.49642E-07
8.5 0.030520497 0.038582088 0.047098464 0.008061591 6.49893E-05

9 0.031926862 0.039065719 0.047459913 0.007138857 5.09633E-05
9.5 0.038723148 0.039514865 0.047722685 0.000791717 6.26816E-07
11 0.059153207 0.040658023 0.047929187 -0.018495184 0.000342072

11.5 0.058216354 0.040971855 0.047807458 -0.017244498 0.000297373
12 0.060812729 0.041252509 0.047592116 -0.01956022 0.000382602

12.5 0.058765718 0.041500241 0.047284148 -0.017265477 0.000298097
13.5 0.054806996 0.041897959 0.046394255 -0.012909038 0.000166643
18.5 0.045028692 0.041996386 0.036713206 -0.003032306 9.19488E-06
19.5 0.044939965 0.041651667 0.033782439 -0.003288299 1.08129E-05
20.5 0.042944357 0.041189907 0.03053686 -0.00175445 3.0781E-06
21.5 0.040506444 0.040612958 0.026983403 0.000106514 1.13451E-08

22 0.041887796 0.040281859 0.025093357 -0.001605937 2.57903E-06
22.5 0.041669055 0.039922647 0.023128891 -0.001746409 3.04994E-06

23 0.040172313 0.039535545 0.021090841 -0.000636768 4.05474E-07
23.5 0.041032787 0.039120777 0.018980036 -0.00191201 3.65578E-06

24 0.037657967 0.038678566 0.016797298 0.001020599 1.04162E-06
24.5 0.036157958 0.038209131 0.014543443 0.002051173 4.20731E-06

25 0.034733717 0.037712692 0.012219281 0.002978975 8.87429E-06
25.5 0.035485765 0.037189467 0.009825613 0.001703702 2.9026E-06

26 0.037318103 0.036639672 0.007363235 -0.000678432 4.60269E-07
26.5 0.036529975 0.036063521 0.004832937 -0.000466453 2.17579E-07

27 0.035000868 0.03546123 0.002235503 0.000460362 2.11933E-07
27.5 0.033684292 0.03483301 -0.000428291 0.001148718 1.31955E-06

28 0.034183046 0.034179071 -0.003157675 -3.97553E-06 1.58048E-11
28.5 0.03242279 0.033499624 -0.005951884 0.001076834 1.15957E-06

29 0.032366612 0.032794877 -0.008810161 0.000428265 1.83411E-07
29.5 0.033696187 0.032065036 -0.011731753 -0.001631151 2.66065E-06

β_0 β_1 β_2 τ
-3.377814028 3.402633124 3.831584923 94.75022682

NS parameters

NS estimationPanel data
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Appendix VIII: NSS estimations 

 

 
 

 

 
 

 
 

Maturity Implied ZCB Yields NSS r_m NSS fwd error, e_i squared error, (e_i)^2 SSR
0.5 0.024540601 0.023220677 0.024965736 -0.001319924 1.7422E-06 0.001256292

1 0.026402996 0.024934422 0.0282993 -0.001468573 2.15671E-06
1.5 0.028532714 0.026585572 0.031445186 -0.001947142 3.79136E-06

2 0.026321377 0.028174192 0.034403731 0.001852815 3.43292E-06
2.5 0.029155658 0.029700377 0.037175396 0.000544719 2.96718E-07

3 0.036363316 0.031164243 0.039760765 -0.005199073 2.70304E-05
3.5 0.035385534 0.032565935 0.042160539 -0.002819599 7.95014E-06

4 0.033751671 0.033905618 0.044375528 0.000153946 2.36995E-08
4.5 0.035714428 0.035183479 0.04640665 -0.000530949 2.81907E-07

5 0.035579604 0.036399729 0.048254919 0.000820125 6.72606E-07
5.5 0.033342902 0.037554597 0.049921448 0.004211696 1.77384E-05

6 0.033498323 0.038648334 0.051407435 0.005150011 2.65226E-05
6.5 0.040178239 0.039681207 0.052714168 -0.000497032 2.47041E-07

7 0.039510949 0.040653503 0.053843014 0.001142554 1.30543E-06
7.5 0.036886249 0.041565527 0.054795415 0.004679278 2.18956E-05

8 0.03739315 0.042417598 0.055572887 0.005024448 2.52451E-05
8.5 0.030520497 0.043210052 0.056177012 0.012689556 0.000161025

9 0.031926862 0.043943242 0.056609439 0.01201638 0.000144393
9.5 0.038723148 0.044617532 0.056871874 0.005894384 3.47438E-05
11 0.059153207 0.046290861 0.056657129 -0.012862346 0.00016544

11.5 0.058216354 0.046733471 0.056257748 -0.011482882 0.000131857
12 0.060812729 0.047119203 0.05569769 -0.013693527 0.000187513

12.5 0.058765718 0.047448493 0.054978951 -0.011317225 0.00012808
13.5 0.054806996 0.047939553 0.05307359 -0.006867444 4.71618E-05
18.5 0.045028692 0.047169235 0.034745595 0.002140543 4.58192E-06
19.5 0.044939965 0.046398375 0.029443955 0.00145841 2.12696E-06
20.5 0.042944357 0.045431762 0.023639373 0.002487405 6.18718E-06
21.5 0.040506444 0.044273746 0.017350237 0.003767302 1.41926E-05

22 0.041887796 0.043624333 0.014029713 0.001736537 3.01556E-06
22.5 0.041669055 0.04292872 0.01059495 0.001259665 1.58676E-06

23 0.040172313 0.042187462 0.007048243 0.002015149 4.06082E-06
23.5 0.041032787 0.041401114 0.003391882 0.000368327 1.35665E-07

24 0.037657967 0.040570234 -0.000371847 0.002912267 8.4813E-06
24.5 0.036157958 0.03969538 -0.004240667 0.003537422 1.25134E-05

25 0.034733717 0.038777112 -0.008212309 0.004043396 1.6349E-05
25.5 0.035485765 0.03781599 -0.01228451 0.002330225 5.42995E-06

26 0.037318103 0.036812574 -0.016455021 -0.00050553 2.5556E-07
26.5 0.036529975 0.035767423 -0.020721601 -0.000762552 5.81485E-07

27 0.035000868 0.034681099 -0.025082022 -0.000319769 1.02252E-07
27.5 0.033684292 0.033554161 -0.029534069 -0.000130131 1.6934E-08

28 0.034183046 0.032387168 -0.034075541 -0.001795879 3.22518E-06
28.5 0.03242279 0.031180679 -0.038704249 -0.001242112 1.54284E-06

29 0.032366612 0.029935251 -0.043418021 -0.002431361 5.91152E-06
29.5 0.033696187 0.028651441 -0.048214701 -0.005044746 2.54495E-05

β_0 β_1 β_2 β_3 τ_1 τ_2
-1.358529456 1.379973751 -0.453928307 2.969332839 23.59545614 34.95244812

NSS estimationPanel data

NSS parameters
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Appendix IX 

Intra-data set differences 

Across all time horizons and data frequencies 

σ minimum μ maximum 

0,4061 0,1564 0,7505 8,6005 
Daily – Changing Regression Period 

σ minimum μ maximum 

0,1267 0,0354 0,2848 1,7352 
Weekly - Changing Regression Period 

σ minimum μ maximum 

0,1776 0,0394 0,3861 1,5158 
Monthly - Changing Regression Period 

σ minimum μ maximum 

0,4148 0,0357 0,6644 8,5527 
30 years – Changing Observation Frequency 

σ minimum μ maximum 

0,0352 0,0009 
 

0,0578 0,2514 

15 years – Changing Observation Frequency 

σ minimum μ maximum 

0,0491 0,0009 0,0807 0,3531 
10 years – Changing Observation Frequency 

σ minimum μ maximum 

0,0607 0,0011 0,0983 0,4420 
5 years – Changing Observation Frequency 

σ minimum μ maximum 

0,0870 0,0014 0,1387 0,6634 
3 years – Changing Observation Frequency 

σ minimum μ maximum 

0,1145 0,0012 0,1789 0,9473 
2 years – Changing Observation Frequency 

σ minimum μ maximum 

0,1459 0,0007 0,2205 1,2425 
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Daily Returns 

S&P500 ½ year 1 year 2 3 5 10 15 30 

ABT -0,405 -0,493 -0,493 -0,477 -0,435 -0,251 -0,256 -0,303 

AIG 0,353 0,551 0,483 0,473 0,530 0,824 0,785 0,601 

AXP 0,584 0,572 0,378 0,393 0,430 0,636 0,618 0,606 

BAC 1,044 0,815 0,685 0,633 0,648 0,862 0,813 0,623 

BDX 0,144 0,354 0,351 0,348 0,350 0,243 0,256 0,272 

CL 0,453 0,426 0,326 0,360 0,366 0,488 0,478 0,391 

CLX 0,295 0,167 0,228 0,223 0,227 0,204 0,207 0,236 

CNP 0,323 0,316 0,335 0,360 0,340 0,331 0,337 0,262 

CSX 0,521 0,571 0,546 0,533 0,512 0,516 0,516 0,434 

DUK 0,058 0,058 -0,073 -0,054 -0,029 -0,050 -0,048 -0,029 

EMR 0,605 0,628 0,484 0,482 0,491 0,493 0,490 0,439 

GIS 0,297 0,289 0,293 0,292 0,282 0,193 0,193 0,212 

GPC 0,400 0,426 0,399 0,410 0,413 0,351 0,352 0,322 

GPS 0,658 0,568 0,382 0,369 0,386 0,428 0,430 0,684 

GWW 0,429 0,464 0,360 0,366 0,401 0,380 0,387 0,345 

HAS 0,432 0,406 0,379 0,359 0,364 0,346 0,350 0,357 

HES 0,680 0,803 0,720 0,677 0,652 0,636 0,613 0,442 

HON 0,414 0,401 0,438 0,454 0,470 0,464 0,469 0,481 

HPQ 0,472 0,647 0,556 0,555 0,520 0,421 0,432 0,503 

IFF 0,344 0,352 0,415 0,432 0,434 0,379 0,377 0,330 

INTC 0,400 0,485 0,476 0,482 0,464 0,444 0,462 0,569 

ITW 0,013 0,030 0,028 0,009 -0,006 -0,044 -0,041 -0,023 

JNJ 0,223 0,222 0,291 0,321 0,313 0,240 0,239 0,301 

JWN 0,542 0,524 0,422 0,401 0,408 0,531 0,538 0,519 

LB 0,443 0,440 0,367 0,378 0,405 0,511 0,508 0,488 

1 year – Changing Observation Frequency 

σ minimum μ maximum 

0,2305 0,0017 0,3211 1,9298 
½ year – Changing Observation Frequency 

σ minimum μ maximum 

0,4071 0,0020 0,4897 8,6005 
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LLY 0,190 0,255 0,375 0,372 0,361 0,319 0,323 0,356 

LMT 0,207 0,214 0,262 0,298 0,326 0,298 0,295 0,277 

LOW 0,705 0,431 0,406 0,418 0,440 0,437 0,447 0,452 

MAS 0,612 0,625 0,526 0,517 0,606 0,617 0,599 0,486 

MAT 0,354 0,540 0,380 0,360 0,369 0,367 0,362 0,367 

MCD 0,210 0,234 0,300 0,304 0,276 0,248 0,261 0,300 

MDT 0,275 0,347 0,363 0,398 0,403 0,313 0,306 0,318 

NEE 0,053 0,112 0,187 0,232 0,243 0,303 0,298 0,239 

NEM 0,019 0,118 0,168 0,173 0,222 0,271 0,281 0,164 

NOC 0,187 0,217 0,333 0,373 0,385 0,335 0,330 0,277 

OXY 0,371 0,415 0,494 0,486 0,486 0,574 0,562 0,410 

PCAR 0,084 0,038 -0,034 -0,017 -0,016 -0,029 -0,032 -0,012 

PH 0,711 0,697 0,508 0,529 0,561 0,524 0,526 0,457 

PHM 0,435 0,516 0,522 0,518 0,611 0,685 0,692 0,562 

PKI 0,420 0,504 0,497 0,478 0,492 0,411 0,424 0,403 

SHW 0,463 0,442 0,422 0,413 0,421 0,351 0,357 0,360 

SLB 0,335 0,447 0,452 0,467 0,492 0,567 0,556 0,466 

SNA 0,614 0,524 0,456 0,447 0,479 0,482 0,473 0,395 

SWK 0,424 0,527 0,447 0,443 0,465 0,503 0,498 0,426 

TAP 0,317 0,433 0,329 0,367 0,390 0,282 0,275 0,247 

TGT 0,007 0,054 0,026 0,000 -0,012 -0,048 -0,047 0,011 

TJX 0,098 0,064 0,010 -0,020 -0,006 -0,022 -0,025 -0,022 

TXT 0,517 0,622 0,550 0,567 0,626 0,701 0,682 0,557 

VFC 0,284 0,457 0,435 0,421 0,409 0,398 0,393 0,378 

Dow Jones ½ year 1 year 2,000 3,000 5,000 10,000 15,000 30,000 

ABT -0,329 -0,456 -0,479 -0,467 -0,442 -0,275 -0,279 -0,308 

AIG 0,343 0,584 0,495 0,478 0,529 0,879 0,833 0,596 

AXP 0,581 0,609 0,402 0,416 0,451 0,685 0,660 0,622 

BAC 1,004 0,871 0,711 0,647 0,658 0,901 0,843 0,607 

BDX 0,137 0,324 0,333 0,332 0,345 0,262 0,275 0,274 

CL 0,385 0,398 0,307 0,347 0,365 0,513 0,498 0,389 

CLX 0,286 0,144 0,228 0,226 0,236 0,227 0,228 0,249 

CNP 0,297 0,287 0,335 0,354 0,339 0,359 0,360 0,258 

CSX 0,517 0,610 0,566 0,538 0,523 0,552 0,550 0,448 

DUK 0,059 0,063 -0,067 -0,044 -0,024 -0,053 -0,051 -0,033 

EMR 0,588 0,674 0,511 0,496 0,509 0,536 0,531 0,453 

GIS 0,298 0,275 0,291 0,290 0,287 0,217 0,215 0,222 

GPC 0,289 0,423 0,409 0,415 0,423 0,382 0,380 0,331 

GPS 0,470 0,564 0,395 0,368 0,389 0,460 0,460 0,663 

GWW 0,483 0,530 0,395 0,389 0,422 0,412 0,416 0,353 
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HAS 0,372 0,392 0,384 0,359 0,368 0,372 0,375 0,360 

HES 0,615 0,784 0,718 0,651 0,642 0,666 0,629 0,435 

HON 0,419 0,413 0,450 0,462 0,484 0,508 0,514 0,519 

HPQ 0,414 0,621 0,551 0,546 0,543 0,466 0,475 0,500 

IFF 0,335 0,312 0,416 0,427 0,435 0,409 0,404 0,341 

INTC 0,391 0,471 0,487 0,482 0,474 0,479 0,493 0,541 

ITW 0,067 0,062 0,037 0,010 -0,003 -0,051 -0,047 -0,020 

JNJ 0,232 0,237 0,303 0,333 0,333 0,270 0,268 0,316 

JWN 0,310 0,498 0,433 0,408 0,416 0,563 0,566 0,519 

LB 0,267 0,414 0,355 0,367 0,400 0,544 0,536 0,490 

LLY 0,096 0,213 0,348 0,349 0,352 0,346 0,350 0,358 

LMT 0,184 0,242 0,280 0,318 0,348 0,330 0,326 0,293 

LOW 0,684 0,453 0,411 0,422 0,447 0,471 0,479 0,456 

MAS 0,606 0,609 0,523 0,504 0,593 0,649 0,626 0,491 

MAT 0,204 0,461 0,386 0,359 0,377 0,400 0,392 0,374 

MCD 0,263 0,259 0,317 0,321 0,302 0,281 0,296 0,325 

MDT 0,243 0,317 0,346 0,381 0,400 0,337 0,326 0,311 

NEE 0,038 0,077 0,182 0,224 0,240 0,328 0,320 0,241 

NEM -0,103 0,026 0,141 0,139 0,188 0,275 0,281 0,161 

NOC 0,155 0,244 0,352 0,392 0,405 0,369 0,361 0,284 

OXY 0,353 0,404 0,488 0,467 0,480 0,602 0,579 0,408 

PCAR 0,087 0,051 -0,035 -0,015 -0,017 -0,032 -0,035 -0,012 

PH 0,690 0,748 0,536 0,540 0,575 0,566 0,567 0,477 

PHM 0,353 0,490 0,513 0,504 0,592 0,716 0,718 0,551 

PKI 0,317 0,465 0,474 0,454 0,478 0,432 0,442 0,385 

SHW 0,470 0,448 0,428 0,412 0,417 0,381 0,386 0,375 

SLB 0,303 0,447 0,455 0,450 0,482 0,593 0,571 0,460 

SNA 0,585 0,537 0,460 0,446 0,483 0,517 0,503 0,401 

SWK 0,377 0,538 0,459 0,448 0,473 0,534 0,525 0,432 

TAP 0,241 0,353 0,308 0,357 0,388 0,308 0,298 0,257 

TGT 0,047 0,059 0,020 -0,011 -0,015 -0,049 -0,048 0,009 

TJX 0,122 0,079 0,000 -0,027 -0,016 -0,026 -0,028 -0,021 

TXT 0,525 0,681 0,585 0,591 0,646 0,750 0,728 0,572 

VFC 0,197 0,451 0,436 0,417 0,409 0,425 0,418 0,390 

Russell 3000 ½ year 1 year 2,000 3,000 5,000 10,000 15,000 30,000 

ABT -0,156 -0,244 -0,340 -0,323 -0,283 -0,174 -0,170 -0,190 

AIG 0,183 0,329 0,351 0,335 0,379 0,590 0,535 0,462 

AXP 0,291 0,356 0,299 0,289 0,308 0,471 0,438 0,455 

BAC 0,561 0,539 0,532 0,482 0,477 0,641 0,574 0,499 

BDX 0,032 0,140 0,228 0,222 0,229 0,173 0,178 0,210 

CL 0,199 0,255 0,250 0,260 0,256 0,353 0,334 0,301 



XVII 
 

CLX 0,086 0,062 0,116 0,117 0,124 0,147 0,143 0,160 

CNP 0,084 0,139 0,198 0,212 0,207 0,229 0,229 0,199 

CSX 0,168 0,303 0,390 0,390 0,363 0,394 0,381 0,360 

DUK 0,001 0,005 -0,046 -0,036 -0,014 -0,022 -0,020 -0,015 

EMR 0,303 0,383 0,368 0,350 0,349 0,367 0,353 0,338 

GIS 0,075 0,105 0,162 0,159 0,160 0,126 0,120 0,133 

GPC 0,222 0,280 0,307 0,308 0,303 0,275 0,265 0,249 

GPS 0,439 0,399 0,337 0,326 0,315 0,335 0,324 0,419 

GWW 0,186 0,269 0,266 0,259 0,289 0,293 0,290 0,291 

HAS 0,153 0,232 0,266 0,256 0,254 0,271 0,266 0,296 

HES 0,379 0,468 0,552 0,509 0,465 0,459 0,429 0,359 

HON 0,154 0,209 0,285 0,296 0,311 0,343 0,336 0,355 

HPQ 0,226 0,378 0,420 0,404 0,376 0,309 0,307 0,396 

IFF 0,170 0,183 0,271 0,288 0,294 0,288 0,275 0,259 

INTC 0,155 0,246 0,312 0,308 0,297 0,323 0,329 0,436 

ITW 0,005 0,053 0,041 0,018 0,004 -0,033 -0,028 -0,006 

JNJ 0,043 0,084 0,170 0,191 0,184 0,159 0,149 0,172 

JWN 0,430 0,444 0,350 0,323 0,315 0,431 0,422 0,437 

LB 0,434 0,380 0,308 0,312 0,316 0,400 0,383 0,398 

LLY 0,051 0,122 0,239 0,227 0,222 0,222 0,216 0,229 

LMT 0,075 0,133 0,168 0,190 0,211 0,210 0,199 0,202 

LOW 0,321 0,266 0,294 0,292 0,310 0,334 0,331 0,367 

MAS 0,349 0,399 0,389 0,377 0,451 0,500 0,466 0,420 

MAT 0,162 0,307 0,277 0,258 0,259 0,286 0,273 0,304 

MCD 0,058 0,109 0,170 0,178 0,165 0,175 0,181 0,199 

MDT 0,079 0,141 0,235 0,257 0,262 0,228 0,209 0,244 

NEE -0,054 -0,021 0,070 0,106 0,124 0,200 0,190 0,158 

NEM -0,049 -0,018 0,094 0,103 0,155 0,182 0,192 0,150 

NOC 0,078 0,128 0,208 0,237 0,253 0,239 0,226 0,215 

OXY 0,166 0,219 0,348 0,338 0,328 0,408 0,386 0,327 

PCAR 0,065 0,023 -0,020 -0,012 -0,008 -0,015 -0,019 -0,011 

PH 0,333 0,420 0,384 0,389 0,405 0,405 0,394 0,385 

PHM 0,268 0,334 0,412 0,404 0,467 0,560 0,547 0,505 

PKI 0,219 0,298 0,377 0,356 0,360 0,317 0,324 0,366 

SHW 0,173 0,234 0,287 0,277 0,289 0,265 0,264 0,280 

SLB 0,149 0,231 0,321 0,331 0,337 0,414 0,398 0,373 

SNA 0,349 0,339 0,342 0,333 0,350 0,375 0,355 0,340 

SWK 0,212 0,306 0,318 0,311 0,328 0,392 0,376 0,360 

TAP 0,123 0,183 0,202 0,222 0,239 0,198 0,189 0,189 

TGT -0,039 0,017 0,029 0,007 -0,006 -0,036 -0,035 -0,009 

TJX 0,060 0,074 0,035 0,007 0,010 -0,019 -0,017 0,015 



XVIII 
 

TXT 0,271 0,396 0,409 0,409 0,461 0,539 0,505 0,458 

VFC 0,180 0,281 0,324 0,309 0,293 0,314 0,299 0,303 

 

Weekly Returns 

S&P500 ½ year 1 year 2 3 5 10 15 30 

ABT 0,789 0,534 0,476 0,445 0,466 0,254 0,265 0,297 

AIG 0,462 0,662 0,523 0,514 0,532 0,806 0,756 0,614 

AXP 0,412 0,544 0,420 0,425 0,442 0,635 0,620 0,607 

BAC 0,906 0,823 0,701 0,627 0,651 0,938 0,990 0,761 

BDX 0,315 0,156 0,330 0,287 0,319 0,246 0,272 0,269 

CL 0,652 0,545 0,249 0,311 0,309 0,541 0,505 0,424 

CLX 0,327 0,316 0,169 0,164 0,177 0,210 0,227 0,264 

CNP 0,401 0,237 0,244 0,260 0,263 0,374 0,361 0,258 

CSX 1,060 0,668 0,593 0,580 0,573 0,538 0,529 0,493 

DUK 0,146 0,207 0,105 0,099 0,134 0,216 0,279 0,213 

EMR 0,404 0,610 0,561 0,539 0,520 0,446 0,439 0,414 

GIS 0,014 0,370 0,267 0,275 0,266 0,194 0,191 0,218 

GPC 0,229 0,506 0,506 0,487 0,471 0,396 0,389 0,347 

GPS 0,771 0,583 0,585 0,543 0,520 0,470 0,466 0,547 

GWW -0,030 0,363 0,318 0,356 0,376 0,393 0,412 0,384 

HAS 0,839 0,578 0,335 0,343 0,346 0,342 0,361 0,367 

HES -0,144 0,454 0,702 0,718 0,695 0,621 0,566 0,428 

HON 0,584 0,496 0,481 0,500 0,490 0,516 0,533 0,495 

HPQ 0,477 0,575 0,614 0,612 0,532 0,444 0,488 0,536 

IFF 0,364 0,305 0,271 0,309 0,342 0,349 0,340 0,336 

INTC 0,432 0,489 0,584 0,547 0,477 0,441 0,472 0,572 

ITW 0,009 -0,011 -0,065 -0,009 -0,027 -0,011 -0,022 -0,047 

JNJ 0,268 0,236 0,295 0,316 0,324 0,240 0,249 0,289 

JWN 0,512 0,812 0,561 0,476 0,453 0,703 0,668 0,587 

LB 0,164 0,479 0,360 0,354 0,364 0,606 0,583 0,551 

LLY 0,204 0,288 0,222 0,273 0,292 0,318 0,329 0,341 

LMT 0,365 0,438 0,271 0,310 0,355 0,305 0,285 0,256 

LOW 0,386 0,506 0,446 0,432 0,460 0,496 0,506 0,532 

MAS 0,724 0,785 0,561 0,512 0,628 0,733 0,675 0,565 

MAT 0,240 0,483 0,329 0,334 0,350 0,415 0,401 0,371 

MCD 0,312 0,340 0,284 0,275 0,255 0,222 0,259 0,282 

MDT 0,479 0,309 0,324 0,385 0,395 0,349 0,324 0,376 

NEE 0,098 0,030 0,094 0,166 0,204 0,289 0,277 0,206 

NEM -0,322 -0,301 0,016 0,001 0,005 0,215 0,191 0,153 



XIX 
 

NOC 0,416 0,339 0,314 0,374 0,414 0,403 0,367 0,322 

OXY -0,154 0,054 0,356 0,373 0,408 0,534 0,496 0,403 

PCAR -0,067 -0,044 -0,055 -0,065 -0,078 -0,048 -0,044 -0,014 

PH 0,692 0,673 0,574 0,616 0,613 0,560 0,553 0,478 

PHM 0,096 0,490 0,510 0,494 0,656 0,801 0,776 0,644 

PKI 0,589 0,424 0,520 0,490 0,467 0,409 0,426 0,409 

SHW 0,758 0,697 0,460 0,427 0,430 0,326 0,345 0,371 

SLB -0,107 0,091 0,392 0,417 0,449 0,508 0,486 0,439 

SNA 0,447 0,624 0,507 0,491 0,497 0,533 0,523 0,440 

SWK 0,525 0,598 0,447 0,444 0,454 0,527 0,525 0,457 

TAP 0,444 0,278 0,229 0,276 0,336 0,268 0,278 0,263 

TGT 0,213 0,348 0,311 0,322 0,312 0,437 0,449 0,472 

TJX 0,082 0,032 -0,013 -0,043 -0,026 -0,038 -0,026 -0,062 

TXT 0,357 0,630 0,547 0,560 0,615 0,801 0,731 0,571 

VFC 0,194 0,340 0,421 0,405 0,390 0,435 0,432 0,381 

Dow Jones ½ year 1 year 2,000 3,000 5,000 10,000 15,000 30,000 

ABT 0,652 0,411 0,432 0,416 0,447 0,268 0,281 0,295 

AIG 0,372 0,644 0,504 0,506 0,520 0,818 0,757 0,589 

AXP 0,351 0,493 0,423 0,446 0,460 0,672 0,638 0,608 

BAC 0,952 0,844 0,706 0,647 0,653 0,967 0,726 0,597 

BDX 0,263 0,055 0,278 0,252 0,292 0,257 0,278 0,255 

CL 0,550 0,514 0,234 0,300 0,313 0,532 0,484 0,404 

CLX 0,391 0,262 0,148 0,150 0,169 0,226 0,247 0,277 

CNP 0,410 0,196 0,235 0,247 0,248 0,395 0,356 0,244 

CSX 0,826 0,683 0,606 0,590 0,578 0,561 0,544 0,511 

DUK 0,194 0,153 0,108 0,097 0,128 0,233 0,297 0,212 

EMR 0,363 0,626 0,593 0,566 0,547 0,480 0,462 0,431 

GIS -0,034 0,304 0,243 0,257 0,251 0,217 0,209 0,221 

GPC 0,075 0,447 0,501 0,491 0,473 0,430 0,410 0,358 

GPS 0,479 0,572 0,592 0,548 0,520 0,498 0,484 0,530 

GWW 0,147 0,496 0,380 0,404 0,403 0,422 0,433 0,402 

HAS 0,663 0,470 0,317 0,313 0,324 0,356 0,368 0,359 

HES -0,134 0,434 0,687 0,705 0,677 0,627 0,548 0,414 

HON 0,557 0,453 0,464 0,486 0,481 0,542 0,563 0,524 

HPQ 0,303 0,534 0,629 0,624 0,580 0,496 0,524 0,521 

IFF 0,289 0,164 0,241 0,283 0,316 0,355 0,342 0,342 

INTC 0,361 0,422 0,561 0,521 0,465 0,467 0,491 0,543 

ITW 0,093 -0,018 -0,036 0,006 -0,008 -0,016 -0,032 -0,053 

JNJ 0,384 0,263 0,296 0,320 0,331 0,264 0,274 0,301 

JWN 0,432 0,769 0,561 0,487 0,454 0,725 0,669 0,565 



XX 
 

LB 0,095 0,411 0,317 0,335 0,351 0,627 0,587 0,541 

LLY 0,325 0,284 0,192 0,235 0,267 0,329 0,339 0,323 

LMT 0,248 0,461 0,288 0,322 0,358 0,329 0,301 0,267 

LOW 0,378 0,458 0,415 0,418 0,441 0,528 0,522 0,525 

MAS 0,724 0,628 0,495 0,456 0,571 0,739 0,669 0,561 

MAT -0,016 0,298 0,330 0,331 0,351 0,445 0,421 0,384 

MCD 0,302 0,314 0,278 0,280 0,268 0,253 0,279 0,295 

MDT 0,478 0,225 0,283 0,345 0,370 0,362 0,329 0,357 

NEE 0,154 -0,033 0,072 0,141 0,178 0,304 0,283 0,196 

NEM -0,439 -0,468 0,035 -0,015 -0,013 0,208 0,166 0,155 

NOC 0,348 0,393 0,335 0,384 0,420 0,434 0,384 0,320 

OXY -0,059 0,033 0,339 0,357 0,394 0,549 0,490 0,408 

PCAR -0,081 -0,013 -0,075 -0,084 -0,095 -0,052 -0,043 0,001 

PH 0,687 0,727 0,605 0,634 0,623 0,591 0,572 0,507 

PHM 0,072 0,373 0,465 0,468 0,613 0,823 0,777 0,623 

PKI 0,493 0,310 0,452 0,432 0,419 0,415 0,426 0,377 

SHW 0,718 0,585 0,427 0,406 0,400 0,346 0,363 0,386 

SLB -0,117 0,108 0,389 0,406 0,441 0,515 0,473 0,429 

SNA 0,240 0,526 0,458 0,458 0,473 0,550 0,529 0,442 

SWK 0,389 0,549 0,447 0,435 0,457 0,543 0,528 0,462 

TAP 0,262 0,121 0,165 0,231 0,305 0,290 0,293 0,267 

TGT 0,053 0,300 0,306 0,320 0,316 0,454 0,455 0,457 

TJX 0,115 0,012 -0,014 -0,040 -0,006 -0,045 -0,035 -0,064 

TXT 0,234 0,663 0,549 0,565 0,623 0,829 0,743 0,577 

VFC 0,168 0,343 0,398 0,383 0,366 0,445 0,436 0,379 

Russell 3000 ½ year 1 year 2,000 3,000 5,000 10,000 15,000 30,000 

ABT 0,344 0,243 0,293 0,288 0,297 0,164 0,157 0,163 

AIG 0,201 0,347 0,337 0,353 0,367 0,560 0,502 0,400 

AXP 0,331 0,338 0,320 0,322 0,326 0,466 0,436 0,422 

BAC 0,507 0,518 0,501 0,466 0,495 0,680 0,503 0,439 

BDX 0,125 0,059 0,202 0,163 0,191 0,164 0,185 0,201 

CL 0,249 0,296 0,221 0,249 0,242 0,379 0,351 0,303 

CLX -0,012 0,098 0,069 0,069 0,079 0,141 0,145 0,150 

CNP 0,078 0,081 0,130 0,133 0,143 0,240 0,248 0,167 

CSX 0,380 0,335 0,394 0,412 0,401 0,412 0,401 0,376 

DUK -0,016 0,032 0,014 0,021 0,045 0,133 0,171 0,117 

EMR 0,385 0,384 0,404 0,387 0,366 0,343 0,335 0,293 

GIS 0,057 0,148 0,150 0,168 0,156 0,120 0,117 0,123 

GPC 0,251 0,305 0,326 0,336 0,330 0,301 0,289 0,247 

GPS 0,647 0,358 0,454 0,451 0,397 0,363 0,358 0,399 

GWW -0,058 0,191 0,221 0,238 0,255 0,307 0,314 0,297 



XXI 
 

HAS 0,439 0,302 0,249 0,235 0,233 0,270 0,282 0,296 

HES 0,087 0,235 0,512 0,507 0,484 0,461 0,418 0,338 

HON 0,251 0,236 0,286 0,310 0,310 0,383 0,384 0,347 

HPQ 0,216 0,302 0,423 0,415 0,376 0,336 0,359 0,423 

IFF 0,284 0,077 0,129 0,161 0,199 0,263 0,247 0,233 

INTC 0,165 0,240 0,344 0,303 0,273 0,314 0,337 0,423 

ITW -0,066 0,029 -0,007 0,011 -0,011 -0,006 -0,013 -0,002 

JNJ -0,025 0,066 0,157 0,178 0,180 0,152 0,140 0,150 

JWN 0,929 0,627 0,479 0,416 0,369 0,554 0,526 0,474 

LB 0,570 0,362 0,332 0,321 0,299 0,469 0,446 0,429 

LLY -0,136 0,124 0,157 0,174 0,188 0,216 0,210 0,202 

LMT 0,132 0,210 0,159 0,189 0,226 0,212 0,195 0,189 

LOW 0,223 0,265 0,302 0,296 0,323 0,379 0,381 0,399 

MAS 0,403 0,445 0,393 0,366 0,450 0,571 0,519 0,455 

MAT -0,176 0,156 0,193 0,209 0,211 0,308 0,298 0,297 

MCD 0,074 0,163 0,158 0,163 0,148 0,145 0,173 0,171 

MDT 0,126 0,108 0,179 0,212 0,228 0,240 0,209 0,255 

NEE -0,076 -0,108 -0,019 0,043 0,074 0,180 0,172 0,123 

NEM -0,074 -0,277 -0,072 -0,086 -0,032 0,159 0,156 0,163 

NOC 0,191 0,169 0,182 0,225 0,259 0,283 0,257 0,243 

OXY 0,007 0,019 0,224 0,235 0,256 0,389 0,361 0,305 

PCAR -0,027 -0,017 -0,044 -0,026 -0,044 -0,034 -0,041 -0,018 

PH 0,355 0,387 0,396 0,419 0,418 0,429 0,424 0,387 

PHM 0,068 0,234 0,367 0,380 0,497 0,644 0,612 0,537 

PKI 0,261 0,198 0,329 0,325 0,319 0,316 0,346 0,359 

SHW 0,409 0,408 0,328 0,307 0,305 0,247 0,259 0,278 

SLB -0,051 0,021 0,242 0,268 0,283 0,382 0,367 0,347 

SNA 0,436 0,392 0,374 0,380 0,359 0,420 0,402 0,355 

SWK 0,325 0,342 0,311 0,324 0,321 0,401 0,399 0,360 

TAP 0,092 0,069 0,134 0,156 0,193 0,174 0,182 0,174 

TGT 0,460 0,288 0,270 0,258 0,231 0,326 0,324 0,350 

TJX -0,007 -0,006 0,012 -0,007 -0,006 -0,017 -0,007 -0,002 

TXT 0,199 0,370 0,386 0,414 0,453 0,622 0,561 0,449 

VFC 0,205 0,209 0,305 0,293 0,274 0,342 0,328 0,304 

 

 
Monthly Returns 

S&P500 ½ year 1 year 2 3 5 10 15 30 



XXII 
 

ABT 1,059 0,951 0,779 0,677 0,659 0,240 0,228 0,252 

AIG -0,008 0,061 0,464 0,574 0,504 1,415 1,202 0,780 

AXP 0,545 0,618 0,493 0,522 0,513 0,698 0,666 0,601 

BAC 0,866 1,280 0,764 0,714 0,593 0,968 0,804 0,656 

BDX 0,428 0,447 0,409 0,437 0,468 0,310 0,320 0,284 

CL 0,553 0,823 0,113 0,232 0,238 0,610 0,533 0,453 

CLX 1,213 0,298 0,132 0,123 0,200 0,165 0,184 0,251 

CNP 0,657 0,420 0,353 0,231 0,256 0,285 0,336 0,231 

CSX 1,569 1,373 0,645 0,621 0,594 0,544 0,524 0,462 

DUK 0,667 0,002 0,108 0,030 0,104 0,147 0,240 0,144 

EMR 0,246 0,810 0,556 0,506 0,468 0,524 0,510 0,466 

GIS -0,290 -0,051 0,192 0,223 0,259 0,112 0,090 0,162 

GPC -0,114 0,391 0,414 0,493 0,423 0,342 0,333 0,294 

GPS -0,550 1,193 0,296 0,060 -0,018 0,138 0,096 2,918 

GWW -0,384 0,180 0,133 0,159 0,267 0,361 0,368 0,372 

HAS 1,293 0,393 0,243 0,347 0,421 0,398 0,445 0,469 

HES -0,732 0,016 0,849 0,754 0,758 0,579 0,492 0,383 

HON 0,587 0,458 0,432 0,410 0,400 0,563 0,600 0,532 

HPQ 1,053 1,105 0,864 0,778 0,742 0,536 0,602 0,619 

IFF 0,389 0,264 0,535 0,546 0,470 0,401 0,354 0,369 

INTC -0,038 0,295 0,468 0,470 0,404 0,458 0,566 0,644 

ITW 0,465 -0,099 0,051 -0,031 -0,060 0,113 0,056 0,000 

JNJ 0,693 0,291 0,278 0,283 0,358 0,264 0,235 0,290 

JWN -0,706 0,362 0,097 0,143 0,262 0,634 0,627 0,612 

LB -1,531 -0,412 -0,025 0,110 0,272 0,608 0,576 0,619 

LLY 0,936 0,422 0,108 0,077 0,176 0,289 0,297 0,312 

LMT 0,296 0,343 0,268 0,247 0,299 0,399 0,295 0,266 

LOW 0,025 0,528 0,435 0,496 0,485 0,452 0,431 0,487 

MAS 0,442 1,049 0,678 0,639 0,684 0,920 0,816 0,624 

MAT -1,123 -0,319 0,147 0,251 0,310 0,379 0,358 0,349 

MCD 0,646 0,434 0,324 0,313 0,276 0,209 0,318 0,335 

MDT 0,704 0,039 0,296 0,381 0,460 0,395 0,334 0,357 

NEE 0,895 -0,155 0,144 0,146 0,172 0,230 0,226 0,155 

NEM -0,107 0,061 0,190 0,156 0,051 0,143 0,148 0,233 

NOC 0,407 0,196 0,351 0,290 0,353 0,463 0,367 0,331 

OXY -0,632 -0,361 0,102 0,084 0,249 0,450 0,400 0,355 

PCAR 0,057 0,971 0,397 0,473 0,465 0,592 0,586 0,515 

PH 0,490 0,775 0,486 0,524 0,556 0,618 0,600 0,541 

PHM 0,547 0,708 0,327 0,483 0,534 0,570 0,558 0,536 

PKI 0,418 0,641 0,588 0,449 0,335 0,411 0,524 0,474 



XXIII 
 

SHW 0,621 0,882 0,695 0,607 0,528 0,317 0,343 0,400 

SLB -0,662 -0,005 0,369 0,336 0,394 0,579 0,563 0,500 

SNA -0,451 0,019 0,375 0,432 0,461 0,624 0,617 0,486 

SWK 0,326 0,708 0,592 0,557 0,465 0,579 0,555 0,473 

TAP 0,128 -0,001 0,230 0,271 0,404 0,361 0,369 0,260 

TGT -1,525 -0,004 0,034 0,081 0,203 0,348 0,397 0,506 

TJX -0,019 0,405 0,153 0,224 0,316 0,254 0,299 0,329 

TXT -0,001 0,609 0,712 0,665 0,652 1,053 0,951 0,692 

VFC -0,165 0,096 0,149 0,273 0,311 0,395 0,382 0,415 

Dow Jones ½ year 1 year 2,000 3,000 5,000 10,000 15,000 30,000 

ABT 0,593 0,471 0,643 0,580 0,585 0,263 0,238 0,252 

AIG -0,005 0,033 0,386 0,509 0,437 1,401 1,155 0,713 

AXP 0,533 0,578 0,509 0,540 0,511 0,763 0,698 0,616 

BAC 0,993 1,329 0,788 0,762 0,588 1,052 0,832 0,646 

BDX 0,145 0,188 0,315 0,358 0,403 0,320 0,305 0,267 

CL 0,215 0,568 0,161 0,244 0,225 0,597 0,475 0,417 

CLX 0,863 0,289 0,122 0,128 0,197 0,186 0,198 0,264 

CNP 0,332 0,322 0,324 0,208 0,250 0,304 0,316 0,209 

CSX 0,519 0,855 0,609 0,598 0,578 0,587 0,548 0,485 

DUK 0,457 -0,015 0,088 0,010 0,096 0,164 0,246 0,145 

EMR 0,113 0,553 0,543 0,506 0,450 0,562 0,531 0,484 

GIS -0,219 -0,024 0,166 0,198 0,234 0,128 0,099 0,152 

GPC -0,105 0,249 0,378 0,469 0,409 0,376 0,346 0,308 

GPS -0,632 0,599 0,271 0,079 0,000 0,135 0,087 3,266 

GWW -0,095 0,257 0,180 0,206 0,296 0,395 0,391 0,399 

HAS 0,615 0,280 0,197 0,300 0,379 0,408 0,440 0,459 

HES 0,030 0,387 0,928 0,817 0,783 0,592 0,463 0,374 

HON 0,401 0,349 0,391 0,382 0,371 0,583 0,621 0,579 

HPQ 0,547 0,623 0,742 0,689 0,700 0,574 0,629 0,601 

IFF 0,196 -0,047 0,380 0,411 0,356 0,409 0,350 0,376 

INTC -0,067 0,076 0,414 0,416 0,385 0,469 0,583 0,601 

ITW 0,369 -0,065 0,045 -0,011 -0,065 0,090 0,024 -0,001 

JNJ 0,564 0,233 0,260 0,272 0,345 0,294 0,256 0,299 

JWN -0,088 0,382 0,189 0,221 0,293 0,640 0,596 0,566 

LB -0,273 -0,069 0,076 0,186 0,298 0,623 0,568 0,594 

LLY 0,768 0,211 0,081 0,050 0,143 0,305 0,308 0,301 

LMT 0,056 0,292 0,244 0,247 0,269 0,416 0,288 0,287 

LOW 0,164 0,421 0,393 0,464 0,420 0,485 0,434 0,454 

MAS 0,267 0,553 0,542 0,538 0,584 0,956 0,812 0,611 

MAT -0,978 -0,382 0,113 0,203 0,311 0,405 0,361 0,370 



XXIV 
 

MCD 0,401 0,352 0,307 0,312 0,290 0,241 0,348 0,356 

MDT 0,374 -0,132 0,201 0,289 0,374 0,393 0,321 0,330 

NEE 0,563 -0,135 0,102 0,094 0,138 0,228 0,218 0,145 

NEM -0,196 -0,214 0,227 0,124 0,042 0,131 0,118 0,258 

NOC 0,176 0,277 0,339 0,296 0,316 0,474 0,343 0,325 

OXY -0,243 -0,201 0,110 0,073 0,240 0,448 0,377 0,373 

PCAR 0,101 0,672 0,361 0,432 0,431 0,606 0,592 0,538 

PH 0,284 0,579 0,459 0,509 0,541 0,644 0,599 0,571 

PHM 0,038 0,284 0,232 0,387 0,441 0,608 0,560 0,528 

PKI 0,268 0,287 0,476 0,362 0,247 0,392 0,500 0,427 

SHW 0,282 0,570 0,603 0,546 0,462 0,351 0,363 0,406 

SLB -0,456 0,042 0,346 0,289 0,330 0,575 0,536 0,468 

SNA -0,376 0,043 0,321 0,380 0,407 0,660 0,635 0,504 

SWK 0,184 0,403 0,524 0,503 0,440 0,607 0,561 0,491 

TAP 0,040 -0,150 0,203 0,225 0,350 0,374 0,375 0,251 

TGT -0,879 0,087 0,101 0,142 0,261 0,370 0,401 0,486 

TJX 0,088 0,358 0,155 0,225 0,308 0,262 0,297 0,312 

TXT 0,069 0,552 0,705 0,658 0,652 1,107 0,968 0,706 

VFC 0,009 0,099 0,110 0,247 0,287 0,411 0,390 0,442 

Russell 3000 ½ year 1 year 2,000 3,000 5,000 10,000 15,000 30,000 

ABT 0,339 0,211 0,453 0,352 0,358 0,147 0,117 0,111 

AIG -0,245 0,047 0,292 0,323 0,301 0,893 0,737 0,459 

AXP 0,846 0,344 0,456 0,409 0,399 0,505 0,452 0,394 

BAC 1,246 0,821 0,676 0,509 0,519 0,740 0,576 0,460 

BDX 0,109 0,148 0,243 0,250 0,292 0,213 0,221 0,213 

CL 0,149 0,421 0,236 0,299 0,289 0,480 0,455 0,353 

CLX 0,306 -0,083 -0,047 -0,002 0,046 0,108 0,102 0,131 

CNP 0,103 0,103 0,135 0,096 0,118 0,182 0,271 0,168 

CSX 0,087 0,495 0,499 0,397 0,394 0,402 0,371 0,315 

DUK 0,120 -0,226 -0,113 -0,061 -0,011 0,078 0,135 0,051 

EMR 0,201 0,427 0,428 0,336 0,331 0,385 0,360 0,298 

GIS -0,204 -0,050 0,080 0,137 0,140 0,079 0,067 0,091 

GPC -0,110 0,244 0,268 0,309 0,285 0,258 0,240 0,205 

GPS -1,555 0,730 0,404 0,149 0,061 0,130 0,112 1,899 

GWW 0,644 0,365 0,219 0,180 0,209 0,283 0,282 0,255 

HAS 0,034 -0,040 0,053 0,088 0,142 0,286 0,325 0,337 

HES 0,327 0,372 0,834 0,593 0,557 0,417 0,382 0,284 

HON 0,240 0,171 0,238 0,228 0,254 0,410 0,409 0,338 

HPQ -0,103 0,370 0,570 0,407 0,443 0,398 0,424 0,493 

IFF -0,020 -0,001 0,226 0,256 0,256 0,273 0,228 0,208 

INTC -0,204 0,136 0,257 0,184 0,167 0,317 0,358 0,430 



XXV 
 

ITW 0,291 -0,085 0,075 -0,005 -0,014 0,093 0,070 0,039 

JNJ 0,355 -0,029 0,069 0,089 0,145 0,166 0,121 0,133 

JWN 0,936 0,514 0,252 0,226 0,235 0,514 0,516 0,475 

LB 0,441 0,088 0,018 0,102 0,158 0,465 0,437 0,462 

LLY 0,898 0,018 0,057 0,066 0,123 0,201 0,180 0,161 

LMT -0,328 0,089 0,107 0,100 0,158 0,274 0,212 0,196 

LOW 0,471 0,304 0,303 0,323 0,360 0,362 0,350 0,379 

MAS 0,253 0,411 0,412 0,341 0,465 0,690 0,606 0,477 

MAT -1,199 -0,143 0,031 0,067 0,097 0,277 0,274 0,254 

MCD 0,034 0,132 0,107 0,103 0,106 0,127 0,195 0,178 

MDT 0,311 -0,191 0,049 0,150 0,238 0,270 0,210 0,242 

NEE 0,142 -0,366 -0,137 -0,002 0,025 0,129 0,122 0,073 

NEM -0,274 -0,201 0,023 -0,025 -0,029 0,059 0,104 0,212 

NOC -0,354 0,026 0,124 0,098 0,160 0,322 0,275 0,229 

OXY 0,110 -0,065 0,121 0,100 0,162 0,330 0,302 0,244 

PCAR 0,603 0,609 0,388 0,393 0,396 0,480 0,457 0,414 

PH 0,338 0,452 0,396 0,386 0,395 0,457 0,450 0,397 

PHM 0,285 0,239 0,297 0,408 0,430 0,490 0,468 0,436 

PKI 0,286 0,231 0,368 0,270 0,260 0,302 0,399 0,391 

SHW 0,499 0,416 0,454 0,369 0,335 0,244 0,253 0,278 

SLB -0,274 0,131 0,255 0,249 0,258 0,404 0,400 0,364 

SNA -0,070 0,140 0,271 0,279 0,287 0,477 0,433 0,344 

SWK 0,196 0,322 0,430 0,354 0,338 0,444 0,422 0,345 

TAP -0,370 -0,100 0,034 0,107 0,180 0,242 0,246 0,158 

TGT -0,725 0,238 0,100 0,075 0,124 0,263 0,291 0,337 

TJX 0,048 0,198 0,092 0,153 0,210 0,188 0,207 0,218 

TXT -0,051 0,394 0,537 0,474 0,482 0,765 0,673 0,500 

VFC 0,326 0,081 0,078 0,119 0,130 0,281 0,258 0,305 

 


