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Executive Summary 

Forecasting the expected returns on bonds with increasing certainty is wanted from all rational 

investors in the fixed income markets. The potential for higher returns increase with the ability to 

forecast expected returns, through better trading payoffs and improved hedging and risk 

management. 

 

The expectations hypothesis was long prevailing in the academical litterature. It stated that the 

rational investor was expected to require zero or at least a constant excess return on bonds with long 

maturity over short maturity. This is equal to no time varying risk premiums.  

 

It is however reasonable for the rational investor to have time varying risk preferences based on the 

economic situation and outlook for the future, as described  by Cochrane (1999). Thus, bonds with 

different maturity may be priced with different risk in an efficient market, and accordingly have 

time varying risk premiums.  

 

The expectations hypothesis has thus been rejected. This has been manifested through the classical 

studies of Fama and Bliss (1987) as well as Campbell and Shiller (1991). These studies modelled 

predictions of bond returns on specific maturities, with a R
2 
up to 18%. 

 

In a new and original approach, Cochrane and Piazzesi (2005) models a single-factor that predicts 

bond returns of any maturity, with a R
2
 up to 44%, more than doubled from the studies mentioned 

above. This is done on the same dataset as Fama and Bliss (1987) used and would be a big 

discovery within the field, if the model can be accepted across time and datasets. 

 

I test the model of Cochrane and Piazzesi (2005) based on the framework that these used originally, 

as well as new tests they have provided as response to critique of the model. So far, no other paper 

has rejected this model on all these dimensions. I use very well accepted data, and reject the model 

in every dimension tested.  

 

This paper is thus the rejection of the Cochrane and Piazzesi (2005) single-factor bond forecasting 

model. 
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Introduction 

Bond return forecasting is an area of study that is interesting to all the economists, traders and 

investors who work in the fixed income markets. To be able to forecast bond returns, the underlying 

factors that decide the price of a bond must be understood and modeled. If these factors can be well 

described, the potential for higher returns as well as more efficient hedging and risk measurement, 

will increase.  

 

Until the mid-1980s the general view and literature advocated that the returns on bonds are not 

predictable (Cochrane (1999)). The reasoning behind this is known as the expectation hypothesis of 

the term structure which, in short, states that increasing long term yields on bonds are offset by 

future increases in the short term rate. Thus, excess return on holding long term vs. short term 

bonds, are zero over time (in the pure version of the expectations hypothesis) or stay constant over 

time. 

 

With Fama and Bliss’ (1987) rejection of the expectations hypothesis however, a new branch of 

research was born. This research has, through more than 20 years, investigated models to better 

predict and forecast bond returns. This includes the important papers of Fama and Bliss (1987) and 

Campbell and Shiller (1991), which in short predicts one-year excess returns through bonds of 

different maturities above one year. These two papers made regressions that described up to 18 

percent of the variability in bond returns over time. 

 

Since then, several papers have been published by different researchers, with different qualified 

approaches to model bond returns, and thus forecast these. 

 

Most of the research has focused on the term structure’s slope, level and curvature in describing 

bond return variability. These three principal components explain almost all the variance of bond 

yields, for example 99.97 percent in the Fama and Bliss (1987) data (Cochrane and Piazzesi
1
 

(2005)). 

 

                                                 
1
 Referred to as CP throughout the paper 
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However, in the paper “Bond Risk Premia” by CP (2005), the researchers “decisively reject the 

hypothesis that these factors alone are sufficient to forecast excess returns”. They construct a single-

factor model that describes up to 44 percent of the variability in bond returns, which can forecast 

one-year excess returns on all maturities simultaneously. Thus, they claim, that “a single return-

forecasting factor, a single linear combination of forward rates or yields, describes time-variation in 

the expected return of all bonds”. 

 

Problem Statement 

It is my aim to analyze how CP’s model can describe time-variation in the expected return of all 

bonds, through a single-factor. It is also my aim to test this model on other data than what has been 

done in the literature so far, and confirm or reject the model in CP’s own framework. This 

motivates the following main questions: 

 

1. What are the existing research, hypothesis and models that describes the expected returns of 

bonds? 

2. How can Cochrane and Piazzesi’s (2005) claim that their new model, describing such a 

large share of expected bond returns through one single factor, is valid? 

3. Based on this framework, can the model be confirmed or rejected based on other well 

accepted data? 

 

Structure 

The structure of this paper is based on three main parts. In part I, the background or offset for the 

CP (2005) model is described. Part II describes and analyzes this model, while part III tests the 

model on new datasets. Each main part  will be rounded off with a summary which in aggregate is 

the base for the executive summary.  

 

A more detailed description of the three main parts of this paper is outlined in the figure below: 
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Figure 1: The Overall Structure of This Paper  

 

 

 

Method 

This paper will utilize and go beyond the statistical and econometrical methods and techniques, as 

taught on the Applied Economics and Finance Master, at Copenhagen Business School.  

 

To describe, analyze and test the model of CP (2005), the results presented by CP (2005) will be 

reproduced manually one step at the time using Microsoft Excel. In this way, the transparency of 

how the model and its complementary robustness tests are calculated will be maximized
2
. 

 

This enables a detailed analysis of the approach of CP (2005), and the techniques and 

considerations they have made to calculate and verify the model. This will be the framework for 

testing the model on other data sets, effectively verifying that any calculations on new datasets use 

                                                 
2
 Methods, models, calculations, etc. which is not specified in the text, have been specified in appendix 2. This is to 

minimize the main text, for easier reading and better flow. For any other formula, calculation or method that the reader 

find missing, the attached spreadsheets can be backtracked for full transparency. 
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the exact methods of CP (2005). Thus, the corresponding results will be pure with respect to 

method, and any discrepancies compared to the original results, must be explained through model or 

data failure. 
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Part I: Expectation Hypothesis, Time-Varying Risk and Models for Expected 

Bond Return 
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This first main part of this paper will concentrate on the offset for the work of CP (2005). This will 

include a brief recap of the theories on the expectations hypothesis, as well as a status of the main 

findings of Fama and Bliss (1987) and Campbell and Shiller (1991) and what has followed these. 

This is the offset for the work of CP (2005). 

 

Then, the approach of CP (2005) will be investigated and their main findings and tests will be 

reproduced and updated with recent data in part II of this paper. After the model and an updated 

analysis of the data are presented in the framework of CP (2005), the stage is set for challenging the 

model’s forecasting ability in general and see how it performs with other datasets, in part III of this 

paper. 

 

A Short Recap of the Expectations Hypothesis 

According to Campbell, Lo and MacKinley
3
 (1997), the terminology of the ‘pure expectations 

hypothesis’ and the ‘expectations hypothesis’ is due to Lutz (1940). Lutz (1940) proposes that it is 

“evident that the return on an investment for a given time is the same, no matter which form the 

investment is made”. The conclusion from this is that the expected 1-year return on bonds are the 

same whether you invest in a bond with maturity of one year, or invest in a bond with maturity of n 

years, and sell it after one year. Alternatively, the return from investing in a n year bond is the same 

as rolling over an investment in 1-year bonds over n years. Thus, in either way, the excess return of 

investing in a longer term bond is zero according to Lutz (1940). This is the pure expectations 

hypothesis. 

 

However, several factors were identified, in these early days of bond return research, which could 

affect the return from bonds of different maturities. In short these are described in the liquidity 

preference theory, the market segmentation theory and the preferred habitat theory. These can 

explain why there might be an expected excess return on longer over shorter bonds, due to liquidity 

of bonds, supply and demand, and the investment horizon of the investor.  

 

This formed the base for the expectations hypothesis that states that there may be an excess return 

on long over short maturity bonds, but this is constant over time. 

                                                 
3
 Campbell, Lo and MacKinley are referred to as CLM in the rest of the paper 
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To summarize, the concept of expectation hypothesis is formulated as: 

Figure 2 – Summary of the Expectations Hypothesis 

 

 

 

 

 

Previous Research 

Although many approaches have been made to disprove the expectations hypothesis, this paper will 

focus on the successful approaches of Fama and Bliss (1987) and Campbell and Shiller (1991). The 

research that extends from these two approaches is what CP (2005) is related to. 

 

Fama and Bliss (1987) 

First, Fama and Bliss (1987) confirmed that there is time variability in the excess returns of long 

over short maturity bonds and proved that the expectation hypothesis does not hold. This was 

modeled using a dataset which have become one of few accepted datasets in this area of research. 

The dataset is now known as the CRSP
4
 Fama-Bliss dataset and consists of monthly prices of zero 

yield bonds of maturity one to five years, from 1952 to present day. A further description of the 

properties of these data is found in appendix 1.A. 

 

The regressions that Fama and Bliss (1987) made have “held up well since publication” and 

regressions with updated data still yield the same results as it did more than 20 years ago (CP 

(2005)). This is why this paper and its regressions form a base for so much of succeeding research 

in this area and is described as “classical evidence against the expectations hypothesis”. 

                                                 
4
 The Center for Research in Security Prices (CRSP) 

Pure Expectations Hypothesis (PEH) 

The expected excess return of long over short maturity bonds is zero 

over time. 

 

Expectations Hypothesis (EH) 

The expected excess return of long over short maturity bonds can 

vary across maturities, but is constant over time. 
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In the notation of CP (2005), which is used throughout this paper (refer also to appendix 1.D), the 

main regression of Fama and Bliss (1987) is reproduced below. It regresses each excess return 

against the corresponding forward spread, where the forward spread is the difference between the 

forward rate of maturity n and the yield on the 1-year bond. Here, n denotes years and the variables 

are defined in table 1 below. 

 

Table 1– Fama-Bliss Regression - Variables 

Variable Notation/Formula 

Log price )(n

tp  

Log yield )()( 1 n

t

n

t p
n

y −≡  

Log forward rate between time t+n-1 and t+n )()1()( n

t

n

t

n

t ppf −≡ −
 

Log one-year excess return )1()(

1

)(

1 t

n

t

n

t yprx −≡ ++  

 

Here, α represents the constant expected excess return and β is the coefficient which determines the 

variable expected excess return, base on the forward spread. 

 

  

 

According to the pure expectations hypothesis, α and β should both be zero in the above regression 

to have no expected excess return on long over short bonds. According to the expectation 

hypothesis, alpha can be different than zero, but beta must be equal to zero, to allow for only 

constant expected excess returns. This was rejected by Fama and Bliss (1987) and an up to date 

regression confirms that it has held up well as the figure and table below shows. All beta 

coefficients are significantly different from zero at a 5 % level, except one. 

 

It should also be noted that the corresponding χ
2
 values given in CP (2005) are wrong, this can be 

confirmed by referring to appendix 2.D. The right values are lower, and coefficients thus marginally 
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less significant than what CP (2005) claim. This does not change any conclusions made by CP 

(2005) though, and these erroneous

Figure 3 – Fama-Bliss Regression Updated and Compared Graphically

Table 2 – Fama-Bliss Regression

 

Campbell and Shiller (1991) 

In an extension to the Fama and Bliss (1987) results

that regressed yield spreads rather than forward rates. The first regression regressed the yield spread 

                                                 
5
 In consistency with general practice, one star (*) represents a coefficient that is significant at a 10% level, two stars 

(**) at a 5% level and three stars (***) at a 1% level

Maturity n β

2 0,91 **

S.e (0,28)

3 1,13 **

S.e (0,37)

4 1,42 **

S.e (0,45)

5 0,93 *

S.e (0,53)

Original Regressions

1964:01-1984:12

Rejecting Cochrane and Piazzesi’s Single-Factor Model

13 

han what CP (2005) claim. This does not change any conclusions made by CP 

erroneous values are thus irrelevant in practice, ceteris paribus.

Bliss Regression Updated and Compared Graphically 

Bliss Regression, R2 and χ2 - Updated5 

 

n extension to the Fama and Bliss (1987) results, Campbell and Shiller (1991) made 

rather than forward rates. The first regression regressed the yield spread 

In consistency with general practice, one star (*) represents a coefficient that is significant at a 10% level, two stars 

(**) at a 5% level and three stars (***) at a 1% level 

R2 χ2 β R2 χ2

0,14 10,6 0,99 *** 0,16 14,9 0,92 ***

(0,26)

0,11 9,3 1,35 *** 0,17 15,3 1,22 ***

(0,35)

0,11 10,0 1,61 *** 0,18 12,9 1,42 ***

(0,45)

0,05 3,1 1,27 ** 0,08 4,8 1,09 **

(0,58)

Original Regressions CP Time Period

1964:01-1984:12 1964:01-2003:12

Factor Model 

han what CP (2005) claim. This does not change any conclusions made by CP 

values are thus irrelevant in practice, ceteris paribus.  

 

 

 

, Campbell and Shiller (1991) made regressions 

rather than forward rates. The first regression regressed the yield spread 

In consistency with general practice, one star (*) represents a coefficient that is significant at a 10% level, two stars 

β R2 χ2

0,92 *** 0,14 13,8

(0,25)

1,22 *** 0,15 13,9

(0,33)

1,42 *** 0,16 11,6

(0,42)

1,09 ** 0,07 4,6

(0,51)

Updated To Date

1964:01-2007:12
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between a bond of maturity n and the one-year bond on the weighted average of yield changes of 

one-year bonds at time t+1 to t+n. Their second regression regressed the yield spread between a 

bond of maturity n at time t and the same bond at time t+1 and thus maturity n-1. 

 

The expectation hypothesis implicates that the yield on longer term bonds are based on the 

expectations on the future movements in the short rate, or vice versa. For the expectation hypothesis 

to hold the long and short yields must offset in a way that makes the expected excess return on long 

over short term bonds constant over time. This means that in the formulas below, a 1:1 offset is 

equal to γ and β resepectively being one (1), for the expectations hypothesis to hold. 

 

This implies exactly what Campbell and Shiller (1991) tested, as described above. The first 

regression were formulated as: 

 

( ) ttntnnjt

n

j

yyy
n

jn
εγµ +−+=∆

−
+

−

=

∑ 1,1

1

1
 

 

The second regression was formulated as: 

tn
tnt

nnnttn
n

yy
yy ,

1
1,1

1
εβα +

−

−
+=−+−

 

 

The results showed that rather than being one, the γ and β was varying, thus effectively rejecting the 

expectations hypothesis.  

 

In any way, using forward rates or yield spreads, Fama and Bliss (1987) and Campbell and Shiller 

(1991) formally presented proof against the expectations hypothesis that is well accepted today. 

Bond returns are forecastable to a certain degree, from forward rates and yield spreads, and there 

are thus time varying risk premiums. The next section will shortly recap the theories of time varying 

risk and how the concept is formalized. 
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Time Varying Risk Premia 

The main reason why Lutz (1940) and others believed in some version of the expectations 

hypothesis, was that they believed in efficient markets and rational investors. With a changing yield 

on for example long bonds, the rational investor would, at any time, invest such that this was offset 

in the shorter bond, thus eliminating any time-varying premium. This would be so, because one 

assumed that all information about the asset would be contained in its price, and only new 

unexpected information could move the price, in an efficient market. Thus, the expected price in the 

future would be the current price, and from this one did not expect to be able to predict future 

prices, given an efficient market. 

 

As described, this has proven to be wrong, by testing the empirical data, i.e. market prices, of these 

bonds. This, and other results, called for a new way of modeling predictability of prices and thus a 

new definition of what an efficient market was. Today, an efficient market is viewed more as a 

market where the returns reflect the investors’ risk attitude over time, for example to the variation in 

their consumption. With this reasoning, the rational investor can indeed produce asset prices that 

have time-varying risk premiums. 

 

The reasoning is straight-forward in the consumption approach and can best be illustrated by the 

market situation of February 2009, current when this was written. Currently there is an economic 

downturn, and several European countries and the U.S. are in recession. Many loose their jobs, 

other see their salaries cut or frozen, and the future development of salaries are not looking bright. 

At this point, consumption decreases, and the propensity to invest in risky assets decrease. This is 

offset by a decrease in asset prices, for investors to be willing to invest. Thus, the expected return 

increases. 

 

Since we are able to conclude that we are in an economic downturn today, and since there exist 

expectations for how the economy will develop during the next months and years, a certain degree 

of return predictability is thus possible.  

 

Cochrane (2001) formalized this effect as the stochastic discount factor, which describes the 

marginal rate of substitution for consumption between two points in time. In the formula below, 

beta represents the consumer’s time preference and is assumed to be constant. The marginal utility 
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to consume at t+1 rather than t, will thus offset the return of asset i: 1+Ri. The point is that 

“although expected returns can vary across time and assets, expected discounted returns should 

always be the same, 1”. This means that the risk adjusted discounted return is constant, or with 

other words, that the consumers time preference and his risk adjusted propensity to consume, 

explains time-varying returns in a consumption based asset pricing model. 

����� � � �	
�����	����� �1 � ���� � 1 
 

The utility of consuming is high when consumption is low and vice versa. The utility function is 

concave as usual, and thus when consumption is low, a higher utility is required when spending, 

compared to the situation where consumption is high. 

 

There are probably many factors that can be included in a model that explains time-varying risk, 

without breaching rationality. The consumption factor is one of the most or the most important, but 

does not exclude other factors. No matter what, it illustrates that time-varying risk premiums should 

exist in efficient markets with rational investors.  

 

Cochrane (2001) shows that the stochastic discount factor based on marginal utility of consumption, 

implies that the real interest rate needs to be, and is, high in periods of high growth. This is to pay 

the investor a sufficient return to consume less now and more tomorrow and also exactly what most 

central banks govern by, when they try to control the growth rate (inflation) by changing the interest 

rates.  

 

So, if there are bonds of different maturities on the market, and the price and consequently yield of 

different maturities should, at least partly, reflect a risk adjustment relevant to the maturity of the 

bond. If, for example, growth and consumption is expected to be high in the future, future interest 

rates are driven up to reflect this. Thus, bond prices of different maturities should say something 

about the expectations to the future state of the economy, and this is what term-structure models try 

to capture. 
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Fama and Bliss (1987) captured up to 14% of this time-variable return of investing in the one-year 

bond compared to a longer bond, by looking at only one forward rate. Others have shown that this 

increases as more forward rates, are included, for example in Dai et al (2004). 

 

However, in CP (2005), a model based on excess returns is proposed. The model also differs from 

other models, in that it estimates a single factor to predict returns on bonds of any maturity. This is 

a new way of modeling bond returns, and if it proves to be general and consistent, and holds up well 

across time and datasets, it will be a ground breaking model on the subject. 
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Conclusion Part I 

Figure 4 – Summary Part I: Previous Research, Time Varying Risk and  Models for 

Expected Bond Return 

 

  

Rejection of the Expectations Hypothesis 

Fama and Bliss (1987) and Campbell and Shiller (1991) provided 

evidence against the expectations hypothesis. Bond premiums are 

time-variable and they can be predicted to a certain degree using 

forward rates or yield spreads. 

 

Time Varying Risk 

Time varying risk is a rational assumption for the investor. A central 

factor for explaining this is the marginal utility of consumption. Thus, 

the current and expected future state of the economy and its growth 

rates can be used to model this risk adjustment. For interest rates, the 

time varying risk factor is therefore contained in bonds of different 

maturities, based on the economic expectations for the different time 

periods covered by the maturities. 

 

Bond Return Models 

Different term structure models exist and they utilize the fact that 

level, slope and curvature explains almost all of the variance of 

yields. Models that aim to explain  or forecast expected bond returns 

take offset in this fact, and also use different forward or yield spreads 

to explain the return on different bonds, as in Fama and Bliss (1987) 

and Campbell and Shiller (1991). CP (2005) propose a model that 

take offset in the excess return on bonds, that uses a single factor to 

predict expected return on all bonds and that increase the R
2
 

compared to the above models. This model will be investigated in part 

II and part III of this paper. 
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Part II: The Single-Factor Model of Cochrane and Piazzesi (2005) 
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In this section I will set out by describing the single-factor model of CP (2005), and their approach 

to testing its robustness and validity. This will be done on a general level, reducing the text to the 

core ideas and approaches in CP (2005). Thus, explanations for methods, calculations, statistical 

techniques and other details are left out to be thoroughly described in the appendixes. Thus, the next 

section concentrates on the core ideas and approaches used by CP (2005) and should be read with a 

continuous reference to the appendix, for all details to be revealed.  

 

In each step of the model estimation and validation, I will offer an up to date analysis on an updated 

version of the dataset that CP (2005) used, as well as my own calculation and confirmation of the 

original results. The last part of the paper will then follow this framework to analyze other datasets 

and conclude on how well the single-factor model holds up in untested datasets. 

 

Fundamentals 

As described, the single-factor model is based on excess returns. That is, if you borrow at the one-

year rate, invest in a long term bond, and sell this after a year, your return is the excess return of 

long over the short (one-year) bond.  

 

This is advantageous, since it nets out the level of interest rates and the inflation. It is the real excess 

returns, or real risk premia that is investigated CP (2005). 

 

As described, the data includes zero-coupon yields from 1 to 5 years and is further described in 

Appendix 1.A as well. The maturities investigated are thus from 1 to 5 years. How the data is 

transformed, as well as the notation, is described in more detail in Appendix 1.D. The notation is 

summarized below: 

Table 3 – Notation 

Variable Notation 

Log price )(n

tp  

Log yield )(n

ty  

Log forward rate between time t+n-1 and t+n )(n

tf  

Log holding period (buy n-year bond at time t and sell as )(

1

n

tr +  
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n-1 year bond at time t+1) 

Log excess return )(

1

n

trx +  

Log average excess return (over maturities n) )(

1

n

trx +  

Log excess return vector across maturity rxt+1
 

Log yields vector  yt
 

Log forward rate vector ft 

 

 

The Single-Factor Model: A Bird’s Eye View 

There are at least three important features that are worth noting before going into the details of the 

single-factor model.  

1. The model’s R
2
 is much higher than the models of Fama and Bliss (1987) as well as 

Campbell and Shiller (1991), and do forecast excess returns closer to the actual ex-post 

excess returns. 

2. There is a single factor, which is tent shaped, that forecasts excess returns of bonds of all 

maturities.  

3. There is evidence that the variance of excess returns is explained by different factors than 

the factors that describe yields, yield changes, prices, and similar variables in the term 

structure. 

 

It is central to note this tent shaped single factor finding, as this is the core of the model. All other 

calculations and analysis are made only to verify and understand this very clear pattern, which has 

such a “suspiciously” high R
2
. 

 

To understand, estimate and validate the model and the data, an overall approach includes the seven 

steps outlined below. This will be the framework when other datasets are investigated in part III.  

 

Seven Steps to Estimate and Validate the Single-Factor Model 

1. Estimate the unrestricted model 

2. Estimate the restricted single-factor model and compare to the unrestricted model 

3. Update and compare the Fama and Bliss (1987) results 
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4. Compare the single-factor model to other factor models, i.e. slope, level, curvature and 

spreads 

5. Check robustness with respect to number

6. Estimate the single-factor model with multiple lags

7. Check forecasting ability 

 

Results that are not explicitly stated in the text are reproduced numerically in appendix 4. Some of 

the numbers appear in the form of graphs in the text.

 

 

1 – Estimation of the Unrestricted Model

The first step to see the structure of the restricted single

model. This model simply regress the forward rates on the excess return of the 

short the regression is 
n

i

n

trx )(

1+ = β

 

With four maturities and five forward rates plus an intercept, this yields a 4x6 matrix with 

estimates. Graphing the slope coefficients, 

to 5), the tent shape reveals itself, in the figure below

as used in CP (2005) and an updated analysis for the period 1964

details are outlined in the appendix 2.A and the 

appendix 5. 

Figure 5 – The Unrestricted Model
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factor model to other factor models, i.e. slope, level, curvature and 

ck robustness with respect to number of variables included in the model

factor model with multiple lags 

 

Results that are not explicitly stated in the text are reproduced numerically in appendix 4. Some of 

the numbers appear in the form of graphs in the text. 

he Unrestricted Model 

The first step to see the structure of the restricted single-factor model is to estimate the unrestricted 

model. This model simply regress the forward rates on the excess return of the 

n

t

n

1++ εn

tf .  See appendix 2.A for full detail. 

With four maturities and five forward rates plus an intercept, this yields a 4x6 matrix with 

estimates. Graphing the slope coefficients, omitting the constant, as a function of 

, the tent shape reveals itself, in the figure below. The difference between the period 1964

as used in CP (2005) and an updated analysis for the period 1964-2007 is small

details are outlined in the appendix 2.A and the full results including standard errors 

The Unrestricted Model 

Factor Model 

factor model to other factor models, i.e. slope, level, curvature and 

the model 

Results that are not explicitly stated in the text are reproduced numerically in appendix 4. Some of 

is to estimate the unrestricted 

model. This model simply regress the forward rates on the excess return of the n-year bond. So in 

 

With four maturities and five forward rates plus an intercept, this yields a 4x6 matrix with 

, as a function of the maturity n (1 

The difference between the period 1964-2003 

2007 is small, as can be seen. All 

including standard errors are given in 
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To test for joint significance of the five right hand variables, a χ
2
 or Wald statistic is calculated from 

covariances that are HAC (heteroskedasticity and autocorrelation consistent), as described by 

Newey and West (1987). The details and considerations on standard errors as well as the χ
2
 

statistics are outlined in appendix 2.C and 2.D. 

 

Under the null that all estimated coefficients are jointly greater than zero, a rejection of the null 

implies that the coefficients are different from zero. This again implies that the expectation 

hypothesis is rejected, as the expectations hypothesis only will accept constant or zero excess 

returns, i.e. the value of the constant coefficient. 

 

The upper 10-percent, 5-percent and 1-percent critical values for χ
2
(5), i.e. χ

2
 with five degrees of 

freedom, are 9.2, 11.1 and 15.1 respectably. As the table below shows, all χ
2
(5) statistics are far 

above even the 1-percent critical value, and the expectations hypothesis is consistently rejected. The 

R
2
 values show that the unrestricted model’s fit, seem much higher than the Fama and Bliss (1987) 

regressions. A formal test is not performed in the context of this paper, but CP (2005) shows, in the 

appendix of their paper, that the “the addition of the Fama-Bliss forward spread does not help to 

forecast bond returns”, thus not adding to the R
2
.  

 

Table 4 - χ2(5) and R2 for the Unrestricted Model 

 

 

2 – Estimation of the Restricted Single-Factor Model 

Now, the restricted single-factor model is the model that really is of great interest. In the words of 

CP (2005), the tent-shaped pattern of the unrestricted model “cries for us to describe expected 

excess returns of all maturities in terms of a single factor”. 

 

  

Maturity Chi-square (5) R squared Chi-square (5) R squared 

2 121,82 0,32 109,11 0,32

3 113,80 0,34 104,80 0,33

4 115,72 0,37 106,07 0,36

5 88,16 0,35 79,92 0,33

1964-20071964-2003
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The idea is to regress the forward vector on average excess returns, across maturity. This will give 

the “average tent-shape”, and thus coefficients that should be cross-maturity consistent. The model 

is defined as: 

 

������� � ����� � ����� � ����� � ����� � ����� � � �� � � !�����
 

 

To account for the fact that bn and γn are defined as a product, the bn estimates are normalized by 

imposing that their average value is 1, thus 
�
�∑ �� �#� � 1. The model is estimated in two steps. 

First the γ is estimated by regressing the forward vector on the average excess returns: 

 

��$$$�� � �� � ����� � ����� � ����� � ����� � � �� � !��$$$$$ � γTft + !��$$$$$ 
 

This, γ
T
ft, is the single factor or single linear combination of forward rates, which serves as the state 

variable for time-varying expected returns of all maturites. From this, the bn is estimated for each of 

the four excess returns in the dataset, as: 

 

����� � ���γTft) + !���         for n = 2, 3, 4, 5 

 

Thus the restriction of the model is clear, the 4x6 matrix of beta coefficients in the unrestricted 

model must equal bnγ
T
 to enable the single factor to work across maturities. The question of course, 

is if this holds up well.  

 

Comparing the restricted bnγ
T
 with the unrestricted betas reveals little difference on first view, in 

the graph below.  
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Figure 6 –Restricted Model vs. Unrestricted Model

 

Testing each unrestricted coefficient against its corresponding restricted coefficient, under the null 

that they are equal, gives no t-value above [1], for 

coefficients of the restricted and unrestricted model are equal, on a 1

requires a GMM (General Method of Movements) 

paper. It is provided by CP (2005) and 

unrestricted and the restricted models are not equal. This fact is of course very relevant, as it 

immediately implies that the single

and as I will show under step 6, there is a 

model still holds important information for the forecasting of excess return

 

Before looking into this however, several other robustness tests should be considered, to see 

whether the model holds up in other areas. First the standard errors and corresponding χ

considered. Due to the nature of financial time series, there is 

                                                 
6
 The 1-percent critical t-value is above 2 for any degree of freedom

Rejecting Cochrane and Piazzesi’s Single-Factor Model

25 

vs. Unrestricted Model 

Testing each unrestricted coefficient against its corresponding restricted coefficient, under the null 

value above [1], for either period. This means that one by one, the 

restricted and unrestricted model are equal, on a 1-percent level

(General Method of Movements) specification and will not be performed in this 

paper. It is provided by CP (2005) and does reject the single-factor model, that i

unrestricted and the restricted models are not equal. This fact is of course very relevant, as it 

immediately implies that the single-factor model is not viable. However, as CP (2005) points out, 

and as I will show under step 6, there is a reasonable explanation for this, and 

holds important information for the forecasting of excess return. 

Before looking into this however, several other robustness tests should be considered, to see 

up in other areas. First the standard errors and corresponding χ

nature of financial time series, there is often time varying 

s above 2 for any degree of freedom 

Factor Model 

 

 

Testing each unrestricted coefficient against its corresponding restricted coefficient, under the null 

. This means that one by one, the 

percent level
6
. A joint test 

specification and will not be performed in this 

factor model, that is, jointly, the 

unrestricted and the restricted models are not equal. This fact is of course very relevant, as it 

factor model is not viable. However, as CP (2005) points out, 

, and thus the single-factor 

Before looking into this however, several other robustness tests should be considered, to see 

up in other areas. First the standard errors and corresponding χ
2
 statistic is 

time varying variance, 
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heteroskedasticity, as well as correlation over time in the error term, autocorrelation. This is due to 

the fact that prices usually move slowly and always take offset in the previous observation. The 

implication is that the covariance matrix, the standard errors and any statistic inferred from it, is 

biased. Thus, a non significant variable or model may be accepted as significant. 

 

CP (2005) considers four alternative measures to handle this issue. The four different approaches 

will give a good picture of the robustness of the standard errors. The four approaches and further 

considerations on them are described in appendix 2.C and are:  

 

• Hansen-Hodrick 12-lag 

• Newey-West 18-lag 

• Simplified Hansen-Hodrick 12-lag 

• Non-overlapping data 

 

As the table below shows, the four approaches all produce standard errors that infer χ
2
 statistics 

above the 1-percent critical value of 15.1. Thus, the model is significant. Also, the table shows a 

comparison of the R
2
 values from the unrestricted and restricted models. It seems like the fit is close 

to equal in both models, and this is another reason why one would expect the models to pass a joint 

test, as described above. 
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Table 5 – Single Factor Model Estimates 

 

3 – Updating and Comparing the Fama and Bliss (1987) Results 

The original Fama and Bliss (1987) regressions achieved a model fit in the range of 5% to 14%, as 

shown in part I of this paper. To compare the R
2
 of Fama and Bliss (1987) with the R

2
 of the CP 

(2005) model though, the models must be estimated on the same time periods. The Fama and Bliss 

(1987) model is well described in part I of this paper. I however reuse table 2 below, which shows 

the results, and this should be compared to R
2
 values of table 5 above. 

 

The conclusion is that the fit of the Fama and Bliss (1987) model has risen  from a rang e of 5% to 

14% to the range of 7% to 18%, which still is far below the R
2
 of the CP (2005) model, which 

ranges at 31% to 37%. As with the original regressions, the esitmated coefficient is significantly 

different from zero at a 1-percent level for all maturities except the 5-year maturity, which is only 

significant on a 2,9% level. The χ
2
 1-percent critical value is 6,6. 

 

 

 

 

Period γ0 γ1 γ2 γ3 γ4 γ5
R2

1964-2003 -3,24 -2,14 0,81 3,00 0,80 -2,08 0,35

1964-2007 -2,99 -1,93 0,55 2,83 0,88 -1,96 0,33

Correction 1964-2003 1964-2007

HH 12 Lags 811,3 486,4

NW 18 Lags 105,5 89,3

Simplified HH 42,4 40,5

No Overlap 22,6 23,0

n b
n

R
2

Unrestricted R
2

b
n

R
2

Unrestricted R
2

2 0,47 0,31 0,32 0,47 0,31 0,32

3 0,87 0,34 0,34 0,87 0,33 0,33

4 1,24 0,37 0,37 1,24 0,36 0,36

5 1,43 0,34 0,35 1,43 0,33 0,33

1/4 * Sum(b
n

) 1,0000 1,0000  

1964-2003 1964-2007

Single-Factor Model

χ2(5)
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Table 2 reproduced – Fama-Bliss Regression

4 – Comparison with Models of the Yield Curve

Many term structure models utilize level, slope and curvature factors when finding good models to 

estimate the yield curve.  

 

Yield Factors 

A principal component analysis, or eigenvalue decomposition, decompose the variance of a dataset 

into different components. When this is done on (zero) yield data, the first three components have 

the characteristics of namely level, slope and curvature. 

factor model, this is well illustrated:

Figure 7 –Yield Factors (1964-

                                                 
7
 In consistency with general practice, one star (*) represents a coefficient that is significant at a 10% level, two stars 

(**) at a 5% level and three stars (***) at a 1% level

Maturity n β

2 0,91 **

S.e (0,28)

3 1,13 **

S.e (0,37)

4 1,42 **

S.e (0,45)

5 0,93 *

S.e (0,53)

Original Regressions

1964:01-1984:12
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Bliss Regression, R2 and χ2 - Updated7 

Models of the Yield Curve Factors  

term structure models utilize level, slope and curvature factors when finding good models to 

A principal component analysis, or eigenvalue decomposition, decompose the variance of a dataset 

into different components. When this is done on (zero) yield data, the first three components have 

the characteristics of namely level, slope and curvature. In the data used to estimate the single

factor model, this is well illustrated: 

-2003) 

In consistency with general practice, one star (*) represents a coefficient that is significant at a 10% level, two stars 

(**) at a 5% level and three stars (***) at a 1% level 

R2 χ2 β R2 χ2

0,14 10,6 0,99 *** 0,16 14,9 0,92 ***

(0,26)

0,11 9,3 1,35 *** 0,17 15,3 1,22 ***

(0,35)

0,11 10,0 1,61 *** 0,18 12,9 1,42 ***

(0,45)

0,05 3,1 1,27 ** 0,08 4,8 1,09 **

(0,58)

Original Regressions CP Time Period

1964:01-1984:12 1964:01-2003:12

Factor Model 

 

term structure models utilize level, slope and curvature factors when finding good models to 

A principal component analysis, or eigenvalue decomposition, decompose the variance of a dataset 

into different components. When this is done on (zero) yield data, the first three components have 

the data used to estimate the single-

 

In consistency with general practice, one star (*) represents a coefficient that is significant at a 10% level, two stars 

β R2 χ2

0,92 *** 0,14 13,8

(0,25)

1,22 *** 0,15 13,9

(0,33)

1,42 *** 0,16 11,6

(0,42)

1,09 ** 0,07 4,6

(0,51)

Updated To Date

1964:01-2007:12
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Also, it shows how much each of the components makes up of the variance. A principal component 

analysis of the zero yield data used to estimate the single-factor model, reveals that the first 

principal component, level, explain 98,50% of the variance of yields. The next two factors, slope 

and curvature explains 1,44% and 0,03% respectively
8
. Thus, the three principal components 

describe 99.97% of the yield variation.  

 

These convincing numbers raise questions on how the single-factor may be related to these factors 

and if that is why it forecasts excess returns so well, and if not, if these three factors can do a better 

job.  

 

By letting the single-factor be expressed by yields rather than excess returns, a curve that is related 

to the figure above, should reveal itself, if the single-factor is related to the three factors. The 

specification is to estimate γ*
T
yt in the same way that γ

T
ft is estimated (i.e. regressed on the average 

excess return). If γ*
T
yt resembles or is equal to γ

T
ft, then it is very likely that the three factors can 

do a just as good or better job. As the figure below shows, this does not seem to be the case. The 

yield factors in the previous figure cannot really be found in any sense, there is no slope, and it 

curves in the “wrong” end. The level factor is harder to conclude on. 

                                                 
8
 This is another error in CP (2005), as they state 98,6, 0,4 and 0,03 respectively, see appendix 3 
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Figure 8 – Expected Return Factor 

 

An up to date analysis change none of the conclusions ab

numerical results are shown in appendix 5.

 

Figure 9 – Yield Factors and Expected Return Factor Updated (1964

 

 

To clarify this exhaustively however

performed. If the three yield factors can forecast the excess return

Rejecting Cochrane and Piazzesi’s Single-Factor Model
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Expected Return Factor γ* (1964-2003) 

none of the conclusions above, as illustrated in the figure below. The 

results are shown in appendix 5. 

Yield Factors and Expected Return Factor Updated (1964-2007)

however, regressions of the yield factors on excess returns must be 

yield factors can forecast the excess return as well as the forward rates used 

Factor Model 

 

ove, as illustrated in the figure below. The 

2007) 

 

, regressions of the yield factors on excess returns must be 

the forward rates used 
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in the original model, there is no extra information in other principal components that the single-

factor γ
T
ft utilize.  

 

The single-factor R
2
 was shown to be 35% in the 1964-2003 time period. To test whether there is a 

significant difference to the R
2
 that one or more of the yield factors can forecast, regressions are run 

as described by CP (2005): 

��$$$�� � % � ��� � �&� � !'�� 
Here, xt are the yield factors as indicated in the table below, and zt are added yields, such that all 

yields are included. For example, for slope, the vector of slope factors multiplied with yields form xt 

and four of the yields are included in zt. According to CP (2005), there is no difference which yields 

are added, (this I have confirmed by testing it).  

 

A χ
2
 test is performed on the zt variables, to test whether they are jointly equal to zero. A rejection 

of this test means that the specification of the single-factor model equals this one, and thus R
2
’s are 

comparable. The test statistics differ slightly from CP (2005) results, as the principal component 

analysis is a search process converging at different levels in different software. They are however 

very close, and the difference is by all means irrelevant. 

 

The results show that the null is soundly rejected at any relevant level, and thus the increase in R
2
 

from 22-26% up to 35% is significant. There is information in the other principal components that 

the single-factor model captures, that gives better fit than the yield factors alone. 

Table 6 – Forecasting with Yield Factors vs. Single-Factor Model (1964-2003) 

 

 

Updating the analysis to include 1964-2007 makes no real difference. Note however how the 

Newey-West statistic for level and slope drops by around 40%. Others stay close to the estimates 

from the period 1964-2003. The same goes for R
2
’s. 

Newey West Simplified HH 1 percent 

Yield Factors R-square Chi-square Chi-square critical value

Slope 0,22 62,8 23,1 13,3

Level, slope 0,24 37,0 20,5 11,3

Level, slope, curve 0,26 32,9 18,0 9,2
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Table 7 – Forecasting with Yield Factors vs. Single-Factor Model (1964-2007) 

 

 

Simple Spreads 

Another approach often used to predict yields, yield spreads or excess returns are simple spreads, 

such as in Fama and Bliss (1987) and Campbell and Shiller (1991), as described in part I of this 

paper. A similar investigation as the one above is required to test these models ability to forecast 

compared to the single-factor model. 

 

With offset in these simple spread regressions, CP (2005) investigates first the yield spread between 

the 5-year and 1-year yield. This gives around the same fit as for the Fama and Bliss (1987) and 

Campbell and Shiller (1991), as expected. Next, they use the 1-year and 5-year yield separately, 

which returns about the same fit as the level and slope regression, for yield factors. Both of these 

approaches are rejected however, as the remaining yields added, prove to contain information that is 

only captured by the single-factor model. Now, by adding one more yield, the 4-year yield, the R
2
 

rises close to the 35%, and the approach is not rejected as being as good as the single-factor model. 

The p-values for Newey-West χ
2
 statistic is 0,0109 and close to a 1-percent rejection, while the 

simplified Hansen-Hodrick only rejects at a 9,8% level (p-value = 0,0983). So, the spread between 

the 4-year and 5-year yield, or the spread between the 1-year and 5-year yield carries important 

information. Other combinations of three yields perform worse according to CP (2005). 

Table 8 – Simple Spreads vs. Single-Factor Model (1964-2003) 

 

 

This point is actually exactly what CP (2005) finds when decomposing the variance of the single-

factor, γ
T
ft. While the fourth and fifth principal component of yields describe less than 0,03 percent, 

Newey West Simplified HH 1 percent

Right hand variables R-square Chi-square Chi-square critical value

Slope 0,20 66,2 21,4 13,3

Level, slope 0,23 21,8 17,2 11,3

Level, slope, curve 0,26 29,1 17,5 9,2

Newey West Simplified HH 1 percent 5 percent 

Simple Spreads R-square Chi-square Chi-square critical value critical value

y(5) - y(1) 0,15 85,5 30,2 13,3 9,5

y(1), y(5) 0,22 45,7 24,6 11,3 7,8

y(1), y(4), y(5) 0,33 9,1 4,6 9,2 6,0
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they find that the fourth component, which “loads heavily on the four- to five-year yield spread”, 

alone explains 24,3 percent of the single-factor of their model.  

 

All in all however, it is safe to say that the yield factors alone, can not forecast excess returns better 

than the single-factor model of CP (2005). Simple spreads performs equally except when the three 

yields of 1-, 4- and 5-year yields are included. Also, there are indications that the 4- to 5-year yield 

spread carries important information for forecasting excess returns. 

 

An updated analysis to of the period 1964-2007 reveals no new conclusions, but the statistics on the 

three-yield combination is even weaker (p-values of 0,0154 and 0,1159 respectively). 

 

Table 9 – Simple Spreads vs. Single-Factor Model (1964-2003) 

 

 

5 – Robustness Test with Respect to Number of Maturities Included 

As a quick measure to justify the sensitivity of the number of variables included in the model, 

model estimations with respectively one, two, three and four variables are run. If the tent pattern is 

violated, then the model, or ultimately the correlation between the data, is sensitive to the number of 

variables included. However, as the figure below shows, this holds up well in both periods of 1964-

2003 and 1964-2007. 

 

Newey West Simplified HH 1 percent 5 percent 

Simple Spreads R-square Chi-square Chi-square critical value critical value

y(5) - y(1) 0,15 95,4 31,3 13,3 9,5

y(1), y(5) 0,22 41,0 22,3 11,3 7,8

y(1), y(4), y(5) 0,32 8,3 4,3 9,2 6,0
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Figure 10 –Robustness with Respect to Number of 

 

Intermission: Model Rejection and Consequences

So far, every statistic and robustness check has worked to 

(2005). However, as mentioned, when testing for joint significance between the unrestricted model 

described in step 1, and the restricted single

rejected. I.e. the restricted model is not equally well fit, or is not a significant substitute of the 

unrestricted model. If this is so, the greatness

there. The immediate conclusion would be to abandon the model, but CP (2005

still is valuable information in the single

 

The rejection is based on a GMM specification, and is beyond the scope of this paper. However, 

there are a few important points to take away from the rejection. First, 

rejection is much weaker, and for the 

model is not rejected with neither one nor two lags, at a 1 percent level

statistics consistently rejects the model for all lags.

performs better with lags.  A model with three lags will be estimated in the next step, and show to 

have good forecasting abilities. 

 

Another important point is what a principal component analysis of the expected excess return 

reveals. In short, it is shown how the first principal components from 

of the covariance matrix of expected

The first component describes almost all the variance of the excess returns, and it is shown in CP 

(2005) that this is almost exactly 
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Robustness with Respect to Number of Maturities Included

Intermission: Model Rejection and Consequences 

So far, every statistic and robustness check has worked to confirm the single-factor model of CP 

(2005). However, as mentioned, when testing for joint significance between the unrestricted model 

described in step 1, and the restricted single-factor model described in step 2, the restricted model is 

rejected. I.e. the restricted model is not equally well fit, or is not a significant substitute of the 

unrestricted model. If this is so, the greatness of the single return-forecasting factor

The immediate conclusion would be to abandon the model, but CP (2005

in the single-factor model. 

he rejection is based on a GMM specification, and is beyond the scope of this paper. However, 

ew important points to take away from the rejection. First, modeling

on is much weaker, and for the Simplified Hansen-Hodrick and the No-

model is not rejected with neither one nor two lags, at a 1 percent level. Newey

statistics consistently rejects the model for all lags. There is however some evidence that the model 

performs better with lags.  A model with three lags will be estimated in the next step, and show to 

a principal component analysis of the expected excess return 

reveals. In short, it is shown how the first principal components from an eigenvalue decomposition 

expected excess returns, differs from the principal components 

almost all the variance of the excess returns, and it is shown in CP 

(2005) that this is almost exactly the single-factor γ
T
f. The figure below compares

Factor Model 

Included 

 

factor model of CP 

(2005). However, as mentioned, when testing for joint significance between the unrestricted model 

escribed in step 2, the restricted model is 

rejected. I.e. the restricted model is not equally well fit, or is not a significant substitute of the 

forecasting factor is simply not 

The immediate conclusion would be to abandon the model, but CP (2005) argues that there 

he rejection is based on a GMM specification, and is beyond the scope of this paper. However, 

modeling with lags, the 

-Overlap statistics, the 

. Newey-West based 

There is however some evidence that the model 

performs better with lags.  A model with three lags will be estimated in the next step, and show to 

a principal component analysis of the expected excess return 

eigenvalue decomposition 

principal components of yields. 

almost all the variance of the excess returns, and it is shown in CP 

figure below compares the principal 
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components of the yields, as shown above, with the first four principal components of the expected 

excess return. They show quite different patterns.

 

Figure 11 – Principal Components of Yields and Excess Returns 

 

With this in mind, it is in this paper

actually performs, when forecasting

economically. If one can forecast bond returns well, across matur

valuable.  

 

Given all the good qualities of the single

forecasting model’s abilities compared to the unrestricted model only motivates the investigation of 

how well the single-factor model performs when forecasting. 

an empirical approach to challenge 

properties of the single-factor model.

 

6 – Estimation of the Single

If a shock, some economical implication 

spurious, in the sense that they are to

high or low price at time t will forecast to low or too high returns at 

observations, will usually smooth this 

month(s) of observations do not carry the spuriosity. I.e. they are uncorrelated.
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yields, as shown above, with the first four principal components of the expected 

excess return. They show quite different patterns. See appendix 2.E and 5.A for details.

Principal Components of Yields and Excess Returns - Compared

s in mind, it is in this paper’s interest to investigate how well the single

ing. Ultimately, it is the actual ability to forecast that is useful 

If one can forecast bond returns well, across maturities with a single

Given all the good qualities of the single-factor model, the rejection of the single

compared to the unrestricted model only motivates the investigation of 

factor model performs when forecasting. This is not to ignore the rejection, but 

challenge the rejection motivated by all the significant 

factor model. 

Estimation of the Single-Factor Model with Multiple Lags 

some economical implication or other reason cause a big swing in prices, they might be 

spurious, in the sense that they are too high or too low, compared to what is expected. A spuriously 

will forecast to low or too high returns at t+1. Adding lags, of 

observations, will usually smooth this measurement error out, from the fact that the 

month(s) of observations do not carry the spuriosity. I.e. they are uncorrelated.

Factor Model 

yields, as shown above, with the first four principal components of the expected 

See appendix 2.E and 5.A for details. 

Compared 

 

s interest to investigate how well the single-factor model 

. Ultimately, it is the actual ability to forecast that is useful 

ities with a single-factor, it is 

the rejection of the single-factor return-

compared to the unrestricted model only motivates the investigation of 

This is not to ignore the rejection, but 

all the significant and well-behaved 

cause a big swing in prices, they might be 

o high or too low, compared to what is expected. A spuriously 

. Adding lags, of monthly 

error out, from the fact that the previous 

month(s) of observations do not carry the spuriosity. I.e. they are uncorrelated. 
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To add lags to the single-factor model, one assumes a single-factor structure across time as well as 

maturity. Each single-factor in the time space must be weighted for optimal contribution to the least 

square estimation of the model. The weights are thus themselves parameters of the model. This is 

why this is a process that must bootstrap itself and run to some convergence level. One can say that 

it is the classical chicken and egg problem.  

 

To clarify, the αi’s  in the regression below must be given a “start value”, e.g. 1, and then the γ must 

be estimated. 

 

��$$$�� � �(�)�*+ � )�*+,� --.� � )�*+,� .-.��. . . �)0*+,� 1-.�� � !'�� 
 

After this, the γ must stay constant and the αi be estimated in: 

 

��$$$�� � )���(*+� � )���(*+,2 --.3� � )���(*+,2 .-.3� � 4� )0��(*+,� 1-.�� � !'�� 
Then, the γ must be estimated again in the first regression, then the αi in the second regression, and 

so forth, until a given convergence level is reached. Appendix 2.F outlines a simple procedure to 

accomplish this in Excel, with VBA code. 

 

The results are outlined in the table below. As can be seen, the R
2
 raises to 44% for the 3-lags 

regression. This will be the base for forecasting, in the next step. 

 

Table 10 – Multiple Lags Regression Estimates (1964-2003) 

 

Lag γ0 γ1 γ2 γ3 γ4 γ5 R2

0 -3,24 -2,14 0,81 3,00 0,80 -2,08 0,35

1 -3,22 -2,44 1,07 3,68 1,18 -3,11 0,41

2 -3,18 -2,56 1,33 3,47 1,76 -3,62 0,43

3 -3,20 -2,61 1,43 3,36 2,17 -3,98 0,44

Lags α0 α1 α2 α3

0 1

1 0,50 0,50

2 0,38 0,35 0,28

3 0,31 0,29 0,20 0,21
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An updated estimation slightly changes the parameters, but it seems to be as expected. R
2
 is a bit 

down however. 

Table 11 – Multiple Lags Regression Estimates (1964-2007) 

 

 

7 – A Test of the Models Forecasting Ability 

The forecasting of excess returns should of course utilize the model with the best fit. This is the 3-

lag model outlined and estimated above. 

 

The forecast is then defined as: 

 

����5��� � �(6)7
�

7#�
*+,� 8-.� 

 

First, the comparison of the two time periods shows that there is a bit difference, from adding four 

more years of data. When compared to the actual ex-post returns, there is a good fit. In periods of 

high volatility it seems like the single-factor model predicts upcoming movements well. It can seem 

as it performs worse in the periods in between.  

  

Lag γ0 γ1 γ2 γ3 γ4 γ5 R2

0 -2,99 -1,93 0,55 2,83 0,88 -1,96 0,33

1 -2,88 -2,21 0,67 3,47 1,32 -2,89 0,39

2 -2,85 -2,31 0,85 3,22 1,94 -3,36 0,41

3 -2,87 -2,33 0,88 3,08 2,38 -3,67 0,42

Lags α0 α1 α2 α3

0 1,00

1 0,50 0,50

2 0,39 0,34 0,28

3 0,31 0,29 0,20 0,20
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Figure 12 – Forecast Comparing 

Figure 13 – Forecast Comparing 
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Forecast Comparing the Two Time Periods 

Forecast Comparing Ex-post Returns with the Period 1964

Factor Model 

 

eturns with the Period 1964-2003 
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Figure 14 – Forecast Comparing Ex

 

  

Rejecting Cochrane and Piazzesi’s Single-Factor Model

39 

Forecast Comparing Ex-post Returns with the Period 1964

Factor Model 

post Returns with the Period 1964-2007
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Figure 15 - Summary Part II: The Single-Factor Model of CP (2005) 

  
Seven Steps To Estimate and Validate The Single Factor Model 

1. The unrestricted model was estimated, regressing forward rates on excess returns of 

different maturites. A tent shaped pattern was found in the estimated parameters, and a 

high R
2
. The expectations hypothesis was rejected. 

2. A restricted model was estimated, establishing a single factor to predict excess return on 

all maturities. It seemed to be close to the unrestricted model, and individual tests on the 

parameters confirmed this view. Other statistics also supported the validity of the model. 

R
2
 at 35%. 

3. The Fama and Bliss (1987) regression was updated, and could only achieve an R
2
 of 

18%. This is only half of what the single-factor model achieved. 

4. Testing the model against yield factor models or simple spread models like Fama and 

Bliss (1987) confirms that the R
2
 of the single-factor model is significantly higher. 

5. The number of variables included in the model was reduced one by one, but the tent 

shape stayed intact. 

6. Multiple lags would handle any measurment error, and the estimated model with three 

lags achieved a R
2
 of 44%. 

7. The single-factor model forecasts fairly well, especially in periods of high volatility. 

 

An Up to Date Analysis 

In the 7-step framework, an up to date analysis was offered as well. In general it did not change 

any conclusions, but still, adding only four years of additional data reduce both significances 

and fits in general. The data from the 1964-2003 period seems well fitted for the single-factor 

model. 

 

Rejection of the Model 

A joint test between the unrestricted and the restricted single-factor model rejects the single-

factor model. There is still evidence however, that the single-factor model conatins important 

information when forecasting excess returns. 
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Conclusion Part II 

The single-factor model of CP (2005) is an approach that enables the forecasting of excess bond 

returns across maturities. This is a very attractive feature, as it reduces the classical approaches 

where each excess bond return is forecasted individually for each maturity. 

 

A robustness test of the model shows that it is fairly well behaving, and that it beats other 

approaches using the first three principal components of yields, or yield spreads, when it comes to 

fit. However, the joint test between the unrestricted, or multi-factor, model and the restricted single-

factor model rejects the single factor model. Still, there is evidence that the single-factor model 

contains important information in the forecasting of excess returns. 

 

From this, it is of high interest to test how the model performs on other datasets, to see whether the 

model can be generalized and hold up well across data, or not. If this is the case, it confirms that CP 

(2005) has found a way to utilize valuable information in the data, which has not been utilized 

before.  

 

Testing the model on other datasets is the ultimate test for a financial model. One of the main 

reasons why the classical approaches of Fama and Bliss (1987) and Campbell and Shiller (1991) is 

well accepted, is that the models pass these tests. Part III will test the model on another dataset from 

the U.S. as well as datasets from Europe, using the framework that has been described above. This 

should make the case for comparing the model’s ability in different datasets. 
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Part III: Testing the Single-Factor Model on Other Datasets 
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Previous Research 

Given the appealing results of CP (2005), it is in the heart of  science to challenge the results, so 

that they can be rejected or accepted. So far, one article in particular have challenged the results 

presented in CP (2005). The article was written by Dai, Singleton and Yang
9
 (2004) and raises 

several critical questions. Cochrane and Piazzesi have responded to the critique in a note published 

on their homepages, CP (2004)
10
. 

 

Five main questions are replied upon. The first four questions adress the fact that the model was 

rejected, that there could be a small sample bias, and the question whether the single-factor model 

was an improvement over existing models based on level, slope, curve. These questions receive 

little attention in Cochrane and Piazzesi’s reply, but the fifth and last question is harder for CP 

(2005) to ignore. It claims that the “predictability and the tent-shaped coefficient patterns result 

from measurement error introduced by the data construction”, DSY (2004). 

 

The background for this is that DSY (2004) shows that for different datasets, with different data 

construction, i.e.  four different spline functions, the smoother the zero yield curves are, the worse 

the single-factor model perform, or at least the tent shape disappears. This is illustrated graphically 

for the four different datasets in DSY (2004), for December 1971, and reproduced below. UFB 

(Unsmoothed Fama Bliss) is the dataset used in CP (2005): 

 

                                                 
9
 Referred to as DSY in the remaining part of the paper 

10
 The reply is dated 2004, as the critique and the reply was made before the CP (2005) paper was published in 2005, 

and thus based on the working papers 



Bond Risk Premia – Rejecting Cochrane and Piazzesi’s Single-Factor Model 

 

44 

 

Figure 16 – DSY (2004): Yield Curve Smoothness 

 

 

When the single-factor model is estimated on the data they find that the SFB, which is a smoothed 

version of the UFB, i.e. a smoothed version of the data used in CP (2005), do not reproduce the 

tent-shape.  



Bond Risk Premia – Rejecting Cochrane and Piazzesi’s Single-Factor Model 

 

45 

 

Figure 17 –DSY (2004): Smoothed vs. Unsmoothed Data 

 

 

The CP (2005) reply refers to the robustness tests the single-factor model passed, and also point out 

that even though there is no tent shape, there is still a single-factor in the SFB data. All maturities 

follow the +/- changes. 

 

More importantly however, they claim that rather than the data construction, it is multicollinearity 

that destroys the tent shaped pattern. To illustrate this, they run regressions that leave out one of the 

five maturities, thus reducing the model by one variable. Multicollinearity means that two or more 

variables are correlated or measure the same thing, so removing variables is one way to handle it. 

 

The results from this approach is confirming the CP (2004) claim, as illustrated in their response to 

DSY (2004), and reproduced below: 
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Figure 18 – CP (2004): Multicollinearity Destroys the Tent-Shaped Pattern 

 

 

Table 11 – Previous Research Testing the Single-Factor Model 

 

  
Previous Research 

DSY (2004) investigates and tests the single-factor model. They point 

out several critical issues. Most important to this paper, is the issue that 

the model performs bad on other datasets, and that the tent-shape 

disappears. They claim that this is due to the techniques used when 

constructing the datasets. 

 

CP (2004) replies to this and find evidence that this is due to 

multicollinearity. Reducing the number of variables restores the tent 

shape. 



Bond Risk Premia – Rejecting Cochrane and Piazzesi’s Single-Factor Model 

 

47 

 

The Federal Reserve Dataset 

The U.S. Federal Reserve provide zero coupon data from 1961 to present. These are daily 

observations on zero coupon rates for maturities one to five years. The methodology on how these 

have been calculated is outlined and the data calculated in Gürkaynak et al (2006). They use “a 

well-known and simple smoothing method that is shown to fit the data very well”. As this is the 

U.S. central bank’s own estimations and data, the zero yield curves should be of high quality. I.e. 

the methods and techniques that is used in the construction of the data are accepted.  

 

There are two approaches to using these data. Either one can use the end of month (EOM) data, e.g. 

the rates on February 28, March 31, etc., or one could take the average monthly rates. There are 

pros and cons with both methods. Average across months remove spurious prices
11
 and reduce 

measurement errors, while the final model will however not predict expected prices on an actual 

traded instrument. 

 

I have done both approaches, and used the results based on average numbers as base in the main 

text. These results are more significant, but comparing to the EOM results, it changes no 

conclusions. However, the overall conclusion stands more robust, as both approaches have been 

calculated and tested. See appendix 4.D for the EOM numerical results. 

 

In all, the single-factor model should work with these data, if it is to be coined as a general model. I 

claim that a rejection of the CP (2005) model based on this dataset, is a valid rejection of the model.  

 

See appendix 1.B for further description of the dataset, and appendix 1.D for a recap on the 

formulas used to transform the data in the spreadsheets. 

 

1 – Estimation of the Unrestricted Model 

The first test of the data is to whether the tent-shaped structure is there, and if  not, if there is a 

single-factor. There is no tent-shape. However, there seems to be a single-factor, a M-shape. 

 

                                                 
11
 Spurious prices as  described in step 6 under part II 
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Figure 19 – The Unrestricted Model

 

So, the tent-shape can not be seen here. More alarming however, is the fact that the corresponding 

regression in the CRSP dataset achieved 

range of 21-26%. The expectations hypotheses is still consistently rejected across maturities 

however. We remember that the χ

 

Refer to appendix 5.C for full results including standard

Table 12 - χ2 and R2  for the Unrestricted Model

 

 

Maturity Chi-square (5)

2 26,84

3 33,80

4 39,70

5 43,86

Federal Reserve

Rejecting Cochrane and Piazzesi’s Single-Factor Model

48 

The Unrestricted Model 

shape can not be seen here. More alarming however, is the fact that the corresponding 

regression in the CRSP dataset achieved a R
2
 of the 32-36% range, while this data only achieves a 

26%. The expectations hypotheses is still consistently rejected across maturities 

however. We remember that the χ
2
 1-percent critical value was 15,1.  

Refer to appendix 5.C for full results including standard errors. 

for the Unrestricted Model 

Chi-square (5) R2
Chi-square (5) R

26,84 0,21 121,82 0,32

33,80 0,23 113,80 0,33

39,70 0,25 115,72 0,36

43,86 0,26 88,16 0,33

CRSPFederal Reserve

Factor Model 

 

shape can not be seen here. More alarming however, is the fact that the corresponding 

e, while this data only achieves a 

26%. The expectations hypotheses is still consistently rejected across maturities 

 

R2

0,32

0,33

0,36

0,33
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2 – Estimation of the Restricted Single

As seen with the unrestricted model, the tent

unrestricted model is however preserved in the single

Figure 20 – Restricted vs. Unrestricted Model

 

The dataset construction has used smoothing techniques, 

also partly present in the SFB data used by DSY (2004), as shown above. The question is whether a 

investigation in the style of CP (2004), where the model was reduced by one var

multicollinearity, re-establishes the tent

shows, this is not the case. 

Figure 21 – Is Multicollinearity the Reason for the Missing Tent
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Estimation of the Restricted Single-Factor Model  

As seen with the unrestricted model, the tent-shape is missing. The M-shape found for the 

unrestricted model is however preserved in the single-factor model, as shown in the figure below. 

Restricted vs. Unrestricted Model 

ruction has used smoothing techniques, Gürkaynak et al (2006

also partly present in the SFB data used by DSY (2004), as shown above. The question is whether a 

investigation in the style of CP (2004), where the model was reduced by one var

establishes the tent-shape, as it did in the SFB dataset. As the figure below 

Is Multicollinearity the Reason for the Missing Tent-Shape?

Factor Model 

shape found for the 

factor model, as shown in the figure below.  

 

2006). The M-shape was 

also partly present in the SFB data used by DSY (2004), as shown above. The question is whether a 

investigation in the style of CP (2004), where the model was reduced by one variable to reduce 

shape, as it did in the SFB dataset. As the figure below 

Shape? 

 



Bond Risk Premia – Rejecting Cochrane and Piazzesi’s Single

 

 

 

Looking into the estimates and test statistics of the single

several interesting points. First of all, the estimates and the standard errors are much larger

CP (2005), and standard errors are increasing with maturity, before droppin

maturity.  
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and test statistics of the single-factor model in the tables below

of all, the estimates and the standard errors are much larger

, and standard errors are increasing with maturity, before dropping for the 5

Factor Model 

 

 

 

 

in the tables below, there is 

of all, the estimates and the standard errors are much larger than in 

g for the 5-year 
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Second, compared to the CRSP dataset, the χ
2
 values are down from respectively 811,3 to 36,4, 

from 105,5 to 38,3, from 42,4 to 18,2 and finally for the no-overlap correction, from 22,6 to 12,7. 

The significance have dropped drastically, but the model is still jointly significant at a 1-percent 

level except for the no-overlap correction, which has a p-value of 2,6%. 

 

So the expectations hypothesis is also rejected for the single-factor model. The bad news, however, 

is that the R
2
 has dropped from 35% in the CRSP data to 25%, as shown below. The Federal 

Reserve data fits the prediction of excess returns, worse than the CRSP data does. 

Table 13 – Single Factor Model Estimates I 

 

 

Looking into a comparison of the restricted and unrestricted model (see the table below), it can be 

seen that the R
2
 has a corresponding pattern to what was seen in the CRSP data. The unrestricted R

2
 

is slightly higher or equal to the restricted R
2
 and thus one would expect, holding this together with 

figure 20 above, that these two models would pass a joint test.  

 

As CP (2005) showed with the CRSP data set, this might not be the case however. Still, the 

individual tests show no difference between the estimated parameters of the restricted and 

unrestricted model,  with all t-values less than [0,7], see appendix 5.C. 

Table 14 – Single Factor Model Estimates II 

 

Estimates HH 12Lags Newey-West 18Lags HH Simplified 12Lags No Overlap

γ0 -2,85 1,80 1,59 1,94 2,02

γ1 -3,24 0,98 0,90 1,20 1,87

γ2 6,40 10,00 8,96 8,04 15,17

γ3 -7,47 33,11 29,71 24,92 46,59

γ4 8,37 43,48 39,04 32,09 58,40

γ5 -3,68 19,60 17,59 14,40 25,48

χ2(5) 36,4 38,3 18,2 12,7

R
2

0,25

Standard Errors

n b
n

R2 Unrestricted R2

2 0,46 0,20 0,21

3 0,85 0,23 0,23

4 1,19 0,25 0,25

5 1,49 0,26 0,26
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3 – Updating and Comparing the Fama and Bliss (1987) Results 

Now, running the Fama and Bliss (1987) regressions on the Fed-data shows that the R
2
 drops to 

around 13%, consistently across maturities. The significance drops for all maturities except for the 

5-year maturity, and is now significant on a 1-percent level for all maturities. The χ
2
 1-percent 

critical value with one degree of freedom is 6,6. 

 

Table 15 – Fama and Bliss (1987) Regressions 

 

 

 

Another difference compared to the CRSP dataset is that the estimated coefficient for the 5-year 

maturity does not drop from the 4-year maturity. The coefficients estimated from the Fed-dataset 

are almost linear, as showed in the graph below. Other than that, they are very close to the original 

regression on CRSP data from 1964-1984 and this is also true for the standard errors. Comparing 

the two datasets over the same 1964-2003 period shows that they are also close, and within less than 

one standard error of each other. So the conclusion is that the Fama and Bliss (1987) holds up well, 

also in the Fed-dataset. 

Maturity n β R
2

χ2 β R2 χ2 β R
2

χ2

2 0,91 0,14 10,6 0,99 0,16 14,9 0,96 0,126 9,4

S.e (0,28) (0,26) (0,31)

3 1,13 0,11 9,3 1,35 0,17 15,3 1,20 0,129 8,0

S.e (0,37) (0,35) (0,42)

4 1,42 0,11 10,0 1,61 0,18 12,9 1,40 0,129 7,2

S.e (0,45) (0,45) (0,52)

5 0,93 0,05 3,1 1,27 0,08 4,8 1,57 0,128 6,9

S.e (0,53) (0,58) (0,60)

Fed-DatasetCRSP Dataset

1964:01-2003:12

CP Time PeriodCP Time Period

1964:01-2003:12

Original Regressions

1964:01-1984:12
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Figure 22 – Fama-Bliss Regression Updated and Compared Graphically

4 – Comparison with Models of the Yield Curve Factors 

The yield factors of the Fed-data are close to the ones in the CRSP dataset. 

these first three principal components are known to be consistent across data. 

Figure 23 – Yield Factors in the Federal Reserve Dataset
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Bliss Regression Updated and Compared Graphically

 

Comparison with Models of the Yield Curve Factors  

data are close to the ones in the CRSP dataset. This is expected, as 

these first three principal components are known to be consistent across data.  

Yield Factors in the Federal Reserve Dataset 

Factor Model 

Bliss Regression Updated and Compared Graphically 

 

This is expected, as 

 

 



Bond Risk Premia – Rejecting Cochrane and Piazzesi’s Single

 

 

Once again, the expected return factor does not seem to have any relation to the yield factors. There 

is no slope, and the “right” curving is only seen on the 2

Figure 24 – Expected Return Factor γ*

With this in mind, the single-factor model will be tested

spread models. As the table below shows, the yields added on the right

are not significantly different from zero. The conclusion is that the single

estimator of excess returns, than one or more of the yield factors are. This is a crucial stab to the 

single-factor model, since it means that no extra information about excess returns are contained in 

the model, compared to classical three

Table 16 – Forecasting with Yield Factors vs. Single

To further scrutinize the potential of the single

equally well, or bad for the single

Yield Factors

Slope

Level, slope

Level, slope, curve
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pected return factor does not seem to have any relation to the yield factors. There 

is no slope, and the “right” curving is only seen on the 2-year maturity. 

Expected Return Factor γ* 

 

factor model will be tested against the simpler yield factor and yield 

As the table below shows, the yields added on the right-hand side of the regression, 

are not significantly different from zero. The conclusion is that the single-factor model is a no better 

or of excess returns, than one or more of the yield factors are. This is a crucial stab to the 

factor model, since it means that no extra information about excess returns are contained in 

the model, compared to classical three-factor models. 

Forecasting with Yield Factors vs. Single-Factor Model in the Fed

 

To further scrutinize the potential of the single-factor model, simple spread approaches perform 

equally well, or bad for the single-factor models sake. With R
2
 values of 0,21 and 0,24, the 2

Newey West Simplified HH

R-square Chi-square Chi-square critical value

0,20 6,8 4,9

0,21 6,6 3,5

0,25 0,2 0,2

Factor Model 

pected return factor does not seem to have any relation to the yield factors. There 

 

against the simpler yield factor and yield 

hand side of the regression, 

factor model is a no better 

or of excess returns, than one or more of the yield factors are. This is a crucial stab to the 

factor model, since it means that no extra information about excess returns are contained in 

Factor Model in the Fed-Dataset 

 

factor model, simple spread approaches perform 

values of 0,21 and 0,24, the 2- and 

1 percent 

critical value

13,3

11,3

9,2
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3-yield combinations rejects the significance of the single factor model over these, with p

above even the 10-percent level, with the exception of Newey

spread between the 1-year and the 5

and 6,4%. So it is a border case. 

Table 17 – Simple Spreads vs. Single

 

As a final diagnosis on the troubles the single

principal components of expected excess returns 

components of the CRSP-dataset below. As it can be seen, there is much resemblance between the 

two, but at least the second component differs clearly. 

concluded that they confirm what is found above; the pattern of excess returns compared to forward 

rates in the CRSP dataset is very different from what is found in the Fed

Figure 25 – Expected Excess Retu

5 – Robustness Test with Respect to Number of Maturities Included

For the case of reducing the numb

the M-shape, is fairly consistent. 

 

Figure 26 – Reducing Number of 

 

Simple Spreads R-square

y(5) - y(1) 0,14

y(1), y(5) 0,21

y(1), y(4), y(5) 0,24
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the significance of the single factor model over these, with p

percent level, with the exception of Newey-West for two yields. Only the simple 

year and the 5-year yield is rejected, but with p-values of respectively 3,5% 

 

Simple Spreads vs. Single-Factor Model 

As a final diagnosis on the troubles the single-factor model experience in the Fed

principal components of expected excess returns in the fed-dataset are compared to the 

dataset below. As it can be seen, there is much resemblance between the 

two, but at least the second component differs clearly. From the graphs below it can at least be 

concluded that they confirm what is found above; the pattern of excess returns compared to forward 

rates in the CRSP dataset is very different from what is found in the Fed-dataset. 

Expected Excess Return Factors 

Robustness Test with Respect to Number of Maturities Included 

or the case of reducing the number of variables in the model, it can be seen that the single

shape, is fairly consistent.  

Reducing Number of Variables in Model 

Chi-square p-value Chi-square

10,4 0,035 8,9

6,9 0,075 3,7

0,9 0,630 0,7

Simplified HHNewey West

Factor Model 

the significance of the single factor model over these, with p-values far 

West for two yields. Only the simple 

values of respectively 3,5% 

 

factor model experience in the Fed-dataset, the 

are compared to the principal 

dataset below. As it can be seen, there is much resemblance between the 

From the graphs below it can at least be 

concluded that they confirm what is found above; the pattern of excess returns compared to forward 

dataset.  

 

 

er of variables in the model, it can be seen that the single-factor, 

p-value

0,064

0,294

0,702

Simplified HH
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6 – Estimation of the Single-Factor Model with Multiple Lags

When adding lags to the model, a peculiar thing happens. At the third lag, the γ

sign, and turn from positive to negative and negative to positive values. Ot

and R
2 
are consistent across lags and maturities. As the forecasting figure shows below, in step 7, it 

is still not a very good forecaster, with a R

Also, the R
2
 only increases slightly when adding lags, as opposed to the case with the CRSP 

dataset. Thus, yet another failure for the single

 

Table 18 – Multiple Lags Regression Estimates

 

 

Lag γ0 γ1

0 -2,85 -3,24

1 -2,97 -3,30

2 -3,02 -3,28

3 -3,08 -3,27

Lags α0 α1

0 1

1 0,49 0,51

2 0,51 0,26

3 0,47 0,30
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Factor Model with Multiple Lags 

When adding lags to the model, a peculiar thing happens. At the third lag, the γ

sign, and turn from positive to negative and negative to positive values. Other than that, coefficients 

are consistent across lags and maturities. As the forecasting figure shows below, in step 7, it 

is still not a very good forecaster, with a R
2
 of only 26% compared to the 44% on the CRSP dataset. 

es slightly when adding lags, as opposed to the case with the CRSP 

dataset. Thus, yet another failure for the single-factor model on these data. 

Multiple Lags Regression Estimates 

γ2 γ3 γ4

6,40 -7,47 8,37

5,68 -4,38 4,72

4,65 -0,71 0,37

3,90 2,11 -3,08

α2 α3

0,24

0,04 0,19

Factor Model 

 

When adding lags to the model, a peculiar thing happens. At the third lag, the γ4 and γ5 changes 

her than that, coefficients 

are consistent across lags and maturities. As the forecasting figure shows below, in step 7, it 

of only 26% compared to the 44% on the CRSP dataset. 

es slightly when adding lags, as opposed to the case with the CRSP 

 

γ5 R2

-3,68 0,25

-2,34 0,26

-0,64 0,26

0,74 0,26
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7 – A Test of the Models Forecasting Ability

Figure 27 – Forecast Compared to Ex

 

Conclusion on the Federal Reserve Dataset Tests

In all there is no evidence that there is a single factor in the Federal Reserve datasets, that better can 

forecast  bond returns, than any existing model

shaped pattern that is present has no single factor that is significantly better at forecasting bond 

returns. 

 

Several tests have been performed, both those proposed by CP (2005) in the original published 

paper, and also those suggested in the CP (2004) response to DSY (2004).

 

In all, given that the single factor model must work well with this dataset if it is to be accepted as a 

general, new and better model than the existing, I challenge Cochrane, Piazzesi 

disproove me, or they must accept the rejection of the CP (2005) model.
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A Test of the Models Forecasting Ability 

Forecast Compared to Ex-Post Returns – Fed Data 

Conclusion on the Federal Reserve Dataset Tests 

In all there is no evidence that there is a single factor in the Federal Reserve datasets, that better can 

forecast  bond returns, than any existing model. The tent shaped pattern is missing, and the M

shaped pattern that is present has no single factor that is significantly better at forecasting bond 

Several tests have been performed, both those proposed by CP (2005) in the original published 

er, and also those suggested in the CP (2004) response to DSY (2004). 

In all, given that the single factor model must work well with this dataset if it is to be accepted as a 

general, new and better model than the existing, I challenge Cochrane, Piazzesi 

disproove me, or they must accept the rejection of the CP (2005) model. 

Factor Model 

 

In all there is no evidence that there is a single factor in the Federal Reserve datasets, that better can 

. The tent shaped pattern is missing, and the M-

shaped pattern that is present has no single factor that is significantly better at forecasting bond 

Several tests have been performed, both those proposed by CP (2005) in the original published 

In all, given that the single factor model must work well with this dataset if it is to be accepted as a 

general, new and better model than the existing, I challenge Cochrane, Piazzesi or anyone else to 
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The Datastream Datasets 

 

Zero coupon data for the Euro area, UK, Germany and Denmark have been downloaded from 

Datastream, as described under ‘Data Sources’ in the references of this text. The series are short, 

only 11 years from and with 1998 to and with 2008. However, these are the best and only 

alternative data I have been able to find.  

 

I have not succeeded in retrieving information on how the data have been estimated, but with advice 

from my supervisor I assume that swap spreads have been the base. However, no indication of how 

the data have been transformed into zero coupon yields, is at my hand. 

 

For this papers purpose, the data have been transformed from daily data to the monthly average of 

these. This smoothes out any spurious prices and reduces measurement error. However, in the end, 

the model does not forecast the return on an existing asset. To give the single-factor model a fair 

chance however, this approach will be used, because preliminary tests show that due to the small 

sample size or the data itself, the single-factor model does not hold up well with these data. After 

all, the goal would be to test the robustness of the model of CP (2005). 

 

Knowing that the series by all means have too few observations, and also that the method used 

constructing these is unknown, if nothing else, they will be used to do a brief test to give an 

indication if the data are usable or not, and if they work with the single factor model. 

 

This is the least I can do to check whether any European data that is at my hand may be used to 

confirm or reject CP’s (2005) single factor model. 

 

 

1 – Estimation of the Unrestricted Model 

The estimation of the unrestricted model clearly shows that there is no tent shaped pattern. There is 

no clear pattern present at all.  

 

To further underline that these data are unsuited for this investigation, the unrestricted coefficients, 

and the complementary Newey-West standard errors and the R
2
 are very high. As can be seen from 
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the tables in Appendix 4.D the standard errors range around 100 to 2500 for the four different data 

series. At the same time the R
2
 ranges at 40% to 51% for the four series. At last the coefficients 

themselves are 3-4 times higher than in

course far outside of any reasonable bounds.

 

One could work with these data and investigate them from different statistical angles to look for 

valid and valuable information in t

these data are unsuitable for a valuable 

in part II. 

 

I will therefore stop the investigation of these data at this point, and ra

longer data series on zero coupon data

data.  

 

Figure 28 – The Unrestricted Model’s Patterns of the Datastream Data: Euro, UK, 

Germany and Denmark 
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the tables in Appendix 4.D the standard errors range around 100 to 2500 for the four different data 

ranges at 40% to 51% for the four series. At last the coefficients 

higher than in the results based on the CRSP and Fed dataset. This is of 

course far outside of any reasonable bounds. 

One could work with these data and investigate them from different statistical angles to look for 

valid and valuable information in these data, but this exercise is beyond this paper.

these data are unsuitable for a valuable test of the single-factor model, in the framework described 

I will therefore stop the investigation of these data at this point, and rather stress that more 

data series on zero coupon data are needed for academical research, especially Europe

The Unrestricted Model’s Patterns of the Datastream Data: Euro, UK, 

Factor Model 

the tables in Appendix 4.D the standard errors range around 100 to 2500 for the four different data 

ranges at 40% to 51% for the four series. At last the coefficients 

CRSP and Fed dataset. This is of 

One could work with these data and investigate them from different statistical angles to look for 

is beyond this paper. I conclude that 

factor model, in the framework described 

ther stress that more and 

, especially European 

The Unrestricted Model’s Patterns of the Datastream Data: Euro, UK, 
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Conclusion on Datastream Datasets 

The datastream datasets are the only European zero coupon  datasets available to me. Even though 

the series are very short and the method used to construct them are not described, a brief 

investigation has been made to check whether the data are suited to test the single-factor model of 

CP (2005) or not. The conclusion is that the data are not suited for testing the single factor model. 

Also it can be concluded, that for academical research, more well described zero coupon data series 

are needed for comparison, especially on European data. 
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Conclusion Part III 

Figure 29 - Summary Part III  

Testing the Single-Factor Model on other Datasets 

 

Previous Research 

DSY (2004) describes several weaknesses to the single-factor model.  

Mainly, they claim that there is a data construction problem, and that 

the single-factor model only will work with certain datasets. In a reply 

to this,  CP (2004) extends the number of tests that should be made to 

test and verify their single-factor model, and dismiss  DSY’s (2004) 

claims. 

 

The Federal Reserve Dataset 

While few  well accepted and long dataseries exist, the Federal 

Reserve dataset must be said to be one of the datasets that must be 

accepted. Following the framework presented in part II and based on 

CP (2005), as well as extending this with the methods used in the CP 

(2004) reply to DSY (2004), the single-factor model of CP (2005) is 

rejected on all dimensions. There is no tent-shape, and the single-

factor that is present (a M-shape), can not forecast bond returns better 

than any already existing model. 

 

The Datastream Datasets 

The only European data available to me, are short series of 11 years 

of data. These have been tested for the Euro area, for Germany, UK 

and Denmark. In all, the data are found unsuitable however, possibly 

due to the small size of the series. The conclusion is that the single-

factor model cannot be well tested with these data, and that more long 

dataseries  of zero coupon data are needed for academical research, 

especially European data. 
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Conclusion 

The expectations hypothesis was first described by Lutz (1940). In its pure form, it stated that the 

rational investor would not require an excess return on bonds of long maturities over bonds of short 

maturities. Three theories emerged, respectively the liquidity, market segmentation and preferred 

habitat theories, that allowed for exceptions from this, thus allowing an excess return, however 

constant across time. This is the expectations hypothesis. 

 

Time varying risk however, was not accepted by the expectations hypothesis, as an efficient market 

only moved as a response to new information and not varying risk preferences.  

 

However, the expectations hypothesis was rejected in the classical studies of Fama and Bliss (1987) 

and Campbell and Shiller (1991). These studies used regression models that could predict up to 

18% of the time varying expected excess returns on a bond with long maturity over a bond with 

short maturity. 

 

Time varying risk has later been accepted to be rational for the investor, and thus a part of efficient 

markets. Today, an efficient market is viewed more as a market where the returns reflect the 

investors’ risk attitude over time, for example to the variation in their consumption, Cochrane 

(1999). With this reasoning, the rational investor can indeed produce asset prices that have time-

varying risk premiums. 

 

Cochrane and Piazzesi (2005) propose a new model to forecast expected bond returns. There are 

two outstanding characteristics of this model. First, a single factor can predict expected returns 

across all maturities. Second, the R
2
 more than doubles from Fama and Bliss (1987) and Campbell 

and Shiller’s (1991) models, to 44%. 

 

CP (2005) use a range of well known and accepted techniques to test the data and the model. 

Asymptotic distributions,  heteroskedasticity, autocorrelation, multicollinearity, etc. are all issues 

that are handled and or tested in one or several ways. In this way CP (2005) establish a robustness 

to the model, as all these tests are indeed passed.  
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At the same time, these tests must form the framework to test other datasets with, to confirm or 

reject the new and outstanding model of CP (2005). I have identified seven of the most important 

tests that can be performed within the scope of this paper, and use this as a framework to test the 

model on other datasets.  

 

There are not many well accepted zero coupon datasets available in academia, at least over long 

time periods. For U.S. data, there is a dataset available from the federal reserve however, which is 

well documented, and have the acceptance of the U.S. central bank weighing in. Thus, on these 

valid data from the same country and time period, the single-factor model of CP (2005) must 

perform well to be accepted, and not rejected. 

 

However, the single-factor model fails consistently across all tests, and the CP (2005) model is thus 

soundly rejected. The conclusion is that it is not a valid model, since it does not perform well on 

these data.  
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Appendix 1 – Data 

 

All data represents or have been transformed to represent 

An observation on a n year bond is an observation on a bond with maturity 

and t+1 is an observation of this bond in the same month of t

1987 and January 1988. An observation at 

succeeding months, e.g. January 1987 and February 1987. 

 

A. CRSP 

This is the well know data series that Fama and Bliss produce and 

Bliss (1987). This is also used in several other research papers, as well as in CP (2005). See the 

‘Data Sources’ section in the main text for information on retrieval of the data. Data prior to 1964 is 

not used, and the data only include maturities from one to five years. T

provided by Fama and Bliss (1987) was that:

 

“Prior to the recent large deficits, the num

month is small. From 1964 onward

years, but often there are few bonds beyond 5 years

 

Running both the unrestricted and the restricted single

shows that these data are somewhat spurious.

 

Figure A.1 – CRSP Data Prior to 1964
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All data represents or have been transformed to represent monthly observations of 

year bond is an observation on a bond with maturity n. 

is an observation of this bond in the same month of two succeeding years, e.g. January 

1987 and January 1988. An observation at t and t+(1/12) is an observation of this bond in 

succeeding months, e.g. January 1987 and February 1987.  

This is the well know data series that Fama and Bliss produce and use in their model of Fama and 

Bliss (1987). This is also used in several other research papers, as well as in CP (2005). See the 

‘Data Sources’ section in the main text for information on retrieval of the data. Data prior to 1964 is 

only include maturities from one to five years. The initial reasoning for this 

a and Bliss (1987) was that: 

recent large deficits, the number of noncallable, fully taxable bonds avail

month is small. From 1964 onward there is at least one bond in each 1-year maturity interval to 5 

years, but often there are few bonds beyond 5 years.” 

and the restricted single-factor model on the data prior to 1964 also 

shows that these data are somewhat spurious. 

CRSP Data Prior to 1964 – Performance on Unrestricted and Restricted Model

observations of annual returns. 

 An observation at t 

wo succeeding years, e.g. January 

is an observation of this bond in 

use in their model of Fama and 

Bliss (1987). This is also used in several other research papers, as well as in CP (2005). See the 

‘Data Sources’ section in the main text for information on retrieval of the data. Data prior to 1964 is 

he initial reasoning for this 

ble, fully taxable bonds available each 

year maturity interval to 5 

model on the data prior to 1964 also 

Performance on Unrestricted and Restricted Model 

 



 

 

 

The construction of the data is also outlined in Fama and Bliss (1987).

zero coupon yields are illustrated below.
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The construction of the data is also outlined in Fama and Bliss (1987). The development of CRSP 

zero coupon yields are illustrated below. 

 

 

 

The development of CRSP 



 

 

Figure A.2 - Zero Coupon Yields on the CRSP Dataset

B. Federal Reserve 

The U.S. Federal Reserve provide zero coupon data from 1961 to present, 

These are daily observations on zero coupon rates for maturities one to five years. 

known and simple smoothing method that is shown to fit the data very well

central bank’s own estimations and data, the zero yield cur

factor model should work with these data, if it is to be coined as a general model.

 

There are two approaches to using these data. Either one can use the end of month (EOM) data, e.g. 

the rates on February 28, March 31, etc., or one could take the average monthly rates. There are 

pros and cons with both methods. Average prices remove spurious prices and more of any 

measurement errors, while the final model does however not predict expected prices on an actual 

traded instrument. 

 

I have done both approaches, and used the average as base in the main text. These results are more 

significant, but comparing to the EOM results, changes no conclusions. However, the overall 

conclusion stands more robust, as both approaches h
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Zero Coupon Yields on the CRSP Dataset 

deral Reserve provide zero coupon data from 1961 to present, Gürkaynak 

These are daily observations on zero coupon rates for maturities one to five years. 

smoothing method that is shown to fit the data very well

central bank’s own estimations and data, the zero yield curves should be of high quality. The single

factor model should work with these data, if it is to be coined as a general model.

There are two approaches to using these data. Either one can use the end of month (EOM) data, e.g. 

h 31, etc., or one could take the average monthly rates. There are 

pros and cons with both methods. Average prices remove spurious prices and more of any 

measurement errors, while the final model does however not predict expected prices on an actual 

I have done both approaches, and used the average as base in the main text. These results are more 

significant, but comparing to the EOM results, changes no conclusions. However, the overall 

conclusion stands more robust, as both approaches have been calculated and tested.

 

Gürkaynak et al (2006). 

These are daily observations on zero coupon rates for maturities one to five years. They use “a well-

smoothing method that is shown to fit the data very well”. As this is the U.S. 

ves should be of high quality. The single-

factor model should work with these data, if it is to be coined as a general model. 

There are two approaches to using these data. Either one can use the end of month (EOM) data, e.g. 

h 31, etc., or one could take the average monthly rates. There are 

pros and cons with both methods. Average prices remove spurious prices and more of any 

measurement errors, while the final model does however not predict expected prices on an actual 

I have done both approaches, and used the average as base in the main text. These results are more 

significant, but comparing to the EOM results, changes no conclusions. However, the overall 

ave been calculated and tested. 



 

 

Figure A.3 - Zero Coupon Yields on the Federal Reserve Dataset

To relate the Fed-dataset to the CRSP dataset, I have subtracted the yields of the Fed

the CRSP dataset, yCRSP-yFED, for each time 

in the higher the level. Compare to the figure above, and the one on the CRSP dataset in section 

1.A. 

 

Figure A.4 – The Difference in Yields between the Fed and the CRSP Dataset
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Zero Coupon Yields on the Federal Reserve Dataset 

dataset to the CRSP dataset, I have subtracted the yields of the Fed

, for each time t and maturity n. This show that the difference is biggest 

in the higher the level. Compare to the figure above, and the one on the CRSP dataset in section 

The Difference in Yields between the Fed and the CRSP Dataset

 

dataset to the CRSP dataset, I have subtracted the yields of the Fed-dataset from 

. This show that the difference is biggest 

in the higher the level. Compare to the figure above, and the one on the CRSP dataset in section 

The Difference in Yields between the Fed and the CRSP Dataset 
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C. Datastream 

Zero coupon data for the Euro area, UK, Germany and Denmark have been downloaded from 

Datastream, as described under ‘Data Sources’ in the references of the main text. The series are 

short, but the best or only alternative data I have been able to find. If nothing else, they will be used 

to do a brief test to give an indication if the data are usable or not, and if they work with the single 

factor model. 

 

I have not succeeded in retrieving information on how the data have been estimated, but with advice 

from my supervisor I assume that swap spreads have been the base. However, no indication of how 

the data have been transformed into zero coupon yields, is at my hand. 

 

For this papers purpose, the data have been transformed from daily data to the monthly average of 

these. This smoothes out any spurious prices and reduces measurement error. However, in the end, 

the model does not forecast the return on an existing asset. To give the single-factor model a fair 

chance however, this approach will be used, because preliminary tests show that due to the small 

sample size or the data itself, the single-factor model does not hold up well with these data. After 

all, the goal would be to test the robustness of the model of CP (2005). 

 



 

 

Figure A.5 - Zero Coupon Yields on the Four Datastream Datasets 
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Zero Coupon Yields on the Four Datastream Datasets  
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D. Data Transformation and Notation 

The data transformation and  notation is equal to the one used in CP (2005) and all text in this 

section (1.D) should principally be read as a quote. For si

quotation marks here. 

 

The following notation and formulas are used on 

are noted in bold text, and that right

 

Table A.1 – Data Transformation and Notation
 

Variable 

Log price 

Log yield 

Log forward rate between time t+n
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Data Transformation and Notation  

The data transformation and  notation is equal to the one used in CP (2005) and all text in this 

section (1.D) should principally be read as a quote. For simplicity of reading however, I do not use 

The following notation and formulas are used on n-year discount bond at time t

noted in bold text, and that right-hand side vectors include intercept: 

Transformation and Notation 

Notation/Formula 

)(n

tp  

)()( 1 n

t

n

t p
n

y −≡  

rate between time t+n-1 and t+n )()1()( n

t

n

t

n

t ppf −≡ −
 

 

The data transformation and  notation is equal to the one used in CP (2005) and all text in this 

mplicity of reading however, I do not use 

at time t. Note that vectors 
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Log holding period (buy n-year bond at time t and sell 

as n-1 year bond at time t+1) 

)()1(

1

)(

1

n

t

n

t

n

t ppr −≡ −
++  

Log one-year excess return )1()(

1

)(

1 t

n

t

n

t yprx −≡ ++  

Log average (one-year) excess return (over maturities 

n) 
∑
=

++ ≡
5

2

11

4

1

n

n

tt rxrx  

Log excess return vector across maturity rxt+1≡ [
)5()4()3()2( ,,, tttt rxrxrxrx ]
T 

Log yields vector  

(right hand variable – includes intercept) 

yt≡ [
)5()4()3()2()1( ,,,,,1 ttttt yyyyy ]
T 

Log forward rate vector  

(right hand variable – includes intercept) 

ft≡ [
)5()4()3()2()1( ,,,,,1 ttttt ffffy ]
T
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Appendix 2 – Models, Calculations, Statistics and Other 

Methods, models, calculations, etc. which is not specified in the text, have been specified here. This 

is to minimize the main text, for easier reading and better flow. 

 

For other formulas, calculations, etc., refer to and backtrack the attached spreadsheets.  

 

A. The Unrestricted Model 

With the log forward vector ft≡ [
)5()4()3()2()1( ,,,,,1 ttttt ffffy ]
T
, the unrestricted regression is run on 

all forward rates and all maturities. There are four maturities, as the excess return of one-year bonds 

over one-year bonds are evidently zero. So, for year maturities 2 to 5 the six beta coefficients are 

estimated using standard OLS in Microsoft Excel:  

 

n

tt

n

t

n

t

n

t

n

t

nnn

t

n

i

n

t ffffyrx 1

5

2

4

2

3

2

2

2

1

101

)(

1 +++ ++++++=+= εββββββεβ n

tf  

 

B. The Restricted Single-Factor Model 

See description in main text, section ‘2 – Estimation of the Restricted Single-Factor Model’. 

 

C. Standard Errors 

Formal tests for heteroskedasticity and autocorrelation may be performed. However, in financial 

time series data, it is good practice to use HAC (heteroskedisticity and autocorrelation consistent) 

standard errors or equivalents in any case. The HAC s.e.’s can only improve the robustness of the 

statistics inferred from them. If there is no heteroskedasticity or autocorrelation, the HAC s.e.’s will 

be close to equal to the normal standard errors. So there is no decisive arguments to test for 

heteroskedasticity or autocorrelation to decide whether HAC s.e.’s should be calculated or not, they 

should be made in any case, as a robustness test. 

 

CP (2005) employs four different methods to make sure that the robustness of the s.e.’s are good. 

They also compute Monte Carlo simulations to increase the sample size. This is because the four 

methods below, all give asymptotic statistics, i.e. they are true only in very large samples. “Large 

samples” is a relative expression, but at the least there is a chance that the sample size used by CP 
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(2005) is affected by its relatively small size. Simulating larger samples and computing s.e.’s from 

these is another way of testing the robustness of standard errors.  

 

Although various smaller samples will be tested in the paper’s part III, no Monte Carlo simulations 

will be performed. In this paper, it will suffice to compare the results between models, and use 

asymptotic statistics as a pointer of direction for the standard errors. If some asymptotic statistic, 

inferred from a sample that is too small, is far out of expected bounds, it still signals that something 

might be wrong. 

 

Thus, this paper will critically employ methods for calculating asymptotic statistics, although the 

sample size vary, and probably is “too small” in some of the datasets. 

 

Under the assumption that the concept of HAC is known to the reader, the variations of the ΩT 

induced in the four different approaches, and the reasoning behind, are outlined below. This is done 

with great inspiration from Feldhütter’s (2008) note on HAC. The offset is that ΩT is defined as: 

 

Ω�� � S�� � 	 ω��


���
S�� � S���� 

Where 

��� � 	 ���
�

�����
����� �������  

 

Variations between the four approaches are in the number of lags L and the weights ωj. Note that 

the error terms are at time t+1 in the CP (2005) model. 

 

Hansen-Hodrick 12 Lag 

The Hansen-Hodrick method was proposed by Hansen and Hodrick (1980).  From the fact that the 

models are estimated on monthly observations of annual returns at time t and t+1, there are 12 

overlapping observations for each t to t+1. That is, when estimating January year t to January year 

t+1, it can be assumed that there is 12 months of overlapping data in between, with autocorrelation 

and heteroskedasticity. To correct for this, 12 lags with weights equal to 1 are used. The rather large 
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χ
2
 statistic this covariance matrix induce however calls for other approaches to robust covariance 

matrices. Also, in finite or “too small” samples, this method does not produce a positive definite 

matrix. As these are the variances of the parameters, they must be positive to produce a standard 

error, which is the square root of the variance. There is no square root to negative values. 

Newey-West 18 Lag 

The Newey-West method was proposed by Newey and West (1987). It is an improvement of the 

Hansen-Hodrick method, to ensure a positive definite matrix by using weights equal to: 

 

�� � 1  !
" � 1 

Also, CP (2005) argues that 18 lags should be used, to “give it a greater chance to correct for the 

MA(12) structure induced by overlap”. This means that the described overlap is assumed to produce 

autocorrelation and heteroskedasticity up to 18 lags, and this is to make sure that the covariance 

matrix produced is really robust. If this lowers the extremely high χ
2
 inferred from the HH 12 lags 

cov-matrix, then it is a more robust cov-matrix. If not, weights and the additional lags are irrelevant. 

As the results from the 1964-2003 period show, the Newey-West approach lowers the χ
2
 statistic 

from 811 to 105, so for joint statistics, this is the more feasible approach. 

 

As can be seen from the table below, the contribution from S-matrices above 12 lags are starting to 

become very small, and so are their weights. But it can only improve rather than hurt the robustness 

of the HAC cov-matrix, to include these. 

 

Last, it should be noted that CP (2005) choose to use HH 12 lag standard errors throughout the 

paper, as these are close to the standard errors that NW 18 lag approach produce. The χ
2 
statistics 

used throughout the paper are however based on NW 18 lag. I follow this approach in my analysis. 
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Table A.2 – Newey West Sj Matrices for CRSP 1964-2003 

 

Simplified Hansen-Hodrick 12 Lag 

Under the assumption that the error correlation is due only to overlapping data, CP (2005) proposes 

a method that ignores heteroskedasticity. Under this assumption the error term will be imposed on 

the covariance calculation as its square (at time t+1, i.e. ε
2

t+1), while Sj is now defined as: 

��� � 	 �#��#���
�

�����
 

The correction for autocorrelation is still performed, but the weights are reduced to  

S0 0,5006 0,0389 0,0414 0,0426 0,0433 0,0437 S10 0,0782 0,0051 0,0052 0,0053 0,0056 0,0056

0,0389 0,0035 0,0036 0,0037 0,0037 0,0038 w: 0,0046 0,0003 0,0003 0,0003 0,0003 0,0003

0,0414 0,0036 0,0038 0,0039 0,0039 0,0040 0,47368421 0,0046 0,0003 0,0003 0,0003 0,0003 0,0003

0,0426 0,0037 0,0039 0,0040 0,0040 0,0041 0,0048 0,0003 0,0003 0,0003 0,0003 0,0003

0,0433 0,0037 0,0039 0,0040 0,0041 0,0041 0,0047 0,0003 0,0003 0,0003 0,0003 0,0003

0,0437 0,0038 0,0040 0,0041 0,0041 0,0042 0,0049 0,0003 0,0003 0,0003 0,0003 0,0003

S1 0,3966 0,0286 0,0310 0,0321 0,0329 0,0332 S11 0,0594 0,0037 0,0038 0,0040 0,0043 0,0040

w: 0,0281 0,0023 0,0024 0,0025 0,0025 0,0026 w: 0,0035 0,0002 0,0002 0,0002 0,0002 0,0002

0,94736842 0,0306 0,0025 0,0026 0,0027 0,0028 0,0028 0,42105263 0,0034 0,0002 0,0002 0,0002 0,0002 0,0002

0,0318 0,0025 0,0027 0,0028 0,0029 0,0029 0,0036 0,0002 0,0002 0,0002 0,0002 0,0002

0,0325 0,0026 0,0028 0,0029 0,0029 0,0030 0,0035 0,0002 0,0002 0,0002 0,0002 0,0002

0,0330 0,0026 0,0028 0,0029 0,0030 0,0030 0,0034 0,0002 0,0002 0,0002 0,0002 0,0002

S2 0,3466 0,0250 0,0271 0,0279 0,0285 0,0288 S12 0,0067 -0,0013 -0,0015 -0,0015 -0,0009 -0,0016

w: 0,0243 0,0020 0,0021 0,0022 0,0022 0,0022 w: -0,0017 -0,0003 -0,0004 -0,0004 -0,0003 -0,0004

0,89473684 0,0265 0,0021 0,0023 0,0023 0,0024 0,0024 0,36842105 -0,0019 -0,0003 -0,0004 -0,0004 -0,0003 -0,0004

0,0278 0,0022 0,0024 0,0024 0,0025 0,0025 -0,0016 -0,0003 -0,0004 -0,0004 -0,0003 -0,0004

0,0283 0,0022 0,0024 0,0025 0,0025 0,0026 -0,0018 -0,0003 -0,0004 -0,0004 -0,0003 -0,0004

0,0287 0,0023 0,0025 0,0025 0,0026 0,0026 -0,0020 -0,0004 -0,0004 -0,0004 -0,0003 -0,0004

S3 0,2976 0,0213 0,0230 0,0236 0,0245 0,0244 S13 -0,0096 -0,0027 -0,0029 -0,0028 -0,0025 -0,0029

w: 0,0206 0,0017 0,0018 0,0018 0,0019 0,0019 w: -0,0022 -0,0004 -0,0004 -0,0004 -0,0004 -0,0004

0,84210526 0,0225 0,0018 0,0019 0,0020 0,0020 0,0020 0,31578947 -0,0027 -0,0004 -0,0004 -0,0005 -0,0004 -0,0005

0,0234 0,0019 0,0020 0,0020 0,0021 0,0021 -0,0026 -0,0004 -0,0004 -0,0004 -0,0004 -0,0005

0,0243 0,0019 0,0021 0,0021 0,0022 0,0022 -0,0029 -0,0004 -0,0005 -0,0005 -0,0005 -0,0005

0,0240 0,0019 0,0020 0,0021 0,0022 0,0022 -0,0029 -0,0004 -0,0005 -0,0005 -0,0004 -0,0005

S4 0,2528 0,0179 0,0192 0,0195 0,0204 0,0204 S14 -0,0067 -0,0023 -0,0024 -0,0021 -0,0020 -0,0022

w: 0,0173 0,0014 0,0015 0,0015 0,0015 0,0015 w: -0,0014 -0,0003 -0,0003 -0,0003 -0,0003 -0,0003

0,78947368 0,0188 0,0015 0,0016 0,0016 0,0016 0,0017 0,26315789 -0,0018 -0,0003 -0,0003 -0,0003 -0,0003 -0,0003

0,0198 0,0015 0,0016 0,0017 0,0017 0,0017 -0,0021 -0,0003 -0,0004 -0,0003 -0,0003 -0,0004

0,0203 0,0016 0,0017 0,0017 0,0018 0,0018 -0,0019 -0,0003 -0,0003 -0,0003 -0,0003 -0,0003

0,0201 0,0016 0,0017 0,0017 0,0018 0,0018 -0,0023 -0,0004 -0,0004 -0,0004 -0,0004 -0,0004

S5 0,2150 0,0149 0,0160 0,0166 0,0171 0,0173 S15 -0,0058 -0,0032 -0,0030 -0,0027 -0,0026 -0,0024

w: 0,0148 0,0012 0,0012 0,0013 0,0013 0,0013 w: -0,0014 -0,0004 -0,0004 -0,0003 -0,0003 -0,0003

0,73684211 0,0160 0,0012 0,0013 0,0014 0,0014 0,0014 0,21052632 -0,0019 -0,0004 -0,0004 -0,0004 -0,0004 -0,0004

0,0164 0,0012 0,0013 0,0014 0,0014 0,0014 -0,0020 -0,0004 -0,0004 -0,0004 -0,0004 -0,0004

0,0171 0,0013 0,0014 0,0014 0,0015 0,0015 -0,0019 -0,0004 -0,0004 -0,0004 -0,0004 -0,0004

0,0166 0,0013 0,0013 0,0014 0,0014 0,0015 -0,0022 -0,0004 -0,0005 -0,0004 -0,0004 -0,0004

S6 0,1842 0,0126 0,0135 0,0139 0,0146 0,0146 S16 -0,0047 -0,0026 -0,0026 -0,0023 -0,0024 -0,0022

w: 0,0124 0,0010 0,0010 0,0010 0,0011 0,0011 w: -0,0012 -0,0003 -0,0003 -0,0003 -0,0003 -0,0003

0,68421053 0,0135 0,0010 0,0011 0,0011 0,0012 0,0012 0,15789474 -0,0017 -0,0003 -0,0004 -0,0004 -0,0004 -0,0004

0,0140 0,0011 0,0011 0,0011 0,0012 0,0012 -0,0021 -0,0004 -0,0004 -0,0004 -0,0004 -0,0004

0,0145 0,0011 0,0012 0,0012 0,0012 0,0012 -0,0020 -0,0004 -0,0004 -0,0004 -0,0004 -0,0004

0,0141 0,0011 0,0011 0,0011 0,0012 0,0012 -0,0022 -0,0004 -0,0004 -0,0004 -0,0004 -0,0004

S7 0,1452 0,0091 0,0099 0,0103 0,0109 0,0110 S17 -0,0050 -0,0027 -0,0026 -0,0021 -0,0023 -0,0021

w: 0,0092 0,0006 0,0007 0,0007 0,0007 0,0007 w: -0,0007 -0,0003 -0,0003 -0,0002 -0,0002 -0,0002

0,63157895 0,0100 0,0007 0,0007 0,0007 0,0008 0,0008 0,10526316 -0,0012 -0,0003 -0,0003 -0,0003 -0,0003 -0,0003

0,0104 0,0007 0,0007 0,0008 0,0008 0,0008 -0,0017 -0,0004 -0,0004 -0,0003 -0,0004 -0,0003

0,0107 0,0007 0,0008 0,0008 0,0008 0,0009 -0,0016 -0,0003 -0,0004 -0,0003 -0,0003 -0,0003

0,0107 0,0007 0,0008 0,0008 0,0008 0,0008 -0,0017 -0,0003 -0,0004 -0,0003 -0,0004 -0,0003

S8 0,1403 0,0102 0,0106 0,0109 0,0114 0,0115 S18 -0,0023 -0,0023 -0,0023 -0,0020 -0,0021 -0,0017

w: 0,0097 0,0008 0,0008 0,0008 0,0009 0,0009 w: -0,0004 -0,0002 -0,0002 -0,0002 -0,0002 -0,0002

0,57894737 0,0102 0,0008 0,0008 0,0008 0,0009 0,0009 0,05263158 -0,0012 -0,0003 -0,0003 -0,0003 -0,0003 -0,0003

0,0104 0,0008 0,0008 0,0009 0,0009 0,0009 -0,0015 -0,0003 -0,0004 -0,0003 -0,0003 -0,0003

0,0106 0,0008 0,0009 0,0009 0,0009 0,0009 -0,0014 -0,0003 -0,0003 -0,0003 -0,0003 -0,0003

0,0108 0,0009 0,0009 0,0009 0,0009 0,0009 -0,0016 -0,0003 -0,0004 -0,0003 -0,0004 -0,0003

S9 0,1216 0,0089 0,0094 0,0097 0,0101 0,0100

w: 0,0085 0,0007 0,0007 0,0007 0,0008 0,0008

0,52631579 0,0088 0,0007 0,0007 0,0008 0,0008 0,0008

0,0092 0,0007 0,0008 0,0008 0,0008 0,0008

0,0092 0,0007 0,0008 0,0008 0,0008 0,0008

0,0092 0,0007 0,0008 0,0008 0,0008 0,0008
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�� � 1  !
" 

The covariance matrix for the “Simplified Hansen-Hodrick” method is thus defined as the standard 

conditional covariance matrix, but with weighted lags to correct for autocorrelation: 

 

$%&�'#� � �(�)(����Ω��(�)(���� ��̂��+

,  

Where the X’s are the forward rates and the time specification is specific for the CP (2005) model, 

i.e. error terms at t+1 and X’s at t. This is given that the specification of Sj and weights are as 

described, and that the definition of omega still is: 

Ω�� � S�� � 	 ω��


���
S�� � S���� 

Non Overlapping Data 

If one turns the assumptions of the simplified HH around and assume heteroskedasticity, but 

removes overlapping data that causes the autocorrelation, only the heteroskedasticity needs to be 

taken into account. To correct only for heteroskedasticity, White’s correction for heteroskedasticity 

is used, White (1980). To remove overlapping data, data between f.ex. January year t, and January 

year t+1 are removed. There are 12 months, and thus 12 ways of doing this. 

 

CP (2005) propose to do this for each of the 12 months, and then take the average of the covariance 

matrices for the 12 months.  

 

Omega is defined as in White (1980): 

Ω�� � 	 ε#.+
�

.��
x.x.) 

And the covariance matrix is the average of the12 covariance matrices estimated from non-

overlapping data:  

$%&�'#� � 1
12 	 $%&

�+

1��
�'#1� 

Where cov(γi) represents the covariance matrix corrected for heteroskedasticity, of non-overlapping 

data of month i. 
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D. χ2 or Wald Statistic 

The Wald statistic is essentially t
2
 statistic that for single variable regressions simply is the t

2
 value: 

y = bx + error 

t-statistic = Wald = [b/se(b)]
2
 

For multiple variable regressions, the inverse covariance matrix of Hansen-Hodrick 12 lags, 

Newey-West 18 lags, Simplified HH 12 lags and No-Overlap respectively, are multiplied with the 

vector of estimated parameters as: 

2+ � 3�4��3� 

Where 3�are the estimated parameters and 4�� is the inverse covariance matrix. 

 

E. Eigenvalue Decomposition of Covariance Matrix of Expected Excess Returns 

The expected returns are specified as the betas from the unrestricted model multiplied with the 

forward rates. This gives the expected return per maturity, not the average. The covariance matrix is 

derived from these expected returns, i.e. Cov(βft, ft
T
β). 

 

F. Multiple Lags Estimation Procedure – Excel VBA 

 

Estimation of the gammas and the alphas are made as described in part II, step 6, in the main text of 

the paper. 

 

VBA Code: 

While Range("Convergence").Value = False 

    Range("Estimated_gammas").Select 

    Selection.Copy 

    Range("Temporary_gammas").Select 

    Selection.PasteSpecial _ 

Paste:=xlPasteValues, Operation:=xlNone, SkipBlanks _ 

        :=False, Transpose:=False 

Wend 

 

Convergence:  
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If-test  that returns false if convergence has not been reached, i.e. if the ‘set convergence’ field is 

bigger than a positive ‘Sum Checksum’ or less than a negative ‘Sum Checksum’ 

 

Sum Checksum: 

Sums the difference between the estimated gammas and the temporary gammas. 

 

 

The algorithm of estimating gammas, then alphas, then gammas, etc, is performed by  

 

1. Copying the estimated gamma values to the temporary gamma matrix.  

2. Then the alpha’s are estimated from these gamma values times the forward rates (γft-k/12): 
6�777��� � 8��'�9:� � 8��'�9:�; <

<=>� � 8+�'�9:�; =
<=>� � ? � 8@�'�9:�� A

<=�� � �B��� 

3. New gamma values are immediately estimated by excel, as they use the alphas, which has 

just been re-estimated:  
6�777��� � '��8�9: � 8�9:�� <

<=� � 8+9:�� =
<=��. . . �8@9:�� A

<=�� � �B��� 

 

So each time the gamma matrix is copied to the temporary matrix, there is an iteration, and this 

iterates until convergence is reached. As described, the convergence test is done in Excel, and the 

VBA code only refers to the result of the Excel if-test. 

 

The “Run” button starts the VBA sub routine. If convergence is set too small, or there for any other 

reason is an endless loop, Ctrl+Break followed by pressing ‘End’ in the following pop-up box stops 

the execution of the code. 
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Figure A.6 - Multiple Lags Estimation Procedure – Excel VBA 
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Appendix 3 - Errors in Cochrane and Piazzesi (2005) 

I have pointed out a few small discrepancies between my own results and those found in CP (2005). 

They are all very small, and completely irrelevant in the big picture. I choose however to point them 

out and list them. 

 

Some discrepancies are due to different software and search parameters, when performing searches 

in for example decomposing the eigenvalue. These are not listed here, but mentioned in the text. 

 

Other errors are probably typos, I assume, but here they are listed: 

 

1. I claim that the χ
2
 values of the updated Fama and Bliss (1987) regressions are 

wrong. This has been pointed out in part I of this paper, where the updated results are 

shown. As an alternative, the standard errors could be wrong, but my calculations 

yields the same standard errors as CP (2005) finds, which makes me believe that the 

χ
2
 values are typos. The values can easily be double checked, refer to appendix 2.D 

on how to calculate the statistic. 

2. When referring to the eigenvalue decomposition of yields, CP (2005) states that the 

first three components count for respectably 98.6, 1.4 and 0.03 percent of the 

variance. This gives 100.03 percent, but they claim that it gives 99.97 percent. In my 

own eigenvalue decomposition, I confirm the 99.97% figure. Here, the first 

component yields 98.50 %, the second 1.44 and the third 0.03 percent. Thus, I 

believe the typo is 98.6 as opposed to 98.5 percent. 
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Appendix 4 – Numerical Results 

Results that are not explicitly stated in the text are reproduced here numerically. Some of the 

numbers appear in the form of graphs in the text. 

 

For other results, formulas and methods, refer to the attached spreadsheets.  

A. CRSP: 1964-2003 

 

Unrestricted coefficients, R2, χ2 and standard errors 

 

T-values for The Hypothesis That Each Unrestricted Coefficient Equals the Restricted 

Counterpart 

 

 

Maturity Const y(1) f(2) f(3) f(4) f(5) Chi-square (5) R squared

2 -1,62 -0,98 0,59 1,21 0,29 -0,89 121,82 0,32

3 -2,67 -1,78 0,53 3,07 0,38 -1,86 113,80 0,34

4 -3,80 -2,57 0,87 3,61 1,28 -2,73 115,72 0,37

5 -4,89 -3,21 1,24 4,11 1,25 -2,83 88,16 0,35

Newey West

2 0,62 0,16 0,37 0,30 0,22 0,20

3 1,14 0,29 0,62 0,50 0,41 0,36

4 1,56 0,41 0,81 0,65 0,55 0,49

5 1,94 0,52 0,98 0,78 0,67 0,62

Hansen-Hodrick

2 0,69 0,17 0,40 0,29 0,22 0,17

3 1,27 0,30 0,67 0,47 0,41 0,30

4 1,73 0,44 0,87 0,59 0,55 0,40

5 2,16 0,55 1,03 0,67 0,65 0,49

Maturity 2 3 4 5

Const 0,1 -0,1 -0,2 0,2

y(1) 0,0 -0,2 -0,2 0,4

f(2) -0,3 0,2 0,2 -0,1

f(3) 0,3 -0,9 0,2 0,3

f(4) 0,2 0,7 -0,6 -0,2

f(5) -0,2 0,1 0,4 -0,3

t-values
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Restricted coefficients, R2, χ2 and standard errors 

 

Expected return factor γ* 

 

Principal Component Analysis: Yield Factors 

 

Slope, Level and Curvature Regressions 

 

 

Estimates HH 12Lags Newey-West 18Lags HH Simplified 12Lags No Overlap

γ0 -3,24 1,45 1,31 1,80 1,83

γ1 -2,14 0,36 0,34 0,59 0,84

γ2 0,81 0,74 0,69 1,04 1,69

γ3 3,00 0,50 0,55 0,78 1,69

γ4 0,80 0,45 0,46 0,62 1,21

γ5 -2,08 0,34 0,41 0,55 1,06

χ2(5) 811,29 105,47 42,41 22,57

R2 0,35

Standard Errors

Estimated γ*

Const -0,03

y(1) -2,94

y(2) -4,38

y(3) 6,60

y(4) 11,51

y(5) -10,38

Beta Vectors Length Var Orthonogality

Level 0,46680826 0,45980409 0,44498588 0,43565445 0,42762524 1,00000034 0,003025736

Slope -0,73991905 -0,1982297 0,13058781 0,36610573 0,51199463 1,0000003 4,52944E-05 -3,0329E-12

Curvature -0,47032335 0,62195617 0,39189312 -0,07998984 -0,48165104 0,99999984 1,02788E-06 -2,6645E-15 -1,9679E-14

Average Cumulative Avg.

Level 0,96401069 0,99576166 0,99775572 0,98898599 0,97846061 98,50 % 98,50 %

Slope 0,03625653 0,00277051 0,00128632 0,01045519 0,02099716 1,44 % 99,93 %

Curve 0,00033244 0,00061893 0,00026289 1,1326E-05 0,00042169 0,03 % 99,97 %

Sum 100,06 % 99,92 % 99,93 % 99,95 % 99,99 %

Gamma Newey-West 18 Lags HH Simplified

Const -0,03 1,31 1,80

Slope 3,98 1,24 2,05

y(2) -3,60 2,18 3,18

y(3) 6,08 2,39 3,33

y(4) 10,05 2,46 3,37

y(5) -12,42 2,34 3,21

Chi-square (4) 62,81 23,1

R squared - step 0,22
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Simple Spread Regressions 

 

 

 

Gamma Newey-West 18 Lags HH Simplified

Const -0,03 1,31 1,80

Level -16,54 3,12 4,28

Slope -6,46 1,67 2,29

y(3) 1,94 2,58 3,79

y(4) 14,80 3,34 4,68

y(5) 21,08 3,81 5,04

Chi-square (3) 36,97 20,5

R squared - 0,24

Gamma Newey-West 18 Lags HH Simplified

Const -0,03 1,31 1,80

Level 39,55 7,84 10,47

Slope -4,23 1,33 1,84

Curve 52,16 9,42 12,47

y(3) -55,85 10,24 13,69

y(4) -30,89 7,60 10,09

Chi-square (2) 32,95 18,0

R squared - step 0,26

Gamma Newey-West 18 Lags HH Simplified

Const -0,03 1,31 1,80

y(5)-y(1) 2,94 0,92 1,52

y(2) -4,38 2,00 2,87

y(3) 6,60 2,41 3,37

y(4) 11,51 2,36 3,13

y(5) -13,32 2,51 3,50

Chi-square (4) 85,5 30,2

R squared 0,15

Gamma Newey-West 18 Lags HH Simplified

Const -0,03 1,31 1,80

y(1) -2,94 0,92 1,52

y(5) -10,38 2,07 2,76

y(2) -4,38 2,00 2,87

y(3) 6,60 2,41 3,37

y(4) 11,51 2,36 3,13

Chi-square (3) 45,7 24,6

R squared 0,22
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Number of Maturities  

 

 

 

Principal Component Analysis of Expected Return 

 

 

 

  

Gamma Newey-West 18 Lags HH Simplified

Const -0,03 1,31 1,80

y(1) -2,94 0,92 1,52

y(4) 11,51 2,36 3,13

y(5) -10,38 2,07 2,76

y(2) -4,38 2,00 2,87

y(3) 6,60 2,41 3,37

Chi-square (2) 9,1 4,6

R squared 0,33

n γ1 γ2 γ3 γ4 γ5

n = 1 0,11

n = 2 -2,24408127 2,56763022

n = 3 -1,67816521 0,12032316 2,05059626

n = 4 -1,51657184 -0,19951937 1,74681644 0,48200466

n = 5 -2,13525375 0,80831838 3,00063857 0,80127999 -2,07570778
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B. CRSP: 1964-2007 

Unrestricted coefficients, R2, χ2 and standard errors: 

 

T-values for The Hypothesis That Each Unrestricted Coefficient Equals the Restricted 

Counterpart 

 

 

Restricted coefficients, R2, χ2 and standard errors 

 

 

Maturity Const y(1) f(2) f(3) f(4) f(5) Chi-square (5) R squared 

2 -1,57 -0,90 0,46 1,18 0,33 -0,84 109,11 0,32

3 -2,49 -1,65 0,32 2,99 0,45 -1,78 104,80 0,33

4 -3,44 -2,40 0,61 3,48 1,36 -2,63 106,07 0,36

5 -4,36 -3,01 0,93 3,93 1,34 -2,69 79,92 0,33

Newey West

2 0,55 0,16 0,35 0,31 0,21 0,20

3 1,01 0,29 0,57 0,51 0,39 0,35

4 1,40 0,41 0,72 0,66 0,52 0,48

5 1,75 0,50 0,86 0,78 0,63 0,60

Hansen-Hodrick

2 0,60 0,17 0,38 0,31 0,20 0,19

3 1,33 0,31 0,72 0,49 0,43 0,34

4 1,83 0,44 0,92 0,62 0,57 0,45

5 2,28 0,55 1,10 0,71 0,68 0,56

Maturity 2 3 4 5

Const 0,0 0,0 0,0 0,0

y(1) 0,0 -0,1 0,0 0,7

f(2) -0,3 0,3 0,1 -0,2

f(3) 0,3 -1,0 0,0 0,2

f(4) 0,2 0,7 -0,6 -0,2

f(5) -0,2 0,2 0,5 -0,3

t-values

Estimates HH 12Lags Newey-West 18Lags HH Simplified 12Lags No Overlap

γ0 -2,99 1,31 1,17 1,60 1,62

γ1 -1,93 0,35 0,34 0,57 0,79

γ2 0,55 0,65 0,63 1,02 1,57

γ3 2,83 0,52 0,55 0,77 1,64

γ4 0,88 0,43 0,44 0,59 1,16

γ5 -1,96 0,34 0,41 0,54 1,00

χ2(5) 486,37 89,30 40,53 22,99

R2 0,33

Standard Errors
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Expected return factor γ* 

 

 

Principal Component Analysis: Yield Factors 

 

 

Slope, Level and Curvature Regressions 

 

 

 

 

Estimated γ*

Const -2,96

y(1) -2,57

y(2) -4,63

y(3) 6,09

y(4) 11,41

y(5) -9,92

Beta Vectors Length Var Orthonogality

Level 0,46819009 0,46076331 0,44573489 0,43498687 0,42497299 1 0,003695679

Slope -0,73389355 -0,20236152 0,12706801 0,36624798 0,51977597 1,00000085 4,93686E-05 3,48066E-12

Curvature -0,47147683 0,58526915 0,42129151 -0,05072968 -0,50508469 1,00000097 1,17539E-06 -7,99139E-13 4,5675E-13

Average Cumulative Avg.

Level 0,96792565 0,99646045 0,99812315 0,99018937 0,98007881 98,66 % 98,66 %

Slope 0,03177025 0,00256754 0,00108358 0,0093772 0,01958518 1,29 % 99,94 %

Curve 0,00031218 0,00051133 0,00028359 4,2833E-06 0,00044031 0,03 % 99,97 %

Sum 100,00 % 99,95 % 99,95 % 99,96 % 100,01 %

Gamma Newey-West 18 Lags HH Simplified

Const -0,03 1,18 1,65

Slope 3,50 1,15 2,09

y(2) -3,93 2,10 3,22

y(3) 5,64 2,35 3,32

y(4) 10,12 2,50 3,37

y(5) -11,73 2,23 3,26

Chi-square (4) 66,18 21,4

R squared 0,20

Gamma Newey-West 18 Lags HH Simplified

Const -0,04 1,20 1,57

Level -2,01 0,50 0,51

Slope -2,00 1,21 1,86

y(3) -7,02 2,18 2,99

y(4) 5,55 2,50 3,38

y(5) 6,67 2,44 3,56

Chi-square (3) 21,80 17,2

R squared - step 0,23
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Simple Spread Regressions 

 

 

 

 

 

Gamma Newey-West 18 Lags HH Simplified

Const -0,03 1,17 1,60

Level 34,39 7,22 9,15

Slope -3,47 1,22 1,65

Curve 45,00 8,58 10,85

y(3) -47,52 9,19 11,67

y(4) -27,76 7,29 9,20

Chi-square (2) 29,09 17,5

R squared 0,26

Gamma Newey-West 18 Lags HH Simplified

Const -0,03 1,18 1,65

y(5)-y(1) 2,94 0,84 1,54

y(2) -4,38 1,93 2,89

y(3) 6,60 2,36 3,36

y(4) 11,51 2,42 3,15

y(5) -13,32 2,36 3,54

Chi-square (4) 95,4 31,3

R squared 0,15

Gamma Newey-West 18 Lags HH Simplified

Const -0,03 1,18 1,65

y(1) -2,57 0,84 1,54

y(5) -9,92 2,02 2,78

y(2) -4,63 1,93 2,89

y(3) 6,09 2,36 3,36

y(4) 11,41 2,42 3,15

Chi-square (3) 41,0 22,3

R squared 0,22

Gamma Newey-West 18 Lags HH Simplified

Const -0,03 1,18 1,65

y(1) -2,57 0,84 1,54

y(4) 11,41 2,42 3,15

y(5) -9,92 2,02 2,78

y(2) -4,63 1,93 2,89

y(3) 6,09 2,36 3,36

Chi-square (2) 8,3 4,3

R squared 0,32
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Number of Maturities 

 

  

n γ1 γ2 γ3 γ4 γ5

n = 1 0,14

n = 2 -2,13349058 2,46392492

n = 3 -1,55667544 0,06530249 1,97992542

n = 4 -1,41995711 -0,18404727 1,71001377 0,40186551

n = 5 -1,98866859 0,57981739 2,89703253 0,86811979 -1,98316477
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C . Federal Reserve: 1964-2003 (Monthly Average) 

Unrestricted coefficients, R2, χ2 and standard errors: 

 

T-values for The Hypothesis That Each Unrestricted Coefficient Equals the Restricted 

Counterpart 

 

Restricted coefficients, R2, χ2 and standard errors 

 

Maturity Const y(1) f(2) f(3) f(4) f(5) Chi-square (5) R squared

2 -1,22 -1,35 2,72 -3,43 4,46 -2,21 26,84 0,21

3 -2,32 -2,67 5,29 -6,33 7,63 -3,59 33,80 0,23

4 -3,40 -3,89 7,70 -9,07 10,17 -4,46 39,70 0,25

5 -4,47 -5,02 9,90 -11,06 11,21 -4,47 43,86 0,26

Newey West

2 0,80 0,44 4,44 14,58 18,94 8,51

3 1,38 0,79 7,91 26,05 34,02 15,30

4 1,87 1,07 10,66 35,33 46,45 20,93

5 2,31 1,32 12,97 43,28 57,23 25,84

Hansen-Hodrick

2 0,91 0,47 4,95 16,22 21,07 9,48

3 1,57 0,85 8,83 29,01 37,87 17,04

4 2,12 1,17 11,91 39,38 51,73 23,31

5 2,62 1,44 14,48 48,27 63,78 28,79

Maturity 2 3 4 5

γ0 0,1 0,1 0,0 0,1

γ1 0,1 0,0 0,0 0,1

γ2 0,1 0,1 0,0 0,2

γ3 0,0 0,0 0,1 0,1

γ4 0,3 0,3 0,1 0,7

γ5 0,3 0,2 0,0 0,6

t-values

Estimates HH 12Lags Newey-West 18Lags HH Simplified 12Lags No Overlap

γ0 -2,85 1,80 1,59 1,94 2,02

γ1 -3,24 0,98 0,90 1,20 1,87

γ2 6,40 10,00 8,96 8,04 15,17

γ3 -7,47 33,11 29,71 24,92 46,59

γ4 8,37 43,48 39,04 32,09 58,40

γ5 -3,68 19,60 17,59 14,40 25,48

χ
2
(5) 36,4 38,3 18,2 12,7

R
2

0,25

Standard Errors
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Expected return factor γ* 

 

Principal Component Analysis: Yield Factors 

 

Slope, Level and Curvature Regressions 

 

 

Estimated γ*

Const -2,85

y(1) -9,64

y(2) 27,75

y(3) -47,52

y(4) 48,20

y(5) -18,41

Beta Vectors Length Var Orthonogality

Level 0,47585423 0,45901793 0,44441198 0,43236728 0,42240108 1,000000848 0,00257833

Slope -0,72521881 -0,20459471 0,12811784 0,36309405 0,53286791 1,000000994 3,42679E-05 -1,3404E-12

Curvature -0,47075317 0,55544488 0,44361753 -0,0173156 -0,52227971 1,000000005 6,04086E-07 4,8017E-14 2,7617E-14

Average Cumulative Avg.

Level 0,97054417 0,99685922 0,99860194 0,99040617 0,97857794 98,70 % 98,70 %

Slope 0,02996087 0,00263216 0,00110303 0,00928314 0,02069824 1,27 % 99,97 %

Curve 0,00022254 0,00034199 0,00023313 3,7217E-07 0,00035052 0,02 % 100,00 %

Sum 100,07 % 99,98 % 99,99 % 99,97 % 99,96 %

Gamma Newey-West 18 Lags HH Simplified

Const -0,03 1,59 1,94

Slope 13,29 13,43 12,42

y(2) 30,47 79,67 67,72

y(3) -49,22 207,17 171,46

y(4) 43,38 221,71 181,67

y(5) -25,50 94,31 77,20

Chi-square (4) 6,78 4,9

R squared - step 0,20

Gamma Newey-West 18 Lags HH Simplified

Const -0,03 1,59 1,94

Level -33,02 122,15 99,99

Slope -8,38 68,39 56,14

y(3) 41,20 118,16 98,46

y(4) -31,77 143,87 120,45

y(5) 65,52 303,54 248,57

Chi-square (3) 6,59 3,5

R squared - 0,21
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Simple Spread Regressions 

 

 

Gamma Newey-West 18 Lags HH Simplified

Const -0,03 1,59 1,94

Level 114,01 559,12 458,02

Slope 3,22 16,17 14,51

Curve 130,75 605,73 496,05

y(3) -96,55 522,12 427,51

y(4) -156,61 719,79 590,53

Chi-square (2) 0,21 0,2

R squared - step 0,25

Gamma Newey-West 18 Lags HH Simplified

Const -0,03 1,59 1,94

y(5)-y(1) 9,64 9,74 9,01

y(2) 27,75 76,98 65,29

y(3) -47,52 205,54 170,05

y(4) 48,20 226,13 185,36

y(5) -28,05 96,63 79,13

Chi-square (4) 10,4 8,9

R squared 0,14

Gamma Newey-West 18 Lags HH Simplified

Const -0,03 1,59 1,94

y(1) -9,64 9,74 9,01

y(5) -18,41 87,96 72,00

y(2) 27,75 76,98 65,29

y(3) -47,52 205,54 170,05

y(4) 48,20 226,13 185,36

Chi-square (3) 6,9 3,7

R squared 0,21

Gamma Newey-West 18 Lags HH Simplified

Const -0,03 1,59 1,94

y(1) -9,64 9,74 9,01

y(4) 48,20 226,13 185,36

y(5) -18,41 87,96 72,00

y(2) 27,75 76,98 65,29

y(3) -47,52 205,54 170,05

Chi-square (2) 0,9 0,7

R squared 0,24
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Number of Maturities 

 

Principal Components Analysis of Expected Return 

 

 

  

n γ1 γ2 γ3 γ4 γ5

n = 1 0,08

n = 2 -2,64 3,06

n = 3 -3,08 4,53 -1,07

n = 4 -3,08 4,57 -1,15 0,05

n = 5 -3,24 6,40 -7,47 8,37 -3,68

Covariance Matrix

N-1 6,365E-05 0,00012104 0,00017284 0,00022002

0,00012104 0,00023194 0,0003327 0,0004248

0,00017284 0,0003327 0,00047855 0,00061223

0,00022002 0,0004248 0,00061223 0,00078442

Var 6,365E-05 0,00023194 0,00047855 0,00078442 0

Beta Vectors Length Var Orthonogality

1 0,20 0,39 0,55 0,71 1,00000000050 0,001555633

2 0,67 0,52 0,07 -0,53 1,00000000076 2,88713E-06 -1,3378E-14

3 0,64 -0,31 -0,56 0,43 1,00000000032 4,81971E-08 -8,5154E-14 3,2868E-13

4 -0,33 0,70 -0,61 0,19 1,00000000002 1,31031E-09 1,1102E-16 1,3878E-17 -8,3267E-17

Error in article: 3rd and 4th component exchanged

2,00 3,00 4,00 5,00 Average Cumulative Avg.

1 0,97951032 0,9966563 0,99996975 0,99892604 99,37656 % 99,37656 %

2 0,02022951 0,00336838 3,1544E-05 0,00102387 0,61633 % 99,99289 %

3 0,0003068 1,9354E-05 3,2118E-05 1,1231E-05 0,00924 % 100,00213 %

4 2,2392E-06 2,7549E-06 1,0083E-06 5,9015E-08 0,00015 % 100,00228 %

Sum 100,0049 % 100,0047 % 100,0034 % 99,9961 %
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D . Federal Reserve: 1964-2003 (End of Month) 

Unrestricted coefficients, R2, χ2 and standard errors: 

 

 

T-values for The Hypothesis That Each Unrestricted Coefficient Equals the Restricted 

Counterpart 

 

Restricted coefficients, R2, χ2 and standard errors 

 

 

Maturity Const y(1) f(2) f(3) f(4) f(5) Chi-square (5) R squared

2 -1,26 -1,32 2,26 -1,52 1,54 -0,77 23,53 0,20

3 -2,35 -2,59 4,20 -2,52 2,44 -1,21 29,12 0,23

4 -3,41 -3,78 6,30 -4,41 4,11 -1,78 34,77 0,25

5 -4,46 -4,92 8,40 -6,17 4,99 -1,77 39,42 0,26

Newey West

2 0,78 0,38 3,19 10,36 13,37 6,02

3 1,36 0,68 5,62 18,21 23,65 10,68

4 1,85 0,91 7,47 24,36 31,90 14,46

5 2,29 1,10 9,00 29,56 39,00 17,73

Hansen-Hodrick

2 0,88 0,41 3,52 11,42 14,77 6,67

3 1,54 0,73 6,17 20,04 26,09 11,81

4 2,10 0,97 8,18 26,76 35,16 15,98

5 2,60 1,18 9,81 32,41 42,94 19,58

Maturity 2 3 4 5

γ0 0,0 0,1 0,0 0,1

γ1 0,1 0,1 0,0 0,1

γ2 0,1 0,2 0,0 0,3

γ3 0,1 0,3 0,0 0,4

γ4 0,0 0,2 0,1 0,1

γ5 0,1 0,0 0,1 0,2

t-values

Estimates HH 12Lags Newey-West 18Lags HH Simplified 12Lags No Overlap

γ0 -2,87 1,77 1,56 1,95 1,96

γ1 -3,15 0,82 0,76 1,07 1,56

γ2 5,29 6,90 6,30 6,13 11,40

γ3 -3,66 22,58 20,55 18,94 35,03

γ4 3,27 29,64 26,88 24,72 44,40

γ5 -1,38 13,46 12,18 11,29 19,61

χ2(5) 30,7 33,6 18,1 12,7

R
2

0,24

Standard Errors
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Table 14 in main text 

 

Expected return factor γ* 

 

Principal Component Analysis: Yield Factors 

 

 

Slope, Level and Curvature Regressions 

 

n b
n

R
2

Unrestricted R
2

2 0,46 0,19 0,20

3 0,85 0,23 0,23

4 1,19 0,25 0,25

5 1,50 0,26 0,26

Estimated γ*

Const -2,87

y(1) -8,44

y(2) 17,90

y(3) -20,78

y(4) 18,61

y(5) -6,92

Beta Vectors Length Var Orthonogality

Level 0,47585423 0,45901793 0,44441198 0,43236728 0,42240108 1,000000848 0,00257833

Slope -0,72521881 -0,20459471 0,12811784 0,36309405 0,53286791 1,000000994 3,42679E-05 -1,3404E-12

Curvature -0,47075317 0,55544488 0,44361753 -0,0173156 -0,52227971 1,000000005 6,04086E-07 4,8017E-14 2,7617E-14

Average Cumulative Avg.

Level 0,97054417 0,99685922 0,99860194 0,99040617 0,97857794 98,70 % 98,70 %

Slope 0,02996087 0,00263216 0,00110303 0,00928314 0,02069824 1,27 % 99,97 %

Curve 0,00022254 0,00034199 0,00023313 3,7217E-07 0,00035052 0,02 % 100,00 %

Sum 100,07 % 99,98 % 99,99 % 99,97 % 99,96 %

-1

-0,5

0

0,5

1

0 1 2 3 4 5 6
Yield Maturity

Yield Factors

Level

Slope

Curvature
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Gamma Newey-West 18 Lags HH Simplified

Const -0,03 1,56 1,95

Slope 11,68 9,51 9,61

y(2) 20,36 55,32 51,44

y(3) -22,26 142,84 131,18

y(4) 14,37 152,81 140,72

y(5) -13,15 65,31 60,35

Chi-square (4) 7,69 5,5

R squared - step 0,19

Gamma Newey-West 18 Lags HH Simplified

Const -0,03 1,56 1,95

Level -17,01 84,48 78,07

Slope 0,52 47,25 44,13

y(3) 25,83 81,48 75,04

y(4) -13,28 99,35 91,65

y(5) 25,79 209,37 192,91

Chi-square (3) 7,07 3,8

R squared - 0,21

Gamma Newey-West 18 Lags HH Simplified

Const -0,03 1,56 1,95

Level 40,51 382,71 352,50

Slope 4,61 14,87 14,83

Curve 51,01 414,19 381,63

y(3) -28,30 359,74 332,71

y(4) -61,58 489,47 449,91

Chi-square (2) 0,30 0,2

R squared - step 0,24
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Simple Spread Regressions 

 

 

Number of Maturities 

 

Gamma Newey-West 18 Lags HH Simplified

Const -0,03 1,59 1,94

y(5)-y(1) 9,64 9,74 9,01

y(2) 27,75 76,98 65,29

y(3) -47,52 205,54 170,05

y(4) 48,20 226,13 185,36

y(5) -28,05 96,63 79,13

Chi-square (4) 10,4 8,9

R squared 0,14

Gamma Newey-West 18 Lags HH Simplified

Const -0,03 1,59 1,94

y(1) -9,64 9,74 9,01

y(5) -18,41 87,96 72,00

y(2) 27,75 76,98 65,29

y(3) -47,52 205,54 170,05

y(4) 48,20 226,13 185,36

Chi-square (3) 6,9 3,7

R squared 0,21

Gamma Newey-West 18 Lags HH Simplified

Const -0,03 1,59 1,94

y(1) -9,64 9,74 9,01

y(4) 48,20 226,13 185,36

y(5) -18,41 87,96 72,00

y(2) 27,75 76,98 65,29

y(3) -47,52 205,54 170,05

Chi-square (2) 0,9 0,7

R squared 0,24

n γ1 γ2 γ3 γ4 γ5

n = 1 0,08

n = 2 -2,64 3,06

n = 3 -3,08 4,53 -1,07

n = 4 -3,08 4,57 -1,15 0,05

n = 5 -3,24 6,40 -7,47 8,37 -3,68
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Principal Components Analysis of Expected Return 

 

 

  

Covariance Matrix

N-1 6,365E-05 0,00012104 0,00017284 0,00022002

0,00012104 0,00023194 0,0003327 0,0004248

0,00017284 0,0003327 0,00047855 0,00061223

0,00022002 0,0004248 0,00061223 0,00078442

Var 6,365E-05 0,00023194 0,00047855 0,00078442 0

Beta Vectors Length Var Orthonogality

1 0,20 0,39 0,55 0,71 1,00000000050 0,001555633

2 0,67 0,52 0,07 -0,53 1,00000000076 2,88713E-06 -1,3378E-14

3 0,64 -0,31 -0,56 0,43 1,00000000032 4,81971E-08 -8,5154E-14 3,2868E-13

4 -0,33 0,70 -0,61 0,19 1,00000000002 1,31031E-09 1,1102E-16 1,3878E-17 -8,3267E-17

Error in article: 3rd and 4th component exchanged

2,00 3,00 4,00 5,00 Average Cumulative Avg.

1 0,97951032 0,9966563 0,99996975 0,99892604 99,37656 % 99,37656 %

2 0,02022951 0,00336838 3,1544E-05 0,00102387 0,61633 % 99,99289 %

3 0,0003068 1,9354E-05 3,2118E-05 1,1231E-05 0,00924 % 100,00213 %

4 2,2392E-06 2,7549E-06 1,0083E-06 5,9015E-08 0,00015 % 100,00228 %

Sum 100,0049 % 100,0047 % 100,0034 % 99,9961 %
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E. Datastream: 1998-2007 

Unrestricted coefficients, R2, χ2 and standard errors: 

 

 

 

EURO

Maturity Const y(1) f(2) f(3) f(4) f(5) Chi-square (5) R squared

2 -3,46 -0,04 -0,83 3,40 -5,69 3,90 12,92 0,42

3 -6,26 -0,23 -2,54 8,04 -9,02 5,13 18,77 0,42

4 -8,48 -0,73 -3,43 11,13 -10,68 5,58 26,59 0,42

5 -10,29 -1,27 -4,14 14,21 -13,01 6,49 46,21 0,42

Newey West

2 133,27 10,91 109,28 229,87 119,17 39,56

3 240,94 20,86 199,04 416,56 215,34 72,48

4 326,75 30,49 272,98 566,98 291,80 100,29

5 396,71 39,79 335,46 691,06 353,98 124,38

Hansen-Hodrick

2 0,77 0,59 1,26 0,95 #NUM! #NUM!

3 1,49 1,26 2,99 2,38 #NUM! #NUM!

4 2,10 1,82 4,46 3,49 #NUM! #NUM!

5 2,62 2,31 5,71 4,35 #NUM! #NUM!

UK

Maturity Const y(1) f(2) f(3) f(4) f(5) Chi-square (5) R squared

2 -7,54 -0,70 2,35 -2,68 -1,21 3,76 -15,64 0,58

3 -12,76 -1,58 4,73 -4,48 -2,35 6,24 -16,96 0,54

4 -17,31 -2,32 6,96 -6,77 -3,00 8,56 -10,51 0,51

5 -21,64 -2,88 8,89 -9,03 -3,92 11,22 -5,96 0,49

Newey West

2 874,66 33,14 29,06 450,26 358,69 199,97

3 1480,82 56,15 49,54 762,23 607,17 338,88

4 2009,16 76,22 67,49 1034,10 823,72 460,08

5 2511,95 95,33 84,54 1292,80 1029,80 575,44

Hansen-Hodrick

2 0,99 0,79 1,64 2,16 4,32 2,65

3 2,38 1,55 2,90 3,97 9,06 5,76

4 3,65 2,16 3,85 5,52 13,07 8,45

5 4,74 2,63 4,63 6,94 16,41 10,66

Germany

Maturity Const y(1) f(2) f(3) f(4) f(5) Chi-square (5) R squared

2 -3,36 -0,01 -1,53 5,39 -7,86 4,71 18,30 0,46

3 -6,04 -0,17 -3,93 12,19 -13,79 7,01 22,59 0,45

4 -8,17 -0,64 -5,38 17,01 -17,53 8,32 28,51 0,45

5 -9,90 -1,17 -6,54 21,47 -21,50 9,88 41,38 0,45

Newey West

2 128,72 10,83 105,78 207,30 78,92 58,67

3 231,25 20,64 191,61 373,55 141,72 106,08

4 312,95 30,15 262,51 507,88 191,64 144,93

5 379,66 39,37 322,69 619,25 232,31 177,62

Hansen-Hodrick

2 0,74 0,59 1,30 1,43 #NUM! #NUM!

3 1,46 1,25 3,08 3,21 #NUM! 0,38

4 2,06 1,82 4,60 4,67 #NUM! 0,98

5 2,59 2,31 5,89 5,86 #NUM! 1,42
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Denmark

Maturity Const y(1) f(2) f(3) f(4) f(5) Chi-square (5) R squared

2 -2,90 0,21 -1,94 -0,85 8,21 -4,98 16,91 0,40

3 -4,92 0,18 -4,51 0,60 15,92 -11,02 26,36 0,46

4 -6,67 -0,13 -6,07 1,05 22,57 -15,84 35,14 0,49

5 -8,17 -0,54 -7,22 1,80 27,13 -19,25 40,94 0,50

Newey West

2 96,19 5,30 15,18 29,64 62,71 88,04

3 163,06 9,24 28,18 54,12 106,21 149,36

4 221,25 13,39 46,16 85,53 144,05 203,14

5 271,30 17,73 66,54 119,86 176,67 249,73

Hansen-Hodrick

2 1,27 0,67 0,89 2,69 4,78 3,19

3 2,20 1,00 1,06 4,75 8,46 5,56

4 2,92 1,28 1,20 6,19 11,51 7,61

5 3,54 1,46 1,27 7,12 14,04 9,43
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Appendix 5 – χ2 Upper Critical Values for up to Five Degrees of Freedom 

 

 

Source: http://www.itl.nist.gov/div898/handbook/eda/section3/eda3674.htm 
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