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Abstract 
 

Under Basel III, Expected Shortfall (ES) will be the main risk measure since it is a coherent risk 

measure as opposed to Value-at-Risk (VaR) (BIS 2016). It was believed that ES could not be 

backtested since it is not elicitable. It is no longer an issue. Validation is vital for adequate risk 

management. In our thesis we introduce several methods that allow practitioners to backtest ES. 

Some of these tests prove to be more powerful than the standard VaR backtest. Z2 shows the 

highest power whereas the Nass test is robust in size and the Pearson test is simpler to implement. 

We calculate the critical values for all tests and manipulate the assumptions for the null 

hypothesis and the alternative hypothesis to compare their statistical power. Finally, we run 

simulations on real data to show that they prove to be as accurate as the VaR backtest with 

regards to model validation. 
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Introduction 

After the global financial recession in 2007-2008, financial risk management came under the 

highlight. It is evident, that the previously used risk measures could not account for extreme 

outcomes during the crisis. The Basel Committee was established nearly 50 years ago, in order to 

prevent these unstable situations on the international market. Measurement of risk is vital to the 

process of managing risk in financial institution. In banking and insurance, it is standard to model 

risk with probability distribution and use tail-risk measures. In our thesis, we introduce the most 

popular (normal- and t-) distributions and their properties. The assumptions that we make 

regarding the profit and loss distribution can greatly affect the outcome of our risk measurement. 

The currently used risk measure, the VaR, has convenient properties, but it is not a coherent risk 

measure. Financial experts believe that the VaR should be replaced by a coherent risk measure, 

the ES which has important advantages over the VaR. ES is a coherent risk measure that captures 

the tail-risk more accurately. The statistical procedure by which we compare realizations with 

forecasts is known as backtesting. These backtesting methods are used for model validation as 

well as for calculating mandatory market risk capital by using the so-called Traffic Light System. 

In our thesis, we introduce an alternative method for the Traffic Light System where the VaR is 

replaced by the ES. 

VaR is relatively easy to backtest whereas ES was thought not to be backtestable since it is not 

elicitable (Gneiting, 2011). Recently, experts have proposed solutions to this problem and 

provided backtesting methods for ES. We investigate how the Z1 and Z2 test by Acerbi and 

Szekely (Acerbi-Szekely 2014) work and compare it to multinomial ES backtests and the standard 

VaR backtest. Furthermore, we manipulate the assumptions regarding the null hypothesis and 

investigate how robust they actually are. 

Finally, we run these tests on real data and compare their outcomes based on their statistical 

power. 
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1. Brief history of the banking regulation 
 

After the failure of the Bankhaus Herstatt in West Germany in 1974, the Basel Committee was 

established (initially under the name of Committee of Banking Regulations and Supervisory 

Practices) by the G10 countries due to the unstable situation in the international banking markets. 

Its headquarter was at the Bank for International Settlements in Basel and its purpose was to 

improve financial stability by enhancing the quality of banking supervision worldwide and to 

provide a forum to its members regarding banking supervision issues.  

The first meeting took place in 1975 and ever since 3-4 meetings have been held on a yearly 

basis. The Basel Committee’s first paper was issued in 1975 and called “Concordat”. It 

determined basic principles for sharing supervisory responsibility among banks. From that 

period, the financial regulator mainly focused on capital adequacy resulting in its first widely 

known pater: Basel Capital Accord (1988) (BIS 2016). 

One of the most critical issues, the Basel Committee first had to deal with was the soundness of 

the banking system. How should that be defined? The soundness of a bank can be defined as the 

likelihood of a bank becoming insolvent (Greenspan 1998). The lower the likelihood is, the 

higher is the soundness. Evidently, if the bank’s losses exceed its capital, it will become capital 

insolvent. The capital adequacy used by financial regulators until the 90’s was based on a very 

simplified leverage ratio: 

𝐿𝑒𝑣𝑎𝑟𝑎𝑔𝑒 𝑅𝑎𝑡𝑖𝑜 =
𝐶𝑎𝑝𝑖𝑡𝑎𝑙

𝑇𝑜𝑡𝑎𝑙 𝐴𝑠𝑠𝑒𝑡𝑠
 

The purpose of Basel I. (Basel Capital Accord, 1988) was to prevent international banks from 

building business volume without adequate capital backing and remove the source of competitive 

inequality due to the differences in national capital requirements. 

As seen from the equation, the higher the leverage ratio, the safer the bank. A significant 

disadvantage of this ratio is it does not differentiate between the levels of risks associated with 

various asset classes. It provides some sort of a minimum capital ratio instead of a maximum 

solvency probability (Maher Hasan 2002). 
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To solve this problem, the first Basel Accord was created in 1988. It required international banks 

in the G10 countries to have a minimum ratio of capital to risk-weighted assets of 8% 

implemented before 1993. (BIS 2016) It focused on credit risk and divided into 5 categories: 0%, 

10%, 20%, 50% and 100%.  

The basic formula suggested by the committee to replace the previous Leverage Ratio was: 

𝑅𝑖𝑠𝑘 𝐵𝑎𝑠𝑒𝑑 𝐶𝑎𝑝𝑖𝑡𝑎𝑙 𝑅𝑎𝑡𝑖𝑜 =
𝐶𝑎𝑝𝑖𝑡𝑎𝑙

𝑅𝑖𝑠𝑘 𝐴𝑑𝑗𝑢𝑠𝑡𝑒𝑑 𝐴𝑠𝑠𝑒𝑡𝑠
 

(Maher Hasan 2002) 

Different asset classes had different weights in accordance with their “riskiness”. This model was 

modified throughout the 90’s until in 1999 the Basel Committee came up with Basel Accord II, 

which was a new capital adequacy framework to replace the Basel I. (BIS 2016). Basel II has 

three main pillars: 

1. Minimum capital requirement (Pillar I) 

2. New supervisory review process (Pillar II) 

3. Market discipline (Pillar III) 

Basel II’s main purpose was to improve financial stability and increase the understanding of 

underlying risks. The Basel Committee refined the framework to address risks other than credit 

risk. For this reason, a newer version of risk-based capital ratio was introduced: 

𝑅𝑖𝑠𝑘 𝐵𝑎𝑠𝑒𝑑 𝐶𝑎𝑝𝑖𝑡𝑎𝑙 𝑅𝑎𝑡𝑖𝑜 =
𝐶𝑎𝑝𝑖𝑡𝑎𝑙

𝐶𝑟𝑒𝑑𝑖𝑡 𝑅𝑖𝑠𝑘 + 𝑀𝑎𝑟𝑘𝑒𝑡 𝑅𝑖𝑠𝑘 + 𝑂𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑅𝑖𝑠𝑘
 

(Maher Hasan 2002). 

As shown above, they used different kind of measures to differentiate between the risk classes. 

This was a more sophisticated method as opposed to Basel I.  

Even before the 2008 financial crises, the Basel Committee had known that the Basel II had to be 

improved. The banking sector had too much leverage, low liquidity buffers and on the top of that, 

poor corporate governance with inadequate risk management made the situation even worse. At 
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the same time that Lehman Brothers collapsed in July 2008, the Committee published its first 

proposition that later led to Basel III. It included enhancing the supervision of internationally 

active banks and strengthening Basel II. By the end of 2010, the Committee finalized their 

package which was accepted by the members in the same year in December: 

 

Figure 1. Basel III reforms 

Source: BIS2 

The three pillars from Basel II were modified and new innovations were introduced (BIS 2016). 

As highlighted in the textbox above, a new VaR framework was introduced. It is one of the most 

commonly used methods to assess risks, across the globe, that we investigate in more depth in the 

following chapters.  
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2. Financial risk 
 

2.1. Why manage financial risk? 

This question is not very simple to answer. There are many participants on the market that have 

different answers to this question. These participants can be regulators, politicians, management, 

financial institutions, etc.  

In his speech, Alan Greenspan, the chairman of The Federal Reserve Boards, said the following 

regarding financial risk in London in 2002: 

“It is a pleasure to be here with you tonight to discuss innovations in the management of risk and 

to address some of the implications of those innovations for our global financial and economic 

systems…. But, as in all aspects of life, expansion of one’s activities beyond previously explored 

territory involves taking risks. And risk by its nature has carried, and always will carry with it, 

the possibility of adverse outcomes. Accordingly, for globalization to continue to foster 

expanding living standards, risk must be managed ever more effectively as the century unfolds…. 

The development of our paradigms for containing risk has emphasized, and will, of necessity, 

continue to emphasize dispersion of risk to those willing, and presumably able, to bear it. If risk 

is properly dispersed, shocks to the overall economic system will be better absorbed and less 

likely to create cascading failures that could threaten financial stability (Greenspan 2002).” 

2.2. Types of risks 

How can we define risk? The word “risk” in general can have multiple meanings. For instance, 

according to Oxford Dictionaries, risk means “a situation involving exposure to danger”. 

(Oxford) In our context, we refer to risk as financial risk. In his book, Alexander J. McNeil 

defines financial risk as “Any event or action that may adversely affect an organization’s ability 

to achieve its objectives and execute its strategies or, alternatively, the quantifiable likelihood of 

loss or less-than-expected returns” (McNeil, A. J. 2005, p. 1.). 

There are several types of risks in banking, the most commons ones are market risk, operational 

risk and credit risk.  
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Market risk is the risk of a change in the value of a financial position due to a change in the value 

of an underlying asset (e.g. exchange rates, commodity prices, stock and bond prices etc.) on 

which the position depends. To assess market risk, banks can use several highly sophisticated 

mathematical and statistical tools. Currently, the most popular of these methods is VaR analysis 

which has become the standard market risk measure for both the industry and regulators over the 

last 10-15 years. (Mehta A. et al. 2012) 

Operational risk is the risk of losses that comes from inadequate internal processes, people and 

system or other external events. It is quite difficult to measure operational risk, one of the most 

common ways is the matrix approach in which the company can categorize the losses with 

respect to where they can occur and determine which business lines are the most prone to 

operational risk. They can be categorized as “high frequency, low impact” such as accounting 

errors or simple mistakes and “low frequency, high impact” such as major fraud or terrorist 

attacks. Scenario analysis also plays a key role in assessing operation risk (Federal Reserve Bank 

of San Francisco 2002). 

Credit risk is the risk that a bank borrower or counterparty will fail to meet its obligation in 

accordance with the agreed terms. To assess credit risk, banks use credit risk management which 

aims at maximizing their risk-adjusted rate of return by maintaining credit risk exposure within 

their limits. There are many sources of credit risk for banks. The most common is loans, 

however, there are several other sources such as interbank transactions, bonds, equities, options, 

swaps etc. (BIS3 2009). 

Liquidity risk and model risk are also worth mentioning. According to the Basel Committee, 

“liquidity is the ability of a bank to fund increases in assets and meet obligations as they come 

due, without incurring unacceptable losses.” (BIS4 2008, p. 1.) One of the most important roles 

banks have is to transform short-term deposits into long-term loans which greatly exposes them 

to liquidity risk. With efficient liquidity risk management, banks can meet their cash flow 

expectations (BIS4 2008). 

Model risk is the risk of using incorrect or misused model output and reports which can have 

severe consequences. Model risk can be wrong assumptions, simplifications, model application 
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outside the area where they are supposed be used in, etc. There is always, at least to some degree, 

model risk with the different risk measures that we introduce in the following chapters. For a 

better risk assessment, this should be minimized (Management Solutions 2014). 

In the subsequent part of the chapter, we will define some important mathematical properties, 

statistical principles and methods that are used in our research.  

2.3. The coherent risk measure 

There is no such thing as “best risk measure”. When deciding which type of risk measure we are 

going to use, we will have different expectations from our model, which is of course subjective. 

However, there are properties that are more desired than others. One of the most common 

properties in practice that is required from a risk measure is to be coherent. A risk measure is 

coherent if it satisfies these axioms: 

Let Ω be the set of states of nature which is finite.  

Let X be random variables which is the final net worth of a position for each element of Ω. 

Let G be the set of all risks which is the set of all real valued functions on Ω. 

We call the function ρ: G → IR the measure of risk. 

Axiom 1: Monotonicity 

𝐹𝑜𝑟 𝑎𝑙𝑙 𝑋 𝑎𝑛𝑑 𝑌 ∈  𝐺 𝑤𝑖𝑡ℎ 𝑋 ≤  𝑌, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝜌(𝑌)  ≤  𝜌(𝑋). 

It implies a portfolio with greater future returns has less risk. 

Axiom 2: Positive homogeneity 

𝐹𝑜𝑟 𝑎𝑙𝑙 𝜆 ≥  0 𝑎𝑛𝑑 𝑎𝑙𝑙 𝑋 ∈  𝐺, 𝜌(𝜆𝑋)  =  𝜆𝜌(𝑋) 

If you double your portfolio then you double your risk. Positive homogeneity implies the risk of a 

position is proportional to its size. 



15 

 

Axiom 3: Translation invariance 

𝐹𝑜𝑟 𝑎𝑙𝑙 𝑋 ∈  𝐺 𝑎𝑛𝑑 𝑎𝑙𝑙 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝛼, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝜌(𝑋 +  𝛼)  =  𝜌(𝑋)  −  𝛼.  

Translation invariance implies that the addition of a sure amount of capital reduces the risk by the 

same amount. 

Axiom 4: Subadditivity 

𝐹𝑜𝑟 𝑎𝑙𝑙 𝑋1 , 𝑋2 ∈  𝐺, 𝜌(𝑋1 +  𝑋2)  ≤  𝜌(𝑋1) +  𝜌(𝑋2). 

If we interpret this axiom, it means that if a firm’s operation (e.g. meeting capital requirements) 

does not satisfy the property of subadditivity, it might be motivated to move it into two separately 

incorporated affiliates (Artzner 1998). From our prospective, subadditivity is the most important 

property, since VaR is not subadditive as opposed to Expected Shortfall. We will elaborate on 

this in the following chapter. 

In addition to Artzner’s (1998) four axioms, a fifth property of a coherent risk measure can be 

defined as convexity. 

Convexity: 

𝑝(𝜆𝑋 + (1 − 𝜆)𝑌)  ≤  𝜆𝑝(𝑋) + (1 −  𝜆)𝑝(𝑌), 𝑓𝑜𝑟 0 ≤  𝜆 ≤ 1 

Convexity incorporates precisely the idea that diversification should not increase risk (Artzner 

1998).  

 

  

https://en.wikipedia.org/wiki/Capital_%28economics%29


16 

 

3. Backtesting 
 

The performance of a risk measurement procedure can be monitored by a comparing the realized 

losses with the forecasted risk. This process is known as backtesting. (Christoffersen 2003). 

Based on the performed backtest, we can decide whether the model is rejected or not. We are 

using traditional statistical tests for performing backtests. Our null hypothesis will be: 

𝐻0 ∶ The risk measurement procedure is correct. 

If the null hypothesis is not rejected than we consider the model adequate for accounting for risk. 

For VaR, as later shown in our thesis, the Bank for International Settlements (BIS5 2016) uses 

binomial tests for calculating the critical value for a specified confidence level.  

Backtests focus on the validation of the risk forecasting models and they cannot compare 

different risk estimation procedures (Nolde and Ziegel 2017). They help identify models that 

underestimate or overestimate risk capital so that they can prevent banks from carrying 

insufficient capital or being excessively conservative.  

3.1. Elicitability 

As we discuss it later in our thesis, ES shows better mathematical properties as a risk measure 

than VaR. Despite that, the use of ES for calculating the market risk capital was rejected by the 

Basel directives for a long time since it lacks an important property, called elicitability. 

Elicitability allows a measure to have a scoring function that makes comparison of different 

models possible. It led many to conclude that ES would not be backtestable. In a recent paper, 

called “Backtesting Expected Shortfall”, 2014, the authors of the article, Carlo Acerbi and Balázs 

Székely, discussed that elicitability is important for model selection and not for model testing, 

suggesting that it should not be required by regulatory purposes when it comes to backtesting 

(Acerbi-Szekely 2014). 

In 2011, Gneiting showed that VaR is elicitable as opposed to ES which led to a conclusion that 

ES is no backtestable creating a debate between experts. 
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Elicitability is an important concept in the evaluation of point forecasts (Gneiting 2010). We want 

to see if our forecast “x” of observed data “y” were adequate or not. In order to be able to verify 

our forecast we need a scoring function S(x,y) that will gauge the performance of x given 

observed value of y. A statistic ψ(Y) of a random variable Y is said to be elicitable if it 

minimises the expected value of scoring function S: 

ψ = argmin𝔼[𝑆(𝑥, 𝑌)] 

We can evaluate a forecast model, by requiring the mean score: 

𝑆̅ =
1

𝑇
∑ 𝑆(𝑥𝑡, 𝑦𝑡)

𝑇

𝑡=1

 

To be as low as possible (Risk 2014). 

VaRα(Y) is elicitable by the scoring function: 

𝑆(𝑥, 𝑦) = (𝟙𝑥≥𝑦 − α)(𝑥 − 𝑦) 

This is true if: 

VaR α (Y) = argmin𝔼[(𝟙𝑥≥𝑌 − α)(𝑥 − 𝑌)] 

Gneiting (2011) has shown that ES is not elicitable since it has no scoring function S(x,y). Some 

considered this finding as a proof that ES is not backtestable (Carver 2013), but others, such as 

Kerkhof and Melenberg (2004) showed that ES is conditionally elicitable (Emmer et al., 2013). 

Furthermore, Acerbi and Székely (2014) argued that elicitability is not even an important 

property of backtesting, rather than a method to rank performance of different forecasting 

models. It led to the conclusion that ES cannot be backtested through scoring function but there is 

no evidence that it is not backtestable by other methods (Acerbi-Szekely 2014). 
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4. Distributions 
 

In our research, we ran several simulations for generating returns under different assumptions on 

their distributions. It is a crutial question whether a backtest is able to identify an inadequate risk 

forecasting model. For that reason, we will assume different distributions under H0 and H1. The 

following distributions will be considered in our research: 

4.1. The normal distribution 

The normal (or Gaussian) distribution is a continuous probability distribution denoted 

𝑋~𝑁(𝜇, 𝜎2). Its density function:  

𝑓𝑥(𝑥) =
1

𝜎√2𝜋
𝑒𝑥𝑝 [−

(𝑥 − 𝜇)2

2𝜎2
] 

plots the widely known “Bell Curve”. 

The normal distribution is only described by its mean 𝜇 and variance 𝜎2. 

E[𝑋] = 𝜇, 

𝑉𝑎𝑟[𝑋] = 𝜎2, 

A standard normal distribution has a mean of 0 and variance of 1. 

Here are some examples for the probability density function of the normal distribution with 

different means and variances: 
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Figure 2. The probability density function of the normal distribution with different means 

and variances 

Source: Own calculations in Excel 

For two independent stochastic variables 𝑋1~𝑁(𝜇1, 𝜎1
2) and 𝑋2~𝑁(𝜇2, 𝜎2

2) we have 

𝑋1 + 𝑋2~𝑁(𝜇1 + 𝜇2, 𝜎1
2 + 𝜎2

2) 

𝑋1 − 𝑋2~𝑁(𝜇1 − 𝜇2, 𝜎1
2 + 𝜎2

2) 

𝑎𝑋1 + 𝑏~𝑁(𝑎𝜇1 + 𝑏, 𝑎2𝜎1
2). 

One of the special versions of the normal distribution is the skewed normal distribution 

(Skovmand 2016).  

4.2. The skewed normal distribution 

We generated a few examples for the skewed normal distribution in Excel by using its probability 

density function: 

𝑓(𝑥) =
2

𝜔
𝜙 (

𝑥 − 𝜉

𝜔
) 𝛷 (𝛼 (

𝑥 − 𝜉

𝜔
)). 

Where 𝜉 is the location, 𝜔 is the scale and 𝛼 is the shape. 

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

-6 -4 -2 0 2 4 6

P
ro

b
ab

ili
ty

Normal pdf's with different μ and σ2

μ=0, σ^2=1 (Standard Normal) μ=0, σ^2=0.3 μ=0, σ^2=4 μ=-1, σ^2=0.5



20 

 

Its mean is: 

𝜉 + 𝜔𝛿√
2

𝜋
 𝑤ℎ𝑒𝑟𝑒 𝛿 =

𝛼

√1 + 𝛼2
 

the variance is: 

𝜔2 (1 −
2𝛿2

𝜋
) 

and finally, the skewness is: 

4 − 𝜋

2

(𝛿√2
𝜋)

3

(1 −
2𝛿2

𝜋 )

3
2

 

(Azzalini 2013). 
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Figure 3. The probability density function of the skewed normal distribution with different 

means, variances and skews 

Source: Own calculations in Excel 

4.3. Skewness  

The n'th moment of the random variable 𝑋 is E[𝑋𝑛], whereas the n'th central moment is E[(𝑋 −

E[𝑋])𝑛]. The first moment is the expectation and the second central moment is the variance. The 

skewness of a random variable 𝑋 is the third central moment: 

𝑆𝑘𝑒𝑤[𝑋] = E [
(𝑋 − E[𝑋])3

(𝑆𝑡𝑑[𝑋])3
] =

E[(𝑋 − E[𝑋])3]

(𝑆𝑡𝑑⌈𝑋⌉)3
 

For any symmetric distribution (e.g., normal distribution, student’s t distribution), the skewness is 

zero. If the probability density function (pdf) leans to the right (more than half of the probability 

mass is below the mode) then it is negatively, if the pdf leans to the left, it is positively skewed: 
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Figure 4. Skewness 

Source: Munk 2015, p.53. 

The three curves above represent different probability density functions. The blue curve is the 

simple non-skewed normal distribution, the green curve is the negatively skewed (skew= -0.85) 

normal distribution, whereas the red curve illustrates the positively (skew= 0.85) skewed normal 

distribution. All three distributions have a mean of 0.1 and a standard deviation of 0.3 (Munk 

2015). 

4.4. Kurtosis 

The fourth standardized central moment 
E[(𝑋−E[𝑋])4]

𝑆𝑡𝑑[𝑋]4  is closely related to the kurtosis of a random 

variable. For a normal distribution, the kurtosis equals 3. Since most distributions are usually 

compared with the normal distribution, the kurtosis can be defined as the deviation of the fourth 

standardized central moment from that of a normal distribution: 

𝐾𝑢𝑟𝑡[𝑋] = E [
(𝑋 − E[𝑋])4

(𝑆𝑡𝑑[𝑋])4
] − 3 =

E[(𝑋 − E[𝑋])4]

(𝑆𝑡𝑑⌈𝑋⌉)4
− 3 

This is also called the excess kurtosis. From this point of view, the excess kurtosis of a normal 

distribution is zero. A distribution with a positive kurtosis is called leptokurtic, which has fatter 
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tails, thus the likelihood of larger negative and positive values is higher than it is in a normal 

distribution. A distribution with a negative kurtosis is called platykurtic that has smaller tails than 

the normal distribution hence the likelihood of “extreme” events are smaller: 

 

Figure 5. The probability distribution functions with different kurtosis’ 

Source: Munk 2015, p.54. 

As shown above, the blue line illustrates the normal distribution (excess kurtosis = 0), the red line 

represents a distribution with positive kurtosis (excess kurtosis = 3) and the green line shows a 

distribution with a negative kurtosis (excess kurtosis = -0.58).  

 

Figure 6. Different kurtosis tails 

Source: Munk 2015, p.54. 
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The curves above precisely illustrate the probability distributions in the right tails. As mentioned 

previously, whereas a distribution with positive kurtosis has fatter, a distribution with negative 

kurtosis has slimmer tails. It is worth mentioning that the empirical return distributions for many 

stocks follow the normal distribution, however, for smaller firms it is negatively skewed and said 

to have fatter tails (Munk 2015). 

4.5. The t- (Student’s t-) distribution 

Suppose that 𝑋~𝑁(0,1), 𝑄~𝒳2(𝑛) and Q and X are independent, then 

𝑇 =
𝑋√𝑛

√𝑄
~𝑡(𝑛), 

which means that T follows a t-distribution with n degrees of freedom. 

E[𝑇] = 0 for n > 1, otherwise undefined. 

𝑉𝑎𝑟[𝑇] =
𝑛

𝑛−2
  for n > 2, otherwise undefined. 

Unlike the normal distribution, the t-distribution is not closed under convolution so that for 

𝑇1~𝑡(𝑛) and 𝑇2~𝑡(𝑘), 𝑇1 + 𝑇2 do not follow a t-distribution (Skovmand 2016). 

Choosing different degrees of freedom will also change the shape of our probability density 

function. The lower the degrees of freedom, the fatter the tails. If we increase the degrees of 

freedom in a t-distribution, it will converge to a normal distribution.  
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Figure 7. The probability density function of the Student’s t distribution with different 

degrees of freedom 

Source: Own calculations in Excel 

As shown above, lower degrees of freedom also means more likelihood for “extreme” events. It 

is interesting to note, that the green curve (degrees of freedom = 10) already resembles a standard 

normal probability density function. It will be interesting to see in our later chapters, how our 

back-tests work as we manipulate the degrees of freedom regarding the critical values. 
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5. Value at Risk (VaR) 
 

The most commonly reported risk measure is VaR, which represents the maximum loss that a 

portfolio will experience over some time interval, at some confidence level. For instance, we 

estimate the 99% 1-day VaR of a bank to be 1 million (capital in any currency), it means that we 

are 99% confident that within the next day the loss of the bank will not exceed 1 million or we 

can say, that we are 99% confident that the loss of the bank will exceed 1 million one day out of 

100. Mathematically, we consider the loss in a small part of the distribution. Therefore, in 

mathematical terms 99% VaR is referred to as the 1% worst loss of the return distribution. We 

denote 99% VaR as VaR1%.  

We assume a future profit-and-loss distribution function L. In case when L is continuous and 

strictly increasing, we can also define VaR as: 

𝑉𝑎𝑅α(X) = −𝑃−1(α) 

where 𝑃−1(α) is the lower α quantile of the 𝑃 distribution. 

If your profit and loss distribution follows a normal distribution with different 𝜇 and, there is a 

closed form equation for the VaR: 

Let 𝑃~𝑁(𝜇, 𝜎2 ). We have: 

P(𝑃 < −𝑉𝑎𝑅𝛼) = 𝛼. 

We also have: 

𝑃~𝜇 + 𝜎𝑍, where 𝑍~𝑁(0,1), 

then 

-𝑉𝑎𝑅𝛼 = 𝜇 + 𝜎𝐹𝑍
−1(𝛼). 

The VaR is a linear function of the standard deviation (𝜎). This only holds for the normal 

distribution (Skovmand 2015). 
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Figure 8. The VaR values for different normal distributions at different significance level 

Source: Own calculations in Excel 

As shown above, we generated two different normal probability density functions with different 

variances, however their means are both 0. The blue graph represents the pdf for the standard 

normal distribution and the green and the yellow lines account for the critical values for its VaR.  

It is interesting to see, that as we increase the variance of the distribution, the new corresponding 

VaR values (red and orange lines) evidently take more extreme values as well. 

As opposed to the normal distribution, the t-distribution has fatter tails, which means that it gives 

higher probability to more extreme events. 

Let P~𝑡(𝑣, 𝜇, 𝜎 ), where 𝑣 is the degree of freedom. 

Then we have:  

−𝑉𝑎𝑅𝛼 = 𝜇 + 𝜎𝐹𝑡(𝑣)
−1 (𝛼) 

 

where 𝜎 is just a scaling parameter (Skovmand 2015). 
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Figure 9. The VaR values for different t-distributions at a 5% significance level 

Source: Own calculations in Excel 

The green and the blue curves above represent the probability density functions for the t-

distribution with the degree of freedom of 3 and 100, respectively. Since the size of the tails in 

the t-distribution decrease in the degree of freedom, it is evident that the Value at Risk critical 

value for the t-distribution with the degree of freedom of 3 (red line) takes a more extreme value 

than the VaR value for the t-distribution with 100 degrees of freedom (which almost perfectly 

resembles a standard normal distribution). 

It is clear from the two graphs above, that as we increase the size of the tails or in other words 

scale the distributions, we will get more extreme VaR values. 

VaR is probably the most popular risk measure among practitioners, since it is relatively easy to 

validate or backtest. Once we have the realized number of losses, we can compare it to our 

prediction. It also provides a more sensible risk measure than variance, since it focuses on the 

downside risk. It also satisfies several desired mathematical properties such as translation 
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invariance, monotonicity, positive homogeneity and it is easy to interpret. Furthermore, 

elicitability of VaR has been considered, for a long time, to be one of the main advantages of 

VaR over Expected Shortfall.  

These previously mentioned properties led to the great popularity of VaR as the main risk 

measure in practice, but it has some clear and serious deficiencies. VaR fails to capture tail risk 

and for that reason, it has received significant criticism. It specifies a threshold level that the loss 

will exceed on a bad day, but it cannot tell us by how much the loss will exceed the VaR.  

Value-at-Risk does not satisfy the property of subadditivity, thus it is not a coherent risk measure. 

To demonstrate why VaR does not satisfy this property, imagine the following states: 

Let Ω be the set of all possible states and P denotes the probability. Let X and Y be profits from a 

portfolio. Ω = (ω1, ω2, ω3, ω4), P(ω1) = 0.01, P(ω2) = 0.03, P(ω2) = 0.03, P(ω1) = 0.93. 

X(ω1) = -50,          X(ω2) = -30,          X(ω3) = -5,          X(ω4) = 40 

Y(ω1) = -50,          Y(ω2) = -5,          Y(ω3) = -30,          Y(ω4) = 60 

If we treat and X and Y separately, we can simply calculate their 5% VaR from their 

probabilities: 

VaR0.05% (X) = 5,                    VaR0.05% (Y) = 5. 

If we add X and Y together, we get: 

P(X + Y = -100) = 0.01,          P(X + Y = -35) = 0.06,          P(X + Y = 100) = 0.93, 

From the probabilities above, it is evident that: 

VaR0.05% (X+Y) = 35 

From this example above, it is clear, that Value-at-Risk does not satisfy the property of 

subadditivity, since the combined X and Y has a higher VaR0.05 than VaR0.05(X)+ VaR0.05(Y) 

(Gall-Pap 2010). 
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The failure of capturing tail risk and satisfying the property of subadditivity led to the popularity 

of another risk measure called Expected Shortfall or Conditional Value-at-Risk which we discuss 

in the following chapters in more detail. 

5.1. Backtesting VaR 

VaR forecasts are generated by internal risk models, these models produce sequence of pseudo 

out-of-sample VaR for a past period. To validate accuracy of the model, forecasts are compared 

to the observed P&L data. As we mentioned before, backtesting VaR is a straightforward method 

and relatively easy to implement. There are various tests to gauge the accuracy of the VaR model. 

These tests differ in some details, but many of them use the same basic concept which is the 

comparison of the reported VaR to the realized profit and loss. It requires number counts of 

exceedances, which is the number of realised losses that exceeds the predicted VaR threshold 

level. We define the ”hit” function in time t as 

𝑒𝑡 =  𝟙(𝐿𝑡≥𝑉𝑎𝑅α(𝑋)) 

Where 𝐿𝑡 = −𝑋𝑡 is the realised loss in period t. 𝑒𝑡 = 1 indicate an exceedance in period t, while  

𝑒𝑡 = 0 implies no exceedance in time period t. So that a hit sequence, e.g., (0,1,0,0,…,1), shows 

us the number of realized VaR violations. 

Christoffersen (1998) demonstrated that the process to determine the VaR accuracy can be 

reduced to the problem of determining whether the hit sequence satisfies two properties and these 

two characteristics must be present in an accurate VaR model. 

Unconditional Coverage Property: the probability of realizing a loss which exceeds the 

reported VaR must be precisely α x 100% or 𝑃𝑟 = (𝑒𝑡+1(α) = 1) = α. If the realized number of 

violations exceeds this number, then it suggests that the model underestimate the risk. 

Independence Property: It places a restriction on how these exceedances may occur. The 

elements of the exceedances must be independent from each other (Christoffersen 1998). 

To backtest the VaR model, we are going to investigate the hit sequence. We assume that the 

potential exceedances are independent and identically distributed Bernoulli random variables 
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with probability of α. The expected number of exceedances is equal to 𝑇α. We denote the sum of 

the exceedances with 𝑌 which follows a binomial distribution.  

𝑌 = ∑ 𝑒𝑡

𝑇

𝑡=1

~𝐵𝑖𝑛(𝑇, α) 

To determine not only the expected value of exceedances but also the probability of a particular 

number of exceedances, we can define the cumulative distribution function of a binomial variable 

as (Bernoulli 1713). 

𝐹(𝑘; 𝑛, 𝑝) = 𝑃(𝑋 ≤ 𝑘) = ∑ (
𝑛

𝑖
) 𝑝𝑖(1 − 𝑝)𝑛−𝑖

𝑘

𝑖=0

 

The cumulative distribution function determines the probability that the number of exceedances 

is fewer or equal to the realised number of exceedances for a correct model. It helps us to 

determine the critical value for a certain confidence level: 

Table 1. The cumulative probabilities for the binomial distribution with 250 days 

Number of exceedances  Cumulative probability 

0 8.11% 

1 28.58% 

2 54.32% 

3 75.81% 

4 89.22% 

5 95.88% 

6 98.63% 

7 99.60% 

8 99.89% 

9 99.97% 

10 99.99% 

 

Source: Own calculations in Excel 

According to the table (number) for a confidence level 95% we reject the model if we have more 

than four exceedances since the probability that the number of exceedances is five or more is 
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95.88%. At the confidence level of 99%, we have to reject the model if we have more than six 

exceedances. 

5.2. A simple way of backtesting the Value at Risk 

There are different ways of back-testing the Value at Risk. One simple way is the following: 

1. Calculating the 𝑉𝑎𝑅𝛼 using a chosen model (e.g., the normal distribution or the t-

distribution) using n observations of the returns. 

2. Calculating N= the number of VaR exceedances (the number of times the returns are 

smaller than -VaR). If the model is correct in step 1, it should give 𝑁/𝑛 ≈ 𝛼. 

3. Running a statistical test with the null hypothesis: 

𝐻0 =
𝑁

𝑛
= 𝛼 

Under the null hypothesis, N is binomially distributed: 𝑁~𝑏𝑖(𝑛, 𝛼). It gives you the one-

sided p-value: 

𝑝 − 𝑣𝑎𝑙𝑢𝑒 = 1 − 𝐹𝑏𝑖(𝑛,𝛼)׀(𝑁) 

 

where 𝐹𝑏𝑖(𝑛,𝛼) is the probability density function for the binomial distribution. 

We reject the test at 𝛼% significance if the p-value < 𝛼, since the p-value measures the 

probability of observing values of 𝑁, more critical than the value observed. As the number of 

violations increases, the p-value converges to 0 (Skovmand 2017). 

 

5.3. Current regulatory framework 

Regulatory guidelines require banks with substantial trading activity to set aside a certain amount 

of capital to insure against extreme portfolio losses. This amount is based on portfolio risk that is 

currently measured in terms of Value-at-Risk. Banks are required to calculate and report on a 

daily basis their 1% VaR over a 10 days horizon based on their own internal risk models. The 

market risk capital depends directly on the internal risk model and the model’s performance on 

backtests.  The risk-based capital is set as the larger of either the bank’s current assessment of the 
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1% VaR over the next 10 trading days or a multiple of the bank’s average reported 1% VaR over 

the previous 60 days plus an amount that reflects the credit risk of the bank’s portfolio.  We can 

define the market risk capital requirements as  

𝑀𝑅𝐶𝑡 = max(𝑉𝑎𝑅𝑡(0.01) , 𝑆𝑡

1

60
∑ 𝑉𝑎𝑅𝑡−𝑖

59

𝑖=0

(0.01)) + 𝑐 

(Campbell 2005). 

Where 𝑆𝑡 is the multiplication factor that is applied to the average previously reported VaR 

estimates. 𝑆𝑡 is related to the accuracy of the VaR model and it depends on the backtesting 

results. A VaR model that is violated more frequently results in a larger multiplication factor. 

This approach is referred to as the „traffic light” backtesting method, and this is an assessment of 

VaR accuracy prescribed in the current regulatory framework. Such an assessment is essential 

since banks may have the incentive to report too low VaR because the higher the capital 

requirement the more expensive for the bank.  Based on the previous 250 trading days,  𝑆𝑡 can be 

classified into distinct categories as follows: 

Table 2. The different zones in the Traffic Light System 

 

Source: BIS5 2016, p.77 

 



34 

 

If the number of exceedances is equal or less than four then the multiplication factor is at its 

minimum value of 1.5. As the number of exceedances increases so does the multiplication factor. 

If there is more than ten VaR violation then the model is proved to be inaccurate and immediate 

steps are required to improve the internal risk model. 

 

5.4. Summary  

The Value at Risk is the most commonly used risk measure among regulators. It is relatively easy 

to use and has convenient properties. The VaR backtest is simple and easy to implement for 

financial institutions, however, the Value at Risk has a serious drawback. Unlike the Expected 

Shortfall, VaR is not a coherent risk measure. 
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6. Expected Shortfall 
 

Since Value at Risk is indifferent of how serious losses beyond the VaR value are, it is more 

convenient to use Expected Shortfall which measures the expected loss as well. In our thesis we 

define VaR and ES as positive values, whereas some other textbooks define them as negative 

numbers. 

ES is defined as: 

𝐸𝑆𝛼 = −𝐸[𝑥׀𝑥 < −𝑉𝑎𝑅𝛼] 

which means that the Expected Shortfall provides the mean of the loss distribution that exceed 

the VaR (Skovmand 2017). 

To demonstrate it with an example, imagine the same situation as the VaR demonstration. You 

have a portfolio that has a 𝑉𝑎𝑅1% of 1,000,000 USD. VaR does not tell you how much you will 

lose 1% of the time, it only tells you that 1% of the time you will lose more than 1 million 

dollars. As opposed to VaR, ES tells you that 1% of the time you will, for instance lose 5,000,000 

USD (which is the mean of the losses beyond the Value at Risk). 

If we assume that the profit and loss distribution follows a normal distribution, then the ES has a 

closed form solution: 

−𝐸𝑆𝛼 = 𝜇 −
𝜎

𝛼
𝑓𝑍(𝐹𝑍

−1(𝛼)) 

where 𝑓𝑍 is  
1

√2𝜋
𝑒𝑥𝑝 (

−𝑥2

2
) (probability density function for the standard normal distribution) and 

𝐹𝑍
−1 is the inverse of the normal cumulative distribution (Skovmand 2017). The negative sign in 

front of the ES is for a standardizing reason as we defined ES as a positive value. 

There is also a closed form solution for ES if the profit and loss distribution follows a t-

distribution: 



36 

 

−𝐸𝑆𝛼 = 𝜇 + 𝜎
𝑓𝑡(𝑣) (𝐹𝑡(𝑣)

−1 (𝛼))

1 − 𝛼
(

𝑣 + (𝐹𝑡(𝑣)
−1 (𝛼))

2

𝑣 − 1
) 

where 𝑓𝑡(𝑣) is the probability density function for the t-distribution with v degrees of freedom 

(Skovmand 2015). 

6.1. VaR vs ES  

6.1.1. Distribution comparison 

 

Now that the Value at Risk and the Expected shortfall have been defined, we can investigate how 

their values compare in the same distributions.  

First, consider the same normal distributions as for the VaR in the previous chapter. It is evident 

that ES will take a greater value than VaR at the same significance level as it returns the mean of 

the profit and loss distribution beyond VaR. 

 

Figure 10. The VaR and ES values for the normal distribution 

Source: Own calculations in Excel 
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The ES values represent the mean beyond the VaR values. For the blue curve (standard normal) 

the horizontal vertical line is the cut-off point for the VaR at 5% and the horizontal dark blue line 

displays the Expected Shortfall for the same significance level. The red and orange horizontal 

lines represent the VaR and ES values for the normal distribution with mean of 0 and variance of 

3 respectively.  

If we assume fatter tails such as the t-distribution, ES should then, for the same distribution, take 

a more extreme value than the corresponding VaR value: 

 

Figure 11. The VaR and ES values for the normal- and the t distribution with degree of 

freedom of 3 

Source: Own calculations in Excel 

The horizontal orange line displays the VaR cut-off point for the t-distribution whereas the 

horizontal red line shows the ES value. As previously mentioned, that the red line (ES) is 

evidently located a little further out than it is for the normal distribution since the t-distribution, 

especially with 3 degrees of freedom, has significantly fatter tails than the normal distribution. 
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6.1.2. 1% VaR and 2.5% ES critical values 

 

The Basel Committee chose 𝐸𝑆2.5% to replace 𝑉𝑎𝑅1% since their values almost match under the 

assumption of a normal distribution (Risk 2014): 

 

Figure 12. The VaR and ES values for the normal distribution with different standard 

deviations 

Source: Own calculations in Excel 

As demonstrated above, as we increase the standard deviation in the normal distribution so do the 

VaR and ES take greater values which is evident from their definition. However, it is worth 

noting that the 𝐸𝑆2.5% (yellow line) almost completely overlaps 𝑉𝑎𝑅1% (blue line) which proves 

the Basel Committee’s choice for 𝑉𝑎𝑅1%. 
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Table 3. 𝑽𝒂𝑹𝟏% values for a normal distribution with different means and standard 

deviations 

1% VaR for a normal distribtuion  

St
an

d
ar

d
 d

ev
ia

ti
o

n
 

  
Mean 

-0.1 -0.05 0 0.05 0.1 

0.2 0.56527 0.51527 0.46527 0.41527 0.36527 

0.5 1.263174 1.213174 1.163174 1.113174 1.063174 

1 2.426348 2.376348 2.326348 2.276348 2.226348 

1.5 3.589522 3.539522 3.489522 3.439522 3.389522 

2 4.752696 4.702696 4.652696 4.602696 4.552696 

2.5 5.91587 5.86587 5.81587 5.76587 5.71587 

3 7.079044 7.029044 6.979044 6.929044 6.879044 

Source: Own calculations in Excel 

 

Table 4. 𝑬𝑺𝟐.𝟓% values for a normal distribution with different means and standard 

deviations 

2.5% ES for a normal distribtuion  

St
an

d
ar

d
 d

ev
ia

ti
o

n
 

  
Mean 

-0.1 -0.05 0 0.05 0.1 

0.2 0.567561 0.517561 0.467561 0.417561 0.367561 

0.5 1.268901 1.218901 1.168901 1.118901 1.068901 

1 2.437803 2.387803 2.337803 2.287803 2.237803 

1.5 3.606704 3.556704 3.506704 3.456704 3.406704 

2 4.775606 4.725606 4.675606 4.625606 4.575606 

2.5 5.944507 5.894507 5.844507 5.794507 5.744507 

3 7.113408 7.063408 7.013408 6.963408 6.913408 
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Source: Own calculations in Excel 

Table 5. The % differences between 𝑽𝒂𝑹𝟏% and 𝑬𝑺𝟐.𝟓% values for a normal distribution 

with different means and standard deviations 

Differences between 1% VaR and 2.5% ES 

St
an

d
ar

d
 d

ev
ia

ti
o

n
 

  
Mean 

-0.1 -0.05 0 0.05 0.1 

0.2 0.41% 0.44% 0.49% 0.55% 0.63% 

0.5 0.45% 0.47% 0.49% 0.51% 0.54% 

1 0.47% 0.48% 0.49% 0.50% 0.51% 

1.5 0.48% 0.49% 0.49% 0.50% 0.51% 

2 0.48% 0.49% 0.49% 0.50% 0.50% 

2.5 0.48% 0.49% 0.49% 0.50% 0.50% 

3 0.49% 0.49% 0.49% 0.50% 0.50% 

Source: Own calculations in Excel 

The green cells only refer to the standard normal distribution with a mean of 0 and standard 

deviation of 1. The first two tables show the corresponding critical values for 𝑉𝑎𝑅1% and 

𝐸𝑆2.5% whereas the last table demonstrates the percentage differences between the two. By 

manipulating the mean and standard deviation, the model seems be a good fit for all 𝑉𝑎𝑅1% 

values. 
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Figure 13. The VaR and ES values for the t-distribution with different degrees of freedom 

Source: Own calculations in Excel 

If we change our assumption regarding the distribution, we find that the VaR and ES values for 

the t-distribution work very similarly as for the normal distribution. The 𝐸𝑆2.5% (yellow line) 

overlaps the 𝑉𝑎𝑅1% (blue line). 

Table 6. The % differences between 𝑽𝒂𝑹𝟏% and 𝑬𝑺𝟐.𝟓% values for a t-distribution with 

different degrees of freedom 

Differences between 1% VaR and 2.5% ES 

  
Degree of freedom 

3 5 7 10 20 50 100 

𝑽𝒂𝑹𝟏% 4.540703 3.36493 2.997952 2.763769 2.527977 2.403272 2.364217 

𝑬𝑺𝟐.𝟓% 5.039583 3.521577 3.086917 2.818998 2.556549 2.420652 2.378497 

Differences in % 10.99% 4.66% 2.97% 2.00% 1.13% 0.72% 0.60% 

Source: Own calculations in Excel 

0

1

2

3

4

5

6

7

8

0 20 40 60 80 100 120 140

C
ri

ti
ca

l v
al

u
es

Degree of freedom

Critical Values - T distribution with different degress of 
freedom 

VaR 1%

ES 2.5%

VaR 2.5%

ES 1%



42 

 

6.1.3. Summary 

 

The VaR has convenient properties, however, it is not a coherent risk measure as opposed to ES. 

The choice to replace 𝑉𝑎𝑅1% with 𝐸𝑆2.5% seems reasonable. To make the ES the standard risk 

measure for regulators, it has to be backtestable. Mathematicians believed that the ES cannot be 

backtested until 2014 when Carlo Acerbi and Balazs Szekely proposed three different backtests 

methods for the Expected Shortfall. 
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7. ES backtest 
 

Carlo Acerbi (MSCI) and Balazs Szekely (MSCI) proposed three different backtesting methods 

for expected shortfall. The following test have been introduced by them and are relevant for our 

findings in the upcoming chapters. 

We adopt a standard hypothesis testing framework for unconditional coverage of ES which is 

similar to the standard Basel VaR setting. We assume that independence of arrival of tail events 

is tested separately, typically through visual inspection of VaR exception clusters. 

We assume that every day t = 1,…,T, 𝑋𝑡 represents a bank's profit-loss distributed along a real 

continuous (unknowable) distribution 𝐹𝑡  and it is forecasted by a model predictive distribution 𝑃𝑡 

conditional on previous information used to compute 𝑉𝑎𝑅𝛽,𝑡and 𝐸𝑆𝛼,𝑡 as defined below: 

𝐸𝑆𝛼,𝑡 = −
1

𝛼
∫ 𝑃𝑡

−1
𝛼

0

(𝑞)𝑑𝑞 

The random variables �⃗�={𝑋𝑡} are assumed to be independent, but not identically distributed. 

We do not restrict in any respect the variability of 𝐹𝑡  and 𝑃𝑡 over time. We will denote by 𝑉𝑎𝑅𝛼,𝑡
𝐹  

and 𝐸𝑆𝛼,𝑡
𝐹 .the value of the risk measures when X~F. 

We assume in what follows that the distributions are continuous and strictly increasing, in which 

case ES can be expressed as 

𝐸𝑆𝛼,𝑡 = E[𝑋𝑡׀𝑋𝑡 + 𝑉𝑎𝑅𝛼,𝑡 < 0] 

and VaR is uniquely defined as 𝑉𝑎𝑅𝛽,𝑡= −𝑃𝑡
−1(𝛽).  

Without loss of generality in our numerical examples, we will use T = 250, 𝛽= 1% and 𝛼 = 2:5. 

𝐸𝑆2.5% was correctly chosen by the Committee to equal 𝑉𝑎𝑅1% for Gaussian tails, and penalize 

heavier tails. This is similar to replacing 50 with 80 in road signs when switching from mph to 

km/h. 

Our null hypothesis assumes that the prediction is correct, while the alternative hypotheses are 

chosen to be only in the direction of risk under-estimation. This is in line with the Basel VaR test, 
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which is meant to detect only excesses of VaR exceptions. We also assume that  𝑉𝑎𝑅𝛼 > 0 as it 

happens in a realistic portfolio P&L distribution (Acerbi-Szekely 2014). 

7.1. Test 1: testing ES after VaR 

From the conditional expectation, we can derive: 

E [
𝑋𝑡

𝐸𝑆𝛼,𝑡
+ 1|𝑋𝑡 + 𝑉𝑎𝑅𝛼,𝑡 < 0] = 0 

If  𝑉𝑎𝑅𝛼,𝑡 has been tested already we can separately test the magnitude of the realized exceptions 

against the model predictions. Defining 𝐼𝑡 = (𝑋𝑡 + 𝑉𝑎𝑅𝛼,𝑡 < 0), the indicator function of an 𝛼-

exception, we define the test statistics. 

𝑍1(�⃗�) =

∑
𝑋𝑡𝐼𝑡

𝐸𝑆𝛼,𝑡

𝑇
𝑡=1

𝑁𝑇
+ 1 

If 𝑁𝑇 = ∑ 𝐼𝑡 > 0.𝑇
𝑡=1  

For this test we choose a null hypothesis: 

𝐻0 ∶  𝑃𝑡
[𝛼]

= 𝐹𝑡
[𝛼]

, ∀𝑡 

Where 𝑃𝑡
[𝛼](𝑥) = min (1,

𝑃𝑡(𝑥)

𝛼
) is the distribution tail for 𝑥 < −𝑉𝑎𝑅𝛼,𝑡. 

The alternatives are: 

𝐻1: 𝐸𝑆𝛼,𝑡
𝐹 ≥ 𝐸𝑆𝛼,𝑡 , for all t and > for some t 

𝑉𝑎𝑅𝛼,𝑡
𝐹 = 𝑉𝑎𝑅𝛼,𝑡 , for all t 

We see that the predicted 𝑉𝑎𝑅𝛼  is still correct under 𝐻1, in line with the idea that this test is 

subordinated to a preliminary VaR test. This test is in fact completely insensitive to an excessive 

number of exceptions as it is an average taken over exceptions themselves. 

Under these conditions, E𝐻0
 [𝑍1|𝑁𝑇 > 0] = 0 and E𝐻1

 [𝑍1|𝑁𝑇 > 0] < 0. So, the realized value 

𝑍1(�⃗�) is expected to be zero, and it signals a problem when it is negative (Acerbi-Szekely 2014). 
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7.2. Test 2: Testing ES directly 

The second test follows from the unconditional expectation: 

𝐸𝑆𝛼,𝑡 = −E [
𝑋𝑡𝐼𝑡

𝛼
] 

that suggests defining: 

𝑍2(�⃗�) = ∑
𝑋𝑡𝐼𝑡

𝑇𝛼𝐸𝑆𝛼,𝑡

𝑇

𝑡=1
+ 1 

Appropriate hypotheses for this test are: 

𝐻0 ∶  𝑃𝑡
[𝛼]

= 𝐹𝑡
[𝛼]

, ∀𝑡 

𝐻1: 𝐸𝑆𝛼,𝑡
𝐹 ≥ 𝐸𝑆𝛼,𝑡 , for all t and > for some t 

𝑉𝑎𝑅𝛼,𝑡
𝐹 = 𝑉𝑎𝑅𝛼,𝑡 , for all t 

We have again E𝐻0
 [𝑍2] = 0 and E𝐻1

 [𝑍2] < 0. Remarkably, these results do not require 

independence of the 𝑋𝑡′s (Acerbi-Szekely 2014). 

7.3. Test 3: estimating ES from realized ranks 

It is possible to back-test the tails of a model by checking if the observed ranks 𝑈𝑡 = 𝑃𝑡(𝑋𝑡) are 

i.i.d. 𝑈(0,1) as they should be if the model distribution is correct. To out this into a specific test 

for ES, we need to assign to each quantile its dollar importance that depends on the shape of the 

tail itself. For this purpose, denoting with  

𝐸�̂�𝛼
(𝑁)

(�⃗⃗�) = −
1

[𝑁𝛼]
∑ 𝑌𝑖:𝑁

⌈𝑁𝛼⌉

𝑖

 

an ES estimator based on a vector of N i.i.d. draws �⃗⃗� = {𝑌𝑖}, we define 

𝑍3(�⃑�) = −
1

𝑇
∑

𝐸�̂�𝛼
(𝑇)

(𝑃𝑡
−1(�⃗⃗⃗�))

𝐸𝑉 [𝐸�̂�𝛼
(𝑇)

(𝑃𝑡
−1(�⃗⃗�))]

+ 1

𝑇

𝑡=1
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where �⃗⃗� are i.i.d. 𝑈(0,1). The entire vector of ranks �⃗⃗⃗� = {𝑈𝑡} is reused to estimate ES in every 

past day t, then the result is averaged over the entire period. In the denominator we do not have 

𝐸𝑆𝛼,𝑡, instead we have a finite sample estimate to compensate for the bias of the estimator. The 

denominator can be computed analytically 

𝐸𝑉 [𝐸�̂�𝛼
(𝑇)

(𝑃𝑡
−1(�⃗⃗�))] = −

𝑇

[𝑇𝛼]
∫ 𝐼1−𝑝(𝑇 − [𝑇𝛼], [𝑇𝛼])𝑃𝑡

−1(𝑝)𝑑𝑝
1

0

 

where 𝐼𝑥(𝑎, 𝑏) is a regularized incomplete beta function. 

In this case 𝐸𝐻0
[𝑍3] = 0 and 𝐸𝐻1

[𝑍3] < 0. However, the hypotheses involve the entire distribution 

this time: 

𝐻0:   𝑃𝑡 = 𝐹𝑡 , ∀𝑡 

𝐻1:   𝑃𝑡 ≽ 𝐹𝑡, for all t and ≻ for some t 

where (≽) ≻ denotes (weak) first order stochastic dominance. 

7.4. Critical Values 

Of all three tests, Z2 turned out to be the most powerful and for this reason we investigate further 

how the test works, what critical values it generates and how it compares to other tests such as 

Z1, VaR etc. 

To calculate the critical values for the Z2 test, we ran a Monte Carlo simulation in MatLab with 

an iteration of 1 million. Then we calculated the 0.01%, 1% and 5% quantile of the Z2’s: 

𝑍2(�⃗�) = ∑
𝑋𝑡𝐼𝑡

𝑇𝛼𝐸𝑆𝛼,𝑡

𝑇

𝑡=1
+ 1 

The test works as follows: 

We assume that T = 250, 𝑋𝑡’s are the generated daily returns (t-distributed). 𝐼𝑡 is the indicator 

function that takes the value of 1 if the VaR was exceeded, 0 otherwise. 𝐸𝑆 has a closed form 

solution for the t-distribution, as introduced previously, 𝛼 is chosen to be 2.5%. After plugging in 

the numbers and running the code 1 million times it gives: 



47 

 

Table 7. The critical values for the Z2 test with T=250 

Z2 Significance  

Degree of freedom 5% 1% 0.01% 

3 -0.81739 -1.33217 -4.6183 

5 -0.73775 -1.10972 -2.02316 

7 -0.71806 -1.07154 -1.86643 

10 -0.70969 -1.05856 -1.82833 

20 -0.70521 -1.04644 -1.78943 

50 -0.70052 -1.04305 -1.7812 

100 -0.70283 -1.04051 -1.79468 

Source: Own calculations in Matlab based on Acerbi-Szekely 2014 

In their paper, Acerbi and Szekely calculated the critical values for the Z2 test at 5% and 0.01%. 

We generated the same table with Monte Carlo simulation. The values are almost exactly the 

same. There is, of course, some estimation bias to some degree. 

 



48 

 

 

Figure 14. The distribution of the Z2 values with 100 degrees of freedom and one million 

iterations 

Source: Own calculations in Matlab 

Then, we calculated the critical values for the Z1 test for the same significance level as before by 

using: 

𝑍1(�⃗�) =

∑
𝑋𝑡𝐼𝑡

𝐸𝑆𝛼,𝑡

𝑇
𝑡=1

𝑁𝑇
+ 1 

Where 𝑁𝑇 is the sum of the VaR exceedances. After running the Monte Carlo simulations a 

million times, we got the following critical values: 
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Table 8. The critical values for the Z1 test with T=250 

Z1 Significance  

Degree of freedom 5% 1% 0.01% 

3 -0.42452 -0.93096 -5.85202 

5 -0.25659 -0.48781 -1.82637 

7 -0.20257 -0.36583 -1.2338 

10 -0.17006 -0.29933 -0.93357 

20 -0.13876 -0.23671 -0.68547 

50 -0.12314 -0.20791 -0.58514 

100 -0.11813 -0.19837 -0.5417 

Source: Own calculations in MatLab based on Acerbi-Szekely 2014 

From the comparison between Z1 and Z2 it is evident that the critical values are quite different 

which is natural since they follow different distributions. 

 Figure 15. The distribution of the Z1 values with 100 degrees of freedom and one million 

iterations 

Source: Own calculations in MatLab 
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7.5. The Size effect 

When we perform hypothesis testing, we only set the size of Type I error and guard against it. 

Thus, we can only provide the strength of evidence against the null hypothesis. When the null 

hypothesis cannot be rejected the sample size might not large enough to either accept or reject the 

null hypothesis. To make the distinction, we have to check β (Type II error). 

 

If the sample size is fixed, then decreasing α will increase β. If we want both to decrease, then we 

have to increase the sample size. According to Penn State Eberly College of Science, the rule of 

thumb is that the power should be larger than 0.7, usually 0.8-0.85. Obviously, in practice the 

power clearly depends on the alternative hypothesis. We can, however, incresase the power of 

our test if we increase our sample size (Ott and Longnecker 2015). 

 

Acerbi and Szekely used t = 250 (one year) as a standard, but we also eximaned how the change 

of the sample size would affect the power. We ran the power simulation (one million iterations in 

Matlab) from t = 1 to t = 1000 for different alternative hypotheses (different degrees of freedom) 

with 𝐻0: DF = 100. 
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Figure 16. The sample size effect for Z1 

Source: Own calculations in MatLab 

 

 

Figure 17. The sample size effect for Z2 

Source: Own calculations in MatLab 
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As expected, the power of the test increase in the sample size. For 𝐻0 = 𝐻1 (DF = 100) it 

correctly wanders around the significance level (5%). The Z2 power grows steeper with any 

sample size and H1. The power functions are not exactly straight due to estimation bias. With 

higher iterations, they would straigthen up even more. 

 

7.6. Asymmetric distribution for the P&L distribution in Z2 

Previously it was assumed that the daily returns in Z2 follow a Student-T distribution with 

different degrees of freedom. It is also a reasonable assumption that these returns do not follow a 

symmetric distribution, but an asymmetric distribution. As previously mentioned, empirical data 

suggest that aggregate stock returns tend to be negatively skewed and have fatter tails. 

For the above reason, we test our Z2 test statistics with asymmetric daily returns. These daily 

returns follow a skewed normal distribution with different skew and kurtosis. They were 

generated in MatLab by the function: 

pearsrnd (r = pearsrnd(mu,sigma,skew,kurt,m,n)) 

which returns an m-by-n matrix of random numbers drawn from the distribution in the Pearson 

system with mean mu, standard deviation sigma, skewness skew, and kurtosis kurt.  

The test was run 1,000,000 times and the ES and VaR value for the Z2 test were also calculated 

by Monte Carlo simulations as they do not have closed form solutions for skewed distributions. 

VaR was calculated by setting the random numbers in ascending order and finding the cut-off 

point. ES was calculated by averaging the returns beyond the VaR value. 

It is important to note that there are some combinations that are not valid (denoted by NA in the 

table), for instance the kurtosis must be greater than the square of the skewness plus 1. The 

standard normal distribution is highlighted in green (kurtosis= 3, skewness= 0) (Mathworks). 
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Table 9. The critical values for Z2 with different skew and kurtosis at 5% 

Critical values at 5% 

Sk
ew

n
es

s 

  
Kurtosis 

2 3 5 6 10 

0 -0.62324 -0.68881 -0.72968 -0.67271 -0.74704 

-0.2 -0.74066 -0.68509 -0.74082 -0.69069 -0.72799 

-0.4 -0.75493 -0.68288 -0.73853 -0.74598 -0.73693 

-1 NA -0.71726 -0.74039 -0.7795 -0.78625 

-1.5 NA NA -0.70909 -0.70126 -0.74816 

-1.9 NA NA -0.75991 -0.71809 -0.73217 

-2.9 NA NA NA NA -0.75911 

Source: Own calculations in Matlab 

It is interesting that when calculating the 5% quantile for the Z2 test, the quantile does not change 

significantly as we lower the skewness, but there are some slight changes as the kurtosis 

increases.  
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Table 10. The critical values for Z2 with different skew and kurtosis at 1% 

Critical values at 1% 

Sk
ew

n
es

s 

  

Kurtosis 

2 3 5 6 10 

0 -0.9546 -1.02815843 -1.1083892 -1.0372855 -1.13024 

-0.2 -1.06822 -1.03759517 -1.0897861 -1.0475249 -1.11824 

-0.4 -1.07731 -1.01183161 -1.0995707 -1.1151867 -1.1178 

-1 NA -1.03807192 -1.0943683 -1.1391151 -1.18944 

-1.5 NA NA -1.0484836 -1.0476558 -1.1248 

-1.9 NA NA -1.0799918 -1.051404 -1.09483 

-2.9 NA NA NA NA -1.07955 

Source: Own calculations in Matlab 

At 1% significance level the critical values tend to mimic the critical values for 5% in the sense 

that the skewness does not seem to alter the threshold whereas we experience some changes as 

we increase the kurtosis. 

Table 11. The critical values for Z2 with different skew and kurtosis at 0.01% 

Critical values at 0.01% 

Sk
ew

n
es

s 

  
Kurtosis 

2 3 5 6 10 

0 -1.72204 -1.79504 -2.00076 -1.79506 -2.06031 

-0.2 -1.75459 -1.76668 -1.86963 -1.82523 -2.09303 

-0.4 -1.7386 -1.80417 -1.91345 -1.88125 -2.09186 

-1 NA -1.7756 -1.92438 -1.96373 -2.18434 

-1.5 NA NA -1.82447 -1.82663 -2.01194 

-1.9 NA NA -1.72048 -1.79079 -1.91998 

-2.9 NA NA NA NA -1.87984 

Source: Own calculations in MatLab 
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7.6.1. Z2 vs VaR power with asymmetric distributions 

 

The power of a statistical test gives the likelihood of rejecting H0 when it is false. The 

significance level of a test gives the probability that H0 will be rejected when in fact, it is correct. 

Thus, power of a statistical test is the ability to correctly reject H0 (Skrivanek 2009). 

We compared the power of the Z2 test with the VaR backtest assuming asymmetric distributions.  

We assumed that in H0 the returns follow a standard normal distribution with a kurtosis of 3 and 

skewness of 0. For different H1, we assumed different skewness and kurtosis in accordance with 

the previous tables. 

After running the Monte Carlo simulations 100,000 times, we ended up with the following power 

values: 

Table 12. The Z2 power at 4.1% with different skew and kurtosis 

Z2 power at 4.1% 

Sk
ew

n
e

ss
 

  
Kurtosis 

2 3 5 6 10 

0 0 H0 0.11389 0.12879 0.14746 

-0.2 NA 0.1403 0.19006 0.20216 0.2025 

-0.4 NA 0.26684 0.29238 0.2826 0.24582 

-1 NA 0.88591 0.63363 0.55333 0.43806 

-1.5 NA NA 0.94225 0.84254 0.64155 

-1.9 NA NA 0.99998 0.98926 0.80172 

-2.9 NA NA NA NA 0.99869 

Source: Own calculations in MatLab 
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Table 13. The VaR power at 4.1% with different skew and kurtosis  

VaR power at 4.1% 

Sk
ew

n
es

s 

  
Kurtosis 

2 3 5 6 10 

0 NA H0 0.14616 0.16188 0.17654 

-0.2 NA 0.12998 0.22236 0.22772 0.226 

-0.4 NA 0.25604 0.31102 0.29905 0.2848 

-1 NA 0.79007 0.63554 0.57503 0.46853 

-1.5 NA NA 0.93627 0.85256 0.65235 

-1.9 NA NA 0.99998 0.99092 0.80983 

-2.9 NA NA NA NA 0.9997 

Source: Own calculations in MatLab 

Table 14. The Z2 and VaR power differences at 4.1% 

Z2 and VaR power differences at 4.1% 

Sk
ew

n
e

ss
 

  
Kurtosis 

2 3 5 6 10 

0 NA H0 -0.22079 -0.20441 -0.16472 

-0.2 NA 0.079397 -0.14526 -0.11224 -0.10398 

-0.4 NA 0.042181 -0.05993 -0.05501 -0.13687 

-1 NA 0.121306 -0.00301 -0.03774 -0.06503 

-1.5 NA NA 0.006387 -0.01175 -0.01656 

-1.9 NA NA 0 -0.00168 -0.01001 

-2.9 NA NA NA NA -0.00101 

Source: Own calculations in MatLab 
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7.6.2. Summary 

 

It is a very reasonable assumption that the returns follow an asymmetric distribution. Each Monte 

Carlo simulation was run 1 million times and we can clearly experience some uncertainty as their 

critical values are not always consistent. It can be due to the “low” iteration number or the fact 

that small changes in the skewness or kurtosis do not significantly alter the thresholds. Higher 

kurtosis seems to affect the magnitude of the changes whereas the skewness does not. We can 

conclude that the VaR test seems to be slightly more robust in terms of power than the Z2 when 

we assume negative skewness and higher kurtosis. 

7.7. GARCH (1,1) 

7.7.1. Critical Values 

 

In this section, we present our results on the critical values and power for GARCH (1,1) model.  

GARCH model was proposed by Bollerslev (1986).  GARCH (p, q) is the general autoregressive 

conditional heteroskedastic model. The main aspects of the model are the following; it is 

autoregressive since tomorrow’s variance is a regressed function of today’s variance,  

conditional, given that tomorrow’s variance depends on the most recent variance and 

heteroskedastic which means that variances are not constant. The lagged terms p and q are the 

squared returns and variances. 

General equation of the model: is defined as (Hull 2014): 

σt
2 = γ𝑉𝐿 + αμt−1

2 + βσt−1
2  

Where 𝑉𝐿 is the long run average variance.and it is defined as: 

𝑉𝐿 =  
γ

(1 − α − β)
 

The returns are defined as:  

μt = σtεt 
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where ε is a random variable that is independent, identically distributed and follows Student-T 

distribution in our simulations. 

GARCH is a useful model to account for volatility clustering and kurtosis. Mandelbrot (1963) 

noted that “large changes tend to be followed by large changes, of either sign, and small changes 

tend to be followed by small changes” (Mandelbrot 1963, p. 418.). We can see the volatility 

clusters in the below graph which was generated from 100,000 iterations to simulate returns with 

GARCH volatility. 

 

 

Figure 18. GARCH (1,1) daily returns 

Source: Own calculations in MatLab 

In order to find the critical values of GARCH, we have to define the parameters (γ, 𝛼, 𝛽). 

Parameters (γ, 𝛼, 𝛽) take three different values which allows us to show the impact of parameter 

γ on critical values.  γ takes the values: 0.3, 0.6 and 0.9 in our simulations and it determines the 

weight of the long run average variance. Since γ + 𝛼 + 𝛽=1 and they are positive numbers, then 

alpha and beta have to take different values as well. They are defined as   
𝛼

2
 = 1 – γ , and 𝛼 =  𝛽 

to simplify to simulation.   
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The below table (number 15) provides a summary of the obtained critical values for different 

parameters of GARCH, significance levels and degree of freedom. Important to note that changes 

in the parameters leads the significant changes in the critical value estimation. ( 𝛼 +  𝛽) 

determines the persistence level of the model. High persistence implies slow reversion to the 

mean whereas low persistence produces high reversion to the mean. If we set γ as high as 0.9 and 

alpha and beta takes a value of 0.05 then we have high persistence which means that the model 

should revert to its mean quicker relatively to the other scenarios where we set γ equal to 0.6 and 

0.3. We shall see in the Critical value table for GARCH (1,1) that the lower the value of γ the 

higher the critical value at each significance level.  

Table 15. Critical Values for GARCH (1,1) 

Sign. 5% 1% 0.01% 

  GARCH(1,1) 
T Dist 

GARCH(1,1) 
T Dist 

GARCH(1,1) 
T Dist 

DF γ=0.3 γ=0.6 γ=0.9 γ=0.3 γ=0.6 γ=0.9 γ=0.3 γ=0.6 γ=0.9 

3 -1.86 -1.29 -0.88 -0.82 -9.54 -2.94 -1.51 -1.35 -268.41 -21.11 -5.91 -4.52 

5 -1.75 -0.97 -0.78 -0.74 -4.21 -1.62 -1.19 -1.10 -32.17 -4.47 -2.27 -2.00 

7 -1.46 -0.90 -0.76 -0.72 -3.01 -1.45 -1.13 -1.07 -16.69 -3.21 -2.01 -1.81 

10 -1.31 -0.87 -0.74 -0.71 -2.54 -1.36 -1.11 -1.06 -10.66 -2.64 -1.95 -1.77 

20 -1.18 -0.84 -0.74 -0.70 -2.05 -1.29 -1.09 -1.04 -5.32 -2.44 -1.91 -1.78 

50 -1.12 -0.83 -0.74 -0.70 -1.93 -1.27 -1.10 -1.05 -4.94 -2.12 -1.88 -1.76 

100 -1.10 -0.82 -0.74 -0.70 -1.87 -1.25 -1.09 -1.03 -4.65 -2.25 -1.87 -1.83 

Source: Own calculation in Matlab 

As a benchmark, we can also see in the above table the corresponding Student-T critical values 

for different degree of freedom and significance levels. We can see that there are significant 

alterations between the two models which is only natural given that GARCH accounts better for 

extreme values. As we increase the weight in the long run average variance, γ, the critical value 

approaches the value that we received for Student T distribution with the corresponding level of 

freedom. We can notice extreme values at 0.01% significance level for γ equal to 0.3 and 0.6. 

Since the parameters of GARCH are only estimations based on historical data, our result implies 

that we have to be careful when we determine them. 
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The graphs below show the changes in distribution of Z2 values with regards to the changes in 

the parameter γ. 

 

Figure 19. Distributions of Z2 with different γ 

Source: Own calculations in Matlab 
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The table below provides information about the ES at 2.5% and VaR at 1% and 2.5% that we 

used for our simulations. We can notice again the extreme values due to the low value of γ and 

low degree of freedom level of the error term. 

Table 16. ES and VaR values with GARCH (1,1) 

GARCH(1,1) γ =0.3 γ =0.6 γ =0.9 

Degree of 
freedom 

ES 2.5% ES 2.5% ES 2.5% 

3 -30.18 -7.35 -5.30 

7 -4.46 -3.39 -3.10 

10 -3.63 -3.01 -2.82 

100 -2.60 -2.42 -2.36 

Degree of 
freedom 

VaR 1% VaR 1% VaR 1% 

3 -28.57 -6.79 -4.91 

7 -4.33 -3.31 -3.04 

10 -3.55 -2.95 -2.78 

100 -2.57 -2.41 -2.35 

Degree of 
freedom 

VaR 2.5% VaR 2.5% VaR 2.5% 

3 -13.99 -4.23 -3.36 

7 -3.01 -2.53 -2.39 

10 -2.58 -2.33 -2.24 

100 -2.01 -1.99 -1.98 

Source: Own calculations in MatLab 

7.7.2. Power  

 

We conducted several simulations in order to demonstrate the backtest performance at different 

significance levels. The power of the Z2 tests that we can see in the below table are competitive 

with VaR power values. Most of the time Z2 test outperforms the VaR backtest with regards to 

their statistical power.  
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Table 17. Z2 and VaR power with different γ under GARCH (1,1) at 4.1% 

  Significance 4.1%   

GARCH(1,1) γ =0.3 γ =0.6 γ =0.9 

Degree of 
freedom 

Z2 VaR Z2 VaR Z2 VaR 

3 0.9999 0.9997 0.9989 0.9983 0.9950 0.9916 

7 0.8619 0.8586 0.7637 0.7516 0.6519 0.6386 

10 0.6726 0.6796 0.5298 0.5292 0.412 0.412 

Own calculation in MatLab 

 

Table 18. Z2 and VaR power with different γ under GARCH (1,1) at 10.78% 

  Significance  10.78% 

GARCH(1,1) γ =0.3 γ =0.6 γ =0.9 

Degree of 
freedom 

Z2 VaR Z2 VaR Z2 VaR 

3 0.9999 0.9999 0.9996 0.9993 0.9982 0.9974 

7 0.9143 0.9176 0.8589 0.8558 0.7888 0.7828 

10 0.7659 0.7814 0.6799 0.6860 0.5830 0.5880 

Own calculation in MatLab 

 

GARCH (1,1) allows us to better account for volatility clustering which is ideal when we expect 

financial disturbance in the future.  According to our results, Z2 test is proved to be an adequate 

backtesting method since it performs at least as good as the traditional VaR backtest. 
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8. An alternative approach: Indirect backtest of Expected 

Shortfall 
 

In this chapter, we are going to introduce an alternative method to backest Expected Shortfall. 

This chapter is based on the article ”Multinomial VaR backtests: A simple implicitv approach to 

backtesting expected shortfall” (2016) written by Marie Kratz, Yen H. Lok, Alexander J. McNeil 

and the analysis of Yong Cai & K. Krishnamoorthy (Cai and. Krishnamoorthy 2006). 

The concept of the method is based on the idea that ES can be approximated implicitly via 

different levels of VaR (Emmer et al. 2015). We approximate 𝐸𝑆𝛼(𝐿) by the function: 

𝐸𝑆𝛼(𝐿) ≈
1

4
[𝑞(𝛼) + 𝑞(0.75𝛼 + 0.25) + 𝑞(0.5𝛼 + 0.5) + 𝑞(0.25𝛼 + 0.75)] 

Where 𝑞(𝛼) = 𝑉𝑎𝑅𝛼(𝐿) , 𝐿 denotes the loss distribution and 𝛼 the significance level.  

The aim of this chapter is to provide an alternative solution for backtesting ES and to compare it 

to backtesting method proposed by Acerbi & Székely and to the binomial test which is currently 

the standard method in practice. The end of the chapter, the reader should be convinced that the 

multinomial, the Z1 and the Z2 tests have as high power as the binomial VaR backtest or even 

higher. By using the traditional VaR backtest as the benchmark we would like to show that ES 

can replace VaR in practice based on the results of our simulations. 

8.1. Method 

We used the same method as in the article „ Multinomial VaR backtests” (Kratz et al., 2016), but 

we provide additional results in the later part of the chapter for the readers. 

As previously described, we have a series of ex-ante predictive models ( 𝑃𝑡) and a series of ex-

post losses (𝐹𝑡). As we did before we are going to estimate 𝑉𝑎𝑅𝛼(𝐿) based on the predictive 

model ( 𝑃𝑡) but this time for different levels of  𝛼 ( 𝛼1, 𝛼2, . . . , 𝛼𝑁 ). We set the starting level 𝛼 to 

0.975 which was suggested in the Basel III. (BIS5 2016).  

𝛼𝑗 =  𝛼 + 
𝑗 − 1

𝑁
(1 − 𝛼) ,      𝑗 = 1, … , 𝑁, 𝑁 ∈ ℕ 



64 

 

 𝛼𝑗 is a vector of different significance level. We add 𝛼0 = 0 and 𝛼𝑁+1 = 1 to complete the 

vector. Furthermore, we define a violation indicator that indicates if VaR at different levels is 

breached or not at time t. 

𝑒𝑡,𝑗 =  𝟙(𝐿𝑡≥𝑉𝑎𝑅αj(𝑋)) 

In the Value- at- Risk chapter, we introduced the concept of unconditional coverage hypothesis 

and the independence hypothesis (Christoffersen, 1998) for binomial distribution, that is when 

VaR forecasts at level 𝛼 satisfy both hypothesis then the number of violations has a binomial 

distribution with violation probability 1 - 𝛼. In order to backtest ES implicitly via different VaR 

𝛼 levels, we have to apply multinomial distribution. 

𝑋𝑡 = ∑ 𝑒𝑡,𝑗

𝑁

𝑗=1
 

The 𝑋𝑡 vector gives the number of breached VaR levels at each time t and has to satisfy the two 

above mentioned conditions (Kratz et al., 2016): 

Unconditional Coverage Hypothesis, P (𝑋𝑡 ≤ 𝑗) = 𝛼𝑗 + 1, j = 0, . . . , N for all t, 

Independence hypothesis, 𝑋𝑡 is independent of 𝑋𝑠 for s ≠ t 

The unconditional Coverage Property can be also defined as (Kratz et al., 2016): 

𝑋𝑡~𝑀𝑁(1, (𝛼1 −  𝛼0 , . . . . , 𝛼𝑁+1 −  𝛼𝑁)), 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡.  

Where 𝑀𝑁(𝑛, (𝑝0, . . . . , 𝑝𝑁)) defines the multinomial distribution with n trials. It can be 

considered as the generalized form of the binomial distribution to more than two categories (Cai 

and Krishnamoorthy 2006). At each time t, 𝑋𝑡 can take 𝑁 + 1 value {0,1, . . . , 𝑁} depending on 

how many VaR at different levels have been violated, with the probability 𝑝0, . . . . , 𝑝𝑁 that the 

outcome of the trial will fall into category N = 0,1 …. , N and it sums up to one (Kratz et al., 

2016). Now we can define 𝑂𝑗 as the number of events when 𝑋𝑡 = 𝑗 at N different VaR levels and 

at each time t. 

𝑂𝑗 = ∑ 𝐼(𝑋𝑡=𝑗)

𝑡

𝑡=1
,   𝑗 = 0,1, . . . . , 𝑁, 
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The random vector (𝑂0, . . . , 𝑂𝑁) should follow the multinomial distribution 

(𝑂0, . . . , 𝑂𝑁)~𝑀𝑁(𝑡, (𝛼1 −  𝛼0 , . . . . , 𝛼𝑁+1 − 𝛼𝑁)). 

Null and alternative hypothesis test are given by 

𝐻0: Ɵ𝑗 =  𝛼𝑗   𝑓𝑜𝑟 𝑗 = 1, … , 𝑁 

𝐻1: Ɵ𝑗 ≠  𝛼𝑗   𝑓𝑜𝑟 𝑎𝑡 𝑙𝑒𝑎𝑠𝑡 𝑜𝑛𝑒 𝑗 ∈ {0,1, . . . , 𝑁} 

 

Cai & Krishnamoorthy (2006) provided five types of multinomial tests. We are going to 

introduce two test statistics, both demonstrated in the “Multinomial VaR backtests” (Kratz et al., 

2016) article that allow us to evaluate the above hypothesis.  

Pearson chi- squared test (Pearson, 1900). 

𝑆𝑁 = ∑
(𝑂𝑗+1 − 𝑡(𝛼𝑗+1 − 𝛼𝑗))

2

𝑡(𝛼𝑗+1 − 𝛼𝑗)
 𝐻0̃

𝑁

𝑗=0
𝜒2𝑁 

Null hypothesis is rejected when 𝑆𝑁 >  𝜒2𝑁(1 − 𝑘) where N is the number of category and (1-k) 

is the quantile of the chi- squared distribution.  

Nass test (Nass, 1959). 

𝑐𝑆𝑁𝐻0̃𝜒𝑣
2 , 𝑤𝑖𝑡ℎ   𝑐 =  

2𝐸(𝑆𝑁)

𝑣𝑎𝑟(𝑆𝑁)
, 𝑣 = 𝑐𝐸(𝑆𝑁), 

𝐸(𝑆𝑁) = 𝑁, 𝑣𝑎𝑟(𝑆𝑁) = 2𝑁 −  
𝑁2 + 4𝑁 + 1

𝑡
+

1

𝑡
∑

1

𝛼𝑗+1 − 𝛼𝑗

𝑁

𝑗=0
 

Null hypothesis is rejected when c𝑆𝑁>𝜒𝑣
2 (1 − 𝑘). Nass suggested the use of the continuity 

correction (1959) for the chi-squared test statistic. 

According to Cai and Krishnamoorthy’s research (2006), the 𝜒2 test size properties is very poor. 

The approximation of Nass is better than the Pearson’s approximation but the latter is still 

popular because of its simplicity (Kratz et al., 2016.). 
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Figure 20. The size of the Pearson and Nass tests 

Source: Own calculations in MatLab 

 

The above graph represents the previously highlighted fact that Nass correction gives a better 

approximation with regards to its Size. We can see that the Pearson test deviates from 5% 

significantly from N > 4 and there is a jump in size at N = 8, it indicates us again the poor 

performance of the Pearson Test. Nass has a stable performance in terms of size, it is close to the 

ideal level of 5% at all N (2, …,16) 

8.2. Critical Values 

To determine the critical value for Pearson and Nass test statistics, we are going to use the chi-

squared probability distribution as depicted below. We are interested in the upper tail of the 

distribution. 
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Figure 21. The Chi-squared distribution. 

Source: Grants 

As previously mentioned, the Nass continuity correction gives a better approximation than the 

Pearson. The below table serves as the quantification of the correction at different n sizes. 

Table 19. Nass correction for critical values 

Nass 
correction 

t=125 t=250 t=500 t=1000 t=2000 

2 1.5431 1.7421 1.8622 1.9286 1.9637 

4 2.4875 3.0675 3.4722 3.7175 3.8536 

6 3.125 4.1096 4.878 5.3812 5.6738 

8 3.5842 4.9505 6.1162 6.9324 7.428 

16 4.5977 7.1428 9.8765 12.2137 13.8528 

Own calculation in MatLab 

Furthermore, we provide the upper tail critical values of the simple Chi-squared approach and for 

the Nass tests at different N sizes (2, 4, 6, 8, 16) where k = 0.05.  
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Table 20: Pearson and Nass critical values with different N’s and t’s 

 
k =0.05 

 
Pearson Nass 

N - t=125 t=250 t=500 t=1000 t=2000 

2 5.9915 5.0714 5.4815 5.7216 5.8525 5.9209 

4 9.4877 6.9054 7.9313 8.6186 9.0259 9.2493 

6 12.5916 8.0303 9.6649 10.8812 11.6565 12.1010 

8 15.5073 8.8054 10.9937 12.7651 13.9686 14.6875 

16 26.2962 10.4424 14.2748 18.1368 21.3128 23.4909 

Own calculation in MatLab 

The critical value of Nass chi-squared test approaches the simple Pearson Chi-squared critical 

value as we increase t. 

 

Figure 22. Comparison of the critical values with different N’s and t’s 

Source: Own calculations in MatLab 

8.3. Power  

The most important part of this chapter is the estimation of the performance of Multinomial based 

backtests with regards to the statistical power. We use VaR binomial based backtest approach as 
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the benchmark performance, since our intention is to prove that Expected Shortfall has no 

constraints in terms of backtesting to replace VaR in practice. 

The main points of our research:  

 Compare the performance of the multinomial test statistics (Pearson and Nass) 

 Analyze the impact of different number of N VaR levels and different size of T. 

 Our main interest is to compare ES backtests based on Multinomial tests to Z1 and Z2 test 

statistics to the standard binomial based VaR backtest. 

Our simulation studies will be similar to the one we applied for the Z tests. We simulate returns 

under different distribution assumptions (Student’s t3, t5, t10) for P, predictive model distribution 

and F, true distribution, follows student’s t with 100 degrees of freedom. The below table 

summarizes the outcomes of the simulations. 

Table 21. The power of the Nass and Pearson tests  

      T=250 H1 

Pearson 10 5 3 100 

2 0.3176 0.7533 0.9742 0.0463 

4 0.3224 0.7730 0.9792 0.0536 

6 0.3648 0.8103 0.9859 0.0634 

8 0.4087 0.8393 0.9889 0.0879 

16 0.4689 0.8702 0.9927 0.1102 

Nass 10 5 3 100 

2 0.2771 0.7228 0.9686 0.0345 

4 0.3165 0.7698 0.9788 0.0494 

6 0.3105 0.7724 0.9804 0.0479 

8 0.3191 0.7801 0.9819 0.0510 

16 0.3329 0.7948 0.9849 0.0519 

Own calculation in MatLab 

The table shows the power as function of N (2, . . . , 16) and different distribution assumptions on 

H1 (student’s t10, t5,t3 and t100), whereas H0 always follows student’s t 100. The last column 

shows the size and not the power. Nass performs slightly worse than Pearson at all level of N in 
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terms of Power. Both Pearson and Nass tests have difficulties at Student T 10, but at 5 degrees of 

freedom both have a desired value of power. Obviously H1 = 3 gives the best power. 

 

Figure 23. The comparison of the power with different H1 

Source: Own calculations in Matlab 

We continue our analysis on power as the function of t (125, 250, 500, 1000, 2000). We set H1 to 

3 and we expect that at all cases of t, the power will be high. We can see that even in case when t 

equal to 125, the power is above 80% which is high already. As we increase t, the power 

converges to 100% which is the case at t = 1000 and 2000. 
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Table 22. The power of the Nass and Pearson tests with different t’s 

  
H1=3 

Test N/t 125 250 500 1000 2000 

Pearson 2 0.8331 0.9742 0.9995 1 1 

 
4 0.8596 0.9792 0.9998 1 1 

 
6 0.9040 0.9859 0.9998 1 1 

 
8 0.9167 0.9889 0.9999 1 1 

 
16 0.9286 0.9927 0.9999 1 1 

Nass 2 0.8298 0.9686 0.9995 1 1 

 
4 0.8346 0.9788 0.9997 1 1 

 
6 0.8385 0.9804 0.9998 1 1 

 
8 0.8650 0.9819 0.9999 1 1 

 
16 0.8476 0.9849 0.9998 1 1 

Own calculation in Matlab 

8.4. Comparison of the tests 

We are interested in the relative performance of the tests. The question is whether ES backtests 

can provide similar or even better power than the traditional VaR backtest. We also want to know 

if multinomial tests (Pearson, Nass) that indirectly backtest expected shortfall or the Z-tests (Z1, 

Z2) provide the best results. We set N equal to 4 for the multinomial tests. Our null hypothesis is 

that the real distribution of the returns follows student’s t with 100 degrees of freedom. The 

predictive distribution of returns (H1) follows Student’s T as well, but with different degrees of 

freedom. The significance level is set to 4.1% due to the VaR backtest. 

Table 23. The power comparison of the backtests at 4.1%  

T=250 H1 Pearson(4) Nass(4) Z1 Z2 VaR(0.01) 

P
O

W
ER

 10 0.3193 0.2775 0.2640 0.39315 0.37751 

5 0.7692 0.7399 0.7030 0.85331 0.81754 

3 0.9791 0.9752 0.9680 0.99261 0.98578 

Own calculation in MatLab 

In terms of power, Z2 tends to be the best performer among them. If we use VaR (0.01) as the 

benchmark risk measure, we can conclude that only Z2 has higher power. Multinomial and Z1 
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tests perform slightly worse, but it does not mean that they are not adequate to be used in the new 

regulation.  
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9. Traffic Light System 
 

The intention of the thesis is to demonstrate that ES can be fully part of the banking regulation 

system. As we discussed already, VaR is the risk measure that allows financial institutions to 

determine their mandatory market risk capital. This is done by using a risk model that quantifies 

the risk capital and backtesting the risk model that is being used. In practice, a so-called Traffic 

Light System is used in order to determine the performance of the risk model. The risk model can 

be classified into one of the 3 different zones; green, yellow, red. In this chapter we would like to 

provide a method by which Expected Shortfall risk models can be assigned to one of the three 

different zones based on the critical values calculated for all the backtesting methods that was 

used in our research. 

Market Risk Capital is determined by: 

𝑀𝑅𝐶𝑡 = max(𝑉𝑎𝑅𝑡(0.01) , 𝑆𝑡

1

60
∑ 𝑉𝑎𝑅𝑡−𝑖

59

𝑖=0

(0.01)) + 𝑐 

Risk models are assigned to one of the zone described below, where 𝑆𝑡 represent the 

multiplication factor. 

Table 24. The different zones in the Traffic Light Sytem 

 

Source: BIS5, p.77 
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First, let’s consider the case when Expected Shortfall get into the Basel Regulation and Z2 is used 

for backtesting. Critical values are showed below for both Z2 and Bernoulli distribution. We 

assume that T= 250 (days). Furthermore, the critical values for Z2 are calculated with the 

assumption that the predictive model has Student T distribution with degree of freedom of 100. 

Table 25. The Z2 test in the Traffic Light Sytem 

 

VaR (0.01) backtest ES (0.025) Z2 (T-Dist df 100) 

 
Zone 

Number of 
exceedance 

Bernoulli CDF 
1-Bernouille 

CDF 
Critical 
values 

Rounded  
Critical 
values 

Factor 

Green 

0 8.11% 91.89% 0.54 90.00% 0.51 1.5 

1 28.58% 71.42% 0.24 70.00% 0.28 1.5 

2 54.32% 45.68% -0.02 45.00% -0.03 1.5 

3 75.81% 24.19% -0.27 25.00% -0.26 1.5 

4 89.22% 10.78% -0.51 10.00% -0.53 1.5 

Yellow 

5 95.88% 4.12% -0.74 5.00% -0.70 1.70 

6 98.63% 1.37% -0.98 1.50% -0.96 1.76 

7 99.60% 0.40% -1.20 0.50% -1.20 1.83 

8 99.89% 0.11% -1.41 0.10% -1.43 1.88 

9 99.97% 0.03% -1.60 0.03% -1.60 1.92 

Red 10 99.99% 0.01% -1.78 0.01% -1.78 2 

Source: Own calculations in MatLab 

The number of exceedances shows the thresholds that are set by the regulator. As an example, if 

we set the threshold to 5, then an accurate model will be rejected 10.78% of the time, since the 

model will pass 89.22% of the time, when it generates 4 or less exceptions. By increasing the 

threshold, the probability of making a type I error will decrease. 

The left side of the table displays the critical values (number of exceedances) for the Bernoulli 

distribution used for VaR backtesting. These values are used for determining the zone to which 

the risk model belong.  The right side of the table shows our proposed critical values for Z2 at 

different significance levels. For instance, a VaR estimate with a realised exceedance number of 

10 or more is rejected at 99.99% confidence level and a mulitplicator of 2 will be applied for the 

market risk capital determination. This is equivalent to a Z2 value of more than -1.78 that leads to 

the same multiplication factor. Similarly to this example, critical values at different significance 

levels are calculated for Z2 and they are equivalent in terms of multiplication factor 
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determination to the significance levels that have been used for Bernoulli distribution. Thus, we 

can determine the multiplication r for ES risk model with the similar concept that have been used 

so far in practice. 

Similarly to the table above, we propose our numbers for the Z1 and the multinomial backtests 

Table 26. The Z1 and the multinomial tests in the Traffic Light Sytem 

   
Critical Values 

 
Zone 

Bernoulli 
CDF 

1-Bernouille 
CDF 

VaR 
bin(0.01) 

Pearson (4) Nass (4) Z1 Factor 

Green 

8.11% 91.89% 0 0.94 0.53 0.08 1.5 

28.58% 71.42% 1 2.12 1.41 0.04 1.5 

54.32% 45.68% 2 3.64 2.67 0.00 1.5 

75.81% 24.19% 3 5.48 4.28 -0.04 1.5 

89.22% 10.78% 4 7.59 6.18 -0.08 1.5 

Yellow 

95.88% 4.12% 5 9.95 8.36 -0.13 1.70 

98.63% 1.37% 6 12.55 10.79 -0.18 1.76 

99.60% 0.40% 7 15.37 13.46 -0.25 1.83 

99.89% 0.11% 8 18.26 16.22 -0.34 1.88 

99.97% 0.03% 9 21.12 18.97 -0.45 1.92 

Red 99.99% 0.01% 10 23.51 21.28 -0.55 2 

Source: Own calculations in MatLab 
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10. Application of ES Backtests on market Data 
 

In this chapter, our intention is to demonstrate the feasibility of the implementation of ES 

backtesting methods in practice. We do not aim to find the best performing methods in terms of 

power, simply to show that ES backtests can identify wrong models just as well as the traditional 

binomial based VaR tests, so that we can justify that ES has the rightful place in the Basel 

regulation and can replace VaR. 

10.1.  Data 

We assume that the returns follow a normal distribution in the model. This is a strong assumption 

and surely not correct during an unstable period which includes volatility clustering that we 

already discussed in the GARCH chapter. Obviously, when it comes to a crisis period this 

assumption will be false and the financial institutions that generate their VaR or ES models based 

on normality assumption should fail to pass the backtest, but it will only happen if the backtesting 

method is adequate.  

Simulations have been implemented on different market datasets: S&P 500, Dow Jones Industrial 

Average Index and Russell 2000. The period of investigation lies between 2000 and 2016 where 

we had both relatively stable and highly volatile periods. It will allow us to see whether the 

backtesting methods are able to identify when the normal distribution based model is acceptable. 

Below, we provide an overview of the data we used for our research. We hope that it helps to 

understand the importance of volatility clustering and the changing behavior of the return 

distribution. It is important, since the models for VaR and ES are determined based on normality 

assumption and the reader shall see that it is particularly wrong in some occasions and the 

backtests should be able to reject H0. 
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Figure 24. Dow Jones Industrial daily returns(2000-2016) 

Source: Yahoo 

 
Figure 25. S&P 500 daily returns (2000-2016) 

Source: Yahoo 
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Figure 26. Russell 2000 daily returns (2000-2016) 

Source: Yahoo 

Below, we provide histograms where we separated the relatively calm period (2005-2006) and 

the unstable period (2007-2008). 

 

Figure 27. S&P 500 periodic daily returns  

Source: Yahoo 
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Descriptive Statistics:  

Additionally to the graphs above, the descriptive statistics shows numerically how far the 

distributions are form the normality assumption. 

Table 27. S&P 500 Descriptive Statistics 

S&P (2005-2006) S&P (2007-2008) 

Mean 0.0003 Mean -0.0007 

Standard Error 0.0003 Standard Error 0.0009 

Median 0.0008 Median 0.0006 

Standard Deviation 0.0064 Standard Deviation 0.0196 

Kurtosis 0.5050 Kurtosis 7.5418 

Skewness 0.0627 Skewness 0.0858 

Range 0.0399 Range 0.2062 

Minimum -0.0183 Minimum -0.0903 

Maximum 0.0216 Maximum 0.1158 

Sum 0.1675 Sum -0.3541 

Count 503 Count 504 

 

  Normal Dist. S&P (2005-2006) S&P (2007-2008) 

Kurtosis 3 0.50 7.54 

Skewness 0 0.06 0.09 

Source: Yahoo and own calculations in Excel 

A standard normal distribution has a skewness of 0, whereas we have a skewness of 0.06 and 

0.09 depending on the period taken into consideration. It means that the right tail is longer and 

big part of the distribution is concentrated on the left side. During the financial crisis we can 

observe that returns have high kurtosis which means that they have fat tails, so that there are 

more extreme outcomes in the distribution curve. We shall see that there are periods when the 

normality assumption is by far wrong and we expect that we will be able to reject the H0 in these 

periods. 
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10.2. Methodology 

The input parameters, mean and standard deviation, for the forecasting VaR and ES models will 

be generated based on a rolling sample of the past 250 trading days’ return and the models follow 

a normal distribution.  We use discrete returns, that are defined as 𝑟𝑡 = (𝑆𝑡 𝑆𝑡−1⁄ ) − 1 , where 𝑆𝑡 

is the daily return at time t and 𝑆𝑡−1 is the daily return at t-1. The parameters of the model are re-

estimated every ten trading days. 99% VaR and 97.5% ES will be defined as the risk measures. 

Since we assumed normal distribution in our VaR and ES models, we expect that backtesting 

methods will be able to identify that the model is wrong and reject H0 during the periods when 

the returns exhibit extreme values and volatility clustering. 

10.3. Results at 4.1% significance level. 

In order to be able to compare our Z2 test to the standard VaR backtest, we used a 4.1% 

significance level due to the binomial distribution in the VaR backtest. We reject Z2’s H0 at a 

4.1% significance level if it takes a value below -0.74 and we reject the VaR model if it was 

violated more than 5 times during the previous 250 trading day period. 

As we shall see in the below table, Z2 gives a very similar result to the VaR binomial test. Both 

the Z2 and the VaR tests reject H0 consistently during the financial crisis 2007-2008 and in 2011 

which does not come as a surprise since in these years the returns were highly volatile.  
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Table 28. Z2 critical values and VaR exceedances on real data 

Z2 S&P500 DJI Russell2000 

 
ES-Z2 VaR ES-Z2 VaR ES-Z2 VaR 

2001 0.24 3 0.13 3 0.62 1 

2002 -0.83 4 -0.08 5 -0.26 5 

2003 1.00 0 0.85 0 0.73 0 

2004 0.56 0 0.68 1 -0.08 3 

2005 0.69 1 0.48 3 0.64 1 

2006 -0.21 4 -0.09 4 -0.09 5 

2007 -3.44 16 -3.28 15 -1.41 8 

2008 -3.79 20 -3.38 16 -3.03 14 

2009 0.86 0 1.00 0 0.84 1 

2010 -0.15 4 -0.39 5 -0.57 5 

2011 -1.85 10 -1.78 8 -1.45 8 

2012 0.83 1 0.67 1 0.87 0 

2013 0.11 2 0.05 1 -0.12 3 

2014 -0.86 7 -0.39 6 -0.09 5 

2015 -1.55 10 1.48 9 -0.48 5 

2016 -0.05 4 -0.02 4 -0.58 6 

Source: Own calculations in MatLab 

By using the same methodology and data, we performed the same analysis for the Pearson and 

the Nass Multinomial tests. Again, the results are very promising, since the Multinomial tests 

reject H0 approximately as many times as the VaR binomial test.   

The critical value level at 4.1% for the Pearson test is 9.95 and for the Nass test, it is 8.36.  
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Table 29. The Pearson critical values and VaR exceedances on real data 

Multinomial S&P500 DJI Russell2000 

Pearson ES VaR ES VaR ES VaR 

2001 2.11 3 2.1108 5 3.6 1 

2002 7.99 4 3.2103 3 4.34 5 

2003 6.41 0 5.0031 0 4.88 0 

2004 2.21 0 3.6041 1 1.85 3 

2005 3.60 1 3.4933 3 3.6 1 

2006 5.69 4 3.2103 5 3.21 5 

2007 118.10 16 87.3826 15 29.72 8 

2008 131.13 20 86.201 18 57.99 14 

2009 5.00 0 6.4103 0 5.003 1 

2010 5.77 4 4.4123 6 9.4 5 

2011 20.74 10 23.3169 9 11.86 8 

2012 5.00 1 3.6041 1 5 0 

2013 0.74 2 0.6503 2 0.57 3 

2014 13.1877 7 15.9323 7 3.21 5 

2015 27.16 10 28.4369 8 9.46 5 

2016 1.93 4 3.2103 2 13.24 6 

Source: Own calculations in MatLab 
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Table 30. The NASS critical values and VaR exceedances on real data 

Multinomial S&P500 DJI Russell2000 

NASS ES VaR ES VaR ES VaR 

2001 1.62 3 1.6187 5 2.76 1 

2002 6.12 4 2.4618 3 3.33 5 

2003 4.92 0 3.8367 0 3.75 0 

2004 1.70 0 2.7639 1 1.42 3 

2005 2.76 1 2.6789 3 2.76 1 

2006 4.37 4 2.4618 5 2.46 5 

2007 90.57 16 67.0105 15 22.79 8 

2008 100.56 20 66.1044 18 44.47 14 

2009 3.84 0 4.9158 0 3.84 1 

2010 4.43 4 3.3836 6 7.2 5 

2011 15.90 10 17.8809 9 9.1 8 

2012 3.84 1 2.7639 1 3.84 0 

2013 0.56 2 0.4987 2 0.44 3 

2014 10.1132 7 12.2179 7 2.46 5 

2015 20.83 10 21.8072 8 7.26 5 

2016 1.48 4 2.4618 2 10.15 6 

Source: Own calculations in MatLab 

Overall, we can conclude that ES backtests performed well if we use the traditional VaR 

backtesting method as a benchmark. They were able to reject H0 approximately as many times as 

the traditional VaR backtest. These results are very promising. 

 

10.4. Application of the traffic light system on real data 

The aim of the thesis is to demonstrate that ES can be part of the Basel regulation. The 

implementation of ES would require the ability to determine the multiplication factor with the 

help of the Z2 or multinomial backtests. In this part, we are going to apply traffic light system 

rules that we defined in the previous chapter and give a handy application process on real data. 

The below table indicates the rejection level at the corresponding multiplication factor that we 

have determined previously.  



84 

 

Table 31. The traffic light system with all the backtests 

 

Source: Own calculations in MatLab 

10.5. Summary 

We believe that our results are able to prove that we can create a system for ES similar to the one 

that has been used in practice for VaR. This system, based on the critical values determined 

previously, can be used for Market Risk Capital calculation in the same way that has been used in 

the past decades, but for Expected Shortfall which is a better risk measure. 
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Conclusion 

The Basel Committee suggested to change the regulatory risk measure from VaR to ES (BIS5 

2016). VaR has been the dominant risk measure, but this trend is changing. Gneiting (2010) 

proved that the ES is not elicitable, thus it cannot be backtested. Ever since, several ES backtests 

were proposed by mathematicians that do not require the ES to be elicitable.  

In our thesis, we focused on the Z1, Z2 tests by Acerbi and Szekely, the Nass and the Pearson 

tests. We manipulated the assumptions regarding the return distribution in the test and found that 

they are robust. The Z2 test turned out to be the most powerful. We assumed asymmetric 

distributions for the Z2 test and concluded that the critical values were barely effected as we 

changed the kurtosis or the skewness of the distribution. When we assumed GARCH (1,1) for the 

returns, we found that the Z2 critical values greatly depend on the parameter of the GARCH 

model. As we decreased γ, we experienced huge volatility in the Z2 distribution (extreme critical 

values) which is in accordance with the GARCH model that suggests higher mean reversion as 

we increase γ.  

We experienced that the multinomial tests could also be used to replace VaR. The Nass test was 

strong in size whereas the Pearson test proved to be simpler to implement. The power of these 

tests was hugely affected by the choice of N (cut-off points). 

We provided critical values for the traffic light system table for the ES backtests which allows ES 

to replace VaR in the future regulatory framework. We believe this is only the matter of time 

since the ES is a better risk measure and there are different ways to backtest it. As we shown in 

our thesis, these backtests are not complicated to implement and work just as well with real data 

as the standard VaR backtest.  
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