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Executive Summary 
This paper presents a review of contemporary, partial equilibrium, intertemporal asset 
pricing theory and develops and tests a model based on a combination of several theories in 
the field. This model performs nearly as well as the standard Fama-French three-factor 
model, yet unlike it, it is based on economic rationale rather than only empirical fit. 

Reviewed are three models, APT, CCAPM and the ICAPM. The APT is found to be 
general to the point of having little economic content, and the theory on limits to arbitrage 
means that it may not present an accurate description of asset prices. The CCAPM and the 
ICAPM are based on expected utility theory, the validity of which has recently been doubted 
due to findings in behavioural finance. Even if little heed in paid to this criticism, the 
models are fraught with problems, many based on the issues inherent in summing up the 
budget constraints, preferences and beliefs of the countless individuals that interact to set 
prices.  

Proposed solutions to the issues highlighted with the models are used as a point of 
departure for identifying factors that can be used as input for an amalgamated, multifactor 
model. Two factors were found particularly promising and subsequently used: 1) The ILLIQ 
factor of Amihud (2002), which measures illiquidity and information disagreement 2) The 
SKD factor of Harvey and Siddique (2000), which measures the coskew of an assets return 
distribution. This makes it possible to account for a non-linear relationship between excess 
market returns and excess asset returns and thus nuances to linear relationship suggested 
by the beta factor. 

The amalgamated model, containing these two factors and a market factor, is tested on 
1963:7-2011:12 NYSE and AMEX data. Both the developed model and the FF model fair 
well over the entire test period, as well as in the first third of the period. In the middle and 
last first the results are mixed, with the FF model coming out on top in the middle period 
but the developed model performing best in the most recent period. Overall it is found that 
combinations of the developed model and the FF model performed the best, yet such 
combinations goes against the aim of developing a model founded in economic theory. 
2239 Characters 1.0 normal page



Master Thesis, September 2012  Copenhagen Business School 

Page 2 of 114 

Table of Contents 

Table of Contents ....................................................................................................................... 2	

Index of Figures ......................................................................................................................... 4	

Index of Tables ........................................................................................................................... 4	

1	 Introduction ........................................................................................................................... 5	

1.1	 Research Question .......................................................................................................... 6	

1.2	 Limitations ...................................................................................................................... 6	

1.3	 Structure ......................................................................................................................... 9	

2	 Non-utility based pricing: Arbitrage pricing theory ............................................................ 11	

2.1	 Critiques of the APT: Limits to arbitrage ..................................................................... 13	

2.1.1	 Fundamental risk ................................................................................................... 13	

2.1.2	 Noise trader risk .................................................................................................... 14	

2.1.3	 Implementation costs ............................................................................................. 15	

3	 Investment and utility .......................................................................................................... 15	

3.1	 Expected utility ............................................................................................................. 16	

3.2	 Non-expected utility ..................................................................................................... 18	

3.2.1	 Prospect theory ...................................................................................................... 19	

4	 Asset pricing under expected utility .................................................................................... 21	

4.1	 Basic transformations of the SDF................................................................................. 21	

4.1.1	 Assumptions .......................................................................................................... 25	

4.2	 CCAPM ........................................................................................................................ 26	

4.2.1	 Discussion, issues and empirical evidence ............................................................ 28	

4.2.1.1	 Problems with consumption data ........................................................... 29	

4.2.1.2	 Consumption aggregation ...................................................................... 30	

4.3	 ICAPM ......................................................................................................................... 32	

4.3.1	 Discussion, issues and empirical evidence ............................................................ 35	

4.4	 The xCAPM family: Discussion, issues and empirical evidence ................................. 37	

4.4.1	 Conditionality ........................................................................................................ 37	

4.4.2	 Elliptical return distributions ................................................................................. 41	

4.4.3	 Market imperfections: Liquidity and transaction costs ......................................... 42	

4.4.4	 Aggregation issues ................................................................................................ 45	

5	 Asset pricing with non-expected utility ............................................................................... 47	

5.1	 Asset pricing and prospect theory ................................................................................ 48	



The State of Intertemporal Asset Pricing  Nis Bak 

Page 3 of 114 
   

5.2	 Cognitive biases............................................................................................................ 49	

5.2.1	 Heuristics ............................................................................................................... 49	

5.2.2	 Overconfidence ..................................................................................................... 50	

5.2.3	 Mental accounting ................................................................................................. 50	

5.2.4	 Framing ................................................................................................................. 51	

5.2.5	 Representativeness ................................................................................................ 51	

5.2.6	 Disposition effect .................................................................................................. 51	

6	 Multifactor asset pricing models: Discussion, issues and empirical evidence .................... 52	

6.1	 Empirical evidence ....................................................................................................... 52	

6.1.1	 Firm specific factors: The case of Fama-French ................................................... 53	

6.1.2	 Economic factors ................................................................................................... 56	

7	 Methodology ........................................................................................................................ 57	

7.1	 Selection of factors ....................................................................................................... 57	

7.2	 Data .............................................................................................................................. 62	

7.3	 Testing .......................................................................................................................... 63	

7.3.1	 Forming the portfolios ........................................................................................... 64	

7.3.2	 Reference model: Fama-French and Carhartt ....................................................... 64	

8	 Results ................................................................................................................................. 65	

8.1	 Factors .......................................................................................................................... 66	

8.1.1	 Illiquidity ............................................................................................................... 66	

8.1.2	 Coskewness ........................................................................................................... 69	

8.2	 Models .......................................................................................................................... 71	

9	 Discussion ............................................................................................................................ 77	

10	Conclusion ........................................................................................................................... 79	

11	Appendices .......................................................................................................................... 82	

11.1	Proof of the APT .......................................................................................................... 82	

11.2	The stochastic discount factor ...................................................................................... 84	

11.2.1	Setting .................................................................................................................... 84	

11.2.2	Implications of no-arbitrage condition .................................................................. 85	

11.3	Number of firms in sample ........................................................................................... 86	

11.4	FF factors of French compared to this study ................................................................ 87	

11.5	FF portfolio returns of French compared to this study ................................................. 89	

11.6	Tests with 1 month predictive period ........................................................................... 90	



Master Thesis, September 2012  Copenhagen Business School 

Page 4 of 114 

11.7	Tests with 12 month predictive period ......................................................................... 94	

12	References ........................................................................................................................... 98	

Index of Figures 

Figure 1: The models reviewed .................................................................................................. 9	

Figure 2: The cumulative return on portfolios by illiquidity (all months) ............................... 67	

Figure 3: The cumulative return on portfolios by illiquidity (ex January) ............................... 67	

Figure 4: Cumulative return to the long-short illiquidity portfolio .......................................... 67	

Figure 5: Correlation between ILLIQ and SMB ...................................................................... 68	

Figure 6: Time series variation in equally weighted average ILLIQ ....................................... 69	

Figure 7: Long/short coskewness and skd portfolio returns .................................................... 70	

Figure 8: Cumulative return on SKD portfolios ....................................................................... 70	

Index of Tables 

Table 1: ILLIQ of test portfolios .............................................................................................. 69	

Table 2: Beta SKD of test portfolios ........................................................................................ 71	

Table 3: Result of FM and GRS regressions ............................................................................ 73	

 

  



The State of Intertemporal Asset Pricing  Nis Bak 

Page 5 of 114 
   

1 Introduction 

 

“Many of the greatest things man has achieved are not the result of consciously directed thought, 
and still less the product of a deliberately co-ordinated effort of many individuals, but of a process in 

which the individual plays a part which he can never fully understand. They are greater than any 
individual precisely because they result from the combination of knowledge more extensive than a 

single mind can master” (Hayek, 1944) 

 

Such a system is prices. They sum up the actions of countless individuals throughout society 

into one number. In this number is contained the preferences and expectations of all these 

agents. It coordinates the efforts of these individuals and ensures that capital and labour are 

applied where they are most needed. This is the beauty of prices. Yet this is also what makes 

them so hard to understand. Nevertheless, an understanding of prices is crucial, for society as 

a whole as well as for many actors within it. In financial economics they form the basis for 

most research and many methods explicitly rely on an understanding of prices. One example 

is event studies, one of the most useful and influential methods in finance (Fama, 1991). Here, 

the researcher must be able to split returns into an “abnormal” and a “normal” part. This is 

simply not possible without a proper understanding of what “abnormal” and “normal” is, and 

what dynamics drive these two constituent parts of returns.  

 This paper is an exploration of these dynamics. The focus is on the theory underlying 

contemporary understanding of asset prices. The point of departure is some of the most well 

known asset pricing models, the APT, CCAPM and the ICAPM. Yet the view they represent 

is nuanced with theoretical and empirical critiques as well as proposed remedies. These 

remedies are then used to develop an amalgamated model that incorporates several proposed 

adjustments to the standard asset-pricing models. The contribution of this paper is not to 

highlight any previously unknown theoretical fallacies or develop better proxies for current 

asset pricing factors. Rather, the contribution is to review some of these proposed corrections, 

test them in an integrated framework and see whether or not they can be supported 

empirically outside the sample of the original author. In the event they can, it will be tested 

whether these factors are complimentary or supplementary. This has, to my knowledge, never 

been done before.  

It is the first step on the way to develop an asset-pricing model that is supported by both 

economic theory and empirics. Earlier models have tended to fall in either one or the other 

category. The de facto standard has been the Fama-French (1992) three-factor model, which 
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falls decidedly into the latter category. The model developed in this paper takes beta, 

illiquidity and the shape of the return distribution into account when predicting the return on 

an asset. When tested against the Fama-French model on US stock prices from 1963:7-

2011:12, the result is inconclusive: Which model comes out on top varies with sub period and 

with which test is employed. Yet it is clear that asset pricing models based on sound 

economic principles need not be empirically inferior. 

1.1 Research Question 

The question that this paper seeks to answer is: 

1) What dynamics drive equity prices? 

1.2 Limitations 

The field of asset pricing lies at the heart of finance. This great importance has meant an 

abundance of papers looking into every aspect of price dynamics, from volume and volatility 

to investor preferences and pricing. It is not possible for any one paper to give a rigorous 

review of the literature on the field. In fact, it is nigh impossible to review more than an 

infinitesimal share of the literature. The sheer magnitude of literature on the topic combined 

with length limitations for this paper has meant that the scope (as well as depth) of the topics 

treated has been limited.  

When choosing which aspects of asset piecing to examine, the intended aim of the paper 

must be kept in mind. The aim is to develop our understanding of asset prices and an attempt 

to examine which factors drive returns. There are likely to be several factors. For this reason, 

the models considered will generally not be special, limited cases but rather frameworks that 

can accommodate several factors. The questions to be asked are which kinds of factors that 

can be included in different types of models and equally important: how reasonable are the 

assumptions that are made in deriving these models. This section will consider several 

dichotomies in asset pricing and hence the choices to be made in deciding the focus of the 

paper. Considered are the choice between static and dynamic models (and the related choice 

between one-period and intertemporal models), the choice between asset-specific and general 

models as well as the choice between partial and general equilibrium models. 

First, is the choice between static and dynamic models. That a model is static entails 

either that the investment decision made in a given period is intertemporal optimal (the 
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investor will not prefer to change it at a later period) or that there is only one period in the 

model (in which case the investor is prevented from changing his portfolio). Early models, 

such as the CAPM introduced independently by Treynor (1961, 1962), Sharpe (1964), Lintner 

(1965a, 1965b) and Mossin (1966), were exclusively one-period models. The advantage of 

this is that given homogenous expectations and relatively few other restrictive assumptions 

we can describe investor preference for portfolios solely by the moments of portfolio return 

distributions. When returns are assumed to be independent and identically distributed (IID) 

normal we can easily and quite elegantly derive the standard CAPM. Static models are simple 

and will even hold intertemporally under certain assumptions as shown by Fama (1970a). Yet 

their main strength, their simplicity and inherent usability, is a double-edged sword. Many are 

oversimplified and cannot incorporate other, possibly relevant factors, beyond mere return 

distributions. They can be expanded to include the conditioning information used by investors 

to form their expectations about the future, but in the static setting this only affect the initial 

portfolio allocation (and hence prices), and won’t lead to an understanding of price changes 

e.g. in response to new information. This means that one-period models cannot incorporate 

several factors that may be of importance, e.g. change in the investment opportunity set or 

changing preferences. This, on the other hand, is possible with intertemporal models. The 

sacrifice is in ease of derivation as well as tractability and intuition of the models. Many have 

argued that this sacrifice is made without any improvement in empirical performance and is at 

best a theoretical curiosity (See e.g. Levy, 2010). Here the opposite stance is taken. After all, 

if the static models exclude factors that are known to be relevant how can we know whether 

they owe any empirical performance to the merits of the model or to spurious correlation? 

Furthermore, the early performance of the static models has waned and several abnormalities 

have been found in the empirical application of them1. In the light of this, intertemporal 

models will be chosen. They are more theoretically sound and hold the promise of excelling 

empirically. 

The next choice is between general and asset-specific models. The decision entails 

balancing testability, attractiveness of assumptions and generality. Basic asset pricing models 

make none of the assumptions that restrict other models to specific asset classes. Yet 

attractive as this may be, they are also general to the point of being almost untestable2. The 

                                                 
1 There are too many to sum up here. A brief look at some of them is given in Section 6.1. 
2 See Campbell (2000) for a review of empirical work done with such models. These papers, in the words of 

Campbell, “simply documents stylized facts about means, variances, and predictability of asset returns” 
(Campbell, 2000). 
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path taken by asset specific models, e.g. those within the expected utility framework of 

classical finance oftentimes specify return distribution and investor preferences, from which 

they can estimate the price an investor will pay for an asset. This precludes applicability on 

several asset classes as return distributions differ between them. Some are time-limited while 

others aren’t. Some returns are linearly dependent on the return on the physical asset they are 

a claim to, while others may be a non-linear transformation of the return on the underlying 

asset. These and other differences means that the assumptions and transformations needed in 

deriving a closed-form solutions for the prices (or returns) of different asset classes diverge 

substantially. In this study, the focus will be on equity. The reason is two-fold. Firstly, 

equities are by far the most researched asset class within asset pricing. This means that there 

is an extensive literature on the subject and a review, albeit severely limited, is much needed. 

Secondly, it is the subjective belief of the author that insights on equity will be most useful in 

the general economy. As equity is a residual claim on the cash generated by companies it is 

the asset that is likely to be most directly affected by the perceived riskiness of these asset3. 

While most companies are not publically traded, equity is still perceived to be the asset class 

that is likely to yield the greatest insight on the connection between prices and the productive 

forces of the economy. This could possibly allow application of knowledge from the field of 

economics to be applied in asset pricing and hence broaden our understanding of the topic. 

The final choice to be made is between general and partial equilibrium models. While the 

general equilibrium models hold the promise of one day yielding the greatest insight an asset 

prices, the field is as of yet still relatively undeveloped, and there is a dearth of models that 

aren’t too simple to account for the very price dynamics this paper aims to explore. Hence, 

partial equilibrium models will be chosen. 

What models then, does this leave? The answer is a whole lot. In the interest of brevity, 

however the focus will be on what is arguably the most well-known of the partial equilibrium 

intertemporal equity pricing models. That is the CCAPM of Rubinstein (1974, 1976), Breeden 

and Litzenberger (1978) and Breeden (1979), the ICAPM of Merton (1973) and the APT of 

Ross (1971, 1973, 1976). These models have many differences and similarities and while 

these will be elaborated on in many of the following sections for now it suffices to 

differentiate between behavioural models and arbitrage models as well as between single-

                                                 
3 At the money bonds may be more affected by changes in perceived risk due to their inherent leverage, yet 

their non-linear payoff and short time horizons are severe confounders, and can make derivation of 
economic insight more difficult. 
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factor and multifactor models. The choice of model in any one application is governed by the 

trade-off between flexibility and connections with fundamentals. 

 

Figure 1: The models reviewed 

  

Single factor models Multi factor models 

CCAPM ICAPM APT 

Behavioural Models Arbitrage models 

 

 

The behavioural models are arguably the most widely used. The basic premise of them is that 

investors care only about how much they can consume at any given time. Investment is 

simply a tool for separating the act of generating wealth from the act of consuming it, and 

given assumptions about investor expectations preferences for consumption we can derive the 

price they are willing to pay for a given asset. The CCAPM make this connection explicit, as 

the return on an asset is derived directly from the covariance of the asset with consumption 

level. This is theoretically appealing, yet since there are issues with consumption date it may 

not be practical and the model is somewhat inflexible. The ICAPM ameliorates this issue be 

adding a layer of abstraction between consumption and asset pricing making it possible to use 

multiple factors in the model. Yet the ICAPM still places distributional and economic 

restrictions on the inputs used. More flexibility is found in the APT, which makes only the 

relatively uncontentious assumption that investors prefer more to less. This simple 

assumption makes it possible to derive a multifactor model that allows the use of almost any 

input. Yet this comes at the expense of economic intuition and connection with consumption, 

both of which are all but gone. These trade-offs will be covered in more details in the coming 

chapters. The next section will outline the structure of this treatment and of the paper itself. 

1.3 Structure 

When reviewing asset-pricing models the standard structure is to review them more or less 

chronologically and start out with the early models such as the CAPM. This will often make 

sense when being introduced to asset pricing, as the early models were relatively simple, and 

subsequent models have generally added complexity as mathematics and economic 
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understanding improved. The progression in the field, however, has not been linear and the 

chronological approach seems arbitrary at best. Here, instead, the structure will follow the 

assumptions needed to derive the different models. First introduced will be the arbitrage 

pricing theory (APT) of Ross (1971, 1973, 1976) in Chapter 2. The main assumption of 

Ross’s model is that investors prefer more to less leading to an absence of arbitrage 

opportunities and it makes no assumption about other preferences of investors This means 

that critique of the model mainly revolves around limits to arbitrage, an issue that is treated in 

Section 2.1. More assumptions about investors themselves are subsequently introduced in the 

following chapters, starting with Chapter 3, which has a brief introduction to why investors 

invest in the first place and how we can describe investor preference for different prospects. 

Two utility theories of preference are introduced, expected utility theory of classical finance in 

Section 3.1 and the more recent prospect theory in Section 3.2. Chapter 4 builds on this and 

examines how assumptions about investor preferences can be used to determine the price 

these investors are willing to pay for a given asset. Here the CCAPM and the ICAPM are 

introduced in Section 4.2 and 4.3 respectively, both of which are derived under the EUT. 

Whilst both models are accompanied by a discussion, shared issues have been left out of this 

and confined to a separate discussion on the "xCAPM" models in Section 4.4. Chapter 5 

proceeds to examine asset pricing under non-expected utility. Section 5.1 looks at quantitative 

asset pricing under prospect theory. Section 5.2 takes another approach and looks at 

documented cognitive biases and qualitative assessments of how these may affect asset prices. 

For the formal models, the APT, CCAPM and ICAPM, the paper presents a discussion of 

their empirical performance. For the CCAPM, this follows immediately after the presentation 

of the model. In the case of the APT and the ICAPM, as these are both multifactor models 

and are empirically indistinguishable, empirical evidence has been presented separately in 

Chapter 6. Here, a range of deviations from standard asset pricing models, so called 

“abnormalities” as well as attempts to account for them in multi-factor models are presented. 

Chapters 2 to 6 concludes the literature review of this paper. The next chapters are 

devoted to the development and testing of a model that attempts to integrate some of the 

findings of the literature review. Chapter 7 presents the methodology employed in the 

developments of this amalgamated model in Section 7.1, the collection and treatment of the 

data in Section 7.2 and the statistical tests as well as the reference model in section 7.3. 

Chapter 8 presents the results, Chapter 9 discusses them and Chapter 10 concludes. 
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2 Non-utility based pricing: Arbitrage pricing theory 

The first model that is presented in this paper, the arbitrage pricing theory (APT) of Ross 

(1971, 1973, 1976) is an interesting example of how little that has to be assumed in order to 

create a testable asset pricing model. The APT has been described as “a minimalist model of 

security market equilibrium [and] logically prior to our other utility based models” (Brennan, 

1981). The basic assumption, other than the absence of arbitrage, is that asset returns can be 

determined, or at least described, by a given asset's exposure to a range of risk factors. If the 

asset price is not in line with the exposure to these risk factors, arbitrageurs can synthesize a 

claim with the same exposure by creating a tailored long-short portfolio of other assets. If the 

asset was overvalued (undervalued), the arbitrageurs could then go short (long) the asset and 

long (short) the synthesized claim. This will push prices back towards what is dictated by risk 

factor exposure. While there might be idiosyncratic risk in the trade, it can be shown that this 

risk disappears as with a sufficiently high number of arbitrage trades. The result is that asset 

returns can be described according to a factor model. The notion that arbitrageurs step in to 

correct the price of mispriced assets is not new (See e.g. Friedman, 1953) but the contribution 

of Ross was to show that this will lead to a factor model. This section presents a very informal 

proof of Ross’s APT following Pennacchi (2008), which is backed up with a complete proof 

in the Appendix, Section 11.1. Let’s initially assume that there is only a single risk factor that 

determines the return on risky assets and that these returns are given by 

 ∙  (1)

Where ,  are constants and  is the risk factor with 0. Any idiosyncratic risk there 

might be from holding an asset is ignored. The return on a portfolio, , with  in asset  and 

1 in asset  is given by 

 ∙ ∙ 1 ∙ ∙  

 ∙ ∙ ∙  

By choosing our portfolio weight as ∗ ⁄  we can eliminate the risk factor term, . 

As the risk term is eliminated, the portfolio is risk free and the return on the portfolio should 

be the risk free rate . We can then isolate  and -factors: 
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⇔ ≡  

We can interpret  as the quantity of risk an asset gets from the risk factor, while  is 

the excess return an asset gives from this risk exposure. The ratio of the two, , is then the 

excess return per unit of factor risk, or the price of risk, and must in the absence of arbitrage 

opportunities be equal across all assets. 

The simple case with one risk factor can be expanded to cover situations with  risk 

factors and  securities, as well as an idiosyncratic risk factor. Ross (1976) showed the 

multifactor case, and gave a heuristic solution to the issue of idiosyncratic risk by arguing that 

as the amount of assets, , becomes large enough the idiosyncratic risk will be diversified 

away. Huberman (1982) formalized this heuristic proof by introducing the concept of 

asymptotic arbitrage. The proofs, both for multiple risk factors and idiosyncratic risks, while 

important, yield no intuition as to the understanding of asset pricing and have been excluded 

from the main body of text. For the proofs, the reader is referred to the Appendix, Section 

11.1. The result, however, is that we can eliminate the noise term and express asset returns 

using a multifactor model: 

 
,  (2)

It is hard to critique the APT, as it is general to the point of having no content. It is more or 

less a carte blanche that permits testing any and all factors in an asset pricing model. Early 

tests saw this as the advantage of the APT over the CAPM. The CAPM explicitly requires 

determining asset betas from return covariance with the wealth portfolio. The product of this 

beta and the market risk premium, the price of market risk, is then the expected return in 

excess of the risk free rate. The wealth portfolio is often proxied by a stock market index. 

This is, as pointed out by Roll (1977), a fallacy: The real wealth portfolio consists of non-

traded assets such as human capital and is in practice unobservable. Any empirical tests of the 

CAPM thus violate the assumptions of the model and the CAPM is in theory untestable. By 
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not placing restrictions on the nature of the risk factors, the APT permits using any individual 

assets or portfolio as the independent variable(s) without violating any assumptions of the 

model. Yet since the APT offers no intuition for the selection of these factors it is, using the 

wording of Cochrane, more a “fishing licence” (Cochrane, 2001) than an actual economic 

model. 

2.1 Critiques of the APT: Limits to arbitrage 

Another issue with the APT is that market imperfections as well as the follies of irrational 

traders may prevent rational arbitrageurs from engaging in arbitrage trades and hence from 

pushing price levels back to their fundamentals. Barberis and Thaler (2003) classify the 

literature on the limits to arbitrage under the three headers: fundamental risk, noise trader risk 

and implementation costs. Each will be treated below. These areas all present compelling 

evidence on why prices may deviate from their fundamentals. For the most part, however, 

they do not give any indication as to the magnitude and direction of the price deviation. They 

are nevertheless of key importance to asset pricing theory: Not only does the APT depends on 

the absence of arbitrage opportunities but so does the ability to discount cash flows and hence 

the behavioural models covered in the following chapters.  

2.1.1 Fundamental risk 

An assumption inherent in arbitrage is that for a given mispriced asset, another asset can be 

found that trades at a different price that can be used as the vehicle for the arbitrage. In 

complete markets this is true by definition, as any claim can be synthesized from a portfolio 

of other claims. In the real world, however, this is not always possible. To perform arbitrage, 

traders often rely on identical assets that are traded on several exchanges, or assets that are 

merely similar rather than identical. This section is concerned with the latter case, while the 

former are covered in the two following sections. 

In the absence of identical assets “arbitrageurs” will perform what is known as risky 

arbitrage by going long (short) in the mispriced asset and short (long) in an asset or portfolio 

that should be subject to the same fundamentals, e.g. for equities a portfolio of companies 

from the same industry as the mispriced company. This “arbitrage” trade is risky since the 

trader is still vulnerable to idiosyncratic risk about any of the companies involved in the trade 

(Barberis and Thaler, 2003). If traders are risk averse then no trader will many prefer to take a 



Master Thesis, September 2012  Copenhagen Business School 

Page 14 of 114 

large position in the arbitrage trade. Yet in the presence of trading costs, a topic treated below, 

nor will traders wish to take only small positions in the trade, as a certain profit is needed to 

cover these costs. These two factor mean that any mispricing will have to be of a certain size 

before the arbitrageurs step in. 

2.1.2 Noise trader risk 

Even if the perfect arbitrage trade can be made the trader is still subject to noise trader risk. 

Introduced by De Long et al. (1990), noise trader risk is the risk that the very mechanisms that 

caused the price deviation in the first place, may in the short to medium term cause prices to 

deviate even further from fundamentals. This can happen, e.g. if the noise trades that caused 

the prices to deviate, causes positive feedback. This is the case that traders who see the 

changing asset price assumes that the changes are due to other traders acting on superior 

information and consequently purchase or sell the bubbly asset. In this case it may even be 

rational for investors to jump on the bandwagon and profit from increased price deviations 

rather than try to normalize prices (De Long et al., 1990; Abreu and Brunnermeier, 2002, 

2003). When prices deviate even further an arbitrageur who bet on prices returning to 

fundamentals may need to post additional collateral for short positions, and if the he is cash 

constrained he may be forced to liquidate the position at a loss. The trader may likewise be 

squeezed out of his position if the short securities become hard to borrow, which in mild cases 

will carry fees and in more severe cases will cause the trader to fail to deliver resulting in a 

buy-in of the security (Barberis and Thaler, 2003). 

Shleifer and Vishny (1997) argue that the current institutional environment further 

exacerbates noise trader risks. The only investors thought to be sophisticated enough to 

engage in arbitrage are professional fund managers. Yet the funds they invest are owned by 

less sophisticated investors who will evaluate the performance of a fund manager based on 

developments in asset value4. If the fund manager makes a sound arbitrage trade but prices 

deviate further from fundamentals in the short term, the investor will see a negative 

development in asset value. This may induce him to withdraw his funds, forcing the fund 

manager to liquidate the position at a loss. Alternatively, fund managers may choose to 

liquidate the position voluntarily, to avoid reporting further losses and thus "arbitrageurs 

might bail out of the market when their participation is most needed" (Shleifer and Vishny, 

                                                 
4 We are ironically, as pointed out by Hirshleifer (2001), making the assumption that foolish investors have 

the sensibility of dedicating their money to sound fund managers. 
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1997). Anticipating this, fund managers may be reluctant to engage in arbitrage in the first 

place. 

2.1.3 Implementation costs 

Another thing that may stop traders from engaging in arbitrage is the cost of implementation. 

These consist of the actual costs such as the bid/ask spread on the assets involved and specific 

fees for short sale of certain assets, both per period and per transaction. Barberis and Thaler 

(2003) also include in this category the non-monetary restrictions and costs. One such 

restriction is that many fund managers lack the mandate to short sell or can only take limited 

short positions. An example of a non-monetary cost is the actual process of identifying 

arbitrage opportunities (Merton, 1987), a task that has been shown to be anything but easy 

(see e.g. Shiller et al., 1984; Summers, 1986). 

3 Investment and utility 

Until now, the only thing we have assumed about investors is that they prefer more over less. 

While this yielded some interesting insights, it should be clear that in order to understand 

asset prices we need to know more about the investors who interact to set them. This chapter 

examines why we invest and what mechanisms govern our preferences for one prospect over 

another. Put simply, investment (and borrowing) is the tool used to separate the act of 

generating wealth from that of consumption. It is used to smoothen the consumption patterns 

over the life-time of an economic agent (Graham and Harvey, 2001; Levy, 2010). A typical 

individual in modern society will have little or no income in the early and late part of life, and 

earn most income in the middle part of life. This leads to a “life-cycle” of investment, where 

agents borrow against future income in their early years. They then repay their debt and save 

for later years in the middle part of their lives and consume the remaining wealth in the latter 

part of their life (Modigliani and Brumberg, 1954; Friedman, 1957; Ando and Modigliani, 

1963). The implication of this is not only how capital and assets flow between agents, but also 

how rational agents price assets and assign preference to the two competing actions: To 

consume or to save. It is assumed, under the standard paradigm in economics, EUT, that an 

agent will attempt to maximize lifetime expected utility. This is done by investing (saving) 

when the expected marginal utility of future consumption exceeds the marginal benefit of 

current consumption, or vice versa. Most utility theories assume that agents have a concave 
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utility function, leading to a decreasing utility to scale. The last bite is never as satisfying as 

the first. This means that agents prefer to save for a rainy day in periods with high 

consumption, and that assets with a relatively high payoff in periods of low consumption are 

more highly valued than those that tend to co-vary with consumption. This dynamic forms the 

basis for most asset pricing models. 

Before treating specific models, it is useful to examine the concept of utility in more 

detail. Put simply, utility is a representation of the mechanisms that economic agents use to 

assign preferences to prospects or gambles. In classical financial economics it is assumed that 

agents are rational and assign preferences using the expected utility theory (EUT) of von 

Neumann-Morgenstern (1944). It has been shown, however, that agents aren’t always rational 

and that in certain situations they will consistently make decisions that are at odds with the 

EUT. This has led to the development of several alternative utility theories, most notably the 

prospect theory (PT) and cumulative prospect theory (CPT) of Kahneman and Tversky (1979) 

and Tversky and Kahneman (1992) respectively. The EUT and these two non-EU theories 

will be briefly reviewed in the following sections. 

3.1 Expected utility 

Expected utility theory builds on the work of Bernoulli5 (1738, English version in 1954). 

Until Bernoulli’s seminal article it was widely believed that the decision criteria when 

evaluating or pricing a gamble was the mathematical expected payoff. Yet Bernoulli proposed 

a game, subsequently named the St. Petersburg Paradox, in which the player wins a payoff of 

$2k-1, where k is the amount of times a head appears in the toss of a fair coin before the first 

tail appears. It is trivial to show that the expected payoff of this game is infinite, yet Bernoulli 

speculated that people would only pay a small amount to participate in the game. To explain 

this at the time counterintuitive fact he proposed that people didn’t evaluate monetary 

outcomes. Instead they placed subjective values, so-called utilities, on monetary outcomes 

and this utility was both decreasing in scale and dependent on the agent’s initial wealth6. 

Bernoulli’s theory received little attention until it was picked up by von Neumann and 

Morgenstern (1944) (henceforth vNM). While seemingly similar to Bernoulli’s theory the 

main development in vNM’s work was to tie the predictions of EUT unto a set of appealing 

                                                 
5 This paper presents only a brief outline of the history of EUT, for a more thorough review the reader is 

referred to Stigler (1950a, 1950b). 
6 Bernoulli also developed a logarithmic utility function consistent with this. 
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axioms. This allowed the theory to transcend beyond merely being merely descriptive and to 

become a prescriptive and normative theory of decision making. To describe the needed 

axioms it is convenient to assume a shorthand form for describing preferences. In the simplest 

form, preferences can be described over prospects or gambles, that is, a list of consequences 

and associated probabilities. A prospect is assumed to consist of mutually exclusive and 

collectively exhaustive (MECE) consequences. If an agent faces a prospect where all 

consequences and probabilities are known, he is said to face a choice under risk. If not all 

consequences and probabilities are known he is said to be facing a choice under uncertainty. 

We can write a given prospect, , as , ; … ; ,  where  represent the possibly 

consequences,  represents the associated probabilities and ∑ 1.  

The axioms necessary for EUT are ordering, continuity and independence (Starmer, 

2000). In the following, , , and  will represent prospects and  denotes strong preference, 

 denotes weak preference and ~ denotes no preference. Ordering is itself dependent on two 

assumptions, completeness and transitivity. Completeness states that when choosing between 

two prospect either one or the other is preferred (or there is no preference), i.e. either  or 

. The transitivity axiom states that preference is consistent between prospects, if  

and  then . Continuity states that for a game with a “best” outcome, , and a 

“middle” outcome, , and a “worst” outcome, , there exist some linear combination of  and 

 that would have the same preference as , i.e. if  and  then there exist some 

∈ 0,1  such that , ; , 1 ~ . Together ordering and continuity imply that there 

exists a continuous preference function over probabilities, ∙ , that assigns a real value to 

prospects. If the value assigned to a given prospect is higher than a counter-prospect then that 

prospect will be preferred; U ⇔ . This existence of a value function is 

central in most utility theories and indeed essential if the theory is to be turned into an 

empirically testable theory.  

The final axiom of EUT, independence, puts strong restriction on the form a preference7. 

It is where the EUT is given its content but also the axiom that is most often criticized8 and 

consequently relaxed in many competing utility theories. The axiom states that if  is weakly 

preferred to  then a chance ∈ 0,1   of  is weakly preferred to a chance  of , where the 

residual probability, 1 , is associated with prospect ;  then , ; , 1

, ; , 1 . The preference between  and  is independent of ! This implies that a 

                                                 
7 It should be noted that vMN only implicitly treats the independence axiom (Malinvaud, 1952). 
8 See Machina (1982) for a review. 
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preference function may be described according to the expected utilities defined over the 

complete set of possible outcomes, i.e. ultimate wealth not the wealth change due to the 

particular prospect is what determines preference (Machina, 1982). This entails that the 

decision criteria becomes a portfolio selection issue and a prospect is preferred if it adds more 

value to the agents wealth (or portfolio of prospects) than does the counter-prospect; r if 

, where  represents the agents wealth.  

Leaving aside criticism of the independence axiom for the moment, we assume that all 

three axiom holds, and can thus describe preferences as 

 Σ  (3)

which means that the expected utility of an action is simply the probability-weighted utility of 

each outcome9. This is not only intuitively appealing; the fact that the function is linear in 

both utilities and probabilities makes it very convenient to make further derivations from the 

model. Particularly in asset pricing where, as will be shown below, we can use the EUT to 

derive a discount factor (or vector, as it may be) that can translate a set of possible future 

probability weighted payoffs into a present value. For now, however, we turn to the more 

complicated case were agents do not conform to the economist’s convenient notion of the 

rational being.  

3.2 Non-expected utility 

Appealing as the EUT may be, it didn’t take long for researchers to document in laboratory 

experiments that people would consistently violate its axioms. Early examples were found in 

Allais (1953) and Edwards (1955, 1962), and since then several other studies have found 

systematic deviations from the axioms of the EUT. In his recent review of non-EUT Machina 

(2008) identifies ten alternative utility theories10 that provide axiomatic form and a shaped 

utility function. In a similar review, Shafir and LeBoeuf pronounce prospect theory “the most 

influential” (Shafir and LeBoeuf, 2002) of theories for the behavioural foundations in choice. 

                                                 
9  Early papers commenting on vMN were somewhat confused by this summation measure, as they took ∙  

to be describe cardinal utility. In reality, ∙  is merely an indexing function and the exact numerical value 
it assigns to a given prospect is irrelevant as long as it preserves correct order of preference between 
prospects, and is as such an ordinal utility function. ∙  on the other hand, is an cardinal utility function (if 
it weren’t, we wouldn’t be able to take the weighted sum)  (Fishburn, 1989). 

10 Not counting the cumulative prospect theory as a separate theory. 
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In the light of this and in the interest of brevity, the only non-EUT treated in this paper will be 

prospect theory and the augmented cumulative prospect theory. 

3.2.1 Prospect theory 

Prospect theory arose after empirical observations that test subjects making decisions under 

risk made choices that did not maximize their expected utility as defined by the EUT. 

Kahneman and Tversky (1979) explored a number of such deviations in a series of highly 

controlled experiments and based on the results of these they developed a new utility theory 

to incorporate their findings. They named this theory prospect theory and it, and the 

augmented cumulative prospect theory (Tversky and Kahneman, 1992), are arguably the most 

serious contenders to EUT. Although critics point to the fact that the theories are based on 

experiments, rather than observations of real world decisions, the general consensus is that the 

prospects theories are a closer approximation to human decision-making than is EUT 

(Hirshleifer, 2001). This section provides a brief overview of (cumulative) prospect theory. 

Prospect theory is concerned with decision-making under risk. In prospect theory, choice 

is made in two phases, editing and evaluation. In the editing phase, heuristics are used to 

simplify the prospects. The first step of the editing phase is the coding phase, where an 

individual will look at the possible outcomes of a given prospect and from them form a 

reference point above which outcomes will be classified as gains and below which they are 

classified as losses. This means that a prospect is evaluated by itself rather than as an addition 

to current wealth as under the EUT. Kahneman and Tversky moderate this point somewhat, as 

they postulate that when large gambles are considered, e.g. such that would cause an agent to 

lose his house in the case of a negative outcome, addition to current wealth is considered. 

After the coding phase agents will combine similar outcomes by adding their probability, a 

25% chance of a gain of 99 and a 25% chance of a gain of 101 will hence be considered a 

50% chance of a gain of 100. They then segregate any riskless components that are persistent 

across the different outcomes, and if e.g. all outcomes are greater than or equal to 100 they 

will consider a sure gain of 100 separate to the actual prospect and all outcomes will be 

reduced by this amount. In the process, outcomes and probabilities are also likely to be 

simplified by rounding them up or down. This also leads to an incorporation of the fact, 

documented by Fischoff et al. (1977), that people tend to treat very high probabilities as 

certainties and very low possibilities as impossibilities. 
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Next is the evaluation phase. Kahneman and Tversky found that people assigned value 

differently based on whether an outcome was a gain or a loss. Specifically, they were risk 

averse when considering gambles with only positive outcomes and risk seeking when 

considering gambles with only negative outcomes. To account for this, they constructed the 

following utility function, which is concave in the positive domain but convex in the negative 

domain. 

 0
0

 (4)

where 0 1, 0 1, 1 and  represents the change in wealth due to a particular 

prospect compared to a reference point. Cumulative prospect theory extends prospect theory 

to account for decision-making under uncertainty. In it, individuals attempt to maximise a 

weighted sum of prospect theory utilities. The utilities are weighted by subjective estimates of 

probability formed in the editing phase. As agents tend to round probabilities (as well as 

outcomes) up and down, decision weights are used instead of probability weights. Tversky 

and Kahneman (1992) model decision weights as  

 

,
1

0

1
0

 (5)

Combined, the two functions can be used to describe the preferences of agents for prospects. 

It is important to point out, that unlike the EUT, PT and CPT are descriptive rather than 

normative theories of choice. They describe how people choose, not how they should choose. 

Yet this is also what is relevant for asset prices, as it is the actual choices of agents that set 

prices. While investors under the EUT are always risk averse, investors in PT will sometimes 

be risk averse and sometimes be risk seeking. Whether they are one or the other depends on a 

subjective reference point. Attempts to estimate such aspects of PT and other deviations from 

EUT on asset prices will be considered in chapter 5. For now, however, we turn to classical 

asset pricing under the EUT. 
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4 Asset pricing under expected utility 

This chapter describes asset pricing under the EUT. It builds on one of the central tenets in 

finance: The existence of a strictly positive stochastic discount factor (SDF) that can be used 

to discount future payoffs and arrive at a current price11. Following the notation of Beja 

(1971) we express this notion in a basic pricing equation: 

 , , (6)

where  is the price of asset  at time ,  is the conditional expectations operator,  is 

the SDF at time 1 and  ,  is the payoff of asset  at time 1. This relation can be 

derived directly from the no-arbitrage condition and is thus the link between no-arbitrage 

models and utility based models. The latter is an investigation of what assumptions about 

investor preferences have in a no-arbitrage framework. While the notion of a SDF is central to 

utility-based asset pricing, the actual proof of the existence of the SDF yields little intuition 

about asset prices. As such, it has been omitted from the main body of text and for the actual 

proof the reader is referred to the appendix in Section 11.2. This chapter contains examples of 

theoretical applications of this pricing equation. Section 4.1 describes how this basic pricing 

equation can be connected to utility functions and used to derive some basic financial tenets. 

Section 4.2 and 4.3 derives and discusses the CCAPM and the ICAPM respectively. Section 

4.4 discusses several theoretical and empirical issues common to many asset pricing models 

under the EUT. 

4.1 Basic transformations of the SDF 

Equation (6) is the most general asset pricing formula. It is general to the point of having little 

meaning but allows many other asset pricing theories to be expressed in common terms 

facilitating an easy comparison. With a few basic and uncontentious assumptions we can, 

however, deduce a few asset pricing relations that will either be referenced or serve as point 

of departure for the more specific and testable asset pricing hypotheses. The following will be 

based on Cochrane (2001) and Campbell (2003) unless otherwise noted. 

The basic model has been written in equation (6) with price isolated on the right-hand 

side. Yet it is important to point out that it is not necessarily a pricing equation. Any other 

                                                 
11 The notion of using a discount factor to discounting future payoffs to arrive at a current value of an asset is 

not new (see e.g. Dodd and Graham, 1934), yet the theoretical underpinning of the concept has only been 
developed in the second half of the 21st century and is generally attributed to Radner (1966, 1972). 
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factor could likewise have been isolated. What the equation describes is the equilibrium 

relationship between payoffs (  the preferences (  and expectations consumer-investor 

agents ( ) and prices ( ). Payoffs are determined by the production technologies of the 

underlying assets; e.g. their efficiency and their return to scale. Preferences of the agents are 

determined by their risk aversion and preferences for intertemporal substitution. The 

expectations of consumers are based on their information set as well as their conditioning 

process, a topic that will be treated in section 4.4.1 Conditionality below. The final factor, 

price, is the single number that sums up the equilibrium relationship between all these factors. 

The ability to sum up such large sets of information into one number is the beauty of prices 

(Hayek, 1945), yet also what makes them so hard to understand. 

This section deals with variations of the basic variations of the SDF models, a selection 

of derivations of it and the assumptions needed to derive these. Equation (6) is mainly a 

matter of notation and it has no content until we connect it to a utility function. We consider 

an agent, k, who is able to freely trade asset i and derives a benefit from current consumption, 

U(Ckt), as well as future consumption described by δU(Ck,t+1).  He then has the time-separable 

utility function 

 , . (7)

where 0 1 is a constant describing the patience of the agent. By recursive substitution 

this simple two-period utility function can be expanded to cover an infinite amount of periods. 

The utility function captures the investors’ desire for consumption, rather than intermediate 

objectives such as means-variance optimization. 

An intuitively appealing intuitive alternative shows the consumption-investment criteria 

as a balance between consumption and wealth. This can be expressed as 

 , . (8)

where ∙  describes the utility from wealth12. This turns the investors optimization objective 

into a Bellman equation and reduces the optimization criteria of the investor from the 

consideration of a multitude of future consumption levels that arise from recursive 

substitution in (7) to considering just two criteria (Ferson, 2006). This is probably more akin 

to how individuals decide on their consumption, in that they consider the impact of 

consumption decisions on their bank account rather than on a range of future consumption 
                                                 

12 There are many variations of this equation, building on the relation that ,  
where  is the return on the wealth portfolio. 
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possibilities. Yet it is also less direct. Wealth, in itself, is not generally assumed to generate 

utility, only consumption is. Wealth is simply a mean to an end. 

In the following we will use equation (7) although equation (8) could likewise be used. 

The consumer-investor will choose to consume until the marginal benefit of doing so equals 

the discounted expected marginal benefit of future consumption. We can write this first order 

condition by combining (6) and (7) as 

 , , . (9)

Under these assumptions we can divide by U(Ckt), which simply enters the expectation 

operator unaltered, as current consumption and the associated utility is certain, and we can 

combine equation (9) with equation (6) and express the SDF as 

 ,

′ ,  

 
⇒ ,

′
. 

(10)

This is why the SDF is also called the intertemporal marginal rate of substitution, and 

describes the willingness of the agent to trade current period consumption for future period 

consumption. 

While we have not assumed the existence of a risk free asset (or indeed the existence of 

any asset at all), we can still investigate what an agent would be willing to pay for a risk free 

asset or more conveniently, the risk free rate the agent would be willing to settle for. We 

simply get the rate, , by setting the price of the asset equal to unity. Since the asset in 

question is risk free we can exclude the payoff from the conditional expectancy operator. 

Inserting into equation (6) we get 

 1  

 ⇒ 1/ . (11)

From this it can be seen that the risk free rate is formed by the desire of agents for current 

consumption compared to expected desire for future consumption. A high utility from current 

consumption leads to a high interest rates. This is consistent with standard macroeconomics. 
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Here, a high desire for current consumption leads to a high demand for money to finance this 

consumption, and interest rates, “the price of money” rise to reflect this.  

In the same manner (by dividing by the price or setting it to unity), the return of any 

given asset can be calculated, with one small caveat: Equation (6) does not rule out portfolios 

or assets with prices of zero, such as long-short portfolios, but this must be done in order for a 

return to be defined for a given asset, : 

 
1 , . 

Since the price of an asset at time  is known, it enters the conditional expectations operator 

unchanged. We denote , ≡ , ⁄ , and assume the existence of a riskless security with 

return , , and define the excess return of security  as , ≡ , , . The value, or price, 

of this excess return must be equal to zero, otherwise it would entail an arbitrage opportunity. 

Hence: 

 0 , . 

This can then be substituted into equation (10). The derivative utility of current consumption 

and the impatience factor are known at time   and can be put outside the conditional 

expectations operator: 

 
0 , ,

′
 

 ⇒ 0 , , . (12)

From the basic SDF model, we can likewise deduce a central tenet in finance: That rational 

investors are not willing to pay for asset volatility that in uncorrelated with their consumption 

possibilities. We can use the relation ,  to rewrite equation (6) 

as 

 , , 

 ⇔ , , . (13)

If we then substitute in equation (10) and (11) we get 
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⇔ , ′ , , ,

′
. 

(14)

The payoff of an asset enters in the first term with its expected payoff and in the second term 

with this payoffs covariance with consumption. Any variance in the payoff of asset i that is 

uncorrelated with future consumption is not part of the equation and thus “idiosyncratic” risk 

is not priced. Covariance with future consumption is, however. If the asset has positive 

covariance with future marginal utility, that is, that it pays more when the additional benefit 

of each dollar is high (consumption is low), the asset trades at a premium to the risk-free rate 

and vice versa. 

We can write this relation in a more familiar “beta-notation”. If we convert (13) to work 

with returns, that is, set a unit price by dividing by pit and let Ri,t+1 describe the return on asset 

i we get 

 1 , , ,  

 
⇔ ,

, ,
 

 
⇔ ,

, ,
 

 ⇔ , , (15)

where 

 β ≡
, ,  and ≡ . 

4.1.1 Assumptions 

While equation (15) may appear similar to the familiar CAPM model, it is distinctly different. 

Equation (15) is a general model, where the CAPM is based on several restrictive 

assumptions. The above models have made almost no restrictive assumptions. The only thing 

assumed is that there exists a discount factor that can be used to discount future payoffs 

(which follows from the no-arbitrage assumption) and that investors value consumption. We 

have not assumed complete markets nor a representative investor. These assumptions apply to 
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any given investor, independent of the presence or absence of any other investors or assets. 

The complete markets and representative investor assumptions are needed if we want to use 

aggregate consumption in the above model, or in a range of other variations that strive to 

define market-wide equilibrium. We have not assumed anything about the utility function of 

the investor13, the distribution of returns, or the nature of the assets the equation applies to. 

This is not a two-period model. Rather it applies to any two periods in a multiperiod model as 

we work with conditional moments (see section 4.4.1 below for more on conditionality). We 

do not assume that the investor has no outside source of income or no non-marketable human 

capital. We do not assume that markets are in equilibrium, that the investor has access to the 

assets we are trying to price nor in fact that the investor has access to any asset at all. 

(Cochrane, 2001) 

While this lack of restrictive assumptions is the beauty of the basic SDF model, it also 

means that it is general to the point of being untestable. To test it empirically we need to make 

assumptions about one or more factors, and test the implications for the other factors. The 

focus of this paper is asset pricing, and the focus will be on models that make assumptions 

about factors such as utility functions and return distribution and examine the implications for 

prices. It is worth noting, again, that the SDF model is not necessarily merely a pricing model. 

Other uses includes e.g. imposing minimal restrictions on the model and examining stylized 

facts about the model itself from returns, variances, etc. or one can assume complete markets 

and examine the utility function and intertemporal budget constraints of investors14. The 

problem facing all of these tests is that they are joint hypothesis test, they test both the 

specification of the model as well as the assumption of rational expectations (Fama, 1970b, 

1991). 

4.2 CCAPM 

What we know as the Consumption Capital Asset Pricing Model (CCAPM) is actually a class 

of models, first developed in Rubinstein (1974, 1976), Breeden and Litzenberger (1978) and 

Breeden (1979). The name is somewhat perplexing: All SDF models are based on 

consumption. All attempt to model the choices of one or more agents who decides how much 

                                                 
13 A time-separable utility function has been shown above. It is also possible to derive the relations seen to 

this point using a time-nonseparable utility function, although the calculations are considerably more 
cumbersome. 

14 See Campbell (2000) for an extensive list of the possible areas of research within the SDF framework and a 
review of the literature within each area. 
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of their wealth to consume and how much to invest. Yet the name has stuck, and it is used for 

a variety of models that use aggregate consumption data, instead of simply proxies for 

consumption data (such as wealth). 

One way to easily derive a CCAPM is to simply use a quadratic utility function, e.g. 

∙ ∙ 2⁄ . Inserted into equation (12) this yields 

 E ∙ ∙ , 0 

 
⇔E , ∙

∙ , ,  

This equation is analogous to equation (15), yet by applying the quadratic utility function the 

estimation problem changes from measuring covariance with the unobservable SDF to 

measuring covariance with consumption. In the same manner, we could also use change in 

consumption or the consumption growth rate. 

The assumption of quadratic utility, however, is not very attractive (See Arrow (1965)). 

Most derivations are made under less restrictive assumptions, e.g. by specifying a particular 

return distribution. If we assume that , ,  are multivariate normal and that the utility 

function is twice differentiable within the relevant range we can evoke Stein’s (1973) 

Lemma15 in equation (12): 

 0 , ,  

 ⇔ ,
1

,
∙ , , ,  

 
⇔ ,

,

,
∙ , , ,  (16)

The above equation is still dependent on unobservable factors, namely the first and second 

derivative of utility. However, by definition the Arrow-Pratt coefficient of relative risk 

aversion is ≡ ′′ ′⁄ , so the above equation is testable if we assume that the relevant 

utility function exhibit constant relative risk aversion, e.g. power utility.  

                                                 
15 Steins Lemma states that if ,  are bivariate normally distributed  is differentiable and | |

∞  then , ′ ∙ , . The assumption of multivariate normal distributions is 
actually too strong. Landsman (2006) and Landsman and Nešlehová (2008) have derived a general version 
of the lemma that holds for all elliptical distributions 
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While this version is less restrictive than the previous one, the assumption of multivariate 

normal returns, while common, has the unattractive property that returns are not negatively 

bound: While the possibility with reasonable standard deviations are ever so slight, the 

models still implies that consumption can be negative! This impossibility is ruled out in 

Breeden’s (1979) continuous time CCAPM where consumption and returns are driven by a 

diffusion process. In this case the variables are locally multivariate normal and we can invoke 

Stein’s Lemma (or rather the continuous time equivalent, Itô’s (1951) Lemma)16. 

4.2.1 Discussion, issues and empirical evidence 

The CCAPM is theoretically appealing as it relies on few restrictive assumptions, as Lettau 

and Ludvigson (2001) put it, it “has a degree of theoretical purity that is unmatched by other 

asset pricing models” (2001). Empirical tests, however, have generally not been supportive 

(See Singleton (1990) for a review).  Arguably, the most famous CCAPM test is that of 

Mehra and Prescott (1985) who in a variation of Lucas’ (1978) endowment CCAPM 

document what they call the equity premium puzzle. In their model they assume that equity is 

a claim to aggregate consumption and test the covariance of equity returns with consumption 

levels. Yet they find that the covariance of equity returns with consumption is low, while at 

the same time the return on equities is high (similar to what is found in Dunn and Singleton 

(1986)). This excess return, or “premium”, on equities can within the standard CCAPM 

framework only be explained by a risk aversion that is much higher than the levels believed to 

prevail in the market. Some have argued that the risk aversion suggested by Mehra and 

Prescott’s findings is correct, and that market risk aversion is indeed higher than previously 

believed (e.g. Kandel and Stambaugh, 1991). There are, however, reasons why this may not 

be so. As pointed out by Weil (1989), a high risk aversion implies a strong aversion to 

intertemporal substitution17 and investors will have a strong preference towards having the 

same consumption level over time. As consumption generally grows evenly over time, 

investors would want to borrow massively in the early parts of their lives and gradually pay 

off this debt over their lifetime, in order to eliminate any difference in consumption level over 

their lifetime. This would make the consumption level of individual agents almost constant 

over their lifetime even as society’s aggregate consumption grows. This, however, is 
                                                 

16 The need to specify the return process in a model that aim to determine returns is, however problematic. 
This issue, which is shared with Merton’s (1973) ICAPM . 

17 This is due to the fact that in the SDF-model, risk aversion and intertemporal elasticity are inextricably 
linked. This less than salient feature is relaxed in non-SDF models such as Epstein and Zin (1989, 1991), 
yet these are beyond the scope of this paper. 
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inconsistent with observed interest rates that are much too low to be consistent with the 

resultant high demand for debt. Weil calls this conundrum the risk-free rate puzzle18. 

Proposed “solutions” to these and other puzzles generally fall within three categories. 

There are (i) those that argue the fault is in the consumption data, (ii) related to this those that 

believe the problem lies in consumption aggregation and finally (iii) those that critique the 

assumptions of the CCAPM. This section will present a brief review of category (i) and (ii). 

Category (iii) will be presented in section 4.4 below, as many assumptions and hence related 

critiques are shared with the ICAPM. 

4.2.1.1 Problems with consumption data 

The problems with consumption data can either be due to the frequency or the quality of the 

data. Frequency can be measured objectively, e.g. post-1959 US consumption data is 

available at a monthly frequency, which may or may not represent an empirical concern. 

There are as such no theoretical concerns with frequency. This section, then, will only treat 

issues with the quality of the data. Specifically, two factors have been identified, 

nonseparability and seasonal variation.  

Nonseparability arises when consumption in one period affects utility from consumption 

in the next. This effect stem from two separate effects. One is habit persistence, the notion 

consumers define utility according to a reference point of consumption – in theoretical 

applications often taken to be that of the previous period. They get used to a certain level of 

consumption and compare other consumption levels to this norm. This is, however, not in 

accordance with EUT, and the issue will not be treated here. The second is the presence of 

durable goods in consumption data. In the presence of durable goods, the actual consumption 

in a given period depends on the consumption expenditure of the previous periods as the 

durable goods are consumed over several periods. Examples are cars and appliances that are 

purchased in one period and last for several periods. There are no theoretical models to 

account for durable goods. Empirical studies have tried to correct for the issue by using 

lagged consumption betas (see e.g. Eichenbaum et al., 1984, 1988; Dunn and Singleton, 1986; 

Ogaki and Reinhart, 1998) but have had limited success: While the inclusion of lagged betas 

improved goodness of fit measures, the betas were not always positive as they would be if 

                                                 
18 Bansal and Coleman (1996) and Heaton and Lucas (1996) argue that the reason the risk free rate, which is 

often taken to be the return on treasury notes, is so low is that treasury notes have characteristics that make 
them more money-like than debt-like: They are extremely liquid and can be traded at very low costs. The 
counterargument is that long term bonds, which do not have these characteristics also trade at a significant 
discount compared to equities (Campbell, 2003). 
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they indicated durability of consumption goods19. To get around this issue some studies have 

taken advantage of the fact that certain nations, such as the US, splits consumption statistics 

in durable and non-durable consumption. In doing so, however, researchers must pay special 

heed to the definition of durability in the consumption data, since any consumption good may 

be considered durable if only the time horizon is sufficiently short (Cochrane, 2001). Taken to 

the extreme, if periods are measured in mere seconds, even a pizza must be considered a 

durable good. 

Another quality issue is that of seasonality in the consumption data. To get around this, 

most studies use seasonally adjusted data. Yet seasonal adjustment is a form of smoothing, 

and may lead to low correlation between consumption data and equity returns and thus 

increase the observed equity premium (Ferson and Harvey, 1992). Yet data that is not 

seasonal adjusted has the obvious flaw of seasonality. At present, the only solution to the 

issue seems to be using yearly data. Yet with the dearth of yearly data, seasonally adjusted 

monthly data may be a necessary evil. 

4.2.1.2 Consumption aggregation 

While the consumption data itself may be flawed another issue entirely is that heterogeneity 

in the economic agents in a given market can make its interpretation difficult. This section 

looks at two sources of heterogeneity that have profound impacts on asset pricing, namely 

heterogeneity in market participation and in income levels. 

Several papers show how differences in market participation may affect the CCAPM. An 

excellent example is Campbell and Mankiw (1989) who propose a simple way to model 

market participation and its impact on asset prices. In their model, there are two types of 

economic agents, one is forward-looking and consumes some of their income while saving 

the rest for future periods. The other, on the other hand, follows the “rule of thumb” of 

consuming their entire current-period income20. This is equivalent to have an patience factor 

of 0 in the utility functions of equation (7) and (8), and is therefore not necessarily 

incompatible with the EUT. Campbell and Mankiw do not dwell on the issue of why a 

particular class of economic agents engage in this behaviour, though others have postulated 

that budget constraints force them to consume all available income (Campbell, 2000), or that 

                                                 
19 This may be due to either spurious regression or habit persistence (Ferson and Harvey, 1992) 
20 Empirically, several studies show that a large fraction of consumers do not hold stocks, and of those that do 

their holding is often insignificant. This limited participation even persists when adjusting for pension 
savings. See e.g. Mankiw and Zeldes (1991), Bertaut (1998) and King and Leape (1998). 
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market imperfections prevent them from saving. The result, though, if one subscribes to this 

theory, is clear. Researchers examining the SDF above ignoring this issue, will see a 

disconnect between consumption and asset pricing, as the rule-of-thumbers contribute a more 

or less stably growing amount to aggregate consumption. This makes consumption appear 

smooth and simply using aggregate consumption in a CCAPM may lead to Mehra and 

Prescott’s (1985) equity premium puzzle, as the consumption observed isn’t representative for 

investors, who are the ones who set prices. Mankiw and Zeldes (1991), using estimated values 

for market participation, find that the theory of Campbell and Mankiw can explain only some 

of the observed equity premium puzzle. Heaton and Lucas (2000) and Vissing-Jørgensen 

(2002), however, point out that market participation shouldn’t be seen as static, and has in 

fact increased over time. This increased market participation has lead to an increased demand 

for stock. Combined with observed decreased costs of diversification this may have to a 

higher demand for equities and hence pushed up equity prices and lead to the high observed 

return on equity. Hence market participation may explain some of the equity premium puzzle. 

As market participation has a significant impact on asset pricing, any model must either 

explicitly treat market participation, or substitute consumption data out of the model entirely. 

Another source of heterogeneity that may affect asset prices is heterogeneity in income. 

Both income levels and income shocks can impact asset prices. People at different levels of 

income, or endowment, have different consumption baskets. This follows directly from 

Engel’s (1857) law, which describes how household spend on particular assets varies with 

income. E.g. food, which is a relatively high share of spend for low-income households, but a 

smaller share (albeit higher amount) for higher income families. The inverse is the case with 

luxury goods. As shown above, there is evidence that higher income families are more heavily 

invested in the stock market. This means that the average investor is richer than the average 

citizen in an economy. As such, the average investor does not consume the average 

consumption basket. It follows that the average investor will not price an asset by its 

covariance with average (or aggregate) consumption. What is big ticket items for low income 

agents, such as food or shelter will be a much lower share-of-wallet for the average investor 

and should be underweighted in the consumption basket asset covariance is measured against. 

Luxury items, and other discretionary consumption expenditures should, on the other hand be 

overweighted. 

Alternatively, the effects of income shocks can be considered. Constantinides and Duffie 

(1996) present a model where market participants have different, lognormally distributed, 
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consumption levels and the same power utility function. Their labour income is each period 

subject to a persistent stochastic shock. In this case they find that the agents’ average marginal 

utility of consumption is not the same as the marginal utility of average consumption if 

investors have nonlinear marginal utility. Hence using the standard power utility discount 

factor is not appropriate and it must be scaled by the variance in the log of the cross-sectional 

distribution of consumption growth. 

Under these assumptions then, heterogeneity serves to exacerbate the discount factor, and 

thus contribute to the equity premium puzzle. The risk aversion needed to fully explain the 

equity premium puzzle with reasonable variation levels is, however, arguably still too high 

(Campbell, 2000). A critical assumption behind the results, however, is that income shocks 

are persistent; otherwise they could easily be insured by lending and borrowing except under 

severe market inefficiencies. Heaton and Lucas (1996) and Storesletten et al. (2004) examine 

consumer-level data and find that income shocks persist for an average of 1.4 and 2.8-9.8 

years respectively. These widely different results make it unclear how persistent shocks are 

likely to be. 

Overall, it can be concluded that while the CCAPM is indeed theoretically pure and adds 

to our understanding of the relationship between asset prices and consumption levels, its 

empirical application is fraught with problems. The main issues are in the consumption data 

itself and consequently the next section deals with the ICAPM, which adds a layer of 

abstraction between asset prices and consumption. 

4.3 ICAPM 

While the use of consumption data is very theoretically appealing, the above issues with 

consumption data make it much less tractable empirically. Consequently, we turn to the 

ICAPM of Merton (1973). The intertemporal CAPM (ICAPM) of Merton (1973) builds on 

one of the main critiques of the earlier CAPM, that it is a one period model and does not hold 

intertemporally. Fama (1970a) shows that the use of a one-period model in a multi period 

setting is only possible if consumption preferences and investment opportunities are constant 

over time, but neither of these assumptions are very appealing: Merton (1971) shows in a 

continuous time frame work that an intertemporal optimizer will act quite different if facing a 

changing rather than constant opportunity set. That the investment opportunity set faced by 

investors in the real world is in fact changing is obvious and needs no further substantiation. 

In the CCAPM this changing investment opportunity set is only implicitly treated: The 
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changing investment opportunity set will affect future decisions between consumption and 

investment. The expected consumption levels of the economic agents encompasses this 

dynamic and is the expected consumption path of the agents given changes in both 

consumption and investment opportunity. While this may seem a backwards, it is the most 

direct way of accounting for the investment opportunity set, as it is not an exogenous factor 

but is in fact driven by expected future consumption. This dynamic, or equilibrium, between 

the two factors means that the CCAPM can leave out changes in the investment opportunity 

set. The ICAPM takes a similar approach but leaves consumption out of the equation: If the 

investment opportunity set can be forecasted, then likewise can returns. The variables used 

are denoted state-variables, as they describe the state of the world. Thus, we get a conditional 

model that doesn’t require troublesome aggregate consumption data. The issue then, becomes 

to find economically sensible variables that describe agents’ expectations over these state 

variables (and this is no simple issue). 

We now turn to an informal discrete-time proof of an ICAPM following Constantinides 

(2005). This does not do justice to the elegant proof of Merton (1973), yet is more easily 

compared to the basic SDF model and the above derivation of the CCAPM. In the above 

models, in order to predict prices at time 1, we need to predict the entire information set 

, given only . While finite, the set we need to predict is very large. However, if we 

assume that there is a vector  of a small dimension and a function ĉ ∙,∙  such 

that 

 ĉ , ≡  for all . (17)

The information set ,  under this assumption sufficient to determine consumption at 

time 1, which can be inserted into equation (12). From this we cannot determine prices 

unless we make certain assumptions about return distributions. If we, like in the CCAPM, 

assume that excess returns and the elements of  are multivariate normal21 then we can evoke 

Stein’s (1973) Lemma22 (remembering that ′ is effectively a function of ), and use the 

relation that ,  as well as the chain rule: 

                                                 
21 In Merton’s (1973) model  and prices follow a joint diffusion process and are thus automatically locally 

multivariate normal. 
22 Actually, this is too strong an assumption as Stein’s Lemma has recently been generalized to elliptical 

distributions (Landsman, 2006). The 1973 version of Steins Lemma states that if ,  are bivariate 
normally distributed  is differentiable and | | ∞ then , ′ ∙ , . 
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 0 ĉ ,  

 E ĉ ∙ E , Cov ĉ , ,  

 E ĉ ∙ E , E ′′ ĉ ∙ ĉ′ ∙ Cov , ,  

 
E ,

E ′′ ĉ ∙ ĉ′
E ĉ

∙ Cov , ,  
(18)

That is, the excess return on an asset is dependent on the covariance of the excess returns with 

the state variables. The confounder in equation (18) is the non-covariance term on the right 

side. Keeping in mind that the Arrow-Pratt coefficient of relative risk aversion is defined 

≡ ′′ ′⁄  (Cochrane, 2001) offers some intuition, but consumption enters above with 

its derivative. Deriving utility from both state variables and wealth can solve the issue, yet 

this is not easily done in discrete time. For a derivation in continuous time the reader is 

referred to Merton (1973). Here, only the result will be shown23: 

 ∙ , ∆ , ∆  (19)

In the same manner as the above derivation we can augment the state vector with conditioning 

information, e.g. ĉ , , ≡ , see section 4.4.1 Conditionality below for 

more on conditionality. 

While the ICAPM provides the theoretical underpinnings for including state and 

conditioning variables in asset pricing tests, it gives no indication as to how these variables 

should be selected (Breeden, 1979). Others, however, have examined what variables are 

relevant to intertemporal optimizers compared to one-period optimizers. Fama (1970b) find 

three relevant parameters.  (i)  State-dependent utility or , . This entails that 

different bundles of goods are preferred in different states of the world. An example could be 

that raincoats yield more utility in a “wet” state. (ii) Related, utilities for a given dollar 

                                                 
23 Merton’s derivation is not without its flaws. As noted in footnote 21, Merton’s proof is built on the 

assumption that prices are exogenously determined and follow a diffusion process. While neat, it poses the 
question of how the ICAPM can model price paths, when the specification of these very paths is necessary 
for the derivation of the model? (Ross, 2005),  
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amount of consumption may differ, as states may impact the prices of goods and services. (iii) 

(Re)investment-opportunities may likewise be state-dependent24 

Multifactor models either explicitly or implicitly based on the ICAPM have been 

numerous, and for a good reason: The ability to use any variable in asset pricing tests is very 

convenient, and the uses of a well-specified model are many.  Yet a caveat applies. That any 

and all factors can be applied this way in a factor pricing model does not that they should. 

The ability to pick-and-choose factors has been taken as a “fishing license” and many a factor 

have been included devoid of any economic rationale (Fama, 1991; Cochrane, 2001). This 

may produce a model that fits the data beautifully, but makes it hard to derive any insight and 

leaves little confidence in the models ability to predict returns over time and between samples. 

4.3.1 Discussion, issues and empirical evidence 

The ICAPM addressed many of the issues researchers had with the CAPM, namely its 

restrictive assumptions and its one-period nature. But the legacy of the CAPM is still clear. If 

we assume that state variables have no bearing on asset returns in equation (19) then we 

simply have the CAPM. This seems perfectly intuitive, since Fama’s (1970b) three conditions 

in this case automatically are fulfilled (but as noted below, does leave some questions 

unanswered). Yet this also means that it us subject to some of the critiques levelled at the 

CAPM. One such is Roll’s (1977) critique that it relies on a market portfolio that is essentially 

immeasurable, as it in addition the traded equities that are often used as a proxy for it, also 

includes a range of other marketable instruments as well as a range of non-traded assets such 

as human capital. This concern has been addressed empirically by Staumbaugh (1982) and 

Shanken (1987) who finds that the inclusion and exclusion of financial assets have little 

impact. Based on this they suggest that Roll's critique, while theoretically valid, has no 

bearing on the practical application of the CAPM. Others, however, emphasize human capital 

as the most important immeasurable and show that it has a significant impact on asset pricing 

(Campbell, 1996; Jagannathan and Wang, 1996; Lettau and Ludvigson, 2001). This means 

that while the exact mix of financial assets may be of little relevance, excluding important 

entire wealth sources has a significant impact. 

There are, however, more subtle distinction between the CAPM and the ICAPM. The 

static CAPM prices assets by the covariance of their returns with that of the wealth portfolio, 

                                                 
24 Other early treatments of intertemporal optimization are found in Mossin (1968) and Hakanson (1971, 

1974). 
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or alternatively, the marginal contribution of the assets to future wealth. Yet, future wealth is 

a result of the current production possibility set and all future changes in it, which is predicted 

by the state variables in the ICAPM. If these state variables are already implicit in the price of 

the wealth portfolio, how can we expect them to add any additional information when valuing 

individual assets and portfolios in the ICAPM manner? This is the question addressed by 

Breeden’s (1979) CCAPM. He shows the subtle distinction between wealth and consumption 

that arises in an intertemporal context. Using the framework of Merton (1973) he shows that 

the multiple betas inherent in the ICAPM can be collapsed into a single beta on consumption, 

the CCAPM. This has a more intuitive relation to the CAPM than does the ICAPM: In a one-

period model, all remaining wealth must necessarily be consumed at the end of the period. 

Measuring assets by their contribution to marginal wealth in therefore agreeable in a one-

period model, since wealth and consumption are inextricably linked. Whether the link 

between wealth and consumption in the ICAPM is valid, is thus an open question. 

What the ICAPM does is specify the preferences of investors as well as the path that 

asset prices follow (a diffusion process) resulting in an instantaneous equilibrium. The only 

missing variable, then, in equation (6) is the technology (or payoffs), which is implicitly (but 

not uniquely) specified given that the other variables are fixed. As the utility is fixed and 

hence state independent, the state variables, which serve to guide investors along an optimal 

consumption/investment path, must thus describe changes in the technology of the economy25. 

Or more precisely, changes in the production possibility set as the direct concern of investors 

is still consumption, not investment yield. This means that indirect utility is state dependent. 

In an economy with a strong production possibility set indirect utility is higher than in a weak 

economy. To smoothen their expected utility, investors then form portfolios that hedge 

against adverse movements in the production possibility set, in consequence setting the price 

of good hedges high (and their expected return low). (Ross, 2005). 

These are some of the issues with the ICAPM in particular. Some critiques are of the 

EUT and behavioural models in general, and will be reviewed in the following section. As 

will the bulk of empirical tests of the ICAPM, since it is many ways is empirically 

indistinguishable from the APT and the tests of multifactor models will be treated together in 

Chapter 6 below. 

                                                 
25 While this means that the ICAPM does take into account all the aspects of the basic pricing equation, it is 

not a true general equilibrium model. Both the price paths and the technology are exogenous to the model. 
For a true general equilibrium the reader is referred to the model developed in Cox, Ingersoll and Ross 
(1985a) and tested in Cox, Ingersoll and Ross (1985b), which derives payoffs and thus prices from 
specification of the underlying technology and the preferences of investors. 
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4.4 The xCAPM family: Discussion, issues and empirical evidence 

The issues with the xCAPM family generally falls in one of four categories. The first is those 

that question the EUT. These are implicitly covered in Section 3.2 with the introduction of 

non-expected utility and in Chapter 5 on asset pricing with non-expected utility. The second 

category of issues is with conditionality. All the models we have looked at so far are 

conditional on the expectations of investors at time , yet how these expectations are formed 

and how they change over time has not been treated. This is the topic for Section 4.4.1. The 

third category of issues is with the assumption made in deriving the above models from the 

basic pricing equation. One particularly important assumption, that of elliptical return 

distributions, is reviewed in Section 4.4.2. Another important assumption is that investors can 

indeed trade freely and that prices adjust to what is predicted by the models, is treated 

critically in Section 4.4.3. Finally, there can be issues in aggregating the preferences of 

heterogeneous consumers, a topic that is treated in Section 4.4.4. 

4.4.1 Conditionality 

The models we have looked at so far have been conditional. The relationships derived have 

thus relied on the expectations of investors conditional on their information set, , at time . 

We state this with a subscript  on both the conditional expectations operator and covariances, 

e.g. in the basic pricing equation: 

 , , 

or when we want to make the dependence on the information set of investors more explicit, as 

 , | . 

This conditionality is problematic when trying to test the model empirically. In the models 

developed so far, these subscript ’s have been carried on to the return relationship specified 

by the model. This means that the “constants” of the model aren’t really constant. Even if we 

find a model that accurately describes the current return generating process, this model may 

very well be unable to predict future returns. This section looks at ways to ameliorate this 

issue. 

At one extreme of the spectrum of ways to “circumvent” this problem, researchers 

assume that payoffs and discount factors are independent and identically distributed. Under 

this assumption there is no need to account for the information set or conditional distribution 
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as distributions by definition are identical. The distinction between conditional and 

unconditional moments becomes meaningless. Asset payoffs and discount factors follow an a 

priori defined distribution and the task for researchers becomes trying to determine these 

distributions and resulting payoffs. 

At the other extreme, researchers explicitly try to specify and estimate explicit models of 

conditioning. Yet this approach is fraught with both theoretical and empirical problems. 

Theoretically this requires us to specify the information set and the model of conditioning 

actually employed by investors. Empirically, even with a perfectly specified theoretical model, 

some conditioning information used by investors will be unobservable. Even if all 

conditioning information is available, taking the means, variance, skewness, kurtosis and 

possibly other relevant variables of N returns dependent on M conditioning variables, the 

amount of required parameters grows exponentially and may very well end up exceeding the 

number of available observations (Cochrane, 2001). And this is only in the simple case where 

we assume that investors use the same information, and update their expectations 

concurrently. For heterogeneous investors, the issue becomes even more insurmountable. In 

short; using this approach we lose the basic beauty of prices; that they sum up large amounts 

of information seen by individual investors into one a single number (Hayek, 1945). 

The optimal model, it seems, must lie somewhere in between these two extremes. 

Conditioning information is needed to explain several empirical observations. Yet, to make 

the model feasible we will need to include less conditioning information than investors 

actually use. There are two basic ways of approaching this problem. One approach is to 

construct a model that includes stylized conditioning information to estimate the time-

variance of moments. This can be contained within the ICAPM and can be incorporated using 

the same transformations used to make prices dependant on state variables. This also means, 

less appealing, that the same restrictions are being placed on the conditioning variables as on 

the state variables: They are assumed to be elliptically distributed. This precludes binary input, 

such as the outcome of a presidential election. Similarly, the same caveat as in choosing state 

variables applies: Because the model theoretically justifies using almost any and all variables 

it can be used as a “fishing licence”. Factors that are included without any economic rationale 

may very well improve goodness of fit, yet that may very well be due to spurious regression 

and it cannot be expected that models built on such factors are robust over time or across 

samples. Hence, a solid economic rationale must be the reason for the inclusion of any 

postulated conditioning factor. 
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Another option is use portfolios to build models instead of individual assets. This allows 

the use of some desirable mathematical properties of expectations that mean that we can 

actually get useful information using unconditional moments. Specifically, we condition 

down the conditional model and scale its payoff. Following Cochrane (2001) we use the law 

of iterated expectations, which states that your best estimate today, of your best estimate 

tomorrow is simply your best estimate today. Applied to equation (6) we get 

 , Ω  

 ⇒ | ⊂ Ω , ⊂ Ω  

 ⇒ , ⊂ Ω ∈ Ω . 

In addition to conditioning down, we need to scale our payoffs26. This is done by introducing 

the scaling instrument , and taking the unconditional expectations: 

 , , 

 ⇒ , , 

The instrument  can be constructed so that it describes the proportion of wealth put into any 

particular asset. While no additional information is gain by introducing the above 

transformation if  is a scalar, it can likewise be a contingent (dynamic) operator and, say, 

only invest in assets with a given beta. Thus ,  is the payoff to a managed portfolio. 

Since the composition of the portfolio then changes in response to conditioning information 

e.g. beta, skew, size, accounting variables or whatever other factor defined in , we can 

incorporate the conditioning information in the portfolio rather than in the moments! This is 

equivalent to dynamic spanning. By introducing a dynamic trading strategy we can synthesize 

a larger set of claim than possible under a strictly static framework. If we apply this to 

incomplete markets, we thus make them more complete. If we construct all possible managed 

                                                 
26 The method was developed by Hansen (1982) for a statistical test called generalized method of moments 

(GMM) often used for tests of asset pricing models. For now, we leave aside the statistical implications 
and focus on the transformation of the SDF model 
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portfolios, we get the implications of all conditioning information27. Practically, however, 

inclusion of all portfolios is simply not possible. A commonly used simplification is to 

exclude scaling variables that do not contribute to the forecasting accuracy, or at least only 

contributes marginally. This exclusion is not theoretically founded, but is seen as a necessary 

evil and not all that different from using stylized conditioning models. 

A bigger problem is the fact that, so far, we have implicitly considered estimating the 

unconditional moments in the case when the parameters in the definition of the discount 

factor and value generating process are constant (non-time-varying). This is, however, only 

true in specific cases. If we look at the case when we try to estimate the discount factor, we 

get constant parameters if we assume e.g. power utility or log utility. Consider the case, 

however, that we model the discount factor as 28. We can then find  and  

using equation (6) and two known assets or portfolios. Using the wealth portfolio, , and 

the risk free asset, : 

 
1 ,

1 ,
⇒

,
,

, ,

, ,

. 

We can see that  and  are not constants, as they depend on a range of conditional (time-

varying) parameters! Inserting this in equation (6) we get 

, ,  

, , , ,  

which we cannot simply condition down unless the covariance terms are equal to zero. It can 

be shown that the same is the case if we instead model the return generating process using 

beta notation (see Cochrane, 2001). This means that a conditional model only implies an 

unconditional model under very special circumstances: IID factors or certain classes of utility 

functions. Most models make these assumptions to completely avoid dealing with 

conditionality, yet IID factors have been repeatedly and there is no commonly accepted class 

of utility functions. These factors can lead to a rejection of the unconditional model even 

                                                 
27 To show this we can rely on the fact that |  can be estimated by a regression using all ∈ . If 

we let 1 1 1 1  then 1  for every ∈  implies that 
1 |  and thus we loose no implications by looking at scaled returns (Cochrane, 2001) 

28 This is equivalent to the CAPM model. 
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though the conditional model may very well hold (Hansen and Richard, 1987; Jagannathan 

and Wang, 1996). Thus conditionality is a big confounder when testing asset-pricing models 

and may very well lead to type I errors. 

4.4.2 Elliptical return distributions 

One of the main assumptions in several proofs of the CAPM, is that of an elliptical return 

distribution. Similarly, the proofs of the CCAPM and the ICAPM rely on assumptions of 

locally multivariate elliptical distributions of both return and inputs. Elliptical distributions 

are a class that, in two dimensions, can be classified according to two moments, their location 

and their scale (Chamberlain, 1983; Owen and Ramon Rabinovitch, 1983). Arguably, the 

most widely known is the normal distribution, where location and scale are known as mean 

and standard deviation respectively. Mathematically appealing as the assumption of elliptical 

returns may be, it isn’t supported by empirics29. Studies have found that the distribution of 

returns are skewed and has fatter tails than the normal distribution, and Levy and Duchin 

(2004) show that the specific shape of the distribution even depends on the time horizon of 

the investment. The question is, then, how skewness and fat tails affect the xCAPM models? 

First off, it is worth noting that for effects beyond the second moment to have any effect, 

a polynomial utility function must obviously be of a higher order than quadratic (Alderfer and 

Bierman, 1970; Scott and Horvath, 1980; Dittmar, 2002). Yet this is also a sufficient 

condition (although not necessary) for Arrow-Pratt (Arrow, 1964; Pratt, 1964) notion of risk 

aversion commonly used undet EUT30. Scott and Horvath (1980) and Dittmar (2002) show 

that, theoretically, the risk premium for skewness should be negative, while the risk premium 

for kurtosis should be positive under the Arrow-Pratt notion of risk aversion. Scott and 

Horvath, however, argue that the effect of kurtosis should be relatively limited, as it will be 

greatly reduced by diversification. Due to this, the limited scope of the paper and the relative 

scarcity on studies of the fourth moment31, this paper will be limited to looking at studies of 

the first three moments. 

Empirically, Arditti (1967) and Barberis and Huang (2008) finds that skewness is indeed 

a relevant risk factor but they look at the total skewness of assets rather than the additional 

skewness arising from including an asset in a portfolio (which in the literature is variably 
                                                 

29 See e.g. Michell (1915), Mills (1927), Osborne (1959),  Mandelbrot (1963), Fama (1965), Officer (1972), 
Clark (1973), Gray and French (1990), Zhou (1993), Harvey and Siddique  (2000) and Levy and Duchin 
(2004) 

30 Decreasing marginal utility of wealth ( ’’ 0) and non-increasing absolute risk aversion ( ’’’ 0). 
31 Notable exceptions are Fang and Lai (1997) and Christie-David and Chaudhry (2001). 
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referred to as systematic skewness or coskewness). This is of course inconsistent with the 

EUT, where prospects are considered as addition to current wealth rather than in isolation and 

thus goes against a tenet of modern finance; that investors are only rewarded for 

undiversfiable risks. The use of idiosyncratic skewness is thus incompatible with the xCAPM 

family. Jean (1971) rectifies this by modifying the framework employed by Sharpe (1964) to 

include coskewness instead of skewness. Yet Jean doesn’t include covariance in his model. 

This method is, however, dubious at best as pointed out by Arditti and Levy (1972). In 

ignoring the second moment, variance, and focusing only on mean and skewness Jean is 

ignoring the interdependencies between the moments, which leads to the rather puzzling 

result of a positive risk premium for coskewness. Kraus and Litzenberger (1976) tests 

unconditional coskewness as an addition to the standard CAPM and finds a significant and 

negative risk premium. Harvey and Siddique (2000) develops a measure for conditional 

coskewness, and test it as well as a unconditional coskewness measure as additions to both 

the standard CAPM as well as in addition to the Fama-French three factor model (Fama and 

French, 1993). Of the two measures, he finds that the conditional measure has the largest 

explanatory power. In some cases, in fact, its addition to the standard CAPM brings the R2 of 

the model up to the levels of the Fama and French (1992) three factor model (which will be 

treated later). Harvey and Siddique postulate that the negative risk premium on coskewness 

coupled with the negative average skewness of equities could be why stocks show a higher 

risk premium than suggested by variance alone, thus hinting at a possible solution to the 

equity premium puzzle of Mehra and Prescott (1985)32. While there have been subsequent 

studies of coskewness, they have mainly been minor variations of Harvey and Siddique and 

will not be covered here. The next section deals with the impact of liquidity and trading costs 

on asset prices. 

4.4.3 Market imperfections: Liquidity and transaction costs 

Transaction cost and liquidity are two related but distinct concepts. Trading costs are the 

direct cost attributed to trading an asset, whereas liquidity is a measure for the ease of 

transacting. Brunnermeier and Pedersen (2009) subdivide liquidity into market liquidity, 

which is the ease of trading assets, and funding liquidity, which is the ease with which a trade 

can be funded. Both trading costs and liquidity are well established empirical concepts in 

financial economics (see e.g. Keynes, 1936) and entail that investors may not act as they 

                                                 
32 The role of skewness in the equity premium puzzle is further explored in Siddique and Harvey (2000) 
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would in a frictionless market. This section reviews some of the literature that try to 

qualitatively and quantitatively asset the impact of these market imperfections. 

Many early studies within transaction costs and liquidity examined the market conditions 

that give rise to observed factors. This branch of literature, denoted market microstructure 

theory, studies issues such as the way in which sellers and buyers interact. This can be used to 

explain and model the bid-ask spread, e.g. as arising through the interactions of investors and 

a hitherto unmentioned market participant, the market maker. In classical financial economics 

all investors are simply price takers, and all holders of an asset would immediately rush to sell 

the asset if the price exceeded the value they assigned to it. This is clearly at odds with reality 

and at any given time a seller (buyer) may be unable to sell (buy) an asset at a fair price since 

an investor willing to take the opposite position may not be present in the market at the given 

time. This is where the market makers come in. These are companies and individuals that 

hold an inventory of assets and are willing to buy or sell at any time, for a bid and ask price 

respectively. Studies on market makers33 argue that the difference between the bid and the ask 

price exist (i) to cover the market makers for the opportunity costs of being present in the 

market (time they could have spent making money elsewhere), (ii) to reward them for holding 

what may be an undiversified portfolio of trade assets, as well as (iii) to reward them for the 

risk of adverse selection, as they may be dealing with counterparties that have superior 

information. Studies such as these can be used to examine the factors that give rise to the 

cross-sectional and time series variation in the bid-ask spread. Other papers take a more high 

level view and simply assume the existence of trading costs and examine what impact they 

will have on investors and thus prices. 

One such is Amihud and Mendelson (1986), who models a scenario with both trading 

costs and liquidity risk. In their model there are a range of different classes of budget-

constrained investors, differing in their risk of a liquidity chock. That is, an exogenous event 

which requires liquidation of their portfolio of assets. These classes can choose to invest in a 

range of assets, with a varying degree of trading cost, C. The assets are purchased at price P 

and sold at a later time at price P-C. The total gain from an investment is thus the discounted 

value of P-C. If we assume that all investors face the same discount factor, the investors 

with the least risk of a liquidity chock then requires a lower return of their investment, as they 

can expect to depreciate the transaction costs over a longer period of time. If they were not 

                                                 
33 There are many, see e.g. Bagehot (1971),  Bagehot, Kraus and Stoll (1972), Amihud and Mendelson (1980), 

Copeland and Galai (1983), Glosten and Milgrom (1985), Glosten (1987), Glosten and Harris (1988), 
Grossman and Miller (1988), Hasbrouck (1988), Ho and Stoll (1981, 1983) and Stoll (1989). 
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budget constrained they would bid up the price of all assets until they offered same expected 

holding period return for these long horizon investors. As they are budget constrained, 

however, they will instead buy only the assets in which they have a comparative advantage, 

that is, the higher transaction cost assets. Their comparative advantage in investing in these 

assets means that they will actually earn rents on their investments, compared to investors 

with short time horizons34. This is what is known as the clientele effect35, and implies that the 

optimal portfolio is not the same for all investors. Liquidity and transaction costs have been 

modelled in many other ways. Treatment of these is beyond the scope of this study but the 

conclusion is clear: investors demand a premium for holding assets that are hard or costly to 

transact. 

Subsequent studies present a more nuanced view of how transaction costs and liquidity 

affects asset prices. Acharya and Pedersen (2005) reviews and tests several proposed causal 

relationships in one model. One factor examined is the covariance of stock liquidity with 

market liquidity as documented by Chordia et al. (2000), Huberman and Halka (2001) and 

Hasbrouck and Seppi (2001). Acharya and Pedersen find only a diminutive risk premium for 

this factor. Another is the covariance between stock return and market illiquidity, which 

demands a somewhat higher but still low premium. A moderately higher premium is observed 

for covariance of illiquidity with market return. This is quite in line with intuition, as an 

investor will be expected to prefer a higher current consumption when discounted future 

consumption possibilities fall. Assets that are easy or cheap to sell in these situations should 

thus command a premium. The highest liquidity premium, however, by a large margin as it at 

3.5% represents some three-quarters of the liquidity-related premiums found in the paper, 

comes from the level of liquidity.  

Acharya and Pedersen use the measure of liquidity of Amihud (2002), the ratio of the 

daily return to the daily volume, i.e. the percentage of price change pr. Volume of trade. 

Goyenko et al. (2009) argue that this is not really a liquidity measure but rather a price impact 

measure. Acharya and Pedersen note that this measure can also be interpreted as a measure of 

(dis)agreement about information. If investors agree on the impact of new information, the 

price of an asset will change while volume will stay low. If there is disagreement, however, 

the price change should be accompanied by a significant volume, as the investors who have a 

                                                 
34 An implicit assumption being that liquidity constrained investors cannot simply borrow against their assets 

to provide liquidity, see Brunnermeier and Pedersen (2009). 
35 For another clientele effect see Frazzini and Pedersen (2010) who show that with a risk free asset but 

limited access to borrowing, risk seeking investors may be forced to over-invest in high-beta assets leading 
to a lower return on these than would be suggested by their beta. 
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relatively positive evaluation of the information will buy the asset while the relatively 

pessimistic will sell. This begs the question if there are other, better liquidity measures. 

Proposed liquidity measures include (obviously) the quoted bid ask spread which is found to 

be correlated with future stock returns in Amihud and Mendelson (1986, 1989) but their 

papers have been criticised by Chen and Kahn (1989) for the use of pooled cross-section and 

time-series regression. Additionally a subsequent study by Eleswarapu and Reinganum  

(1993) criticise the fact that Amihud and Mendelson only use data for securities with a 

unbroken 11-year history, and argue that it induces a selection bias in their study. With a 

revised sample they find that the correlation of the bid-ask spread and returns is only 

significant in January. Eleswarapu (1997) replicates the earlier studies using NASDAQ data 

instead of NYSE data and do find a significant correlation. They argue that this may be due to 

the structure of the market. The NYSE uses specialist market makers on the floor in addition 

to an order book, while the NASDAQ only uses an electronic order book. It follows, that the 

bid-ask spreads quoted on the NYSE are not representative for the “actual” bid-ask spread, as 

a large share of actual trade is conducted on the floor not through the order book where the 

bid-ask spread is taken from.  

Another problem there might be with bid-ask data is that it only shows the top of the 

order book and gives no indication of the depth. To fully show the depth and other possibly 

important factors, researchers would need to use a high frequency data source that lists all 

orders and transactions throughout the day, such as TAQ. Yet doing a cross-sectional time-

series study on TAQ data and returns would not only be analytically strenuous and 

computationally intensive due to the large amounts of data, it would also be limited to data 

from 1993 and onwards. In the light of these deficiencies Goyenko et al. (2009) use high 

frequency data to test the correlation of previously proposed liquidity measures on 400 

randomly selected stocks comparing them with more elaborate measures of liquidity. Of the 

measure that use low-frequency data, i.e. daily or monthly, they find that the measure of 

Amihud (2002) performs the best. 

4.4.4 Aggregation issues 

While often applied on entire economies, the CCAPM and the ICAPM actually only describes 

the preferences and conditioning process of individual investors. While there are insights to 

be gained from this, any attempt to understand market prices must find a way to aggregate the 

preferences and interactions of countless agents. Full treatment of this topic is beyond the 
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scope of this study and only a brief presentation will be given. The first section highlights 

circumstances under which we may ignore the aggregation issue. The following paragraphs 

present two “models” that embrace the issue and shows how subtle differences can lead to big 

differences. 

An often used approach in economics is to assume that the economy can be described by 

a representative investor. In this case we can simply apply the models without considering 

investor heterogeneity. This can be done either by assuming complete agreement36 (See e.g. 

Sharpe, 1964; Lintner, 1965a; Merton, 1973; Lucas, 1978; Breeden, 1979), by examining 

particular utility or conditioning function classes that exhibit additivity (See e.g. Gorman, 

1953; Wilson, 1968; Rubinstein, 1974; Brennan and Kraus, 1978), by assuming that any 

influence of noisy information by investors is rectified in the price discovery process (See e.g. 

Admati, 1985; DeMarzo and Skiadas, 1998; Biais et al., 2004) or take simple weighted 

averages of the first-order asset investment conditions of investors (See e.g. Lintner, 1969; 

Williams, 1977; Jarrow, 1980; Mayshar, 1983; Basak, 2005). The beauty of this approach is 

that the problem then facing researchers becomes to estimate the parameters of this single 

aggregate investor, rather than the parameters of n single investors or m groups of investors. 

This can be done, e.g. using aggregate consumption data and other economy-wide statistics 

that are readily available for most developed economies. The downside of the approach is that 

it is entirely unjustified. The assumptions needed are restrictive and have been repeatedly 

refuted (Campbell, 2000; Blundell and Stoker, 2005; Fama and French, 2007). In the interest 

of brevity the assumptions of the representative agent models will not be covered in more 

detail. Instead, the following paragraphs briefly present two heterogeneous agent models. 

The other approach, heterogeneous preferences, in a vNM EUT context is often taken to 

mean differences in Arrow-Pratt measure of relative risk aversion37. This measures both risk 

aversion and intertemporal marginal rate of substitution. Intuitively, agents with a low relative 

degree of risk aversion hold relatively great shares of risky assets. Per equation (14) and (15), 

we expect that these are the assets that are the most worth in good (high consumption) states 

of the world, and vice versa. As these risk-takers thus hold a higher share of the wealth 

portfolio in good states, aggregate risk aversion is the lowest in these states. (Campbell, 2000). 

                                                 
36 That all investors agree on the expected joint distribution of asset payoffs. 
37 Theoretically, different agents could have differently shaped utility functions. In equilibrium with two 

agents with different utility functions but same IMRS as modeled by Dumas (1989) who finds a dynamic 
similar to what is described above. 
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This leads to greater price movements than what would be present under standard price 

dynamics. 

Grossman and Zhou (1996) present another scenario, where the world consist of two 

types of investors. One type is insurers and another is insurees (henceforth non-insurers, for 

clarity)38. Both try to maximize expected utility, yet the non-insurers do so subject to the 

constraint that their wealth cannot under any circumstance fall below a given floor. In their 

models there exists a risky and a risk free asset. Risky asset pay an exogenously determined, 

but unknown, payout, and agents receive information about this payout through a Brownian 

motion.  In the arising dynamics, prices fluctuate in response to new information. As the price 

of risky asset falls, the risky share of the portfolio of the non-insurers will fall accordingly and 

as the value approach their “floor” they become increasingly risk averse and start selling off 

risky assets to the insurers. In this scenario, unlike the above, the risk aversion is lowest in the 

bad states as the non-insurers exit the market by selling to the insurers (that have a low risk 

aversion). Yet surprisingly, the result is the same. The sell-off when prices fall force price to 

fall even more, forcing a further sell-off. The opposite effect arises when prices rise. This 

positive feedback has a destabilizing effect and increases volatility and price movements 

beyond what is warranted by the new information alone. While the two scenarios have 

contradicting implications for risk aversion, they have the same effect on prices!  

Further treatment of such issues is unfortunately beyond the scope of this paper, although 

the field promises several interesting insights about asset prices. The next chapter deals with 

asset prices under non-EUT. 

5 Asset pricing with non-expected utility 

As mentioned above, an extremely salient feature of the EUT was its simple mathematical 

form. The various non-expected utility theories express utility in a somewhat more complex 

form, which can make it impossible to express certain asset pricing formulas in closed form. 

This coupled with the fact that behavioural finance is a relatively new field, means that there 

is a dearth of asset pricing models developed under a non-EU theory. This chapter looks at 

asset pricing under non-EUT. There are two general approaches. One is to take a point of 

departure in another utility theory, such as CPT, however complex this may be. Section 5.1 

                                                 
38 Quite confusingly, Grossmann and Zhou (1996) defined these two classes the other way around, with the 

insurers actually being the ones “purchasing the insurance”, contrary to the definition of the word. 
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looks at the model of Barberis, Huang, and Santos (2001) that does just that using prospect 

theory (although their utility function is a much simplified version of the utility function of 

prospect theory). A simpler approach is to examine how a documented cognitive bias may 

affect asset prices, either formally, though the development of a model that accounts for the 

bias or using more informal heuristic arguments. Section 2 looks at documented biases and 

outlines theories on their impact on asset prices. 

5.1 Asset pricing and prospect theory 

There is, due to the difficulties mentioned above, a relative dearth of models dealing with 

asset pricing under non-EUT. This section shows one of the models that do exist, the model 

of Barberis, Huang, and Santos (2001). They build a model in which some elements of 

prospect theory are incorporated. In their model, investors maximize a lifetime utility of the 

form 

 

1
, ,  

where  is consumption,  is risk arversion,  is an impatience factor,  is the excess return 

on any assets held,  is the value of these assets and  a factor representing prior excess 

returns and follows the process 1 / . This function captures the 

property of prospect theory that utility depends not only on consumption but also on gains and 

losses, and that the utility from these gains and losses are dependent on the investors memory 

of past gains and losses as represented by . It is essentially a combination of an EUT log-

utility function and the PT value function, . They employ this utility function both in the 

endowment economy of Lucas (1978) and a similar economy where investors have labour 

income. They transform the model so that  functions as a state variable, similar to the state 

variables in the ICAPM, and show that, in the case where investors have outside income, the 

above utility function would lead to a high stock volatility compared to consumption volatility, 

like observed by Mehra and Prescott (1985). This is due to a house-money effect. As 

investors value changes in wealth, rather than total wealth, they will after a period with recent 

gains have a “cushion” that absorbs losses. The size of this cushion depends, in addition to the 

actual gains, on the period over which the investors form their reference points for gains and 

losses, as measured by . This cushion will entice the investors to take on more risk if they 



The State of Intertemporal Asset Pricing  Nis Bak 

Page 49 of 114 
   

have recent gains. This can be taken as a decrease in risk aversion and will lead to a higher 

valuation and hence higher returns to risky assets such as equities. This leads to a short term 

momentum effect, in that recent gains are likely to be followed by more gains as risky assets 

become more demanded. It also leads to a long term mean reversion. As the gains lead to a 

decrease in risk aversion (and corresponding rise in price) a lower risk aversion also leads to a 

lower expected return. As such, asset prices will tend to overshoot and then slowly return to 

be more in line with sustainable long term values. This is similar to the model of Grossman 

and Zhou (1996) presented in Section 4.4.4, in that asset prices tend to overshoot, yet there is 

a crucial difference. In Barberis, Huang, and Santos’s model asset prices tend to overshoot if 

they have recent gains (or losses) regardless of the state of the world, whereas above the 

changes in risk aversion came with changes in the state of the world. This model is thus likely 

to lead to more short-term volatility than does Grossman and Zhou’s model. 

5.2 Cognitive biases 

The development of non-EU theories arose due to experimental evidence which suggested 

that people consistently made decisions that were at odds with the axioms of the EUT. While 

the most theoretically sound way to examine the impact of such biases on asset pricing is 

within the framework of a comprehensive non-EU theory, this can be hard to derive. The 

literature review conducted in the making of this study, in fact, only revealed the paper 

discussed above. In the light of this, a more fruitful approach may be to examine documented 

biases and heuristically develop hypothesis on how these biases are likely to affect asset 

prices. This section briefly reviews such work, using the classification and nomination of 

Ritter (2003). 

5.2.1 Heuristics 

When dealing with decisions on complex issues humans try to reduce complexity by relying 

on rules of thumb, often based on past experience, a technique known as heuristics. This way 

of decision-making has been a key part of human evolution, and have been key in securing 

the survival of the human race when we went from relying on instinct to relying on intellect 

(Simon, 1956). Yet what worked in nature has perverse implications for finance. Benartzi and 

Thaler (2001) documents that a commonly employed diversification strategy for investors is 

the 1/N rule of thumb, which dictates that investments are equally divided between assets or 
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asset classes. They find that the actual asset allocation decisions are made dependent on the 

available choices; e.g. the higher the share of equities available for purchase through a given 

dealer compared to other asset classes, the higher a share equities will be of total asset 

allocation and vice versa. 

5.2.2 Overconfidence 

It is well documented that people have too great confidence in their own abilities (see Harvey 

(1997) for a review). One experimental study showed that events the test subjects are 

confident will happen at the 98% level only happen 60% of the time (Alpert and Raiffa, 1982). 

Another study showed that events that were deemed certain happened only 80% of the time 

while events deemed impossible took place 20% of the time (Fischhoff et al., 1977). 

Overconfidence can stem from self-attribution bias, the fact that people tend to ascribe 

successes to their own capabilities while blaming failures on bad luck (Gervais and Odean, 

2001). A contributing factor can be hindsight bias, the tendency of people to erroneously 

believe that they had in fact predicted certain events before they took place (Fischhoff, 1975). 

Within finance, Barber and Odean (2001) find that overconfidence leads to excessive 

trading and too little diversification. It has also been speculated to be the cause of speculative 

bubbles, as investors purchase bubbly assets, even if they know that there is a bubble, 

thinking that they can time their investments to profit from both the rise and burst of the 

bubble (Scheinkman and Xiong, 2003). 

5.2.3 Mental accounting 

The term mental accounting, coined by Thaler (1980), describes the tendency people have to 

categorize economic outcomes according to arbitrary rules. A couple might spend $300 prize 

money from a lottery on a nice dinner, while if each got a yearly pay raise of $150 they would 

hardly change their behaviour. They tend to assign sunk costs to these accounts while at the 

same time under-evaluating opportunity costs (See e.g. Arkes and Blumer, 1985). Gains on 

financial assets may be assigned to a different account than the initial investment, and the 

investor may get less disutility from losses in this gains account than in initial investment. 

This means that investors with recent gains are less risk averse since they are gambling for 

house money (Thaler and Johnson, 1990), a similar effect to what is found in Barberis, Huang, 

and Santos (2001). More in-depth treatments of mental accounting can be found in (Thaler, 

1980, 1985, 1990, 1999) 
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5.2.4 Framing 

Studies show that the decision between a range of choices is affected by how these choices 

are presented to the decision-maker, a phenomenon that has been named framing (Tversky 

and Kahneman, 1981). Within finance Glaser et al. (2007) found that people gave vastly 

different answers if called upon to predict returns in percent rather than price levels. The 

literature review conducted in the making of paper found no theories on what the effect on 

asset prices of this may be but it does indicate that how equity analysts present their prices 

may impact the behaviour they impart in investors. 

5.2.5 Representativeness 

Kahneman and Tversky (1972) argue that people estimate probabilities of uncertain events 

based not on rationality but rather on how representative the events are. They define 

representativeness as being “(i)  similar  in  essential  properties  to  its  parent  population; 

and  (ii)  [reflecting]  the  salient  features  of  the  process  by  which  it  is  generated.” 

(Kahneman and Tversky, 1972). Recent events are thought to be more representative. One 

example is equity returns; in periods with high returns people begin to believe that high 

returns are normal (Ritter, 2003). This bias, then, may lead asset prices to overshoot and have 

a volatility that is not warranted by fundamentals. 

5.2.6 Disposition effect 

The disposition effect refers to the fact that investors in general tend to hold on to assets that 

have unrealised losses while realising assets that are worth more than their acquisition cost. 

This effect is shown in experimental studies by Kahneman and Tversky (1979). Shefrin and 

Statman (1985) observe the effect in a real-world setting, even though they study US 

investors who would have tax benefits by acting in the exact opposite manner. Frazzini (2006) 

postulates that the disposition effect causes asset prices to under react to news. In the wake of 

good news investors, seeing the price of their assets rise, are induced to sell their assets 

reducing the price increase. In the advent of bad news, investors hold on to their stock, 

reducing the amount of the particular stock available for sale, which supports the price of the 

asset. 
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6 Multifactor asset pricing models: Discussion, issues and 

empirical evidence 

At a glance, the APT and the ICAPM look identical. They both stipulate that returns can be 

approximated by covariance with multiple factors. They also share one extremely critical 

assumption: In order to find an approximation of returns they specify the actual return 

generating process! While this is a grave deficiency, it is also one that is unavoidable unless 

the technology and hence the return generating process in the environment in which the assets 

are traded is specified. This is the case e.g. in Cox, Ingersoll and Ross (1985c). Yet, it begs 

the question, of whether price paths or the technology are the most stable processes across 

time? There are currently no way to test for this, nor is there any consensus on the answer. In 

treating only partial equilibrium models, this paper is already committed to using models that 

specify price paths. While the assumption may be unattractive, the alternative is equally so. 

Apart from the specification of price paths, the ICAPM and the APT share little in terms of 

theory. Hence, the rest of this chapter will look at empirical tests of multifactor asset pricing 

models. 

6.1 Empirical evidence 

This section will concentrate on tests of multifactor models in general, whether these are 

made with explicit reference to the ICAPM or the APT or not. Early multifactor models were 

proposed as empirical tests of market efficiency in general and the CAPM specifically. If the 

CAPM were to hold, any additional factor included beyond the market return would have an 

insignificant coefficient (Fama and MacBeth, 1973)39. Although not necessarily meant as 

such, many of these are essentially tests of the APT and the ICAPM. Early examples include 

Litzenberger and Ramaswamy (1979) who found that dividend yield held some explanatory 

power, which they explained with the different tax rates on dividends and capital gains. Other 

irregularities weren’t as easily justified. Basu (1977) found that the price earnings-ratio of 

stocks were positively correlated with returns, which is certainly inconsistent with rational, 

non-myopic, expected utility optimizing investors. These early findings spawned other studies 

examining any and all factors that could influence stock prices (and even some that shouldn’t, 

to highlight to problem of spurious correlation). Concurrently, tries were made to include 

                                                 
39 Roll (1977) it must be noted, argues that these are not valid tests of the CAPM and in fact that the only 

testable implication of the CAPM is that the market portfolio is mean-variant efficient. 
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several factors in a single model. Some with the purpose of understanding the forces that 

drive returns in the context of the general economy, such as Chen, Roll and Ross (1986) 

presented below. Most simply strove for the best possible goodness-of-fit, leaving others to 

hypothesize why the factors included could or should explain returns. The arguably most 

well-known model in the latter category, the Fama-French three-factor model (Fama and 

French, 1992, 1993, 1995, 1996) and the related model of Carhart (Carhart, 1997) as well as 

subsequent attempt to justify the factors included, is presented below. 

6.1.1 Firm specific factors: The case of Fama-French 

The model introduced by Fama and French (1992) (henceforth FF) drew on earlier studies 

that showed that certain factors, even though they had no foundation in asset pricing theory at 

the time, had been shown have great correlation with the empirical average cross-sectional 

returns to equities. The developed model performed exceptionally well in empirical tests 

(although they have admitted in a later paper that their model is “hardly a panacea” (Fama 

and French, 2004)). The by now ubiquitous factors are, in addition to a coefficient on the 

market return, market capitalization and book-to-market ratio. Often a momentum factor, a 

lagged return variable, is included in what is known as the Carhart (1997) four-factor model. 

While not founded in asset pricing theory, the goodness of fit that early empirical tests of the 

model spawned a great deal of papers examining what could explain these “anomalies” (apart 

from data snooping, which Lo and Mackinlay (1990) and Kothari et al. (1995) argued was the 

most probable explanation).  As most of the literature on the topic falls under tests of market 

efficiency, a distinction is often made between explanations that hypothesise that the factors 

are proxies for fundamental risk and those that posit that they are evidence of investor 

irrationality. In asset pricing, on the other hand, the important distinction is between those 

explanations that are assumed to be transitory and those that are permanent in nature. It is 

reasonable to expect that fundamental risks are permanent. Irrationalities were earlier 

assumed to be transitory and disappear upon their discovery, yet in the light of the findings of 

behavioural finance this is no longer a certainty as certain psychological biases have been 

shown to be persistent. This section will present several post-rationalizations for three of the 

factors of Fama and French and Carhart, forgoing the market return coefficient as it has been 

covered extensively elsewhere. 

(i) Size: The negative correlation between the market capitalization and the return of a 

stock was first documented by Banz (1981) and Reinganum (1981). Several reasons for this 
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observed effect has been proposed. Amihud and Mendelson (1986) notes that the market 

capitalisation of firms is correlated with the bid-ask spread on their stock and suggest the size 

effect is in fact a liquidity premium, a hypothesis that is supported by Liu (2006). Zhang 

(2006) hypothesises that the size effect is an “information uncertainty” premium as there is 

less information on small firms due to reduced analysts coverage as well as poorer disclosure 

from the firms themselves. As investors dislike uncertainty they thus require a premium for 

investing in small firms. 

While these seems to be perfectly good reasons as to why there should be a size premium, 

recent studies show that it has largely disappeared since its discovery in the early 1980’s. 

Fama and French (2011) looks at stock returns since 1990 across four regions and fail to find 

any significant size premium. This suggests that if there is a size effect it is not a constant, as 

previously hypothesized, and it subject to a variation in some exogenous factor. Any attempts 

to explain the size effect must likewise explain the variance of the effect across time. Has 

liquidity in small cap stocks increased over the years or have analyst coverage gotten better? 

Some have suggested that the effect is not linear, and that a significant premium is only found 

in the very smallest of firms (Horowitz et al., 2000; Fama and French, 2008; Michou et al., 

2010). This could be consistent with the above explanations, e.g. it could be assumed that 

analysts use size or liquidity (volume) cut-offs when deciding whether or not to cover a firm. 

This would lead to a non-linear relationship between size and information uncertainty. 

(ii) Book-to-market: Book-to-market ratio (BE/ME) measures the ratio between the book 

value of equity and the market value of equity. That this figure should be correlated with 

returns was first proposed by Dodd and Graham (1934) who argued that on average, book 

value of equity is a proxy for the underlying value of the firm and a low BE/ME indicates that 

the firm is undervalued. Accordingly, it should yield higher-than-average returns. For this 

reason, the effect is also called the value effect. It has been examined in an asset pricing 

context by Stattman (1980), Rosenberg et al. (1985) and Chan et al. (1991) who found, as 

predicted by Dodd and Graham that there was a positive relationship between BE/ME and 

stock returns. Lettau and Ludvigson (2001) and Petkova and Zhang (2005) hypothesize that 

the value effect arises due to unconditional tests of an conditional model. They show that the 

conditional beta of value stocks covary positively with the market risk premium. This must be 

seen in the light of Fama and French (1989) and Ferson and Harvey (1991) who find that the 

market risk premium is countercyclical. A positive market covariance thus entails that value 

stocks tend to underperform when the economy is weak and overperform when it is strong, 
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which would explain make it rational for investors to demand a higher return for value stocks. 

An opposing view is that the value-effect arises due to investor irrationality. In other words 

“value strategies yield higher returns because these strategies exploit the suboptimal 

behavio[u]r of the typical investor and not because these strategies are fundamentally riskier.” 

(Lakonishok et al., 1994). Their reasoning is based on the hypothesis that naïve investors tend 

to extrapolate future performance from past performance (see also La Porta, 1996; La Porta et 

al., 1997). When a stock has fallen from its fundamental value it will get a higher BE/ME 

leading to a further sell-off. While this positive feedback can be sustained for a while (as the 

momentum effect below suggests), in the long run prices will return to a level that is nearer to 

fundamentals (Bondt and Thaler, 1985, 1987), an effect known as mean reversal (Fama and 

French, 1988; Poterba and Summers, 1988). 

(iii) Momentum: The momentum effect is the observed tendency for a short term serial 

correlation between the returns of a given stock or portfolio. Jegadeesh and Titman (1993) 

found that significant excess returns could be made by buying stocks that had outperformed 

the market during recent periods and shorting those that had underperformed. Similarly, 

Carhart (1997) found that mutual funds that had outperformed the market in a given month 

were more likely to outperform the next month than those that hadn’t. The momentum effect 

is related to the mean reversal effect commented upon above, yet has the exact opposite effect. 

The difference is in the time horizon, the positive feedback of momentum seems to persist 

only over short time spans. 
 

*  *  * 
 

A related branch of literature looks at the ability of the return to size and value sorted 

portfolios to predict changes in economic variables. While such a correlation wouldn’t add to 

the understanding of the FF factors, it would suggest that the correlation found by FF and 

subsequent tests of their model isn’t merely spurious but is in fact proxies for changes in state 

variables. This approach is taken in Liew and Vassalou (2000) who finds that the factors in 

the model are correlated with next-period GDP growth. Similarly, Lettau and Ludvigson 

(2001) and Vassalou (2003) find that including macroeconomic variables in the FF model, 

decreases the information content of the original factors, hinting at some form of 

multicollinearity. In the tests Brennan et al. (2004), Chen (2002) and Petkova (2006), each 

using different economic variables, find that the explanatory power of the FF factors all but 

disappears. This lends credit to the FF model but at the same time it suggests that 
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macroeconomic variables may be more explanatory, if not better at explaining expected return. 

An example of this approach is presented in the following section. 

6.1.2 Economic factors 

The company-level approach of Fama-French is appealing to investment professionals as it 

offers easily measurable metrics that (if you believe that the model is valid) can be used to 

predict stock returns. Yet as seen above, at best these factors are merely proxies for company 

exposure to economic variables, at worst simply the result of transitory irregularities. They 

offer little intuition to the researcher trying to understand the economy. Likewise, the CEO 

looking for advice on how to generate superior returns to shareholders will be none too 

pleased with the advice that he increase BE/ME. Chen, Roll and Ross (1986) take a more 

direct approach and measure the exposure of stocks to a range of macroeconomic variables. In 

addition to market returns (both equally weighted and value weighted), they use seven 

macroeconomic variables: Inflation, treasury bills, long-term government bonds, low grade 

corporate bonds, industrial production, consumption and oil prices. From these they generate 

six factors that they use in their test: Yearly and monthly growth industrial production, change 

in expected inflation and unanticipated change in inflation (both following Fama and Gibbons 

(1984)), change in risk premium (spread between government and corporate bonds), change 

in the term structure (spread between long term government bonds and the bill rate). 

Are they in fact, ex ante, answering Fama’s (1991) call for models that use variables with 

an economic rationale? Campbell (1996) tends to disagree and argue that the ICAPM calls for 

variables that have an economic rationale for forecasting innovation in the state variables that 

determine the investment opportunity set. The arguments used by Chen et al. for the inclusion 

of variables are based mainly on weak heuristics. The commonly reported macroeconomic 

variables that they use mainly owe their prominence to path dependence not to their efficacy 

in asset pricing. Regardless of this critique, the model of Chen, Roll and Ross (1986) is an 

interesting point of departure for a look at the ability of economic variables, commonly 

reported or not, to predict asset returns. They find that changes in industrial production, 

change in risk premium and twists of the yield curve are the best explanatory variables. 

Inclusion of these factors significantly reduces the information contents of the market variable 

and it is only significant in one of four periods with the inclusion of the macroeconomic 

factors. Yet their test lacks the sophistication of later test, they only show the significance of 
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the explanatory variables, and not the fit of the model. Additionally, they use a lead for 

industrial production, which makes it hard to use the model for forecasting purposes. 

Subsequent research into macroeconomic variables in asset pricing has been less than 

rosy. Several studies have attempted to include macroeconomic variables in asset pricing40, 

yet the findings are such that Chan, Karceski, and Lakonishok conclude that “macroeconomic 

factors generally make a poor showing. Put more bluntly, in most cases, they are as useful as 

a randomly generated series of numbers in picking up return covariation. We are at a loss to 

explain this poor performance” (1998). In the light of this they will not be treated in more 

detail. 

7 Methodology 

The above section suggests that many factors may be relevant to asset prices. While the 

reviewed factors and effects presented are only a small part of the total number of factors that 

have been suggested in the literature, they still far too many to test in one go. This chapter 

will in Section 7.1 is to determine which factors should be included in the empirical test of the 

model and which measurements should be used as proxies. Section 7.2 describes the dataset 

the model will be tested on, while Section 7.3 is concerned with the actual econometric 

methods of the test, which portfolios the model will be tested on as well as the choice of 

reference model. While attempts have been made to keep this division strict, there are of 

course interdependencies amongst the sections. The choice of measurements, e.g. depend both 

on the desired statistical properties of model input as well as data availability. 

7.1 Selection of factors 

The above chapter documents a wide range of factors that are stipulated to have either a 

causal relation or a correlation with asset pricing. The purpose of this section is to 

amalgamate these factors into one model that can be tested empirically. In doing so there is an 

inherent trade-off between the tractability and the comprehensiveness of the model. The more 

factors are included, the greater the possibility that more relevant factors are included. Yet for 

a model to have any practical use, e.g. for companies to use it in determining the cost of 

capital, it needs to be somewhat easily calculated. In other uses, such as performance 

                                                 
40 See e.g. Chen (1991) and Ferson and Harvey (1991) 
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evaluation in a financial institution or in an event study, the ease of calculation may be less of 

an issue than is accuracy. The choice of factors, then, depends on the intended use. As stated 

in the introduction, the purpose of this paper is to develop an understanding of what drives 

asset prices. This means that in the selection of factors tractability may be sacrificed, 

hopefully in the interest of accuracy. What will not be sacrificed is the economic rationale for 

the inclusion of factors. After all, if a factor that shouldn’t have an impact on asset prices is 

found to have a strong correlation with them, what does this tell us? It may, as in the case of 

FF spur a effort to speculate in ex post explanations of their rationale. Yet the methodology is 

still dubious at best. This paper, then, will not go on a hunt for any and all factors that may be 

correlated with asset prices. Instead, the factors that may have an impact will be judged on 

their perceived impact and tractability. There is no formal method for doing this, and the 

arguments presented will be largely heuristic. Yet this is still preferable to the alternative. 

An effort will be made to keep the models developed parsimonious.  More factors also 

mean an increased risk of spurious correlation. A related problem is that of multicollinearity. 

If variables that exhibit multicollinearity are included, while it won’t negatively impact the fit 

of the model, it will lead to erratic coefficients on these variables. This will negatively impact 

the economic interpretation of these variables and is as such not desirable. The evaluation 

criteria used for selecting factors is thus both hypothesised impact and (exclusivity of) breadth.  

The first factor to consider is that of the wealth portfolio (proxied by the market 

portfolio). The market portfolio is, as has been argued above, a poor approximation of the 

wealth portfolio and its application is fraught with the theoretical problems highlighted by 

Roll (1977). Yet the market beta is the only factor explicit in the derivation of the ICAPM, 

while it is silent on other state variables. This, coupled with the predictive power it has shown 

in early tests of the CAPM is a strong argument for inclusion. The argument against is that the 

market sums up a large amount of information about state variables and conditioning 

information and condenses this into one number. Inclusion of the market return, while it is a 

simple way to incorporate this information, mean that the economic rationale that goes into 

forming this return in the first place isn’t explicit and thus isn’t easily interpretable. The 

information contained in the market return may also confound the interpretation of any other 

systemic variables included due to multicollinearity. Yet while this argument against is valid, 

this paper will nevertheless use the market portfolio. It may be a poor estimator of the equity 

that exists in society due to non-marketable asset. Yet as it is inherently forward looking, it 

will in some way account for these non-marketable assets. Human capital, which has been 
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highlighted as the most important, is inherently accounted for as it is correlated with the 

productivity of traded equity. While some of the increases (or decreases) in productivity may 

also accrue to workers even these will flow back to companies in some way. This can happen 

either through increased spending on goods and services, or through increased saving and 

investment which will lower the cost of capital faced by firms. Any partial equilibrium model 

that does not endogenously specify technology needs a forward looking factor that measures 

the productivity of society. The return on the market, while not perfect, is a decent estimator 

on the estimated current value of future productivity increases. While better estimators may 

exist, the literature reviewed in the making of this paper hasn’t highlighted any and hence the 

market return variable will be used. It should, according to both theory and common sense, 

command a positive risk premium. 

Related to the covariance with the return of an asset with that of the wealth portfolio is 

that of coskewness with the market portfolio. It is subject to some of the same critiques, yet as 

seen above it shows both theoretical and empirical appeal, as it captures a factor that is 

distinct from covariance. As repeatedly highlighted, investors care about expected utility not 

expected return, a distinction that is captured when including both the first, second and third 

moments of return. One measure used in literature is that of Kraus and Litzenberger (1976), 

who rather than simply regress asset returns on the squared market returns (as has been done 

earlier) develop a beta notation analogous to what is know from the CAPM: 

 
β ≡

∑ , , , ,

∑ , ,

 

A similar measure, ,  was developped in Harvey and Siddique (2000).  

 

β ≡
∑ , , , ,

∑ , , , ∙ ∑ , ,

 

which determined the coskew of the residuals from a CAPM regression, rather than using a 

rolling average in the calculation of expected return on assets. This makes perfect sense in 

Harvey and Siddique, where the aim is to build a three-moment CAPM. Yet this reliance on 

the CAPM model is less appealing here where the CAPM is not assumed to hold. For now, 

there is no way to decide between the two factors. Both will be tested below, and the choice 

between them will be postponed till then. 
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Whatever the chosen measure, coskewness can be accounted for in two ways. One way, 

employed in Harvey and Siddique, is to form a long/short coskewness portfolio and use 

Fama-Macbeth regressions to estimate the price of coskewness. Another, employed in Kraus 

and Litzenberger, is to directly measure the ability of the level of coskewness to predict 

returns. The choice between the two depends not only on the perceived predictive power but 

also on the choice of other factors. If they are better accounted for using portfolios, it may 

make sense to use managed portfolios for coskewness as well. As the models developed in 

this paper will be tested against the FF model, which used managed portfolios of its factors, a 

managed long/short portfolio will likewise be used for coskewness. The same breakpoints as 

in Harvey and Siddique, 30% and 70%, will be used. The portfolio will be named  

and  for the Kraus and Litzenberger and the Harvey and Siddique measure respectively. 

The remaining question then is on what time-periods to form the data and holding periods. 

The earlier studies have noted that coskewness for portfolios tend to be relatively stable over 

time. Yet, if earlier studies on beta are any guide, individual assets may be much more 

volatile (weather actual or due to the statistical methods employed is anyone’s guess). In this 

study, an informal test was applied to choose the measurement period. Several periods were 

used, and the persistency in the decile rank of the coskewness measure was evaluated. The 

period chosen was such that month-to-month variations in coskewness decile were 

uncommon. The method is flawed at best and further research into the proper estimation 

period would be a valid topic for future research. The chosen estimation period chose was 60 

months, the same as in Harvey and Siddique. Portfolios were formed based on end of month 

coskewness and held for the following month. The risk premium for coskewness is expected 

to be negative, as investor will prefer a positive skew (Scott and Horvath, 1980; Dittmar, 

2002) 

Another set of well-recognized effects, both theoretically and empirically is liquidity and 

trading cost. As highlighted above in section 4.4.3, there are reasons to believe that illiquidity 

should command a positive risk premium, as investor will require compensation for trading 

difficulties and costs. A slightly different inference is presented in section 2.1.3 on the limits 

to arbitrage, where it is argued that trading costs and liquidity may prevent a trader from 

price-correcting arbitrage. Following this line of reasoning, then, illiquidity leads to incorrect 

prices. Yet, an investor that suspects that the observed prices are incorrect would also demand 

a premium for trading, since he runs the risk of trading with a counterparty that has superior 

information. Thus, even under to limits to arbitrage argument, we would expect the risk 
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premium for illiquidity to be positive. How, then, is illiquidity measured? As show above, a 

good measure of stock illiquidity is that of Amihud (2002) as well as the modification of 

Acharya and Pedersen (2005). Yet concerns have been raised on whether it measures 

illiquidity or investor disagreement about new information. Another measure could be 

constructed using a long/short portfolio of on- and off the run US treasuries with similar 

maturities. In this method it is quite certain that the effect seen arises due to illiquidity 

(Amihud and Mendelson, 1991), yet the issue is whether illiquidity is priced the same way in 

treasuries and stocks. It is well known that different asset classes attract different investors 

due to taxes (Elton and Gruber, 1970; Kalay, 1982), risk appetite and budget constraints 

(Frazzini and Pedersen, 2010) as well as due to transaction costs (Amihud and Mendelson, 

1986). Consequently, the choice is between the correct assets/investors but a possibly flawed 

measure and a correct measure but incorrect assets. This paper takes the former approach. 

While the measure may be imperfect, Goyenko et al. (2009) find that it does surprisingly well. 

Earlier studies have used lower frequencies; yet this study will be based on daily data. 

Intuitively, this should be better at catching illiquidity as it is more likely to capture one 

“price movement” due to trade than e.g. monthly data which may report low illiquidity if 

price movements cancel out over a month, even though large movements were seen 

throughout the month. The same critique may obviously be levered at daily data as intraday 

price movements are not captured. Yet as discussed above, moving to higher frequency 

datasets significantly limits data availability. Daily data is thus seen as a reasonable 

compromise between data availability and accuracy. The measurement length is another issue 

entirely. While in the measurement of coskewness a long period was chosen to avoid outliers, 

this approach is not necessarily valid for for illiquidity. Here, the outliers are the better 

measurement of real illiquidity. Everyday volumes and price movements does show some 

indication of illiquidity but as highlighted investors care about the ease of selling in adverse 

conditions, which is often in the more unusual cases. Another issue, though, is persistency. 

Investor may not, as the model, have a fixed horizon for estimating the illiquidity of a stock. 

In choosing a too short horizon, there’s a risk of ignoring the events investors judge liquidity 

by for all but a few datapoints. As in the case of coskewness, little to no research has gone 

into the optimal estimation period, and as a consequence monthly data is used even though it 

is acknowledged that the estimation period may not be the optimal. Subsequent research 

could shine light on this. As in the case of coskewness, 30% and 70% long/short portfolios 

will be used. Here they will be named ILLIQ following Amihud (2002). 
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As for macroeconomic variables and aggregate consumption measures, while they are an 

interesting point of departure for understanding asset prices, have made a such poor showing 

that they will not be considered. Studies on heterogeneity and investor psychology have given 

significant insight into asset pricing. They are, as of yet, hampered by the lack of good factors 

to proxy for the causal factors they suggests. This means that their impact can mainly be used 

in qualitative test and the hypothesized effect can unfortunately not be tested for in this paper. 

7.2 Data 

The data used in this model is a function of the specific factors chosen. While it is generally 

preferred to have as many observations as possible, the sample has been restricted in the 

interest of data consistency and integrity. Firstly, the data was constricted to stocks listed on 

U.S. exchanges, as the U.S. market is the largest in the world and has one of the best security 

laws, which should ensure that only unavoidable market imperfections impact prices and 

returns (Porta et al., 1997). 

The first constraint is the time period. Since book values are used in the reference model, 

it has been limited to post 1963/7 period, as it was when COMPUSTAT data became reliable 

(as well as the period that has been used for most asset pricing tests) (Campbell and 

Vuolteenaho, 2004). As none of the actual factors used in the developed model uses book 

values, it can obviously be applied to older data. This captures a practical advantage of the 

factors chosen over e.g. the FF model, greater data availability41. For consistency, the data has 

been restricted to common stock of companies incorporated in the U.S. (CRSP share code 10 

and 11). This excludes items such as REITs, mutual funds, ETFs and ETNs, which can trade 

in real estate, options, futures and other non-equity instruments that could confound the 

results if included.  Like in Acharya and Pedersen (2005), the test will be performed on 

NYSE and AMEX data. NASDAQ has been excluded since the volume data for the exchange 

unlike the others contains interdealer trades, which would lead to a systematically different 

illiquidity measure. Since the market structure differs between NYSE/AMEX and NASDAQ 

(Aggarwal and Aggarwal, 1993) this should also lead to a better model fit, although it comes 

at the expense of generality. Monthly return data, adjusted for delisting using the delisting 

return of CRSP was used, except for the illiquidity measure that used daily data for returns 

and volume. 

                                                 
41 It should be noted, tough, that French (2012) maintains an internet library of FF factors that goes as far 

back as 1926 that can be used for testing the FF model 
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7.3 Testing 

The purpose of this section is to describe how the amalgamated “model” is empirically tested. 

It is beyond the scope of this paper to describe the econometric intricacies of the many 

different asset-pricing tests and for such the reader is referred to textbooks on econometrics.  

The conducted test is firstly a test of whether or not the model accurately describes the 

return generated on a series of portfolios. This will be done using models fitted in a GMM 

framework, like that developed Hansen (1982), with the F-statistics of Gibbons, Ross and 

Shanken (1989) (henceforth GRS). This tests the assumption that excess returns in a 

multifactor model are zero, or equivalently, that a linear combination of the factor portfolios 

is on the minimum variance portfolio. This is currently the de facto way of testing asset 

pricing models and it is easy to see why. The GMM model, of which e.g. OLS, IV and MLE 

are restricted cases, is simply put less restrictions on the model inputs, and it achieves great 

accuracy, sacrificing only finite-sample estimation properties. The GRS test statistics 

meanwhile, performs better in smaller samples than the traditional Wald, Lagrance Multiplier 

and Likelihood Ratio tests as it is less likely to lead to Type I errors. The test performed is 

essentially unconditional. I.e. the test is whether a single factor beta leads to zero excess 

return over the entire sample period. For this reason as well as due to econometric issues 

arising due to the listing and delisting of companies, the GMM/GRS test will be performed on 

portfolios rather than individual assets. The methodology employed in forming the test 

portfolios will be outlined in section 7.3.1. 

Secondly, in addition to determining the fit of the model, the aim is to estimate risk 

premiums for the selected factors and to test their ability to be used in forecasting returns. 

This is an altogether less accurate exercise. While many different tests have been proposed, 

the most commonly used test is still that of Fama and Macbeth (1973), henceforth FM. This is 

a two-step test. In step one, rolling time-series factor loadings are calculated. In step two, a 

cross-sectional regression is used to test the ability of these factor loadings to forecast returns. 

Other tests, while significantly more sophisticated yield only marginally better results and 

sacrifice a great deal of simplicity and intuition (Cochrane, 2001). Hence FM statistics were 

also employed here. To improve the robustness of the results Newey-West (1987) adjustments 

were used to adjust the test statistics for autocorrelation and heteroskedasticity in the error 

terms. 60 month rolling factor loadings were used to forecast next-period returns. 

Observations with less than 60 months of data to calculate factor loadings were discarded. 

This may lead to a selection bias, as newly listed companies and delisted companies will not 
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figure in the data until after (before) 60 month of their listing (delisting). Yet at the same time, 

a factor loading calculated on less data would be less consistent and possibly less accurate. 

Tests were performed on the ability to forecast 1, 6 and 12-month returns, though only the 6-

month forecasting ability is presented in the main body of text, while the rest are contained in 

the appendix. 

7.3.1 Forming the portfolios 

Like FF, the choice of portfolio strategy employed in this paper will be based on quintiles of 

BE and BE/ME. Ideally, the factors used for portfolio formation should be correlated with the 

factors tested to ensure a decent spread in the factor loading. Choosing BE and BE/ME 

portfolios, thus, may yield an advantage to models using these factors (and other factors 

correlated with them). At the same time, these are quite objective measures, and have been 

used extensively in tests of asset pricing models, which means that the results should be 

comparable to earlier tests. While additional insight may have been gained from testing on 

other portfolios as well, these commonly used factors were the only ones used for forming 

portfolios, for the reasons just mentioned as well as in the interest of brevity. 

The methodology used for forming the portfolios is the same as used for constructing the 

FF portfolios (see below), except that median quintiles are used instead of median and 

30%/70% breakpoints. This is the same methodology employed in the ME and BE/ME 

portfolios of French (2012), yet rather than use French’s portfolios, new ones were generated 

using the CRSP data used for this study. This is partly for consistency (as French only uses 

NYSE data), yet also to enable reporting of median values of the tested factors for the 

portfolios.  

7.3.2 Reference model: Fama-French and Carhartt 

The factors developed are tested against a Fama-French (1992) model, replicating their 

methodology as closely as possible with the exception that NYSE and AMEX data will be 

used instead of just NYSE. In addition to the standard FF model, the developed models will 

be tested against an FF model with the addition of the momentum return of Carhart (1997), 

calculated based on the implementation of Jegadeesh and Titman (1993) with a 6 month 

formation period and a 6 month holding period, defining winners as the top decile and losers 

as the bottom decile. As above only common stock is used.  
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Annual Compustat data is used. This is both to replicate FF (1992) as well as due to the 

fact that annual data is unrestated and thus ideal for backtesting. Book equity is defined as the 

sum of stockholders equity, deferred taxes and investment tax credit less the book value of 

preferred stock (using redemption, liquidation or par value, in that order of preference). For 

companies that have several listed shares, these are aggregated by capitalization and treated as 

one company. For companies that changed fiscal period during a year, the last annual report 

for a given year is used. Delisting return is used for companies that were delisted during the 

period.  

Appendix in Section 11.3 shows the number of firms in the sample over time. Section 

11.4 and 11.5 shows a comparison of the calculated FF factors and portfolio returns of 

Kenneth R. French as well as NYSE-only and NYSE-AMEX FF factors calculated for use in 

this test. Factors are shown in three periods that corresponds with the start of the sample 

periods employed. The NYSE-only factors are included to enable comparison of French’s 

numbers with those calculated using the program developed for this paper. Both factors show 

a somewhat low fit during the early part of the sample periods where French’s data has 

considerably more firms in his sample. This difference arises as French use Moody’s 

yearbook for pre-1996 annual report data while this study uses the newer Compustat/CRSP 

Merged link, which isn’t complete in earlier periods. In the second and third period, the 

factors of French and those of this study are nearly indistinguishable for NYSE-only factors. 

The data that also includes AMEX, as expected, shows some deviations due to the additional 

firms included but is still strongly correlated with the NYSE-only factors. 

8 Results 

This chapter will outline the results, first of the ILLIQ and coskewness factors, and 

subsequently in models that present these and the FF/momentum factors in several 

combinations. This should hopefully highlight whether the factors have a high correlation 

with asset pricing, and if so, whether they are complementary or supplementary. 
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8.1 Factors 

8.1.1 Illiquidity 

The ILLIQ measure was found, as predicted to be strongly correlated with returns. Figure 2 

shows the cumulative development of the low, medium and high illiquidity equally-weighted 

portfolios. It is clear that the high illiquidity portfolio on average shows a much higher return, 

a fact that can be seen more clearly in Figure 4 that shows the return to a portfolio that is long 

the illiquid stocks and short the liquid stocks. Curiously, and as seen in other studies on 

(il)liquidity (e.g. Eleswarapu and Reinganum, 1993), the illiquidity effect is strongly 

prevalent in January and has the opposite sign in other months42. This curiosity is further 

explored in Figure 2, were it can be seen that the illiquid portfolio seems to be by far the most 

affected by the January effect. A strategy long the liquid portfolio and short the illiquid 

portfolio in all months except January would have returned $4.72 pr. dollar long/short 

exposure over the sample period. The effect is not confined to the equally weighted portfolio 

and is in fact even stronger in the value weighted portfolio (not shown). 

This “January-effect” could potentially limit the use of the long/short ILLIQ portfolio in 

asset pricing. In calculation of factor loading, the return of a given stock in January would 

have an excessive weight, in effect distorting the estimated factor loading. A solution is to 

measure the factor loading on a portfolio that excluded January return data, yet this would 

likewise bias the estimated loading. Another possible solution is to use a dummy variable for 

January. All approaches are flawed in some respects and there is no objective way to chose 

the best approach. In the following, for consistency, the unadjusted data has been used. 

Insofar as the factor holds little predictive power, it can be excluded at a later stage. 

                                                 
42 The January effect is likewise present in the SMB portfolio, albeit to a lesser extent. 
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Figure 2: The cumulative return on portfolios by illiquidity (all months) 

 

Figure 3: The cumulative return on portfolios by illiquidity (ex January) 

 

Figure 4: Cumulative return to the long-short illiquidity portfolio 
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Previous studies have suggested (e.g. Amihud, 2002), that part of the reason that the size 

effect is significant is that smaller stocks on average tend to be more illiquid. This notion is 

supported by the data in 

Table 1, which shows the equally weighted average of ILLIQ of the stocks in the test 

portfolios. The size portfolio consistently ranks ILLIQ. Interestingly, only the smallest of 

stock have an ILLIQ that is significantly higher than the norm. BE/ME does seem to be 

positively correlated with ILLIQ but the association is not consistent. The long-short ILLIQ 

portfolio returns also show a high correlation with SMB returns as seen in Figure 5 below. 

That there should be a correlation between the value of market equity and ILLIQ, which also 

is a information dissonance measure, sits will with the finding of Brennan and Tamarowski 

(2000) who find that larger firms tend to invest more in investor relations and tend to be 

covered by more analysts. Both factors should decrease information dissonance. It is 

interesting to note that the largest deviation from the correlation is just before and during the 

crash of the dot com bubble (which peaked in March, 2000).  Other large deviations also 

happen around significant market movements as seen in Figure 6. It could be postulated that 

this arises since ILLIQ is an information dissonance measure and is thus likely to be 

particularly sensitive in these times. As the portfolios shown are ranked based on ILLIQ 

percentiles and not ILLIQ level it isn’t clear how this sensitivity should affect the long/short 

returns. The application of the portfolios in the asset pricing models should shine some light 

on this and indicate whether the measures are complementary or supplementary and in the 

latter case, what the better measure is. 

Figure 5: Correlation between ILLIQ and SMB 

 
2000/3

2000/4

2000/2

2000/6

2000/2

y	=	0.6702x	‐ 0.0004
R²	=	0.5964

‐20%

‐10%

0%

10%

20%

30%

‐15% ‐5% 5% 15% 25% 35%

SM
B
	r
et
u
rn

Long/short	ILLIQ	return



The State of Intertemporal Asset Pricing  Nis Bak 

Page 69 of 114 
   

Figure 6: Time series variation in equally weighted average ILLIQ 

 
Note: Grey areas represent US recessions. 

 
Table 1: ILLIQ of test portfolios 

BE/ME 
  Low 2 3 4 High 

Size 

Small 13.878 13.805 11.768 11.821 20.009
2 0.758 0.764 0.794 1.039 1.341
3 0.192 0.226 0.282 0.299 0.374
4 0.074 0.096 0.120 0.086 0.088

Large 0.020 0.020 0.018 0.015 0.015

8.1.2 Coskewness 

The  measure was constructed as in Harvey and Siddique (2000) using 60 months of data. 

Like them, the long/short portfolio showed, consistent with expectations, a positive average 

annual spread. In the 1963-1993 period of used in Harvey and Siddique, their sample, which 

included NASDAQ, showed a yearly average return of 3,6% while the long/short portfolio 

generated in this study showed only a yearly average of 2.2% but was still significant. As can 

be seen in Figure 7 below, this positive spread is fairly consistent in all but the earliest part of 

the sample period. The coskew measure of Kraus and Litzenberger (1976), however, does not 

fare as well. While it has a positive spread in the early part of the sample period, the spread all 

but disappears around the middle, only to turn negative in the latter part of the sample period. 

This is inconsistient with expectations. Hence, the  measure of Harvey and Siddique will 

be used. 
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While Harvey and Siddique use value-weighted portfolios they offer no justification for 

their choice. Analysing the two portfolios visually, the equally weighted portfolio is 

somewhat smoother. It is hard to tell whether or not this is a good thing. There should be 

some variance in the hedge portfolios; otherwise they will tend to capture only whatever 

autocorrelation there may be in returns. Yet, if this variance is noise from a few high-cap 

companies any correlation found may be spurious. As an informal test, both factors were 

tested as an addition to the CAPM on the full sample period. Here, the equally weighted 

sample produced a GRS F-test statistic of 3.88, while the value weighted portfolio yielded 

3.95.  Based on this, the equally weighted portfolio is used going forward. 

Figure 7: Long/short coskewness and skd portfolio returns 

 

Figure 8: Cumulative return on SKD portfolios 
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Table 2: Beta SKD of test portfolios 

BE/ME 
  Low 2 3 4 High 

Size 

Small -0.082 -0.088 -0.091 -0.092 -0.091
2 -0.068 -0.066 -0.065 -0.064 -0.054
3 -0.048 -0.048 -0.048 -0.037 -0.027
4 -0.022 -0.025 -0.030 -0.006 0.006

Large 0.038 0.029 0.022 0.042 0.048

8.2 Models 

The selected factors will be tested by themselves, in combination and as addition to the FF 

and Carhart factors. This is done to see whether they are complements or supplements to other 

factors and ultimately find which combination of factors shows the best fit and predictive 

power respectively. A total of 15 combinations of the identified factors were tested. All tested 

models included the market beta. 

The GRS tests and the FM-tests with a 6 month predictive period is shown in Table 3, 

while the results for 1 and 12 month predictive period results are in Appendix 11.6 and 11.7 

respectively. The 1 month predictive period showed almost no significance. The one 

exception was the HML factor, which was highly significant in the early part of the sample 

though not significant at the 95% level in the latter part. In the full sample it was significant at 

the 1% level for the full sample in all models where it was included. The 12-month predictive 

period yielded results that were only marginally different from the 6-month predictive period. 

Notably, even the momentum factor was consistent between the 6 and the 12-month 

predictive period. Yet, as momentum is a short run effect, it is hard to say what a 60-month 

factor loading on the long/short momentum portfolio signifies and there is no reason to 

believe that explanatory power should decrease significantly between the prediction periods. 

The GRS test rejects the null hypothesis (that there are no excess returns) in the full 

sample as well as three out of four periods for all models. The only exception is the period 

from 1963:7-1979:12. Here, no model can be rejected at the 1% significance level and none 

of the models that include the FF factors can be rejected at the 5% level. This is a very good 

fit in tests on asset pricing models (which are notorious for a poor fit43). In the early and 

                                                 
43 See e.g. Fama and French, who conclude that “[d]espite its marginal rejection in the F-tests, our view is 

that the three-factor model does a good job on the cross-section of average stock returns.” (1993). Their p-
value was 3,9% in a sample period of 1963:7 to 1991:12. Another example is Chordia and Shivakumar 
(2006) who achieve a p-value of 4.0% and conclude that their model explains the momentum effect. Many 
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middle sub period there is a significant spread between the F-stat for the different models, 

while in the last sub period that spread has narrowed somewhat and all model seem to do 

equally well (or poor). 

The ILLIQ factor is significant for all models it is included in for the full period, yet its 

significance level varies significantly between the sub periods. In the middle period it is 

likewise significant for all models, yet it isn’t significant in the two other sub periods 

although it comes close in the latter. As predicted the ILLIQ factor has a positive risk 

premium for all periods and models (whether significant or not), and for the full sample 

periods estimates for all models come in around the range from 3.5% to 3.7%. Interestingly, 

although there is a large correlation between SMB and ILLIQ, the inclusion of the ILLIQ 

factor only marginally decreases the significance of the of the SMB factor, while improving 

the fit of most other factors in the model. It does, however, decrease the fit of the model as 

measured by the F-test. Simply using ILLIQ instead of SMB in the FF, slightly increases the 

F-stat from 3.37 to 3.46 while the decrease is much bigger for the Carhart model (not shown). 

The SMB factor itself commands a negative risk premium, which is significant in the middle 

sub period as well as over the full sample. This is not only against expectations but is also the 

opposite of the ILLIQ factor although the two are strongly correlated. 

The SKD factor is only significant in the latter sub period in model 8. However, its risk 

premium is significantly positive suggesting, contrary to what was expected, that investors 

prefer negative tail risk. The non-significant risk premiums found in the other periods are, 

however, mostly negative. Despites this lack of significance in FM tests, the GRS tests find 

that SKD when added to other models often serves to lower their F-stat. In fact, many models 

improve more from the addition of SKD than from the addition of ILLIQ even though the 

latter achieves higher significance. Over the entire sample period, the model that achieved the 

third best fit was a Carhart model with SKD instead of the SMB factor with an F-stat of 3.29 

(not shown). In the latter sub period, the SKD factor is the only factor to achieve significance 

in any model and has a consistent high t-stat in the other models only rivalled by the HML 

and ILLIQ factors. The HML factor has a consistent positive risk premium that is significant 

at the 1% level over the entire sample as well as in the first sub period. In the two latter is fails 

to achieve significance in any model, yet it often ranks as one of the more significant factors. 

The market factor, or beta, curiously shows a negative risk premium, which is significant 

for the full sample period as well as in approximately half the models in the first two sub-
                                                                                                                                                         
papers, such as Harvey and Siddique (2000), achieves even lower p-values and resort to just reporting the 
F-statistic. 
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Table 3: Result of FM and GRS regressions 

  Panel A: July 1963 to December 2011 

Model       GRS 

1 -4.44%(**)      4.14 
 (-2.81)      (0.0%) 

2 -2.97%(*) -3.90%(**) 3.38%(**)    3.37 
 (-2.14) (-3.73) (3.87)    (0.0%) 

3 -2.73% -3.77%(**) 3.38%(**) 2.40%   3.27 
 (-1.94) (-3.65) (3.92) (1.91)   (0.0%) 

4 -3.55%(**)    3.65%(**)  4.16 
 (-2.43)    (3.34)  (0.0%) 

5 -3.54%(**)   1.72% 3.71%(**)  4.07 
 (-2.41)   (1.35) (3.37)  (0.0%) 

6 -4.28%(**)     0.08% 3.88 
 (-2.74)     (0.23) (0.0%) 

7 -3.90%(**)   2.51%  -0.02% 3.78 
 (-2.55)   (1.63)  (-0.06) (0.0%) 

8 -3.39%(*)    3.64%(**) -0.23% 3.96 
 (-2.30)    (3.29) (-0.72) (0.0%) 

9 -3.43%(*)   1.72% 3.70%(**) -0.16% 3.93 
 (-2.32)   (1.38) (3.35) (-0.52) (0.0%) 

10 -2.81%(*) -3.48%(**) 3.49%(**)  3.45%(**)  3.40 
 (-2.05) (-3.42) (4.02)  (3.25)  (0.0%) 

11 -2.81%(*) -3.55%(**) 3.44%(**) 1.99% 3.50%(**)  3.43 
 (-2.03) (-3.48) (3.96) (1.67) (3.25)  (0.0%) 

12 -2.85%(*) -3.88%(**) 3.37%(**)   -0.32% 3.39 
 (-2.01) (-3.66) (3.86)   (-1.04) (0.0%) 

13 -2.64% -3.76%(**) 3.35%(**) 2.39%  -0.28% 3.27 
 (-1.86) (-3.63) (3.90) (1.93)  (-0.90) (0.0%) 

14 -2.82%(*) -3.52%(**) 3.46%(**)  3.49%(**) -0.23% 3.41 
 (-2.02) (-3.45) (3.99)  (3.25) (-0.74) (0.0%) 

15 -2.81%(*) -3.55%(**) 3.42%(**) 2.01% 3.55%(**) -0.20% 3.47 
  (-2.00) (-3.49) (3.95) (1.73) (3.28) (-0.69) (0.0%) 
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  Panel B: July 1963 to December 1979 

Model       GRS 

1 -5.76%      1.76 (*) 
 (-1.83)      (2.9%) 

2 -3.69% -4.52% 3.47%(**)    1.47 (**) 
 (-1.62) (-1.84) (2.59)    (9.7%) 

3 -3.53% -4.40% 3.53%(**) -1.54%   1.43 (**) 
 (-1.53) (-1.74) (2.62) (-0.84)   (11.8%) 

4 -5.02%    2.67%  1.91 (*) 
 (-1.92)    (1.00)  (1.5%) 

5 -4.94%   -2.43% 2.49%  1.87 (*) 
 (-1.92)   (-1.16) (0.94)  (1.8%) 

6 -5.60%     0.23% 1.71 (*) 
 (-1.85)     (0.42) (3.7%) 

7 -5.74%(*)   -1.50%  -0.24% 1.69 (*) 
 (-2.02)   (-0.52)  (-0.52) (3.9%) 

8 -4.53%    2.67% -0.46% 1.93 (*) 
 (-1.68)    (0.98) (-1.43) (1.4%) 

9 -4.48%   -2.41% 2.53% -0.41% 1.86 (*) 
 (-1.69)   (-1.17) (0.94) (-1.25) (1.9%) 

10 -3.70% -4.18% 3.69%(**)  2.38%  1.59 (**) 
 (-1.66) (-1.65) (2.79)  (0.95)  (6.2%) 

11 -3.70% -4.14% 3.75%(**) -1.95% 2.33%  1.60 (**) 
 (-1.63) (-1.62) (2.81) (-1.04) (0.91)  (5.9%) 

12 -3.25% -4.42% 3.56%(**)   -0.41% 1.44 (**) 
 (-1.40) (-1.76) (2.62)   (-1.20) (10.9%) 

13 -3.15% -4.37% 3.51%(**) -1.74%  -0.40% 1.37 (**) 
 (-1.37) (-1.73) (2.56) (-0.95)  (-1.08) (14.4%) 

14 -3.60% -4.13% 3.74%(**)  2.37% -0.24% 1.55 (**) 
 (-1.55) (-1.63) (2.73)  (0.93) (-0.72) (7.2%) 

15 -3.51% -4.06% 3.72%(**) -2.02% 2.35% -0.29% 1.53 (**) 
  (-1.51) (-1.61) (2.71) (-1.11) (0.91) (-0.79) (8.0%) 
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  Panel C: January 1980 to December 1995 

Model       GRS 

1 -5.71%(**)      4.72 
 (-2.47)      (0.0%) 

2 -4.15%(*) -4.40%(**) 2.17%    3.77 
 (-2.10) (-3.57) (1.66)    (0.0%) 

3 -3.83% -4.34%(**) 2.16% 5.91%(**)   3.44 
 (-1.94) (-3.52) (1.71) (2.79)   (0.0%) 

4 -4.28%(*)    6.20%(**)  4.77 
 (-2.04)    (4.02)  (0.0%) 

5 -4.33%(*)   5.48%(**) 6.39%(**)  4.52 
 (-2.01)   (2.50) (4.14)  (0.0%) 

6 -5.77%(**)     -0.86% 4.78 
 (-2.43)     (-1.59) (0.0%) 

7 -4.93%(*)   6.87%(**)  -0.81% 4.72 
 (-2.13)   (3.27)  (-1.52) (0.0%) 

8 -4.49%(*)    6.25%(**) -0.88% 4.68 
 (-2.04)    (3.91) (-1.58) (0.0%) 

9 -4.51%(*)   5.10%(**) 6.35%(**) -0.80% 4.82 
 (-1.99)   (2.51) (4.00) (-1.51) (0.0%) 

10 -3.84%(*) -3.90%(**) 2.33%  6.22%(**)  3.71 
 (-1.98) (-3.17) (1.84)  (4.02)  (0.0%) 

11 -3.88%(*) -4.04%(**) 2.25% 5.42%(**) 6.35%(**)  3.50 
 (-2.01) (-3.25) (1.77) (2.54) (4.11)  (0.0%) 

12 -4.35%(*) -4.45%(**) 2.11%   -0.97% 3.74 
 (-2.07) (-3.42) (1.66)   (-1.77) (0.0%) 

13 -4.02% -4.36%(**) 2.13% 5.78%(**)  -0.88% 3.65 
 (-1.91) (-3.33) (1.71) (2.86)  (-1.67) (0.0%) 

14 -4.10%(*) -3.98%(**) 2.33%  6.36%(**) -0.88% 3.67 
 (-2.00) (-3.06) (1.86)  (4.06) (-1.64) (0.0%) 

15 -4.15%(*) -4.10%(**) 2.25% 5.25%(**) 6.44%(**) -0.84% 3.75 
  (-2.00) (-3.14) (1.79) (2.59) (4.11) (-1.57) (0.0%) 
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  Panel D: January 1996 to December 2011 

Model       GRS 

1 -1.96%      2.66 
 (-0.48)      (0.0%) 

2 -0.79% -2.82% 3.34%    2.60 
 (-0.20) (-1.47) (1.67)    (0.0%) 

3 -0.46% -2.68% 3.38% 3.52%   2.66 
 (-0.11) (-1.56) (1.71) (0.98)   (0.0%) 

4 -0.65%    3.26%  2.81 
 (-0.16)    (1.85)  (0.0%) 

5 -0.65%   3.02% 3.37%  2.76 
 (-0.16)   (0.88) (1.90)  (0.0%) 

6 -1.96%     1.43% 2.85 
 (-0.48)     (1.80) (0.0%) 

7 -1.16%   4.42%  1.33% 2.91 
 (-0.29)   (1.00)  (1.84) (0.0%) 

8 -0.56%    3.35% 1.30% 2.89 
 (-0.14)    (1.90) (1.91) (0.0%) 

9 -0.61%   3.25% 3.40% 1.32%(*) 2.87 
 (-0.15)   (0.94) (1.92) (1.98) (0.0%) 

10 -0.28% -2.35% 3.32%  3.03%  2.69 
 (-0.07) (-1.44) (1.68)  (1.68)  (0.0%) 

11 -0.42% -2.48% 3.26% 2.84% 3.10%  2.67 
 (-0.11) (-1.51) (1.61) (0.89) (1.70)  (0.0%) 

12 -0.87% -2.85% 3.28%   1.06% 2.82 
 (-0.22) (-1.50) (1.61)   (1.45) (0.0%) 

13 -0.53% -2.71% 3.45% 3.83%  1.07% 2.84 
 (-0.13) (-1.60) (1.72) (1.07)  (1.55) (0.0%) 

14 -0.28% -2.44% 3.29%  3.12% 1.06% 2.82 
 (-0.07) (-1.50) (1.63)  (1.73) (1.51) (0.0%) 

15 -0.40% -2.48% 3.38% 3.07% 3.17% 1.13% 2.82 
  (-0.10) (-1.51) (1.64) (0.97) (1.73) (1.64) (0.0%) 
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periods (the effect was even larger when using an equally weighted market index). The first 

and the middle periods show similar levels between the same models, while the level for the 

latter period hovers around zero across the models. 

9 Discussion 

The tests of the developed models reveal both confounding and clarifying insights. This 

section discusses both. 

The negative market risk premium is perhaps the most surprising. This is not only 

contrary to expectations but also at odds with many earlier studies who find a positive market 

risk premium. The results do not indicate that high-beta securities have a negative return, as 

the intercepts are positive. This is so even in the first sub period, where we cannot reject the 

null hypothesis that the intercept is zero using the GRS test. This doesn’t necessarily have any 

correlation with the intercept in the FM models as the two tests are based on different 

assumptions. The GRS assumes a constant beta over the test period whereas a rolling beta is 

used for the FM test. Additionally, the GRS test is conducted on in-period portfolios while the 

FM test is used to predict future period returns. The negative risk premium, if it is believed, 

suggest that the security market line is not just flatter than the CAPM predicts (as found in 

several studies44) but in fact has a negative slope. While a flat but possible slope has a quite 

plausible explanation, e.g. that borrowing constraints force less risk averse investors into high 

beta assets in the search for higher returns, this would never make the slope of the security 

market line negative. Under the EUT assumption and Arrow-Pratt risk aversion, all else being 

equal, even investors with extremely low levels of risk aversion will prefer a less risky asset if 

the payoff is the same. At most, the security market line will have a slope that approaches 

zero, although this would be an extreme example. The negative slope would occur if investors 

are generally risk seeking, yet while they are so in certain parts of their utility function under 

PT, it is unlikely that the market as a whole would exhibit risk seeking. An often seen culprit, 

selection bias does not seem to be at fault: Relaxing the exclusion criteria from 60 months 

does not affect the results. This, however, may not rule out selection bias completely. The six 

month forecast period used in the FM regressions still mean that companies that have been 

delisted only register with their delisting returns in one data point, where it could be argued 

                                                 
44 E.g. Black (1972, 1993), Black, Jensen and Scholes (1972), Gibbons (1982),  Kandel (1984), Shanken 

(1985) and Polk, Thompson, and Vuolteenaho (2006). 
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that it should figure in six data points. Another culprit may be conditionality. Most asset 

pricing tests are performed on portfolio, rather than individual assets as has been used in the 

FM tests above. This means that the tests are conditioned down. Insofar as the betas for 

individual stock are highly conditional, and thus exhibit large time-series variance as 

suggested by Levy (1971), this could lead to the observed result. 

An issue question that also arises is what exactly does the developed long/short portfolios 

test for? For ILLIQ, the answer is reasonably clear. An asset return that is strongly correlated 

with the ILLIQ portfolio must have a high return sensitivity (or insensitivity) to changes to in 

market and/or funding liquidity (using the distinction of Brunnermeier and Pedersen (2009)). 

Market liquidity measure the ease of transacting the stock and as shown by e.g. Amihud and 

Mendelson (1986) this should be strongly correlated with returns. Funding liquidity is the 

ease of securing funding for purchase of securities. If we assume that the ease of securing 

funding is correlated between investors and companies, companies that see their returns 

plummet when funding liquidity is tight must be at risk of financial distress and investors 

should demand a return premium for holding these stocks45. It is harder to make the case for 

the SKD factor. While it is obvious that risk averse investors should have a preference for 

positive coskewness and hence should demand a negative risk premium, what a high factor 

loading on the SKD factor says about a company is difficult to say. On the one hand, the 

long/short portfolio could be a measure of the risk aversion of investors. As investor risk 

aversion increase, they should place a greater value on stocks with a greater relative 

coskewness and vice versa. As such, a high relative coskewness would be a hallmark of a safe 

haven stock. This would lead to a negative risk premium. The observed positive risk 

premiums are hard to explain. It could be hypothesized that companies with a high relative 

coskewness are actually companies that are in distress. A company in distress will often have 

a floor on its price around its liquidation value (Titman, 1984). This bound on its price is very 

likely to lead to a large relative coskewness. The further the deviation in stock price is from 

the company’s liquidation value, the more its coskewness will decrease as the market price is 

farther from its liquidation value. This could lead to a negative correlation between 

coskewness and overvaluation. 

An interesting observation is that the ILLIQ factor, although strongly correlated with the 

SMB factor, commanded a very different risk premium: While the risk premium was negative 

for SMB, the premium on ILLIQ was positive. As ILLIQ is a measure for both illiquidity and 
                                                 

45 Assuming, of course, that default is a systematic and not an idiosyncratic risk. The correlation of ratings 
changes and default rates with macroeconomic factors suggests that it is (Nickell et al., 2000). 



The State of Intertemporal Asset Pricing  Nis Bak 

Page 79 of 114 
   

information uncertainty, this suggests that SMB must proxy for more than these two factors. 

A confounder of this interpretation is the January effect; that long-short ILLIQ portfolios only 

outperformed during the month of January, while significantly underperforming in other 

months. There is currently no commonly accepted explanation of this effect. Until there is an 

plausible explanation, the ILLIQ factor may have limited use in the understanding of asset 

prices. This does not mean that illiquidity measures as a class aren't relevant and in addition to 

exploring the January effect, developing other low frequency liquidity measures could add to 

our understanding of asset prices. 

Another thing that needs to be considered is the fact that asset-pricing models aren’t just 

used to understand asset prices. They may, themselves, in fact be used as a decision making 

tool. This means that asset-pricing models influence asset prices. Style investing, where 

investors classify stocks according to broad categories and invest accordingly is commonly 

used, by private and institutional investors alike (Bernstein, 1995; Swensen, 2009). This sits 

well with human nature. There is, as mentioned above, a need for simple heuristics on which 

to base decisions. With the prominence of the FF model, size (small/large cap) and BE/ME 

(value/growth) have become an oft-used classification criteria for investments. This in itself 

may make the model a self-fulfilling prophecy. As shown by Barberis and Shleifer (2003), 

when investors use investment styles, the correlation between returns of assets in the same 

classification increases, while correlation between different classifications decreases. This, it 

may be postulated, convince investors that a factor model using the classification factors is 

valid and increases their tendency to invest accordingly. A positive feedback loop is created. 

Is there any way to support this hypothesis in the data? Unfortunately, this would be a very 

hard endeavour. There is no indication that e.g. the FF factors show increased significance in 

the sample following their paper. In fact, the factors show a higher significance in the period 

leading up to their paper. Yet, this is hardly surprising. Their methodology involved testing 

the significance of several factors on that very data and picking the factors with the highest 

significance! Consequently, their model could be expected to perform the best on the period 

on which it is developed. 

10 Conclusion 

The aim of the paper was to further the understanding of asset prices. This was done by 

reviewing and testing some of the recent developments in intertemporal asset pricing. The 
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hope was developing asset-pricing models that were both theoretically and empirically sound. 

The purpose was not the identification of any new asset pricing factors, nor the development 

of a new theoretical framework. Rather, this paper set out to review and test previously 

identified factors concurrently, to test their performance and ascertain whether they were 

complements or substitutes. This could hopefully enable a departure from the current defacto 

standard asset pricing model, the Fama-French (1992) three-factor model, which has excellent 

empirical performance but only a loose foundation in theory, bringing empirical asset pricing 

closer to theoretically appealing models such as the CCAPM. 

Taking stock, this has not been entirely possible. Theoretically, it is clear that asset prices 

are extremely complex. Simple models may account for some of the risk factors present in 

assets, some of the market imperfections present, some of the consistent psychological biases 

of investors or other factors that represent a departure from the classical asset-pricing model, 

the CAPM. These models make very restrictive assumptions that enable researchers to derive 

closed form solutions and hence stipulate the relationship between the examined factor and 

asset prices. This gives rise to the question, are the assumptions reasonable or do the 

restrictions put on the models make them meaningless? To a certain degree, they may do. 

Only testing for a limited number of factors may ignore complex interdepencies and nonlinear 

relationship between factors. Yet looking at special cases and restricted models is often the 

only possible way to theoretically estimate the exact nature of an effect in closed form. No 

current model, however restricted in its assumptions, can account for all postulated factors 

and with all likelihood no all-inclusive model will ever be developed. As a remedy, this and 

many other study resorted to including possibly relevant variables as fudge factors using the 

desirable properties of the ICAPM and the APT that enable the use of almost any factor as an 

input. This gives the ability to concurrently test for the impact of several variables 

simultaneously and should be able to produce good results if the economic rationale and 

interdependencies between the factors are accounted for. Often, however, they aren’t. 

Developing this economic rationale and theories for the other factors and the 

interdependencies amongst factors is a fruitful area of research and one that is currently being 

actively pursued in academia. Yet, as more and more relevant factors are discovered, 

empirical tests of their validity becomes ever more problematic. Firstly, the mere inclusion of 

many factors in current econometric models has the tendency to give rise to spurious 

regression. Secondly, the factors postulated to have effects on returns may not be easily 

estimated themselves as there may be a dearth of good proxies. This is so in classical finance 



The State of Intertemporal Asset Pricing  Nis Bak 

Page 81 of 114 
   

but is even more of an issue in behavioural finance. Measures for e.g. expectations and beliefs 

are hard to develop at an individual level, let alone across all economic agents in society. 

The issue in identifying asset pricing factors then is theoretical rationale and empirical 

measurability and performance. The literature review conducted in this paper identified 

coskewness and illiquidity of asset prices, as two factors that were theoretically sound, and 

could be measured directly instead of merely being proxied by another measure. Easy of 

measurement is unfortunately no guarantee of merit in asset pricing. A multifactor model that 

included the illiquidity measure, ILLIQ of Amihud (2002), and the coskewness measure, 

SKD of Harvey and Siddique (2000) did not outperform the FF model, and even in 

combination with the FF factors none of the models could consistently outperform it. This did 

not mean that the tests were in vain. Earlier studies have postulated that the size effect in the 

FF arose as it proxies for illiquidity or information uncertainty. The ILLIQ factor measures 

exactly these two factors, and yet the inclusion of the ILLIQ measure in an FF model did not 

significantly change the significance of the SMB factor, although the risk premium of it rose. 

This suggests either that the size factor proxies for more than has previously been believed, or 

that the ILLIQ measure employed may be of limited use in asset pricing. 

The findings of this paper thus underscore the two key challenges in asset pricing. Not 

only is there a need for developing economic models to describe prices but accurate measures 

for these models is likewise needed. Yet as asset pricing models develop, so do markets. As 

such, there is no reason to believe that a panacea will ever be found. Hence the field of asset 

pricings looks like it will continue to attract the interest of researches and practitioners for 

many years to come. 
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11 Appendices 

11.1 Proof of the APT 

This proof extends the presentation above to a case with idiosyncratic risk, denoted , and  

risk factors and  securities. The return-generating process is then given by 

 
, ∙  (20)

where ∙ 0  for  and the variance of the 

idiosyncratic risk is finite, i.e. ≡  where  is finite. For convenience, we 

make the simplifying assumptions that risk factors are mutually independent, ∙ 0 

for , and that they are normalized to have unit variance, 1. 

Let ≡ , , … ,  describe the amount invested in each of the  assets in the 

economy, and ,  describe the covariance between assets  and . Formally,  is an 

asymptotic arbitrage portfolio if it requires zero net investment (∑ 0), its return is 

certain for large  (lim → ∑ ∑ , 0) and the return is strictly greater than 

zero (∑ 0). If no such asymptotic arbitrage portfolios can be constructed and if 

there are  assets, we can find the expected return of the assets in the economy by doing 

a cross sectional OLS regression with the ’s as the dependent variables and the  , ’s as 

the explanatory variables. If the residuals, or errors, of the regression are given by  it will 

yield the following expected return relation: 

 
,  

(21)

This is an exact explanation of expected returns if the mean squared error (MSE) estimator is 

zero. We can show that this is the case for large , i.e. lim → ∑ 0. Consider a 

zero-net investment portfolio, where the investment in a given asset is proportional to  : 

 
∑

 (22)

The return is then given by 
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 1

∑
∙  

 1

∑
∙ , ∙  

 1

∑
∙  (23)

Using the fact that the residuals of an OLS regression are orthogonal to the explanatory 

variables (∑ , 0). By taking expectations ( 0), using the fact that the sum of 

residuals is zero for an OLS regression (∑ 0  and inserting (21) we get 

 
1

∑
∙  (24)

 1

∑
∙ ,  

 1

∑
∙  

 1
 

We turn now, to calculating the variance of the portfolio, i.e. the expected square of the 

difference between (23) and (24): 

 
1

∑
∙  

 
⇔

∑
∑

∑
∑
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Since 0 and ≡ . We can easily see that the variance of the portfolio 

approaches zero as  becomes large. That is equivalent to saying that the return becomes 

certain. 

 
lim
→

1
 

In the absence of asymptotic arbitrage this return must equal zero, or equivalently 

 lim
→

1
0 

Hence, for large , we can write the APT as 

 ,  (25)

The APT is testable if (i) assets have a factor structure, (ii)the noise terms are uncorrelated 

with unobserved assets and (iii)the factors span the variables that influence returns. 

 

11.2 The stochastic discount factor 

This section will present a brief overview of the theory as it relates to further developments 

within asset pricing. For a more thorough treatment, the reader is referred to Dothan (1990) 

and Magill and Quinzii (2002). 

11.2.1 Setting 

The following, unless otherwise noted, will be based on Duffie (2001, 2003). In the Arrow-

Debreu world we work with a finite set of states of the world,Ω, of which we are interested in 

the subset  to which we can assign probabilities using the function ∙ . We denote 0 

the initial time and use the notation  to be the end period, so there are a total of 1 

periods. Agents observe all events such that they know at time  whether or not  transpired, 

and they never forget which entails that ⊂  when . The cumulative information of 

agents given their observation of past events is described by the filtration , … ,  

that can also be understood as the process that reveals information through time. To describe 
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their expectations of the value of a random variable given their information set, the notation 

|  is used. 

There exist N securities, each of which are claims to a given adapted dividend process.  

We describe the market of securities by the set , described by their claim to dividends, , 

the dividend paid by each security  in each state of the world . The stream of future 

dividends can be described by the adapted process . Given this there exist an adapted ex-

dividend price process , which is the ex dividend price and hence price the security is 

traded at. A trading strategy, ⊂ Θ, is describes the securities held at time  (and ≡ 0 as 

no securities can be held before the beginning of the model). The dividend process generated 

by this trading strategy, i.e. all costs and payoffs incurred and received in the strategy, can be 

described by 

 ∙ . 

11.2.2 Implications of no-arbitrage condition 

We define  as an arbitrage strategy if 0, a strategy that is costless to implement yet 

yields a payoff that is strictly bounded above zero. One of the main tenets and indeed pillars 

of modern finance is the absence of arbitrage. Informally, the “proof” for this absence is that 

in the presence of an arbitrage opportunity, any rational agent would limitlessly perform this 

trading strategy and the markets would not be in equilibrium. Prices would subsequently 

equalize to restore equilibrium. This means that the expected payoff of all trading strategies 

must be equal to zero. This is the case if and only if there exist an strictly positive adapted 

process, m, such that 

 ∑ 0. (26)

To see this consider a combination of the two trading strategies  and  given by the scalars 

 and , giving the dividend process . It follows that the dividend 

process generated by trading strategies, , are a linear subspace of the space  of adapted 

processes. If we look at the set of positive adapted processes, ∈ : 0 , then no 

arbitrage must mean that  and  intersect at zero. Invoking Steimke’s Lemma, we get that 

there must exist a non-zero linear function  for which  for each  in  and 

each non-zero  in . As  is a linear subspace, it follows that 0 ⇒ 	 0 for 
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each  in  and each non-zero  in  and thus  is strictly increasing. Hence, invoking the 

Riez Representation Theorem,  is a strictly positive Riez representation of  for which 

 , ∈  

It is easy to see that if there are arbitrage opportunities, i.e. 0, then since  is positive it 

would violate 0 and hence equation (26) must hold in the absence of arbitrage. We 

call  variably a stochastic discount factor, pricing kernel, state-price deflator or the 

marginal rate of substitution if 

  

which we for convenience in the following will write as 

 , , (27)

 

11.3 Number of firms in sample 

 

Note: Saw-tooth pattern represents annual rebalancing in June. 
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11.4 FF factors of French compared to this study 

Shown below are the French (2012) FF factors, as well as the FF factors calculated in this 

study (factors calculated on NYSE-only data are likewise included, to facilitate comparison of 

the calculations with that of French). 
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11.5 FF portfolio returns of French compared to this study 
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11.6 Tests with 1 month predictive period 

  Panel A: July 1963 to December 2011 

Model mkt smb hml mom illiq skd GRS 

1 0.22%      4.14 
 (0.11)      (0.0%) 

2 0.11% 0.52% 2.47%(**)    3.37 
 (0.07) (0.39) (2.60)    (0.0%) 

3 0.21% 0.48% 2.57%(**) -1.69%   3.27 
 (0.12) (0.37) (2.72) (-0.97)   (0.0%) 

4 -0.25%    -1.76%  4.16 
 (-0.14)    (-1.21)  (0.0%) 

5 -0.13%   -1.67% -1.84%  4.07 
 (-0.07)   (-0.95) (-1.25)  (0.0%) 

6 0.22%     0.50% 3.88 
 (0.12)     (1.07) (0.0%) 

7 -0.05%   -2.94%  0.29% 3.78 
 (-0.02)   (-1.38)  (0.69) (0.0%) 

8 0.06%    -1.89% -0.01% 3.96 
 (0.03)    (-1.28) (-0.03) (0.0%) 

9 0.06%   -1.73% -1.91% 0.02% 3.93 
 (0.03)   (-0.99) (-1.29) (0.06) (0.0%) 
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10 0.47% 0.45% 2.57%(**)  -2.01%  3.40 
 (0.27) (0.35) (2.75)  (-1.39)  (0.0%) 

11 0.56% 0.44% 2.51%(**) -1.48% -2.07%  3.43 
 (0.32) (0.34) (2.64) (-0.89) (-1.41)  (0.0%) 

12 0.34% 0.59% 2.50%(**)   -0.02% 3.39 
 (0.19) (0.44) (2.60)   (-0.07) (0.0%) 

13 0.38% 0.50% 2.56%(**) -1.77%  0.02% 3.27 
 (0.21) (0.38) (2.67) (-1.02)  (0.05) (0.0%) 

14 0.56% 0.48% 2.57%(**)  -2.10% -0.04% 3.41 
 (0.31) (0.38) (2.71)  (-1.44) (-0.08) (0.0%) 

15 0.61% 0.48% 2.52%(**) -1.62% -2.13% -0.04% 3.47 
  (0.34) (0.38) (2.58) (-0.99) (-1.44) (-0.08) (0.0%) 

 

  July 1963 to December 1979 

Model mkt smb hml mom illiq skd GRS 

1 -1.21%      1.76 
 (-0.32)      (2.9%) 

2 -1.37% -0.14% 2.90%(*)    1.47 
 (-0.51) (-0.04) (2.07)    (9.7%) 

3 -1.19% 0.03% 3.03%(*) -3.78%   1.43 
 (-0.43) (0.01) (2.17) (-1.34)   (11.8%) 

4 -2.40%    -2.85%  1.91 
 (-0.81)    (-0.79)  (1.5%) 

5 -2.03%   -3.76% -3.03%  1.87 
 (-0.68)   (-1.21) (-0.83)  (1.8%) 

6 -1.63%     0.72% 1.71 
 (-0.46)     (0.85) (3.7%) 

7 -2.39%   -4.72%  -0.29% 1.69 
 (-0.73)   (-1.16)  (-0.46) (3.9%) 

8 -1.70%    -2.97% -0.54% 1.93 
 (-0.54)    (-0.80) (-1.04) (1.4%) 

9 -1.45%   -3.74% -3.04% -0.57% 1.86 
 (-0.47)   (-1.20) (-0.82) (-1.06) (1.9%) 

10 -0.71% -0.10% 2.99%(*)  -3.22%  1.59 
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 (-0.26) (-0.03) (2.25)  (-0.91)  (6.2%) 

11 -0.65% -0.02% 3.04%(*) -3.72% -3.23%  1.60 
 (-0.23) (-0.01) (2.27) (-1.28) (-0.90)  (5.9%) 

12 -0.86% 0.06% 3.02%(*)   -0.37% 1.44 
 (-0.31) (0.02) (2.15)   (-0.78) (10.9%) 

13 -0.78% 0.10% 2.98%(*) -4.02%  -0.41% 1.37 
 (-0.28) (0.03) (2.10) (-1.40)  (-0.81) (14.4%) 

14 -0.54% 0.01% 3.03%(*)  -3.30% -0.32% 1.55 
 (-0.19) (0.00) (2.22)  (-0.92) (-0.66) (7.2%) 

15 -0.38% 0.10% 3.00%(*) -3.78% -3.26% -0.44% 1.53 
  (-0.14) (0.03) (2.18) (-1.32) (-0.90) (-0.85) (8.0%) 

 

  January 1980 to December 1995 

Model mkt smb hml mom illiq skd GRS 

1 -1.86%      4.72 
 (-0.65)      (0.0%) 

2 -1.71% -0.16% 2.28%(*)    3.77 
 (-0.73) (-0.08) (2.00)    (0.0%) 

3 -1.71% -0.44% 2.13% 0.51%   3.44 
 (-0.73) (-0.22) (1.88) (0.16)   (0.0%) 

4 -1.99%    -0.81%  4.77 
 (-0.80)    (-0.29)  (0.0%) 

5 -1.89%   0.93% -0.82%  4.52 
 (-0.73)   (0.31) (-0.29)  (0.0%) 

6 -1.80%     0.00% 4.78 
 (-0.61)     (0.01) (0.0%) 

7 -2.20%   0.65%  0.01% 4.72 
 (-0.82)   (0.20)  (0.01) (0.0%) 

8 -2.19%    -0.82% -0.25% 4.68 
 (-0.87)    (-0.29) (-0.32) (0.0%) 

9 -2.10%   0.71% -0.94% -0.20% 4.82 
 (-0.79)   (0.24) (-0.32) (-0.27) (0.0%) 

10 -1.61% -0.53% 2.12%  -0.96%  3.71 
 (-0.68) (-0.29) (1.84)  (-0.34)  (0.0%) 
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11 -1.32% -0.65% 2.00% 0.85% -0.93%  3.50 
 (-0.54) (-0.35) (1.71) (0.28) (-0.32)  (0.0%) 

12 -2.00% -0.25% 2.31%(*)   -0.23% 3.74 
 (-0.83) (-0.12) (1.97)   (-0.29) (0.0%) 

13 -1.90% -0.42% 2.19% 0.38%  -0.11% 3.65 
 (-0.78) (-0.21) (1.86) (0.12)  (-0.14) (0.0%) 

14 -1.84% -0.54% 2.19%  -0.99% -0.25% 3.67 
 (-0.76) (-0.29) (1.85)  (-0.34) (-0.33) (0.0%) 

15 -1.61% -0.66% 2.08% 0.66% -1.02% -0.25% 3.75 
  (-0.64) (-0.35) (1.71) (0.23) (-0.35) (-0.33) (0.0%) 

 

  January 1996 to December 2011 

Model mkt smb hml mom illiq skd GRS 

1 5.22%      2.66 
 (1.01)      (0.0%) 

2 5.01% 2.08% 1.42%    2.60 
 (1.01) (0.84) (0.55)    (0.0%) 

3 5.10% 1.84% 1.89% -3.54%   2.66 
 (0.99) (0.86) (0.74) (-0.71)   (0.0%) 

4 5.39%    -1.38%  2.81 
 (1.04)    (-0.58)  (0.0%) 

5 5.33%   -3.65% -1.62%  2.76 
 (1.03)   (-0.75) (-0.67)  (0.0%) 

6 5.36%     0.80% 2.85 
 (1.01)     (0.83) (0.0%) 

7 5.47%   -5.56%  0.89% 2.91 
 (1.02)   (-0.96)  (1.04) (0.0%) 

8 5.70%    -1.50% 1.23% 2.89 
 (1.08)    (-0.63) (1.48) (0.0%) 

9 5.58%   -3.84% -1.66% 1.22% 2.87 
 (1.06)   (-0.78) (-0.69) (1.51) (0.0%) 

10 5.78% 1.77% 1.78%  -1.71%  2.69 
 (1.15) (0.86) (0.72)  (-0.68)  (0.0%) 

11 5.53% 1.73% 1.78% -2.97% -1.88%  2.67 
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 (1.09) (0.84) (0.69) (-0.65) (-0.75)  (0.0%) 

12 5.39% 2.12% 1.40%   0.92% 2.82 
 (1.01) (0.87) (0.53)   (1.02) (0.0%) 

13 5.39% 1.69% 1.99% -3.53%  0.88% 2.84 
 (1.00) (0.80) (0.77) (-0.70)  (1.04) (0.0%) 

14 6.14% 1.83% 1.83%  -1.84% 0.72% 2.82 
 (1.17) (0.90) (0.72)  (-0.74) (0.82) (0.0%) 

15 5.81% 1.81% 1.98% -3.34% -1.97% 0.80% 2.82 
  (1.11) (0.87) (0.74) (-0.73) (-0.78) (0.94) (0.0%) 

 

 

11.7 Tests with 12 month predictive period 

  Panel A: July 1963 to December 2011 

Model mkt smb hml mom illiq skd GRS 

1 -4.74%(**)      4.14 
 (-3.79)      (0.0%)

2 -3.26%(**) -3.82%(**) 3.39%(**)    3.37 
 (-3.05) (-4.65) (4.64)    (0.0%)

3 -3.04%(**) -3.73%(**) 3.35%(**) 2.19%(*)   3.27 
 (-2.84) (-4.59) (4.71) (2.16)   (0.0%)

4 -3.92%(**)    3.52%(**)  4.16 
 (-3.42)    (4.17)  (0.0%)

5 -3.88%(**)   1.53% 3.55%(**)  4.07 
 (-3.39)   (1.52) (4.21)  (0.0%)

6 -4.57%(**)     0.06% 3.88 
 (-3.73)     (0.19) (0.0%)

7 -4.22%(**)   2.43%(*)  -0.04% 3.78 
 (-3.53)   (2.02)  (-0.14) (0.0%)

8 -3.77%(**)    3.49%(**) -0.22% 3.96 
 (-3.27)    (4.09) (-0.84) (0.0%)

9 -3.81%(**)   1.49% 3.54%(**) -0.13% 3.93 
 (-3.30)   (1.53) (4.17) (-0.51) (0.0%)
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10 -3.19%(**) -3.44%(**) 3.52%(**)  3.31%(**)  3.40 
 (-3.04) (-4.28) (4.90)  (4.05)  (0.0%)

11 -3.18%(**) -3.47%(**) 3.45%(**) 1.83% 3.34%(**)  3.43 
 (-3.02) (-4.32) (4.85) (1.90) (4.04)  (0.0%)

12 -3.18%(**) -3.78%(**) 3.38%(**)   -0.29% 3.39 
 (-2.91) (-4.54) (4.68)   (-1.12) (0.0%)

13 -3.01%(**) -3.72%(**) 3.33%(**) 2.14%(*)  -0.23% 3.27 
 (-2.77) (-4.55) (4.72) (2.17)  (-0.93) (0.0%)

14 -3.20%(**) -3.47%(**) 3.50%(**)  3.32%(**) -0.22% 3.41 
 (-2.99) (-4.30) (4.89)  (4.03) (-0.86) (0.0%)

15 -3.22%(**) -3.49%(**) 3.43%(**) 1.82% 3.38%(**) -0.17% 3.47 
  (-2.99) (-4.33) (4.86) (1.95) (4.05) (-0.68) (0.0%)

 

  July 1963 to December 1979 

Model mkt smb hml mom illiq skd GRS 

1 -6.17%(**)      1.76 
 (-2.35)      (2.9%) 

2 -4.15%(*) -4.86%(**) 3.34%(**)    1.47 
 (-2.25) (-2.37) (3.12)    (9.7%) 

3 -4.07%(*) -4.79%(*) 3.38%(**) -2.00%   1.43 
 (-2.17) (-2.27) (3.16) (-1.44)   (11.8%) 

4 -5.37%(**)    3.18%  1.91 
 (-2.52)    (1.49)  (1.5%) 

5 -5.45%(**)   -2.99% 2.96%  1.87 
 (-2.60)   (-1.90) (1.41)  (1.8%) 

6 -6.22%(**)     0.56% 1.71 
 (-2.49)     (1.48) (3.7%) 

7 -6.39%(**)   -1.82%  0.12% 1.69 
 (-2.71)   (-0.83)  (0.33) (3.9%) 

8 -4.99%(*)    3.23% -0.22% 1.93 
 (-2.26)    (1.47) (-0.85) (1.4%) 

9 -5.13%(**)   -2.90% 3.03% -0.06% 1.86 
 (-2.39)   (-1.88) (1.43) (-0.23) (1.9%) 

10 -4.35%(**) -4.47%(*) 3.64%(**)  2.90%  1.59 
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 (-2.42) (-2.10) (3.43)  (1.46)  (6.2%) 

11 -4.45%(**) -4.45%(*) 3.69%(**) -2.56% 2.76%  1.60 
 (-2.42) (-2.09) (3.44) (-1.81) (1.37)  (5.9%) 

12 -3.78%(*) -4.80%(*) 3.39%(**)   -0.16% 1.44 
 (-2.02) (-2.29) (3.12)   (-0.56) (10.9%) 

13 -3.83%(*) -4.80%(*) 3.39%(**) -2.06%  -0.06% 1.37 
 (-2.06) (-2.27) (3.11) (-1.51)  (-0.23) (14.4%) 

14 -4.27%(*) -4.43%(*) 3.68%(**)  2.94% -0.02% 1.55 
 (-2.30) (-2.09) (3.32)  (1.45) (-0.07) (7.2%) 

15 -4.36%(**) -4.42%(*) 3.69%(**) -2.49% 2.84% 0.07% 1.53 
  (-2.36) (-2.09) (3.33) (-1.81) (1.39) (0.24) (8.0%) 

 

  January 1980 to December 1995 

Model mkt smb hml mom illiq skd GRS 

1 -6.55%(**)      4.72 
 (-3.79)      (0.0%)

2 -4.75%(**) -4.47%(**) 2.32%    3.77 
 (-3.42) (-4.96) (1.88)    (0.0%)

3 -4.47%(**) -4.51%(**) 2.28% 5.21%(**)   3.44 
 (-3.26) (-5.17) (1.91) (3.10)   (0.0%)

4 -5.07%(**)    6.00%(**)  4.77 
 (-3.27)    (5.23)  (0.0%)

5 -5.15%(**)   4.61%(**) 6.27%(**)  4.52 
 (-3.28)   (2.61) (5.59)  (0.0%)

6 -6.65%(**)     -0.78% 4.78 
 (-3.71)     (-1.74) (0.0%)

7 -5.91%(**)   6.16%(**)  -0.71% 4.72 
 (-3.41)   (3.81)  (-1.66) (0.0%)

8 -5.34%(**)    5.98%(**) -0.78% 4.68 
 (-3.16)    (5.00) (-1.62) (0.0%)

9 -5.37%(**)   4.18%(**) 6.18%(**) -0.67% 4.82 
 (-3.16)   (2.66) (5.28) (-1.49) (0.0%)

10 -4.49%(**) -4.07%(**) 2.46%(*)  6.03%(**)  3.71 
 (-3.40) (-4.59) (2.03)  (5.25)  (0.0%)
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11 -4.64%(**) -4.18%(**) 2.40%(*) 4.55%(**) 6.22%(**)  3.50 
 (-3.55) (-4.68) (2.02) (2.67) (5.44)  (0.0%)

12 -4.96%(**) -4.47%(**) 2.28%   -0.84% 3.74 
 (-3.16) (-4.56) (1.89)   (-1.81) (0.0%)

13 -4.66%(**) -4.50%(**) 2.25% 5.02%(**)  -0.75% 3.65 
 (-3.03) (-4.68) (1.93) (3.22)  (-1.73) (0.0%)

14 -4.74%(**) -4.12%(**) 2.46%(*)  6.13%(**) -0.77% 3.67 
 (-3.19) (-4.24) (2.05)  (5.21) (-1.68) (0.0%)

15 -4.93%(**) -4.22%(**) 2.40%(*) 4.33%(**) 6.25%(**) -0.68% 3.75 
  (-3.29) (-4.33) (2.05) (2.73) (5.34) (-1.54) (0.0%)

 

 

  January 1996 to December 2011 

Model mkt smb hml mom illiq skd GRS 

1 -1.66%      2.66 
 (-0.55)      (0.0%) 

2 -0.51% -2.28% 3.30%(*)    2.60 
 (-0.18) (-1.47) (2.02)    (0.0%) 

3 -0.23% -2.20% 3.27%(*) 3.81%   2.66 
 (-0.08) (-1.57) (2.07) (1.31)   (0.0%) 

4 -0.61%    2.81%(*)  2.81 
 (-0.21)    (1.97)  (0.0%) 

5 -0.53%   3.48% 2.85%(*)  2.76 
 (-0.18)   (1.30) (2.01)  (0.0%) 

6 -1.62%     1.29%(*) 2.85 
 (-0.55)     (2.07) (0.0%) 

7 -0.86%   4.65%  1.16%(*) 2.91 
 (-0.30)   (1.30)  (2.04) (0.0%) 

8 -0.48%    2.91%(*) 1.16%(*) 2.89 
 (-0.17)    (2.04) (2.19) (0.0%) 

9 -0.43%   3.75% 2.89%(*) 1.15%(*) 2.87 
 (-0.15)   (1.39) (2.03) (2.18) (0.0%) 

10 -0.17% -1.90% 3.32%(*)  2.54%  2.69 
 (-0.06) (-1.43) (2.11)  (1.75)  (0.0%) 
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11 -0.19% -1.95% 3.23%(*) 3.40% 2.55%  2.67 
 (-0.07) (-1.46) (2.03) (1.33) (1.75)  (0.0%) 

12 -0.67% -2.33% 3.21%   1.01% 2.82 
 (-0.24) (-1.52) (1.94)   (1.79) (0.0%) 

13 -0.34% -2.21% 3.32%(*) 4.04%  0.98% 2.84 
 (-0.12) (-1.60) (2.07) (1.39)  (1.83) (0.0%) 

14 -0.20% -1.97% 3.26%(*)  2.61% 1.00% 2.82 
 (-0.07) (-1.48) (2.03)  (1.79) (1.84) (0.0%) 

15 -0.19% -1.96% 3.27%(*) 3.60% 2.63% 1.03% 2.82 
  (-0.07) (-1.47) (2.04) (1.41) (1.79) (1.89) (0.0%) 
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