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Executive summary 

This thesis studies the opportunities arising from algorithmic trading that is gradually 

becoming available to private investors. For this purpose three portfolio selection models are 

crossed with three rebalancing strategies. The result is eight individual algorithms that build 

partly on observed practical application and partly on theoretical portfolio optimisation. 

 The first category of algorithms is non-rebalancing and features a naïve portfolio and a 

Markowitz portfolio. The second category is fixed period rebalancing algorithms featuring a 

naïve, a Markowitz and a Gârleanu-Pedersen portfolio model. The third category, are the 

same three portfolio models with dynamic rebalancing, conditional on increased expected 

utility. These eight combinations are formulated in matrix algebra for algorithmic application.  

Subject to transaction costs and predicted returns, the eight algorithms are run in a 

back-testing simulation. The simulation is run on daily price observation from a portfolio of 58 

stocks from the S&P500 index and the U.S. 10 year treasury yield from 1994-2014. In addition, 

historical price data from 1980-1994 is applied in ARIMA models for long term and short term 

price forecasting.   

Four quantitative result measures are drawn from the simulation to be used in a 

comparative evaluation of the eight algorithms. It is found that automatically rebalanced 

portfolios can yield a superior utility and that the dynamic algorithms are significantly 

outperforming other algorithms on transaction costs. It is also shown that the Markowitz 

portfolio and especially the Gârleanu-Pedersen model are significantly more prone estimation 

errors from poor return predictability. 

 

KEYWORDS: Dynamic asset allocation, algorithmic trading, Portfolio Rebalancing, Mean-variance 

optimization, Negative exponential utility, ARIMA  
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Chapter 1 - Introduction 

In the Financial Times James Angel of Georgetown University commented “There’s an old 

bumper sticker that says, ‘to err is human, to really foul up requires a computer” (FT, 2012, 

p.3). This was his response to yet another high frequency trading algorithm, which had sent 

the American stock markets into a complete turmoil. Despite repeated incidents of flash 

crashes in the financial markets caused by algorithmic trading, this relatively new trading 

method is becoming more common. Since its origin, algorithmic trading has been exclusively 

for large investment institutions, who fight for low latency and smart order routing. However, 

brokers are now building platforms for private as well as small investors to take part in the 

universe of algorithmic trading (Forbes, 2013). Today, companies such as Quantopian and 

Straticator are designing coding languages for the less advanced programmer to build private 

trading algorithms – this process is illustrated in figure 1.a below. In addition, these companies 

provide a platform for back-testing the algorithms in order to see how the algorithm would 

have performed historically. This thesis seeks to explore automation of trading for the private 

and small investor. 

The study will take off where the Nobel Prize winning article by Harry Markowitz (1952) 

ended: “In this paper we have considered the second stage in the process of selecting a 

portfolio. This stage starts with the relevant beliefs about the securities involved and ends with 

the selection of a portfolio.” (Markowitz, 1952, p 91). The third stage in this study deals with 

portfolio maintenance when asset allocation models are brought into a multi staged universe. 

In other words, after going through the first stage of picking assets and secondly selecting a 

Figure 1.a – Algorithmic trading service by Straticator.com (www.straticator.com/algo-trading, 2014) 
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portfolio strategy, the investor will be concerned with keeping the portfolio in line with the 

strategy.  

1.1 Problem Statement 

Applying algorithmic trading in portfolio management is challenged by empirical findings 

condemning active trading. As an example, Barber and Oden (2000) find that U.S. households 

who turn over 75% of their portfolio annually underperform by 3.7% relative to the market 

index. Thus, before private investors embark on the new era in financial trading it is relevant 

to pose the question: 

How can current asset allocation practices benefit  

from automated rebalancing through algorithmic trading? 

The answer to this research question lays in the characteristics of the individual investor 

and the application and can therefore be somewhat ambiguous. Thus, the answer shall be 

sought by predefining stock pickings, asset allocation model, risk aversion, time horizon etc. 

to isolate the effect from various rebalancing strategies.  

Optimization problems can always be discussed verbally and logical reasoning can be used to 

reach some solution for the optimization problem. The challenge however, is to formulate the 

optimization problem in a way that allows a computer scientist to write a program that can 

solve the problem given some formal descriptions and conditions. 

This study is far from the first to study rebalancing strategies. Most recently Sujit Das, 

Dimitri Kaznachey and Mukul Goyal (2014) have proposed a framework for the optimal fixed 

rebalancing frequency. David Smith and William Desormeau (2006) make a similar study and 

Carsten Sørensen and Anders Trolle (2010) have proposed dynamic portfolio management, 

allowing continually optimizing portfolio weights. However, this study will be distant to these 

papers through the focus on algorithmic application.  
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1.2 Thesis Structure 

Chapter two will bring a thorough introduction to literature on asset allocation and return 

prediction models. Chapter three will explain the general methodology applied throughout the 

study. Building on the described theory in chapter two, the fourth chapter adjusts three 

portfolio selection models to matrix algebra for algorithmic application. Thus, from chapter 

four, eight discrete time models with rebalancing applications are proposed in algorithmic 

form. These algorithms are then back-tested on the collected vast stock price observations 

from 1980 to 2014. Chapter five will both illustrate and describe the findings of each algorithm 

and make a summary table of quantitative performance measures. Following chapter six 

provides a discussion about the impacts of limitations and assumption and also the 

applicability of the findings and model extensions. Chapter seven will conclude on the study 

and list the most relevant findings and challenges. 
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Chapter 2 - Literature Review 

This section gives a thorough outline of the literature and theory behind the models and the 

empirical study in sections four and five.  

The term modern portfolio theory (MPT) is commonly used in the academic literature but the 

definition of MPT seems to be arbitrary. The mean-variance framework by Harry Markowitz 

(Markowitz, 1952) is the corner stone of MPT although it dates back more than 60 years. In 

addition, money managers heavily rely on utility functions and time value, concepts that 

Nicolaus Bernoulli originally discussed back in 1713 (Stigler, 1950). This is not to argue that 

the word “modern” is inappropriate, but to point out that MPT has its roots way back in 

history. There are numerous recent additions to MPT, so the articles presented in this review 

are those that are necessary for this thesis. 

The literature review is structured in two main sections. First, the literature review will focus 

on asset allocation theory including utility theory, single period models and multi period 

portfolio selection models. Secondly, section 2.2 will introduce theory on return predictability, 

mainly focusing on theory building on statistical construction. A section on algorithmic trading 

in the private sector would also have been interesting, but this seems to be a topic that is still 

to be written.  

2.1 Asset Allocation 

Asset allocation is the discipline of optimizing investment strategies. The literature on asset 

allocation includes a wide range of topics within asset management. These topics include the 

investor’s preferences and utility models, asset class selection, security picking, portfolio 

optimization and a long range of portfolio choice models. This section will omit asset class 

selection and security picking because these topics are outside the scope of this thesis. 

However, the portfolio selection models are thoroughly reviewed as these are the bricks from 

which trading algorithms must be built. 
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2.1.1 Risk Aversion and Utility Functions  

In 1713 Nicolaus Bernoulli proposed a solution in probability theory by taking into account 

the diminishing marginal utility of money. He made it obvious that individuals show aversion 

towards taking risks, and that the structures of the economic world are affected by risk 

aversion. Much later in 1892, Irving Fisher and Vilfredo Pareto individually but 

simultaneously examined the measurability of the utility function in relation to demand theory 

(Stigler, 1950). Their conceptualizations and practical examples within utility theory and 

demand theory led the way for numerous economists to propose and criticize theories on the 

realities of consumption behaviour, indifference curves, substitution and complementation.  

However, Fisher and Pareto worked with very specific examples and qualitative evaluations, 

which made it hard to apply. In 1964, John Pratt authored an article concerning utility 

functions for money and in 1971 Kenneth Arrow picked up on this article and wrote an essay 

presenting approaches that returned quantitative results. This changed the way portfolios and 

investors could be evaluated. Arrow defines a risker averter as:  

“One who, starting from a position of certainty, is unwilling to take a bet which is actuarially fair 

(a fortiori, he is unwilling to take a bet which is actuarially unfair to him” (Arrow, 1971, p.90) 

Based on Bernoulli’s utility hypothesis, Arrow (1971) defines an individual’s utility function 

U(W) as a differentiable function of wealth W. It is assumed that wealth is desirable, thus the 

first derivative of the utility function – the marginal utility of wealth – is always positive  

i.e. 𝑈′(𝑊) > 0. This assumption is not always true, as Pratt (1964) identifies one example 

where the opposite applies in relation to local risk aversion (risk aversion in the small)1.  

Three investors can be defined from the marginal utility of wealth, as wealth (W) increases: 

(a) Risk averter:  𝑈′(𝑊) is strictly decreasing  𝑈′′(𝑊) < 0 

(b) Risk taker:  𝑈′(𝑊) is strictly increasing  𝑈′′(𝑊) > 0 

(c) Risk neutral:  𝑈′(𝑊) is constant   𝑈′′(𝑊) = 0 

Thus, the common risk averter will have a utility function with the properties 𝑈′(𝑊) > 0 and 

𝑈′′(𝑊) < 0 illustrated as a concave function. It is the curvature of this function that allows 

                                           
1 “(...) a decision maker's local risk aversion [U(W)] is a decreasing function of [W] if and only if, for every risk, his cash 

equivalent is larger the larger his assets, and his risk premium and what he would be willing to pay for insurance are smaller.” 

(Pratt, 1964, p.122) 
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ranking of the investors’ risk preferences, however as Arrow (1971) points out in his essay, 

there is one severe formal defect. Since it is said that the marginal utility of wealth is always 

positive, it is actually the second derivative - the rate of change of marginal utility – which has 

behavioural significance. Thus, a positive linear transformation of the utility function may not 

change the ranking of risk preference. The Arrow-Pratt risk measure: 

𝑈′′(𝑊)

𝑈′(𝑊)
 

Eq. 2.1.1.a         (Arrow, 1971) 

overcomes the problem, as any utility function should be able to go through a linear 

transformation without changing this ratio. Arrow (1971) and Pratt (1964) present two types 

of measures that are economically intuitive: 

Absolute risk aversion   𝑅𝐴(𝑌) =  −𝑈
′′(𝑊) 𝑈′(𝑊)⁄    and 

Relative risk aversion    𝑅𝑅(𝑌) =  −𝑌𝑈
′′(𝑊) 𝑈′(𝑊)⁄  

Eq. 2.1.1.b         (Arrow, 1971) 

Notice that a linear transformation of both measures should leave the ratios unchanged. The 

absolute risk aversion quantifies the risk aversion for an average of zero risk around W. While 

the relative risk aversion is indicating how much the investor is willing to pay to avoid risk 

around W. 

Not all utility function fulfils the Arrow-Pratt requirements, but they can still give a good 

explanation of the investor’s preferences. Three popular utility functions are presented below. 

Utility functions 

Any utility function must per definition possess increasing marginal utility at any interval. 

This has become a general problem for the otherwise popular quadratic utility function. A 

concave quadratic function, will possess the desired features of a utility function up until the 

global maximum (Pratt, 1964). Thus, in order to use a quadratic function for utility measure 

it must be subject to the following condition: 

𝑈(𝑊) = −𝛾𝑊2 + 𝑏𝑊 + 𝑐,    𝑓𝑜𝑟 𝑏 > 0 𝑎𝑛𝑑 𝛾 > 0 

s.t. 

𝑊 ≤ −(
𝑏

2𝛾
) 

Eq. 2.1.1.c         (Tobin, 1958) 
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The quadratic utility function is increasing both in absolute risk aversion and relative risk 

aversion and cannot go through a linear transformation without changing the risk preference. 

This implies an investor, whose preferences can be described by such function, will be 

increasingly risk adverse as wealth increase. 

Another popular function is the negative exponential utility function. This function will at any 

point of wealth yield a negative utility value. However, as the utility measure is relative, the 

utility level is irrelevant as long as the marginal utility is increasing. The function takes the 

following form: 

𝑈(𝑊) = −𝑒−𝛾𝑊,       𝑓𝑜𝑟 𝛾 > 0 

Eq. 2.1.1.d        (Norstad, 2011) 

Like the quadratic utility function, the negative exponential utility function cannot go through 

a linear transformation, but it is however invariant under any transformation of wealth 

(Norstad, 2011). This means that it has constant absolute risk aversion (CARA) and 

increasing relative risk aversion. Thus, the absolute amount invested is unchanged as wealth 

increases, and therefore the relative amount invested must be decreasing indicating increasing 

relative risk aversion.  

Finally, a third popular utility function, which actually meets the requirements of the Arrow-

Pratt measure, is the power utility function. It can be proven that the logarithmic utility 

function is a special case of the power utility (Norstad, 2011). The power utility function takes 

the following form: 

𝑈(𝑌) =

{
 

 
𝑌1−𝛾 − 1

1 − 𝛾

ln (𝑌)

     

  
𝑓𝑜𝑟 𝛾 ≠ 1

𝑓𝑜𝑟 𝛾 = 1

 

Eq. 2.1.1.e        (Norstad, 2011) 

This function is often referred to as the CRRA function because it has constant relative risk 

aversion, which implies that risk aversion will be the same at any level of wealth. Further the 

absolute risk aversion is decreasing, thus, the investor will be willing to invest more as her 

wealth increase.  
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Which utility function is best depends on the individual investor and William F. Sharpe (n.d.) 

states on his website: “The assumption of constant relative risk aversion seems much closer to 

the preferences of most investors than does that of constant absolute risk aversion. 

Nonetheless, it is by no means guaranteed to reflect every Investor's attitude. Some may wish 

to take on more risk (…) as their wealth increases. Others may wish to take on less. Many 

Analysts counsel a decrease in such risk as one ages. Some strategies are based on acceptance 

of more or less risk, based on economic conditions. And so on.” (Sharpe, n.d.).  

2.1.2 Asset Return 

The asset return is the relative change in the asset price over a specific period of time. So, let 

𝑃𝑡 define the price of an asset at time t which can take any positive value 𝑃𝑡 ∈ ℝ
+  ≡ [0;∞) 

where the time can be defined in any interval, i.e. seconds, minutes, hours, days, etc. The net 

return from time 𝑡1 to  𝑡2 can be calculated as 

𝑅𝑡 =
𝑃𝑡
𝑃𝑡−1

− 1 

Eq. 2.1.2.a       (Campbell et al., 1997) 

The return between any two periods can be calculated in this way and yields the arithmetic 

mean return. For computational convenience the logarithmic return is calculated as 

r𝑡 = ln (
𝑃𝑡
𝑃𝑡−1

) = ln(𝑅𝑡 + 1) 

Eq. 2.1.2.b       (Campbell et al., 1997) 

and yields the geometric mean also known as the continuously compounded return. The 

logarithmic return has some computational advantages as the sum of logarithmic factors 

equals the logarithm of a product (Sydsæter & Hammond, 2012). Thus, the compounded 

return for any period can be found by summing the logarithmic returns of the sub-periods. Let 

𝑟𝑇 be the multi-period continuously compounded return then 

𝑟𝑇 =∑𝑟𝑡

𝑇

𝑡=0

=∑ln(𝑃𝑡) − ln(𝑃𝑡−1)

𝑇

𝑡=𝑜

 

Eq. 2.1.2.c       (Campbell et al., 1997) 

There is one disadvantage of using the continuously compounded return. When assessing 

portfolio returns the weighted average of continuously compounded returns on assets in the 

portfolio does not equal the portfolio return. However, when returns are small the empirical 
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application of logarithmic returns is usually minor as it makes a close approximation of the 

true portfolio return. Thus, let 𝜇𝑝𝑡 be the portfolio return at time t and 𝛼𝑖𝑝 and 𝜇𝑖𝑝be the 

weight and logarithmic return of asset i respectively in the portfolio, for 𝑖 ∈ ℝ+  ≡ [1;𝑁] then 

𝜇𝑝𝑡 ≈∑𝛼𝑖𝑝 ∗ 𝜇𝑖𝑝

𝑁

𝑖=1

 

Eq. 2.1.2.d       (Campbell et al., 1997) 

In case the logarithmic return cannot be used due to high returns, the analyst must calculate 

the geometric return based on the algorithmic return equation 2.1.2.a. 

2.1.3 Single-period Portfolio Models 

A single period portfolio optimization model assumes that the portfolio will be unchanged 

throughout the entire investment horizon. The investment horizon can be any amount of time, 

from a nanosecond to years. Most often, the single period models will only be applied over 

short investment horizons, because factors that affect the investor’s preferences change over 

time. DeMiguel et al. (2009) studies 14 single-period portfolio optimization models in a 

comparative study across seven datasets, one of which is a simulated dataset. This subsection 

will introduce the theories behind two widely applied portfolio optimization models. The naïve 

portfolio is perhaps the simplest model that money managers can follow, however it is often 

used as a benchmark for other optimization models. The more advanced mean-variance 

portfolio optimization model demand detailed explanation because it is fundamental to modern 

portfolio theory.  

Naïve portfolio choice 

The naïve portfolio is any portfolio that allocates equal weights to all assets in the portfolio. It 

is also referred to as the 1/N portfolio, because the individual asset weight will be one out of N 

number of assets. DeMiguel et al. (2009) point out, that it is often used as a benchmark for 

other portfolio strategies and although it completely ignores risk-return profiles, covariance etc. 

it is seldom systematically outperformed by complex optimization models. The naïve portfolio 

is almost immune to estimation errors, which are more likely to occur in advanced models, 

“allocation mistakes” turns out smaller in the naïve portfolio than in the optimized portfolio. 

Furthermore, DeMiguel et al. (2009) suggest that the reason they get such favourable results 

for the naïve portfolio, is that they allocate wealth across diversified portfolios. A diversified 
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portfolio has lower idiosyncratic volatility than individual stocks, which reduces the “mistake” 

of neglecting the risk profile in the naïve portfolio.  

In an article from 2010, Three Chartered Financial Analysts (CFA) defend portfolio 

optimization from DeMiguel’s conclusions. They argue that some specific features, not 

mentioned in DeMiguel et al. (2009), can explain the superior performance of the naïve 

portfolio over the optimized models. One major issue, they claim, is that the optimization 

results are based on trailing returns as proxies for expected returns. “No thoughtful investor 

would blindly extrapolate historical means estimated over such short samples, especially if 

those returns were outright implausible” (Kritzman et al. 2010, pg. 2). They argue that the 

naïve portfolio (as an advantage over optimized portfolio model) will by construction: 

- avoid concentrated positions 

- at rebalancing, it will buy high and sell low 

- it will never underperform the worst performing asset 

- it will always invest in the best performing asset 

- it will capture the size alpha as it neglects the market capitalization.  

They find that optimization models are superior to the naïve portfolio,  and this relies on their 

methodology for finding expected returns, volatility and correlations. 

Mean-variance optimization 

Only 25 years old, Harry M. Markowitz 

wrote a 14 page article on portfolio 

selection in 1952, for which he received 

the Nobel Prize 38 years later. In the 

article, he rejects the hypothesis that the 

investor does (or should) select the 

portfolio with the highest discounted 

return. The hypothesis implies that a 

diversified portfolio would not be 

preferable to non-diversified portfolios and 

even if a diversified portfolio is selected, 

all variance cannot be diversified away. 

For optimal portfolio selection, Markowitz 

proposes the mean-variance framework 

Figure 2.1.3.a  - An illustration of a portfolio with two assets 

X1 and X2. A short sale restriction limits attainable 

combinations of X1 and X2 to lie within a,b and c. Efficient 

portfolios are where isomeans tangents isovariances until 

reaching ab, after which it follows the direction of increasing 

E. – Markowitz (1952). 
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which seeks to maximize the expected return while minimizing the variance through optimal 

asset allocation between individual securities in a portfolio. This mean-variance framework 

leads to superiority of the diversified portfolios in most cases and as Markowitz stresses, it is 

the “right kind” of diversification. It is not sufficient to hold a large amount of securities, they 

must come from dissimilar industries with different economic characteristics, so they have 

lower covariance (Markowitz, 1952). In 1952 Markowitz omitted his mathematical techniques 

and illustrated his framework geometrically with isomean lines and isovariance curves - see 

figure 2.1.3.a. Later in 1959 Markowitz published a book that includes the mathematical 

techniques behind the mean-variance optimization. He leaves out no detail and elaborates on 

the argument that a diversified portfolio should be preferred.  

Diversification 

If 𝑟1, 𝑟2, 𝑟3, … 𝑟𝑁are uncorrelated random variables each with the same expected mean (E) and 

variance (V), if s is the sum of these random variables and w is their average then 

𝑒𝑥𝑝𝑡(𝑠) = 𝑁 ∗ 𝐸,          𝑒𝑥𝑝𝑡(𝑤) = 𝐸, 

𝑣𝑎𝑟(𝑠) = 𝑁 ∗ 𝑉,            𝑣𝑎𝑟(𝑤) =
𝑉

𝑁
  

Eq. 2.1.3.a                (Markowitz, 1959) 

(see appendix A) 

As N increases the expected value of the average will be constant at E while the variance will 

move towards zero (Markowitz, 1959).  In this setting with uncorrelated random variables, 

diversification can practically eliminate risk, but real asset returns differs from the random 

variables. Firstly, security returns are uncertain events that do not follow a certain probability 

distribution. Secondly the expected return is not similar for all returns as indicated above, but 

the expected value of the average will still equal the average of the expected values (Ibid.).  

Thirdly, the variance will not be the same for all returns and there will be cases where the 

average variance will not go towards zero as N increases. In the rare case that is most likely 

seen in academia only, that the variance of added returns double or redouble from the 

previous return, the average variance will increase. However, even in the case where the 

variance of the second return is twice that of the first, and the third is three times the first etc. 

the average variance is reduced to 𝑣𝑎𝑟(𝑤) =
1

2
∗
(1+𝑁)

𝑁
∗ 𝑉1. Finally, returns are correlated but 

the diversification effects do not differ much from what have been seen so far. When returns 
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are correlated there will be co-variance between the returns which is 𝜎12 = 𝑉1 ∗ 𝑉2∗𝜌12 where 

𝜌12 is the correlation between 𝑟1and 𝑟2. Obviously,  𝜎12 will equal 𝜎21. Adding a return 𝑟3 gives 

𝑟1two distinct covariances 𝜎12 and 𝜎13, and 𝑟2 one distinct covariance 𝜎23. Thus, for N returns 

there will be (𝑁 − 1) + (𝑁 − 2) + (𝑁 − 3) +⋯+ (𝑁 − 𝑁) distinct covariances. Gauss addition 

technique reduces the addition to  
𝑁∗(1−𝑁)

2
 distinct covariances. Markowitz shows that the 

variance of the average return (w) is equal to the variance when returns are uncorrelated plus 

a factor 

𝑣𝑎𝑟(𝑤) =
𝑠𝑢𝑚 𝑜𝑓 𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒𝑠

𝑁2
+
(𝑁 − 1)

𝑁
∗ 𝑎𝑣𝑒𝑟𝑎𝑔𝑒 𝑐𝑜𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 

Eq. 2.1.3.b        (Markowitz, 1959) 

As seen earlier, the first factor will converge towards zero as N increases, but  
(𝑁−1)

𝑁
 will move 

towards 1, which will make the variance of the average return move towards the average 

covariance (Ibid). In this way Markowitz argues that an investor who seeks to minimize 

variance should favour a diversified portfolio.  

Mean-variance efficient portfolios 

To derive the optimal portfolio Markowitz uses the same approach to calculate the portfolio 

return as presented earlier by Campbell et al. (1997), except he adds matrix calculus: 

𝜇𝑝 =∑𝛼𝑖𝑝 ∗ �̂�𝑖𝑝         ⇔         �̂�𝑝 = 𝜶
𝑇�̂�

𝑁

𝑖=1

 

𝑠. 𝑡.       ∑𝛼𝑖𝑝

𝑁

𝑖=1

= 1     ⇔        𝜶𝑇𝟏 = 1 

Eq. 2.1.3.c     (Markowitz 1959 and Campbell et al., 1997) 

here �̂�𝑖𝑝 is the expected return of asset i and 𝛼𝑖𝑝 is the allotted relative asset weight in the 

portfolio of N assets. With matrix calculus, 𝜶𝑇 is the transposed column vector of asset 

weights and �̂� is the column vector of expected returns. 𝟏 is a column vector of ones with the 

same number of elements as 𝜶 and all weights must sum to one (Markowitz, 1959).  

The second part of the Markowitz framework is the variance. Once again it is important to 

stress that Markowitz rely heavily on the assumption that expected return and variance are 

the only concerns of the investor. In order to calculate the variance of the portfolio, Markowitz 



20                                                    CHAPTER 2: LITERATURE REVIEW 

sets up a covariance matrix (𝚺) which is an N by N matrix with covariance between all 

securities in the portfolio. As seen earlier, the covariance between asset i and j 𝜎𝑖𝑗 must equal 

𝜎𝑗𝑖, thus the matrix is symmetric. It is further assumed that the covariance matrix is not 

singular, i.e. ∀ 𝑖, 𝑗  𝜎𝑖𝑗 ≠ 0 and an inverse matrix must exist. The variance of the portfolio is 

then calculated as 

𝜎𝑝
2 =∑ ∑𝛼𝑖𝛼𝑗𝜎𝑖𝑗

𝑁

𝑗=1

𝑁

𝑖=1

       ⇔         𝜎𝑝
2 = 𝜶𝑇𝚺𝜶 

𝑠. 𝑡.       ∑𝛼𝑖𝑝

𝑁

𝑖=1

= 1     ⇔        𝜶𝑇𝟏 = 1 

Eq. 2.1.3.d        (Markowitz, 1959) 

In 1958, James Tobin had discussed the rationality behind holding cash rather than an interest 

bearing equivalent with regards to liquidity (Tobin, 1958). Indirectly he suggests that the 

portfolio selection is divided in two phases: first, the optimal fund allocation to individual 

securities in the portfolio and second, the optimal allocation of funds between an optimal 

portfolio and a risk-free asset.  The second phase is dependent on the investor’s tolerance 

towards risk which was reviewed in section 2.1.1. Although Tobin (1958) did refer to the 

forthcoming book by Markowitz in the article, Tobin’s study on the behaviour towards risk 

with regards to liquidity is not mentioned in Markowitz book. This most likely because Tobin 

proposes limitations to the mean-variance optimization that Markowitz rejects. In 1969, 

Robert C. Merton started writing about what he referred to as the “Tobin-Markowitz Mean-

Variance Analysis”, but in a continuous time model (Merton, 1969), which will be reviewed in 

the following section 2.1.4. However, in 1972 Merton made a great contribution to the 

applicability of the mean-variance portfolio selection model.  Until then, all quantitative 

derivations of the mean-variance optimized portfolio had been done with maximum three 

securities, which was also the case in Markowitz book from 1959. Alternatively, when more 

securities were added the methodological approach was of qualitative nature in terms of 

graphs2 (Merton, 1972). Since Markowitz’ original article in 1952, the mean-variance 

optimization has repeatedly been illustrated as a convex parabola in a mean-variance graph 

                                           
2 This is naturally explained by the lack of computer technology at the time. For example eq. 2.1.3.d showed how portfolio 

variance is calculated which includes calculating variances, correlations and covariances between all securities in the portfolio. 

Just three securities demand calculating three variances, three distinct correlations, three distinct covariances and then 

summing nine products of three factors. Thus, doing this by hand without help from computer technology can become a 

lengthy process.  



DYNAMIC ASSET ALLOCATION AND ALGORITHMIC TRADING 21 

 

 

and Merton (1972) proved this shape through 

his mathematical derivation of the optimized 

portfolio (Merton, 1972, pp. 1852-1854). 

As it was mentioned, Tobin (1958) showed 

two phases of the portfolio selection process. 

Merton (1972) begins by analysing the first 

part; the case of only risky assets. The edge of 

the parabola in the mean-variance space 

consists of optimal portfolios i.e. portfolios 

with the lowest feasible variance given their 

expected return. Thus, minimizing equation 2.1.3.d will yield the minimum variance portfolio 

(MVP), but it is a constrained minimization problem: 

min𝜎𝑝
2 = 𝜶𝑇Σ𝜶 

s.t. 

𝜇𝑝 = 𝜶
𝑇𝝁 

𝜶𝑇𝟏 = 1 

Eq. 2.1.3.e                    (Merton, 1972) 

This problem can be solved by applying the Lagrangian multiplier method and yields the 

column vector of assets weights for the minimum variance portfolio 

𝜶𝑀𝑉𝑃 =
Σ−1𝟏

𝟏𝑇Σ−1𝟏
 

Eq. 2.1.3.f                  (Merton, 1972 and Fischer 20123) 

From equation 2.1.3.f it can be seen that the MVP simply allocates the most funds to the 

asset which has the lowest sum of variance and covariance, thereby maximizing the 

diversification effect.  

Merton (1972) notes that it is more common to illustrate the set of efficient portfolios in a 

mean-standard deviation space, where the parabola from the mean-variance space becomes a 

hyperbola. The set of feasible portfolios that have the largest expected return for a given 

standard deviation starts at the MVP and moves upwards and outwards – see figure 2.1.3.b.  

                                           
3 In the curriculum for the course Asset Allocation at Copenhagen Business School, Marcel Fisher (2012) re-writes the 

derivations by Merton (1972) using matrices rather than ordinary mathematical algebra.  

Figure 2.1.3.b – The efficient frontier. E  ̅ marks the 

expected return on the MVP. E* and σ* are expected 

return and standard deviation, respectively, of the 

tangent portfolio. R is the risk-free rate. (Merton, 1972). 
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The second part includes choosing between a portfolio of risky assets and a risk-free asset. In 

1964, when William F. Sharpe wrote his original paper on the widely applied capital asset 

pricing model (CAPM), he based the model on Markowitz’ (1959) portfolio selection model 

and the discussion by Tobin (1958) to hold cash equivalents (Sharpe, 1964). He came up with 

the measure that today is referred to as the Sharpe Ratio4: 

 

𝑢𝑝 − 𝑟𝑓

𝜎𝑝
 

Eq. 2.1.3.g         (Sharpe, 1966) 

The maximization of equation 2.1.3.g yields what is most often referred to as the tangent 

portfolio, because it is a line from the risk-free rate that is tangent on the efficient frontier, as 

depicted in figure 2.1.3.b. The purpose is to find a portfolio of only risky assets that can be 

combined with a risk-free asset such that investors at any level of risk tolerance would be 

indifferent because they can shift between the risky portfolio and a risk-free asset. Thus, the 

investor’s mixed portfolio is given by: 

𝜇𝑚𝑝 = 𝛿 ∗ 𝑢𝑝 + (1 − 𝛿) ∗ 𝑟𝑓 

𝜎𝑚𝑝
2 = |𝛿|𝜎𝑝 

eq. 2.1.3.h             (Merton, 1972 and Fischer 2012) 

Where 𝜇𝑝
𝑚 and 𝜎𝑚𝑝

2  are return and variance respectively, of the mixed investment in the risky 

asset portfolio and the risk-free asset. The proportion invested in the risky asset portfolio 

relative to the total investment is represented by delta (𝛿). To derive the maximization 

problem equations 2.1.3.c and 2.1.3.d are substituted into equation 2.1.3.g 

arg max
𝜶

 
𝜶𝑇𝝁− 𝑟𝑓
(𝜶𝑇Σ𝜶)½

 

s.t. 

𝜇𝑝 = 𝜶
𝑇𝝁 

𝜶𝑇𝟏 = 1 

Eq. 2.1.3.i              (Fischer, 2012) 

                                           
4 It could be argued that the name should include credits to Arthur D. Roy who in 1952 suggested an almost equal ratio only 

including a “disaster”/critical return level rather than a risk-free return (Roy, 1952).  
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The reason that it is the argument of the maximum in contrast to equation 2.1.3.e, is that 

there are two tangent portfolios, however it is only the portfolio above the MVP in figure 

2.1.3.b that is interesting (equation 2.1.3.f), which is a singleton: 

𝜶𝑡𝑎𝑛 =
Σ−1(𝝁 − 𝑟𝑓𝟏)

𝟏𝑇Σ−1(𝝁 − 𝑟𝑓𝟏)
 

Eq. 2.1.3.j             (Merton, 1972 and Fischer 2012) 

The tangent portfolio is almost equal to the MVP except the nominator and denominator are 

multiplied by the real return, i.e. the return matrix less the risk-free rate.  

Mean-variance optimization assumptions and criticism 

As it was mentioned earlier, Markowitz did not mention Tobin’s highly relevant article from 

1958 in his book from 1959. In his article, Tobin writes: “Indifference curves between [μ]and 

[σ] do not necessarily exist. It is a simplification to assume that the investor chooses among 

the alternative probability distributions of [μp] available to him on the basis of only two 

parameters of those distributions. Even if this simplification is accepted, the mean and 

standard deviation may not be the pair of parameters that concern the investor.” (Tobin, 1958, 

p 74). He argues that only if the investor thinks the capital gain or loss can be approximated 

by a normal distribution will an indifference curve between mean and standard deviation be 

justified. Alternatively, if the investor does not restrict the probability distribution of the 

return, the indifference curves must derive from the investor’s utility function of the return. 

According to Tobin (1958) that utility function would be quadratic, and subject to the same 

limitations as the utility function presented in section 2.1.1. 

In 1968, Karl Borch tried to prove that in fact “no indifference curve exist in the [expected 

return – standard deviation]-plane” (Borch, 1968, p.21). However, Borch’s criticism is rapidly 

invalidated by Levy and Sarnat (1969) and Tobin (1969). Feldstein (1969) targets Tobin with 

accusations of generalising, although Tobin (1958) in fact was restricting the applicability of 

the mean-variance. Tobin (1969) comments that Feldstein (1969) is correct in his accusation, 

but discreetly contend that Feldstein (1969) is nit-picking. Further criticism is found in articles 

by Hakansson (1971), Samuelson (1967) and Samuelson (1970). 

In an effort to invalidate the criticism of the mean-variance optimization, Markowitz along with 

Yoram Kroll and Haim Levy empirically test the mean-variance versus direct utility 

optimization (Kroll et al., 1984). They apply four utility functions (none of which are 
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quadratic) to the mean-variance optimized portfolio, the direct utility optimized portfolio and a 

naïve portfolio.  Similar studies are done by Markowitz and Levy in 1979 (Markowitz and 

Levy, 1979), Lawrance Pulley in 1981 (Pulley, 1981) and again by Markowitz and co-authors in 

1991, 1994, 1996, 1997, 2003, 2010 and 2012. All papers conclude for any given utility function, 

the mean-variance optimization is a good approximation for direct utility optimization. There 

are clearly traces of grumpiness in Markowitz’ latest publication: “In light of repeated 

confirmation since then of the efficacy of [mean-variance] approximations to [expected utility], 

the persistence of the Great Confusion - that [mean-variance] analysis is applicable in practice 

only when return distributions are Gaussian or utility functions quadratic - is as if geography 

textbooks of 1550 still described the Earth as flat.” (Markowitz H. M., 2012, p.355) 

2.1.4 Multi-period Portfolio Models 

Multi-period portfolio optimization is an academic area that continuously receives attention by 

scholars who add to a large pool of multi-staged consumption theory. In a multiple time space, 

the investor need to consider how consumption at one point in time will affect future 

consumption and how past consumption is affecting current consumption. Therefore, academic 

research seeks to understand how labour income, transaction costs, housing wealth, wash sale 

constraints, tax timing opportunities, different tax treatment and portfolio rebalance etc. will 

affect the optimal portfolio choice. 

This thesis focuses on portfolio rebalancing, transaction costs and return predictability, so 

these issues will be treated with more detail than others. First, it will be shown that single 

period optimization models are relevant for the multi-period setting and further academic 

discussions on the effect of transaction costs will be followed by a review of the literature on 

rebalancing portfolios. 

The Samuelson-Merton result  

Simultaneously5 Merton (1969) and Samuelson (1969) find that given some simplifying 

assumptions, the dynamic multi-staged portfolio choice is equal to the single-staged choice. 

While Merton (1969) proves this in a continuous-time space, Samuelson (1969) proves it for a 

discrete time model. Merton’s (1969) model shows that an investor will hold the same 

proportion of risky assets in multiple successive periods as she will in a single period. And, in 

                                           
5
 Samuelson was Merton’s supervisor. 
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an infinite time horizon, the highly risk averting investor will consume more instantly, thereby 

investing less in equity, while the less risk averting investor will consume less to attain an 

expected higher yield. Thus, the investors’ portfolio choice will theoretically be unchanged 

through time. Samuelson (1969) takes vantage point from the same two investors: the highly 

risk averting ”widow” and the low risk averting ”businessman”. Theoretical arguments at the 

time, which later has been studied thoroughly, argue that the businessman is less risk averting 

than the widow because (1) he is wealthier, (2) he can look forward to a higher salary in the 

future, (3) he has time to recover from any present losses in the future and (4) his investments 

in many periods allow him to rely on the average (related to the previous point). However, 

Samuelson’s (1969) model shows that merely investing in multiple periods should not 

introduce extra tolerance for risk at any stages. It has later been shown by various authors 

(some of which will be mentioned below) that the simplifying assumptions are hardly met in 

reality, and relaxing these assumptions will invalidate their results. The assumptions for the 

Samuelson-Merton result include: 

a) Equal investment opportunity set at every point in time 

b) Investors only have initial wealth and financial income, i.e. no labour income or other 

non-financial income. 

c) Investors have CRRA utility functions, thus portfolio choice is independent from wealth 

d) Assets are infinitely divisible 

e) Asset return are serially independent 

f) No transaction costs 

g) No taxes 

The Samuelson-Merton model shows that in a multi-period optimization with rebalancing, the 

outcome is myopic. This implies that the investor will be pre-committed to follow the initially 

optimal portfolio. In other words, the rebalancing option is worthless. Although many scholars 

disagree with the Samuelson-Merton result, the same model is often used as template for 

building more complex models.  

In 2010, Suleyman Basak and Georgy Chabakauri took a swing at the dynamic mean-variance 

portfolio in an incomplete market6, and find no incentive to deviate from the mean-variance 

optimization. Basak and Chabakauri (2010) dissect the myopic solution found by Samuelson 

                                           
6 An incomplete market refers to markets in which the number of securities is less than the number of states e.g. time periods 

(Arrow, 1964).  
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(1969) and Merton (1969) by analysing the optimisation objective and the incentive to deviate 

separately. Their discrete time model optimises the expected utility of constant absolute risk 

aversion (CARA) utility function: 

𝛿𝑡
∗ =

𝜇𝑡 − 𝑟�̅�

𝛾𝜎𝑡
2

⏞    
𝑆ℎ𝑎𝑟𝑝𝑒 𝑟𝑎𝑡𝑖𝑜

∗ 𝑅−(𝑇−∆𝑡−𝑡) −
𝑐𝑜𝑣𝑡(∆𝑃𝑡 𝑃𝑡⁄ ; ∆𝑓𝑡)

𝜎𝑡
2∆𝑡

∗ 𝑅−(𝑇−∆𝑡−𝑡)      ,      𝑡

= {𝑡 = 0; ∆𝑡; 2∆𝑡; … ; 𝑇 − ∆𝑡} 

s.t. 

𝑓(𝑃𝑡; 𝑋𝑡; 𝑡) = 𝐸𝑡 [∑ 𝛿𝑠
∗(𝜇𝑠 − 𝑟�̅�)

𝑇−∆𝑡

𝑠=𝑡

𝑅−(𝑇−∆𝑡−𝑡)∆𝑡] 

𝑅 = (1 + 𝑟�̅�∆𝑡)
1
∆𝑡⁄  

Eq. 2.1.4.a       (Basak & Chabakauri, 2010) 

Since they model with only a risky and a riskless asset 𝛿𝑡
∗ denotes the optimal dollar investment 

in the risky asset given that the remaining wealth at time t is returning a time constant riskless 

rate 𝑟�̅�. The function f is for the total expected gains or losses from the risky asset and the 

investor’s risk aversion is expressed through a constant 𝛾. The first term resembles the Sharpe 

ratio from equation 2.1.3.g except the adjustment for the investors risk aversion. The Sharpe 

ratio is used in the Markowitz portfolio selection to find the tangent portfolio (equations 2.1.3.g 

and 2.1.3.i-j) which creates the myopic solution in the Samuelson-Merton model. This makes 

sense when looking at equation 2.1.4.a as the first term is equal to the single-period 

optimization. The second term is used to minimize the variance in the anticipated terminal 

wealth i.e. it creates a hedging demand. If the covariance of the immediate stock return and 

immediate change in anticipated portfolio return is negative, the hedging demand increases. 

This is because the losses in one are offset by gains in the other (ibid.)  

The dynamic mean-variance model by Basak and Chabakauri (2010) is an economically 

intuitive model which clearly indicates that rebalancing is necessary to sustain time 

consistency of the investment strategy. However, Basak and Chabakauri (2010) share many of 

the assumption of Samuelson (1969) and Merton (1969) that other scholars have tried to relax.  

Transaction costs 

Constantinides (1983) found that investors would realize losses immediately in a world with 

taxes and no transaction costs. However, this is another assumption that for most investors is 



DYNAMIC ASSET ALLOCATION AND ALGORITHMIC TRADING 27 

 

 

unrealistic. The no transaction cost assumption is often relaxed in multi period models because 

it alters the findings from relaxing other assumptions dramatically. Thus, when authors model 

multi period factors they often include a transaction cost factor as well (Constantinides, 1984; 

Dammon et al., 2001; Das et al., 2014, Holden and Holden, 2009; Gârleanu and Pedersen, 

2013; Lynch and Balduzzi, 2000; to mention a few). In an article, exclusively testing the effect 

of transaction costs in optimal portfolio construction, Constantinides (1986) applies a 

proportional transaction cost in a discrete time model. The portfolio model is set in an 

incomplete market, holding one risky asset and one riskless asset. The transaction cost is a 

given constant rate and is proportional to the change in a risky asset holding. The change in 

percentage holding of asset i at time t to time t+1 is defined by: 

∆𝛼𝑖;𝑡 = 𝛼𝑖;𝑡+1 − 𝛼𝑖;𝑡 

Eq. 2.1.4.b        (Constantinides, 1986) 

Setting the transaction cost rate at Λ, Constantinides (1986) subtracts the transaction cost 

from the riskless asset, making the holding smaller. He argues that he could also have 

diminished the risky asset holding by the transaction cost or applied the model in a complete 

market without altering the findings. Interestingly, and tested in this thesis, he finds that the 

investors expected utility is insensitive to deviations from the optimal portfolio. It is a 

contradiction to the findings by Basak and Chabakauri (2010), however, they test sensitivity 

of the anticipated portfolio gain, while Constantinides (1986) test sensitivity in terms of 

expected utility. Further, Constantinides 

(1986) finds that the variable transaction 

costs create a barrier around the optimal 

asset weights such that a non-trading zone 

is created. When the portfolio weights move 

outside the non-trading zone, the investor 

will profit from rebalancing onto the 

barrier, but not to the optimal portfolio 

weights (Ibid.). This reduces the frequency 

and volume of trading. 

In a working paper from 2009, Holden and 

Holden apply an identical proportional 
Figure 2.1.4.a – Non-trading zone with variable transaction 

costs. With two correlating risky assets and a cash holding, 

the non-trading zone is a parallelogram (Dybvig, 2005) 
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variable cost as Constantinides (1986), in an extension of Markowitz’ framework. They also 

apply a fixed transaction costs with and without the variable cost. Holden and Holden (2009) 

follow the theoretical convention that a non-trading zone exists. This is despite their perception 

that most portfolios in practice are rebalanced to an optimal balance at fixed time intervals or 

asset weights are kept within specified intervals continuously. They find periodical rebalancing 

(as seen in practice) is optimal when there are no transaction costs. In general, assets that have 

increased in value should be sold off by the investor to sustain the optimal weight, unless the 

appreciation of the asset value implies a change in the expected return. In that case, the new 

expected return should be modelled into the optimal balance along with any change in the 

variance and covariance of the asset. However, Holden and Holden (2009) support the finding of 

Constantinides (1986) by proving that variable transaction costs alone will only allow the 

investor to rebalance to the barrier and not to the mean-variance optimal weights. Philip 

Dybvig (2005) illustrates the non-trading zone well in a two period portfolio model with two 

assets in figure 2.1.4.a. Holden and Holden (2009) further finds that in a setting with both fixed 

and variable costs, there will also be a non-trading zone, but from outside the trading region, it 

will be profitable to rebalance to a position within the non-trading region. 

Transaction costs and return prediction 

A final article on transaction costs in a multi-period Markowitz model has been published only 

months ago by Gârleanu and Pedersen (2013) and will be a cornerstone for this thesis. Similar 

to the non-trading zone theories, Gârleanu and Pedersen (2013) find that it is not optimal to 

rebalance all the way to the mean-variance efficient portfolio. But, controversial to most (if 

not all) theories on optimal rebalancing with transaction costs, they propose not to rebalance 

directly towards the optimal portfolio, but rather aiming in the direction that the optimal 

portfolio is travelling. Because, the expected return and covariance change with time, the 

optimal portfolio weights must also shift continuously. Thus, the investor must aim the 

rebalancing toward an “aim portfolio”, which is a weighted average of the current optimal 

portfolio and the expected future optimal portfolio. Like the non-trading zone theories, the 

transaction costs will determine how close to the aim portfolio the investor can trade. 

Gârleanu and Pedersen (2013) find that the optimal portfolio is a weighted average of the 

previous portfolio and the “aim” portfolio:  

𝒙𝑡 = (1 −
𝑎

𝜆
) 𝒙𝑡−1 +

𝑎

𝜆
𝑎𝑖𝑚𝑡 

Eq.2.1.4.c       (Gârleanu & Pedersen, 2013) 



DYNAMIC ASSET ALLOCATION AND ALGORITHMIC TRADING 29 

 

 

for which 𝒙𝑡 is the optimal number of each 

risky asset in the portfolio. The difference 

between the value of the risky assets and 

wealth is either invested or borrowed in a 

risk-free asset. Opposite to Markowitz, this 

implies that the optimal allocation between 

risky assets and a risk-free asset, is already 

integrated in the model. Further, it assumes 

that the investor’s risk aversion is dependent 

on the size of her wealth. The Markowitz 

portfolio is integrated in the aim portfolio 

which is a weighted average of the current 

and all future expected Markowitz portfolios:  

𝒂𝒊𝒎𝑡 =∑𝑧(1 − 𝑧)𝜏−𝑡
𝑇

𝜏=𝑡

𝐸𝑡[𝒙𝜏
𝑀] 

Eq. 2.1.4.d (Gârleanu & Pedersen, 2013) 

The weights in equation 2.1.4.d above, are 

exponential, with the heaviest weights on near 

to current Markowtiz portfolios 𝐸𝑡[𝒙𝜏
𝑀]. Also, 

the weights on the current or near to current 

portfolios increase when transaction costs are 

small. This is in accordance with the non-trading zone from Constantinides (1986) and Holden 

and Holden (2009), because lower transaction cost diminish the non-trading zone. Overall as 

time passes, the Gârleanu-Pedersen portfolio will be “homing in” on the optimal portfolio as 

illustrated in figure 2.1.4.b. Because the model is based on expected portfolios far into the 

future, it avoids the myopic behaviour as the Samuelson-Merton result suggests. In addition, 

the individual asset weights are found to be steadier than in the conventional Markowitz 

portfolio, which is often criticised for returning extreme asset weights. The Gârleanu-Pedersen 

model is a realistic and applicable dynamic trading strategy, which include many interesting 

application. Some of these applications are their method of applying return prediction and 

transaction cost, which will be presented and applied in chapter four. 

Figure 2.1.4.b – Gârleanu-Pedersen portfolio 

optimization. Illustrates how the optimal portfolio 

should ease towards the Markowtiz portfolio (Gârleanu 

& Pedersen, 2013) 
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Other multi-period factors 

In addition to treating transaction costs and predicted returns in multi-period models, scholars 

have also considered topics such as the investor’s tax, labour income, housing situation and other 

real-life features. It is found that young investors should hold larger equity exposures because 

their future labour income streams are longer and often subject to high growth (Bodie et al., 

1992, referenced in Fischer, 2012). Also, the volatility of labour income given by the individual 

employment and industry can affect the optimal portfolio (Viceira, 2001 and Cocco et al. 2005, 

referenced in Fischer, 2012). For an investor who is house owner, the house can be regarded as a 

financial asset with price variation but yielding utility for the investor (Flavin and Yamashita, 

2002 and Flavin 2003, referenced in Fischer, 2012). Trading houses is however subject to higher 

transaction costs, but the houses can be used for collateral by taking out mortgage. All in all, a 

house owning investor can take a lager risky asset position than one who rents (Cocco, 2003, 

referenced in Fischer, 2012). The list of contributions to multi-period portfolio optimisation goes 

on, but the most essential for this thesis have been reviewed in this section. 

2.1.5 Summary  

Section 2.1 reviews the literature on modern asset allocation relating to the research question, 

stated in the introduction. First, Arrow (1971) and Pratt (1964) define a risk averting investor 

as one who will always desire wealth but at a diminishing rate. Secondly, Campbell et al. 

(1997) suggest logarithmic returns calculations due to their mathematical advantage, but 

warns that returns must be small when applying the logarithmic return. Thirdly, two single-

period portfolio models are introduced as these will play a crucial role in the analysis. One is 

the naïve portfolio with equal weights in each asset, which is often used by practitioners as a 

benchmark portfolio. The other is the mean-variance optimized portfolio by Harry Markowitz 

(1952; 1959), which is the root for most modern portfolio theory and also applied by investors 

worldwide. Many academics are in a search for a dynamic version of the Markowitz model, but 

Samuelson (1969) and Merton (1969) found that such model will imply myopic behaviour by 

the investor. Their model however, included a long list of assumption which distanced their 

model from issues of the real world. Issues such as return prediction, transaction costs, taxes, 

home-ownership, labour income and more, are all issues that can affect the optimal portfolio. 

Based on a clever application of predicted returns and transaction costs, Gârleanu and 

Pedersen (2013) propose a model, which will track the path of the Markowitz model in a 

multi-period setting. This brand new model will be a cornerstone in this thesis, because it 
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optimises with more than just the forecast for tomorrow, and it is applicable in algorithmic 

trading.  

2.2 Return Predictability 

This section makes a presentation of popular literature on asset return prediction. There is a 

focus on statistical and econometric return prediction methods and market equilibrium as a 

tool for prediction.  

Equal to the subject of asset allocation, return predictability is another academic topic that 

receives vast amounts of attention. An early view on market prices was presented by Eugene 

Fama (1965; 1970; 1991), who proposed the Efficient Market Hypothesis (EMH). He suggests 

that markets can be subject to strong, semi-strong or weak efficiency depending on how 

information is reflected in prices. Strong efficiency implies that all prices in the market are true 

values, and reflect all available information. Prices of semi-strong market efficiency also reflect 

all available information, but prices will only be adjusted, as long as the benefit from acting on 

information outweighs the cost. Return predictions are viewed as a contradiction to both the 

strong and semi-strong EMH, because the information in the predictions should already be 

reflected in the market prices. The weak EMH, which Fama (1991) suggested later, builds on 

the theory that market prices follow a random walk and that information, is heterogeneous. 

Actors in the market are subjects of bounded rationality, implying that they are limited by the 

information available and their cognitive skills. This sub-section sets out by presenting 

literature on the random walk and the predictability related to historical returns in section 

2.2.1. Secondly, market equilibrium models are introduced in section 2.2.2. Finally, section 

2.2.3 presents a section summary.  

2.2.1 The Random Walk 

The random walk is described by Fama (1991) as being the weakest form of the EMH, but the 

random walk hypothesis also builds on a theory of efficient markets. Campbell et al. (1997), 

present three versions of the random walk given by the strength of market efficiency. 

Fundamental to all versions of the random walk is the martingale model, which is the simplest 

form of describing the expected return.  
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The martingale model 

The random walk hypothesis is based on the martingale model derived from elementary theory 

of gambling. In 1565, the Italian mathematician Girolamo Cardano, described a fair game as 

one that is neither in your favour nor in the opponents. Such game is described by the 

martingale stochastic process, where the expected wealth or winnings from playing a game, is 

equal to wealth in this period 

𝐸[𝑃𝑡+1|𝑃𝑡, 𝑃𝑡−1, … ] = 𝑃𝑡 

Eq. 2.2.1.a       (Campbell et al., 1997) 

Hence, the expected price is equal to the previous price, given the asset’s entire price history. 

Further, any price changes are uncorrelated at all leads and lacks, making linear forecasting 

based on historical prices ineffective (Campbell et al., 1997). In general, the martingale model 

suggests that the more efficient market is subject to price changes that are more random. 

While this restricts the expected return, it makes no account for risk and this is where the 

random walk hypothesis becomes relevant. It is found that the martingale model does not hold 

unless it is adjusted for growth (Lucas, 1978; Cox and Ross, 1976; Harrison and Kreps, 1979, 

referenced in Campbell et al., 1997). Thus, independently and identical distributed (iid) 

increments are proposed in the first type of the random walk. 

The random walk 1: iid increments 

The simplest version of the random walk is closely related to the martingale model, however it 

is assumed that the price is equal to the previous price subject to drift and a zero mean error 

with variance 𝜎2. Like the martingale model, it is still a fair game (and even more so) as the 

increments of the price change, defined by the error 휀𝑡, are independently and identically 

distributed 휀𝑡~ 𝐼𝐼𝐷 (0, 𝜎
2). In addition, the iid increments are often assumed to be normally 

distributed, however this violates the limited liability as it implies a positive probability that 

𝑃𝑡 < 0. As in section 2.1.2 Campbell et al. (1997) suggest the natural logarithm of prices, 

because this will avoid the violation of limited liability. The random walk hypothesis with 

normally distributed iid increments is then defined as 

𝑝𝑡 = 𝜇 + 𝑝𝑡−1 + 휀𝑡 ,          휀𝑡  𝐼𝐼𝐷 𝑁(0, 𝜎
2)  

where 𝑝𝑡 = 𝐿𝑁(𝑃𝑡) and µ is the drift 

Eq. 2.2.1.b       (Campbell et al., 1997) 
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The random walk 1 model does not make room for return predictions, although the drift at 

times mistakenly have been misinterpreted as predictable. However, it is implausible that asset 

returns are unchanged at any time and thus, the second random walk hypothesis relaxes the 

assumption of identical distributed increments.  

The random walk 2: independently distributed increments 

Removing the assumption that increments in the price are identical, makes unconditional 

heteroskedasticity in the error possible (Campbell et al., 1997). This implies that the errors 

can take different variability in sub-groups which is violating a basic assumption that is 

common in regression analysis. Thus, statistical inference becomes impossible. In addition, the 

remaining assumption that the increments are independent will excludes the possibility of 

forecasting price increments from past price increments. To study the random walk 2, 

alternative methods must be applied. One is the filter rule, first applied by Alexander (1961) 

referenced in Campbell et al. (1997), that purchases an asset after x% price increase and sells 

(shorts) after x% price decline. The return from such strategy is then taken to be the 

predictability of asset returns. After an empirical test on Dow Jones and S&P’s industrial 

averages, alexander states “there are trends in stock market prices” (Alexander 1961, cited in 

Campbell et al., 1997, p. 42). Another method is technical analysis, which according to 

Campbell et al. (1997), can predict future prices to some extent in the short run. However, it 

is dependent on the individual who applies the technique.  

The random walk 3: uncorrelated increments 

The most general form of the random walk, assumes that price increments are dependent, but 

uncorrelated. Both the random walk 1 and 2 are nested in the random walk 3, but an 

exclusive situation of random walk 3 is when 𝐶𝑜𝑣(휀𝑡, 휀𝑡−𝑘) = 0 for all 𝑘 ≠ 0 but 

𝐶𝑜𝑣(휀𝑡
2, 휀𝑡−𝑘

2 ) ≠ 0 for some  𝑘 ≠ 0. In that case the price increments are uncorrelated, but 

they are not independent as their squared values are correlated (Campbell et al., 1997). Thus, 

the most common test for the random walk 3, is a time series analysis to check for serial 

correlation. More precisely, the autocorrelations at different lags must be equal to zero. By 

such test, Campbell et al. (1997), reject the random walk 3 for an equal weighted stock index, 

but cannot reject it for a value weighted index. Further, Campbell et al. (1997) find weak 

negative autocorrelation between individual stocks, but notes that it is “an interesting contrast 

to the stronger positive autocorrelation of portfolio returns” (Campbell et al., 1997, p. 74).  



34                                                    CHAPTER 2: LITERATURE REVIEW 

Based on empirical findings, Campbell et al. (1997) argue that return predictability by 

econometric investigation is most evident using short horizons. However, that observation is 

not a shared perception as the following section will illustrate.  

2.2.2 Market Equilibrium Models 

Equilibrium models are closely related to valuation models that have been developed for every 

asset class through time, and it seems that there is some general agreement on which models 

that work best. The difference between the intrinsic value, i.e. the value given by a valuation 

model, and the market value can give the investor an idea of what direction the value of an 

asset should take. Below, a stock valuation model and a few stock market equilibrium models 

are introduced. For models on bonds, options, futures and other derivatives see Hull (2008). 

Dividend-price ratio 

One economic ratio that persistently appears in literature on return prediction is the dividend-

price ratio that John Campbell and Robert Shiller suggested in 1988. The ratio has been 

tested numerous times in academic papers for its ability to predict future returns (Fama and 

French. 2001; Allen and Michaely (2003); Lettau and Van Nieuwerburgh, 2008, referenced in 

Kim and Park, 2013, to mention a few). The framework presented by Campbell and Shiller 

(1988) is closely related to Gordon’s growth model also knows as the dividend discount model 

that Myron J. Gordon and Eli Shapiro published in 1956. They found that “the rate of profit 

at which a share of common stock is selling is equal to the current dividend, divided by the 

current price (the dividend yield), plus the rate at which the dividend is expected to grow” 

(Gordon and Shapiro, 1956, p.106). The contribution Campbell and Shiller (1988) make, is a 

dynamic version of the valuation model that exploit the positive relation between the 

logarithmic dividend price ratio and the expected logarithmic price return. Shiller (1981) had 

found that there is more volatility in stock prices than what information on future dividends 

should be able to produce according to the EMH. Thus, any predictability of stock returns had 

to be found in the time-variation of stock returns. Gordon’s growth model assumes the 

discount rate is fixed and that dividends grow at a constant rate, but Campbell and Shiller 

(1988) made them predictable.  

Market equilibrium models 

In section 2.1.3, it was mentioned how William F. Sharpe (1964) was inspired by Markowitz 

(1952) and Tobin’s (1958) to suggest a ratio of net return per unit of risk. Sharpe (1964) saw 
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that Markowitz (1952), Tobin (1958) and other authors of the time, had all modelled the 

investor’s behaviour, i.e. the mean-variance optimisation, but none had considered a potential 

market equilibrium under the condition of risk. Accredited also to John Lintner (1965) and 

Jan Mossin (1966), the capital asset pricing model suggests a setting in which all investors are 

subject to equal market conditions and have homogeneous expectations. These assumptions led 

to the famous CAPM equation for the expected rate of return of an individual stock: 

𝐸[𝜇𝑖] − 𝑟𝑓 = 𝛽𝑖(𝐸[𝜇𝑀] − 𝑟𝑓) 

where 𝛽𝑖 ≡
𝐶𝑜𝑣(𝜇𝑖;𝜇𝑀)

𝜎𝑀
2  

Eq. 2.2.2.a        (Merton, 1973) 

The expected rate of return on asset i and the market portfolio are given by 𝐸[𝜇𝑖] and 𝐸[𝜇𝑀] 

respectively. 𝛽𝑖 is the measure of asset i’s sensitivity to systematic risk. The CAPM is very 

practical model, but it relies heavily on its assumption and fails empirical tests (Grossman and 

Stiglitz 1981; Roll 1977; Roll and Ross, 1995; Kandel and Stambaugh 1995; Miller and Scholes 

1972, referenced in Bodie et al. 2011). But still, Graham and Harvey (2001) found that in a 

sample of 392 U.S. financial institutions 73.5% use the CAPM. Bruner et al. (1998) found that 

85% of firms apply the CAPM, 90 % of financial advisers apply the model and 100% of the 

sampled textbooks apply the CAPM. 

In an effort to improve the CAPM Merton (1973) introduced an intertemporal CAPM 

(ICAPM) that adds an additional index and beta to explain other sources of risk and 

compensation. This started a new wave of asset pricing theory based on multiple factors that 

should determine risk and risk premiums. The multi-factor ICAPM model identify risk 

premiums that could not be diversified away and establish the sensitivity to these risks. An 

alternative, but highly related model was introduced by Stephen Ross (1976) referenced in 

Bodie et al. (2011), which is called the arbitrage pricing theory (APT). A third multi-factor 

model is the “three factor model” by Eugene Fama and Kenneth French (1996) referenced in 

Bodie et al. (2011). 

Common for all three asset pricing models is the assumption that non-systematic risk is 

diversifiable in a portfolio. The theoretical proof by Markowitz (1959) is presented in section 

2.1.3, but it has also been tested empirically by Meir Statman (1987). He found that instead of 

just 10-15 stocks which is often quoted in text books, a well-diversified portfolio must consist 
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of 30 stocks for a borrowing investor and 40 for a lending investor. Further, the three asset 

pricing models are all estimates of econometric models.  

2.2.3 Summary 

The predictability of asset returns is dependent on the efficiency of the market. By definition 

of Fama (1965; 1970; 1991), asset returns cannot be predicted as they should already include 

all available information. However, in the weak form of the efficient market hypothesis, asset 

returns are assumed to follow a random walk (Fama, 1991). Campbell et al. (1997) describes 

three versions of the random walk, again dependent on the market efficiency, where the 

strictest form simply implies that the expected return of tomorrow is equal to the return of 

today. However, weaker versions of the random walk imply that econometric tests of the drift 

and error term can facilitate predictability. 

Further, it is found that econometric models are vital for asset pricing models that include 

single or multiple factors. Such models are widely applied (Graham and Harvey, 2001; Bruner 

et al., 1998) and include the CAPM, ICAPM, APT and the Fama-French three factor model.  

In chapter 3 the econometric methodology, tools and models that are necessary to make return 

prediction are presented.  
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Chapter 3 - Methodology  

This chapter shall clarify the methodological approach in order to illustrate the robustness of 

the research. The first sections will present the research design, perspective and the research 

model. The following section presents econometric tools that are used in chapter five to make 

return prediction. The data selection methodology used for empirical testing in chapter five is 

outlined in section 3.3. Finally, section 3.4 points out the limitation of the research.  

3.1 Research Approach 

This section will clarify the perspective that is taken in the research along with the model that 

the research will follow. But first, the research design, i.e. the scientific approach is presented.  

3.3.1 Research Design 

The design of the research defines in which way results are reached and interpreted. Using 

inductive reasoning the researcher can make universal statements based on a finite list of 

singular statements (Chalmers, 1999). Alternatively, the researcher can apply deductive 

reasoning, which constitutes the discipline of logic. The researcher has universal laws and 

theories at her disposal which makes it possible for him to derive various consequences that 

serves as explanations or predictions (Chalmers 1999). In research methodology, scholars 

categorize issues to be epistemological or ontological considerations. Epistemology concerns the 

question of what is regarded as acceptable knowledge in a discipline. The researcher can take 

an epistemological positivist position that builds on the importance of the natural science and 

advocates that methods of the natural science are used to study the social reality. A 

contrasting epistemological position is interpretivism which respects the difference between 

people and objects of the natural science and therefore requires the social scientist to grasp the 

subjective meaning of social action. An issue can be of ontological consideration where the 

question is whether social entities can be regarded as objective entities which have a reality 

external to social actors, or whether they can be considered social constructions built up from 
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the perceptions and actions of social actors, these positions are termed objectivism and 

constructivism respectively (Bryman and Bell, 2003). Business research is often classified as 

qualitative or quantitative based on the design applied by the researcher. A quantitative study 

is sampling numerical data and exhibiting the view of the relationship of theory and research 

with deductive reasoning. Within the epistemological orientation quantitative research is 

applied by the positivist, and in the ontological orientation it is the objectivist who applies the 

quantitative research design. A qualitative study is often concerned with words rather than 

numbers and is followed by inductive reasoning. The interpretivist of the epistemological 

orientation conducts qualitative research just as the constructionist of the ontological 

orientation (Bryman and Bell, 2003). Results of research can be processed either in a 

nomothetic or ideographic way, meaning that it can be applied in general or to a specific 

situation respectively.  

This research on dynamic asset allocation is primarily a quantitative study that follows 

deductive reasoning in order to logically estimate the performance of automating portfolio 

managing processes. Further, the study is mainly of epistemological consideration with the 

view of a positivist. Although the focus of this research lies in systematic testing, some 

inductive reasoning of the limitations to rational portfolio management can help explain what 

cannot be explained logically by the quantitative study. Finally, the results of this research are 

to be nomothetic such that similar testing should support the findings.  

3.1.2 Research Perspective 

This research takes vantage point in the individual investor or small investment institution. 

Large investment intuitions such as pension funds, large banks etc. are providing financial 

services to thousands of individuals through pooled investments. Thus, asset allocation by 

large institution is based on averaged investment preferences of a large group of people. This 

research looks at the individual investor who seeks an optimized method to balance her 

portfolio. Further, the research is limited to the immediate facilities of a private investor, 

including the computing capabilities of a regular personal computer of 2014. The investor is 

further described in chapter four.  
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3.1.3 Research Model 

The research will be conducted as a wide-ranging study of three alternative portfolio selection 

models each with three rebalancing strategies. The portfolio selection models have been 

presented in chapter two and include a naïve strategy, the Markowitz portfolio and the 

Gârleanu-Pedersen strategy. In chapter four these models are adjusted to allow for rebalancing 

and translated to matrix calculus for algorithmic application. The three rebalancing strategies 

are no-rebalancing, fixed period rebalancing and dynamic rebalancing. As this research seeks 

to isolate the effect of the rebalancing strategy, all other variables are fixed throughout the 

empirical test. The suggested models are illustrated in table 3.1.3.a suggests 

Research Model 

  
Portfolio Selection Model 

  
Naive Markowitz Gârleanu-Pedersen 

R
eb

a
la

n
ci

n
g
 

st
ra

te
gy

 

No Algorithm 1,1 Algorithm 1,2 
 

Fixed  Algorithm 2,1 Algorithm 2,2 Algorithm 2,3 

Dynamic Algorithm 3,1 Algorithm 3,2 Algorithm 3,3 

 

Table 3.1.3.a – Research Model. Illustrates the eight tested combinations of portfolio selection model and Rebalancing 

strategy. 

 

The no-rebalance portfolios are used as benchmarks for the other combinations and will pose 

as a lower limit for the expected performance of the rebalanced portfolios. The Gârleanu-

Pedersen model sets out from a Markowitz portfolio and would therefore be equal to algorithm 

1,2. The fixed period rebalancing algorithms are proxies for the conventional rebalancing 

method and will be tested on time intervals of 126 trading days (equivalent to semi-annual 

rebalancing). The dynamic portfolios are set up to take full advantage of automation of 

rebalancing. While algorithms 3,1 and 3,2 are rebalancing conditional on increasing utility, 

algorithm 3,3 is applied with continuous rebalancing because the Gârleanu-Pedersen model is 

constructed to slowly convert toward the Markowtiz portfolio. 

The empirical evaluation in chapter five is conducted as a strict backtesting on the past 20 

years. Thus, the investor will make her portfolio choice based on data that would have been 
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available at the time. The risk preferences of the investor will be fixed over the entire test 

period can be described as a risk averter with a negative utility function. This will be 

elaborated in chapter four.  

Result measure 

The performance of the eight algorithms will be ranked primarily on the sum of utility over 

the whole test period, see equation 3.1.3.a 

∑𝑈𝑡(𝑊𝑡)

𝑇

𝑡=1

 

Eq. 3.1.1.a 

The utility 𝑈𝑡 is calculated by equation 2.1.1.d and will be elaborated in chapter four. The 

wealth 𝑊𝑡 is defined in equation 4.1.1.a. In addition, there will be a discussion of the volatility 

of the utility and utility in recession periods.  

The performance of the rebalanced portfolios is dependent on the quality of return prediction. 

Section 2.2 introduced the literature on asset price production theory which is connected to 

econometric methods. Thus, the following section will introduce the basic econometric tools for 

return prediction.  

3.2 Econometric Toolbox 

It became clear in section 2.2 that econometric tools are vital for return prediction, both for 

testing market efficiency or the significance of risk factors. This section will introduce the 

econometric tools for forecasting, but first an introduction to fundamental econometrics.  

3.2.1 Linear Regression 

Regressions in general are at the root of econometrics and especially the ordinary least squares 

(OLS) regression which is the base of many econometric models, including the random walk 

and market equilibrium models mentioned in section 2.2. This section introduces the basic 

concepts of an OLS regression and is followed by a section on the autoregressive integrated 

moving average (ARIMA) model. 
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In general, the classical OLS or Maximum Likelihood (ML), linear regression model is applied 

for multiple regressions. Because the two methods generally give the same result, the OLS will 

be introduced here. It was first developed by Carl Friedrich Gauss in 1821 and was the 

starting point of econometrics. The method is based on a calculation of least squared residuals 

between estimate and observation and can take the following form: 

𝑌𝑡 = 𝛼 + 𝛽1𝑋𝑡1 + 𝛽2𝑋𝑡2 + 휀𝑡 

Eq. 3.2.1.a       (Gujarati & Porter, 2009) 

The number of terms in equation 3.2.1.a is basically unlimited, but the OLS model is based on 

7 assumptions. (1) Linear relations between data series, (2) Fixed parameter values or 

parameter values independent of the error term, (3) Zero mean value of errors (white noise), 

(4) Homoscedasticity or constant variance of error, (5) No autocorrelation between errors, (6) 

The number of observations must be greater than the number of parameters to be estimated 

and (7) The nature of variables. Numerous tests and tools can be used to optimize a regression 

analysis, and the most vital of these are presented below (Gujarati & Porter, 2009).  

 Test of significance is often presented as an analysis of variance (ANOVA) which was 

developed by Ronald A Fisher (1921). 

 Stationary tests are performed by using Augmented Dickey-Fuller (ADF) test, and it 

can even be used if the error term is correlated. The null hypothesis is that there is a 

unit root, the time series is non-stationary or it has a stochastic trend.  

 The autocorrelation function (ACF) and partial autocorrelation (PACF) is used to 

identify non-stationary time series by graphical inspection. Thus, if the correlation of 

an time series resembles the correlogram of a white noise time series where the values 

fluctuates around zero, the time series is most likely stationary. 

 Durbin-Watson makes it possible to make a numerical test for serial autocorrelation. 

The test has 6 preliminary assumptions; (1) The regression model includes the 

intercept term, (2) The explanatory variables, are non-stochastic, or fixed in repeated 

sampling, (3) The errors are generated by the first-order autoregressive scheme, (4) 

The error term is assumed to be normally distributed, (5) The regression model does 

not include the lagged values of the dependent variable as one of the explanatory 

variables and (6) there are no missing observation in the data. The Durbin-Watson 

significance test follows the null hypothesis: “No positive autocorrelation”.  
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 The Breusch-Godfrey (BG) test, also known as the LM test, is a numerical test used 

to detect autocorrelation. The procedure involves making an auxiliary regression with 

the residuals and follows the chi-square distribution. 

 The Newey-West approach, also known as HAC, corrects both autocorrelation and 

heteroscedasticity. The preliminary requirement for using the test is a large sample.  

 Many financial time series exhibit volatility clustering, they experience periods where 

there is a lot of volatility and periods with relatively less. This can be modelled using 

the autoregressive conditional heteroskedasticity (ARCH) model. The ACF is also 

used for graphical inspection and an auxiliary regression from the squared residuals is 

made in order to detect any ARCH. The consequence of having ARCH effect in the 

data sample, is that the standard deviation cannot always be trusted (Brooks, 2004). 

 Often in an OLS, the errors/residuals are assumed to be normally distributed, or a 

time series can be assumed to follow a normal distribution. For testing the normality 

of a time series the Jarque-Bera test of normality can be applied. The null hypothesis 

is a normal distribution.  

Conforming to all these assumptions and adjustments, an OLS regression should be the best 

linear unbiased estimate (BLUE). 

Most of these assumptions and tools are vital for making an appropriate model that fits the 

data, especially if the model shall be used for prediction. A common prediction model is the 

ARIMA model, which is introduced next.  

3.2.2 Box-Jenkins Methodology 

The forecasted return in chapter five will be based on an ARIMA model which forecasts the 

price based on lagged prices and residuals. Thus in addition to using past prices, it is set up to 

“learn” from errors. The ARIMA model is closely related to the OLS and makes similar 

assumptions about the return data. There is no direct method to calculate an optimal ARIMA 

model, so the Box-Jenkins methodology suggests an iterative framework with four steps.  

First step is to identify the various processes of the time series data based on statistical testing 

as well as visual inspection of ACF and PACF plots. An important assumption for the 

ARIMA models is stationary time series data. As mentioned in the section 3.2.1 above, the 

Augmented Dickey-Fuller test will show whether the data has a unit root, i.e. if it is following 
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a random walk. Further the identification step includes a visual interpretation of the ACF and 

PACF to determine an autoregressive (AR) process and moving average (MA) process. A rule 

of thumb is that the ACF and PACF should include lags of a quarter to a third of the 

observations. 

The second step of the Box-Jenkins method is to estimate the parameters of the selected 

ARIMA(p,I,q), with a AR(p) process, MA(q) process and differenced I times. Fitting the 

model the Box-Jenkins method follow an idea of parsimony, this implies that it should have as 

few parameters as possible. The AR and MA process shall preferably be less than two, and the 

total number of parameters should be less than three. The argument for parsimony, is that 

more parameters will introduce more noise into the model (Brooks, 2004).  

The third step, is calibrating the parameter values for all the ARIMA(p,I,q) models and 

diagnostics checking. The ARIMA models must possess white noise and if there is an ARCH 

effect, the standard deviation should be adjusted by an ARCH model. If the selected models 

do not pass the diagnostics checking, for example if the data is found to be non-stationary, 

then it is back to step one. There are several ways to optimise the parameter values, and one 

is optimising the log-likelihood which is similar to maximizing the squared residuals. The final 

model can be selected based on lowest sum of residual squared or highest log-likelihood, but 

the superior Akaike information criterion (AIC) makes a measure of the goodness of fit relative 

to the complexity of the model. Thus, the final model is based on the lowest AIC value.  

The final step is the forecasting. Because the ARIMA model is using lagged data, out of 

sample estimations can be made by plugging in the most recent data. The first out of sample 

estimation can then be used to make a second out of sample estimation and so on. However, it 

should be noted the standard deviation increases with the number of forecasted steps.  

The following section presents the data that will be used in the empirical back-test in chapter 

five.  

3.3 Data 

The empirical research relies solitarily on secondary data from two sources; Bloomberg and the 

US Federal Reserve System. The data include daily prices of 58 stocks from the American 
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Standard and Poor’s (S&P) 500 index (see appendix B) and the market yield on U.S. Treasury 

securities at 10-year constant maturity. Data is collected from July 1980 to April 2014 and 

totals just over a half million data points distributed on 58 + 1 assets and 8502 trading days.  

The empirical test is based on a large group of stocks over a long time horizon to create 

robustness of the findings. Data from 1980 to 1994 is used for making predictions, and data 

from 1994 to 2014 is used for backtesting. The asset selection process has been arbitrary and is 

described in the following section.  

3.3.1 Asset Selection 

There is little emphasis on the asset selection, as it is unrelated to the research question, but 

the methodology for asset selection should be mentioned for validity of the findings. 

Stocks 

The 58 stocks have been picked based on their historical existence and have all been listed on 

the S&P500 since its founding in March 1957. In 2007, Businessweek brought an article on the 

86 stocks in the 50-years club of S&P500 (Businessweek, 2007) and since then 11 have been 

unlisted. Further, 17 stocks have been excluded due to missing or inconsistent data. The 

advantage of this selection method is 

that it includes only large and highly 

traded equities. Thus, issues with 

liquidity restraints can be neglected. 

The disadvantage however, is a clear 

survival bias, i.e. only equities that 

have proven strong are selected. An 

investor with a small portfolio will 

most unlikely be able to imitate such 

asset selection. Figure 3.3.1.a plots the 

average price of the 58 stocks against 

the full S&P500 index7. See the full 

list of stocks in appendix B. 

                                           
7 It shall be noted that the S&P500 index is weighted by market capitalisation, whereas the 58 selected stocks have been 

equally weighted in figure 3.3.1.a. 

Figure 3.3.1.a – Price comparison of S&P58 average price and the 

S&P500 index (Bloomberg). 
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Risk-free asset 

For the risk-asset the market yield on U.S. Treasury securities at 10-year constant maturity is 

selected. From 1980 to 2014 the geometrical average annual rate is 5.89% and should 

theoretically have a variance of zero, but during the 8502 sampled trading days the 10 years 

treasury yield has an annual variance 

of 3.22%. This violates an strong 

assumption behind the Markowitz 

portfolio and the optimal distribution 

of wealth between risky and the risk 

free asset. The investor will practically 

have to take a larger stake in the 

“risk-free” asset to reduce her overall 

risk. But more importantly, the risk-

free asset will most likely be correlated 

with most of the assets and therefore add risk rather than reduce it. Thus, findings based on 

the assumption that the risk-free rate has zero variance, will be biased. The 10-year treasury 

yield is plotted in figure 3.3.1.b. 

Overall, it should be noted the survival bias in the stock portfolio can potentially create an 

overestimation of the expected return per unit of risk in the stock portfolio. In addition to the 

zero variance bias from the risk-free asset, this will exaggerate the investor’s preference of the 

stock portfolio. However, the survival bias could possibly also counter the zero variance bias.  

A table of descriptive statistics of the 59 assets is presented in Appendix B along with a 

covariance matrix. It can be observed that the annual average logarithmic return of the stocks 

ranges between -8% and 14% and annual standard deviations between 72% and 19%. The 

correlation matrix shows that there are only five stocks that have no covariance with the risk 

free rate down to the sixth decimal. Otherwise the general covariance between the stocks and 

the risk free rate is negative.  
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3.4 Limitations 

The research model presented in table 3.1.3.a with eight algorithms and the extensive data 

sample leads to comprehensive research which should provide robustness of the findings. 

However, it is impossible to capture all aspects of the real world and there will be limiting 

assumptions. In addition, the variables that have been fixed to isolate the effect of rebalancing 

can pose as a limitation for the research.  

Implied assumptions 

Each of the three portfolio selection models are build based on specific assumption. These 

assumptions, most of which are mentioned in chapter two, will be carried on to this study.  

The implied assumption about the naïve portfolio is however, violated by the amount of data 

collected and applied in the empirical analysis. DeMiguel et al. (2009) noted that a large 

portfolios exhibit diversification from the sheer size, and the naïve portfolio will therefore not 

be purely naïve. It is therefore expected that the empirical analysis on the naïve portfolio are 

biased relative to smaller portfolios.  

Predicted returns 

The suggested method for predicting returns is very general and the effort to simplify the price 

forecasting comes with a trade off in goodness of fit. Optimally, a forecasting model should be 

fitted for each individual asset and the parameter estimates should be updated on regular 

basis. Further, a significant limitation of the prediction model is its inadaptability to 

structural breaks which are likely when analysing over a 20 years horizon.  

Technologic limitation 

Computing power in 2014 is still a great limitation for the private investor. This is especially 

the case for the investor who pursues a dynamic strategy and therefore need continuous 

calculations of the most recent data. As an example, the covariance matrix which is applied in 

the Markowitz portfolio selection model demands a significant amount of calculations. 

Calculating the optimal asset allocation of even small portfolio can easily include millions or 

billions of calculations that the personal computer is asked to perform simultaneously.  

This research is conducted on a relatively strong personal computer, however the 

computational power is a limitation for the research. As an example the calculation of the 

daily updated covariance matrix exceeds the capabilities that can be expected from a private 
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investor’s computer. To overcome such problem, the investor will have to make discrete 

calculations over larger time intervals and assume these calculations apply in all sub-periods. 

Naturally, this will lead to sub-optimal portfolios vis-à-vis the investor’s strategy, but the 

portfolio will be optimal with respect to the investor’s computational power. The empirical 

study in chapter five will include such assumptions, which will be stated as results are 

presented.  
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Chapter 4 – Modelling Algorithms 

This section models a naïve, a Markowitz and a Gârleanu-Pedersen portfolio in combination 

with three rebalancing strategies. The models are converted to matrix algebra for algorithmic 

application.  

In total eight models are derived in section 4.2, but first, section 4.1 presents the general 

conditions for all models. All matrixes and vectors are formatted in bold for easier interpretation. 

4.1 General Conditions 

In order to filter out the effect from the rebalance strategy, other measures must be held 

constant. Below the negative exponential utility function is presented along with the general 

definitions and assumptions that will apply for all models.  

4.1.1 Portfolio Returns 

Three utility functions were shortly introduced in section 2.1.1 but one must be chosen to 

describe the investor’s behaviour. The utility function is used to compute a quantitative 

measure describing the utility from a given change in her wealth. But first, it is important to 

define wealth.  

If 𝑅𝑡 defines the absolute monetary return measured in the same currency as the wealth at 

time t, then 𝑊𝑡 = 𝑊𝑡−1 + 𝑅𝑡. The wealth from investing is a weighted average of the wealth 

from a portfolio of risky assets and from a risk free asset. Thus, the absolute wealth can also 

be defined as: 

DEFINITION 1 

𝑊𝑡 = (𝛿𝜇𝑡
𝑝
+ (1 − 𝛿)𝑟𝑓)⏞            

𝑟𝑒𝑡𝑢𝑟𝑛 𝑖𝑛 𝑝𝑒𝑟𝑐𝑒𝑛𝑡𝑎𝑔𝑒

𝑊𝑡−1 − 𝑇𝐶𝑡−1 

Eq. 4.1.1.a 
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The weight in the risky asset portfolio is defined by delta (𝛿). The return from the risky 

portfolio and the risk-free asset are defined by 𝜇𝑡
𝑝
 and 𝑟𝑓, respectively. TC is the transaction 

costs from a change in the portfolio weights which is described in section 4.1.2. 

In equation 4.1.1.a the fraction in the parenthesis equals equation 2.1.3.h which was proposed by 

Merton (1972) and Fischer (2012). The fraction yields the percentage return, which is converted 

into a numerical return by multiplying with the investor’s current wealth. The rationale behind 

this setup derives from Tobin (1958), who suggested that the investor will choose a balance 

between cash equivalents and risky investments that fits her risk tolerance. A risk lover might 

even choose to short the cash equivalent to increase her position in the risky investment.  

Asset return 

In a multi period model, it is central to have an expectation of the future return, i.e.  

𝐸𝑡[�̃�𝑡+1] = 𝐸𝑡[�̃�𝑡+1] +𝑊𝑡. To compute optimal portfolio, the investor must make a guess for 

the probability distribution of the expected return. Criticism of the Markowitz portfolio 

selection is highly debated (see section 2.1.3) but, there seem to be recognition of Tobin’s 

(1958) limiting notion. For the mean-variance framework to be utility optimising the investor 

must either exhibit quadratic utility or the return must follow a normal distribution. Whether 

this notion holds is not for this thesis to discuss and in order to avoid the discussion, returns 

are assumed to follow the normal distribution.  

ASSUMPTION 1 

The aggregated return of the risky assets portfolio follows a normal probability distribution: 

 �̃�
𝑝
~Ν(�̅�𝑝; 𝜎2) 

Eq. 4.1.1.b 

This assumption should not limit the investor from making estimates of the shocks to 

individual asset prices, as long as the aggregated return follows a normal distribution. 

Gârleanu and Pedersen (2013) offer a practical method for return prediction that can include 

any commonly applied prediction indicators. The investor sets up a vector of prediction 

indicators, which can be anything from historical returns and P/E ratios to entire discounted 

cash flow models (see section 2.2). These indicators are regressed on each price and collected in 

a matrix of factor loadings such that the excess return is given by: 
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𝒓𝑡+1 = 𝑩𝒇𝑡 + 휀𝑡+1
𝑟  

Eq. 4.1.1.c       (Gârleanu & Pedersen, 2013) 

where 𝒓𝑡+1 is a vector of excess returns for each asset, 𝑩 and 𝒇𝑡 are factor loadings and return 

indicators, respectively. The final term 휀𝑡+1
𝑟  is an unpredictable zero-mean error term with 

variance Σ. To fit equation 4.1.1.c into assumption 1, the return indicators are assumed to 

evolve such that the aggregated return follows the normal distribution.  

By substituting equation 4.1.1.b into equation 4.1.1.a, the expected absolute monetary return is:  

�̃�𝑡+1 = (𝛿�̃�𝑡+1
𝑝

+ (1 − 𝛿)𝑟𝑓)𝑊𝑡 − 𝑇𝐶𝑡                �̃�
𝑝
~Ν(�̅�𝑝; 𝜎2) 

Eq. 4.1.1.d 

The final term in the equations above, describes the trading cost and is explained in the 

following section.  

4.1.2 Transaction Costs 

If the asset weights are changed, the investor will have to pay a transaction cost, which then 

must be subtracted from her wealth. This is the final term, TC, in equations 4.1.1.(a; c). 

Throughout section four and five, the transaction costs are measured similar to equation 4.1.2.a 

by Gârleanu and Pedersen (2013) as it is an economically and empirically intuitive measure.  

DEFINITION 2  
𝑇𝐶 = 0. 5∆𝒙𝑡

𝑇𝜦 ∆𝒙𝑡 

s.t. 

𝛬 = 𝜆𝐵𝚺 

Eq. 4.1.2.a 

where ∆𝒙𝑡 is a column vector with the change in number of shared held in the portfolio and 𝚺 

is the covariance matrix. As mentioned in section 2.1.4, the transaction cost is quadratic and it 

is proportional to the amount of shares that is traded. It is also proportional to the risk, 

measured through the covariance matrix by a scalar 𝜆𝐵 which reflects the brokers risk 

aversion. It is economically intuitive because the broker’s risk is the product of risk and 

amount of shares, ∆𝒙𝑡
𝑇𝚺∆𝒙𝑡, and it is the broker’s tolerance of this risk that is expressed 

through the scalar 𝜆𝐵. It is also likely to be true empirically, because equation 4.1.2.a 
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computes the average price increase from transaction costs, which the investor pays in 

addition to the pure asset price. In practise the transaction costs must be estimated in advance 

of a portfolio rebalance as the transaction cost should be subtracted from the risky and risk-

free asset without interrupting the optimal wealth allocation. This is an improvement over the 

model by Constantinides (1986) who only subtracted the transaction cost from the risk-free 

asset and thereby shifted the delta, i.e. the asset allocation. Also, unlike equation 4.1.2.a 

considers the bid-ask spread in asset prices that other models often neglect. 

Gârleanu and Pedersen (2013) include another cost element which is neglected in definition 2. 

There is a potential for persistent price impacts from trading, which occurs when trading 

impacts the market price. If the frequency of trades is high, the price distortion from trading 

might not have reverted before the next trade. Thus, the investor will not only pay the price 

of the asset and the temporary transactions cost, but also the distortion from a previous trade. 

The distortion is mean reverting, but for each new trade, it is increased by a price impact 

proportional to the number of shares traded. This impact is measured by Kyle’s lambda8. The 

argument for neglecting the persistent price impact effect in equation 4.1.2.a, is related to the 

determining factors of Kyle’s lambda and the cost impact. Since this thesis is targeted towards 

the private or smaller investor, it could easily be argued that trading is less frequent than in a 

large investment institution, but it may not be true. Thus, the fundamental argument is that 

the volume traded by the private investor is small enough for the price to revert before the 

next trade. This is supported empirically by Engle, Ferstenberg, and Russell (2008) cited in 

Gârleanu and Pedersen (2013) who finds equity trades amounting to 1.59% of the daily 

volume will have a 0.10% price impact. Since the daily volume on the American S&P 500 

ranges in billions of shares, 1.59% is an excessive amount of shares for a private investor.  

4.1.3 Negative Exponential Utility 

For the private or small investor, it will be argued that the negative exponential utility 

function is appropriately describing her behaviour. This utility function is one of the classical 

utility functions presented in section 2.1.1. 

 

                                           
8 𝜆𝐾 =

|Δ𝑃𝑟𝑖𝑐𝑒𝑡|

𝑉𝑜𝑙𝑢𝑚𝑒𝑡
 (Kyle, 1985)� 
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ASSUMPTION 2 

The investors risk preferences can be described by the negative exponential utility function: 

𝑈(𝑊) = −𝑒−𝛾𝑊 

where γ is the risk aversion and R follows definition 1 

Eq. 4.1.3.a 

The first criterion for the utility function is that wealth must be desirable, i.e. it must be a 

differentiable function where the first derivative is positive. The second derivative is 

determinant for the behaviour and should be negative for a risk adverse investor (Arrow, 

1971). Equation 4.1.3.b shows the first and second derivative for equation 4.1.3.a, which 

reveals that the utility function possess the required features. 

𝑈´(𝑊) =  𝛾𝑒−𝛾𝑅 > 0 

𝑈´´(𝑊) =  −𝛾2𝑒−𝛾𝑅 < 0 

Eq. 4.1.3.b 

It can be tested for absolute and relative risk aversion by applying the Arrow-Pratt measures 

from section 2.1.1. According to Arrow (1971) and Pratt (1964), the measure should be able to 

go through a linear transformation without changing the ratio. It is not the case for this utility 

function, however, it can go through any translation of wealth (Norstad, 2011): 

𝐴𝑅𝐴 = −
𝑈´´(𝑊)

𝑈´(𝑊)
=
𝛾2𝑒−𝛾𝑊

𝛾𝑒−𝛾𝑊
= 𝛾 

𝑅𝑅𝐴 = −
𝑅𝑈´´(𝑊)

𝑈´(𝑊)
=
𝑅𝛾2𝑒−𝛾𝑊

𝛾𝑒−𝛾𝑊
= 𝑊𝛾 

 

−
𝑈´´(𝑊 + 𝑘)

𝑈´(𝑊 + 𝑘)
=
𝑒−𝑘𝛾𝛾2𝑒−𝛾𝑊𝑘

𝑒−𝑘𝛾𝛾𝑒−𝛾𝑊𝑘
= 𝛾 

−
𝑊𝑈´´(𝑊 + 𝑘)

𝑈´(𝑊 + 𝑘)
=
𝑊𝑒−𝑘𝛾𝛾2𝑒−𝛾𝑊𝑘

𝑒−𝑘𝛾𝛾𝑒−𝛾𝑊𝑘
= 𝑊𝛾 

Eq. 4.1.3.c 

From equation 4.1.3.c it can be observed that that the negative exponential utility function 

shows constant absolute risk aversion, while the relative risk aversion is increasing in wealth. 

In other words, as wealth increases, the investor will expose the same amount of wealth to risk 

and the proportion of wealth invested will decrease. It can be questions why wealthier 
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investors would not invest the same proportion of their wealth as less wealthy investors. Here 

it could be assumed that the private investor is a gambler who seeks a certain wealth level, 

and will be willing to take more risk if she is further from the desired wealth level. This 

assumption will likely be best fitting for the young investor, who is found empirically to 

demonstrate lower risk aversion (Riley and Chow, 1992; Zuckerman, 1994; Barsky et al., 1997; 

cited in Halek and Eisenhauer, 2001). 

4.1.4 Utility Optimisation 

Finally, it must be assumed that the investor will always optimize the amount invested in the 

risky portfolio versus the risk-free assets. The investor will do this by maximizing the expected 

utility with respect to 𝛿, i.e. the proportion of wealth held in the risky portfolio.  

max
𝛿
 𝐸𝑡[𝑈𝑡+1] = 𝐸𝑡[−𝑒

−𝛾�̃�𝑡+1] 

s.t. 

�̃�𝑡+1 = (𝛿�̃�𝑡+1
𝑝

+ (1 − 𝛿)𝑟𝑓)𝑊𝑡 − 𝑇𝐶𝑡                �̃�
𝑝
~Ν(�̅�𝑝; 𝜎2) 

Eq. 4.1.4.a 

In equation 4.1.4.a the stochastic return �̃�𝑡+1is substituted with the condition and the normal 

distribution allows the equation to be written as 

𝐸𝑡 [−𝑒
−𝛾((𝛿�̃�𝑡+1

𝑝
+(1−𝛿)𝑟𝑓)𝑊𝑡−𝑇𝐶𝑡)] =  −𝑒

−𝛾(((𝛿�̅�
𝑝
−𝛾𝛿2

𝜎2

2
)+(1−𝛿)𝑟𝑓)𝑊𝑡−𝑇𝐶𝑡)

 

Eq. 4.1.4.b 

Now, the optimization problem can be written as 

max
𝛿
−𝑒

−𝛾(((𝛿�̅�
𝑝
−𝛾𝛿2

𝜎2

2
)+(1−𝛿)𝑟𝑓)𝑊𝑡−𝑇𝐶𝑡)

 

⇒ max
𝛿
(𝛿�̅�

𝑝
− 𝛾𝛿2

𝜎2

2
) + (1 − 𝛿)𝑟𝑓 

0 = �̅�𝑝 − 𝑟𝑓 − 𝛿𝛾𝜎2 

𝛿∗ =
�̅�𝑝 − 𝑟𝑓

𝛾𝜎2
 

Eq. 4.1.4.c 
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Thus, from equation 4.1.4.c it can be observed that the investor with negative exponential 

utility optimises the fraction of wealth in the risky portfolio by dividing the excess return by 

the scaled variance.  

The optimal wealth allocation in the risky assets portfolio is next to be allocated between each 

risky asset. While the naïve and Markowitz portfolio models will return a vector of relative 

weights, the Gârleanu-Pedersen model returns a vector of the absolute amount of assets. Thus, 

it will be necessary to have a conversion equation for the risky asset allocation vector 

𝜶𝑡 = 𝜽𝑡𝒙𝑡
1

𝛿∗𝑊𝑡
        ⇔        𝒙𝑡 = 𝜽𝑡

−1𝜶𝑡𝛿
∗𝑊𝑡 

Eq. 4.1.4.d 

Equation 4.1.4.d allows a direct conversion of proportional asset weights 𝜶𝑡 to absolute 

number of shares 𝒙𝑡 and vice versa. 𝜽𝑡 is a symmetric matrix with the dimension NxN with 

asset prices in the diagonal and all other elements as zero.  

4.1.5 Summary 

This section discloses two assumptions and two definitions that will be used in section 4.2 to 

model the final portfolio strategies that are tested empirically in section five. The definitions 

describe how the absolute monetary return and transaction costs are derived. The assumptions 

state that the investor’s risk preferences can be described by the negative exponential utility 

function and that returns on the risky portfolio follow a normal distribution.  Further, the 

optimal division of wealth between risky and risk-free asset is computed algebraically from the 

utility function. 

4.2 Portfolio Algorithms 

This section presents 8 models that are constructed from a mix the three portfolio selection 

models - Naïve, Markowitz and Gârleanu-Pedersen - and three rebalancing strategies – None, 

fixed period and automatic. 

All models relate to a portfolio of N risky asset and a risk free asset. The algorithms defines 

the alpha when the portfolio is rebalanced and an alpha measure at any time. 
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4.2.1 No Rebalance 

An investor who chooses not to rebalance her portfolio has most likely come across a paper 

such as Barber and Odean (2000) who concludes ” Individual investors who hold common 

stocks directly pay a tremendous performance penalty for active trading.” (Barber and Odean, 

2000, p773). They find that the average household in the US turnover 75 % of their stock 

portfolio annually with an average underperformance of 3.7% relative to a value weighted 

market index. Families above the 80th percentile turn over their portfolio twice a year and 

underperform by 10.3% annually. Further, Barber and Odean (2000) finds that active 

institutional investors are not performing much better than the active private investor. 

Findings like these can make anyone reflect whether it is worth it to take the time to actively 

manage the portfolio.  

Model 1,1 and 1,2  are portfolio selection models that are optimized once at time t=0, and 

then left to be tumbled around by the market forces. The Gârleanu-Pedersern model will not 

be modelled in the setting with no transaction costs because it will simply be a suboptimal 

static portfolio.  

Naïve portfolio 

The simple investor will allocate equal weights to all assets in her portfolio and take only long 

positions. This model will be the absolute simplest model of all 8 since it will demand close to 

no effort. At time zero the investor chooses to invest 𝛿∗𝑊0 into a portfolio of risky assets and 

the remaining  (1 − 𝛿∗)𝑊0 in a risk-free asset. The allocation of wealth into each security at 

any time t is given by the vectors 

ALGORITHM 1,1 

𝜶0 = 𝟏
1

𝑁
 

and 

𝒙𝑡 = 𝜽0
−1𝜶0𝛿0

∗𝑊0 

𝜶𝑡 =
𝜽0
−1𝜶0𝑷𝑡

𝟏𝑇𝜽0
−1𝜶0𝑷𝑡

 

Eq. 4.2.1.a 

It can be observed from equation 4.2.1.a that the amount of shares is unchanged at any 

time t, while the asset weights will change relative to the asset prices.  
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Markowitz 

The next model will show an investor who seeks to optimize return over risk by applying the 

Markowitz portfolio selection model. Thus, the investor will compute the tangent portfolio 

from equation 2.1.3.j and combine this with her optimal allocation to the risky portfolio. The 

allocation of wealth into each security at any time t is given by the vectors 

ALGORITHM 1,2 

𝜶0 =
Σ0
−1(�̂�𝑇 − 𝑟𝑓)

𝟏𝑇Σ0
−1(�̂�𝑇 − 𝑟𝑓)

 

and 

𝒙𝑡 = 𝜽0
−1𝜶0𝛿

∗𝑊0 

𝜶𝑡 =
𝜽0
−1𝜶0𝑷𝑡

𝟏𝑇𝜽0
−1𝜶0𝑷𝑡

 

Eq. 4.2.1.b 

Model 2,1 is similar to model 1,1, but the difference lies in the initial asset allocation 𝜶0. 

With no rebalancing, the investor’s risk of drifting away from her optimal setting increases 

with time. This implies that the investor is likely to experience some extreme asset weights as 

the investment horizon becomes longer. It is therefore common for many investors to rebalance 

their portfolio in fixed intervals of time as the following section proposes. 

4.2.2 Fixed Period Rebalance 

In the prospectus of most institutionally managed portfolios it will be stated how the portfolio 

is rebalanced and often the rebalance will be within fixed time intervals, such as monthly, 

quarterly, semi-annually etc. Some academics have tried to suggest an optimal rebalancing 

frequency (Das et al., 2014; Smith and Desormeau Jr., 2006).  

The time intervals for which the three portfolio selection models will be rebalanced will be 

given by the constant 𝑘 𝜖 ℤ+, which is a postive integer. Thus, in a year of t=250 trading days 

and k = 125, implies a semi-annual rebalancing frequency.  

Naïve portfolio 

The naïve portfolio rebalanced at fixed time intervals, is almost identical to the no-rebalance 

portfolio, except the time annotation is different 
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ALGORITHM 2,1 

𝜶𝑘𝑞 = 𝟏
1

𝑁
 

and 

𝜶𝑡 =
𝜽𝑘𝑞
−1𝜶𝑘𝑞𝑷𝑡

𝟏𝑇𝜽𝑘𝑞
−1𝜶𝑘𝑞𝑷𝑡

 

𝒙𝑡 = 𝜽𝑘𝑞
−1𝜶𝑘𝑞𝛿𝑘𝑞

∗ 𝑊𝑘𝑞 

where 𝑞 =
𝑡

𝑘
 𝜖 ℤ + 

Eq. 4.2.2.a 

Thus, it is essentially the same as the no-rebalance portfolio, except the time zero portfolio 

moves forward at fixed time intervals. This way, the investor can partly manage how far the 

asset weights are allowed to deviate from the optimal balance. There is theoretically no limit 

to how far the weights can deviate, but setting k low limits the time the weights are allowed to 

travel. The same can be applied to the Markowitz model.  

Markowitz 

Equal to model 2,1 above, the fixed period rebalancing for the Markowitz portfolio is derived 

by substituting time zero in model 1,2 with time kq  

ALGORITHM 2,2 

𝜶𝑘𝑞 =
Σ𝑘𝑞

−1(�̂�2𝑘𝑞 − 𝑟𝑓)

𝟏𝑇Σ𝑘𝑞
−1(�̂�2𝑘𝑞 − 𝑟𝑓)

 

and 

𝜶𝑡 =
𝜽𝑘𝑞
−1𝜶𝑘𝑞𝑷𝑡

𝟏𝑇𝜽𝑘𝑞
−1𝜶𝑘𝑞𝑷𝑡

 

𝒙𝑡 = 𝜽𝑘𝑞
−1𝜶𝑘𝑞𝛿

∗𝑊𝑘𝑞 

where 𝑞 =
𝑡

𝑘
 𝜖 ℤ + 

Eq. 4.2.1.b 

It should be noticed, that model 2,1 and ,2,2 are rebalancing directly to the optimal portfolio 

and ignoring the transaction costs. It was illustrated in section 2.1.4 how transaction costs 

create a non-trading zone around the optimal portfolio, but the investor of model 2,1 and 2,2 

is assumed to ignore such zone. Presumably, the investor could believe that optimizing to 
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what immediately seems to be a sub-optimal portfolio on a non-trading zone barrier, is 

inferior. In other words, the investor supposes that the benefit from rebalancing directly to the 

optimal portfolio exceeds the additional transaction costs. In the following model, the investor 

will however, consider transaction costs and adjust the rebalance accordingly.   

Gârleanu-Pedersen 

The Gârleanu-Pedersen model is not intended for fixed period rebalancing, so model 2,3 will be 

a forced example. The investor can apply the time factor from model 2,1 and 2,2 in the 

equations 2.1.4.c-d, and lock the portfolio between each rebalance, to get the effect of fixed 

period rebalancing. It is not necessarily a sub-optimal method, because the extra time between 

rebalances allows the portfolio to move toward the Markowitz portfolio. However, it will 

rebalance further from the Markowitz portfolio because the aim portfolio is further away. Also, 

the transaction cost is likely to be higher, thereby increasing the non-trading zone. The model 

is given by 

ALGORITHM 2,3 

𝒙𝑡 = (1 −
𝑎

𝜆
) 𝒙𝑘𝑞−1 +

𝑎

𝜆
𝒂𝒊𝒎𝑘𝑞 

𝜶𝑡 = 𝜽𝑡𝒙𝑡
1

𝛿∗𝑊𝑡
 

S.t. 

𝒂𝒊𝒎𝑘𝑞 = ∑ 𝑧(1 − 𝑧)𝜏−𝑘𝑞
𝑇

𝜏=𝑘𝑞

𝐸𝑘𝑞[𝒙𝜏
𝑀]        𝑓𝑜𝑟 𝜏 𝜖 [1𝑘𝑞, 2𝑘𝑞…𝑇𝑘𝑞] 

where z = γ/(γ + a) and 𝐸𝑘𝑞[𝒙𝜏
𝑀]is the expected Markowitz portfolio 

𝑎 =
−(𝛾(1 − 𝜌) + 𝜆𝜌) + √(𝛾(1 − 𝜌) + 𝜆𝜌)2 + 4𝛾𝜆(1 − 𝜌)2

2(1 − 𝜌)
 

where 𝜌 𝜖 [0,1] is the discount rate, 𝜆 is transaction costs and 𝛾 is risk aversion 

Eq. 4.2.2.c 

Rebalancing the Gârleanu-Pedersen model at intervals of k, instead of at each t, is actually 

equal to changing the measurement of t. For example, if t is measured in days and k is set to 

five, it is equivalent of measuring t in weeks9 and setting k to one. In case model 2,3 shows to 

                                           
9 With five trading days in a week. 
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be empirically most efficient, it will be relevant to study how the measurement of time affects 

the model. Thus, model 2,3 is in fact also an automated portfolio, but with restrictions. The 

fully automated portfolio models are described below. 

4.2.3 Automated Rebalance 

For a portfolio strategy to be defined as automated in this thesis implies that it must be self-

managing within some pre-defined constraints. The automation is reflected in the rebalancing 

strategy which in the naïve and Markowitz portfolio will be dependent on the expected utility. 

The dependent factor will be expressed by a dummy function, which returns the value 1 for a 

rebalance and 0 for no rebalance at each t. Thus, model 3,1 and 3,2 will continuously be 

subject to the myopic behaviour as described in the Samuelson-Merton result (see section 

2.1.4). In contrast, model 3,3 rebalance at each t, with respect to all future predicted returns 

and transaction costs. 

Naïve portfolio 

The function that decides for the portfolio to rebalance or not, is dependent on expected 

utility from the current asset allocation relative to the allocation after a rebalance.  

ALGORITHM 3,1 

𝜶𝑡
∗ = 𝟏

1

𝑁
 

and 

𝜶𝑡 = 𝜶𝑡−1 + ∆𝜶𝑡
∗𝜒(𝐸𝑡[𝑈(𝑅(𝜶𝑡

∗))] − 𝐸𝑡[𝑈(𝑅(𝜶𝑡−1
 ))]) 

𝒙𝑡 = 𝜽𝑡
−1𝜶𝑡𝛿𝑡

∗𝑊𝑡
∗ 

where  ∆𝜶𝑡
∗ = 𝜶𝑡

∗ − 𝜶𝑡−1 and 𝜒(𝐸𝑡[𝑈(𝑅(𝜶𝑡
∗))] − 𝐸𝑡[𝑈(𝑅(𝜶𝑡−1

 ))]) is 1 for 𝐸𝑡[𝑈(𝑅(𝜶𝑡
∗))] >

𝐸𝑡[𝑈(𝑅(𝜶𝑡−1
 ))] 𝑎𝑛𝑑 𝑧𝑒𝑟𝑜 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒. 

Eq. 4.2.3.a 

At any time the function 𝜒 is true, the portfolio will rebalance to the equal weights. The 

same dummy function can be applied to the Markowitz portfolio. 

Markowitz  

Model 3,2 follows the same structure as model 3,1, except the model optimises to the 

Markowitz portfolio instead. 
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ALGORITHM 3,2 

𝜶𝑡
∗ =

Σ𝑡
−1(�̂�𝑡+1 − 𝑟𝑓)

𝟏𝑇Σ𝑡
−1(�̂�𝑡+1 − 𝑟𝑓)

 

and 

𝜶𝑡 = 𝜶𝑡−1 + ∆𝜶𝑡
∗𝜒(𝐸𝑡[𝑈(𝑅(𝜶𝑡

∗))] − 𝐸𝑡[𝑈(𝑅(𝜶𝑡−1
 ))]) 

𝒙𝑡 = 𝜽𝑡
−1𝜶𝑡𝛿𝑡

∗𝑊𝑡
∗ 

where  ∆𝜶𝑡
∗ = 𝜶𝑡

∗ − 𝜶𝑡−1 and 𝜒(𝐸𝑡[𝑈(𝑅(𝜶𝑡
∗))] − 𝐸𝑡[𝑈(𝑅(𝜶𝑡−1

 ))]) is 1 for 𝐸𝑡[𝑈(𝑅(𝜶𝑡
∗))] >

𝐸𝑡[𝑈(𝑅(𝜶𝑡−1
 ))] 𝑎𝑛𝑑 𝑧𝑒𝑟𝑜 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒. 

Eq. 4.2.3.b 

Model 3,1, and 3,2 are both subject to myopic behaviour as they only optimize with respect to 

utility of one period ahead. The Gârleanu-Pedersen portfolio continuously optimises with 

respect to expected utility far into the future.  

Gârleanu-Pedersen 

Unlike all other models so far, model 3,3 is taken directly from the paper of Gârleanu and 

Pedersen (2013). Models 1,1 - 3,2 have been adjusted to become dynamic portfolio models or 

to fit the rebalance strategy. The final model can be applied directy without adjustments.  

ALGORITHM 3,3 

𝒙𝑡 = (1 −
𝑎

𝜆
) 𝒙𝑡−1 +

𝑎

𝜆
𝒂𝒊𝒎𝑡 

𝜶𝑡 = 𝜽𝑡𝒙𝑡
1

𝛿∗𝑊𝑡
 

S.t. 

𝒂𝒊𝒎𝑡 =∑𝑧(1 − 𝑧)𝜏−𝑡
𝑇

𝜏=𝑡

𝐸𝑡[𝒙𝜏
𝑀]        𝑓𝑜𝑟 𝜏 𝜖 [𝑡 + 0, 𝑡 + 1…𝑇] 

where z = γ/(γ + a) and 𝐸𝑡[𝜶𝜏
𝑀]is the expected Markowitz portfolio 

𝑎 =
−(𝛾(1 − 𝜌) + 𝜆𝜌) + √(𝛾(1 − 𝜌) + 𝜆𝜌)2 + 4𝛾𝜆(1 − 𝜌)2

2(1 − 𝜌)
 

where 𝜌 𝜖 [0,1] is the discount rate and 𝜆 is transaction costs 

Eq. 4.2.3.c 
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4.2.4 Summary 

Section 4.2 crosses portfolio selection models and rebalancing strategies and proposes eight 

algorithms that are applicable for algorithmic trading. Eight models have been have been 

presented algebraically in section 4.2 and in the following section tools for algorithmic 

application is suggested. The general algorithm provides a measure for the asset weights alpha, 

when the portfolio is rebalanced and a measure of alpha at time t, between rebalancing.  

In the following chapter, the eight algorithms are tested in a back-testing simulation.  
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Chapter 5 - Empirical Analysis 

Chapter 5 presents a simulation of the eight portfolios and derives a quantitative measure for 

performance comparison. Mention the test period.  

The chapter is structured similar to chapter four, where the general conditions are derived 

primarily and then each algorithm is simulated in chronological order.  

5.1 Return Prediction – Box-Jenkins Methodology 

The three rebalance strategies - none, fixed and dynamic – demand different prediction 

horizons. No rebalancing requires a forecast of the return for the entire investment horizon and 

the fixed rebalancing requires a return prediction with k=126 periods apart. The prediction for 

algorithms 1,1 to 2,3 is therefore based on semi-annual data, summarized from the daily data. 

The prediction model will therefore be based on a sample of 27 semi-annual prices between 

1980 and 1994 and makes 40 out of sample predictions from 1994 to 2014.  

The dynamic rebalancing depends on daily return predictions, and algorithms 3,1 to 3,3 is 

therefore based on daily forecasts. The daily prediction model is estimated using 507 daily 

prices from 1992 to 1994. Portfolio simulation for all eight algorithms will run from April 1994 

to March 2014, thus the investment horizon is 20 years.  

The Box-Jenkins methodology is applied and enables return predictions that can be set up as 

equation 4.1.1.c by Gârleanu and Pedersen (2013). The long term (semi-annual) and short 

term (daily) models has to be able to make discrete return predictions for each asset 

𝑖 𝜖 [1; 2 …  58]. Optimally, and ARIMA model should be fitted for each stock, but because the 

Box-Jenkins is a time consuming method, one model is estimated based on the average stock 

price. The parameter estimates for the average stock price is then assumed to be a good fit for 

each stock price.  
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Figure 5.1.1.a – Semi-annual average price of stock portfolio.    Figure 5.1.1.b – Daily average price of stock portfolio. 
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The ARIMA(1,1,1) model is shown in equation 3.2.1.a and can be set up as an algorithm of 

vector 𝒇 and a matrix 𝑩𝑡, illustrated below: 

ARIMA(1,1,1):      [𝐴1 𝐵1 𝐵0]⏞        
𝒇

∗ [
𝜇𝑡−1
𝑖 ⋯ 𝜇𝑡−1

𝑁

휀𝑡
𝑖 ⋯ 휀𝑡

𝑁

1 ⋯ 1

]

⏞          
𝑩𝑡

+ 𝜅 = [�̂�𝑡+1
𝑖 … �̂�𝑡+1

𝑁 ]⏞          
�̂�𝑡+1

 

Eq. 5.1.a 

The elements of the row vector 𝒇 are the parameter estimates that will be assumed to be fixed 

for the entire test period. The 𝑩𝑡 matrix holds the observations and factor 1 for the long term 

mean and �̂�𝑡+1 is the vector of predicted returns that are used in the Markowitz model.  

Sections 5.1.1 to 5.1.3 below will follow the Box-Jenkins methodology step by step, starting 

with identification, then estimation and diagnostics checking, and finally forecasting.  

5.1.1 Identification 

The identification step determines the appropriate number if differences of the price that must 

be taken for obtaining a stationary output variable. It shall also identify the autoregressive 

process and moving average. 
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ARIMA: I() 

The first step is to determine whether the time series is stationary. Figures 5.1.1.a and b 

illustrate the average price of the semi-annual and daily stock prices. Immediately, it would 

seem that both time series are following a random walk with drift (see section 2.2.1) and this 

can be confirmed by an augmented Dickey-Fuller test (see appendix C, tables C1 and C2).  

Calculating the natural logarithmic return is equivalent to taking the first difference which 

makes the time series stationary (see appendix C, tables C3 and C4). The stationarity tests in  

tables C3 and C4 in appendix C are based on the average logarithmic return, i.e. the 

logarithmic return is calculated for each individual asset, and then averaged. Thus the 

individual asset returns are calculated by equation 2.1.2.b by Campbell et al. (1997)10.  

Before proceeding to plotting the ACF and PACF in correlogram, potential outliers have been 

removed by fitting all observations within a maximum of three standard deviations from the 

mean return (see figures C1 to C4 in appendix C). Tables C2 and C4 in appendix C, illustrate 

that the daily returns range between -1,6% to 1,6%, where the semi-annual returns range 

between -18.1% to 25.3%. Neither interval raises any major concern about using the 

logarithmic approximation. 

ARIMA: ARMA() 

It is found that the first difference is necessary to have stationary time series and thus there is 

I(1). A graphical inspection of a plot of the ACF and PACF guides the selection of the AR 

and MA process (see appendix C, figures 5-8). The ACF and PACF for the semi-annual return 

shows no significant lags, which is a sign of white noise. This is confirmed in a white noise test. 

The semi-annual time series is also tested for ARCH effect and none is found in accordance 

with the visual inspection of the ACF and PACF. The daily time series however, has six 

correlated lags in the ACF and five in the PACF up to lag 124, which could indicate 

heteroskedasticity. A white noise test indicates that there is in fact white noise with divergence 

in lags 6-8 and 15. The test for ARCH, shows a general ARCH effect up to lag 40, thus 

caution must be taken when deriving the confidence interval. A potential fix could be an 

EGARCH which can correct the errors, but it will not affect the mean forecasted value.  

                                           
10 It should be noted that the semi-annual logarithmic returns are a weaker approximation for the actual stock returns than 

the daily logarithmic returns because the returns are significantly higher (Campbell et al., 1997). This can potentially reduce 

the goodness of fit of a forecasting model.  



66                                                            CHAPTER 5: EMPIRICAL ANALYSIS 

Four ARIMA models will be tested for each time series and the two final models will be 

selected based on the lowest AIC value. With regard to the parsimony concept of the Box-

Jenkins methodology, the models that are tested are ARIMA(1,1,1), ARIMA(1,1,2), 

ARIMA(2,1,1) and ARIMA(2,1,2).  

5.1.2 Estimation and Diagnostic Checking 

Each of the four proposed ARIMA models are run in numXL11 and the parameters are 

calibrated to optimize the log-likelihood function. Table 5.1.1.a summarizes the AIC values. 

The ARIMA(2,1,1) model is selected for the long term forecasting and the ARIMA(1,1,2) is 

selected for the daily short term forecasting. There is white noise and no ARCH effect in all of 

the semi-annual ARIMA models. The daily ARIMA models tests positive for white noise in all 

models, but positive for ARCH effect as well. This implies that the confidence interval of 

forecasted daily returns by an ARIMA(1,1,2) is unreliable. It could be corrected by fitting an 

EGARCH model, but it is irrelevant for this study, because it does not change the forecast.  

5.1.3 Forecasting 

The parameters of the monthly ARIMA𝐿(2,1,1) are given by the vector 𝒇𝐿 

𝒇𝐿 = [0.4092 −0.1220 −0.7228 0.0466] 

and the parameters of the daily ARIMA𝑆(1,1,2) are given by the vector 𝒇𝑆 

𝒇𝑆 = [0.9447 −0.8818 −0.1181 0.0003] 

                                           
11 NumXL is an econometrics/time series analysis add-in for Microsoft Excel provided by Spider Financial Corp. 

(http://www.spiderfinancial.com/products/numxl). 

 

  AIC   

Model Semi-annual Daily 

ARIMA(1,1,1) -31.9731 -3836.035 

ARIMA(1,1,2) -32.7239 -3841.366 

ARIMA(2,1,1) -32.7915 -3840.515 

ARIMA(2,1,2) -21.6494 -3838.794 

Table 5.1.1.a – Reported AIC of eight tested ARIMA models.  
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For the full test period forecasting, the 40th out of sample estimate is used as the mean long 

run logarithmic return. The long run return for each stock are applied in the Markowitz model 

when there is no rebalancing (algorithm 1,2). Out of the 58 stocks the long term forecast 

model gets 51 signs correct (89%), i.e. both forecasted and actual return are both either 

positive or negative. The performance of the long term forecast can be seen in figure 5.1.3.a. 

The long term forecast is especially 

good for the first eight years, with few 

exceptions. The residuals plot reveals 

that the forecast is especially weak in 

bear-market periods, for example 

during the recession in 2008 the 

logarithmic return forecast is almost 

50% off the realised return. The overall 

adjusted sum of squared residuals is 

73.5%. The goodness of fit for the long 

term logarithmic return of each stock 

is shown in a squared residuals plot in 

figure C9 in appendix C.  

When the investor is able to rebalance 

semi-annually, she is also able to 

update the forecast with the most 

recent realised returns. Thus, the 

investor will at each semi-annual 

rebalance, make a one period out of 

sample forecast. When this is done for 

each of the 40 out of sample periods 

and for each of the 58 stocks, the sign 

is correct 1285 out of 2320 

observations (55%). The average 

performance is illustrated in figure 

5.1.3.b. 

Figure 5.1.3.a – Long term forecast. The average logarithmic return 

forecast applied over 20 years. 

Figure 5.1.3.b – Semi-annual forecast. One period average 

logarithmic return forecast applied over 20 years. 
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The one period semi-annual forecasts seem to be a poor fit, and the residuals are much like the 

residuals from the long term forecast, this is despite the forecast is updated semi-annually. The 

adjusted squared residuals is 76,7% for the average price and the squared residuals for each 

stock are illustrated in figure C9 in appendix C. 

Finally, the dynamic rebalance strategies calls for daily updated forecasts. These forecasts are 

applied in algorithms 3,1 to 3,3 because the condition for a rebalance is dependent on the 

expected utility of the following period. There are in total 5042 one period out of sample 

estimates for each of the 58 stocks. In total 292,436 returns are forecasted and of these 146,069 

have the correct sign (50%). The average performance of the daily return forecasts is 

illustrated in figure 5.1.3.c 

It is observed that there is a significant delay in the forecast as the average price of the 

S&P500 and the forecast tops approximately six months apart. This is naturally caused by the 

construction of the model, which builds on lagged values, but the delay is surprisingly large. 

The average price has adjusted summed squared residuals of 62.9% and the squared residuals 

for each stock are also shown in figure C9 in appendix C. 

Figure C9 in appendix C reveals that for all three forecasts illustrated above, the top three 

best predicted stocks by the general prediction model are Chevron, ConocoPhillips and 3M. 

The three worst predicted stocks are Penney, IBM and Pitney Bowes.  

Figure 5.1.3.c – Daily forecast. One period average logarithmic return forecast applied over 20 years.  
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5.1.4 Summary 

Section 5.1 presents two ARIMA, which are used to create the predicted values that are 

employed in the algorithms suggested in chapter four. The no rebalancing and fixed period 

rebalancing algorithms demand forecasts over longer horizons, and for this an ARIMA(2,1,1) 

model on semi-annual data has been fitted. The dynamic algorithms from section 4.2.3 

demand daily forecasts and these were best fitted by an ARIMA(1,1,2) model. The ARIMA 

models can be converted to matrix calculus as suggested in equation 5.1.a and this is a strong 

advantage when the prediction models are fitted in an algorithm. The performance of the 

forecasts is illustrated in figures 5.1.3.a-c.  

5.2 Algorithm Simulation 

This section presents the backtesting of the eight algorithms both illustratively and 

descriptively, along with the assumptions that were necessary for the application. The models 

are compared quantitatively in section 5.3 where the conclusion about an optimal rebalancing 

strategy is reached as well. 

All portfolio simulations start on the first trading day of April 1994 and ends on the last 

trading day of March 2014. The optimal allocation between the risky portfolio and risk-free 

asset (the delta) is calculated for all algorithms based on the historical data from 1980 to 1994. 

This implies that an estimate of the risky portfolio return is made backwards in time from 

1994, so the investor has an expectation about the risky portfolio return and variance on the 

first trading day. This information is used in equation 4.1.4.c and makes the investor able to 

allocate wealth optimally on the first trading day. As time passes the investors that are able to 

rebalance their portfolio will be able to learn from the simulated portfolios, and adjust their 

optimal delta.  

The general assumptions for all algorithms, is that the investor has a risk aversion of one while 

the brokers risk aversion is 0.303. The brokers risk aversion is measured such that the 

transaction cost of making a onetime naïve portfolio is exactly 0.1% of the traded volume. The 

initial wealth is one, and can be multiplied by any factor that would be reasonable for a 
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private investor. The optimal number of stocks for each asset will often have decimals, but 

this is ignored throughout all simulations to avoid a bias from taking only the integers. 

Key figures for all algorithms are summarized in table 5.3.5.a. 

5.2.1 No Rebalance 

The first two algorithms allow the investor to enter the portfolio on the first trading day, and 

make no adjustments thereafter. This implies that the asset weights in the risky portfolio and 

the allocation between risky and risk-free assets are at the mercy of the market and most 

certainly will deviate from the optimal allocation. 

Algorithm 1,1 

The investor with the naïve portfolio finds that the average daily return of the 58 stocks is 

0.034%, and the variance is 0.0089%. Along with the 10 year average risk free rate the optimal 

delta on the first trading day is 113%. Thus, on the first trading day the investor allocates 

1.132 ∗
1

58
 of her wealth in each stock and borrows 13% of her wealth at the risk free rate. 

However, a fraction of the wealth is subtracted for transaction costs before the allocation, 

which in this case is approximately 0.12% of the wealth. This ensures that the final allocation 

after transaction costs is in accordance with the optimal delta. Figure 5.2.1.a illustrates the 

performance of algorithm 1,1.  

It is clear from the figure that the 

return from algorithm 1,1 is similar to 

the market return. This is because the 

positions that have higher returns will 

become a larger fraction of the portfolio. 

The wealth increase more than 500% 

over the 20 years and it is observed that 

the utility is close to zero (the 

maximum) after a 400% increase. This 

is in accordance with the presumption in 

section 4.1.3, that the investor is seeking 

a certain wealth level.  
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Figure 5.2.1.a – Performance of algorithm 1,1.  
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On the final trading day, the asset weights are deviating 49% on average from the original 

weights which is incredibly little after having traded for more than 5000 days. 

Algorithm 1,2 

The second algorithm that makes no rebalance is a Markowitz portfolio selection model that is 

mean-variance optimized on the first trading day. The average daily return from a Markowitz 

portfolio from 1980 to 1994 is 0.0402% and the variance is 0.0357%. This is a significantly 

higher variance than the naïve portfolio, and the optimal delta on the first trading day is 

therefore much less at 45%. Despite the low allocation in the Markowitz portfolio, the traded 

volume of risky assets is significantly higher than the naïve portfolio. This is because the asset 

weights in the risky portfolio are quiet extreme with the highest long position at 267% and the 

highest short position at 128%. Thus, the investor has to subtract almost 11% of her wealth 

before her asset allocation to maintain the optimal delta at 45%. The traded volume is more 

than ten times the initial wealth and the transaction cost is therefore more than one percent of 

the initial wealth. Thus, the criticism about extreme asset weights in the Markowitz portfolio 

in academic literature seem to be well justified. However, figure 5.2.1.b illustrates that the 

extreme asset weights pays off, even without rebalancing.  

The same pattern as the average S&P 

index and algorithm 1,1 is observed in 

the wealth in figure 5.2.1.b, but with 

more volatility. Like algorithm 1,1, 

this is because the weights adjust to 

the stocks that are performing well. A 

wealth level of more than 400% is 

reached six years after the first trading 

day, but falls again during the IT 

bubble. Due to the structure of the 

utility model, the recession in 2008 is 

almost invisible in the utility plot.  

On the final trading day the largest long position has grown to almost 600% and the largest 

short position is 253%, thus the asset weights have become even more extreme during the 

investment horizon.  
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Figure 5.2.1.b – Performance of algorithm 1,2. 
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5.2.2 Fixed Period Rebalance 

The fixed period rebalancing is the strategy that is often mentioned in the prospectus of 

various funds. The time interval varies from fund to fund, but in this analysis it is assumed to 

be 126 trading days. In contrast to the no-rebalance portfolios above, the fixed rebalance 

portfolio will force the asset allocation back to the predefined weights in regular intervals. This 

will naturally incur higher transaction costs. It is the brokers risk aversion toward the variance 

and covariance and although the brokers risk aversion is assumed to be constant, the variance 

and covariance changes and can make an ill-timed rebalance very costly.  

Algorithm 2,1 

The naïve portfolio with fixed rebalancing, sets out exactly like algorithm 1,1, i.e. the initial 

optimal delta is 113%. The advantage is however, that the investor can observe the return 

from the portfolio and rebalance not only the risky asset weights, but also the optimal delta. 

In contradiction with theory, it was seen in figure 3.3.1.b that the risk free rate is varying, and 

generally following a downtrend. All else equal, this should increase the optimal delta over 

time. The performance of algorithm 2,1 is depicted in figure 5.2.2.a  

It is observed that the wealth becomes 

significantly more volatile when the 

naïve portfolio is rebalanced semi-

annually. This is partly because the 

stocks that are increasing (/decreasing) 

their weights through good (/poor) 

performance, are systematically 

returned to their original weights. Thus, 

during the recession in 2008, the stocks 

that were most affected by the economy 

gets an equal share in the portfolio, and 

drives wealth below zero. Another 

reason is that the delta increases and a larger stake in the risky assets is taken, see figure D1 

in appendix D. The average optimal delta on the rebalance dates before the bankruptcy is 

305%, so the risky portfolio is geared more than three times on average. The simulation of 

algorithm 2,1 ends five years prematurely because the investor is bankrupted by the portfolio 

Figure 5.2.2.a – Performance of algorithm 2,1. 
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model and rebalance strategy. A more risk adverse investor could potentially have overcome 

the financial recession, but would experience similar volatility in wealth. 

Algorithm 2,2 

The Markowitz portfolio is more likely to benefit from systematic rebalancing as it optimizes 

the mean-variance relationship. The downside however, is the excessive transaction costs that 

are associated with the extreme portfolio weights associated with the Markowitz selection 

model. The optimal portfolio is followed strictly on rebalance days (to simulate algorithmic 

trading), and this results in a higher transaction cost than wealth during the financial 

recession in 2008. Figure 5.2.2.b illustrates the systematically rebalanced Markowitz portfolio, 

which bankrupts during the rebalance in March 2008.    

While the optimal delta on the initial 

trading day is equal to algorithm 1,2, 

the risky asset weights are different. 

This is because the Markowitz 

optimizes mean-variance relative to 

expected returns for the following 126 

days, rather than the entire 

investment horizon. Thus, the initial 

transaction cost is only one fifth of 

initial transaction cost in algorithm 

1,2. But, the total transaction cost, 

including the one that bankrupts the 

portfolio, is 10 times the initial wealth. 

When the markets change in 2008, it shifts the optimal mean-variance weights in such a 

degree that the transition costs exceed the wealth and the investor is bankrupted. There is a 

critical note here to the automation of portfolio management, because a rational fund manager 

would not make a manual rebalance that bankrupts the portfolio. 

Algorithm 2,3 

The Gârleanu-Pedersen portfolio sets out from the Markowitz portfolio, but the rebalances are 

only made partly towards the optimal portfolio, to limit the transaction costs. By rebalancing 
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Figure 5.2.2.b – Performance of algorithm 2,2 
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partly towards the Markowitz portfolio, but also partly towards future expected Markowitz 

portfolios, the immediate transaction cost and future transaction costs are limited.  

The initial asset allocation is equal to algorithm 2,2 above, and the semi-annual rebalances are 

sufficiently limited to keep the transaction costs low. During the 40 semi-annual rebalances the 

transaction costs sums to less than 13% of the initial wealth. The performance of algorithm 2,3 

is depicted in figure 5.2.2.c. 

Algorithm 2,3 reaches the desired 

wealth level above 400% of the initial 

wealth shortly before the financial 

crisis, but drops significantly in 2008 

and 2009. The volatility is obvious, but 

relatively less than the Markowitz 

portfolio without rebalance in 

algorithm 1,2. The utility drops 

significantly during the IT bubble, 

because the wealth level drops to its 

initial level.  

5.2.4 Automated Rebalance 

The automated rebalance is trading based on some predefined conditions. In this case the 

main predefined condition for Algorithms 3,1 and 3,2 is that the expected utility of the 

following period is higher when rebalancing. Also, the expected return after a rebalance must 

be higher than five percent including transaction costs. There is however a control condition as 

well, which only allow a rebalance if the expected wealth after rebalancing is none negative. 

The Gârleanu-Pedersen model is constructed to make limited rebalances and is therefore not 

conditioned. Algorithm 3,3 will therefore make rebalances for each period.  

Algorithm 3,1 

The naïve portfolio is again initiated with an optimal delta of 113%, but the dynamic 

algorithm 3,1 rebalances this after only three days to 110%. Over the 5034 trading days, the 

algorithm performs 94 rebalances that relatively clustered around the years 1995 and 2014. In 

fact, for more than 16 years between 1997 and 2013, the algorithm makes no rebalances. 
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Figure 5.2.2.c – Performance of algorithm 2,3.  
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Figure 5.2.4.a illustrates that the 

wealth reaches a high level very fast, 

but returns to the original wealth level 

fast as well. Going back to the forecast 

illustration in figure 5.1.3.c can gives an 

explanation why the wealth from 

algorithm 3,1 is so volatile. The 

forecast is slow to register trend 

changes which directly affect the 

performance of the algorithm. However, 

a better forecast would not necessarily 

imply more rebalances, as it was seen 

in algorithm 1,1 that the naïve portfolio puts more weight in well performing shares and vice 

versa. Thus, it can be advantageous to let the naïve portfolio flow without rebalancing, which 

is also observed in algorithm 3,1. The free flow of the naïve portfolio is also the cause of the 

high volatility and the realized delta of 320% on average. The average realized delta is 

significantly higher than the average optimal delta at 248% and on days with rebalance the 

average delta is 194%.   

Algorithm 3,2 

When the same conditions for rebalancing are imposed on the Markowitz portfolio, there are 

229 rebalances over the 20 years. The great advantage of the dynamic rebalancing is that all 

potential rebalances to extreme asset 

weights are filtered out by the 

algorithm. Thus, the total transaction 

cost sums to a limited 25% of the 

initial wealth. Like algorithm 3,1 a 

large part of the rebalances are 

clustered in 1994 and 1995, but 

thereafter the rebalances are fairly 

dispersed. The longest period without 

rebalancing is four years between 2004 

and 2008.  
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Figure 5.2.4.a – Performance of algorithm 3,1. 
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Algorithm 3,2 returns the least volatile wealth curve so far, but the wealth is still in steep 

decline during the financial recession – see figure 5.2.4.b. Interestingly the average optimal 

delta and the average realized delta are equal at 185%, but higher than the average delta 

during the rebalances at 88%. Plots of the optimal delta and realized delta for all algorithms 

are illustrated in appendix D.  

Algorithm 3,3 

The final algorithm is the Gârleanu-Pedersen, which is rebalancing each period 

unconditionally. The calculated trading scale from equation 4.2.3.c is 80.4%, which means the 

algorithm rebalances by allocating 19.6% of wealth to the previous portfolio and 80.4% to the 

aim portfolio. The aim portfolio is computed by taking the exponentially weighted average of 

the expected Markowitz portfolio, 20 

days ahead.  

 Despite the portfolio rebalances each 

day, the summed transaction costs are 

a meagre 0.8% of the initial wealth. 

The low transaction costs are however 

explained by poor performance of the 

algorithm. Figure 5.2.4.c illustrates 

that the wealth level at the most 

reaches an increase of 50% over the 

initial wealth level and so the traded 

volume will inevitably stay small.  

An explanation to the poor performance of the algorithm is most likely rooted in the 

application. For example the aim portfolio is indirectly based on return predictions 20 periods 

into the future and this puts a heavy weight on the forecast model. Naturally, the same 

problem apply to algorithm 2,3 as well, but with semi-annual rebalances the issue goes 

unnoticed.  

5.2.5 Summary 

Section 5.2 has presented an illustration and description of the performance for each of the 

eight simulated algorithms. The general finding among the algorithms with no rebalance is a 
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market driven performance as weights in well performing stocks grow larger with time and 

vice versa. Two of the three fixed term rebalancing portfolios bankrupted the investor, while 

the Gârleanu-Pedersen portfolio returned a decent outcome. The dynamic algorithms of the 

naïve and Markowitz portfolio are making rebalanced conditioned on expected increased 

utility, which seems to give a significantly higher return than the other algorithms. The 

Gârleanu-Pedersen model with daily rebalances puts a heavy weight on the forecast model and 

indicates poor performance.  

The following section will make quantitative comparisons of the eight algorithms and list the 

results in a summary table.  

5.3 Quantitative Comparison 

This section cross quantitative measures of the eight tested algorithms and summarizes 

advantages and disadvantages of the algorithms. The algorithms are compared within four 

categories – utility, wealth, portfolio weights and transactions. These measures are then used 

to reach a conclusion about the potential advantage from automating portfolio rebalancing.  

5.3.1 Utility 

In chapter four it was assumed that the investor’s preferences are described by a negative 

exponential utility function (see equation 4.1.3.a). Following, the risk aversion was fixed 

arbitrarily at one throughout the empirical analysis. The figures in section 5.2 reveal that the 

utility moves close to zero after an increase in wealth of more than 400% relative to the initial 

wealth level. Thus, algorithms that can keep wealth above this level over longer periods are 

more likely to have a higher overall utility. Table 5.3.1.a below summarizes the statistical 

description of utility from each algorithm. 

Utility 

Algorithm: 1,1 1,2 2,1* 2,2* 2,3 3,1 3,2 3,3 

Sum -497.14 -357.24 -644.64 -754.76 -528.69 -309.60 -582.84 -1773.40 

Average -9.88% -7.10% -17.20% -20.66% -10.50% -6.15% -11.58% -35.23% 

St.d. 9.14% 13.51% 16.53% 11.38% 10.04% 11.51% 13.88% 5.12% 

 

Table 5.3.1.a – Utility statistics for all algorithms.    *the algorithm bankrupted the portfolio. 
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The overall highest utility is obtained by dynamically rebalancing the naïve portfolio. The 

second and third highest utility is surprisingly the no-rebalance portfolios that are found to 

become almost equal to the market index over time. The lowest standard deviation in the 

utility is in the dynamic Gârleanu-Pedersen model, but it is known that the low volatility is 

associated with a low return. Thus, it is relevant to compare wealth from the eight portfolios.  

5.3.2 Mean and Variance 

The most important determinant for the preferred algorithm is the utility that investors get 

from the application. However, the wealth level and volatility of the wealth level are also 

relevant determinants. Table 5.3.2.a summarises the statistics of the wealth level from the 

algorithms.  

Wealth (in % of initial wealth) 

Algorithms: 1,1 1,2 2,1* 2,2* 2,3 3,1 3,2 3,3 

Terminal 538.69% 1521.94% 0.00% 0.00% 676.80% 1894.98% 2000.97% 129.66% 

Average 274.52% 702.85% 236.12% 205.68% 335.69% 642.87% 537.11% 105.36% 

Min 96.05% 44.93% 0.00% 0.00% 92.22% 2.92% 89.42% 59.73% 

Max 538.69% 1804.96% 657.84% 1150.65% 833.72% 1894.98% 2000.97% 148.46% 

 

Change in Wealth 

Average 8.78% 14.58% -100.00% -100.00% 10.03% 15.85% 16.16% 1.31% 

St.d. 1.16% 3.59% 14.09% 4.27% 1.77% 18.96% 2.47% 1.02% 

Sharpe 7.59 4.06 -7.10 -23.40 5.66 0.84 6.53 1.28 

 

Table 5.3.2.a – Wealth statistics for all algorithms.     *the algorithm bankrupted the portfolio. 

 

While algorithm 3,2 had the highest terminal wealth, it is algorithm 1,2 that has the highest 

average wealth level over the test period. Algorithm 1,1 makes the smallest drawdown by a 

mere 3,95% while it should be noted that algorithm 3,1 is down at only 2.9% of the initial 

wealth at one point. This is interesting because such a wealth level will drag utility far down 

but algorithm 3,1 was still found to have the highest summed utility in table 5.3.1.a. However, 

the major drawdown in wealth of algorithm 3,1 becomes evident in the Sharpe ratio which is 

the lowest (excluding the bankrupting algorithms). The highest Sharpe ratio is surprisingly 

found in algorithm 1,1, instead of one of the mean-variance optimizing algorithms, although 

algorithm 3,2 is a close second. The wealth level and especially the volatility of returns are 

closely connected to the gearing of the portfolios and this is analysed next. 
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5.3.3 Portfolio Weights and Delta 

At the rebalances, each algorithm is programmed to optimise asset weights in the risky 

portfolio, but also the delta. The optimal delta increases when the mean return from the risky 

portfolio increases and decrease when the variance, risk-free rate and risk aversion increase (see 

equation 4.1.4.c). A plot of the optimal versus realized delta for each algorithm is illustrated in 

figures D1 to D8 in appendix D12. Somewhat extreme realized deltas are observed in 

algorithms 2,1, 3,1 and 3,2 but these extremes are most often single day incidents. Table 

5.3.3.a summarizes the statistical characteristics of the portfolio weights and delta. 

Realized Delta 

Algorithms:  1,1 1,2 2,1* 2,2* 2,3 3,1 3,2 3,3 

Average  107.46% 81.50% 336.76% 135.42% 80.08% 312.25% 184.58% 99.95% 

St.d.  2.10% 17.74% 365.11% 37.54% 18.92% 234.78% 110.89% 1.96% 

Min  104.18% -20.91% 112.71% 42.72% 36.36% 108.96% 33.73% 31.88% 

Max  113.92% 95.41% 15181.39% 322.11% 125.91% 4478.37% 1100.30% 110.00% 

 

Asset Weights 

Min  0.02% -290.04% 0.99% -305.23% -88.08% 0.06% -46.09% -22.62% 

Max  8.66% 669.29% 2.63% 238.77% 124.40% 12.23% 44.33% 23.64% 

 

Table 5.3.3.a – Delta and asset weight statistics for all algorithms.               *the algorithm bankrupted the portfolio. 

 

The table above shows that the algorithm that has geared the risky portfolio most on average 

is algorithm 2,1, but also algorithm 3,1 is gearing the risky portfolio heavily. Comparing the 

average delta with the asset weight clearly indicates the Markowitz portfolios in algorithms 1,2 

and 2,2 take the largest stock positions. The algorithms with the highest delta and highest 

asset weights will most likely also be the most expensive to rebalance and this is reviewed in 

the following section.  

5.3.4 Transactions 

The transaction cost from active portfolio management is often accused for the inferior 

performance that is found in academic literature (Barber and Odean, 2000). In accordance 

with the literature, it became clear in section 5.2 that the transaction cost caused at least one 

                                           
12

 The optimal delta of the Gârleanu-Pedersen portfolio is implied in the framework and is therefore not 

depicted separately.  
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of the two algorithms with fixed term rebalance to go bankrupt. Table 5.3.4.a lists information 

on costs associated with the rebalances.  

Rebalance (Transaction costs in % of initial wealth) 

Algorithms: 1,1 1,2 2,1* 2,2* 2,3 3,1 3,2 3,3 

# 1 1 40 40 40 94 229 5034 

TC Sum 0.12% 10.84% 15.54% 1037.53% 12.49% 3.50% 25.34% 0.82% 

Volume 114.60% 40.06% 8596.47% 44820.01% 8119.19% 4193.20% 66961.26% 48327% 

Fee 0.10% 27.07% 0.18% 2.31% 0.15% 0.08% 0.04% 0.00% 

 

Table 5.3.4.a – Rebalance statistics for all algorithms.   *the algorithm bankrupted the portfolio. 

 

The first row in table 5.3.4.a indicates the amount of rebalances during the 5034 trading days 

and the second row are the summed transaction costs for all rebalances. The third row is the 

sum of traded volumes at all rebalances and the fourth row is realized transaction fee as a 

percentage of the traded volume. It is clear that the three dynamic algorithms by far 

outperform the static algorithms in terms of transaction fee. As mentioned, it is remarkable to 

see algorithm 3,3 with the second lowest aggregated transaction cost, only surpassed by the 

single traded naïve portfolio. A reason to this finding, can be the equal distribution of 

transaction cost between risky and risk-free asset that sustain the optimal delta after 

transaction costs.  

To get a comprehensive view of the overall performance of each algorithm, the following 

section will provide a summary table and comment on the benefit from automated 

rebalancing. 

5.3.5 Summary 

Section 5.3.1 to 5.3.4 has listed statistical description of the back-tested algorithms within four 

key measures. To reach a general conclusion about the performance of the eight algorithms, 

summary table 5.3.5.a brings an overview for assessment. Each measure is benchmarked 

against the Naïve portfolio with no rebalance and marked with a positive or negative sign for a 

desired high or low level, respectively.   

The highest utility and lowest volatility in utility are obtained by dynamically rebalancing 

algorithms. In addition, the highest terminal wealth level and lowest transaction fees are also 

reached by the dynamic algorithms.  
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The summary table and the performance figures in section 5.2 generally indicate that there 

can be a benefit from automating the rebalance of any of the three asset allocation models. It 

is especially noted, that the alternative to rebalance in fixed time intervals can have a directly 

negative affect on the portfolio performance. There are two explanations for the negative 

impact; first the momentum built up in asset weights by increasing prices is systematically 

reset. Second, the systematic rebalancing is inducing higher transaction fees as the asset 

weight adjustments are larger and ignorant in regard to bid-ask spread. The dynamic 

algorithms are trading only when the size and expected transaction cost are not exceeding the 

expected benefit from rebalancing. 

Summary Table 

Algorithms: 1,1 1,2 2,1* 2,2* 2,3 3,1 3,2 3,3 

Summed Utility -497.14 -357.24 -644.64 -754.76 -528.69 -309.60 -582.84 -1773.40 

Benchmark - 1.00 0.72 1.30 1.52 1.06 0.62 1.17 3.57 

St.D. of Utility 9.14% 13.51% 16.53% 11.38% 10.04% 11.51% 13.88% 5.12% 

Benchmark - 1.00 1.48 1.81 1.24 1.10 1.26 1.52 0.56 

Terminal Wealth 538.69% 1521.94% 0.00% 0.00% 676.80% 1894.98% 2000.97% 129.66% 

Benchmark + 1.00 2.83 0.00 0.00 1.26 3.52 3.71 0.24 

Average Wealth 274.52% 702.85% 236.12% 205.68% 335.69% 642.87% 537.11% 105.36% 

Benchmark + 1.00 2.56 0.86 0.75 1.22 2.34 1.96 0.38 

Sharpe Ratio 7.59 4.06 -7.10 -23.40 5.66 0.84 6.53 1.28 

Benchmark + 1.00 0.54 -0.93 -3.08 0.75 0.11 0.86 0.17 

Average Delta 107.46% 81.50% 336.76% 135.42% 80.08% 312.25% 184.58% 99.95% 

Benchmark - 1.00 0.76 3.13 1.26 0.75 2.91 1.72 0.93 

Transaction Fee 0.10% 27.07% 0.18% 2.31% 0.15% 0.08% 0.04% 0.002% 

Benchmark - 1.00 267.78 1.79 22.90 1.52 0.83 0.37 0.02 

 

Table 5.3.5.a – Summary table of algorithm performance.    *the algorithm bankrupted the portfolio. 

 

Comparing the results  across portfolio selection models, indicate that the dynamic naïve 

portfolio is superior to the no-rebalance naïve portfolio, while the no rebalance Markowitz 

portfolio is superior to the dynamic Markowitz. This result and other results found throughout 

this chapter are discussed further in the following chapter.  
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Chapter 6 - Discussion 

This chapter shall discuss the proposed algorithms in chapter four and the empirical findings 

in chapter five, in relation to the limitations and assumption that have been made throughout 

the study. Thus far, the empirical analysis has given a somewhat ambiguous indication about 

the superiority of dynamic rebalancing. By reviewing the fundamental application of the 

algorithms and the potential impacts from limitations and assumptions, a more concrete result 

can be established rational argumentation. 

The first section will discuss the limitations and assumption and how they affect the findings. 

The following section will discuss the practical applicability of the findings, and this chapter 

will end with a section on potential extension of the research.  

6.1 Assumptions and Limitations 

Discussing the potential impact from the assumptions and limitations, should make it easier to 

assess the full benefit of the study. Each portfolio selection model is imposed with assumptions 

that affect the real world applicability. These assumptions will not be discussed here, as those 

implications are already described thoroughly in the academic literature, and briefly presented 

in chapter two. This section will rather discuss the limitations and assumption that have 

specifically been made in relation to the algorithm construction in chapter four, and empirical 

analysis in chapter five.  

6.1.1 Negative Exponential Utility 

The investor’s preference is assumed to be described by the negative exponential utility 

function with a risk aversion of one. Empirically this implied that a wealth level of 400% of 

the initial wealth was sufficient to reach an almost maximum utility level. It can be questioned 

how large the population of investors that would be satisfied by a return of 400%. However, 

the utility level does continue to increase after 400% wealth, but the relative increase become 

small compared to utility changes at wealth below 400%.  
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The risk aversion is directly connected to the volatility of the portfolio, as a higher risk 

aversion will decrease the volatility. Two of the eight algorithms are bankrupted during the 

simulation and it can be discussed whether this is caused by the risk aversion level. It is 

reported in table 5.3.3.a that the delta and portfolio weights in most algorithms reach 

relatively high levels. Thus, the bankrupted portfolios are likely to have overcome the financial 

recession in 2008, if the risk aversion had been lower. However, a lower risk aversion would 

also imply that the investor would be close to maximum utility at a lower wealth level.  

Since all algorithms have been subject to the same utility function and risk aversion, it should 

not impact the relative performance of the algorithms, except for the two failing portfolios.  

6.1.2 Transaction Costs as a Function of Covariance 

It was found that transaction costs in the fixed period rebalancing portfolios were especially 

damaging for the portfolios. The theoretical explanation is provided by Constantinides (1986) 

and Holden and Holden (2009) who found a no trading zone around the optimal asset 

allocation. By forcing the portfolio to rebalance semi-annually, there will be rebalances within 

the no-trading zone. Thus, the analysis in chapter five supports Holden and Holden’s (2009) 

finding that fixed term rebalancing is only optimal when there is no transaction cost. The 

dynamically rebalancing algorithms overcome this problem through the cost-benefit conditions 

that are set up before a rebalance. 

Further, Gârleanu and Pedersen (2013) argue that the broker’s aversion to risk given by the 

covariance matrix is not the full picture. Kyle’s Lambda in the simplest form gives a measure 

of the price change in relation to liquidity (Kyle, 1985) which is relevant for large investors 

who trade in large quantities. The market impact from trading can be persistent between 

trades, which will impose an added transaction cost (Gârleanu & Pedersen, 2013). This 

transaction cost from persistent price impacts when large orders are put into the book, has 

been somewhat neglected in this thesis.  

With algorithmic trading, it has become common to see large orders related to rebalancing 

portfolios, being put into the book in small fractions over days, weeks and even months. A 

way to overcome the negligence of Kyle’s Lambda and persistent costs in the suggested 

algorithms would be similar functions that spread out the trading. Naturally, such a function 

is already implied in the Gârleanu-Pedersen model.  
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6.1.3 Predicted Returns and Estimation Errors 

The performance of the forecasting models in section 5.1 is certainly impacting the relative 

performance of the algorithms because they have different dependence on the forecast. The 

ARIMA models are relatively simple, but still widely applied econometric models. It is 

especially important to compare the performance of the dynamically rebalancing algorithms 

with the goodness of fit of the forecasting model because these models are driven by predicted 

values. 

One model was fitted for the long term forecast and one for daily forecasting at the start of 

the test period. A better fit could most likely by obtained by updating the parameter 

estimates more frequently and potentially writing it is a part of the algorithm. This will be 

beneficial because authors have found that structural breaks and in general unstable regression 

models deteriorate return predictability (Goyal and Welch, 2008; Rapach and Wohar, 2006; 

Paye and Timmerman, 2006, cited in Kim and Park, 2013).  

It can be argued that the relatively good performance measures seen in the no rebalance 

algorithms are partly attributed their immunity to estimation errors. Because the rebalancing 

algorithms are dependent on predicted returns to a much higher degree, they are prone to 

estimation errors. Thus, even if the algorithm is correctly set up, poor prediction can 

potentially cause the algorithms to rebalance to a sub-optimal point.  

6.1.4 Technological limitations  

The combination of a relatively large portfolio and daily price observations has made optimal 

portfolio calculations time consuming. The covariance matrix, used in the Markowitz model, is 

especially demanding and unlike most other inputs it has not been updated daily. Instead, the 

covariance matrix is calculated in five years intervals and applied to all portfolio calculations 

within five year time frames. This is another, limitation that that is likely to have decreased 

the performance of the dynamic algorithms.  

It is a temporary problem of the current time, and it should not be long before such problems 

are of the past. At least according to Moore's law, which states that the processing power of 

computers will double every two years.  
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6.2 Applicability 

The quantitative measures presented in the summary table 5.3.5 do show an advantage in 

applying some type of automated portfolio management, especially considering the discussion 

on limitations above. A private investor with good understanding of asset picking, price 

forecasting models and endowed with decent computing power will benefit from automating 

the rebalancing process.  

The algorithms in chapter four are easily converted to codes that can be applied on a platform 

supplying the necessary data stream. For this study the needed data stream is simply the 58 

stock prices and the risk free rate. More advanced models might request fundamental data or 

financial ratios as well, but the application is the same.  

Investors who wish to embark the world of algorithmic trading are suggested to apply an 

analogous analysis as presented in this thesis. The algorithms should naturally yield increasing 

utility for the investor, but more importantly, it has to be superior to the market index. All 

elements that have been fixed throughout the analysis shall be adjusted to the individual 

investor. It is found in chapter five, that it is especially important that the algorithms are 

tested in connection with the intended return forecasting methodology.  

Also, minor institutional investors who are managing other people’s money can benefit, 

because it will become easier for them assure the investors that the portfolio is following a 

predefined portfolio strategy.  

6.3 Research Extensions 

In this study, asset allocation with predictable returns and transaction costs have been tested 

in a multi period setting, but other multi period features could equally have been applied. 

These alternative multi-period models are presented in section 2.1.4, but would also need a 

conversion for algorithmic application.  

It is also suggested that the dynamically rebalancing algorithms are tested on a wider range of 

utility functions and at different risk tolerance levels.  
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Despite this study has included a large data sample and conducted tests over a long time 

period, it would be interesting to see whether the findings hold for shorter time periods and for 

smaller portfolios. This could potentially decrease the risk of estimation error and the indirect 

diversification in the naïve portfolio would be eliminated. 
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Chapter 7 - Conclusion 

This thesis sets out to explore a completely new trading method for private investors, which 

formerly have been exclusively available to institutional investors. Brokers are currently 

bringing algorithmic trading to the masses through simplified coding languages and back-

testing opportunities. Private investors with insights in modern portfolio theory might be able 

to benefit from this new opportunity by designing a dynamic rebalancing strategy. This is 

precisely what this study seeks to analyse.   

Immediately it seems there is no literature available on the subject of algorithmic trading by 

private investors and this could potentially be the first of many studies on the subject. On the 

contrary, literature on modern portfolio theory has been building up through history and has 

become a huge scientific topic. A key contribution was made by Harry Markowitz in 1952 with 

his article on mean-variance efficient portfolios. This framework is still fundamental to most 

contributions that are made in the science today. An interesting contribution based on 

Markowitz (1952) was made only months ago, when Nicolae Gârleanu and Lasse Pedersen 

(2013) proposed a model that projects the path of optimal portfolios.  

This study crosses the traditional Markowitz portfolio selection model, the Gârleanu-Pedersen 

model and an equal weighted (naïve) portfolio model with three rebalancing strategies. The 

result is eight algorithms that based on predefined conditions rebalance asset weights and 

optimal allocation between risky and a risk-free asset.  

The first two algorithms are benchmark algorithms that are not rebalancing. Literature on 

portfolio management argue that inactive portfolio management is superior (Barber and Oden, 

2000), and it is therefore a minimum requirement that any dynamically rebalancing algorithm 

is able to outperform a non-rebalancing algorithm.  

Holden and Holden (2009) believe that fixed period rebalancing is the most commonly 

practiced rebalance strategy. Three algorithms are therefore dedicated to illustrating the 

performance of fixed rebalancing. The interval between rebalances is made variable in the 

algorithm, but the period is set to 126 trading days in the back-testing simulation.  
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Finally, three algorithms are designed to rebalance dynamically. The naïve and the Markowitz 

portfolio selection models are designed to rebalance only when the expected utility after 

rebalancing is higher than expected utility from keeping original weights. The Gârleanu-

Pedersen model is rebalancing each discrete period to exploit the framework, which slowly 

trades toward the optimal portfolio.  

For the empirical back-testing simulation, an ARIMA forecasting model is fitted for long term 

predictions and another for short term predictions. The ARIMA model is an econometric 

forecasting model that builds on lagged prices and the lagged residuals from price prediction. 

The two ARIMA models are fitted in accordance with the Box-Jenkins methodology and are 

applied in matrix algebra for algorithmic application.  

The back-testing simulation is run on a portfolio of 58 stocks from the S&P500 index in the 

period from April 1994 to March 2014. The performance of each algorithm is illustrated 

graphically and listed as quantitative measures within four areas. The primary evaluation area 

is the utility each algorithm generates for the investor, but volatility, wealth levels, asset 

weights and transaction costs are also taken into evaluation.  

The investor is found to achieve the highest utility from the naïve portfolio with dynamic 

rebalancing. It is argued that the superiority of the naïve portfolios in the empirical analysis 

can be attributed the limited estimation errors steaming from poor return prediction. It is seen 

that the Gârleanu-Pedersen model is generating relatively low utility for the investor, but at 

the same time it is the model which relies the heaviest on predicted returns.  

However, the Gârleanu-Pedersen model proves its efficiency in the fixed period rebalancing 

algorithms. The naïve and the Markowitz portfolios with fixed period rebalancing are 

bankrupted during the financial crisis while the Gârleanu-Pedersen model returns relatively 

high quantitative result measures. This finding is attributed to the smoothening features that 

the Gârleanu-Pedersen model imposes on volatility and transaction costs. 

Finally, it is found that the dynamically rebalancing algorithms provide significantly lower 

transaction costs relative to the traded volume. Thus, there is evidence that private investors 

can benefit in a similar way as large institution benefit from smart order routing and high 

frequency trading.  
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Appendix A 

Uncorrelated random variable 

“If r1, r2, r3 … rN are uncorrelated random variables (…) each with the same expected value E 

and variance V, if s is the sum of these random variables  and w is their average then 

𝑒𝑥𝑝𝑡(𝑠) = 𝑁 ∗ 𝐸,          𝑒𝑥𝑝𝑡(𝑤) = 𝐸,            𝑣𝑎𝑟(𝑠) = 𝑁 ∗ 𝑉,            𝑣𝑎𝑟(𝑤) =
𝑉

𝑁
 

Since the expected value of each random variable 𝐸 = 𝑒𝑥𝑝𝑡(𝑟1) = 𝑒𝑥𝑝𝑡(𝑟2) = 𝑒𝑥𝑝𝑡(𝑟3) = ⋯ =

𝑒𝑥𝑝𝑡(𝑟𝑁) 

and likewise for the variance 𝑉 = 𝑣𝑎𝑟(𝑟1) = 𝑣𝑎𝑟(𝑟2) = 𝑣𝑎𝑟(𝑟3) = ⋯ = 𝑣𝑎𝑟(𝑟𝑁) 

Also,   𝑐𝑜𝑣(𝑟1; 𝑟2) = 0,         𝑐𝑜𝑣(𝑟1; 𝑟3) = 0,        𝑐𝑜𝑣(𝑟2; 𝑟3) = 0,   𝑒𝑡𝑐. 

The sum is 𝑠 = 𝑟1 + 𝑟2 + 𝑟3 +⋯+ 𝑟𝑁 

and the average is 𝑤 =
𝑟1+𝑟2+𝑟3+⋯+𝑟𝑁

𝑁
 

the average is equivalently 𝑤 =
𝑠

𝑁
    𝑜𝑟   𝑤 =

1

𝑁
∗ 𝑠. 

The expected sum is thus the sum of all expected values 𝑒𝑥𝑝𝑡(𝑠) = 𝑒𝑥𝑝𝑡(𝑟1) + 𝑒𝑥𝑝𝑡(𝑟2) +

𝑒𝑥𝑝𝑡(𝑟3) + ⋯+ 𝑒𝑥𝑝𝑡(𝑟𝑁) = 𝐸 + 𝐸 + 𝐸 +⋯+ 𝐸 thus, 𝑒𝑥𝑝𝑡(𝑠) = 𝑁 ∗ 𝐸. 

The expected value of the average  𝑒𝑥𝑝𝑡(𝑤) = 𝑒𝑥𝑝𝑡 (
1

𝑁
∗ 𝑠)         𝑜𝑟         

1

𝑁
𝑒𝑥𝑝𝑡(𝑠) 

and since 𝑒𝑥𝑝𝑡(𝑠) = 𝑁 ∗ 𝐸  𝑒𝑥𝑝𝑡(𝑤) =
𝑁∗𝐸

𝑁
= 𝐸 

Because the random variables are uncorrelated the variance of the sum is  

 𝑣𝑎𝑟(𝑠) = 𝑣𝑎𝑟(𝑟1) + 𝑣𝑎𝑟(𝑟2) + 𝑣𝑎𝑟(𝑟3) + ⋯+ 𝑣𝑎𝑟(𝑟𝑁) = 𝑉 + 𝑉 + 𝑉 +⋯+ 𝑉 

 𝑣𝑎𝑟(𝑠) = 𝑁 ∗ 𝑉 

Variance of the average is 𝑣𝑎𝑟(𝑤) = 𝑣𝑎𝑟 (
1

𝑁
∗ 𝑠)         𝑜𝑟         (

1

𝑁
)
2
𝑣𝑎𝑟(𝑠)         𝑜𝑟         

𝑣𝑎𝑟(𝑠)

𝑁2
 

and since 𝑣𝑎𝑟(𝑠) = 𝑁 ∗ 𝑉  𝑣𝑎𝑟(𝑤) =
𝑁∗𝑉

𝑁2
=
𝑉

𝑁
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Thus, the average (w) of N uncorrelated random variables each with the expected value E, 

itself has an expected value of E. Whereas the variance of the average (w) when the random 

variables each has a variance V, itself has a variance of V divided by number of variables N. 

As N increases the expected value of the average will remain constant at E while the variance 

will approach zero. 

(Markowitz, 1959, pp. 102-105). 
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Appendix B 

List of stocks in risky asset portfolio 

Company Ticker Industry  Company Ticker Industry 

3M MMM Industrials  General Mills GIS Consumer Staples 

Abbott 

Laboratories 
ABT Health Care  Goodrich GDP Aerospace 

Alcoa AA Materials  
Goodyear Tire and 

Rubber 
GT 

Consumer 

Discretionary 
Altria Group MO Consumer Staples  Halliburton HAL Energy 

American Electric 

Power 
AEP Utilities  Hershey HSY Consumer Staples 

Archer Daniels 

Midland 
ADM Consumer Staples  Ingersoll-Rand IR Industrials 

Boeing BA Industrials  IBM IBM Information 

Technology Bristol-Myers 

Squibb 
BMY Health Care  International Paper IP Materials 

Campbell Soup CPB Consumer Staples  Kimberly-Clark KMB Consumer Staples 

Caterpillar CAT Industrials  Kroger KR Consumer Staples 

Chevron CVX Energy  Marathon Oil MRO Energy 

CMS Energy CMS Utilities  Merck MRK Health Care 

Coca-Cola KO Consumer Staples  Norfolk Southern NSC Industrials 

Colgate-Palmolive CL Consumer Staples  
Northrop 

Grumman 
NOC Industrials 

ConocoPhillips COP Energy  Occidental 

Petroleum 

OXY Energy 

Consolidated 

Edison 
ED Utilities  Penney JCP Industrials 

CSX CSX Industrials  PepsiCo PEP Consumer Staples 

Deere DE Industrials  Pfizer PFE Health Care 

Dow Chemical DOW Materials  PGandE PCG Utilities 

DTE Energy DTE Utilities  Pitney Bowes PBI Industrials 

Du Pont DD Materials  PPG Industries PPG Materials 

Eaton ETN Industrials  Procter and 

Gamble 

PG Consumer Staples 

Edison 

International 
EIX Utilities  Raytheon RTN Industrials 

Entergy ETR Utilities  Schlumberger SLB Energy 

Exelon EXC Utilities  Southern Co. SO Utilities 

Exxon Mobil XOM Energy  Union Pacific UNP Industrials 

Ford Motor F 
Consumer 

Discretionary 

 

 
Unisys UIS 

Information 

Technology 

General Dynamics GD Industrials  
United 

Technologies 
UTX Industrials 

General Electric GE Industrials  Xcel Energy XEL Utilities 

TABLE B1 – List of stock companies, ticker and industry. 
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Descriptive Statistics 

Company 
Annual 

return 

Standard 

deviation 
Company 

Mean 

return 

Standard 

deviation 

3M 9% 27% General Mills 11% 22% 

Abbott Laboratories 12% 26% Goodrich -8% 72% 

Alcoa 3% 36% Goodyear Tire and Rubber 4% 42% 

Altria Group 13% 27% Halliburton 4% 42% 

American Electric 

Power 
3% 22% Hershey 14% 25% 

Archer Daniels Midland 9% 32% Ingersoll-Rand 9% 34% 

Boeing 9% 31% IBM 7% 27% 

Bristol-Myers Squibb 9% 27% International Paper 5% 33% 

Campbell Soup 10% 25% Kimberly-Clark 11% 24% 

Caterpillar 8% 32% Kroger 8% 39% 

Chevron 7% 26% Marathon Oil 5% 34% 

CMS Energy 1% 32% Merck 10% 27% 

Coca-Cola 12% 25% Norfolk Southern 9% 30% 

Colgate-Palmolive 13% 25% Northrop Grumman 8% 29% 

ConocoPhillips 7% 32% Occidental Petroleum 6% 31% 

Consolidated Edison 6% 19% Penney 1% 38% 

CSX 10% 31% PepsiCo 12% 25% 

Deere 8% 33% Pfizer 11% 28% 

Dow Chemical 5% 32% PGandE 4% 29% 

DTE Energy 5% 21% Pitney Bowes 7% 30% 

Du Pont 7% 28% PPG Industries 11% 28% 

Eaton 11% 28% Procter and Gamble 10% 24% 

Edison International 7% 29% Raytheon 7% 29% 

Entergy 5% 25% Schlumberger 6% 35% 

Exelon 5% 24% Southern Co. 7% 20% 

Exxon Mobil 9% 24% Union Pacific 9% 28% 

Ford Motor 6% 39% Unisys -6% 57% 

General Dynamics 9% 28% United Technologies 11% 27% 

General Electric 9% 28% Xcel Energy 5% 24% 

      
Market yield on U.S. treasury securities at 10-year constant maturity  5.9% 3.22% 

TABLE B2 – Descriptive of selected assets. 
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Covariance Matrix 

 

T.yield MMM ABT AA MO AEP ADM BA BMY CPB 

T.yield 0.1035% -0.0002% 0.0005% 0.0002% 0.0003% 0.0000% -0.0002% -0.0001% 0.0005% 0.0007% 

MMM -0.0002% 0.0280% 0.0087% 0.0152% 0.0084% 0.0069% 0.0100% 0.0114% 0.0095% 0.0077% 

ABT 0.0005% 0.0087% 0.0271% 0.0093% 0.0083% 0.0067% 0.0088% 0.0093% 0.0133% 0.0084% 

AA 0.0002% 0.0152% 0.0093% 0.0523% 0.0098% 0.0095% 0.0155% 0.0167% 0.0110% 0.0082% 

MO 0.0003% 0.0084% 0.0083% 0.0098% 0.0293% 0.0062% 0.0092% 0.0084% 0.0094% 0.0078% 

AEP 0.0000% 0.0069% 0.0067% 0.0095% 0.0062% 0.0191% 0.0074% 0.0077% 0.0069% 0.0063% 

ADM -0.0002% 0.0100% 0.0088% 0.0155% 0.0092% 0.0074% 0.0410% 0.0115% 0.0095% 0.0091% 

BA -0.0001% 0.0114% 0.0093% 0.0167% 0.0084% 0.0077% 0.0115% 0.0371% 0.0100% 0.0077% 

BMY 0.0005% 0.0095% 0.0133% 0.0110% 0.0094% 0.0069% 0.0095% 0.0100% 0.0291% 0.0087% 

CPB 0.0007% 0.0077% 0.0084% 0.0082% 0.0078% 0.0063% 0.0091% 0.0077% 0.0087% 0.0258% 

CAT -0.0012% 0.0139% 0.0088% 0.0229% 0.0091% 0.0081% 0.0133% 0.0143% 0.0104% 0.0080% 

CVX -0.0005% 0.0099% 0.0076% 0.0154% 0.0078% 0.0074% 0.0112% 0.0102% 0.0084% 0.0064% 

CMS -0.0009% 0.0082% 0.0075% 0.0112% 0.0071% 0.0110% 0.0092% 0.0081% 0.0080% 0.0073% 

KO 0.0006% 0.0102% 0.0099% 0.0102% 0.0095% 0.0071% 0.0101% 0.0097% 0.0102% 0.0093% 

CL 0.0001% 0.0089% 0.0086% 0.0095% 0.0080% 0.0061% 0.0089% 0.0093% 0.0093% 0.0083% 

COP -0.0006% 0.0098% 0.0074% 0.0166% 0.0075% 0.0072% 0.0121% 0.0107% 0.0085% 0.0064% 

ED 0.0006% 0.0058% 0.0058% 0.0068% 0.0058% 0.0094% 0.0063% 0.0058% 0.0055% 0.0059% 

CSX -0.0001% 0.0130% 0.0093% 0.0203% 0.0081% 0.0078% 0.0124% 0.0142% 0.0096% 0.0076% 

DE -0.0009% 0.0128% 0.0081% 0.0223% 0.0086% 0.0073% 0.0133% 0.0143% 0.0099% 0.0075% 

DOW -0.0006% 0.0150% 0.0099% 0.0236% 0.0094% 0.0087% 0.0132% 0.0152% 0.0113% 0.0082% 

DTE 0.0000% 0.0060% 0.0057% 0.0086% 0.0059% 0.0098% 0.0069% 0.0065% 0.0061% 0.0056% 

DD -0.0002% 0.0142% 0.0091% 0.0203% 0.0091% 0.0079% 0.0124% 0.0135% 0.0102% 0.0082% 

ETN -0.0004% 0.0123% 0.0075% 0.0181% 0.0071% 0.0072% 0.0114% 0.0123% 0.0085% 0.0072% 

EIX 0.0002% 0.0078% 0.0068% 0.0113% 0.0067% 0.0111% 0.0088% 0.0091% 0.0076% 0.0066% 

ETR 0.0000% 0.0063% 0.0062% 0.0092% 0.0064% 0.0106% 0.0075% 0.0069% 0.0065% 0.0058% 

EXC 0.0001% 0.0066% 0.0062% 0.0100% 0.0062% 0.0108% 0.0082% 0.0070% 0.0064% 0.0062% 

XOM -0.0002% 0.0104% 0.0080% 0.0143% 0.0078% 0.0079% 0.0107% 0.0100% 0.0086% 0.0072% 

F 0.0001% 0.0137% 0.0098% 0.0218% 0.0097% 0.0088% 0.0130% 0.0156% 0.0117% 0.0080% 

GD -0.0002% 0.0088% 0.0073% 0.0127% 0.0068% 0.0064% 0.0085% 0.0129% 0.0076% 0.0063% 

GE 0.0006% 0.0138% 0.0110% 0.0184% 0.0096% 0.0083% 0.0124% 0.0147% 0.0127% 0.0090% 

GIS 0.0004% 0.0066% 0.0073% 0.0072% 0.0065% 0.0053% 0.0074% 0.0071% 0.0076% 0.0084% 

GDP -0.0021% 0.0095% 0.0060% 0.0217% 0.0074% 0.0071% 0.0134% 0.0108% 0.0072% 0.0054% 

GT 0.0002% 0.0163% 0.0097% 0.0260% 0.0101% 0.0105% 0.0150% 0.0178% 0.0125% 0.0096% 

HAL -0.0015% 0.0137% 0.0091% 0.0230% 0.0096% 0.0092% 0.0147% 0.0147% 0.0107% 0.0074% 

HSY 0.0005% 0.0084% 0.0079% 0.0087% 0.0076% 0.0063% 0.0093% 0.0080% 0.0081% 0.0096% 

IR -0.0011% 0.0152% 0.0097% 0.0236% 0.0099% 0.0090% 0.0134% 0.0155% 0.0113% 0.0092% 

IBM -0.0002% 0.0101% 0.0083% 0.0137% 0.0079% 0.0060% 0.0094% 0.0106% 0.0097% 0.0062% 

IP -0.0002% 0.0158% 0.0089% 0.0245% 0.0094% 0.0086% 0.0135% 0.0144% 0.0109% 0.0082% 

KMB 0.0002% 0.0086% 0.0076% 0.0100% 0.0071% 0.0055% 0.0083% 0.0081% 0.0082% 0.0073% 

KR 0.0000% 0.0087% 0.0079% 0.0105% 0.0073% 0.0066% 0.0089% 0.0083% 0.0085% 0.0072% 
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TABLE B3 (1/12) – Covariance and variance between selected assets. 

 

T.yield MMM ABT AA MO AEP ADM BA BMY CPB 

MRO -0.0005% 0.0124% 0.0078% 0.0214% 0.0087% 0.0089% 0.0144% 0.0123% 0.0095% 0.0075% 

MRK 0.0004% 0.0091% 0.0127% 0.0111% 0.0092% 0.0074% 0.0094% 0.0097% 0.0152% 0.0084% 

NSC -0.0001% 0.0123% 0.0086% 0.0183% 0.0079% 0.0081% 0.0125% 0.0132% 0.0092% 0.0074% 

NOC 0.0000% 0.0083% 0.0070% 0.0108% 0.0065% 0.0058% 0.0085% 0.0116% 0.0074% 0.0064% 

OXY -0.0009% 0.0109% 0.0074% 0.0189% 0.0074% 0.0078% 0.0130% 0.0118% 0.0085% 0.0062% 

JCP 0.0010% 0.0130% 0.0093% 0.0178% 0.0087% 0.0081% 0.0114% 0.0140% 0.0105% 0.0079% 

PEP 0.0007% 0.0085% 0.0095% 0.0092% 0.0094% 0.0063% 0.0093% 0.0091% 0.0097% 0.0086% 

PFE 0.0006% 0.0100% 0.0137% 0.0121% 0.0097% 0.0071% 0.0104% 0.0107% 0.0154% 0.0086% 

PCG 0.0001% 0.0068% 0.0068% 0.0088% 0.0064% 0.0111% 0.0078% 0.0076% 0.0066% 0.0066% 

PBI 0.0005% 0.0101% 0.0086% 0.0145% 0.0073% 0.0071% 0.0097% 0.0108% 0.0086% 0.0073% 

PPG -0.0003% 0.0135% 0.0089% 0.0199% 0.0088% 0.0084% 0.0116% 0.0134% 0.0097% 0.0083% 

PG 0.0002% 0.0100% 0.0095% 0.0092% 0.0087% 0.0063% 0.0091% 0.0086% 0.0095% 0.0087% 

RTN -0.0005% 0.0085% 0.0073% 0.0109% 0.0070% 0.0062% 0.0081% 0.0112% 0.0075% 0.0062% 

SLB -0.0008% 0.0126% 0.0088% 0.0211% 0.0093% 0.0082% 0.0138% 0.0133% 0.0102% 0.0070% 

SO 0.0001% 0.0057% 0.0057% 0.0066% 0.0058% 0.0096% 0.0065% 0.0055% 0.0058% 0.0058% 

UNP -0.0011% 0.0118% 0.0081% 0.0173% 0.0076% 0.0070% 0.0114% 0.0122% 0.0091% 0.0068% 

UIS -0.0007% 0.0142% 0.0106% 0.0235% 0.0098% 0.0087% 0.0153% 0.0160% 0.0117% 0.0082% 

UTX -0.0004% 0.0125% 0.0090% 0.0174% 0.0081% 0.0075% 0.0111% 0.0160% 0.0094% 0.0077% 

XEL 0.0003% 0.0061% 0.0063% 0.0077% 0.0063% 0.0105% 0.0071% 0.0068% 0.0064% 0.0067% 

 

TABLE B3 (2/12) – Covariance and variance between selected assets. 
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CAT CVX CMS KO CL COP ED CSX DE DOW 

T.yield -0.0012% -0.0005% -0.0009% 0.0006% 0.0001% -0.0006% 0.0006% -0.0001% -0.0009% -0.0006% 

MMM 0.0139% 0.0099% 0.0082% 0.0102% 0.0089% 0.0098% 0.0058% 0.0130% 0.0128% 0.0150% 

ABT 0.0088% 0.0076% 0.0075% 0.0099% 0.0086% 0.0074% 0.0058% 0.0093% 0.0081% 0.0099% 

AA 0.0229% 0.0154% 0.0112% 0.0102% 0.0095% 0.0166% 0.0068% 0.0203% 0.0223% 0.0236% 

MO 0.0091% 0.0078% 0.0071% 0.0095% 0.0080% 0.0075% 0.0058% 0.0081% 0.0086% 0.0094% 

AEP 0.0081% 0.0074% 0.0110% 0.0071% 0.0061% 0.0072% 0.0094% 0.0078% 0.0073% 0.0087% 

ADM 0.0133% 0.0112% 0.0092% 0.0101% 0.0089% 0.0121% 0.0063% 0.0124% 0.0133% 0.0132% 

BA 0.0143% 0.0102% 0.0081% 0.0097% 0.0093% 0.0107% 0.0058% 0.0142% 0.0143% 0.0152% 

BMY 0.0104% 0.0084% 0.0080% 0.0102% 0.0093% 0.0085% 0.0055% 0.0096% 0.0099% 0.0113% 

CPB 0.0080% 0.0064% 0.0073% 0.0093% 0.0083% 0.0064% 0.0059% 0.0076% 0.0075% 0.0082% 

CAT 0.0407% 0.0119% 0.0095% 0.0097% 0.0092% 0.0127% 0.0062% 0.0176% 0.0243% 0.0202% 

CVX 0.0119% 0.0275% 0.0084% 0.0085% 0.0072% 0.0206% 0.0064% 0.0120% 0.0121% 0.0129% 

CMS 0.0095% 0.0084% 0.0403% 0.0080% 0.0064% 0.0088% 0.0084% 0.0096% 0.0094% 0.0106% 

KO 0.0097% 0.0085% 0.0080% 0.0242% 0.0107% 0.0081% 0.0069% 0.0095% 0.0093% 0.0111% 

CL 0.0092% 0.0072% 0.0064% 0.0107% 0.0257% 0.0069% 0.0055% 0.0082% 0.0088% 0.0097% 

COP 0.0127% 0.0206% 0.0088% 0.0081% 0.0069% 0.0394% 0.0060% 0.0125% 0.0131% 0.0134% 

ED 0.0062% 0.0064% 0.0084% 0.0069% 0.0055% 0.0060% 0.0142% 0.0064% 0.0055% 0.0069% 

CSX 0.0176% 0.0120% 0.0096% 0.0095% 0.0082% 0.0125% 0.0064% 0.0389% 0.0176% 0.0180% 

DE 0.0243% 0.0121% 0.0094% 0.0093% 0.0088% 0.0131% 0.0055% 0.0176% 0.0434% 0.0187% 

DOW 0.0202% 0.0129% 0.0106% 0.0111% 0.0097% 0.0134% 0.0069% 0.0180% 0.0187% 0.0406% 

DTE 0.0072% 0.0068% 0.0093% 0.0064% 0.0055% 0.0069% 0.0081% 0.0072% 0.0068% 0.0076% 

DD 0.0172% 0.0130% 0.0091% 0.0106% 0.0097% 0.0132% 0.0066% 0.0163% 0.0165% 0.0215% 

ETN 0.0179% 0.0108% 0.0092% 0.0080% 0.0079% 0.0117% 0.0057% 0.0155% 0.0161% 0.0164% 

EIX 0.0093% 0.0082% 0.0106% 0.0071% 0.0067% 0.0080% 0.0091% 0.0088% 0.0084% 0.0096% 

ETR 0.0073% 0.0075% 0.0100% 0.0067% 0.0060% 0.0078% 0.0084% 0.0077% 0.0069% 0.0075% 

EXC 0.0079% 0.0076% 0.0103% 0.0071% 0.0062% 0.0078% 0.0089% 0.0080% 0.0080% 0.0084% 

XOM 0.0112% 0.0177% 0.0088% 0.0097% 0.0077% 0.0171% 0.0069% 0.0108% 0.0111% 0.0122% 

F 0.0192% 0.0116% 0.0111% 0.0110% 0.0097% 0.0116% 0.0069% 0.0173% 0.0174% 0.0194% 

GD 0.0110% 0.0090% 0.0064% 0.0070% 0.0073% 0.0091% 0.0052% 0.0112% 0.0105% 0.0114% 

GE 0.0166% 0.0113% 0.0098% 0.0118% 0.0103% 0.0114% 0.0068% 0.0154% 0.0155% 0.0176% 

GIS 0.0069% 0.0056% 0.0054% 0.0079% 0.0074% 0.0058% 0.0050% 0.0070% 0.0068% 0.0075% 

GDP 0.0159% 0.0167% 0.0091% 0.0054% 0.0066% 0.0199% 0.0057% 0.0134% 0.0165% 0.0155% 

GT 0.0224% 0.0133% 0.0140% 0.0112% 0.0106% 0.0148% 0.0079% 0.0211% 0.0215% 0.0230% 

HAL 0.0177% 0.0233% 0.0117% 0.0101% 0.0091% 0.0258% 0.0069% 0.0168% 0.0179% 0.0190% 

HSY 0.0082% 0.0072% 0.0075% 0.0100% 0.0084% 0.0069% 0.0060% 0.0084% 0.0084% 0.0094% 

IR 0.0241% 0.0125% 0.0121% 0.0105% 0.0102% 0.0136% 0.0069% 0.0187% 0.0223% 0.0208% 

IBM 0.0123% 0.0087% 0.0079% 0.0084% 0.0076% 0.0088% 0.0052% 0.0113% 0.0109% 0.0124% 

IP 0.0207% 0.0129% 0.0103% 0.0103% 0.0099% 0.0133% 0.0068% 0.0187% 0.0196% 0.0230% 

KMB 0.0091% 0.0072% 0.0065% 0.0088% 0.0095% 0.0070% 0.0051% 0.0089% 0.0091% 0.0099% 

KR 0.0096% 0.0073% 0.0076% 0.0083% 0.0074% 0.0078% 0.0054% 0.0093% 0.0089% 0.0098% 

 

TABLE B3 (3/12) – Covariance and variance between selected assets. 

 



102             APPENDIX: B 

 

CAT CVX CMS KO CL COP ED CSX DE DOW 

MRO 0.0162% 0.0198% 0.0121% 0.0100% 0.0087% 0.0223% 0.0072% 0.0151% 0.0162% 0.0163% 

MRK 0.0095% 0.0087% 0.0075% 0.0101% 0.0091% 0.0085% 0.0060% 0.0098% 0.0097% 0.0110% 

NSC 0.0161% 0.0110% 0.0092% 0.0096% 0.0087% 0.0117% 0.0064% 0.0243% 0.0156% 0.0165% 

NOC 0.0102% 0.0082% 0.0061% 0.0070% 0.0064% 0.0082% 0.0048% 0.0100% 0.0097% 0.0099% 

OXY 0.0147% 0.0193% 0.0101% 0.0082% 0.0072% 0.0215% 0.0067% 0.0135% 0.0149% 0.0155% 

JCP 0.0164% 0.0104% 0.0105% 0.0109% 0.0096% 0.0109% 0.0068% 0.0166% 0.0156% 0.0173% 

PEP 0.0090% 0.0078% 0.0064% 0.0129% 0.0094% 0.0073% 0.0056% 0.0084% 0.0087% 0.0096% 

PFE 0.0109% 0.0096% 0.0079% 0.0107% 0.0099% 0.0093% 0.0058% 0.0106% 0.0103% 0.0121% 

PCG 0.0075% 0.0076% 0.0111% 0.0074% 0.0064% 0.0073% 0.0091% 0.0074% 0.0069% 0.0080% 

PBI 0.0126% 0.0087% 0.0084% 0.0085% 0.0075% 0.0093% 0.0057% 0.0121% 0.0120% 0.0131% 

PPG 0.0176% 0.0113% 0.0102% 0.0099% 0.0091% 0.0114% 0.0067% 0.0159% 0.0167% 0.0196% 

PG 0.0091% 0.0077% 0.0075% 0.0115% 0.0121% 0.0075% 0.0061% 0.0090% 0.0087% 0.0101% 

RTN 0.0099% 0.0079% 0.0069% 0.0068% 0.0068% 0.0083% 0.0051% 0.0100% 0.0093% 0.0103% 

SLB 0.0165% 0.0217% 0.0106% 0.0096% 0.0087% 0.0238% 0.0068% 0.0155% 0.0165% 0.0170% 

SO 0.0057% 0.0061% 0.0084% 0.0065% 0.0055% 0.0059% 0.0083% 0.0060% 0.0057% 0.0061% 

UNP 0.0153% 0.0124% 0.0083% 0.0087% 0.0077% 0.0134% 0.0058% 0.0211% 0.0152% 0.0160% 

UIS 0.0200% 0.0129% 0.0111% 0.0105% 0.0099% 0.0134% 0.0065% 0.0194% 0.0185% 0.0216% 

UTX 0.0157% 0.0108% 0.0087% 0.0093% 0.0090% 0.0103% 0.0061% 0.0144% 0.0152% 0.0158% 

XEL 0.0071% 0.0070% 0.0108% 0.0067% 0.0058% 0.0068% 0.0087% 0.0076% 0.0064% 0.0076% 

 

TABLE B3 (4/12) – Covariance and variance between selected assets. 
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DTE DD ETN EIX ETR EXC XOM F GD GE 

T.yield 0.0000% -0.0002% -0.0004% 0.0002% 0.0000% 0.0001% -0.0002% 0.0001% -0.0002% 0.0006% 

MMM 0.0060% 0.0142% 0.0123% 0.0078% 0.0063% 0.0066% 0.0104% 0.0137% 0.0088% 0.0138% 

ABT 0.0057% 0.0091% 0.0075% 0.0068% 0.0062% 0.0062% 0.0080% 0.0098% 0.0073% 0.0110% 

AA 0.0086% 0.0203% 0.0181% 0.0113% 0.0092% 0.0100% 0.0143% 0.0218% 0.0127% 0.0184% 

MO 0.0059% 0.0091% 0.0071% 0.0067% 0.0064% 0.0062% 0.0078% 0.0097% 0.0068% 0.0096% 

AEP 0.0098% 0.0079% 0.0072% 0.0111% 0.0106% 0.0108% 0.0079% 0.0088% 0.0064% 0.0083% 

ADM 0.0069% 0.0124% 0.0114% 0.0088% 0.0075% 0.0082% 0.0107% 0.0130% 0.0085% 0.0124% 

BA 0.0065% 0.0135% 0.0123% 0.0091% 0.0069% 0.0070% 0.0100% 0.0156% 0.0129% 0.0147% 

BMY 0.0061% 0.0102% 0.0085% 0.0076% 0.0065% 0.0064% 0.0086% 0.0117% 0.0076% 0.0127% 

CPB 0.0056% 0.0082% 0.0072% 0.0066% 0.0058% 0.0062% 0.0072% 0.0080% 0.0063% 0.0090% 

CAT 0.0072% 0.0172% 0.0179% 0.0093% 0.0073% 0.0079% 0.0112% 0.0192% 0.0110% 0.0166% 

CVX 0.0068% 0.0130% 0.0108% 0.0082% 0.0075% 0.0076% 0.0177% 0.0116% 0.0090% 0.0113% 

CMS 0.0093% 0.0091% 0.0092% 0.0106% 0.0100% 0.0103% 0.0088% 0.0111% 0.0064% 0.0098% 

KO 0.0064% 0.0106% 0.0080% 0.0071% 0.0067% 0.0071% 0.0097% 0.0110% 0.0070% 0.0118% 

CL 0.0055% 0.0097% 0.0079% 0.0067% 0.0060% 0.0062% 0.0077% 0.0097% 0.0073% 0.0103% 

COP 0.0069% 0.0132% 0.0117% 0.0080% 0.0078% 0.0078% 0.0171% 0.0116% 0.0091% 0.0114% 

ED 0.0081% 0.0066% 0.0057% 0.0091% 0.0084% 0.0089% 0.0069% 0.0069% 0.0052% 0.0068% 

CSX 0.0072% 0.0163% 0.0155% 0.0088% 0.0077% 0.0080% 0.0108% 0.0173% 0.0112% 0.0154% 

DE 0.0068% 0.0165% 0.0161% 0.0084% 0.0069% 0.0080% 0.0111% 0.0174% 0.0105% 0.0155% 

DOW 0.0076% 0.0215% 0.0164% 0.0096% 0.0075% 0.0084% 0.0122% 0.0194% 0.0114% 0.0176% 

DTE 0.0170% 0.0071% 0.0066% 0.0094% 0.0092% 0.0094% 0.0070% 0.0079% 0.0055% 0.0075% 

DD 0.0071% 0.0308% 0.0140% 0.0091% 0.0072% 0.0079% 0.0123% 0.0167% 0.0110% 0.0157% 

ETN 0.0066% 0.0140% 0.0315% 0.0080% 0.0068% 0.0072% 0.0106% 0.0162% 0.0099% 0.0145% 

EIX 0.0094% 0.0091% 0.0080% 0.0331% 0.0110% 0.0113% 0.0085% 0.0089% 0.0069% 0.0093% 

ETR 0.0092% 0.0072% 0.0068% 0.0110% 0.0256% 0.0106% 0.0080% 0.0078% 0.0059% 0.0071% 

EXC 0.0094% 0.0079% 0.0072% 0.0113% 0.0106% 0.0235% 0.0082% 0.0074% 0.0058% 0.0079% 

XOM 0.0070% 0.0123% 0.0106% 0.0085% 0.0080% 0.0082% 0.0228% 0.0107% 0.0085% 0.0115% 

F 0.0079% 0.0167% 0.0162% 0.0089% 0.0078% 0.0074% 0.0107% 0.0604% 0.0119% 0.0187% 

GD 0.0055% 0.0110% 0.0099% 0.0069% 0.0059% 0.0058% 0.0085% 0.0119% 0.0314% 0.0105% 

GE 0.0075% 0.0157% 0.0145% 0.0093% 0.0071% 0.0079% 0.0115% 0.0187% 0.0105% 0.0308% 

GIS 0.0048% 0.0071% 0.0060% 0.0055% 0.0051% 0.0051% 0.0059% 0.0072% 0.0053% 0.0079% 

GDP 0.0071% 0.0128% 0.0138% 0.0086% 0.0073% 0.0088% 0.0144% 0.0148% 0.0092% 0.0119% 

GT 0.0092% 0.0198% 0.0201% 0.0114% 0.0095% 0.0104% 0.0127% 0.0251% 0.0136% 0.0207% 

HAL 0.0081% 0.0181% 0.0161% 0.0104% 0.0096% 0.0092% 0.0201% 0.0173% 0.0118% 0.0157% 

HSY 0.0058% 0.0088% 0.0072% 0.0070% 0.0058% 0.0061% 0.0080% 0.0086% 0.0064% 0.0097% 

IR 0.0077% 0.0179% 0.0190% 0.0103% 0.0080% 0.0088% 0.0120% 0.0206% 0.0116% 0.0177% 

IBM 0.0053% 0.0116% 0.0104% 0.0067% 0.0059% 0.0059% 0.0090% 0.0139% 0.0081% 0.0141% 

IP 0.0078% 0.0197% 0.0166% 0.0100% 0.0082% 0.0082% 0.0121% 0.0199% 0.0111% 0.0181% 

KMB 0.0051% 0.0094% 0.0082% 0.0062% 0.0054% 0.0053% 0.0074% 0.0093% 0.0065% 0.0093% 

KR 0.0051% 0.0092% 0.0085% 0.0069% 0.0062% 0.0064% 0.0078% 0.0101% 0.0065% 0.0100% 

 

TABLE B3 (5/12) – Covariance and variance between selected assets. 
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DTE DD ETN EIX ETR EXC XOM F GD GE 

MRO 0.0080% 0.0157% 0.0150% 0.0094% 0.0093% 0.0096% 0.0185% 0.0146% 0.0098% 0.0138% 

MRK 0.0064% 0.0104% 0.0086% 0.0077% 0.0068% 0.0072% 0.0090% 0.0108% 0.0079% 0.0118% 

NSC 0.0071% 0.0151% 0.0138% 0.0083% 0.0079% 0.0078% 0.0108% 0.0160% 0.0098% 0.0149% 

NOC 0.0056% 0.0091% 0.0087% 0.0062% 0.0057% 0.0056% 0.0077% 0.0106% 0.0122% 0.0093% 

OXY 0.0074% 0.0146% 0.0131% 0.0085% 0.0089% 0.0088% 0.0172% 0.0130% 0.0096% 0.0126% 

JCP 0.0071% 0.0158% 0.0143% 0.0089% 0.0073% 0.0076% 0.0101% 0.0196% 0.0101% 0.0163% 

PEP 0.0057% 0.0096% 0.0074% 0.0068% 0.0057% 0.0063% 0.0081% 0.0094% 0.0066% 0.0106% 

PFE 0.0065% 0.0106% 0.0091% 0.0076% 0.0067% 0.0067% 0.0097% 0.0120% 0.0078% 0.0134% 

PCG 0.0093% 0.0079% 0.0074% 0.0204% 0.0103% 0.0105% 0.0084% 0.0078% 0.0060% 0.0077% 

PBI 0.0065% 0.0115% 0.0111% 0.0070% 0.0068% 0.0070% 0.0087% 0.0141% 0.0092% 0.0126% 

PPG 0.0075% 0.0175% 0.0149% 0.0090% 0.0072% 0.0081% 0.0112% 0.0170% 0.0106% 0.0150% 

PG 0.0057% 0.0102% 0.0080% 0.0070% 0.0062% 0.0066% 0.0085% 0.0097% 0.0069% 0.0112% 

RTN 0.0054% 0.0095% 0.0087% 0.0068% 0.0061% 0.0054% 0.0077% 0.0102% 0.0128% 0.0095% 

SLB 0.0074% 0.0166% 0.0147% 0.0095% 0.0085% 0.0088% 0.0193% 0.0154% 0.0110% 0.0150% 

SO 0.0081% 0.0061% 0.0053% 0.0095% 0.0088% 0.0089% 0.0068% 0.0060% 0.0050% 0.0063% 

UNP 0.0062% 0.0150% 0.0137% 0.0076% 0.0072% 0.0071% 0.0112% 0.0146% 0.0102% 0.0135% 

UIS 0.0089% 0.0175% 0.0186% 0.0099% 0.0078% 0.0083% 0.0115% 0.0225% 0.0116% 0.0207% 

UTX 0.0067% 0.0143% 0.0136% 0.0091% 0.0070% 0.0069% 0.0102% 0.0158% 0.0109% 0.0153% 

XEL 0.0086% 0.0073% 0.0069% 0.0109% 0.0095% 0.0094% 0.0072% 0.0082% 0.0063% 0.0075% 

 

TABLE B3 (6/12) – Covariance and variance between selected assets. 
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GIS GDP GT HAL HSY IR IBM IP KMB KR 

T.yield 0.0004% -0.0021% 0.0002% -0.0015% 0.0005% -0.0011% -0.0002% -0.0002% 0.0002% 0.0000% 

MMM 0.0066% 0.0095% 0.0163% 0.0137% 0.0084% 0.0152% 0.0101% 0.0158% 0.0086% 0.0087% 

ABT 0.0073% 0.0060% 0.0097% 0.0091% 0.0079% 0.0097% 0.0083% 0.0089% 0.0076% 0.0079% 

AA 0.0072% 0.0217% 0.0260% 0.0230% 0.0087% 0.0236% 0.0137% 0.0245% 0.0100% 0.0105% 

MO 0.0065% 0.0074% 0.0101% 0.0096% 0.0076% 0.0099% 0.0079% 0.0094% 0.0071% 0.0073% 

AEP 0.0053% 0.0071% 0.0105% 0.0092% 0.0063% 0.0090% 0.0060% 0.0086% 0.0055% 0.0066% 

ADM 0.0074% 0.0134% 0.0150% 0.0147% 0.0093% 0.0134% 0.0094% 0.0135% 0.0083% 0.0089% 

BA 0.0071% 0.0108% 0.0178% 0.0147% 0.0080% 0.0155% 0.0106% 0.0144% 0.0081% 0.0083% 

BMY 0.0076% 0.0072% 0.0125% 0.0107% 0.0081% 0.0113% 0.0097% 0.0109% 0.0082% 0.0085% 

CPB 0.0084% 0.0054% 0.0096% 0.0074% 0.0096% 0.0092% 0.0062% 0.0082% 0.0073% 0.0072% 

CAT 0.0069% 0.0159% 0.0224% 0.0177% 0.0082% 0.0241% 0.0123% 0.0207% 0.0091% 0.0096% 

CVX 0.0056% 0.0167% 0.0133% 0.0233% 0.0072% 0.0125% 0.0087% 0.0129% 0.0072% 0.0073% 

CMS 0.0054% 0.0091% 0.0140% 0.0117% 0.0075% 0.0121% 0.0079% 0.0103% 0.0065% 0.0076% 

KO 0.0079% 0.0054% 0.0112% 0.0101% 0.0100% 0.0105% 0.0084% 0.0103% 0.0088% 0.0083% 

CL 0.0074% 0.0066% 0.0106% 0.0091% 0.0084% 0.0102% 0.0076% 0.0099% 0.0095% 0.0074% 

COP 0.0058% 0.0199% 0.0148% 0.0258% 0.0069% 0.0136% 0.0088% 0.0133% 0.0070% 0.0078% 

ED 0.0050% 0.0057% 0.0079% 0.0069% 0.0060% 0.0069% 0.0052% 0.0068% 0.0051% 0.0054% 

CSX 0.0070% 0.0134% 0.0211% 0.0168% 0.0084% 0.0187% 0.0113% 0.0187% 0.0089% 0.0093% 

DE 0.0068% 0.0165% 0.0215% 0.0179% 0.0084% 0.0223% 0.0109% 0.0196% 0.0091% 0.0089% 

DOW 0.0075% 0.0155% 0.0230% 0.0190% 0.0094% 0.0208% 0.0124% 0.0230% 0.0099% 0.0098% 

DTE 0.0048% 0.0071% 0.0092% 0.0081% 0.0058% 0.0077% 0.0053% 0.0078% 0.0051% 0.0051% 

DD 0.0071% 0.0128% 0.0198% 0.0181% 0.0088% 0.0179% 0.0116% 0.0197% 0.0094% 0.0092% 

ETN 0.0060% 0.0138% 0.0201% 0.0161% 0.0072% 0.0190% 0.0104% 0.0166% 0.0082% 0.0085% 

EIX 0.0055% 0.0086% 0.0114% 0.0104% 0.0070% 0.0103% 0.0067% 0.0100% 0.0062% 0.0069% 

ETR 0.0051% 0.0073% 0.0095% 0.0096% 0.0058% 0.0080% 0.0059% 0.0082% 0.0054% 0.0062% 

EXC 0.0051% 0.0088% 0.0104% 0.0092% 0.0061% 0.0088% 0.0059% 0.0082% 0.0053% 0.0064% 

XOM 0.0059% 0.0144% 0.0127% 0.0201% 0.0080% 0.0120% 0.0090% 0.0121% 0.0074% 0.0078% 

F 0.0072% 0.0148% 0.0251% 0.0173% 0.0086% 0.0206% 0.0139% 0.0199% 0.0093% 0.0101% 

GD 0.0053% 0.0092% 0.0136% 0.0118% 0.0064% 0.0116% 0.0081% 0.0111% 0.0065% 0.0065% 

GE 0.0079% 0.0119% 0.0207% 0.0157% 0.0097% 0.0177% 0.0141% 0.0181% 0.0093% 0.0100% 

GIS 0.0184% 0.0050% 0.0078% 0.0066% 0.0075% 0.0077% 0.0054% 0.0075% 0.0065% 0.0061% 

GDP 0.0050% 0.2079% 0.0179% 0.0255% 0.0055% 0.0164% 0.0085% 0.0165% 0.0051% 0.0076% 

GT 0.0078% 0.0179% 0.0684% 0.0213% 0.0098% 0.0250% 0.0142% 0.0243% 0.0103% 0.0119% 

HAL 0.0066% 0.0255% 0.0213% 0.0694% 0.0084% 0.0193% 0.0130% 0.0190% 0.0086% 0.0097% 

HSY 0.0075% 0.0055% 0.0098% 0.0084% 0.0251% 0.0097% 0.0064% 0.0091% 0.0078% 0.0073% 

IR 0.0077% 0.0164% 0.0250% 0.0193% 0.0097% 0.0450% 0.0130% 0.0216% 0.0108% 0.0107% 

IBM 0.0054% 0.0085% 0.0142% 0.0130% 0.0064% 0.0130% 0.0296% 0.0123% 0.0068% 0.0068% 

IP 0.0075% 0.0165% 0.0243% 0.0190% 0.0091% 0.0216% 0.0123% 0.0440% 0.0113% 0.0098% 

KMB 0.0065% 0.0051% 0.0103% 0.0086% 0.0078% 0.0108% 0.0068% 0.0113% 0.0219% 0.0075% 

KR 0.0061% 0.0076% 0.0119% 0.0097% 0.0073% 0.0107% 0.0068% 0.0098% 0.0075% 0.0602% 

 

TABLE B3 (7/12) – Covariance and variance between selected assets. 
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GIS GDP GT HAL HSY IR IBM IP KMB KR 

MRO 0.0065% 0.0222% 0.0193% 0.0283% 0.0091% 0.0176% 0.0109% 0.0180% 0.0092% 0.0099% 

MRK 0.0075% 0.0081% 0.0115% 0.0114% 0.0082% 0.0112% 0.0084% 0.0106% 0.0081% 0.0083% 

NSC 0.0066% 0.0120% 0.0194% 0.0161% 0.0087% 0.0170% 0.0109% 0.0172% 0.0085% 0.0091% 

NOC 0.0053% 0.0088% 0.0126% 0.0112% 0.0062% 0.0107% 0.0072% 0.0105% 0.0066% 0.0062% 

OXY 0.0058% 0.0227% 0.0167% 0.0266% 0.0070% 0.0152% 0.0094% 0.0156% 0.0073% 0.0083% 

JCP 0.0072% 0.0119% 0.0218% 0.0154% 0.0094% 0.0176% 0.0121% 0.0180% 0.0084% 0.0105% 

PEP 0.0080% 0.0072% 0.0096% 0.0093% 0.0085% 0.0094% 0.0074% 0.0093% 0.0075% 0.0070% 

PFE 0.0075% 0.0089% 0.0128% 0.0123% 0.0084% 0.0117% 0.0097% 0.0113% 0.0083% 0.0086% 

PCG 0.0051% 0.0048% 0.0094% 0.0093% 0.0064% 0.0087% 0.0066% 0.0080% 0.0060% 0.0063% 

PBI 0.0063% 0.0106% 0.0152% 0.0127% 0.0078% 0.0139% 0.0108% 0.0131% 0.0069% 0.0084% 

PPG 0.0069% 0.0129% 0.0202% 0.0165% 0.0093% 0.0187% 0.0107% 0.0190% 0.0093% 0.0090% 

PG 0.0076% 0.0063% 0.0107% 0.0091% 0.0092% 0.0105% 0.0078% 0.0100% 0.0100% 0.0081% 

RTN 0.0054% 0.0076% 0.0118% 0.0104% 0.0057% 0.0108% 0.0078% 0.0099% 0.0064% 0.0060% 

SLB 0.0061% 0.0231% 0.0192% 0.0419% 0.0082% 0.0173% 0.0122% 0.0173% 0.0079% 0.0086% 

SO 0.0051% 0.0070% 0.0068% 0.0056% 0.0064% 0.0045% 0.0062% 0.0047% 0.0055% 0.0070% 

UNP 0.0140% 0.0180% 0.0173% 0.0077% 0.0158% 0.0106% 0.0166% 0.0082% 0.0087% 0.0143% 

UIS 0.0181% 0.0280% 0.0199% 0.0093% 0.0217% 0.0177% 0.0213% 0.0090% 0.0110% 0.0181% 

UTX 0.0118% 0.0179% 0.0150% 0.0083% 0.0173% 0.0109% 0.0155% 0.0084% 0.0090% 0.0126% 

XEL 0.0061% 0.0095% 0.0084% 0.0061% 0.0080% 0.0062% 0.0075% 0.0050% 0.0059% 0.0079% 

 

TABLE B3 (8/12) – Covariance and variance between selected assets. 
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MRO MRK NSC NOC OXY JCP PEP PFE PCG PBI 

T.yield -0.0005% 0.0004% -0.0001% 0.0000% -0.0009% 0.0010% 0.0007% 0.0006% 0.0001% 0.0005% 

MMM 0.0124% 0.0091% 0.0123% 0.0083% 0.0109% 0.0130% 0.0085% 0.0100% 0.0068% 0.0101% 

ABT 0.0078% 0.0127% 0.0086% 0.0070% 0.0074% 0.0093% 0.0095% 0.0137% 0.0068% 0.0086% 

AA 0.0214% 0.0111% 0.0183% 0.0108% 0.0189% 0.0178% 0.0092% 0.0121% 0.0088% 0.0145% 

MO 0.0087% 0.0092% 0.0079% 0.0065% 0.0074% 0.0087% 0.0094% 0.0097% 0.0064% 0.0073% 

AEP 0.0089% 0.0074% 0.0081% 0.0058% 0.0078% 0.0081% 0.0063% 0.0071% 0.0111% 0.0071% 

ADM 0.0144% 0.0094% 0.0125% 0.0085% 0.0130% 0.0114% 0.0093% 0.0104% 0.0078% 0.0097% 

BA 0.0123% 0.0097% 0.0132% 0.0116% 0.0118% 0.0140% 0.0091% 0.0107% 0.0076% 0.0108% 

BMY 0.0095% 0.0152% 0.0092% 0.0074% 0.0085% 0.0105% 0.0097% 0.0154% 0.0066% 0.0086% 

CPB 0.0075% 0.0084% 0.0074% 0.0064% 0.0062% 0.0079% 0.0086% 0.0086% 0.0066% 0.0073% 

CAT 0.0162% 0.0095% 0.0161% 0.0102% 0.0147% 0.0164% 0.0090% 0.0109% 0.0075% 0.0126% 

CVX 0.0198% 0.0087% 0.0110% 0.0082% 0.0193% 0.0104% 0.0078% 0.0096% 0.0076% 0.0087% 

CMS 0.0121% 0.0075% 0.0092% 0.0061% 0.0101% 0.0105% 0.0064% 0.0079% 0.0111% 0.0084% 

KO 0.0100% 0.0101% 0.0096% 0.0070% 0.0082% 0.0109% 0.0129% 0.0107% 0.0074% 0.0085% 

CL 0.0087% 0.0091% 0.0087% 0.0064% 0.0072% 0.0096% 0.0094% 0.0099% 0.0064% 0.0075% 

COP 0.0223% 0.0085% 0.0117% 0.0082% 0.0215% 0.0109% 0.0073% 0.0093% 0.0073% 0.0093% 

ED 0.0072% 0.0060% 0.0064% 0.0048% 0.0067% 0.0068% 0.0056% 0.0058% 0.0091% 0.0057% 

CSX 0.0151% 0.0098% 0.0243% 0.0100% 0.0135% 0.0166% 0.0084% 0.0106% 0.0074% 0.0121% 

DE 0.0162% 0.0097% 0.0156% 0.0097% 0.0149% 0.0156% 0.0087% 0.0103% 0.0069% 0.0120% 

DOW 0.0163% 0.0110% 0.0165% 0.0099% 0.0155% 0.0173% 0.0096% 0.0121% 0.0080% 0.0131% 

DTE 0.0080% 0.0064% 0.0071% 0.0056% 0.0074% 0.0071% 0.0057% 0.0065% 0.0093% 0.0065% 

DD 0.0157% 0.0104% 0.0151% 0.0091% 0.0146% 0.0158% 0.0096% 0.0106% 0.0079% 0.0115% 

ETN 0.0150% 0.0086% 0.0138% 0.0087% 0.0131% 0.0143% 0.0074% 0.0091% 0.0074% 0.0111% 

EIX 0.0094% 0.0077% 0.0083% 0.0062% 0.0085% 0.0089% 0.0068% 0.0076% 0.0204% 0.0070% 

ETR 0.0093% 0.0068% 0.0079% 0.0057% 0.0089% 0.0073% 0.0057% 0.0067% 0.0103% 0.0068% 

EXC 0.0096% 0.0072% 0.0078% 0.0056% 0.0088% 0.0076% 0.0063% 0.0067% 0.0105% 0.0070% 

XOM 0.0185% 0.0090% 0.0108% 0.0077% 0.0172% 0.0101% 0.0081% 0.0097% 0.0084% 0.0087% 

F 0.0146% 0.0108% 0.0160% 0.0106% 0.0130% 0.0196% 0.0094% 0.0120% 0.0078% 0.0141% 

GD 0.0098% 0.0079% 0.0098% 0.0122% 0.0096% 0.0101% 0.0066% 0.0078% 0.0060% 0.0092% 

GE 0.0138% 0.0118% 0.0149% 0.0093% 0.0126% 0.0163% 0.0106% 0.0134% 0.0077% 0.0126% 

GIS 0.0065% 0.0075% 0.0066% 0.0053% 0.0058% 0.0072% 0.0080% 0.0075% 0.0051% 0.0063% 

GDP 0.0222% 0.0081% 0.0120% 0.0088% 0.0227% 0.0119% 0.0072% 0.0089% 0.0048% 0.0106% 

GT 0.0193% 0.0115% 0.0194% 0.0126% 0.0167% 0.0218% 0.0096% 0.0128% 0.0094% 0.0152% 

HAL 0.0283% 0.0114% 0.0161% 0.0112% 0.0266% 0.0154% 0.0093% 0.0123% 0.0093% 0.0127% 

HSY 0.0091% 0.0082% 0.0087% 0.0062% 0.0070% 0.0094% 0.0085% 0.0084% 0.0064% 0.0078% 

IR 0.0176% 0.0112% 0.0170% 0.0107% 0.0152% 0.0176% 0.0094% 0.0117% 0.0087% 0.0139% 

IBM 0.0109% 0.0084% 0.0109% 0.0072% 0.0094% 0.0121% 0.0074% 0.0097% 0.0066% 0.0108% 

IP 0.0180% 0.0106% 0.0172% 0.0105% 0.0156% 0.0180% 0.0093% 0.0113% 0.0080% 0.0131% 

KMB 0.0092% 0.0081% 0.0085% 0.0066% 0.0073% 0.0084% 0.0075% 0.0083% 0.0060% 0.0069% 

KR 0.0099% 0.0083% 0.0091% 0.0062% 0.0083% 0.0105% 0.0070% 0.0086% 0.0063% 0.0084% 

 

TABLE B3 (9/12) – Covariance and variance between selected assets. 
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MRO MRK NSC NOC OXY JCP PEP PFE PCG PBI 

MRO 0.0469% 0.0099% 0.0142% 0.0096% 0.0236% 0.0140% 0.0079% 0.0108% 0.0092% 0.0117% 

MRK 0.0099% 0.0287% 0.0095% 0.0073% 0.0090% 0.0103% 0.0099% 0.0160% 0.0072% 0.0085% 

NSC 0.0142% 0.0095% 0.0354% 0.0088% 0.0125% 0.0161% 0.0085% 0.0103% 0.0073% 0.0110% 

NOC 0.0096% 0.0073% 0.0088% 0.0326% 0.0091% 0.0096% 0.0067% 0.0080% 0.0058% 0.0077% 

OXY 0.0236% 0.0090% 0.0125% 0.0091% 0.0392% 0.0119% 0.0073% 0.0096% 0.0077% 0.0102% 

JCP 0.0140% 0.0103% 0.0161% 0.0096% 0.0119% 0.0584% 0.0095% 0.0112% 0.0081% 0.0131% 

PEP 0.0079% 0.0099% 0.0085% 0.0067% 0.0073% 0.0095% 0.0256% 0.0102% 0.0068% 0.0077% 

PFE 0.0108% 0.0160% 0.0103% 0.0080% 0.0096% 0.0112% 0.0102% 0.0314% 0.0071% 0.0092% 

PCG 0.0092% 0.0072% 0.0073% 0.0058% 0.0077% 0.0081% 0.0068% 0.0071% 0.0335% 0.0068% 

PBI 0.0117% 0.0085% 0.0110% 0.0077% 0.0102% 0.0131% 0.0077% 0.0092% 0.0068% 0.0346% 

PPG 0.0147% 0.0095% 0.0152% 0.0095% 0.0133% 0.0160% 0.0089% 0.0105% 0.0079% 0.0121% 

PG 0.0092% 0.0100% 0.0089% 0.0066% 0.0077% 0.0097% 0.0094% 0.0104% 0.0067% 0.0079% 

RTN 0.0089% 0.0078% 0.0091% 0.0123% 0.0087% 0.0096% 0.0064% 0.0081% 0.0060% 0.0087% 

SLB 0.0256% 0.0103% 0.0148% 0.0101% 0.0246% 0.0133% 0.0086% 0.0118% 0.0087% 0.0115% 

SO 0.0062% 0.0061% 0.0044% 0.0062% 0.0060% 0.0054% 0.0057% 0.0095% 0.0055% 0.0064% 

UNP 0.0089% 0.0201% 0.0087% 0.0134% 0.0142% 0.0076% 0.0098% 0.0069% 0.0102% 0.0139% 

UIS 0.0114% 0.0182% 0.0121% 0.0160% 0.0215% 0.0107% 0.0129% 0.0073% 0.0162% 0.0170% 

UTX 0.0093% 0.0135% 0.0096% 0.0116% 0.0137% 0.0090% 0.0104% 0.0080% 0.0112% 0.0145% 

XEL 0.0066% 0.0075% 0.0054% 0.0072% 0.0072% 0.0059% 0.0060% 0.0103% 0.0066% 0.0074% 

 

TABLE B3 (10/12) – Covariance and variance between selected assets. 
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PPG PG RTN SLB SO UNP UIS UTX XEL 

T.yield -0.0003% 0.0002% -0.0005% -0.0008% 0.0001% -0.0011% -0.0007% -0.0004% 0.0003% 

MMM 0.0135% 0.0100% 0.0085% 0.0126% 0.0057% 0.0118% 0.0142% 0.0125% 0.0061% 

ABT 0.0089% 0.0095% 0.0073% 0.0088% 0.0057% 0.0081% 0.0106% 0.0090% 0.0063% 

AA 0.0199% 0.0092% 0.0109% 0.0211% 0.0066% 0.0173% 0.0235% 0.0174% 0.0077% 

MO 0.0088% 0.0087% 0.0070% 0.0093% 0.0058% 0.0076% 0.0098% 0.0081% 0.0063% 

AEP 0.0084% 0.0063% 0.0062% 0.0082% 0.0096% 0.0070% 0.0087% 0.0075% 0.0105% 

ADM 0.0116% 0.0091% 0.0081% 0.0138% 0.0065% 0.0114% 0.0153% 0.0111% 0.0071% 

BA 0.0134% 0.0086% 0.0112% 0.0133% 0.0055% 0.0122% 0.0160% 0.0160% 0.0068% 

BMY 0.0097% 0.0095% 0.0075% 0.0102% 0.0058% 0.0091% 0.0117% 0.0094% 0.0064% 

CPB 0.0083% 0.0087% 0.0062% 0.0070% 0.0058% 0.0068% 0.0082% 0.0077% 0.0067% 

CAT 0.0176% 0.0091% 0.0099% 0.0165% 0.0057% 0.0153% 0.0200% 0.0157% 0.0071% 

CVX 0.0113% 0.0077% 0.0079% 0.0217% 0.0061% 0.0124% 0.0129% 0.0108% 0.0070% 

CMS 0.0102% 0.0075% 0.0069% 0.0106% 0.0084% 0.0083% 0.0111% 0.0087% 0.0108% 

KO 0.0099% 0.0115% 0.0068% 0.0096% 0.0065% 0.0087% 0.0105% 0.0093% 0.0067% 

CL 0.0091% 0.0121% 0.0068% 0.0087% 0.0055% 0.0077% 0.0099% 0.0090% 0.0058% 

COP 0.0114% 0.0075% 0.0083% 0.0238% 0.0059% 0.0134% 0.0134% 0.0103% 0.0068% 

ED 0.0067% 0.0061% 0.0051% 0.0068% 0.0083% 0.0058% 0.0065% 0.0061% 0.0087% 

CSX 0.0159% 0.0090% 0.0100% 0.0155% 0.0060% 0.0211% 0.0194% 0.0144% 0.0076% 

DE 0.0167% 0.0087% 0.0093% 0.0165% 0.0057% 0.0152% 0.0185% 0.0152% 0.0064% 

DOW 0.0196% 0.0101% 0.0103% 0.0170% 0.0061% 0.0160% 0.0216% 0.0158% 0.0076% 

DTE 0.0075% 0.0057% 0.0054% 0.0074% 0.0081% 0.0062% 0.0089% 0.0067% 0.0086% 

DD 0.0175% 0.0102% 0.0095% 0.0166% 0.0061% 0.0150% 0.0175% 0.0143% 0.0073% 

ETN 0.0149% 0.0080% 0.0087% 0.0147% 0.0053% 0.0137% 0.0186% 0.0136% 0.0069% 

EIX 0.0090% 0.0070% 0.0068% 0.0095% 0.0095% 0.0076% 0.0099% 0.0091% 0.0109% 

ETR 0.0072% 0.0062% 0.0061% 0.0085% 0.0088% 0.0072% 0.0078% 0.0070% 0.0095% 

EXC 0.0081% 0.0066% 0.0054% 0.0088% 0.0089% 0.0071% 0.0083% 0.0069% 0.0094% 

XOM 0.0112% 0.0085% 0.0077% 0.0193% 0.0068% 0.0112% 0.0115% 0.0102% 0.0072% 

F 0.0170% 0.0097% 0.0102% 0.0154% 0.0060% 0.0146% 0.0225% 0.0158% 0.0082% 

GD 0.0106% 0.0069% 0.0128% 0.0110% 0.0050% 0.0102% 0.0116% 0.0109% 0.0063% 

GE 0.0150% 0.0112% 0.0095% 0.0150% 0.0063% 0.0135% 0.0207% 0.0153% 0.0075% 

GIS 0.0069% 0.0076% 0.0054% 0.0061% 0.0046% 0.0064% 0.0069% 0.0069% 0.0054% 

GDP 0.0129% 0.0063% 0.0076% 0.0231% 0.0051% 0.0140% 0.0181% 0.0118% 0.0061% 

GT 0.0202% 0.0107% 0.0118% 0.0192% 0.0070% 0.0180% 0.0280% 0.0179% 0.0095% 

HAL 0.0165% 0.0091% 0.0104% 0.0419% 0.0068% 0.0173% 0.0199% 0.0150% 0.0084% 

HSY 0.0093% 0.0092% 0.0057% 0.0082% 0.0056% 0.0077% 0.0093% 0.0083% 0.0061% 

IR 0.0187% 0.0105% 0.0108% 0.0173% 0.0064% 0.0158% 0.0217% 0.0173% 0.0080% 

IBM 0.0107% 0.0078% 0.0078% 0.0122% 0.0045% 0.0106% 0.0177% 0.0109% 0.0062% 

IP 0.0190% 0.0100% 0.0099% 0.0173% 0.0062% 0.0166% 0.0213% 0.0155% 0.0075% 

KMB 0.0093% 0.0100% 0.0064% 0.0079% 0.0047% 0.0082% 0.0090% 0.0084% 0.0050% 

KR 0.0090% 0.0081% 0.0060% 0.0086% 0.0055% 0.0087% 0.0110% 0.0090% 0.0059% 

 

TABLE B3 (11/12) – Covariance and variance between selected assets. 
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PPG PG RTN SLB SO UNP UIS UTX XEL 

MRO 0.0147% 0.0092% 0.0089% 0.0256% 0.0070% 0.0143% 0.0181% 0.0126% 0.0079% 

MRK 0.0095% 0.0100% 0.0078% 0.0103% 0.0062% 0.0089% 0.0114% 0.0093% 0.0066% 

NSC 0.0152% 0.0089% 0.0091% 0.0148% 0.0061% 0.0201% 0.0182% 0.0135% 0.0075% 

NOC 0.0095% 0.0066% 0.0123% 0.0101% 0.0044% 0.0087% 0.0121% 0.0096% 0.0054% 

OXY 0.0133% 0.0077% 0.0087% 0.0246% 0.0062% 0.0134% 0.0160% 0.0116% 0.0072% 

JCP 0.0160% 0.0097% 0.0096% 0.0133% 0.0060% 0.0142% 0.0215% 0.0137% 0.0072% 

PEP 0.0089% 0.0094% 0.0064% 0.0086% 0.0054% 0.0076% 0.0107% 0.0090% 0.0059% 

PFE 0.0105% 0.0104% 0.0081% 0.0118% 0.0057% 0.0098% 0.0129% 0.0104% 0.0060% 

PCG 0.0079% 0.0067% 0.0060% 0.0087% 0.0095% 0.0069% 0.0073% 0.0080% 0.0103% 

PBI 0.0121% 0.0079% 0.0087% 0.0115% 0.0055% 0.0102% 0.0162% 0.0112% 0.0066% 

PPG 0.0319% 0.0091% 0.0091% 0.0148% 0.0064% 0.0139% 0.0170% 0.0145% 0.0074% 

PG 0.0091% 0.0229% 0.0067% 0.0089% 0.0056% 0.0082% 0.0104% 0.0089% 0.0062% 

RTN 0.0091% 0.0067% 0.0334% 0.0098% 0.0053% 0.0092% 0.0104% 0.0097% 0.0056% 

SLB 0.0148% 0.0089% 0.0098% 0.0491% 0.0063% 0.0162% 0.0187% 0.0139% 0.0075% 

SO 0.0056% 0.0053% 0.0063% 0.0155% 0.0054% 0.0054% 0.0053% 0.0087% 0.0087% 

UNP 0.0082% 0.0092% 0.0162% 0.0054% 0.0316% 0.0168% 0.0127% 0.0067% 0.0067% 

UIS 0.0104% 0.0104% 0.0187% 0.0054% 0.0168% 0.1274% 0.0161% 0.0074% 0.0074% 

UTX 0.0089% 0.0097% 0.0139% 0.0053% 0.0127% 0.0161% 0.0298% 0.0068% 0.0068% 

XEL 0.0062% 0.0056% 0.0075% 0.0087% 0.0067% 0.0074% 0.0068% 0.0228% 0.0228% 

 

TABLE B3 (12/12) – Covariance and variance between selected assets. 
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Appendix C 

Augmented Dickey-Fuller 

TABLE C1 - Stationary Test of Semi-annual Average Price 1980-1994  

Test Stat P-Value C.V. Stationary? 

Augmented Dickey-Fuller with 5% confidence interval 

 No Const 0.9 89.5% -2.0 FALSE 

Const-Only -1.1 71.0% -3.3 FALSE 

Const + Trend -3.7 0.0% -1.6 TRUE 

Const+Trend+Trend^2 -3.5 0.0% -1.6 TRUE 

 

Table C1 – Augmented Dickey-Fuller test for stationarity. The semi-annual average price has 

a unit root and is following a random walk with drift.  

TABLE C2 - Stationary Test of Daily Average Price 1992-1994 

Test Stat P-Value C.V. Stationary? 

Augmented Dickey-Fuller with 5% confidence interval 

  No Const 1.1 93.3% -1.9 FALSE 

Const-Only -1.9 35.7% -2.9 FALSE 

Const + Trend -3.1 0.1% -1.6 TRUE 

Const+Trend+Trend^2 -3.1 0.1% -1.6 TRUE 

 

Table C2 – Augmented Dickey-Fuller test for stationarity. The daily average price has a unit 

root and is following a random walk with drift.  

TABLE C3 - Stationary Test of Semi-annual Average Natural Log Return 1980-1994 

Test Stat P-Value C.V. Stationary? 

Augmented Dickey-Fuller with 5% confidence interval 

  No Const -1.1 26.1% -2.0 FALSE 

Const-Only -6.0 0.1% -3.3 TRUE 

Const + Trend -5.8 0.0% -1.6 TRUE 

Const+Trend+Trend^2 -5.9 0.0% -1.6 TRUE 

 

Table C3 – Augmented Dickey-Fuller test for stationarity. The semi-annual average 

logarithmic return is stationary.  
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TABLE C4 - Stationary Test of Daily Average Natural Log Return 1992-1994 

Test Stat P-Value C.V. Stationary? 

Augmented Dickey-Fuller with 5% confidence interval 

  No Const -10.5 0.1% -1,9 TRUE 

Const-Only -10.5 0.1% -2,9 TRUE 

Const + Trend -10.6 0.0% -1,6 TRUE 

Const+Trend+Trend^2 -10.6 0.0% -1,6 TRUE 
 

Table C4 – Augmented Dickey-Fuller test for stationarity. The daily average logarithmic 

return is stationary 
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Figure C1 – Upper and lower bound are placed three standard deviations from the average 

return and illustrate no potential outliers.  
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Figure C3 – Upper and lower bound are placed three standard deviations from the 

average return and illustrate potential outliers. 
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Figure C3 – Upper and lower bound are placed three standard deviations from the 

average return and illustrate potential outliers. 
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Correlogram: ACF and PACF 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure C5 – 10 lags autocorrelation function. 

Showing no significant correlations, this is 

an indication of white noise.  

Figure C6 – 10 lags partial autocorrelation 

function. Showing no significant lags. 
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Figure C7 – 126 lags autocorrelation 

function. Showing six significant correl-

ations, up to the 124 lag. This can imply 

that there is heteroskedasticity.  

 

Figure C8 – 126 lags partial autocorrelation 

function. Showing five significant 

correlations, similar to the ACF.   
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Squared residuals of forecasted stocks 

Figure C9 – Plot of squared residuals for 

the three forecast periods. List of tickers 

can be seen in table B1. 
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Appendix D 

Optimal Delta plot 

Algorithm 1,1 

 

Figure D1 – Optimal versus realized delta in algorithm 1,1.   

 

Figure D2 – Optimal versus realized delta in algorithm 1,2.   
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Figure D3 – Optimal versus realized delta in algorithm 2,1 

 

 

 

 

 

  

  

Figure D4 – Optimal versus realized delta in algorithm 2,2 

 

Figure D5 – Realized delta in algorithm 2,3. 
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Figure D6 – Optimal versus realized delta in algorithm 3,1. 

 

Figure D7 – Optimal versus realized delta in algorithm 3,2. 

 

Figure D8 – Realized delta in algorithm 3,3.  
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