
0 

 

Investment Strategy for Small Hydropower 

Generation Plants in Norway 

 

Authors:  

Lars Henrik Knutsen  

Rune Holand  

Applied Economics and Finance 

 

Supervisor:  

Thomas Poulsen 

Department of International Economics and Management 

 

Nr of Pages: 75 

Nr of Words: 134 328 

 

Copenhagen Business School  

July, 2010 

 

  



1 

 

Abstract 

Every potential investor faces two central questions when dealing with irreversable 

investments: If and when to invest. Whilst the most common valuation techniques fails to 

incorporate the value of flexibility and thus the timing option, we will, through a Real Option 

Valuation framework, provide our take on the answers to these two fundamental questions for 

potential investors in small scale hydropower plants in Norway. The paper will build on the 

framework introduced by Dixit and Pindyck (1994) and derive both the optimal trigger price 

for an investment and the subsequent investment value.  

 

 

 

  



2 

 

Table of content 

1.1 Structure of Thesis ....................................................................................................... 6 

1.2 Assumptions and Limitations ...................................................................................... 7 

1.3 Acknowledgements ..................................................................................................... 8 

Chapter 2 Power market in Norway ..................................................................................... 9 

2.1  The Norwegian Power Market .................................................................................... 9 

2.1.1 Power Generation in Norway ........................................................................... 10 

2.1.2 Power Transmission in Norway ....................................................................... 13 

2.1.3 Power Consumption in Norway ....................................................................... 15 

2.2 The Marketplace for Power ....................................................................................... 16 

2.2.1 NordPool History ............................................................................................. 16 

2.2.2 Nord Pool Members ......................................................................................... 17 

2.2.3 Nord Pool Markets ........................................................................................... 18 

2.2.4 Nord Pool Financial Instruments ...................................................................... 19 

2.3 Nord Pool and Pricing of Power ................................................................................ 22 

2.3.1 Supply Volatility .............................................................................................. 22 

2.3.2 Demand Volatility ............................................................................................ 25 

2.4 Investment process for Hydro Power ........................................................................ 26 

2.4.1 Legislative Framework ..................................................................................... 26 

2.4.2 The Licensing Process ...................................................................................... 27 

2.5 Available Hydro Capacity ......................................................................................... 29 

2.6 Government Policies and their Repercussions .......................................................... 31 

2.7 Summary .................................................................................................................... 32 

Chapter 3 Investment valuation .......................................................................................... 33 

3.1 Net Present Value ...................................................................................................... 33 

3.2 Managerial Flexibility ............................................................................................... 34 

3.3 Real Options Valuation ............................................................................................. 35 



3 

 

3.3.1 Real Options and Value Drivers ....................................................................... 36 

3.4 Real Options and Hydro Investments ........................................................................ 38 

3.5  Summary .................................................................................................................... 39 

Chapter 4  Framework for investment strategy ................................................................ 40 

4.1 Mathematical preface ................................................................................................ 40 

4.1.1  The Markov Process ......................................................................................... 40 

4.1.2 The Wiener process/ Brownian motion ............................................................ 41 

4.1.4  Geometric Brownian Motion .......................................................................... 42 

4.1.5 The Ornstein-Uhlenbeck Process ..................................................................... 42 

4.1.6 The Poisson-Process ......................................................................................... 43 

4.1.7 Ito`s Lemma ..................................................................................................... 43 

4.2 Valuation Approaches ............................................................................................... 44 

4.2.1 Dynamic Programming .................................................................................... 44 

4.2.2 Application of Dynamic programming to an investment ................................. 46 

4.2.2 Contingent Claims ............................................................................................ 49 

4.3 A brief comparison and necessary explanations ........................................................ 54 

Chapter 5  Input Variables for model ................................................................................. 56 

5.1 Expected Volatility .................................................................................................... 56 

5.2 Expected Risk-Free Interest Rate .............................................................................. 60 

5.3  Convenience Yield .................................................................................................... 60 

5.5 Investment Cost ......................................................................................................... 63 

5.6 Marginal Cost ............................................................................................................ 63 

5.7 Summary of Input Variables ...................................................................................... 64 

Chapter 6  Solving the model .............................................................................................. 65 

Chapter 7 Sensitivity analysis .............................................................................................. 66 

Impact of changes in Volatility ............................................................................................ 66 

7.2 Impact of changes in Risk-Free Rate ......................................................................... 67 



4 

 

7.3 Impact of changes in Convenience Yield .................................................................. 68 

7.4 Impact of changes in Investment Costs ..................................................................... 69 

7.5 Impact of changes in Marginal Cost .......................................................................... 70 

7.6 Summary .................................................................................................................... 71 

Chapter 8 Summary ............................................................................................................. 72 

Bibliography ........................................................................................................................... 74 

 

 

 



5 

 

List of figures 

Figure 1: World Power Generation by source 2007 ................................................................. 10 

Figure 2: Value Chain for Electricity ....................................................................................... 10 

Figure 3: The Workings of a Hydro Power Plant ..................................................................... 11 

Figure 4: Power Plants by Size in Norway .............................................................................. 12 

Figure 5: Total Power Production in Norway .......................................................................... 13 

Figure 6: Net Loss from Transmission by grid category ......................................................... 14 

Figure 7:  Stationary Electricity Consumption in Norway ....................................................... 16 

Figure 8: Nord Pool’s History .................................................................................................. 17 

Figure 9: Largest Power Exchanges ......................................................................................... 17 

Figure 10: Trade on Nord Pool 2000- 2007 ............................................................................. 19 

Figure 11: Nord Pool’s Financial Instruments ......................................................................... 20 

Figure 12: Example on Hedging with Forwards ...................................................................... 21 

Figure 13: Mean Vs Actual Hydropower Generation .............................................................. 23 

Figure 14: Mean Vs Actual Precipitation in Norway ............................................................... 23 

Figure 15: Inflow and Electricity Production in Norway 2007 ................................................ 24 

Figure 16: Drivers of Demand for Power ................................................................................. 25 

Figure 17: Organizational chart for the Power branch of the Norwegian Government ........... 26 

Figure 18: The Application and Licensing Process for Hydropower Plants ............................ 28 

Figure 19: Remaining Commercial Potential for Small Hydropower in Norway .................... 30 

Figure 20: Value Diagram for Managerial Flexibility ............................................................. 34 

Figure 21: Changes in Option Value with changes in Input Parameters.................................. 37 

Figure 22: Effects of change in input variables for options ..................................................... 38 

Figure 23 Annualized Standard Deviation by years ................................................................. 58 

Figure 24: Portfolio of Forward Contracts Included and Years of Trading ............................. 59 

Figure 25 Value of option in øre (0,01 NOK) for various prices ............................................. 65 



6 

 

Chapter 1 Introduction   
Hydro power is by far the most important power source in Norway, constituting more than 

98% of total electricity generation (Norwegian Ministry of Petroleum and Energy, 2008). 

Furthermore, there is still untapped potential for new investment in hydropower. NVE (the 

Norwegian Water Resource and Energy Directorate) stipulates that there is about 18 TW 

potential for investments in small hydropower yet untapped (The Norwegian Water Resources 

and Energy Directorate, Report 19, 2004). This potential, together with the creation of an 

efficient marketplace for power and an expected increase in demand, makes new investments 

in hydro power plants an interesting area for a more rigorous investment analysis.  

The goal of this paper is to conceptualize and formalize an optimal strategy for new 

investments in the Norwegian hydropower market. Our analysis will be based on Real Option 

Valuation, and we will especially address the two main decisions a possible investor faces: If 

and when to invest. The decision process will thus contain a strategic real option; the 

possibility to postpone investments until a higher price or reduced uncertainty is realized. 

Hence, our analysis will focus on price uncertainty and its key value drivers, and we will 

provide our take on the optimal trigger price for new investments for small hydropower plants 

in Norway.   

1.1 Structure of Thesis 

Chapter 2 provides the reader with an introduction to power generation and consumption in 

general and hydropower in particular. Next, the chapter introduces Nord Pool and its key 

functions, as well as the various uncertainties related to power supply and demand and how 

Nord Pool’s efficient markets optimizes the estimation of such uncertainties. When 

addressing the supply side, hydropower will be the focus. However, due to the fact that 

electricity cannot be separated according to original source once transferred to the grid, the 

analysis of demand will be for the power market in general. Finally, chapter two introduces 

the legislative framework for hydropower investments and the application process, as well as 

an analysis of existing free potential for hydro investments in Norway.  

The third chapter introduces the theory applied in the later analysis. First off, it will shortly 

explain how the most common valuation methods such as the Discounted Cash Flow 

approach fails to include the value of managerial flexibility. Next, chapter 3 will introduce 

Real Option Valuation and more precisely investigate where flexibility manifests itself in 

hydropower investments.  
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Chapter four introduces the relevant framework necessary to conceptualize an optimal 

investment strategy. It will discuss the methods contingent claims and dynamic programming 

and also when the various methods should be applied.  

The fifth chapter provides the input variables needed for the model formalized in chapter four. 

It will not only explain how we found our input variables, but also elaborate on the rationale 

behind our estimates and other possible approaches. 

Chapter 6 applies the model and the input variables and find the optimal trigger price for an 

investment in small hydropower in Norway, whilst chapter 7 investigates how changes in the 

input parameters affects the strategic options.     

1.2 Assumptions and Limitations 

The investment strategy conceptualized in this paper will focus solely on the power market in 

Norway. Norway has, as one of the leading nations within the field of hydropower production, 

developed legislative, technical and financial features that make this market interesting to 

examine. Furthermore, the Norwegian market is one of the most deregulated markets in the 

world, following the Energy Act of 1990 (Norwegian Ministry of Petroleum and Energy, 

2008). The latter act gave birth to several useful features, such as Nord Pool, a market place 

for power that can provide the key input data needed to model uncertainty. It will thus play an 

important role in our analysis.  

Even though our later analysis and investment strategy is concentrated on the Norwegian 

market, it can easily be transferred to other countries with one assumption: The country must 

have a well-functioning marketplace for power. The market place incorporates all 

uncertainties related to future power prices, and without this the alternative would be to 

simulate future power price and uncertainty based on all the relevant variables. However, 

most European countries have a functioning market place, and will thus be suited for our 

approach. It is hence our goal that the paper will be relevant not only for the reader with an 

interest in the Norwegian market in particular, but in hydropower generation in general.   

We will limit our analysis to investments in small hydro power plants, meaning power plants 

with an installed maximum capacity of less than 10 MW. Later sections of the paper will 

show how these power plants are exempted from more stringent protection regulation, and 

may proceed straight to the normal licensing process when applying for a license. We will 

also explain why larger power plants are not a part of the Norwegian government’s energy 



8 

 

strategy going forward, so investments in larger scale plants will be mainly upgrades of 

existing installed capacity. Thus our focus will be on the remaining 18 TW capacity potential 

for small power plants. 

It is important to clarify that our goal for this thesis is to conceptualize a framework for an 

optimal investment strategy for hydro power in Norway. We will build our framework on 

existing frameworks such as Dixit and Pindyck (1994), and apply it to a conceptual example 

in the Norwegian market. Furthermore, we will seek to thoroughly explain the various 

mathematical principles that the framework is built upon, and also alternative approaches. 

However, it will not be our primary goal to mathematically question every aspect of the 

existing frameworks, but rather to illustrate how one can apply the framework in a real life 

setting. We will therefore focus just as much as on deriving our estimates for the input 

variables necessary and discuss how changes in the parameters will affect the optimal 

investment strategy as we will focus on building the framework.  

1.3 Acknowledgements 

First and foremost, we would like to extend our appreciation to our supervisor Thomas 

Poulsen for his many useful contributions both before and during our thesis. Furthermore, we 

would like to thank Professor Frode Kjærland for the very useful discussions on the subject at 

hand. Finally, we would like to extend our appreciation to Nord Pool and their power data 

services for providing the data necessary for our analysis. 
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Chapter 2 Power market in Norway 
In order to develop an optimal investment strategy, one must know the relevant market and 

how its features and characteristics make it possible to model and analyze potential 

investments. The purpose of this chapter is thus to provide the reader with increased insight 

into the Norwegian power market and its main features. The power market in Norway is a 

system dependent on hydro production, so there will be a particular focus on hydropower.  

First off, we will quickly introduce the concept of power generation and put Norway in an 

international context. Next, we will provide the readers with a quick introduction to the main 

functions of a hydro power plant, in order to better understand the uncertainties and risks 

attached.  

Thereafter we will introduce the Norwegian power market and its main functions, before 

turning our focus to the Nordic market place for power, Nord Pool. As we will show, Nord 

Pool incorporates the relevant uncertainties attached to the supply or demand side and creates 

an optimal estimate of future power prices. Thus, it will play a vital part in our analysis.  

Next, we will introduce the licensing process and the regulatory framework for investments in 

hydro power in Norway. Finally, chapter two will introduce an overview of existing potential 

for hydropower generation plants and recent developments within the field of hydropower 

investments.   

2.1  The Norwegian Power Market 

The choice of electricity generation method varies widely with region and country. Resources, 

technology, cost of production and environmental considerations are all crucial for a country’s 

long term power strategy. Figure 1 illustrates that conventional thermal power generation 

from fossil fuels, especially coal and gas, is the most common source of electricity generation 

worldwide. Furthermore, one sees that nuclear generation is also quite common and 

constitutes about 13% of total electricity generation. Hydro power constitutes about 15%, 

whilst wind and other renewables still are lacking behind with a combined share of 2.5% 

(International Energy Agency, 2009).   
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Figure 1: World Power Generation by source 2007  

 

Source: International Energy Agency, 2009 

Next, we will move on to the Norwegian market. In order to incorporate all relevant 

uncertainties attached to the power market, we must address all parts of the value chain for 

power, simplified in Figure 2.  

Figure 2: Value Chain for Electricity  

 

The structure going forward will deal with each segment of the value chain individually, 

before turning our attention towards the market place for power.  

2.1.1 Power Generation in Norway 

The mixture of power generation sources in Norway is quite different from the worldwide 

mixture. Norway has the largest per capita hydro power production, and is the sixth largest 

hydro power producer in the world (Norwegian Ministry of Petroleum and Energy, 2008). 

The 2007 total electricity production in Norway was just over 137 TWh, a level somewhat 

above the mean capacity installed
1
 of 121.8 TWh, due to a high level of precipitation 

(Norwegian Ministry of Petroleum and Energy, 2008). Of this, 98.2 % was generated from 

hydropower, 0.7 % from wind power and 1.1% from gas- fired power plants. There is still 

untapped potential, measured by the total amount of energy in rivers that is technically and 

                                                 
1
 Mean capacity installed represent a year with normal inflow levels based on the average from 1970- 1999 
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financially available to generate electricity (Norwegian Ministry of Petroleum and Energy, 

2008). This potential will be covered in detail in section 2.4.   

Electricity production is the most important commercial use of Norwegian watercourses, 

although other interests linked to outdoor recreation are also common. Norway has about 

4000 river systems
2
, and seven of the top ten systems are already used for electricity 

production whilst the three remaining are permanently protected by law (Norwegian Ministry 

of Petroleum and Energy, 2008). It is hence not uncommon with several generation sites 

along one river system, nor to transfer water from one river system to another.  

Due to the vast extent of hydropower generation in Norway, the main source of uncertainty 

for power generation is water precipitation and inflow, which to a high degree determines the 

water level in the reservoirs and rivers. The water inflow is the volume of water flowing from 

the entire catchment area of the river system into the reservoirs, with the catchment area 

defined as the whole area that collects the precipitation that runs into a particular water system 

(Norwegian Ministry of Petroleum and Energy, 2008) 

The courses in Norway vary from area to area due to variation in topography, and hence the 

production technique also varies. In areas with a large volume but a low head of water, 

meaning flat areas with few height differences, a run-of-river power station is used. Since it is 

difficult to control the flow of water, these production sites generation capacities will rise 

considerably in the spring when the rivers carry more water, and thus be a source of seasonal 

variation. On the other hand, high-head production sites in rivers that have less volume, but a 

larger height difference, often use water reservoirs so that water can be retained in flood 

periods and released in drought periods. These reservoir power stations usually have a higher 

capacity installed, but a shorter realization period.  

Figure 3: The Workings of a Hydro Power Plant  

 (U.S. Geological Survey, 2010) 

                                                 
2
 A river system is defined as a river and all its tributaries from source to see, including lakes, snowfields and 

glaciers 
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Water is led down through a control gate and to a turbine, which is connected to a generator 

and a transformer, and the power is then distributed to the power grid. Different types of 

plants will have certain specific features, but the main principle of leading water though a 

turbine and thus creating power remains the same (U.S. Geological Survey, 2010).  

Power stations are divided into groups according to their installed generation capacity; Those 

with a capacity of up to 10 MW are categorized as small, and are usually divided further into 

three main groups: Micro (below 0,1 MW), Mini (0,1– 1 MW) and small (1– 10 MW). Small 

power stations are usually sited in low head rivers, meaning that their capacity will vary 

throughout the seasons (Norwegian Ministry of Petroleum and Energy, 2008). 

Figure 4: Power Plants by Size in Norway  

 

(Norwegian Ministry of Petroleum and Energy, 2008) 

The red line in Figure 4 indicates the number of plants, whilst the green are the total 

production of all plants within one size category. Although there are fewer large scale power 

plants, they constitute a higher proportion of total capacity.  

The normal mean power generating capacity in Norway is as of 2008 121.8 TWh (Norwegian 

Ministry of Petroleum and Energy, 2008). This capacity increased dramatically from the 

1960’s until 1990’s, whilst the increase has been less the previous 17 years, illustrated in 

figure 5. The largest hydro power plants were built between the years 1970 and 1985, with a 

capacity increase of 10,730 MWh, or an annual average increase in capacity of 4.1%. 

Towards the end of the 1980’s, the Norwegian rate of hydro power investments slowed down, 

and it has been consistently low since 1990. The capacity increased by 800 MWh from 1993 
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to 2005, mostly due to refurbishment and upgrading as opposed to investments in new power 

plants (Norwegian Ministry of Petroleum and Energy, 2008).  

Figure 5: Total Power Production in Norway  

 

(Norwegian Ministry of Petroleum and Energy, 2008) 

2.1.2 Power Transmission in Norway  

Transmission is necessary in order to tie generation and consumption together. Production 

varies from area to area; most hydro power is produced in western Norway and Nordland 

County, consumption on the other hand is by far largest in the east, where the population 

density is highest. The power must therefore be transferred from north to south and from west 

to east. In addition, the Norwegian power system is connected to those of the other Nordic 

countries, making them mutually dependent of each other. Norway has a current transmission 

capacity abroad of 5000 MW, used for both export and import. Some of the electricity will 

thus be transferred both inside Norway and to the other Nordic countries (Norwegian Ministry 

of Petroleum and Energy, 2008).  

The transmission grid is divided into three categories. The central grid is the “motor highway” 

of power, linking production and consumers in various regions. The regional grids also have a 

high transmission capacity, but only for a regional area. The final category, local grids, 

ensures the supply to every end consumer (Norwegian Ministry of Petroleum and Energy, 

2008). 
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The construction of grids is costly, but the average cost declines as the level of grid utilization 

increases. Furthermore, some of the grids may also lead to undesirable land use patterns, and 

it is hence not desirable to build parallel grids. Grid management and operation has therefore 

been organized as a natural monopoly. In order to prevent the grid companies from exploiting 

their market power, the 1990 energy act provides regulation for their operations, ranging from 

income caps to tariff control (Norwegian Ministry of Petroleum and Energy, 2008).  

The transmission of power also causes some loss due to resistance. A high voltage 

transmission reduces this loss, since a higher voltage reduces the current and thus the loss to 

resistance. Therefore, the loss is greater in low voltage local grids than in the higher voltage 

central and regional grids. As figure 6 shows, the loss is close to constant from year to year, 

making it possible for the actors in the market to include this loss in their analysis for how 

much power to provide.   

Figure 6: Net Loss from Transmission by grid category  

 

(Norwegian Ministry of Petroleum and Energy, 2008) 

The grid governs one of the key characteristics of the power market, the fact that it must 

always be balance between the power supplied to the grid and the consumption. At any time, 

the amount of electricity supplied to the grid will equal the amount tapped, corrected for 

transferring loss. The possibility of transferring power across borders makes this restriction of 

domestic power balance a bit less stringent, so the power balance is often measured on the 

basis of the ratio between consumption and normal-year production (Norwegian Ministry of 

Petroleum and Energy, 2008).  

The amount of electricity each company sells and generates does not necessarily need to 

match at a given time. The producers maximize profits by managing the use of inputs (often 
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water in reservoirs) in accordance to the present spot price and its expectations of the future 

spot price. Companies therefore sell / buy power in the market to ensure that power 

production corresponds to sales commitment.  

2.1.3 Power Consumption in Norway 

Electricity consumption is closely connected to economic growth, since energy consumption 

increases as more goods and services are produced. The effect of economic growth on 

electricity consumption depends on what sector is growing, since energy usage differs with 

industry, both in terms of energy intensity and energy mix (Norwegian Ministry of Petroleum 

and Energy, 2008).  

Furthermore, falling product prices on electrical equipment and increasing disposable income 

among consumers have fueled the growth for housing electricity consumption. Favorable 

demographics, such as an increasing population, age structure and settlement patterns also 

contribute to this growth. Electricity consumption per capita is relatively high for smaller 

households, which fits the current trend towards smaller households. However, energy 

consumption is negatively correlated with energy prices, and high prices will hence put a 

constraint on the other favorable trends (Norwegian Ministry of Petroleum and Energy, 2008).  

Per capita energy usage in Norway is slightly higher than the OECD average, and the 

proportion electricity makes out of total energy consumption is considerably higher. This is 

due to Norway’s large energy- intensive industrial sector and the fact that electricity is much 

more common for heating buildings and water in Norway than in many other countries 

(Norwegian Ministry of Petroleum and Energy, 2008). 
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Figure 7:  Stationary Electricity Consumption in Norway 

 

(Norwegian Ministry of Petroleum and Energy, 2008) 

Electricity consumption has increased by more than 50% since 1980 and cannibalized oil 

consumption. However, due to less inflow of water in 2002/ 2003 and a spike in electricity 

prices, heating oil has increased slightly the last years up to 2006 (Norwegian Ministry of 

Petroleum and Energy, 2008).  

2.2 The Marketplace for Power   

After introducing the three main parts of the value chain for power generation, more notably 

generation, transmission and consumption, we will now turn our focus to the Norwegian 

marketplace for power. The power market in Norway is based on the Energy Act of 1990, and 

one of its main principles is market based power trading (Norwegian Ministry of Petroleum 

and Energy, 2008). Norway shares a common market for power with the other Nordic 

countries through transmission of power and a common market place Nord Pool. The next 

part will introduce Nord Pool and its main functions and products. Then, it will investigate the 

price development and explain all uncertainties that are incorporated in the market price, and 

thus why Nord Pool will be such an important part of our analysis moving forwards. The 

chapter will introduce Nord Pool in general and the market for forwards in particular, since 

this market will provide many of our input variables for later analysis.  

2.2.1 NordPool History 

Nord Pool was founded in 1996 as a common Norwegian and Swedish electricity market and 

power exchange, and was the first multinational exchange for trading and clearing financial 

power contracts.  Nord Pool was established much as a result of the 1991 Energy Act that led 
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to a deregulation of the market for power trading. In 1993, Statnett Marked AS was 

established as an independent company, and it changed name to Nord Pool in 1996 as a result 

of the establishment of a common Norwegian and Swedish market place for power (Nord 

Pool, 2010).  

Nord Pool has since grown to include the Danish and Finnish market, as well as demerged its 

physical branch into Nord Pool Spot. Figure 8 provides a brief intro into Nord Pool’s history 

and main events.  

Figure 8: Nord Pool’s History  

 (Nord 

Pool, 2010) 

Figure 8 shows that the Nordic countries were fully integrated on Nord Pool in 2000, and also 

the steps from the introduction of financial instruments in 1997 to the demerger between the 

spot and financial instruments markets in 2002.  

2.2.2 Nord Pool Members  

Nord Pool is the world largest power exchange with 390 members as of 2009, 200 members 

more than the second largest, EEX
3
.  

Figure 9: Largest Power Exchanges  

 (Nord Pool v/ Bernd Botzet, 2010) 

                                                 
3
 In which Nord Pool holds > 17% stake  
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Nord Pool also contributed to the emergence of the other main exchanges; in 2000 it 

participated in establishing the Leipzig Power exchange, now part of EEX, and it also 

supplied the technology to France’s Powernext market (Nord Pool v/ Bernd Botzet, 2010).  

Nord Pool is also truly an international exchange, with members from all parts of the world. 

Members include various players in the market, such as banks, power generators and power 

supply companies, as well as utilities, investment companies, funds, energy intensive 

industries and large consumers (Nord Pool v/ Bernd Botzet, 2010).  

2.2.3 Nord Pool Markets 

The Nordic power exchange NordPool provides market places for trading in physical and 

financial contracts in the Nordic countries. Furthermore, Nord Pool is divided into three main 

markets: The physical- , financial- and clearing market. The physical market is the basis for 

all electricity trading in the Nordic market and constitutes over 60 per cent of the total value 

of the region’s power consumption (Nord Pool v/ Bernd Botzet, 2010).  

Nord Pool Spot organizes the marketplace for Elspot and Elbas products. Elspot is the 

common market place for trading physical electricity with next-day supply, and Elbas is the 

physical balance adjustment market for Sweden, Finland and Denmark. Both markets include 

the KONTEK area in Germany.  

Nord Pool ASA provides a marketplace for power derivatives trade, and is the world’s largest 

power derivative exchange. Power derivatives are used to guarantee prices and manage risk 

from power trading. Contracts vary in time to maturity, with 6 years as the longest, and in 

interval, from days, weeks, months, quarterly to annual.  

The clearing market deals with financial electricity contracts EUA’s and CER contracts as 

their contractual counterpart. The clearing house assumes liability for covering future 

settlement, and thus reduced risk for both buyer and seller (Nord Pool v/ Bernd Botzet, 2010).  
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Figure 10: Trade on Nord Pool 2000- 2007  

 

(Nord Pool v/ Bernd Botzet, 2010) 

As figure 10 shows, trade on Nord Pool’s three main markets, physical, financial and clearing, 

have increased the last years, after a setback in trade due to extreme weather conditions in the 

winter 2002/ 2003 and due to the fall of Enron in late 2001, which caused several major U.S. 

corporations to stop their trading on Nord Pool (Nord Pool v/ Bernd Botzet, 2010) (Nord 

Pool, 2010).  

In later sections of our paper, price and price uncertainty will be utilized as an important part 

of our valuation. It is therefore necessary to explain in detail how the price is set in the market 

and what influences the price mechanism to provide the reader with an understanding of how 

the subsequent valuation is done. We will therefore introduce Nord Pool’s financial products 

and their underlying value drivers. In the sensitivity analysis we will discuss how changes in 

these will affect the price and thus the value of investing in hydro power plants.  

2.2.4 Nord Pool Financial Instruments  

Nord Pool’s role in the power business is to be an impartial and secure counterpart for traders, 

increase transparency and provide reference prices (Nord Pool v/ Bernd Botzet, 2010). There 

are several reasons for participants to purchase financial instruments on Nord Pool, first and 

foremost risk management. Producers lock in future sales prices whilst consumers lock in the 

price for future power needs. There will also be an element of speculation involved on an 

exchange, where participants will bet on movement in the future power price (Nord Pool v/ 

Bernd Botzet, 2010).  
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Nord Pool offers several financial products that vary with type, region and length. Each 

contract is given a code to describe area and type of contract, and a number to describe 

expiration date for the contract. Electricity contracts in the Nordic region is all denoted ENO 

and then a letter to illustrate the time interval for the contract, D for day, W for Week, M for 

month, Q for quarter and YR for year.  Hence, ENOMMAY-11 will be a monthly forward 

contract on Nordic electricity that expires in May 2011, whilst ENOYR-12 will be an annual 

forward contract that expires in 2012 (Nord Pool v/ Bernd Botzet, 2010).  

The product structure on Nord Pool differs between futures and forward contracts. Futures are 

exchanged based and are traded on a daily (24h) or weekly (168h) basis and settled daily 

during the trading and settlement period. Forwards on the other hand, are contracts between 

two parties and are traded on a monthly (744h), quarterly (2209h) or yearly (8760h) basis. 

Both are however an agreement between the seller and the buyer for financial settlement of a 

fixed amount of power at an agreed price in an agreed time period.  Both contracts are used 

for hedging purposes, and the choice of contract has little or no influence on the price (Nord 

Pool v/ Bernd Botzet, 2010).  

Figure 11 illustrate that Nord Pool’s financial products are divided into different length and 

durability. The forward contracts are tradable until a fixing date, when the price is set for the 

whole delivery period.  

Figure 11: Nord Pool’s Financial Instruments 

 

One can illustrate how buyers and sellers use this market to hedge for price differences by a 

short example; 

Imagine a buyer that wants to lock in the price for power during the next quarter. He buys a 

forward contract on Nord Pool, e.g. ENOQ3- 10, which is a contract for electricity in Nordic 
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countries (ENO) in the third quarter (Q3) in 2010 (-10). Assume next that the price of this 

contract is €55, and the contract includes 10 MW of power. Since Q3 = 2159 hours, the 

contract is thus for 21590 MWh. The contract ENOQ3-10 is traded for a little over two years, 

more precisely from January 1
st
 2008 until June 28

th
 2010, when the price is fixed. The 

delivery period follows, from July 1
st
 2010 until September 30

th
 2010.  

Assume next that the fixing price is €65, and the average spot price during the delivery period 

is 67. Figure 12 summarizes this information. 

Figure 12: Example on Hedging with Forwards 

 

(Nord Pool v/ Bernd Botzet, 2010) 

The fixing price is set at €65, which is a profit of 10 compared to buying price of €55. In 

addition, the average system price during the delivery period is €67, which provides yet 

another €2 in profit.  

The buyer the purchase power during the delivery period for €67 in average, and his price for 

power will thus be:  

 

The buyer has thus obtained the same result as if he could have bought the power in the spot 

market for € 55 (the forward price) and he has thus succeeded in locking the future price of 
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power by using forward contracts. The cash flow and payments are divided out daily during 

the delivery period (Nord Pool v/ Bernd Botzet, 2010). 

Nord Pool provides, as the previous example illustrates, an efficient market place useful to 

create transparency, increase liquidity, ensure equality and market surveillance. In our case, 

Nord pool and its markets can provide us with the most efficient estimate of the future power 

prices, which is crucial when assessing investment opportunities. Next, we will investigate 

further the pricing mechanism of Nord Pool markets.  

2.3 Nord Pool and Pricing of Power 

The power price has historically been at times extremely volatile. Both supply side changes, 

such as inflow of water, and demand side, such as temperature, can create big hikes in the 

power price. There are therefore a number of uncertainties that affects the price of power, and 

it is therefore a complex process of predicting the longtime price. Luckily the establishment of 

Nord Pool has created an efficient market that includes these uncertainties and thus makes the 

task of predicting future power prices in the region much simpler. However, to get a clearer 

understanding on what drives supply and demand, and thus the prices on Nord Pool, it is 

necessary with a closer introduction to the main uncertainties connected to the price of power.  

As mentioned earlier, hydro power makes out a vast majority of power generation in Norway. 

When addressing the uncertainties related to generation of power, it is hence logical to focus 

on hydro power.  

2.3.1 Supply Volatility 

Water inflow or precipitation levels are the main uncertainty source for hydro power once 

installed. Precipitation level will vary from region to region, between seasons and between 

years, as illustrated in figure 13. 
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Figure 13: Mean Vs Actual Hydropower Generation  

 

(Norwegian Ministry of Petroleum and Energy, 2008) 

To ensure electricity generation in periods with less precipitation, one uses regulation 

reservoirs that are filled up in periods of low consumption and high inflow, and tapped in 

periods with lower inflow and higher consumption. The reservoirs are often regulated by an 

upper and lower limit of for the amount of power that can be regulated with the water in the 

reservoir. The energy capacity of Norway’s reservoirs has risen the last years, and in 2008 it 

amounts to 84.3 TWh or about two thirds of the normal annual consumption (Norwegian 

Ministry of Petroleum and Energy, 2008).  

One can also illustrate the variance in generation by figure 14, which shows the real Vs the 

mean precipitation level in Norway historically.  

Figure 14: Mean Vs Actual Precipitation in Norway  

 (Statistics Norway, 2010) 

 

We see similar patterns in figure 13 and 14, starting with the low level of precipitation in 

1995, then a peak around year 2000. This peak was again followed by lower levels in 2002 
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before rising again towards the end of the period.  Hence these patterns illustrate the fact that 

the main source of uncertainty for hydro power generation is variation in precipitation.  

Potential differences between the two figures could be caused by the fact that the mean from 

2009 is a national average
4
. Power generation is mainly based in western Norway and mid 

Norway, and the mean they use for their calculations is the local mean. Thus, some 

differences may occur. 

Furthermore, precipitation will also vary with the seasons, creating seasonal uncertainty. To 

ensure electricity generation in periods with less precipitation, some power plants use 

regulation reservoirs that are filled up in periods of low consumption and high inflow, and 

tapped in periods with lower inflow and higher consumption. However, not all power plants 

have reservoirs; run- of- river plants does not use reservoirs, and will thus create larger 

seasonal variation. But nevertheless, the reservoir system helps reduce seasonal variation, as 

illustrated in figure 15.  

Figure 15: Inflow and Electricity Production in Norway 2007 

 

(Norwegian Ministry of Petroleum and Energy, 2008) 

Figure 15 illustrates the relationship between inflow and electricity production in 2007, and 

highlights the seasonal differences. We see that production is larger than inflow for the first 

weeks of the year, during the winter season, whilst in the spring months the reservoirs are 

filled due to an increase in the inflow to the reservoir. Towards the end of the year, a colder 

climate reduces inflow and the reservoirs are shrinking again.  

                                                 
4
 Average based on 12 representative observation stations chosen by Statistics Norway.  
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2.3.2 Demand Volatility  

Power consumption is, as mentioned earlier, closely connected to economic growth, but it 

also varies with what sectors that are experiencing the highest growth since the energy usage 

differs with industry, both in terms of energy intensity and energy mix. Furthermore, the price 

elasticity of power is quite low and constant regardless of prices, but can be affected in 

extreme situations, such as the winter of 2002/ 2003. 

We have chosen to include the transmission uncertainties under demand, as is the norm in the 

business, since transmission loss demands more supply and thus can be categorized as an 

uncertainty factor connected to demand.  

One can summarize just some of the demand drivers as in figure 16.  

Figure 16: Drivers of Demand for Power 

 

(Norwegian Ministry of Petroleum and Energy, 2008) 

Figure 16 shows just some of the complexity in the various drivers of demand. Several 

factors, from capacity constraints to energy efficiency, from usage and distribution of 

services, transport and industries are all important and necessary to model in order to 

determine future demand.  

Due to the high number of uncertainties related to demand and supply, it is crucial for our 

analysis that Nord Pool already have incorporated these and more uncertainties and through a 
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market mechanism found the present and future prices for power. This enables us to get a 

much more accurate estimate for the future price, and increase the validity of our findings. 

But nevertheless, it is important to understand what drives the prices in order to comprehend 

all aspects of the market.  

2.4 Investment process for Hydro Power 

Whilst part 2.3 covered the main sources of uncertainty for hydropower investments, there are 

also other risks attached, such as the licensing process and regulation tied to power strategy, 

such as subsidies. In the next section, we will introduce the legislative framework for power 

generation in general and the licensing process for hydropower in particular. 

2.4.1 Legislative Framework  

The Norwegian energy sector’s political framework is governed by the Parliament (Storting), 

and administrated by the ministry of Petroleum and Energy. It is thus the ministry’s 

responsibility to ensure that the players on the energy market follows the guidelines set by the 

Parliament, in order to reach an “integrated energy policy based on efficient use of resources” 

(Norwegian Ministry of Petroleum and Energy, 2008). The organizational chart is illustrated 

in figure 2.9.  

Figure 17: Organizational chart for the Power branch of the Norwegian Government 

 

(Norwegian Ministry of Petroleum and Energy, 2008) 

Figure 17 shows that the ministry is divided in four main categories, one being the department 

of Energy and Water Resources, which seeks to ensure sound management, both economic 

and environmental, of water and hydropower resources, as well as other domestic energy 

sources. Moreover, figure 17 shows that the Energy and water resource department is divided 

into 5 sections, all with different functions (Norwegian Ministry of Petroleum and Energy, 

2008).  
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The first sector, the Energy Policy, is responsible for analysis and general energy policy 

issues. The Water resource and area planning is on the other hand in control of water resource 

management and licensing to small power stations, as well as land use planning for energy 

plants, emergency planning and watercourse safety. The third sector, Hydropower and Energy 

law, handles legal issues related to the administration of the energy sector, whilst the branch 

called the electricity market covers trading of power with other countries and regulation of the 

grid activities. Finally, the renewable and energy efficiency sector are responsible for 

restructuring the energy usage and production with regards to environmental policies 

(Norwegian Ministry of Petroleum and Energy, 2008).  

Figure 17 also illustrates that, although the largest actor in the Norwegian power market, 

Statkraft, has been governed by the ministry of trade and industry since 2002, the ministry of 

petroleum and energy is still responsible for the state enterprises Statnett and Enova. The 

latter seeks to promote environmental friendly restructuring of energy consumption and 

generation in Norway, whilst Statnett is Norway’s national main grid owner and operator 

(Norwegian Ministry of Petroleum and Energy, 2008).   

In addition, the ministry for petroleum and energy control the Norwegian Water resource and 

energy directorate (NVE), an agency for management of the water and energy resources in 

mainland Norway. Its goal is to ensure coherent and environmental sound management of 

Norway’s watercourses and to promote efficient electricity trading, cost-effective energy 

systems and efficient energy use (Norwegian Ministry of Petroleum and Energy, 2008).  

2.4.2 The Licensing Process  

When a watercourse is to be used for electricity consumption, conflicts may arise with several 

interest groups in forms of user groups or environmental groups. The government has 

therefore developed an extensive legal framework for licensing power generation plants, 

formalized by several different acts. The process itself vary with the size of the plant: if it is a 

small power generation plant, then one can bypass the master plan for water resources, and go 

straight to the application process (Norwegian Ministry of Petroleum and Energy, 2008). This 

is a huge benefit, since the master plan is stringent in its requirement. We will therefore focus 

on small power plants in our analysis, and thus only introduce the licensing process in itself.  

However, if a large power plant is accepted by the master plan, the licensing process will be 

somewhat similar to the one of small power plants, illustrated in figure 18. 
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Figure 18: The Application and Licensing Process for Hydropower Plants  

 

(Norwegian Ministry of Petroleum and Energy, 2008) 

The process starts with a notification from the developer to NVE, a notification which is then 

released for public inspection and sent to the relevant local and central authorities. The NVE 

and local authorities then decide whether an Environmental Impact Assessment (EIA) should 

be carried out. In general, an EIA is always required for plants with a larger installed capacity 

than 40 GWh, and also for plants above 30 GWh if they are expected to have substantial 

impact on the local environment or community. Note that even if an EIA is not required, the 

application must include a consequence analysis (Norwegian Ministry of Petroleum and 

Energy, 2008).  

When the assessment program is finished, it is submitted to the ministry together with the 

license applications and a recommendation from the NVE. The ministry then makes its 

recommendation and submits it for the government for final decision and regulation in the 

form of royal decree.  

The process is simpler for power plants with an installed capacity of less than 10 GWh, and 

the government has also delegated the right to approve license of power plan pursuant to the 

NVE. Even though the legal framework is extensive and somewhat complex, one can divide 
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the regulation is governed by the Energy Act, which serves as a sort of umbrella act for the 

rest of the legal framework (Norwegian Ministry of Petroleum and Energy, 2008).    

The Energy Act of 1990 established the whole organizational framework for Norway’s power 

system. Upon its introduction, Norway became the first country in the world to allow 

customer to choose their power supplier, since the act is built on the principle of market 

traded prices. The Act cover a range of issues, such as limitations to monopoly, construction 

and operation of generation plants, ownership structure, electricity trading, foreign trade in 

power, rationing, energy planning and contingency planning for power supplies. Furthermore, 

the Energy Act also grants licenses for trading, both for physical and financial asset, as well 

as license to trade with foreign countries (Norwegian Ministry of Petroleum and Energy, 

2008).  

Another piece of legislation important for power generation applicants is the Planning and 

Building Act. This act is mainly concerned about the EIA, and functions as a parallel to the 

energy and watercourse regulation. There are also cases where the competition act may be 

relevant, as well as the pollution control act, the Cultural Heritage Act and the Nature 

Conservation Act (Norwegian Ministry of Petroleum and Energy, 2008).  

2.5 Available Hydro Capacity 

Even though there is much developed hydro power generation plants in Norway, there is still 

untapped potential, measured by the total amount of energy in its rivers that is technically and 

financially available to generate electricity. As a part of its stated focus on small hydropower, 

NVE developed a new tool for digital resource mapping of total hydro potential. If one 

exclude installed capacity and the 37.8 TWh of capacity located in protected watercourses and 

hence not available for development, NVE that it is currently 37.7 TWh of unprotected 

remaining potential for hydro production in Norway (The Norwegian Water Resources and 

Energy Directorate, Report 19, 2004). However, one must subtract projects that are currently 

under construction, which amounts to a total capacity of 1.3 TWh. Furthermore, projects for 

further 1.8 TWh are licensed and construction plants for a total of 5.2 TWh are currently 

pending license (Norwegian Ministry of Petroleum and Energy, 2008) (The Norwegian Water 

Resources and Energy Directorate, Report 19, 2004).  

Of the 29.4 TWh still available potential after removing the plants already under construction 

or in the licensing process, there are also guidelines that further limits the amount available. 

The National Parliament adopted four protection plans for watercourses between 1973 and 
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1993, and a supplement in 2005, all of them together referred to as the protection plan for 

water courses. The protection plan main contribution was the creation of protected river 

systems as mentioned above, but it also provides limits as to what kind of plants that is to be 

licensed, most notably by making it close to impossible to gain a license for new large-scale 

power plants based on the goal of providing cheapest power with the smallest environmental 

impact. This has led many to believe that the era of large power plants are over, and that the 

focus should instead be on small hydro generation plants and upgrades of existing large power 

plants. This belief was further strengthened when it was decided in 2004 that all plants with a 

capacity of less than 10 TWh should be exempt from the special regulation under the master 

planned and free to seek license on the more general Water Resource Act (The Norwegian 

Water Resources and Energy Directorate, Report 19, 2004).  

The NVE has also calculated the commercially viable potential for small hydropower plants, 

by only including the areas with an expected investment cost belove 3 kr/ kWh. This potential 

is calculated to be 18.5 TWh. If one includes the areas with an investment cost of less than 5 

kr/ kWh, NVE estimates that there is a total potential of 25 TWh.  

Figure 19: Remaining Commercial Potential for Small Hydropower in Norway   

 

(The Norwegian Water Resources and Energy Directorate, Report 19, 2004) 

However, one should note that the potential for small power plants calculated by NVE, is a 

theoretical potential and does not take into consideration environmental impacts and other 

factors that may reduce development opportunities. Even though hydro power is clean energy 

production, it affects the local landscape and its natural environment. These possible affects 



31 

 

are considered before granting a license, so that some of this potential may be restricted due to 

environmental considerations (Norwegian Ministry of Petroleum and Energy, 2008).  

2.6 Government Policies and their Repercussions   

In addition to governing the licensing process, the government can also affect the value of an 

investment by e.g. subsidies on the underlying or alternative investments. Therefore, 

expectations as to future development of government’s energy policy should be incorporated 

in the investment analysis.  

The Norwegian Power strategy is however quite transparent, and Norway has stated a goal of 

promoting hydropower generation, and especially the use of small hydro power plants 

(Norwegian Ministry of Petroleum and Energy, 2008) (The Norwegian Water Resources and 

Energy Directorate, Report 19, 2004). But as one approaches the threshold for existing hydro 

power capacity in Norway, one may see a shift in focus for Norwegian companies to other 

generation technologies, most notably wind. This shift has already started with foreign 

investments, as exemplified by the large sum of investments Statkraft has planned for 

offshore wind generation in Europe (Ulseth, 2010).  

However, regardless of the domestic strategy, the strategy of other countries can also affect 

the prices in Norway, most notably through demand changes since Norway import and export 

power across borders. The pursuit of cleaner energy sources has led to altered generation 

methods across Europe, most notably through a rapid increase in wind energy and other 

renewables due to subsidies. Thus if we turn to the most recent report from International 

Energy Agency in 2009 the forecast of future energy consumption in the period 2009-2030 

projects a 76% increase in electricity consumption. IEA notes that this huge increase creates a 

large potential for alternative energy resources, but due to the 2008 financial crisis the 

investments in alternative energy resources are either deferred or cancelled. The financial 

crisis noted the first drop in energy consumption (forecasted to be -1.6%) since the Second 

World War. Asserting the magnitude of the crisis is an extremely difficult task, IEA thus 

makes a worst case estimate of 30% due to the liquidity requirements stemming from the 

financial crisis (International Energy Agency, 2009).  

One of the main reasons for the focus on wind and solar in other European countries, is the 

fact that many countries are not blessed with the same climate as Norway, with high 

mountains and steep valleys, and are therefore not able to pursue hydro power. Hence, the 

governments might subsidize cleaner energy sources which are preferable to coal and gas. But 
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these subsidies combined with the extreme volatile nature of wind power generation, which 

may vary within seconds, has created an irregular market structure and increased generation 

volatility, since one cannot store electric power (Wei, 2009).  

All these international trends will increase the volatility of demand and supply for exports and 

imports, and thus may affect the investment strategy in Norway. However, Wind is expected 

to continue growing but is still expected to remain a relative small share of total generation in 

most countries. It is safe to say that given the technology available and the climate in Norway, 

hydropower will remain among the most sought after generation sources for electricity in the 

years to come, both from a supplier and from a public policy point of view.   

2.7 Summary  

Chapter two provided a quick introduction to the power market in Norway in general and 

hydropower generation in particular. It focused a great deal on Nord Pool and how one can 

use the financial instruments to provide a market-based expectation of the future price of 

power and its volatility. By using Nord Pool, one includes the various sources of uncertainty 

and provides an estimate based on a market function and thus it should be the most efficient 

way to estimate future power price and volatility.  

Furthermore, the introduced the licensing process for new power plants, and we saw that this 

process was significantly easier for small sized hydro plants, which explains our limited focus 

to this category throughout the thesis. Finally, we introduced the remaining potential for small 

power plants in Norway and possible risks attached to expected future government policies. 

Next, we will move on to the relevant theory that will be applied in the later analysis.  

 

 

 

 

 

 



 

Chapter 3 Investment valuation 
Chapter three will provide a short introduction to the main 

Cash Flow approach (DCF), and explain how it fails to incorporate the value of managerial 

flexibility. As an alternative approach, we will introduce Real options Valuation (ROV) and 

explain how it in fact incorporates the v

substantial. Finally, we will draw the link between ROV and Hydro power, and explain where 

and what form real options manifest themselves in hydro power investments.  

3.1 Net Present Value 

There are a number of ways to value a project, and the most common of these is the DCF 

approach. The DCF approach is based on the concept of time value of money, that money 

today is worth more than future money due to the rate of return that can be achieved from 

alternative investments. Thus, the DCF approach discount future free cash flows to present 

value and then summarizes to arrive at a present value. If this present value is larger than the 

investment, then it is by definition a profitable project

  

The DCF approach uses the future free cash flows (CF

Average Cost of Capital (WACC). The latter is defined as the weighted expected rate of 

return from all the firm’s securities, and since free cash flows are available to all investors, the 

discount measure should represent the risk of all of them

The WACC hence weigh proportionately the risks of all equity and debt, as seen fro

equation 2.  

 

Equation 2 shows that the cost of capital for debt has been reduced by the marginal tax rate 

(tm) since interest is tax deductable and the free cash flows do not take this into consideration.  

If the project at hand is a typical project for the firm, the company WACC can be applied to 

individual projects as well (Brealey, Myers, & Allen, 2008)
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Investment valuation  
Chapter three will provide a short introduction to the main valuation method, the Discounted 

Cash Flow approach (DCF), and explain how it fails to incorporate the value of managerial 

flexibility. As an alternative approach, we will introduce Real options Valuation (ROV) and 

explain how it in fact incorporates the value of flexibility and that this value often is 

substantial. Finally, we will draw the link between ROV and Hydro power, and explain where 

and what form real options manifest themselves in hydro power investments.  

Net Present Value  

number of ways to value a project, and the most common of these is the DCF 

The DCF approach is based on the concept of time value of money, that money 

today is worth more than future money due to the rate of return that can be achieved from 

native investments. Thus, the DCF approach discount future free cash flows to present 

value and then summarizes to arrive at a present value. If this present value is larger than the 

investment, then it is by definition a profitable project (Brealey, Myers, & Allen, 2008)

  (1)  Brealey, Myers, & Allen, 2008

The DCF approach uses the future free cash flows (CFt ) and discount them with the Weighted 

Average Cost of Capital (WACC). The latter is defined as the weighted expected rate of 

e firm’s securities, and since free cash flows are available to all investors, the 

discount measure should represent the risk of all of them (Brealey, Myers, & Allen, 2008)

The WACC hence weigh proportionately the risks of all equity and debt, as seen fro

(2) Brealey, Myers, & Allen, 2008

Equation 2 shows that the cost of capital for debt has been reduced by the marginal tax rate 

) since interest is tax deductable and the free cash flows do not take this into consideration.  

ct at hand is a typical project for the firm, the company WACC can be applied to 

(Brealey, Myers, & Allen, 2008).  
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However, the DCF approach does not incorporate the value of flexibility, which could be 

substantial, especially in projects with a high degree of uncertainty. 

3.2 Managerial Flexibility 

Managerial flexibility is defined as the manager’s possibilities to react to changes in the 

economic environment by adjusting their plans or strategies (Koller, Goedhart, & Wessels, 

2005). If a manager can expand a successful project, defer the decision to reduce uncertainty, 

abandon a failed project or change the direction in order to increase the project value, this 

flexibility will have a value and this must be incorporated in the project valuation method.  

In order for flexibility to have value, it must be present in the scope of the project. Some 

contracts do not offer much flexibility, but in most cases there will be a form of flexibility that 

should be optimized. However, the value of this flexibility varies from project to project 

dependent on manager’s ability to exploit it and the uncertainty attached to the project 

(Koller, Goedhart, & Wessels, 2005). 

If the manager is not able to exploit the flexibility, due to for instance lack of leadership skills 

or a less dynamic organization, the value of flexibility will be lower. The same is true for 

project whit little uncertainty attached to the future outcome: If we know from the start where 

the project is going to end up, there is no value in flexibility. These two factors and how they 

affect the value of flexibility are illustrated in figure 20.   

Figure 20: Value Diagram for Managerial Flexibility 

 

(Koller, Goedhart, & Wessels, 2005) 
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From figure 20 it is clear that the value of flexibility is highest for projects with a high degree 

of uncertainty detached and room for managerial maneuvering. A high value of flexibility will 

affect project valuation in a positive way by increasing the value of the project. It is thus 

crucial to include, and especially for projects with an NPV close to zero or with mutually 

exclusive projects since it might affect the decision of whether or not to initiate the project 

(Koller, Goedhart, & Wessels, 2005).  

However, there are several difficulties attached to deriving the exact value of flexibility. 

Nevertheless, there are three main methods that are most commonly used; The Dynamic DCF 

analysis, Decision Analysis and ROV. All three approaches in principle can be accomplished 

by backward recursion. Proponents of each method argue that if applied correctly, all three 

will result in the correct value of a project with flexibility (Lai & Trigeorgis, 1995). 

Nevertheless, each technique requires a number of assumptions and approximations, not all of 

which may be obvious, and therefore they often vary with the approach chosen. It is hence 

important to rationalize your choice of technique for a given project.  

ROV is usually applied to cases where we have knowledge about the value of the underlying 

asset of the project. In our case we have, thanks to Nord Pool and its market functions, a 

relatively clear understanding of the value of the underlying asset. The literature on financial 

options show that projects can be viewed as a financial options and that these options are 

often complex. The real option framework is thus needed to illustrate this issue and provides 

us with this value of flexibility.  

3.3 Real Options Valuation 

An option is defined as a right, but not an obligation, at or before some certain time, to 

purchase or sell an underlying asset the price of which is subject to a form of random 

variation (Brealey, Myers, & Allen, 2008). A call option provides the owner with a right to 

buy something at a certain price, until or at some specific expiration date, while a put option 

provides the owner with the right to sell. Option pricing models can also be applied to non-

financial assets, and these non- financial options have become known as Real Options. A real 

option is the right, but not the obligation, to take an action at a predetermined cost called the 

exercise price, for a predetermined period of time (Copeland, Antikarov, & Copeland, 2001). 

The different types of real options that may occur can be divided into four mutually exclusive 

(but not exhaustive) categories (Koller, Goedhart, & Wessels, 2005), namely the option to 

defer investments, the option to abandon, compound options and the option to adjust.  
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The option to defer investments occurs if managers are able to hold off on investment 

decisions until uncertainty is reduced. An option to defer investment has a value structure 

equivalent to that of a call option, and has the costs of possible missed profits in the period 

until it is exercised. The next category, the option to abandon, has a similar value pattern as 

a put option and could create value if for instance a project performs poorly and the owners 

can abandon it and collect the liquidation or salvage value. It is thereby equivalent to a put 

option, and is valuable since it reduced the potential downside of a project’s returns. Note 

however, that this category of options are dependent on the possibility to exercise the option 

at any point desirable, and not just at certain specific times, as compound options. Compound 

options can be considered as options on and option. If a project is invested in stages, and a 

manager can either invest or abandon at a certain time in each stage, the manager thus has the 

possibility to keep profitable projects or abandon unsuccessful projects. Finally, the option to 

adjust production, allows the manager to alter the scope, lifetime or production technique 

during an investment. This category can be divided into sub categories such as the options to 

expand, to extend/ shorten, to increase/ decrease scope and to switch operation (Koller, 

Goedhart, & Wessels, 2005).  

3.3.1 Real Options and Value Drivers 

As mentioned earlier, the main value drivers of flexibility are managerial ability to exploit the 

flexibility and uncertainty. But there are other factors that influence the value of flexibility. 

Copeland and Antikarov (2001) and Koch (1999) compared the financial option variables to 

their equivalents in real option theory. This overall effect of an increase in either of the 

variables will have on the value of the real option can also be illustrated through the profit 

diagrams, as exemplified by increased volatility in figure 21. 
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Figure 21: Changes in Option Value with changes in Input Parameters 

 

If we increase the uncertainty of an underlying asset with a call option attached, for instance 

through an option to defer, the real option should have a higher value. This is due to the fact 

that we have limited the downside, so that an increase in the variance of the underlying asset 

will increase the potential upside of the option, whilst the downside is still limited. However, 

since increased volatility also will affect the expected value of future cash flows, the total 

effect can be ambiguous.  

The effects can also be summarized in a simple table, as illustrated in figure 22. The first 

column list the value drivers for financial option, the second the equivalent drivers for real 

option value. However, as the example in Figure 21 showed, it is not always straight forward 

to generalize the total affect of the change in certain value parameters. Koller et al. (2005) 

highlights this important point; both uncertainty and interest changes will influence the value 

of flexibility in both a direct and indirect way. A change in uncertainty and/or interest rate 

may influence the value of the underlying cash flows as well as the direct effect on the value 

of flexibility. Therefore, when analyzing the effect of a change in these drivers through for 

instance a sensitivity report, one must calculate both the direct and indirect effects in order to 

reach the correct change in the value of flexibility. 
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Figure 22: Effects of change in input variables for options  

 

(Koller, Goedhart, & Wessels, 2005) 

3.4 Real Options and Hydro Investments 

The prior sections has illustrated that it is important to include the value of flexibility when 

valuing a project, and we will now discuss how flexibility manifests itself in a hydropower 

generation investment project. An investor in hydropower plant faces two major questions: If 

and when to invest. These decisions are crucial since an investment is irreversible; once the 

plant has been built it has little or no alternative use, and is in reality a sunk cost. Furthermore, 

an investor will also have to decide the capacity of the plant, which is also a very important 

decision due to the high cost of expanding the existing capacity. However, our project will 

focus on the option to build or abandon an investment project, and disregard the size-dilemma 

for now.  

Once an investor has achieved a license to build, it is normally valid for 20 years. During this 

period, the investor faces a timing option on if and when to start construction. If the economic 

environment becomes strongly unfavorable for the investor, e.g. through a strong decrease in 

expected future price of electricity, it might be optimal to not build and the loss will thus be 

limited to the costs attached to the licensing process. Also, if one expect a beneficial 

development for key economic variables, the investor might be better off waiting until an 

improved economic state is realized.  

The fact that the investor has this flexibility increases the value for the project since one can 

optimize the project given the economic environment. If one chooses to build, one starts 
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receiving cash flows from the project. But the investor also loses the opportunity to avoid 

future losses if economic variables develop unfavorable. If one invests later, one earns an 

alternative rate of return on the investment sum. Thus the real option attached to an 

investment process for hydropower can be classified as a perpetual call option and will have 

the features as introduced in the previous sector.  

3.5  Summary 

Chapter three showed how flexibility has an often times substantial value for an investment 

project, and furthermore how the most common valuation techniques such as the discounted 

cash flow method fails to incorporate this value. Next, we introduced the concept of real 

options and how ROV can be used to include the value of flexibility for an investment project, 

before we explained how the flexibility manifests itself in a hydropower investment project, 

more notably through a perpetual call option for the holder of a license.  
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Chapter 4  Framework for investment strategy  

Whilst chapter 3 introduced the concept of real option valuation and explained how flexibility 

manifests itself in hydropower investments, we will now turn our attention to building a 

framework for deriving the value of this flexibility and thus an optimal investment strategy.  

Our main focus will be to develop a model that captures the value of a yet to be initiated 

investment project. In order to do so, we will introduce two potential models, namely dynamic 

programming (DP) and contingent claims (CC). Both models will be specified to follow the 

Real Options Valuation approach, where the holder of the option has a right, but not the 

obligation, to invest at a future point in time. This section will focus on deriving an intuitive 

and crisp elaboration of the seminal article by McDonald & Siegel (1985) and Pindyck & 

Dixit (1994), but also provide further intuition to the approach by adding elaborations from 

other key articles on the subject.  

Before we build the model, we will introduce some key mathematical terms from stochastic 

calculus. However, our focus is not to make any advances in the mathematical approach to 

these models, but rather to make the reader ready to translate our approach into his or her own 

problems and intuitively comprehend the mathematics applied.  

4.1 Mathematical preface 

Our analysis will utilize the two models in continuous time, but the markets analyzed are 

hardly continuous due to the fact that marketplaces are not always open for trade. However, 

both Pindyck & Dixit (1994) and McDonald & Siegel (1986) argue that a continuous time can 

be applied. Furthermore, they argue that the continuous analysis is more powerful and, when 

properly explained, provides a higher degree of intuition of the valuation techniques.  

After introducing the fundamental building blocks of our approach, we move on to key 

concepts of the dynamic programming- and contingent claims- approaches. Towards the end 

of this section we will explain some of the mathematical elaborations of our approaches with 

a subsequent discussion of each methods pros and cons.  

4.1.1  The Markov Process  

A Markov-process is closely associated with a random walk and is usually applied to test for 

market efficiency
5
. The Markov process posts three criteria’s; First the fundamental Markov 

                                                 
5
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property that no past realization can affect or predict the future. Secondly, the variable is 

normally distributed and finally, that increments are independent. 

In discrete time a Markov process is called a Markov chain, meanwhile in continuous time a 

Markov process is known as diffusion process. When modeling economic data the Markov 

property is one of the most important features of a diffusion process. 

4.1.2 The Wiener process/ Brownian motion

Norbert Wiener formulated the Wiener process in 1917, which is a mathematical 

reinforcement of the Brownian motion first formulated by Robert Brown. The wiener process 

is a memory less process with independent increments and no distinct ass

variables’ distribution. Certain conditions are inherent to a wiener process: 

1. In a small time interval the change

standard normal distribution with a mean of zero and a standard deviation of 

formally, a change in time 

that the standard deviation will be 

2. The second condition relates to the independence of increments. In order to

conceptually embrace the thought of independence we can look at continuity as an 

infinite amount of discrete movements. Every movement will be drawn from a normal 

distribution independent of the past. 

3. The process is surely non

The wiener process will follow us in most of our applications and serves as a useful tool in the 

mathematical representation of asset price dynamics. In the subsequent applications the 

wiener process or, in continuous time, the wiener increment, serves as the uncerta

variable being modeled.  

The future applications will utilize the wiener process as a wiener increment and a 

representation of uncertainty. This uncertainty will be denoted by 

normally distributed variable with zero mean and unit standard deviation 

4.1.3 The Ito-process  

An Ito-process is another class of wiener processes, which expand the influence reflected by 

not only a state variable, but also time. Equation 1 illustrates a general way of representing t

Ito- Process  
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property that no past realization can affect or predict the future. Secondly, the variable is 

normally distributed and finally, that increments are independent.  

arkov process is called a Markov chain, meanwhile in continuous time a 

Markov process is known as diffusion process. When modeling economic data the Markov 

property is one of the most important features of a diffusion process.  

Brownian motion 

Norbert Wiener formulated the Wiener process in 1917, which is a mathematical 

reinforcement of the Brownian motion first formulated by Robert Brown. The wiener process 

is a memory less process with independent increments and no distinct ass

variables’ distribution. Certain conditions are inherent to a wiener process: 

In a small time interval the change of the process applied will be drawn from a 

standard normal distribution with a mean of zero and a standard deviation of 

a change in time ∆t will generate a change of uncertainty

that the standard deviation will be  and coherently the variance will be 

The second condition relates to the independence of increments. In order to

conceptually embrace the thought of independence we can look at continuity as an 

infinite amount of discrete movements. Every movement will be drawn from a normal 

distribution independent of the past.  

The process is surely non-differentiable. 
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arkov process is called a Markov chain, meanwhile in continuous time a 
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variables’ distribution. Certain conditions are inherent to a wiener process:  
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standard normal distribution with a mean of zero and a standard deviation of σ.  More 

uncertainty ∆z. This means 

and coherently the variance will be ∆t. 

The second condition relates to the independence of increments. In order to 

conceptually embrace the thought of independence we can look at continuity as an 

infinite amount of discrete movements. Every movement will be drawn from a normal 

process will follow us in most of our applications and serves as a useful tool in the 

mathematical representation of asset price dynamics. In the subsequent applications the 

wiener process or, in continuous time, the wiener increment, serves as the uncertainty of the 

The future applications will utilize the wiener process as a wiener increment and a 

where  is a 

process is another class of wiener processes, which expand the influence reflected by 

not only a state variable, but also time. Equation 1 illustrates a general way of representing the 



 

The unique feature of the Ito-process is that it allows both the level of (x) as well as time (t) to 

affect the overall change in x. On the right side of the equation we have two known functions 

a(x,t) and b(x,t). The first term refers to the drift or the 

is the uncertainty, which is followed by the wiener increment. 

4.1.4  Geometric Brownian 

The Geometric Brownian motion (GBM) is also a type of Ito

applications in finance (Hull, 200

(GBM) if it can be a solution to the following stochastic differential equation: 

In equation (2) µ represents the instantaneous rate of 

accompanied by the wiener increment. This process moves proportionally to the level of the 

overall process. In a more intuitive way the process will change value by a percentage of its 

level. This feature paired with t

Brownian Motion a very applicable model to illustrate the dynamics of securities or 

currencies. The model also received a lot of attention since it was used to derive the Black

Scholes model for pricing European call or put options. 

4.1.5 The Ornstein-Uhlenbeck P

The Ornstein-Uhlenbeck process

this process directly, we will shortly address the valuation consequences from applying it 

since most commodities and natural resources can take on a mean

process can be formulated as in Equation 3.  

η is the intensity of our mean reversion, which 

term trend level. The deviation from the mean is controlled by the correlation between the 

intensity parameter and the stochastic element dz. The expected change of the process is due 

to its features dependent on the level of x conditional on

change is likely a decrease. The term 

which has influence on the future price movement of the asset. 
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dztxbdttxadx ),(),( += (1)     Pindyck & Dixit (1994)

process is that it allows both the level of (x) as well as time (t) to 

affect the overall change in x. On the right side of the equation we have two known functions 

a(x,t) and b(x,t). The first term refers to the drift or the deterministic term and the second term 

is the uncertainty, which is followed by the wiener increment.  

Geometric Brownian Motion 

The Geometric Brownian motion (GBM) is also a type of Ito-process, known for its many 

applications in finance (Hull, 2007). A stochastic process is a Geometric Brownian Motion 

(GBM) if it can be a solution to the following stochastic differential equation: 

XdzXdtdx σµ += (2)    Pindyck & Dixit (1994)

represents the instantaneous rate of return, and σ denotes the uncertainty 

accompanied by the wiener increment. This process moves proportionally to the level of the 

overall process. In a more intuitive way the process will change value by a percentage of its 

level. This feature paired with the log normal distribution of returns makes the Geometric 

Brownian Motion a very applicable model to illustrate the dynamics of securities or 

currencies. The model also received a lot of attention since it was used to derive the Black

cing European call or put options.  

Uhlenbeck Process 

Uhlenbeck process is a mean-reverting process, and although we will not apply 

this process directly, we will shortly address the valuation consequences from applying it 

ince most commodities and natural resources can take on a mean-reverting process. The 

process can be formulated as in Equation 3.   

Xdzdtxxdx ση +−= )(  (3)          Pindyck & Dixit (1994)

 is the intensity of our mean reversion, which describes how fast it will return to its long

term trend level. The deviation from the mean is controlled by the correlation between the 

intensity parameter and the stochastic element dz. The expected change of the process is due 

on the level of x conditional on ; If x is above

change is likely a decrease. The term  can intuitively be thought of as a long

which has influence on the future price movement of the asset. For interested readers we 

Pindyck & Dixit (1994) 

process is that it allows both the level of (x) as well as time (t) to 

affect the overall change in x. On the right side of the equation we have two known functions 

deterministic term and the second term 

process, known for its many 

7). A stochastic process is a Geometric Brownian Motion 

(GBM) if it can be a solution to the following stochastic differential equation:  

Pindyck & Dixit (1994) 

denotes the uncertainty 
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overall process. In a more intuitive way the process will change value by a percentage of its 

he log normal distribution of returns makes the Geometric 

Brownian Motion a very applicable model to illustrate the dynamics of securities or 

currencies. The model also received a lot of attention since it was used to derive the Black-

reverting process, and although we will not apply 

this process directly, we will shortly address the valuation consequences from applying it 

reverting process. The 

Pindyck & Dixit (1994) 

describes how fast it will return to its long-

term trend level. The deviation from the mean is controlled by the correlation between the 

intensity parameter and the stochastic element dz. The expected change of the process is due 

; If x is above , then the next 

can intuitively be thought of as a long-term trait, 

For interested readers we 
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recommend Dixit & Pindyck (1994) for more on how to determine whether an Ornstein-

Uhlenbeck process should be applied to a specific commodity or asset.  

4.1.6 The Poisson-Process 

The Poisson process is also called a jump process, based on a distribution with the same 

name. This process jumps at separate points of time, which also makes it discontinuous at the 

time of the jumps. In our case, such a price evolution can be very relevant since the price of 

electricity often goes through large price spikes due to changes in precipitation. The jump-

process can be described more formally as below:  

dqtxbdttxadx ),(),( +=  (4)       Pindyck & Dixit (1994) 

We utilize dq as a jump increment. The Poisson process applies a variable u to denote the 

strength of the jump and an λ as a probability for a jump. The two separate functions f and g 

is functions of time and the level of the asset. In order to make the process more fitting 

towards an asset showing jumps and oscillating movements we can apply a combined Ito-

Poisson process:  

dztxcdqtxbdttxadx ),(),(),( ++=  (5)          Pindyck & Dixit (1994) 

Such a process can be good at modeling illiquid equities or in certain cases also natural 

resources and power markets.  

4.1.7 Ito`s Lemma 

Most of the processes we have described are non- differentiable and due to this we cannot 

accurately describe the value dynamics of an option. In a stochastic environment we apply 

Ito`s lemma to make it differentiable. Ito`s Lemma comes from the mathematician K. Ito, 

which in his seminal paper from 1951 derives a chain rule for stochastic environments. Ito`s 

Lemma is an approximation linked to the Ito process and can be understood as a Taylor 

expansion. A Taylor expansion increases its precision by including the higher order terms, 

whilst Ito`s Lemma only apply 2
nd

 order terms since higher order terms in stochastic 

processes approach zero as dt approaches zero. Assuming an option on a financial asset which 

follows an Ito process as in eq. (1) can be illustrated as below: 
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Equation 6 has a stock x which follows an Ito process as in equation (1) depending on both 

price of the stock and time. The dynamics of a stock option can be expressed by the equation 

above, where the first element on the right side is the deterministic pa

is the uncertainty. Ito`s lemma is frequently applied in financial literature due to the geometric 

brownian motion being an Ito process and the need for its derivative in order to obtain 

valuation models such as the famous Black

4.2 Valuation Approaches

In order to make our approach suitable for multiple industries and numerous projects we wish 

to explore two techniques that lead us to an optimal investment strategy based on the price of 

an underlying input or output. First off is the Dynamic Programming approach, which differs 

by utilizing an exogenous discount rate. 

investment is replicated and thus the approach demands a marketed asset. At last we will go 

deeper into the differences and possible applications in order to provide sound advice for 

future use and possible elaborations of both approaches described. 

4.2.1 Dynamic Programming

First off, we will develop a purely hypothetical example of optimizing a firm’s net 

value using a discrete-time M

concepts of dynamic programming in an intuitive way.

A firm’s current state and future expansion possibilities can be captured by a variable

state variable holds the Markov property, as introduced in section 4.1.1, and thus it contains 

no information of the future states of a firm’s profit flows. At every point in time, the firm 

will make choices that influence their current and future profit flow

variable . The control variable can express everything from the static (invest or wait) to the 

more complicated (scale of investment). With the control variable we can look at both 

problems in an infinite setting or 

payoff .  

The expected net present value of cash flow is denoted by

decisions made by our control variable

profit flows, denoted by

future values of profit flows. Since future values are unknown and the current state only 

reflects historical information, we will have to u

values to reflect the value of continuation. The discount rate applied is exogenously 
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Equation 6 has a stock x which follows an Ito process as in equation (1) depending on both 

price of the stock and time. The dynamics of a stock option can be expressed by the equation 

above, where the first element on the right side is the deterministic part, while the second term 

is the uncertainty. Ito`s lemma is frequently applied in financial literature due to the geometric 

brownian motion being an Ito process and the need for its derivative in order to obtain 

valuation models such as the famous Black-Scholes model.   

pproaches 

In order to make our approach suitable for multiple industries and numerous projects we wish 

to explore two techniques that lead us to an optimal investment strategy based on the price of 

ut. First off is the Dynamic Programming approach, which differs 

by utilizing an exogenous discount rate. In the Contingent Claim approach,

investment is replicated and thus the approach demands a marketed asset. At last we will go 

he differences and possible applications in order to provide sound advice for 

se and possible elaborations of both approaches described.  

Dynamic Programming 

First off, we will develop a purely hypothetical example of optimizing a firm’s net 

Markov process.  By this example we intend to explain key 

concepts of dynamic programming in an intuitive way. 

A firm’s current state and future expansion possibilities can be captured by a variable

te variable holds the Markov property, as introduced in section 4.1.1, and thus it contains 

no information of the future states of a firm’s profit flows. At every point in time, the firm 

will make choices that influence their current and future profit flows, expressed by the control 

. The control variable can express everything from the static (invest or wait) to the 

more complicated (scale of investment). With the control variable we can look at both 

problems in an infinite setting or in a finite setting, where we allow for a given termination 

The expected net present value of cash flow is denoted by , which is given by the 

decisions made by our control variable . When a decision is made, the effects upon our 

, will be immediate and also skew the distribution of the 

future values of profit flows. Since future values are unknown and the current state only 

reflects historical information, we will have to utilize the discounted expectation of the future 

values to reflect the value of continuation. The discount rate applied is exogenously 

Equation 6 has a stock x which follows an Ito process as in equation (1) depending on both 

price of the stock and time. The dynamics of a stock option can be expressed by the equation 

rt, while the second term 

is the uncertainty. Ito`s lemma is frequently applied in financial literature due to the geometric 

brownian motion being an Ito process and the need for its derivative in order to obtain 
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ut. First off is the Dynamic Programming approach, which differs 
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, will be immediate and also skew the distribution of the 

future values of profit flows. Since future values are unknown and the current state only 

tilize the discounted expectation of the future 

values to reflect the value of continuation. The discount rate applied is exogenously 
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determined under the dynamic programming approach, and we will discuss the consequences 

of this in section 4.3. A rational firm will choose its decisions of the control variable in order 

to coherently maximize the value of its future profit flows. A rigorous way of writing this is 

the Bellman equation of optimality:  

( ) ( ) ( ){ }))1((1,max 1''

1

11 +++=
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 (7) Pindyck & Dixit (1994) 

Equation (7) shows the fundamental principle of the dynamic programming approach, namely 

the separation of the present state and the continuation of operations. The continuation value 

is maximized by assuming that the sequence of future decisions made by the control variable 

is optimal. In a finite version of this problem the valuation will be solved by a recursive 

backwardation procedure.  

In the event of an infinite horizon the solution might seem more difficult. Bellman (1957) 

provides a solution to this problem. He shows that guessing the shape of the value function 

can be made accurate through an iterative procedure. Convergence secures the uniqueness of 

our solution, because of our discount rate being lower than 1 and coherently scales down the 

error from each step.  

For the problem at hand, there is a certain application of dynamic programming that will be 

useful when deriving an optimal investment strategy. Optimal stopping is one approach to 

dynamic programming where every period represents a binary choice between continuing and 

terminating the process. This means that one can view the continuation as a zero cash flow 

and the termination as the exercise of a call option on the investment project. A formal 

application of such a dynamic programming problem is:  
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 (8)  Pindyck & Dixit (1994) 

All the variables are dependent on our state variable and the value at each period will decide 

whether to terminate or continue the process. In some applications of dynamic programming 

the effect of the state variable might be somewhat ambiguous, but the economic environment 

provides a more straightforward interpretation. On one side of the value border termination 

will be optimal, and coherently a continuation on the other side. This application thus leads us 

to the derivation of an optimal investment strategy.  



 

Before we proceed to theoretical demonstration of a dynamic programming investment case, 

we will transform the equations derived earlier in the context of discrete time into conti

time. The transformation illustrates what happens when the time increment approaches zero. 

The notation proceeds in the same manner as before: 

{ xtxF ,(),( = π

Multiply by  on both sides of the equation: 

{ ),,(),( tuxtxtF ∆=∆ πρ

Then we divide by  and let the time term go to zero: 

From equation (11) we see that the exogenous discount rate, which an investor demands over 

the shortest period of time, is coinciding with the dividend/profit flow 

capital gain in the event of an appreciation in the asset. The appreci

dependent on optimal future decisions of the control. The continuous equation also makes 

some ramifications for our subsequent choice of stochastic processes when making further 

analysis of our function

previously introduced.  

4.2.2 Application of Dynamic programming to an investment

We are now in the possession of the tools necessary to value an investment project and later 

search for the optimal time to pay a su

specified, the appropriate process to perform such an analysis is an Ito process. The 

Geometric Brownian Motion (GBM) will be utilized to describe the evolution of the project 

value, 

When applying this process we must keep in mind some of its properties and coherent 

assumptions. The future values of the project will be log

variance of the project grows linearly with time. Modeling a real life project is thi

might create some conflicts. The GBM will never become zero nor negative. Log

could also prove to be a difficult assumption to fulfill in a real project under special 

46 

Before we proceed to theoretical demonstration of a dynamic programming investment case, 

we will transform the equations derived earlier in the context of discrete time into conti

time. The transformation illustrates what happens when the time increment approaches zero. 

The notation proceeds in the same manner as before:  
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on both sides of the equation:  
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and let the time term go to zero:  
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From equation (11) we see that the exogenous discount rate, which an investor demands over 

the shortest period of time, is coinciding with the dividend/profit flow 

capital gain in the event of an appreciation in the asset. The appreciation of the asset is 

dependent on optimal future decisions of the control. The continuous equation also makes 

some ramifications for our subsequent choice of stochastic processes when making further 

. The processes are the Ito and the Poisson, which have been 

Application of Dynamic programming to an investment 

We are now in the possession of the tools necessary to value an investment project and later 

search for the optimal time to pay a sunk cost (I) for the project value (V). As previously 

specified, the appropriate process to perform such an analysis is an Ito process. The 

Geometric Brownian Motion (GBM) will be utilized to describe the evolution of the project 

VdzaVdtdV σ+=  (1)   Pindyck & Dixit (1994)

When applying this process we must keep in mind some of its properties and coherent 

assumptions. The future values of the project will be log-normally distributed and the 

variance of the project grows linearly with time. Modeling a real life project is thi

might create some conflicts. The GBM will never become zero nor negative. Log

could also prove to be a difficult assumption to fulfill in a real project under special 

Before we proceed to theoretical demonstration of a dynamic programming investment case, 

we will transform the equations derived earlier in the context of discrete time into continuous 

time. The transformation illustrates what happens when the time increment approaches zero. 

Pindyck & Dixit (1994)
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From equation (11) we see that the exogenous discount rate, which an investor demands over 

the shortest period of time, is coinciding with the dividend/profit flow  and the 

ation of the asset is 

dependent on optimal future decisions of the control. The continuous equation also makes 

some ramifications for our subsequent choice of stochastic processes when making further 

the Ito and the Poisson, which have been 

We are now in the possession of the tools necessary to value an investment project and later 

nk cost (I) for the project value (V). As previously 

specified, the appropriate process to perform such an analysis is an Ito process. The 

Geometric Brownian Motion (GBM) will be utilized to describe the evolution of the project 
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When applying this process we must keep in mind some of its properties and coherent 

normally distributed and the 

variance of the project grows linearly with time. Modeling a real life project is this manner, 

might create some conflicts. The GBM will never become zero nor negative. Log-normality 

could also prove to be a difficult assumption to fulfill in a real project under special 



 

circumstances. Therefore we stress the fact that the utilization of a

application, which is made in order to provide a conceptual framework for the dynamic 

programming valuation.  

In this section we will utilize an optimal stopping problem where the continuation value is 

zero and the termination valu

cash flows before the exercise of the option, but the capital gain of the project. Following the 

specification of our optimal stopping problem and previous continuous time applications, we 

have the following Bellman equation:

The expected return of our investment opportunity is equal to the expected capital gain over 

the small period of time . To further explore the dynam

equation (2) by utilizing Ito`s lemma and further substitute the equation (1) into this 

expansion:  

E(

We then remove the time increment 

equation becomes:   

To set the stage for future comparison with contingent claims, we will alter the notations of 

into :  

2

1
σ

This is the second order partial differential equation our project value needs to satisfy. In 

order to derive the continuation region we need some boundary conditions. The fir

relates to the nature of our stochastic process (GBM). When the value of the project equals 

zero, the ability to invest in the project will also be zero and will never recover. The two other 

boundary conditions concern the location and secures the u

from the continuation border. The first one is the value

when investing in the project at the optimal state, the firm will receive the payoff
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circumstances. Therefore we stress the fact that the utilization of a GBM is a purely general 

application, which is made in order to provide a conceptual framework for the dynamic 

In this section we will utilize an optimal stopping problem where the continuation value is 

zero and the termination value is the investment sunk cost I. The opportunity thus yields no 

cash flows before the exercise of the option, but the capital gain of the project. Following the 

specification of our optimal stopping problem and previous continuous time applications, we 

e the following Bellman equation: 

)(dFEFdt =ρ (2)    Pindyck & Dixit (1994)

The expected return of our investment opportunity is equal to the expected capital gain over 

. To further explore the dynamics of F, we expand the right side of 

equation (2) by utilizing Ito`s lemma and further substitute the equation (1) into this 

dtVFVdtVaVFDf )(''
2
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)(')( 22σ+=  (3)       Pindyck & Dixit (1994)

We then remove the time increment  to remove the independence of time, and our bellman 
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1 22 =−+ FVaVFVFV ρσ  (4)  Pindyck & Dixit (1994)

To set the stage for future comparison with contingent claims, we will alter the notations of 

0)´()()´´(22 =−−+ FVVFVFV ρδρσ  (5)     Pindyck & Dixit (1994)

This is the second order partial differential equation our project value needs to satisfy. In 

order to derive the continuation region we need some boundary conditions. The fir

relates to the nature of our stochastic process (GBM). When the value of the project equals 

zero, the ability to invest in the project will also be zero and will never recover. The two other 

boundary conditions concern the location and secures the uniqueness of the points derived 

from the continuation border. The first one is the value-matching condition, which states that 

when investing in the project at the optimal state, the firm will receive the payoff

GBM is a purely general 
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In this section we will utilize an optimal stopping problem where the continuation value is 

e is the investment sunk cost I. The opportunity thus yields no 

cash flows before the exercise of the option, but the capital gain of the project. Following the 

specification of our optimal stopping problem and previous continuous time applications, we 

Pindyck & Dixit (1994) 

The expected return of our investment opportunity is equal to the expected capital gain over 

ics of F, we expand the right side of 

equation (2) by utilizing Ito`s lemma and further substitute the equation (1) into this 

Pindyck & Dixit (1994) 

to remove the independence of time, and our bellman 

Pindyck & Dixit (1994) 

To set the stage for future comparison with contingent claims, we will alter the notations of  

Pindyck & Dixit (1994) 

This is the second order partial differential equation our project value needs to satisfy. In 

order to derive the continuation region we need some boundary conditions. The first one 

relates to the nature of our stochastic process (GBM). When the value of the project equals 

zero, the ability to invest in the project will also be zero and will never recover. The two other 

niqueness of the points derived 

matching condition, which states that 

when investing in the project at the optimal state, the firm will receive the payoff .. 



 

Lastly, we have the smooth pasting, which is needed from the previous value

condition to secure that the point 

conditions can be stated as follows. 

Equation 7 can be rearranged in order to illustrate the fact that the optimal value of investment 

is when the sunk cost associated with investing equals the difference between the optimal 

value of the project  and the option to invest

Moving forward to solving the value of

second order differential equation (5). Both Pindyck & Dixit (1994) and Mc Donald & Siegel 

suggests that the solution must take the following form due 

The A is a constant with a value, which is solved indirectly from the other inputs. The 

constant that depends on the parameters 

be utilized in order to obtain a solution for the optimal investment strategy, as illustrated in 

equation below:   

This solution was obtained by utilizi

In its functional form, the value

expression for A:  

For intuitive purposes, we will shor

Chapter three discovered that the static Net present value rule was often flawed due to the 

ability to postpone investment decisions. Thus, the ability to invest is a perpetual call option. 

Equation (10) displays the wedge that the ability to wait creates in terms of optimal exercise 

for an investment opportunity. For now we will simply assume that for a project with 
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smooth pasting, which is needed from the previous value

condition to secure that the point  is the unique solution. Algebraically the boundary 

conditions can be stated as follows.  

)6(0)0( =F

 )7()( ** IVVF −=  

1)( * =VF  (8)           Pindyck & Dixit (1994)

Equation 7 can be rearranged in order to illustrate the fact that the optimal value of investment 

is when the sunk cost associated with investing equals the difference between the optimal 

and the option to invest .  

Moving forward to solving the value of , we need a functional form that satisfies the 

second order differential equation (5). Both Pindyck & Dixit (1994) and Mc Donald & Siegel 

suggests that the solution must take the following form due to boundary condition (6): 

1

)( βAVVF = (9)    Pindyck & Dixit (1994)

The A is a constant with a value, which is solved indirectly from the other inputs. The 

constant that depends on the parameters δ, ρ and σ. The other boundary conditions can now 

be utilized in order to obtain a solution for the optimal investment strategy, as illustrated in 
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This solution was obtained by utilizing both the value matching condition and smooth pasting. 

In its functional form, the value- matching condition with equation (10) will formulate an 
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For intuitive purposes, we will shortly elaborate on the key interpretations of this section. 

Chapter three discovered that the static Net present value rule was often flawed due to the 

ability to postpone investment decisions. Thus, the ability to invest is a perpetual call option. 

(10) displays the wedge that the ability to wait creates in terms of optimal exercise 

for an investment opportunity. For now we will simply assume that for a project with 

smooth pasting, which is needed from the previous value-matching 

is the unique solution. Algebraically the boundary 

Pindyck & Dixit (1994) 

 

Equation 7 can be rearranged in order to illustrate the fact that the optimal value of investment 

is when the sunk cost associated with investing equals the difference between the optimal 

, we need a functional form that satisfies the 

second order differential equation (5). Both Pindyck & Dixit (1994) and Mc Donald & Siegel 

to boundary condition (6):  

Pindyck & Dixit (1994) 

The A is a constant with a value, which is solved indirectly from the other inputs. The β is a 

. The other boundary conditions can now 

be utilized in order to obtain a solution for the optimal investment strategy, as illustrated in 

Pindyck & Dixit (1994) 

ng both the value matching condition and smooth pasting. 

matching condition with equation (10) will formulate an 
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tly elaborate on the key interpretations of this section. 

Chapter three discovered that the static Net present value rule was often flawed due to the 

ability to postpone investment decisions. Thus, the ability to invest is a perpetual call option. 

(10) displays the wedge that the ability to wait creates in terms of optimal exercise 

for an investment opportunity. For now we will simply assume that for a project with 
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uncertainty β>1, the optimal exercise will thus be higher than what neoclassical investment 

theory predicts.  

In the former section we have shown how dynamic programming can be utilized to solve for 

the value of an investment opportunity and the optimal investment strategy. The key result 

from this section is that the traditional Npv-rule is flawed and needs revising in order to 

provide an optimal investment policy. In the next section we show how a similar approach 

can be made to project with a marketed underlying input or output. We make a similar 

introduction to what has been done for dynamic programming, but we add a solution for a 

project with positive costs in order for our model to be applicable for our investment strategy 

within hydropower.  

4.2.2 Contingent Claims  

The Contingent Claim approach is based on the fact that a project consists of profits and 

expenses, thus one should be able to replicate a project with an existing asset or a portfolio of 

assets. This replication assumes a completeness of the market and risk neutrality. Due to these 

assumptions we can allow ourselves to utilize the risk-free rate instead of an exogenously 

specified discount rate as in Dynamic Programming, which might be difficult to estimate.  

The Geometric Brownian Motion utilized in the Dynamic Programming section will also be 

utilized in this approach. This selection is also in line with key literature on forward price 

based valuations such as Ronn (2002) and in coherence with Mc Donald & Siegel (1986).  

In order to replicate a potential investment we need an asset or a dynamic portfolio of assets. 

This asset or portfolio is assumed to be dividend free. The replicating asset or portfolio (x) 

evolves accordingly:  

XdzXdtdX σµ += (2)    Pindyck & Dixit (1994) 

This Geometric Brownian motion is similar to the ones we have encountered earlier, except 

the Wiener increment  from equation (1) that correlates perfectly with equation (2). Before we 

turn to the solution of value and subsequent optimal investment policy, we need to specify 

some important assumptions. Since the asset is marketed, the return needs to be priced in 

accordance with a market equilibrium. Such a market equilibrium model is the Capital Asset 

Pricing Model which price  the non-diversifiable risk of a given portfolio:  

σφρµ xmr += (3)            Pindyck & Dixit (1994) 



 

The denotes the correlation between the market and the replicating asset, whilst the 

denotes the market price of risk. An important feature when modeling an investment 

opportunity, as a perpetual call option, is that the return of the investment opportunity should 

be lower than the replicating portfolio. If otherwise, the holder of the inv

to gain from exercising the investment opportunity and the option will be held infinitely. This 

assumption connects with an indirect dividend rate being larger than zero. Many 

interpretations can be provided for such a dividend rate, su

into the same investment. The dividend rate being a proportional rate of the investment, a 

higher value of the investment will imply provide a larger probability of the option being 

exercised.  

We may now move on to a solut

investment opportunity. Our initial portfolio consists of two components, the option to invest 

and a short position in the project (or a dynamic portfolio (X) that correlates with the 

investment (V)). The composition of the replicating portfolio is equal to

of the project. The composition of the portfolio is changing, but for ease of derivation the 

composition of the portfolio (n) is assumed to stay constant over the small

This assumption is in line with Pindyck & Dixit (1994. 

The change over a small time interval will be the change in the project value. The short 

position, on the other hand, will require a dividend payment equal to the project. The tot

return of the short portfolio will then be 

portfolio is thus:  

By utilizing Ito`s lemma an expression 

 

The total return of the portfolio is thus: 
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denotes the correlation between the market and the replicating asset, whilst the 

denotes the market price of risk. An important feature when modeling an investment 

opportunity, as a perpetual call option, is that the return of the investment opportunity should 

be lower than the replicating portfolio. If otherwise, the holder of the investment has nothing 

to gain from exercising the investment opportunity and the option will be held infinitely. This 

assumption connects with an indirect dividend rate being larger than zero. Many 

interpretations can be provided for such a dividend rate, such as other competitors entering 

into the same investment. The dividend rate being a proportional rate of the investment, a 

higher value of the investment will imply provide a larger probability of the option being 

We may now move on to a solution for the value and an optimal investment strategy for the 

investment opportunity. Our initial portfolio consists of two components, the option to invest 

and a short position in the project (or a dynamic portfolio (X) that correlates with the 

(V)). The composition of the replicating portfolio is equal to

of the project. The composition of the portfolio is changing, but for ease of derivation the 

composition of the portfolio (n) is assumed to stay constant over the small

This assumption is in line with Pindyck & Dixit (1994.  

The change over a small time interval will be the change in the project value. The short 

position, on the other hand, will require a dividend payment equal to the project. The tot

return of the short portfolio will then be  (the capital gain) and

dtVVFdVVFdF )´()´( δ−−  (4)                      Pindyck & Dixit (1994)

By utilizing Ito`s lemma an expression  for is obtained:  
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The total return of the portfolio is thus:  

dtVVFdVVF )´())(´´(
2

1 2 δ− (6)             Pindyck & Dixit (1994)

denotes the correlation between the market and the replicating asset, whilst the 

denotes the market price of risk. An important feature when modeling an investment 

opportunity, as a perpetual call option, is that the return of the investment opportunity should 

estment has nothing 

to gain from exercising the investment opportunity and the option will be held infinitely. This 

assumption connects with an indirect dividend rate being larger than zero. Many 

ch as other competitors entering 

into the same investment. The dividend rate being a proportional rate of the investment, a 

higher value of the investment will imply provide a larger probability of the option being 

ion for the value and an optimal investment strategy for the 

investment opportunity. Our initial portfolio consists of two components, the option to invest 

and a short position in the project (or a dynamic portfolio (X) that correlates with the 

 units short 

of the project. The composition of the portfolio is changing, but for ease of derivation the 

composition of the portfolio (n) is assumed to stay constant over the small time interval (dt). 

The change over a small time interval will be the change in the project value. The short 

position, on the other hand, will require a dividend payment equal to the project. The total 

. The return to the 

Pindyck & Dixit (1994) 

Pindyck & Dixit (1994) 

Pindyck & Dixit (1994) 



 

Since the term  

Since the portfolio is risk-

. Inserting this into equation (7) gives us:  

FV ´´(
2

1 22σ

Gathering the terms on the left side gives the differential equation that the option to invest 

 must satisfy: 

Contemplating on equation (5) in the dynamic programming approach we see 

element separating the two is the discount rate, which under this approach is the riskless rate 

of return. In order to provide an optimal investment strategy we need some boundary 

conditions. Due to similarities of the two approaches the boun

equations (6-8) under the dynamic programming approach. The solution to this differential 

equation will thus be: 

Under the dynamic programming approach we left off 

differential equation. Following Pindyck & Dixit we find that 

From the quadratic equation we both a positive and a negative solution to our problem: 

In order to make an intuitive representation of our valuation problem we can look at it from 

two perspectives, either when the underlying price is above or below variable costs: 

V
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 ,we rewrite equation (6):  

)7(,)´()´´(
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1 22
dtVVFdtVFV δσ −               Pindyck & Dixit (1994)

-free it should coherently earn the riskless rate of return

. Inserting this into equation (7) gives us:   

[ ]dtVFVFrdtVVFdtV )´()()´()´´( −=− δ  (8) Pindyck & Dixi

Gathering the terms on the left side gives the differential equation that the option to invest 
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1 22 =−− rFVVFdtVFV δσ  (9)  Pindyck & Dixit (1994)

Contemplating on equation (5) in the dynamic programming approach we see 

element separating the two is the discount rate, which under this approach is the riskless rate 

of return. In order to provide an optimal investment strategy we need some boundary 

conditions. Due to similarities of the two approaches the boundary conditions applied will be 

8) under the dynamic programming approach. The solution to this differential 

1)( β
AVVF = (10)           Pindyck & Dixit (1994)

Under the dynamic programming approach we left off before solving the second order partial 

differential equation. Following Pindyck & Dixit we find that β is a root of equation (10). 

From the quadratic equation we both a positive and a negative solution to our problem: 

21

21)( ββ
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In order to make an intuitive representation of our valuation problem we can look at it from 

two perspectives, either when the underlying price is above or below variable costs: 
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free it should coherently earn the riskless rate of return
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Gathering the terms on the left side gives the differential equation that the option to invest 

Pindyck & Dixit (1994) 

Contemplating on equation (5) in the dynamic programming approach we see that the only 

element separating the two is the discount rate, which under this approach is the riskless rate 

of return. In order to provide an optimal investment strategy we need some boundary 

dary conditions applied will be 

8) under the dynamic programming approach. The solution to this differential 

Pindyck & Dixit (1994) 

before solving the second order partial 

 is a root of equation (10). 

From the quadratic equation we both a positive and a negative solution to our problem:  

Pindyck & Dixit (1994) 

In order to make an intuitive representation of our valuation problem we can look at it from 

two perspectives, either when the underlying price is above or below variable costs:  

Pindyck & Dixit (1994) 



 

When the costs are higher than the price and operations coherently is rendered unprofitable, 

the term  is the value of the ability for prices to recover to a level exceeding costs. The 

second equations term 

level of variable costs, in the case of no ability to stop production the present value of future 

profit flows would be .

The betas will thus be:  

2

1
1 −=β

2

1
2 −=β

Having shown the similarity of both dynamic programming and contingent claims a general 

intuition for both valuation of a project as well as how the optimal i

derived has been provided. This background serves as a massive backbone for further 

expansions to encounter specifics from the subsequent Hydro Power case as well as other 

industries. In order to tailor the approach to the valuation of 

potential a specific expansion of Mcdonald & Siegel (1985) will be made. This approach 

allows for the prevalence of both costs and the price of an output to come into consideration. 

Both the contingent claims and dynamic programmi

and created an investment policy dependent on the value of the underlying project. From 

equation (15) you can see that the change from equation (9) is merely notational: 

´´(
2

1 22
PVPσ

The notation from previous sections is kept and the price we referred to will be the price of 

electricity in order to increase transparency under the estimation. The 

given the price and the costs. Due to the prices ab

the profits falling below zero we need to state a two

the price of the output being above or below the costs: 
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When the costs are higher than the price and operations coherently is rendered unprofitable, 

is the value of the ability for prices to recover to a level exceeding costs. The 

 is the value of stopping production if the prices drop below the 

level of variable costs, in the case of no ability to stop production the present value of future 
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Having shown the similarity of both dynamic programming and contingent claims a general 

intuition for both valuation of a project as well as how the optimal investment policy is 

derived has been provided. This background serves as a massive backbone for further 

expansions to encounter specifics from the subsequent Hydro Power case as well as other 

industries. In order to tailor the approach to the valuation of the Norwegian Hydro Power 

potential a specific expansion of Mcdonald & Siegel (1985) will be made. This approach 

allows for the prevalence of both costs and the price of an output to come into consideration. 

Both the contingent claims and dynamic programming approach valued an option to invest 

and created an investment policy dependent on the value of the underlying project. From 

equation (15) you can see that the change from equation (9) is merely notational: 

0)()()´()() =+−−+ PPrVPPVrP πδ (15)    Pindyck & Dixit 

The notation from previous sections is kept and the price we referred to will be the price of 

electricity in order to increase transparency under the estimation. The 

given the price and the costs. Due to the prices ability to fall below the costs and coherently 

the profits falling below zero we need to state a two-staged solution for separate states with 

the price of the output being above or below the costs:  

When the costs are higher than the price and operations coherently is rendered unprofitable, 

is the value of the ability for prices to recover to a level exceeding costs. The 

is the value of stopping production if the prices drop below the 

level of variable costs, in the case of no ability to stop production the present value of future 

Pindyck & Dixit (1994) 

Pindyck & Dixit (1994) 

Having shown the similarity of both dynamic programming and contingent claims a general 

nvestment policy is 

derived has been provided. This background serves as a massive backbone for further 

expansions to encounter specifics from the subsequent Hydro Power case as well as other 

the Norwegian Hydro Power 

potential a specific expansion of Mcdonald & Siegel (1985) will be made. This approach 

allows for the prevalence of both costs and the price of an output to come into consideration. 

ng approach valued an option to invest 

and created an investment policy dependent on the value of the underlying project. From 

equation (15) you can see that the change from equation (9) is merely notational:  

Pindyck & Dixit (1994) 

The notation from previous sections is kept and the price we referred to will be the price of 

denotes the profit 

ility to fall below the costs and coherently 

staged solution for separate states with 



 

V

The top equation refers to the case where costs exceed the price of the output, in this case 

 is the value of the firm if the price of the output would exceed the costs at a future 

state. The lower equation specifies the value in the opposite event 

terms )/()/( rcP −δ  as the value of the firm’s future cash flow if the price of the output 

would go below costs and the company lacked the ability to stop operations. For hydro

valuation a more relevant interpretation is the first term

the ability to stop production in the event of prices falling below variable costs.  Economic 

interpretations for this will be made more elaborate in the actual so

Norwegian hydro energy potential. From equation () we lack determination for the constants 

 and :  

A valuation of the project can now be estimated through equations (16, 17 and 18) and 

parameters (σ, r and δ).  

The valuation of the project allows for the derivation of an optimal investment policy. As in 

previous sections the optimal investment po

option and to look for the time at which it is optimal to pay a given sunk cost in exchange for 

the project. McDonald & Siegel (1985) changes the intuition towards this situation slightly 

due to the inclusion of costs. With costs the project is a series of options to buy the 

underlying, which in this situation is electricity. As from earlier F denotes the value of the 

option, only now it depends on the price of the output: 
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p equation refers to the case where costs exceed the price of the output, in this case 

is the value of the firm if the price of the output would exceed the costs at a future 

state. The lower equation specifies the value in the opposite event and we can interpret the 

as the value of the firm’s future cash flow if the price of the output 

would go below costs and the company lacked the ability to stop operations. For hydro

terpretation is the first term 1
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β
PA , which provides the value of 

the ability to stop production in the event of prices falling below variable costs.  Economic 

interpretations for this will be made more elaborate in the actual solution and valuation of the 

Norwegian hydro energy potential. From equation () we lack determination for the constants 
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A valuation of the project can now be estimated through equations (16, 17 and 18) and 

The valuation of the project allows for the derivation of an optimal investment policy. As in 

previous sections the optimal investment policy is derived by viewing the project as a call 

option and to look for the time at which it is optimal to pay a given sunk cost in exchange for 

the project. McDonald & Siegel (1985) changes the intuition towards this situation slightly 

n of costs. With costs the project is a series of options to buy the 

underlying, which in this situation is electricity. As from earlier F denotes the value of the 

option, only now it depends on the price of the output:  
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would go below costs and the company lacked the ability to stop operations. For hydro-power 
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the ability to stop production in the event of prices falling below variable costs.  Economic 

lution and valuation of the 

Norwegian hydro energy potential. From equation () we lack determination for the constants 
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The valuation of the project allows for the derivation of an optimal investment policy. As in 
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n of costs. With costs the project is a series of options to buy the 

underlying, which in this situation is electricity. As from earlier F denotes the value of the 
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Where “a” denotes a constant that can be expressed through a rearrangement of the value 

function represented in equation (16) and by applying the value-matching condition and the 

smooth-pasting condition we have:  
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Thus, our optimal investment policy can be expressed as follows:  
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4.3 A brief comparison and necessary explanations 

Two methods which both provide a valuation and a trigger price have in the previous sections 

been thoroughly demonstrated. Contingent Claims and Dynamic Programming have their 

separate weaknesses with regards to either replication or the discount rate. This brings the 

need for a comparison and an assessment of how the weaknesses will affect the final results.  

Previously mentioned the choice of discount rate in the dynamic programming approach is a 

crucial difference. However, under Contingent Claims risk-neutrality allows for the use of the 

risk-free rate, which can be observed continuously in the markets.  If we were to do 

something similar under Dynamic Programming, the need to find the utility function of the 

decision maker would in order to specify a proper discount rate. The discount rate found in 

such a case will still only be valid for that given decision maker and when estimating such a 

discount rate Insley & Wirjanto (2008) notes that we are implicitly assuming that the project 

at hand has constant volatility over in the horizon being analyzed. Contingent claims will thus 

be a more universal approach to apply with regards to discount rates, but dynamic 

programming might be an approach of last resort in the event of no available spanning asset to 

replicate the flows of the overall project.  

The existence of a spanning asset is as much a threat to the contingent claims as the degree of 

spanning we actually observe. Dixit & Pindyck (1994) never mention this to be a problem as 

long as the replicating asset is marketed and has a future/forward market. A paper that 

deepens the understanding for the potential problem of partial spanning or imperfect 

correlation in the replicating asset is Vicky Henderson (2004). Her paper considers what 

happens to the overall approach and the changes to both the value of the option to invest and 

the investment policy trigger price. The model applied is similar to that of this paper is a 



 

special case of the models presented in Mcdonald & Siegel (1986) and Dixit & Pindyck 

(1994), which can be derived through Hend

and risk aversion 

since the partial spanning increases the risk aversion.  Partial spanning causes the risk 

aversion to be non-negligible due to the prevalence of private risks. The results of the partial 

spanning model show that the value of the option to invest is reduced markedly, also for 

correlation close to 1. This contradicts a long standing claim that the results coming fro

Mcdonald & Siegel (1986) & Pindyck & Dixit (1994) will be valid as an approximating case. 

Especially the investment policy is severely affected in a partial spanning asset case, since the 

complete models will more often advice a postponement of the 

partial spanning case. The main results from the partial spanning model is thus that the 

complete models overestimate the value of the option to invest and advice to keep the option 

longer than what might be optimal in the more r

Henderson (2004). 

A different problem of the contingent claims analysis is the estimation of a market price of 

risk. This problem was firstly addressed in a forestry valuation approach by Insley & Lei 

(2007) and the values and convergences were commented on in a paper by Insley & Wirjanto 

(2008). Their findings are that the overall value of the project was only slightly affected by 

the use of a flawed market price of risk and that this estimation doesn’t pose a

the contingent claims approach. 

In conclusion, the findings above find some weaknesses for both approaches, but the model 

that stands especially when estimating results following a real option approach on 

commodities is the contingent cla

the comments made by Henderson (2008) and partial spanning, but the same paper also makes 

a valid contribution by showing how to make changes to both Mcdonald & Siegel (1986) and 

Pindyck & Dixit (1994). In coherence with the above arguments and considerations the 

forthcoming estimation will utilize the contingent claims approach since the literature clearly 

displays that some of the assumptions made in dynamic programming will have dire 

consequences to the final value of the option to invest which in turn will affect the final 

investment policy. 
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complete models overestimate the value of the option to invest and advice to keep the option 
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es to the final value of the option to invest which in turn will affect the final 
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Chapter 5  Input Variables for model 
This chapter will provide our assumptions of the input variables required in the framework 

introduced in chapter 4. The key input variables necessary are an estimation of the future 

price volatility, an estimate for the convenience yield and interest rate/ discount rate, as well 

as an estimate for the average marginal cost and investment cost associated with investments 

in hydropower.  

We will explain in detail our way to go about uncovering these input variables, as well as 

introducing alternative ways of deriving them. The value of the input variables can affect the 

output of the model in various ways, and we therefore see it as crucial to not only introduce 

our approach to deriving the input variables, but also introduce alternative approaches and 

discuss how changes in the input variables will affect the result of the model, covered in the 

sensitivity analysis in chapter 7.  

5.1 Expected Volatility  

As mentioned in chapter two, the fact that Nord Pool provides an efficient marketplace for 

power helps us a great deal when estimating the expected future standard deviations. We 

covered how Nord Pool incorporates the many sources of uncertainty connected to both 

demand and generation of power, and how one can use the financial instruments traded on 

Nord Pool to replicate a portfolio of the underlying asset and estimate the future volatility.  

The main features of equity and currency markets are also applicable for electricity markets. 

More precisely, effects such as volatility clustering, mean reversion and the leverage effect 

are properties also present in power markets (Simonsen, 2003) (Knittel & Roberts, 2005). 

Furthermore, there are also specific features that are common in power markets alone, for 

instance the Samuelson effect, which states that the volatility of the price of the forward 

contracts will approach the volatility of the underlying spot price when time to delivery 

approaches zero (Benth, Saltyte Benth, & Koekebakker, 2008). Finally, one can expect lower 

volatility for contracts with longer duration, since the forward contract price can be viewed as 

the average spot price over the delivery period.   

There are several approaches for estimating volatility by using financial instruments, most 

notably the historical-, GARCH-, and the implied volatility approach, and the literature on the 

optimal choice of model is ambiguous. We will shortly introduce the three approaches, and 

pro’s and con’s with the various approaches.   
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The historical volatility approach forecasts future volatility based on past returns and 

volatility, and is in many ways the simplest way of estimating the future. It can be applied in 

various forms, e.g through a simple historical mean, moving averages or more complex time 

series. The fact that the historical approaches use past returns to predict future realized 

volatility, is both its main strength and its largest source of criticism: On the one hand, its 

simplicity makes it easy to apply, whilst on the other hand there is a valid critique that 

historical prices does not necessarily give an appropriate estimate of future volatility in a 

marketplace with random walk prices.  

GARCH (Generalized Autoregressive conditional Heteroskedasticity) is also based on 

historical prices, and compares the variance of the current error-term with the actual size of 

the previous time period’s error terms. More formalized, GARCH (p,q) is dependent of the 

order (p) of GARCH terms (σ
2
) and the order (q) of the ARCH terms (ε

2
).  

Implied volatility is the market’s expectations of future volatility embedded in an option price 

and are thus forward looking. More precisely, implied volatility is the volatility that yields a 

theoretical value equal to a current market price, where the theoretical value are derived 

through an option pricing model, e.g. Black- Scholes. The method is popular among both 

academics and practitioners, but as the next session will show, the literature on IV’s 

performance is mixed, as is the case for both the historical and the GARCH approach also. 

The literature on the optimal choice of model is mixed. On the one hand, IV is by many 

practitioners evaluated as the optimal choice, a result supported by Blair, Poon & Taylor 

(2001). But others, such as Becker & Clements (2008) finds that using forward looking 

estimates returns no additional information than using historical data. Furthermore, whilst  

Akgiray (1989) and Figlewski (1997) finds that GARCH (1, 1) is superior for forecasting 

volatility for short time horizons, Tse & Tung (1992) and Walsh & Tsou (1998) finds the 

historical approach, and especially the Exponentially Weighted Moving Average model 

(EWMA) , superior to GARCH(1,1). It is therefore not obvious what model to apply in our 

case. However, while GARCH models achieve a high degree of explanatory power in shorter 

time periods, such as through applying the GARCH (1,1) on weekly or daily data, it will tend 

to equalize the historical average for long time horizons, which is the case here (Figlewski, 

1997). Furthermore, historical mean should be preferable to other historical moving average 

models, such as EWMA, when dealing with long time horizons, since the previous year 

intuitively should not be weighted more than the one prior when dealing with an e.g. 20 year 
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time horizon. Our focus is also on forwards, in which we have no forward looking data and 

thus we will thus apply the historical mean approach when estimating future volatility. In 

chapter 7 one can see how our results will vary with changes in the volatility, in order to 

evaluate the impact of this assumption.  

To derive the historical mean approach for our purpose, one must derive an optimal portfolio 

of forward contracts as the replicated portfolio. Earlier we explained how the Samuelson 

effect will increase the volatility towards maturity, and it is therefore important to only 

include forward contracts where we have volatility data for the whole lifetime of the contract. 

The Samuelson effect can be illustrated by comparing the annualized standard deviation the 

first, second and third year of trading. As one sees from figure 23, it is clear that the volatility 

will vary throughout the trading period, often with a substantial increase in volatility towards 

maturity.  

Figure 23 Annualized Standard Deviation by years 

 

Due to the Samuelson effect that is evident in figure 23, one should include only complete 

series of prices for a forward, meaning only forwards that are expired since we then have all 

necessary data available.  

Furthermore, whilst seasonality may be crucial to the convenience yield, the fact that the 

yearly forward contracts involve delivery throughout the year means that seasonality should 

be embedded in the prices. Even though the annualized implied volatility will be somewhat 

lower with yearly forwards, the convenience yield will incorporate this in the analysis, and 

with such long time periods as here, the annual forwards should prove the best estimate of 

volatility in the next 20 year period.  
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Our portfolio of choice will thus contain the most recent forward contracts which have full 

datasets available. Figure 24 shows the annualized volatility for a portfolio of annual forward 

contracts, namely the forward contracts FWYR-03 to FWYR-05, and ENOYR-06 to ENOYR-

09, as introduced in chapter 2.  

Figure 24: Portfolio of Forward Contracts Included and Years of Trading 

  

If one applies the historical mean approach to the data illustrated in figure 24, one get the 

results as shown under.    

 

(Nord Pool Data Power Services, 2010) 

The portfolio shows an average annualized standard deviation of 0,1992 or 0,2, which we will 

apply in our estimation.  
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5.2 Expected Risk-Free Interest Rate 

To find the expected risk free rate, we use Norwegian 10 year government bonds, since 10 

years is the longest available forecast and government bonds are considered close to risk free.  

By finding the average monthly price of the bonds from the last 10 years, more precisely from 

January 2000 until December 2009, and then estimating the average of those we find an 

estimate for long term interest rate of 4.93%, which we will round off to 4.90% (Norges 

Bank, 2010).  

If one choose a longer time period than 10 years, say for instance the 20 years between 

Jaunary 1990 to December 2009, the estimate will be substantially higher, more precisely 

6.24% (Norges Bank, 2010). But this high level can largely be contributed to the fact that the 

period until the mid 90’ts were dominated by a high inflation, much due to the fact that the 

central banks were in the process of shifting towards inflation- targeted interest control 

(Norges Bank, 2010). Thus, this period will not be representative moving forwards. On the 

other hand, if one choose a lower time interval, for instance 5 years, one find that the expected 

price of the bond decreases, although relatively less than the increase with a 20 years’ time 

interval,  to 4.21% (Norges Bank, 2010).  However, the shorter the time period, the more 

relative influence of specific up’s and down’s, like the financial crisis the last years. Crisis 

will lower the interest rate level, and thus the price of government bonds. We therefore choose 

10 year data for the 10 year Norwegian government bonds, which will exclude the effects of 

the rapid inflation that were present when there were no inflation targets from the central bank 

and not put an un-proportional weight on the last two years unique financial climate.  

5.3  Convenience Yield 

Contemplating on section 4 a real option and a financial option is dependent on a dividend 

like payment for the pre-maturity exercise to have value. Our investment decision is thus 

dependent on the convenience to be positive. Michael Brennan sums up the intuition of 

convenience yield “The accrual of income to the owner of physical inventory and not the 

holder of a contract for future delivery". 

δ  =Benefit of direct access – Cost of carry 

Convenience yields thus convey the expected future movement of the spot price of a 

commodity, by being large when the current access to the commodity is low and the 

variability of the future price movements is high. 
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The market of electricity is still regarded to be young and as we will see from recent studies 

does not show consistent features. Botterud et. al (2009) divides this horizon into two parts, 

where the first part is from the liberalization to 2002 and also note that the increase in 

financial market participants due to the introduction of European Emission Trading Scheme 

(2005) changed the markets notably
6
. Many papers address the general pricing of electricity 

futures. A paper that sums up the different models and highlights their differences is Buhler & 

Merbach (2007), which separate them into three classes:  

1. econometric models  

2. reduced form  

3. equilibrium  

Amongst these three we have Bessembinder & Lemmon (2002) which develop an equilibrium 

model, Flemming & Lemming (2003) which develop an econometric model and at last Lucia 

& Schwartz (2002) which develop a reduced form model. The reduced form models build a 

bridge between the econometric and the equilibrium models.  These models don’t explicitly 

comment on the size of the convenience yield, but can be useful to the interested readers for a 

more in depth approach to futures contracts pricing.  

The immature nature of the market for electricity makes it difficult to give a definite answer 

to the size of the convenience yield and the recent academic papers disagree on both the sign 

and its size. Furthermore, due to electricity’s special features we will start off with a general 

description on what the convenience yield is to a general commodity rather and subsequently 

highlight electricity`s differences and its consequences.  

For general commodities the pricing of futures, storage costs and convenience yields takes us 

back to the seminal papers of Kaldor (1938) & Working (1948). Our introduction to futures 

pricing and a general approach to estimating a convenience yield rests on Hull (2006) and 

Pindyck (2001). The convenience yield stems from the utility derived from storing a 

commodity up to the time of consumption rather than holding a futures contract for 

consumption. This choice is dependent on the costs of storing the commodity and the 

spot/cash price of the commodity. Since the cost of storage for a storable commodity isn’t 

directly observable we must infer it from the difference between the futures price and the spot 

price. This connection can found from the futures pricing as follows:  

                                                 
6
 For a more detailed discussion on daily and weekly pricing patterns interested readers are can look to Lucia & 

Schwartz (2002). 



 

The  denotes the futures price to time T, 

denotes the level of interest rates, 

backwardation, when the net convenience yield is positive and makes the futures price larger 

than the spot price. A different scenario is when the spot price is larger than the futures price 

and the net convenience yield is negative. Botterud et. al (2009) makes the following 

reformulation the futures pricing formula to measure the net convenience yield: 

When estimating convenience yield for commodities we should choo

order to uncover any seasonal patterns of the commodity under estimation. In the context of 

convenience yield estimation the spot price of a commodity can be hard to obtain and as a 

substitute one can utilize two forward contracts

An alternative way to estimate the spot price suggested by Pindyck (2001) is as follows: 

Pt denotes the endogenously inferred spot price, F1 and F2 specifies the prices of two forward 

contracts with the two forward contracts are chosen to be the closest to the current date of 

time.  

Up and until now we have considered that the convenience yiel

estimated perfectly. For electricity the estimation described is violated by its inherent features. 

Commodities such as Oil and Gas have can be stored. Electricity however lacks the ability to 

be stored in direct manner. Tracing bac

electricity cannot be kept as other energy counterparts. Academic papers differ in their 

interpretations of this assumption and on how strictly its repercussions for estimation should 

be.  

Papers such as the previously mentioned Bessembinder & Lemmon (2002) note that cost of 

carry relationships cannot be applied to electricity. Other approaches to valuation such as 

Kjærland (2007) and Botterud et. al (2009) to the estimation of risk premium and convenience 

yields claim that water reservoirs and financial contracts makes electricity storable in an 

indirect way. Kjærland (2007) thus estimate the convenience yield by utilizing the discrete 

compounding estimation of Pindyck (2001) and applies it to both yearly and 
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order to uncover any seasonal patterns of the commodity under estimation. In the context of 

convenience yield estimation the spot price of a commodity can be hard to obtain and as a 

substitute one can utilize two forward contracts in order to derive an appropriate spot quote.  
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Pt denotes the endogenously inferred spot price, F1 and F2 specifies the prices of two forward 

contracts with the two forward contracts are chosen to be the closest to the current date of 

Up and until now we have considered that the convenience yield of a commodity can be 

estimated perfectly. For electricity the estimation described is violated by its inherent features. 

Commodities such as Oil and Gas have can be stored. Electricity however lacks the ability to 

be stored in direct manner. Tracing back to chapter two, we recall that once generated 

electricity cannot be kept as other energy counterparts. Academic papers differ in their 

interpretations of this assumption and on how strictly its repercussions for estimation should 

previously mentioned Bessembinder & Lemmon (2002) note that cost of 

carry relationships cannot be applied to electricity. Other approaches to valuation such as 

Kjærland (2007) and Botterud et. al (2009) to the estimation of risk premium and convenience 

lds claim that water reservoirs and financial contracts makes electricity storable in an 

indirect way. Kjærland (2007) thus estimate the convenience yield by utilizing the discrete 

compounding estimation of Pindyck (2001) and applies it to both yearly and 
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carry relationships cannot be applied to electricity. Other approaches to valuation such as 

Kjærland (2007) and Botterud et. al (2009) to the estimation of risk premium and convenience 

lds claim that water reservoirs and financial contracts makes electricity storable in an 

indirect way. Kjærland (2007) thus estimate the convenience yield by utilizing the discrete 

compounding estimation of Pindyck (2001) and applies it to both yearly and quarterly 
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contracts on Nordpool. Kjærland finds a weighted average convenience yield of 2.5%. This 

finding is however contested in Botterud et. al (2009), which estimate the net convenience 

yield based on weekly futures contracts also at Nordpool and find that the average  net 

convenience yield tend to be negative for all weekly contracts estimated. Botterud however 

notes that the econometric tests that were ran on both the risk premiums and the convenience 

yields show only a limited explanatory power and coherently comments that there is too much 

variability in the data. A different valuation provided by Fletten et. al (2008) show that the 

convenience yield or in their own language “contribution margin” estimated from an annual 

perspective from 2005-2011 shows a convenience yield of 0,69%. The result from these three 

surveys provides us with the belief of that the lack of maturity in the historical data makes a 

precise estimate for the convenience yield difficult to obtain. However, we want to highlight 

that the existence of a negative convenience yield will provide a negative investment value 

and is thus not a very reasonable result and we will therefore proceed with a slight positive 

estimate in the same size category as the most recent literature and estimate our convenience 

yield to be 0.5%. In the sensitivity analysis we will provide a more in depth view on how 

changes in the convenience yield affects both the investment policy with regards to trigger 

price and value.  

5.5 Investment Cost 

As mentioned in chapter two, NVE stipulates that there is 18 TWh potential for small 

hydropower investments in Norway. These 18 TWh only include the power plants that are 

commercially interesting, meaning with an investment cost > 3 NOK/ KW. The commercial 

average cost is calculated on the basis of NVE’s standards for social economic costs, with an 

expected lifetime of 40 years and a discount rate of 8%, so that what is considered 

commercial can vary with what standards the individual developers set (The Norwegian 

Water Resources and Energy Directorate, Report 19, 2004). We will, however, apply the 

commercial potential estimated by NVE and hence use 3 NOK/ KW as our investment cost. 

5.6 Marginal Cost  

The marginal cost of a small hydro power plant incorporates the standard of the power plant 

as well as the day-to-day costs of producing electricity from the plant. These are generally 

very small and coherently close to zero. NVE (2002), asserts these costs to be approximately 

1% of investment cost, or 0,03 NOK. Another approach that could be utilized would be to 

model the margin (p-c) on electricity using a Geometric Brownian Motion. This approach 

implicitly assumes that the margin will never turn negative. Using such an approach severely 
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complicates our thesis and the numbers supplied by NVE will be applied. However, interested 

readers can look to Bøckman (2006) for a deeper introduction to this approach.   

 

5.7 Summary of Input Variables 

Chapter 5 has provided our estimation on the input variables necessary to derive the optimal 

investment strategy for hydropower plants in Norway. By applying the historical mean 

method, we estimated an average annualized volatility of about 20%. Next, we derived our 

estimate of the risk-free rate, which was derive on the basis of Norwegian 10 year bonds, and 

we found that the average price was about 4,90 %. Third, we discussed the complexity of 

convenience yield and how various literatures have achieved various results through several 

methods, and estimated our convenience yield to be slight positive at 0,5%. The investment 

cost was derived on the basis of NVE reports, and estimated to be 3 NOK/ KWh, whilst NVE 

estimates the average marginal costs to be 1% of investment cost, or 0,03 NOK/ kWh. The 

results are summarized under.  

 

While these numbers are our best estimate, we have also illustrated how alternative methods 

can end up in different input variables and hence different investment strategies. It is therefore 

necessary to stress the effects of changes in the input variables, which will be covered in 

depth in chapter 7.  
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Chapter 6  Solving the model 
In earlier chapter we have explained how one can construct a framework for investments by 

using real option valuation, and chapter 6 will derive the optimal trigger value for investments 

by using the framework from chapter 4 and the input variables from chapter 5.   

By applying the input variables in the Dixit and Pyndick framework under, we find the value 

of an investment opportunity in øre (0,01 NOK) per kWh.   
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Figure 25 shows the value of an investment opportunity in øre (0,01 NOK) per kWh, and 

illustrates the potential high value this option can have. At a current price level of about 0,32 

NOK, the value of the option will be about 63, 39 NOK. 

Figure 25 Value of option in øre (0,01 NOK) for various prices  

 

As for the optimal timing of the investment, manifested through the optimal trigger price for 

an investment, one must apply formula 21, introduced in part 4.  
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When applying our input variables from chapter 5 on formula 21, we get an optimal trigger 

price of 25,47 øre per kWh.  
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Chapter 7 Sensitivity analysis 
In this section we will alter the parameters of our base case estimation from chapter 6 and 

analyze the subsequent changes of the investment value as well as the investment trigger 

price. All changes made to the parameters are done in a ceteris paribus (i.e all else equal) 

manner. This assumption is in line with Pindyck & Dixit (1994), which show that the change 

of a variable, such as the interest rate, might have an implicit impact upon the convenience 

yield through the expected change of the underlying asset. A consequence for such a careless 

interpretation is that the results provided will lack realism. One must therefore be careful 

when intuitively explaining the sensitivity of the input variables, since they often times are 

interconnected.  

We will now discuss each parameter and the effect a change in the input variable will have on 

both the trigger price and project value, everything else kept constant, starting with volatility.  

7.1 Impact of changes in Volatility 

As one can see from the real options theory covered in chapter 3, uncertainty is crucial for the 

real options value. If one already had certain information of the future state, the option to 

initiate an investment at a future state will not be worth anything. This means that, for a 

volatility of 0, the results in the table below would have been in line with the DCF approach. 

But as we have seen from chapter 2, the market for power in Norway has many sources of 

uncertainty attached to it; both from demand, supply and transmission, and the real option will 

thus have a value and marginally increase the total value of the investment.  

However, we see that the trigger price will increase significantly with more uncertainty, 

which is also intuitive since investors will demand a higher price to initiate an irreversible 

investment in a more uncertain environment due to the high level of alternative costs.  

These results are in line with other results from literature, such as Dixit and Pinduck 1994 and 

Kjærland 2007.   
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Effects of changes in volatility 

 

7.2 Impact of changes in Risk-Free Rate 

Interest rate is according to theory ambiguous in its effect on the value of the real option. On 

the one hand, an increased interest rate will increase the time value of deferral of the 

investment, and thus increase the real options value directly. But on the other hand, an 

increased interest rate will also reduce the value of the future cash flows, and thus reduce the 

value of the real option indirectly. This ambiguity makes the total effect on the value of the 

real option hard to predict.  

As the next table illustrates, an increased interest rate will increase the value of our project. 

The changes in the table below are in line with both Pindyck & Dixit (1994), as well as 

Kjærland (2007).  

The trigger price will also increase with an increase in the interest rate, since a higher interest 

rate will increase the opportunity cost of investing now. This result is also in line with 

Pindyck & Dixit (1994) and Kjærland (2007).  
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Effects of changes in the risk free rate 

 

7.3 Impact of changes in Convenience Yield 

The value of the investment is highly sensitive to changes in the convenience yield. Increased 

convenience yield increases the value of currently owning the underlying asset rather than 

holding an option to invest. This can be perceived intuitively by contemplating on the 

interpretation of convenience yield being an intermediate income for the holder of the asset 

and not to the holder of the option. A change in convenience yield is by far the most sensitive 

parameter and as shown in the table an increase of 0.1% will decrease value by 20%. This 

result is in line with Kjærland (2007) and Dixit & Pindyck (1994), although the latter 

experience a slightly less decrease in project value with marginal increases in the convenience 

yield input parameter.  

Furthermore, one sees from the table below that the trigger price will increase slightly with a 

marginal increase in the convenience yield.  
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Effects of changes in the convenience yield  

 

 

7.4 Impact of changes in Investment Costs 

The project value is not affected by changes in the investment price, which is intuitive since 

the investment value will not change the expected future cash flow, but rather the investment 

today.  

Following this reasoning we see that the timing option on when to invest is sensitive to 

changes in the investment parameter. An increased investment cost will increase the trigger 

price, since the investment becomes less lucrative and will demand higher future cash flows to 

compensate for this increased investment cost. These results are inline with Dixit & Pindyck 

1994 and Kjærland 2007.  

 

 

 

 

 

 

 

 



70 

 

Effects of changes in the investment cost 

 

7.5 Impact of changes in Marginal Cost 

An increase in the level of marginal cost should decrease the value of future cash flows and 

thus the project value, and at the same time increase the trigger price since the investor will be 

less likely to invest in a project with higher costs and decreased cash flows. The results 

beneath are inline with theory, and a marginal increase will lead to a lower expected value of 

the project, but this effect will be limited due to the low marginal cost level within the power 

generation industry.  

Furthermore, this increase in marginal cost will decrease the willingness to pay for the 

investor, and thus increase the trigger price. These results are inline with Dixit & Pindyck 

1994 and Kjærland 2007.  
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Effects of changes in the marginal cost 

 

7.6 Summary  

Changes in the input parameter will change the project value and the optimal trigger price in 

various ways. Our analysis showed that the project value is most sensitive to changes in the 

convenience yield, whilst the optimal trigger price change with increases in volatility and 

investment cost. Furthermore, we saw that our results are in line with theoretical approaches 

and also with the existing key literature on the subject, such as Dixit &  Pindyck 1994.  

Our analysis shows that volatility or interest rate will increase the value of the project and also 

the trigger price, due to a higher alternative cost of irreversible projects. Furthermore, an 

increase in the convenience yield will significantly decrease the value of the investment, of 

the asset will increase his profits, and it will also. Finally, we explained how the investment 

cost only affects the trigger price and that the marginal cost will decrease the investment value 

and increase the trigger price, however less significant due to the low level of marginal cost in 

the industry.  
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Chapter 8 Summary  
In most valuations the neo-classical Net Present Value (NPV) is utilized to determine whether 

to invest or not. In this paper it has been found that this criteria might not lead to the optimal 

investment decision because of the flexibility present in the investment decision. This paper 

has addressed the valuation and the investment policy in the Norwegian hydropower sector by 

applying Real Option Analysis. Real Option Analysis was initially introduced in an article by 

Stewart Myers and has in recent years developed into a large area of investment valuation. 

This paper focus on a more recent approach initially made by Mcdonald & Siegel (1985) and 

later elaborated on in a book by Pindyck & Dixit (1994). The technique applied in this paper 

has been dynamic programming and contingent claims analysis. Upon comparing both 

frameworks it has been shown that when analyzing real options the contingent claims analysis 

should be applied.  

Both the choice of sector as well as geographical domain has been carefully selected in order 

to provide the reader with the most realistic and intuitive example available. Recently the 

market for electricity has been liberalized in countries such as Germany and Norway. This 

liberalization has created independent marketplaces for power, such as Nordpool in Norway. 

Exhibited under section 2 Norway possesses a large Hydropower resource and will coherently 

serve as an excellent area to make valuations of such projects. Hydropower generation 

demands large initial investments, but variable costs are very low. However, the price 

uncertainty displayed on the independent marketplaces is huge. Thus, investment decisions 

made under the Npv criteria might be flawed and lead to unfavorable outcomes. 

Contemplating on the recent financial crisis and its repercussions the need for sound 

investment policies is larger than ever.    

For the Norwegian case we have found that the base case scenario shows an unambiguous 

profitable investment where the optimal investment timing will be at a trigger price of 0,25 

NOK/kwh and that such an investment opportunity will yield 49,38 NOK per kWh capacity 

installed. Furthermore, looking at the current price level of electricity at around 0,32 NOK/ 

kWh the investment opportunity will yield a payoff of 63, 38 NOK per kWh of installed 

capacity. This result provides several parts of today’s society with important knowledge in 

how to increase economic efficiency. Investors are given an advice on when to invest, 

including the ability to create future scenarios in order to secure their views on the future. 

Governments are provided with the knowledge on how the investors should optimally act 

given the level of uncertainty when taking account of the flexibility to invest. In a liquidity 
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scarce environment where both governments and investors are struggling to keep up 

economic activity such valuation techniques can help governments employ the correct amount 

of subsidies and help the investors making the right decisions without facing negative 

macroeconomic side effects.  
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