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Executive Summary 

This research studies asset allocation in the presence of regime switching in asset returns, with 

two underlying models, the Multivariate Regime Switching Model and the Univariate Regime 

Switching Model. To our knowledge this thesis is the first to construct and compare the 

Univariate Regime Switching Model with the Multivariate Regime Switching Model both 

statistically as distribution parameters estimators and with respect to their application to the asset 

allocation framework.  

The asset allocation decision in this thesis is based on the two before mentioned Regime 

Switching Models and compared to the more familiar case of a non-regime switching model that 

relies on the mean-variance framework where asset returns are assumed to be normal. Allowing 

the returns distribution to follow a joint distribution of two regimes, characterized as bear and 

bull markets, allows us to make more realistic approximations and simulations of real financial 

markets, which furthermore, allows the asset allocation strategies to take into account the so 

called extreme events, namely the fat tails of the returns distribution.  

The first part of this research is devoted to analyzing the raw data, determining regimes and 

estimating the parameters corresponding to those regimes which are found to be significant. The 

regimes identified are named bear regime, characterized with high volatility in returns and 

negative mean returns, and bull regime, characterized with low volatility and positive mean 

returns. Furthermore, as two different Regime Switching Models are constructed, a statistical 

comparison is carried out. The second part of the research makes use of the two different 

identifications of regimes in asset allocation models. The two asset allocation models are 

compared individually as well as with a non-switching model. All models exhibit different 

results for the asset allocation decision, both with respect to the length of the investment horizon 

and to various levels of risk aversion. Furthermore we both consider the asset allocation case of a 

buy-and-hold strategy as well as allowing for rebalancing of the portfolio. 

Overall this research shows that using Regime Switching Models allows us to better represent 

the current financial markets, as we are able to go beyond the unsatisfactory assumption of the 

normal distribution of asset returns. This allows us to better model the turbulent financial 

markets by taking into consideration fat tails in returns distributions when implementing asset 

allocation strategies.  
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1. Introduction 

The key determinant of the performance of an investment portfolio is the investment decision. In 

theory, the investment decision can be viewed as a top-down process, divided into three stages. 

The first stage is the capital allocation between a risky portfolio and a risk-free asset. The capital 

allocation therefore determines how the investor is exposed to risk. Furthermore, the optimal 

capital allocation depends on the investor’s risk-aversion as well as her expectations for the risk-

return relationship of the portfolio of risky assets. The second stage is the asset allocation. Asset 

allocation broadly determines how a portfolio is constructed, that is, this stage defines which 

asset classes are included in the portfolio construction. The third and last stage is security 

allocation, and is closely related to the asset allocation stage. The security allocation specifies 

which individual securities are included in the investor’s portfolio (Bodie et al. 2008). 

Harry Markowitz is most often recalled as one of the founders of portfolio selection theory in 

finance. For years the modern portfolio theory, first introduced by Markowitz in 1952, has been 

noted as the cornerstone of modern finance and been widely accepted as a useful tool for 

investors to optimize investments and allocate wealth. In almost every textbook within finance, 

that aims to give the reader some knowledge of asset allocation or portfolio selection, Markowitz’ 

approach is used as the building block. The success of his framework has lead to Markowitz 

receiving the Nobel Prize in 1990 for his contribution to the world of finance. His framework 

takes into account investor’s preferences and her expectations of returns and risks, as well as 

diversification effects for all assets that are considered to be in the opportunity set.  

Due to its simplicity and relatively easy application, Markowitz’ portfolio theory has gained 

significant power as the fundamental theory of portfolio structuring. Its theoretical framework 

however relies on various assumptions, some stronger than others, that are not fully representing 

the financial world as we recognize it today. One of the fundamental assumptions is the normal 

distribution of asset returns or, the need for returns to be normally distributed when the investor’s 

utility function is not of the quadratic form. Assuming that asset returns are normally distributed 

allows Markowitz to only take into account the mean and the variance of the return distribution 

and disregard higher moments of the distribution. It is rarely the case in real life that asset returns 

are normally distributed, as asset returns are often volatile, exhibit fat tails, and can respond 

differently to various changes in the financial markets.  
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Many of the assumptions in the mean-variance framework have inspired other practitioners to 

extend the theory and develop models that are able to replicate the financial markets more 

accurately. That is also the case with this thesis. In recent years there has been a significant 

increase in literature stating that asset returns follow a more complicated process than has been 

assumed previously, and the assumption of normal distribution of returns is often mentioned as 

one of the largest limits of the framework. In order to go beyond the strong assumption of 

normality, the use of Markov Chains and a Regime Switching Model seems to be the most 

appropriate solution, as assets returns distribution can be defined with multiple regimes where 

each regime is associated with a different normal distribution. The joint distribution of returns is 

then not a normal distribution and is able to capture the fat tails observed in a return distribution. 

Furthermore, the mean-variance framework is only based on a buy-and-hold investment strategy 

and does therefore not allow the investor to alter the portfolio when new information is at hand. 

Again, this is seldom the case for investors who want to keep an active eye on the development 

of financial markets as they might rebalance their portfolios at certain stages due to new 

information. 

Therefore, by extending the portfolio theory initially introduced by Harry Markowitz with both 

the Regime Switching Model and the ideology of rebalancing, one able to better model the 

investor’s asset allocation problem in real life financial markets. 

1.1. Research Objective 

This research will focus on optimal asset allocation in the presence of regime switching in asset 

returns and the comparison of two regime switching models. By using regime switching models 

we aim to go beyond the unsatisfactory standard mean-variance portfolio theory, which has 

presented its inadequacy given the normality assumption the theory relies on. We test our dataset 

for a normal distribution and aim to show that asset returns are non-normally distributed by using 

a regime switching model based on Hamilton’s (1989, 1994, 2005) approach.  

Two models, Multivariate Regime Switching Model and Univariate Regime Switching Model, 

are constructed and compared. Subsequently, these regime switching models are used to 

implement the optimal asset allocation for an investor, based on a portfolio of three assets.  

In the case of the Multivariate Regime Switching Model, all assets are assumed to be in the same 

regime at a certain date t. This is a strong assumption since different assets are likely to follow 
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different regimes paths, and as they might react differently to variation in the financial markets. 

In order to overcome this strong assumption we build the Univariate Regime Switching Model 

which allows each asset to have independent regime at a certain date t. In order to allow for this, 

the strong assumption of fixed correlation between assets over time needs to be applied. The two 

different regime switching models are then compared statistically in order to determine which of 

the two critical assumptions is affecting the accuracy of the models more heavily, and therefore 

concluding which of the two is more appropriate to better represent the world’s financial markets. 

Furthermore, these regime switching models are used to model the optimal asset allocation for an 

investor, based on three assets. Both of the before mentioned models are used to construct an 

asset allocation model and compared individually, as well as to the case of a non- switching asset 

allocation model.  

Our thesis strives to give intuitive explanation on the following key questions: 

− Are the returns distributions for the dataset normal? 

− Do we observe regime changes in returns of the chosen dataset? 

− Which of the two assumptions is stronger; all assets are in the same regime at a certain 

date �, or fixed correlations? 

− Do investors allocate their wealth differently when taking into account regime switching 

in returns compared to a normal case of a non-switching model? 

− Do investors allocate their wealth differently when assuming that all assets are in the 

same regime at a certain time 	� , compared to allowing each asset to have independent 

regimes? 

1.2. Motivation 

Throughout our academic experience the modern portfolio theory has been one of the theoretical 

topics that has been repeatedly discussed. The theory of Harry Markowitz is introduced to most 

financial students worldwide both in their BSc or MSc studies. As popular as this theoretical 

framework is, we immediately decided to make it the center of our master´s thesis. We realized 

that many of the assumptions behind Markowitz' work are not representing the financial markets 

in real life, and as we aim to pursue a career with in finance, and furthermore become investors 

ourselves, we were interested in bringing this widespread theoretical framework to the next level. 
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In order to do so, we were introduced to the application of a Regime Switching Model, which 

seemed to be the adequate model to extend the modern portfolio theory. 

In this research we will put most of our focus on the normality assumption that the modern 

portfolio theory relies so heavily on. Assuming that asset returns are normally distributed is a 

strong assumption, and crucial for the Markowitz’ framework to be implemented. Because of its 

convenience this assumption has been accepted by the academia, while it has to be realized that 

this is an assumption that will rarely be fulfilled in real life. 

Even though the normality assumption is seldom fulfilled in real life, many of the top ranked 

bankers on Wall Street tended to fully accept the assumption of normality. The most recent 

financial crisis, which started in 2007 and is still threatening some parts of the world, might even 

have been partly caused be relying too much on the convenient assumption of normal 

distribution. As a result and as previously mentioned, we aimed to go beyond this unsatisfactory 

assumption by applying the regime switching model, which allows the joint distribution of asset 

returns to be non-normal. 

Taking into consideration previous works by authors such as Massimo Guidolin and Allan 

Timmermann (2005, 2005(a) 2006, 2007), Massimo Guidolin and Federica Ria (2010) and 

Andrew Ang and Geert Bekaert (2002, 2004), we realized that all authors were applying similar 

methods, where all assets are assumed to be in the same regime (or economic state) at time �. It is 

our belief that forcing all assets to be in the same regime at any point in time is a strong 

assumption. As we know that assets tend to move differently through time, and do not necessarily 

observe the same state of the market at all times, especially between different asset classes or, at 

least, the same movements in returns can be differently interpreted on different asset classes.  

Therefore, we aim to extend that framework, by allowing each asset to be in independent states at 

any point in time. Despite having to make another strong assumption of fixed correlations, it is 

our belief that a comparison of the two frameworks is a necessary addition to the existing 

literature of asset allocation in the presence of regime switching in asset returns. 

1.3. Limitations 

In order to conduct our research within the set time frame and keep focus on the main objective 

we were forced to limit the scope. Our aim is to keep the framework generalized in order for 



5 
 

future researchers to have the possibility to more easily extend our research, and moreover 

hopefully address some of the issues that limit our research. 

By conducting this research we wanted to obtain the most reliable data available, for as many 

asset classes or securities possible, and for the longest historical period possible. However, due to 

increased mathematical complexity of a high number of assets we chose to limit our research to 3 

different indices. When constructing our dataset, we decided not to include bond indices as our 

initial testing for regime switching of various bonds showed those as insignificant in our set of 

data. Furthermore, we can argue that the inclusion of a risk free asset will serve a similar purpose 

as including a bond index. It was therefore decided to focus on equity indices and commodities in 

this research. The historical data of the indices chosen cover the period 01.01.1994 to 31.12.2010, 

as this time period is believed to give a good overview of the market’s historical behavior. 

However, the ideal dataset would have included a larger set of historical data. The reason why we 

do not use data before 1994 is mainly related to the fact that one of the indices chosen was not 

constructed until 1994. 

Defining an optimal portfolio for the individual investor requires knowing her actual preferences 

of risk and return. In other words, it requires obtaining knowledge of all levels of the investor’s 

risk aversion (�). In our research we will rely on fixed levels of risk aversion for the investor. We 

run our models with different levels of � in order to determine the effect of having various levels 

of risk aversion on the overall asset allocation. In addition, and again in order to reduce the level 

of computational complexity, we do not take into account any transaction costs or taxes. 

Excluding transaction costs and taxes is not believed to have a major impact on the overall results 

of the research, and furthermore, it is not the main objective of this research to examine the effect 

of those two aspects. It should also be noted that when discussing asset returns, we always refer 

to nominal returns. This has, of course, its disadvantages as the effect of inflation is not taken into 

account when solving for the optimal asset allocation.  

Matlab is used for mathematical computations in this research. Even though the power of Matlab 

is great, it also limits the research to some extent. When constructing our asset allocation problem 

in Matlab, Monte Carlo simulations are used in order to simulate returns. Previous studies have 

noted that 30,000 Monte Carlo Simulations are the ideal amount in order to generate as realistic 

return distribution as possible Going significantly beyond that point, would require more 
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advanced computers than we currently have access to, and we therefore follow previous studies 

and make use of 30,000 Monte Carlo Simulations. However, in order to be confident about the 

adequacy of the number of Monte Carlo Simulations, a test of various simulation sizes, below 

30,000, is made and will be addressed later in this thesis. 

1.4. Structure 

The thesis is structured the following way: chapter 2 introduces the existing literature within the 

field of portfolio theory, asset returns and regime switching models. Chapter 3 aims to give the 

reader a good overview of the overall theory that lies behind our research. We aim to give 

intuitive explanation of Markov Chains and Regime Switching Models, expected utility theory, 

and the classical framework of portfolio theory. The fourth chapter introduces the dataset used in 

this research; chapter 5 describes the setup and functionality of the regime switching models. The 

regime switching models developed in this research are two, namely Multivariate Regime 

Switching Model and Univariate Regime Switching Model. In addition to the two regime 

switching models, a model of asset allocation is built, taking into account the results from the two 

Regime Switching Models. Furthermore, rebalancing is introduced. Chapter 6 covers the main 

results obtained by the application of the models introduced in chapter 5, as well as qualitative 

and statistical comparison. Chapter7 is meant to inspire the reader with possible extensions to this 

research and finally, concluding remarks are given in chapter 8. 
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2. Literature Review 

The Regime Switching Models discussed in this thesis rely on the theory developed by Hamilton 

(1989, 1994, 2005) where he combines a conventional time series model with Markov Chains in 

order to identify a random variable, namely the different states of the economy, which influences 

return distributions. In his book, Hamilton (1994) argues that dramatic changes in time series data 

can be identified in almost any financial time series over a sufficiently long period of time. He 

therefore suggests that a complete model for time series should take into account the probabilities 

of such changes, that is, the probabilities that the state of the economy changes from one state (or 

regime) to another. In other words, the Regime Switching Model can identify two or more 

regimes from the data, and at any point in time there exists a certain probability that the state will 

either persist or transit to another state in the next period (Ang and Bekaert, 2004). Being able to 

use information regarding current (or predicted) state of the market will allow an investor to more 

effectively construct an optimal investment portfolio and diversification strategies. The 

construction of such a time series model has allowed practitioners to engage in the analysis of 

various financial time series as discussed below in order to better understand financial markets.  

There exists extensive literature where Regime Switching Models are applied in order to identify 

different data structure at different times. In theory, Regime Switching Models can be applied on 

all sorts of time series data, but are however especially suited for capturing the behavior of many 

financial variables (Bollen et al. 2000). Regime Switching Models are therefore a useful tool to 

model non-linearity in financial time series in order to identify different structure in various 

subsamples. Ronald H. Lange (2010) applies the theory of regime switching to capture monetary 

policy responses to disruption in Canadian financial markets. Bollen et al. (2000) use the Regime 

Switching Model to determine whether currency option prices reflect information on regime 

changes. Furthermore, Engsted and Nyholm (2000) apply the Regime Switching Model to the 

Danish term structure of interest rates and Sun (2005) observes evidence of regime shifts in U.S. 

interest rate volatility. As one can see, the theory of regime switching is applicable in various 

situations regarding financial variables and has even been used to determine cyclical behavior in 

the semiconductor business (Liu and Chyi 2006).  

This thesis will however focus on the determination of regimes in assets returns when applying a 

Regime Switching Model. Furthermore, the result of regimes determination and parameter 
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estimation will then be applied to an investor’s optimal asset allocation. This thesis is therefore 

an addition to the growing literature of the determinacy of regime switching in asset returns and 

asset allocation.  

Correlation between assets can have significant impact on the diversification of an investment 

portfolio, and, as studies have shown, assets can have different correlations when the markets are 

either bullish or bearish. Therefore the importance of determining the alternated regimes in asset 

returns can be beneficial. There exists a vast amount of literature where the importance of 

correlation is explored and discussed in details. Longin and Solnik (1995) analyze the correlation 

between international equity excess returns, where average correlation is close to 40%. 

Furthermore, they observe that correlations and covariance of assets are unstable over time. In 

modern portfolio theory, initiated by Markowitz, it is assumed that asset correlations are constant 

over time. This assumption however contradicts the findings of Longin and Solnik (1995) and 

Goetzmann et al. (2005), where asset’s correlations structure shifts considerably through time. 

This can give an indication of varying correlation depending on the state of financial markets, 

that is correlations could increase (or decrease) when financial markets are thought to be in a 

recession (or recovery). 

There is significant number of empirical researches available that document changing 

correlations between assets, depending on the state of financial markets. Erb, Harvey and 

Viskanta (1994) conclude that cross-equity correlations are highly affected by the business cycle. 

They find evidence that international correlation is highest when any two countries are in a 

common recession, and lower at recovery times. Furthermore, their finding suggests that 

correlations are not symmetric in recession and recovery states. De Santis and Gerard (1997) find 

evidence of increasing correlations between countries when large declines in the US financial 

markets are observed. In a similar manner, Ramchand and Susmel (1998) analyze the relationship 

between correlation and variance with a regime switching ARCH model for a few major stock 

markets. Their conclusion is in line with Santis and Gerard’s results, where the correlations 

between US stock markets and few other major markets is much higher when the US markets 

exhibit a state of high volatility. Overall, previous empirical researches suggest that correlation 

between assets increases during bear markets and decreases during recovery and bull markets. 

These empirical results suggest that diversification will prove to be effective when investors 

allocate their wealth to investments. The investor would therefore allocate her wealth differently 
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when he observes, or has a reason to belief, that financial markets are in a recession than in the 

case of recovering or bull markets. 

In order to determine in what state the financial markets are at a certain point in time, previous 

empirical researches have used the Regime Switching Model to identify theses states. Most 

studies apply the Regime Switching Model to asset returns and usually define more than one state 

of returns. Guidolin and Timmermann (2005 (a)) find evidence of two regimes in US stock 

returns, where the observed states are bear state, with high volatility and low mean returns, and a 

bull state, with high mean returns and low volatility. Furthermore, Guidolin and Timmermann 

implement a portfolio optimization model taking these regimes into consideration. The results 

show that portfolio weights depend heavily on the underlying states of the market, and 

furthermore, as the authors expected, their results suggest that an investor will allocate more of 

her wealth to stocks when the probability of the bull state is high.  

In the literature presented by Guidolin and Timmermann (2006 & 2007), four regimes of the 

financial markets are used in order to capture a joint distribution of stocks and bonds returns. 

These four regimes are defined as crash, slow-growth, bull and recovery states. Two of the 

regimes identified capture time periods with high volatility and low persistence while the other 

two are intermediate states with higher persistence. In addition to determining the four different 

regimes, Guidolin and Timmermann (2007) implement a portfolio optimization model based on 

the regimes where their result is in line with their previous work, that is, optimal asset allocation 

varies significantly depending on the state of the market.  

Perez-Quiros and Timmermann (2000) conclude that the conditional distribution of stock returns 

is quite different in a recession state and expansion state. Furthermore they analyze the effect of 

interest rate changes and find that volatility of returns is more sensitive to interest rate changes 

when the economy is in recession. In a similar way, Ang and Bekaert (2002) find a pattern 

consisting of two regimes where one regime exhibits lower mean returns and high volatility and 

the other has higher mean returns and less volatility. These two different regimes are then used to 

estimate if international diversification of assets does pay off. Turner et al. (1989) model the 

stock market, in relation to volatility, where the market is assumed to switch between two 

different states. The models intention is to explore the relation between time-dependent variance 

and the risk premium in the stock market. In one of their applications the state probabilities are 
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known by the investor and unknown in their second application. Similarly to others, the two 

states are identified as a high volatility state and a low volatility states, representing bear and bull 

markets. 

If asset returns are disconnected from the underlying state of the economy, the investor would 

simply follow the modern portfolio theory, presented by Markowitz (1952). In such case the 

investor would simply choose her optimal portfolio weights based on historical estimates of 

assets mean returns, variance and covariance. As it can be seen from the empirical results 

presented above it seems evident that more information is available in the time series of asset 

returns than simply the mean return and variance that could affect the investment decision of an 

investor. In previous literature, these additional information have proved to affect the asset 

allocation decision as the investor allocates her wealth differently dependant on 

observed/expected state of the economy. As explained in section 1.1. the main purpose of this 

thesis is to develop a model identifying regimes in asset returns and solve the asset allocation 

problem from the perspective of an US investor.  

As one can see there exists great amount of literature regarding the investor’s asset allocation 

decision, both in the presence of regime switching and including other characteristics. What 

partly differentiates this thesis from the previous literature is the assumption of all assets being in 

the same regime at any date �, that is, all securities are in one regime at a certain point in time, 

and in another regime at some other point in time. It is our belief that is more realistic assuming 

that different assets can be in independent regimes at any date �, as most securities react 

somewhat differently in various market situations. We therefore believe that our thesis is a good 

addition to the work previously carried out in this field.  
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3. Theoretical Background 

The purpose of this chapter is to intuitively explain the fundamental theory, and furthermore, 

familiarize the reader with the theoretical framework applied in our research. We will discuss 

topics within the financial theory that outline the investment decision of an investor, her 

preferences and the overall selection of efficient portfolios. Furthermore, the reader will also be 

made familiar with the theory of Markov Chain and the Regime Switching Models. 

As stated previously, we aim to go beyond the unsatisfactory standard mean–variance portfolio 

theory by using the Regime Switching Models. It is therefore our objective to give the reader an 

intuitive understanding of these two main theories applied in our research before outlining the 

models in chapter 5, and the results in chapter 6. 

3.1. Utility Theory 

Each individual investor has her own preference of how to invest in order to deliver her some 

form of satisfaction. The form of the satisfaction can vary significantly between investors, and 

can for example be related either to excitement or to monetary end of period wealth. A measure 

of this satisfaction, often also referred to as welfare, is the investor’s utility (Bodie et al. 2008). 

Under the utility concept we are interested the investor’s investment preferences, that is, what 

type of investments would satisfy her needs in the best possible way. In order to measure these 

preferences we use the investor’s utility function. Utility functions give the ability to measure the 

investor’s preferences for wealth and the amount of risk they are willing to bear for additional 

amount of wealth. The portfolio theory discussed in section 3.2 below is partly based on the 

utility theory discussed in this section and assumes that all investors aim to maximize their 

expected utility, that is, they strive to maximize their expected end of period wealth. The basic 

foundation of the utility theory was presented by Von Neumann and Morgenstern (1944) where 

they provided precise basis for individual decision making under uncertainty. In their framework 

it is assumed that the investor is not interested in the highest possible expected return, but more 

interested in the highest value of her expected utility. This framework has been widely used since 

its publication. Von Neumann and Morgenstern’s (1944) theory is however partly based on the 

work initiated by Nicholas Bernoulli in 1713 and further developed by his cousin Daniel 
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Bernoulli in 1738 who introduced the theory of expected utility (Bernoulli 1954)1. Until Daniel 

Bernoulli’s publication it was thought logical to assume that the investor only based her 

investment choice on the assets’ expected payoff. Daniel Bernoulli’s insight was that individual’s 

payoff might differ based on the payoff’s size and that people in general cared about the expected 

utility of the asset’s payoff instead of its expected value. He proposed that instead of valuing an 

asset as �̅ = ∑ �	�	
	�� , its value, denoted V, should be: 

  ≡ �������� = � �	�	

	��  (3.1) 

where �	 is the utility associated with the asset’s payoff, �. Bernoulli also introduced the 

principle of diminish marginal utility of wealth, that is, the greater the investor’s wealth, the 

smaller is the added utility received from an increase in wealth (Pennacchi 2008). 

The expected utility theory was therefore proposed as a replacement for the expected return rule, 

where previously investors only aimed at maximizing the expected return of their investment. 

Illustrated in Figure 3.1, we have a utility of an investor that relates to the level of return. As an 

example, let the utility of a zero return be zero; the utility of 10% increase be 1.75 whereas the 

utility of a 10% decrease is -3.25. So instead of maximizing the return, the rational investor 

would maximize the expected utility of that return. Using that example, let’s imagine the investor 

has an even chance of receiving 10% gain and 10% loss. 

In such a case the expected utility of the investor would be equal to: 

 � = �12� �1.75� + �12� �−3.25� = −0.75 (3.2) 

The utility of such a bet would therefore be less than the utility of receiving zero return with 

certainty (Markowitz 1959). This shows the difference between the expected return and the 

expected utility theorems. In the case illustrated above the expected return of an even chance 

receiving 10% gain or 10% loss is zero, which is the same as receiving no return with certainty. 

Following the rule of expected returns, the investor would be indifferent between the two 

                                                 
1
 The paper was first published in 1738 by Daniel Bernoulli, the first translation of it in English dates back to 1954 

and was made available by Dr.Louise Sommer 



 

outcomes. However, under the rule of expect

with certainty as the other option yield

 

For expected utility theory to be represented by a real

follow five fundamental conditions, or axioms

following: 

− Completeness: For any two risky bets, A and B, the investor either prefers A to B, B to A 

or he is indifferent between the two.

− Transitivity: If A is preferred to 

tells us that A will be preferred to C.

− Continuity: If the three bets, A, B and C, exist, then there exists some scalar 

such that B ~ "A + �1
investor is indifferent of receiving B.

− Independence: For any two bets A and B, B is preferred to A if for all "B + �1 � ")C  >"A + 

C, then the preference order of the mixture is independent of the third bet, C, that is 

included.  
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outcomes. However, under the rule of expected utility the investor would prefer the zero return 

with certainty as the other option yields a negative utility. 

 

Figure 3.1: Utility Function 

For expected utility theory to be represented by a real-valued utility function, the theory needs to 
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− Dominance: Let %� be the compound bet 

bet "&A + �1 � "&)B. If A is preferred to B, then "�>"&. 

Given preferences that fulfill these conditions

bets will be the one that has the higher expected utility. As the main focus of our research is not 

on this particular topic, this will not be derived here in more details. 

3.1.1. The Utility Function 

The utility of an investor can be formulated in the form of an indifference curve. An indifference 

curve shows different clusters of items where the investor is indifferent. In other words, on any 

point on the '�curve in Figure 3.2 the investor has no preferen

the other. However the investor would prefer indifference curve 

higher utility. Moreover, the investor would prefer indifference curves that are further up in the 

north-west corner of Figure 3.2

of clusters that form the indifference curve. When comparing all possible clusters available to an 

investor, we can obtain a complete collection of the investor’s indifference c

specific level of utility. This collection would therefore be representing the complete set of the 

investor’s preference.  
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The economic properties of utility functions are mainly two, the non-satiation and risk aversion. 

The first, non-satiation puts restrictions on the utility function in such a way that more is always 

preferred to less. From an investor point of view, we can therefore say that the investor prefers 

more end of period wealth to less. If the utility increases as the wealth increases, then the first 

derivative of the utility, with respect to wealth, is positive. Thus, the first restriction on the utility 

function is a positive first derivative. The second property, risk aversion, is an assumption about 

the investor’s appetite for risk in her investment portfolio. The risk aversion property states that 

the utility function is concave, in other words, the marginal utility of wealth decreases as wealth 

increases. 

In more mathematical terms, the utility function,	U�W), is a twice differentiable function of 

wealth, where a positive first derivative is denoted as U*�W) > 0 and a negative second 

derivative is denoted U′′�W� < 0. W represents the end of period wealth of an investor, measured 

in monetary units. 

In our research we will consider the problem for an investor that possesses a power utility defined 

over terminal wealth, that is: 

 ��.� = .��/0�
�1 − �� (3.3) 

where the first derivative is: 

 �*�.� = 1.0 (3.4) 

and the second derivative is: 

 �**�.� = −�.�0/�� (3.5) 

One of the reasons that power utility was chosen for this research is that this utility function 

possesses the feature of constant relative risk aversion, that is: 

 12�.� = −.�**�.��*�.� = �..�/0/��
.�/0� = � (3.6) 
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is equal to a constant. This characteristic allows us to state that the investor‘s utility function is 

independent of the initial wealth and can therefore be applied to any individual, whatever his 

initial wealth is (Azar 2006). For simplicity we will however assume an initial wealth of 1 in our 

research below. 

3.1.2. Risk Aversion & Risk Premium 

The concept of risk aversion is a useful measure to estimate the effect of risk on the level of 

satisfaction for the individual investor. Gollier (2001) defines the risk averse investor as one who 

dislikes all zero-mean risk at all wealth levels. Furthermore, the risk averse investor will reject 

what is called a fair gamble, which means she would rather have one monetary unit for certain 

rather than having equal chance of receiving two units or none. The investor is therefore risk 

averse if replacing an uncertain final wealth by its expected value makes her better off. In the 

modern portfolio theory introduced by Markowitz (1952), all investors are assumed to be risk 

averse. The risk aversion in Markowitz’ theory measures the additional return that the investor 

requires when taking on one additional unit of risk, where risk is measured as the standard 

deviation of returns.  

In order to better explain the risk aversion, let us revisit the simple example formulated in 

equation (3.2). Illustrated in Figure 3.3, we have a utility of an investor that relates to her level of 

wealth. Consider that the investor has an initial wealth of 15 and has an investment opportunity 

that gives her the opportunity to increase or decrease her wealth of 5 with equal probabilities. As 

this investment opportunity has equal probabilities the expected value of the investor’s wealth is 

15, and the expected utility is noted as: 

 �12� 3�20� + �12�3�10� (3.7) 

Furthermore, this is illustrated in Figure 3.3, where the expected utility of wealth is the average 

of the u�20� and u�10� and the utility of expected value of wealth is marked as u�15�. 
 

 



 

In this graph it is straight forward that the expected utility of wealth is less than the utility of the 

expected wealth, that is, E�U�
inequality holds: 

 3 �12

 Figure 3.3: Example A: 

We can therefore state that this type of investor is risk averse since 

gamble and keep her expected value of wealth. The preferences of the investor could of course be 

the opposite, that is, preferring

preferences would be named a risk seeking investor. In Figure 3.4 we illustrate the utility 

function of the risk seeking investor. While the risk averse investor has a concave utility function, 

the risk seeking one has a convex utility function. The slope of the convex utility function gets 

steeper as the wealth increases. We can therefore say that t

measures the investor’s risk appetite. The risk seeking investor would accept what we previously 

referred to as a fair gamble. The risk seeking investor 

previous mentioned gamble where the

than 50%, how much less would be depending on 
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In this graph it is straight forward that the expected utility of wealth is less than the utility of the 
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Figure 3.3: Example A: Utility of Expected Value of Wealth

We can therefore state that this type of investor is risk averse since she prefers not to take a 

expected value of wealth. The preferences of the investor could of course be 

preferring a random wealth, E�U�W�� + ��E�W��. An investor with such 

preferences would be named a risk seeking investor. In Figure 3.4 we illustrate the utility 

tion of the risk seeking investor. While the risk averse investor has a concave utility function, 

the risk seeking one has a convex utility function. The slope of the convex utility function gets 

steeper as the wealth increases. We can therefore say that the utility function’s curvature 

measures the investor’s risk appetite. The risk seeking investor would accept what we previously 

referred to as a fair gamble. The risk seeking investor might even be willing to accept the 

previous mentioned gamble where the probability of receiving two monetary units where less 

than 50%, how much less would be depending on her level of affection towards risk. In general, 

In this graph it is straight forward that the expected utility of wealth is less than the utility of the 

, since the utility function is concave and Jensen’s 

(3.8) 
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the more convex the function is the more risk seeking the investor would be, and 

more concave the utility function of the risk averse investor is, the less risk 

 Figure 3.4: Example B: 

There is one case of investor preference that lies in between the risk av

investors, the risk neutral investor. The risk neutral investor finds the level of risk irrelevant and 

only considers the expected return of 

case of the risk neutral investor the expected utility 

wealth, that is, E�U�W�� � U�
profiles in Figure 3.5. The three risk profiles are illustrated by their indifference curves where the 

risk neutral investor has a linear utility; the risk averse investor has concave utility, and the risk 

seeking investor convex utility function. Panel (a) represents the utility functions in a utility of 

wealth space, and panel (b) represents the same utility functions in expe

deviation space (Elton et al. 2007)

Assuming that investors are risk averse means that pure risk reduces the level of satisfaction of 

the investors. This effect can be quantified by evaluating the maximum amount of wealth the 

investor is willing to give up in order 
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Figure 3.4: Example B: Utility of Expected Value of Wealth 

There is one case of investor preference that lies in between the risk av

the risk neutral investor. The risk neutral investor finds the level of risk irrelevant and 

only considers the expected return of her investments, and her utility function is linear. In the 

case of the risk neutral investor the expected utility of wealth is equal to the utility of expected 

�E�W��. To summarize we have illustrated these three diff

igure 3.5. The three risk profiles are illustrated by their indifference curves where the 

has a linear utility; the risk averse investor has concave utility, and the risk 

seeking investor convex utility function. Panel (a) represents the utility functions in a utility of 

wealth space, and panel (b) represents the same utility functions in expe

deviation space (Elton et al. 2007). 

Assuming that investors are risk averse means that pure risk reduces the level of satisfaction of 

the investors. This effect can be quantified by evaluating the maximum amount of wealth the 

or is willing to give up in order to escaping risk (Gollier 2001). 

the more convex the function is the more risk seeking the investor would be, and conversely the 

ave the utility function of the risk averse investor is, the less risk she will tolerate. 
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 Figure 3.5: Utility Functions in Wealth Space & Expected Return 

(1) Utility function of a risk seeking investor. (2) Utility function of a risk 

neutral 

In the case of a risk averse investor this amount is called risk premium and often denoted 

risk premium can be calculated by solving the following equation:

 

where . is the initial wealth of the investor, 

taking on risk e.g. a lottery or investment. The investor is indifferent between taking on the risk 

and paying the risk premium to eliminate it. Since the

function of the investor’s wealth.

positive when the investor is exposed to a fair game, that is, the investor might be willing to 

accept a lower level of wealth 

For the risk premium to be an appropriate measure of risk aversion, an increase in risk aversion 

must result in an increase in the risk premium. In a case of two investors

risk averse would be willing to pay a greater premium in order to avoid bearing risk. To better 

illustrate, imagine two investors, investor A and investor B, who do not share the same level of 

risk aversion. That implies that the risk premium for investor A is higher than for inv

is, 67 + 68.  
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Figure 3.5: Utility Functions in Wealth Space & Expected Return –

Standard Deviation Space 

(1) Utility function of a risk seeking investor. (2) Utility function of a risk 

neutral investor. (3) Utility function of a risk averse investor. 
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Arrow (1965) and Pratt’s (1964) definition of absolute risk aversion can be derived by taking 

Taylor series approximation of equation (3.9) around the point where 9� � 0 and  6 = 0. By 

expanding the right-hand side of equation (3.9) around 6 = 0 gives: 

 ��. − 6� ≅ ��.� − 6�*�.� (3.10) 

and expanding the left-hand side of equation (3.9) will give: 

 �;��. + 9�<= = ��.� + 12>&�**�.� (3.11) 

Equating the results in equations (3.10) and (3.11) gives: 

 6 = −12>&�**�.��*�.� ≡ 12>&1�.� (3.12) 

where 1�.� ≡ −�**�.�/�*�.� is the so called Pratt-Arrow measure of absolute risk aversion. 

Since the variance of the risky asset >&, and the Pratt-Arrow measure of absolute risk aversion 

are both greater than zero, the concavity of the utility function ensures that the risk premium, 6, 

must be positive. From this equation we see that both the first and second derivative of the utility 

function is required in order to determine the risk premium. We can therefore say that an investor 

can have a high level of risk aversion (−�**�.� is large), but he might not be willing to pay 

exceptionally high risk premium if he has a high marginal utility (�*�.�), which indicates that 

he is poor (Pennacchi 2008).  

Another commonly used measure of risk aversion is relative risk aversion and is defined as: 

 12�.� = −.�**�.��*�.�  (3.13) 

The advantage of this measure is that it is a valid measure of risk aversion, even if the utility 

function changes from risk averse to risk seeking as . varies. 

In many financial and economic applications, the investor is assumed to have a constant relative 

risk aversion for various levels of wealth. This assumptions implies that the investor’s absolute 

risk aversion, 1�.� ≡ −�**�.�/�*�.�, declines in direct proportion to increasing wealth 

(Pennacchi 2008). In other words, the investor’s tolerance for losses increases with her wealth. 



21 
 

Both relative and absolute risk aversion can be expressed in the terms of decreasing, constant and 

increasing absolute, or relative, risk aversion. Depending on various formulations of the risk 

aversion the investor’s investment behavior might vary.  

 

 Table 3.1: Investment Behavior Based on Risk Aversion2  

Summary of the investor’s behavior is provided in Table 3.1. The decreasing absolute risk 

aversion implies that the individual investor invests an increasing amount of her wealth in the 

risky investment for larger amounts of wealth. Therefore, for two individuals with the same 

utility function of decreasing absolute risk aversion but different initial wealth, the wealthier 

investor will invest greater monetary amount in the risky investment. The converse is true for an 

increasing absolute risk aversion. In a case of decreasing relative risk aversion the investor 

invests proportionally more in the risky investment as wealth increases. The converse is true for 

the increasing relative risk aversion, where the investor invests less in the risky investment as her 

wealth increases. 

3.1.3. Investor Utility and Portfolio Selection 

Before discussing Markowtiz’ portfolio theory we should outline the assumptions on investor 

preferences and the distribution of returns that allows for the simplified mean-variance 

framework. The utility function of a quadratic form, meaning that all derivatives of third (or 

higher) order are equal to zero, leads to the fact that the investor’s expected utility only depends 
                                                 
2
Pennacchi 2008, p.24. 

Risk aversion Investment behavior

Decreasing Absolute

Constant Absolute

Increasing Absolute

Decreasing Relative

Constant Relative

Increasing Relative

Investment behavior based on risk aversion



22 
 

on the mean and the variance of the return distribution. This particular form of the utility fits with 

the framework of the mean-variance portfolio theory discussed in section 3.2. 

If the investor’s utility function is not of the quadratic form but any general increasing, concave 

form, the distribution of returns need to take a particular form in order to fit with the previous 

mentioned framework. The return distribution, again, needs to be a two-parameter distribution 

where higher order moments can be determined by the mean and the variance of the distribution. 

The return distributions that fulfill such criteria are e.g. gamma, normal and lognormal. However, 

in addition to this, the distributions need to fulfill another criterion, if it is to be applicable in the 

mean-variance framework. When constructing a portfolio of multiple assets, where each 

individual asset follows a return distribution that depends on its mean and variance, the combined 

assets, forming the portfolio, must also follow a distribution that depends on mean and variance. 

The only distribution that fulfills these criteria is the normal distribution, or Gaussian distribution 

(Pennacchi, 2008). 

3.2. Portfolio Theory 

Harry Markowitz’ publication of the paper ‘Portfolio Selection’ in 1952 is often thought to be the 

main foundation of today’s modern portfolio theory. In his paper Markowitz (1952) illustrated 

the relations between beliefs and the choice of a portfolio according to the ‘expected returns - 

variance of returns’ rule. The ‘expected returns-variance of returns’ approach laid the foundation 

for modern portfolio theory (MPT) and sparked the proliferation of optimization models for 

financial planning during the last 50 years (Zenios 2007). In his case, Markowitz proxies the risk 

of an investment portfolio’s with the variance of the portfolio’s returns. The modern MPT builds 

on this foundation and aims to allocate investments by maximizing the expected (mean) returns 

per unit of risk, measured by variance (or standard deviation). In this framework the total 

variance of an investment portfolio is both dependent on the variance of each individual asset’s 

return used to construct the portfolio, and on the covariance of those asset’s return.  

The mean-variance approach can both be stated as a normative and as a positive tool in finance. 

The positive aspect of the theory supports hypothesis regarding how the financial markets and 

investors behave in general. The normative aspect of the theory builds up a framework for 

recommendations on how the investor should actually allocate her wealth, which is illustrated by 

constructing a frontier of efficient portfolios. 
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Prior to Markowitz´ publication, the most commonly used investment strategy was that an 

investor should aim to maximize the discounted value of future returns. This investment strategy 

implies that an investor should invest all her wealth in the security with the highest discounted 

value. Therefore if two or more securities have the same value, then any combination of these 

securities would be the optimal investment. In such a case the volatility of each security is not 

taken into account, that is, when investing in a security the investor is only interested in the 

expected return but disregards all risk that might be associated with her investment in that 

particular security or portfolio. Opposed to this investment behavior, Markowitz (1952) 

introduced the ‘expected returns – variance of returns’ rule mentioned above. In practice the 

application of the ‘expected returns – variance of returns’ rule states that the investor should not 

only focus on maximizing the returns of her investment, but also take into account the 

investment´s variance. The highly risk-averse investor would for example prefer investing in a 

security with the lowest possible variance instead of necessarily focusing only on the security’s 

discounted value of future returns. In the case of the less risk-averse investor, or even a risk 

seeking investor, she might be interested in taking on additional risk for increased rate of return.  

Instead of only investing in a single security the investor can form an investment portfolio 

constructed by various securities. By constructing a portfolio, and taking both returns of the 

securities into account and their volatility, the investor could offset a single security’s risk partly 

or even fully. In other words, the volatility of each security and its covariance of returns, reflected 

through the securities inter-relationship should be taken into account, which allows the investor 

to diversify her portfolio more efficiently. 

Below we aim to give the reader a clear understanding of Markowitz’s portfolio theory. 

Furthermore, the main assumptions of the theoretical framework will be discussed as well as few 

criticizing comments. First however, few basic concepts will be introduced that are crucial for 

intuitive understanding of the mean-variance portfolio theory. 

3.2.1. Portfolio’s Risk and Return 

Following the framework of Elton et al. (2007), the expected return of a portfolio is generally 

defined as the weighted average of the expected return on the securities that form the portfolio, 

that is: 
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 ��1@� ��A	��1	�
B

	��
 (3.14) 

where ��1@� is the portfolio’s expected return, A	 is the proportion invested in a certain asset and 

��1	� is that asset’s expected return. When constructing a portfolio, the sum of all proportions 

invested in various assets needs to be equal to the total portfolio, that is, equal to one: 

 �A	 � 1 (3.15) 

The expected variance of a portfolio is slightly more complicated. As we are looking at a 

portfolio of multiple securities we need to introduce the covariance between the securities 

forming the portfolio. Covariance is a measure of the degree to which returns of two securities 

move in line with each other. If the result of a covariance calculation is positive it means that the 

two securities’ returns move together whereas a negative covariance means the securities vary 

inversely. The covariance between the two securities i and j is calculated as: 

 >	C = �D�1	 − 1E	�;1C − 1EC=F (3.16) 

where 1E	 and 1EC are the mean returns of assets i and j respectively. Therefore the variance of a 

portfolio, constructed by two assets, i and j, can be calculated as: 

 >@& =	A	&>	& +AC&>C& + 2A	AC>	C (3.17) 

The standard deviation, which is used as an indicator for risk in the mean-variance framework, is 

simply the square root of the variance: 

 >@ = GA	&>	& + AC&>C& + 2A	AC>	C							or							>@ = G>@& (3.18) 

Another important relationship between the securities forming a portfolio is the correlation 

between securities. Correlation between two assets, i and j, is defined as: 

 J	C = >	C>	>C (3.19) 
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where >	 	and	>C are the standard deviations of assets i and j respectively. The correlation factor 

will always be between one and minus one. A correlation factor of one means that the assets are 

perfectly positively correlated while a correlation of minus one means that the assets are perfectly 

negatively correlated. A correlation of zero means that the assets are completely uncorrelated and 

their movement is therefore independent relative to each other. 

Having defined the correlation factor it is straight forward that the covariance can also be 

expressed as: 

 >	C � >	>CJ	C (3.20) 

The definitions and notations above are the basic notations needed to obtain intuitive 

understanding of the mean-variance framework. Next we will discuss more thoroughly the mean-

variance analysis itself and the selection process for an investor when determining how to 

construct her portfolio.  

3.2.2. Mean-Variance Analysis 

The main principle of Markowitz’s theory suggests that the investor should not only pay attention 

to a security’s discounted future returns. In addition to returns the investor should take the 

security’s variance into account when forming a portfolio. This framework was the one of the 

first to help investors to develop better understanding of the relationship between risk and return 

as well as the benefits of portfolio diversification. The essentials of Markowitz’s portfolio theory 

have been thought to be easy to apply and intuitive, which is one of the main reasons for the 

success of his ideology.  

As for many other financial models, the assumptions for the mean-variance analysis do not match 

the structure of financial markets in real life. However, these assumptions have been accepted in 

order to give intuitive explanation of the overall portfolio selection theory. In section 3.2.5. we 

will further discuss few of these assumptions and how they might affect the overall theoretical 

result. 

To better illustrate the investor’s portfolio selection process, we follow the work of Markowitz 

(1959). An individual investor, who has fixed probability beliefs, can choose various 

combinations of expected returns and expected volatility when forming her investment portfolio. 



 

The expected returns and expected volatility of a portfolio is dependent on how the investor 

allocates her wealth between different asset classes or individual securities.

Plotting the returns of different assets against the volatili

representation of the return and volatility relationship of all possible investment opportunities. 

This set of alternatives is called 

 

The ‘expected returns – variance of returns’ rule introduced by Markowitz (1952) states that an 

investor should select one of the portfolios on the efficient part of the frontier, represented by the 

part of the frontier lying above the mean

are characterized by either minimum variance for a given return or maximum return for a given 

variance. Alternatively, we can say that an efficient portfolio is the one having the highest 

expected return of all available 

fact the portfolios that make best use of the benefits of diversification. Furthermore, efficient 

portfolios have the characteristic that any two efficient portfolios can be used to construct an

other efficient portfolio. The MVP is the portfolio that has the lowest value of risk, that is, the 

portfolio that has the lowest standard deviation of all efficient portfolios. A portfolio is said to be 

inefficient if it is possible to obtain higher exp

possible to obtain less variance of the returns with no decrease in expected returns. These 
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The expected returns and expected volatility of a portfolio is dependent on how the investor 

wealth between different asset classes or individual securities.

Plotting the returns of different assets against the volatility of returns gives a graphical 

representation of the return and volatility relationship of all possible investment opportunities. 

This set of alternatives is called the opportunity set in Figure 3.6.  

Figure 3.6: Investment Opportunity Set 

variance of returns’ rule introduced by Markowitz (1952) states that an 

investor should select one of the portfolios on the efficient part of the frontier, represented by the 

part of the frontier lying above the mean-variance portfolio (MVP) in Figure 3.6

either minimum variance for a given return or maximum return for a given 

variance. Alternatively, we can say that an efficient portfolio is the one having the highest 

available portfolios having the same variance. Efficient portfolios are in 

fact the portfolios that make best use of the benefits of diversification. Furthermore, efficient 

portfolios have the characteristic that any two efficient portfolios can be used to construct an

other efficient portfolio. The MVP is the portfolio that has the lowest value of risk, that is, the 

portfolio that has the lowest standard deviation of all efficient portfolios. A portfolio is said to be 

inefficient if it is possible to obtain higher expected return without increased variance, or if it is 

possible to obtain less variance of the returns with no decrease in expected returns. These 

The expected returns and expected volatility of a portfolio is dependent on how the investor 

wealth between different asset classes or individual securities. 

ty of returns gives a graphical 

representation of the return and volatility relationship of all possible investment opportunities. 

 

 

variance of returns’ rule introduced by Markowitz (1952) states that an 

investor should select one of the portfolios on the efficient part of the frontier, represented by the 

Figure 3.6. These portfolios 

either minimum variance for a given return or maximum return for a given 

variance. Alternatively, we can say that an efficient portfolio is the one having the highest 

tfolios having the same variance. Efficient portfolios are in 

fact the portfolios that make best use of the benefits of diversification. Furthermore, efficient 

portfolios have the characteristic that any two efficient portfolios can be used to construct any 

other efficient portfolio. The MVP is the portfolio that has the lowest value of risk, that is, the 

portfolio that has the lowest standard deviation of all efficient portfolios. A portfolio is said to be 

ected return without increased variance, or if it is 

possible to obtain less variance of the returns with no decrease in expected returns. These 
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inefficient portfolios lie on the inefficient part, represented by the part of the frontier lying below 

the MVP in Figure 3.6. 

Determining the efficient frontier mathematically requires solving a maximization (or 

minimization) problem with linear constraints. Since the object of the investor should be to gain 

the highest return for a risk level, we can easily derive the efficient frontier by maximizing the 

return for every level of standard deviation. This is mathematically expressed as: 

 max��1@� = ���1@�A	B
	��  (3.21) 

P. �.					>@ = Q�A	&>	&B
	�� + 2��A	AC>	CB

C��
B
	��  

�A	 = 1B

	��
 

where ��1@� is the portfolio’s expected return,  A	 is the weight invested in security i, >	& is the 

variance of asset i, >	C is the covariance between assets i and j, and >@ is the portfolio’s standard 

deviation. 

Elton et al. (2007) declare that the mean-variance portfolio theory holds when the investor seeks 

to maximize her utility, when the investor prefers higher return to lower return, is risk averse and 

when either the security returns are normally distributed or when utility functions are quadratic. 

As mentioned previously, the investment preference of the investor is usually determined by her 

utility function. All utility functions include a risk aversion constant that serves to specify the 

investor’s tradeoff between risk and return. Constructing such a precise utility function would 

require complex mapping of the investor’s preferences when it comes to the risk and return 

factors. That is however not within the scope of the mean-variance analysis and not within the 

scope of our research to construct a precise measure of preference. We therefore take the utility 

function as given. 
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3.2.3. Determining the Minimum Variance Portfolio 

As defined above, the minimum variance portfolio (MVP) represents the portfolio with the 

lowest level of risk on the efficient frontier. In order to determine the MVP we need to 

differentiate the portfolios’ standard deviation with respect to one of the weights invested in a 

certain security. Referring again to the simple case above with only two assets, i and j, we can 

derive the MVP by solving the following (Elton et al. 2007): 

 
R>@RA	 � �1 2⁄ � ;2A	>	& − 2>C& + 2A	>&& + 2>	>CJ	C − 4A	>	>CJ	C=

;A	&>	& + �1 − A	�&>C& + 2A	�1 − A	�>	>CJ	C=� &U  (3.22) 

By setting this equation equal to zero and solving for A	 yields: 

 A	 = >C& − >	>CJ	C>	& + >&& − 2>	>CJ	C (3.23) 

where A	 generates the weight invested in one of the two securities (the other weight being 

calculated as  AC = 1 − A	 ) that will construct the minimum variance portfolio.It is more 

intuitive showing these calculations with only two securities as the equations become somewhat 

complicated when more securities are included. The intuition behind the solution however 

remains the same when more securities are added to the portfolio. 

3.2.4. The Capital Market Line & the Risk-Free Security 

Until now we have assumed the construction of a portfolio consisting of only risky assets. James 

Tobin (1958) extended Markowitz’ work by adding a risk-free security to the analysis 

framework. Adding the risk-free security allows the investor to invest at a certain interest rate 

that is assumed to have zero volatility. Furthermore, the investor can also be allowed to borrow at 

this rate in order to further extend her investment opportunities beyond the efficient frontier 

illustrated in Figure 3.7. 

Elton et al. (2007) define a risk free asset as an asset that has a certain-to-be-earned expected 

return and a variance of return equal to zero. In real life, short-term government securities are 

usually used as a determinant of a risk free rate, as they pay fixed interest rates and have a 

relatively low default risk. By definition the covariance between the risk-free security and any 



 

risky security must be zero since the variance (and the standard deviation) of the risk

zero. 

When the investor has the opportunity to add a risk

frontier changes and becomes the half

 

By introducing the option for inve

frontier is tangent to the hyperbola where the risky portfolio has the highest slope, that is, the 

highest Sharpe ratio. The Sharp

the riskfree rate to its standard deviation

 

This means that the tangent portfolio gives the highest return for any given level of risk. This 

ratio is also often called the reward

incremental risk, and is widely accepted as a performance measure for portfolio managers. (Bodie 

et al. 2008) 

As becomes clear from comparing Figures 3.6 and 3.7, the introduction of the risk

significant effect on the Markowitz portfolio theory. The portfolios on the efficient frontier 
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t be zero since the variance (and the standard deviation) of the risk

When the investor has the opportunity to add a risk-free investment to her

frontier changes and becomes the half-line shown in Figure 3.7. 

Figure 3.7: Efficient Frontier with a Risk Free Asset 

By introducing the option for investing and borrowing at the risk free rate, 

frontier is tangent to the hyperbola where the risky portfolio has the highest slope, that is, the 

highest Sharpe ratio. The Sharpe ratio is defined as the ratio of the portfolio excess return over 

riskfree rate to its standard deviation (Benninga 2008): 

V � 1@ � 1W>@ �	 1XPY	�Z[\X3\]�^_`^Z`	`[aX^�Xb_ 

This means that the tangent portfolio gives the highest return for any given level of risk. This 

ratio is also often called the reward-to-variability ratio, as it shows the incremental return per 

incremental risk, and is widely accepted as a performance measure for portfolio managers. (Bodie 

As becomes clear from comparing Figures 3.6 and 3.7, the introduction of the risk

nificant effect on the Markowitz portfolio theory. The portfolios on the efficient frontier 

t be zero since the variance (and the standard deviation) of the risk-free asset is 

her portfolio the efficient 

 

 

free rate, 1W, the new efficient 

frontier is tangent to the hyperbola where the risky portfolio has the highest slope, that is, the 

ratio is defined as the ratio of the portfolio excess return over 

(3.24) 

This means that the tangent portfolio gives the highest return for any given level of risk. This 

ratio, as it shows the incremental return per 

incremental risk, and is widely accepted as a performance measure for portfolio managers. (Bodie 

As becomes clear from comparing Figures 3.6 and 3.7, the introduction of the risk-free asset has 

nificant effect on the Markowitz portfolio theory. The portfolios on the efficient frontier 



 

introduced in Figure 3.6 lose their significance as they are all dominated by the new efficient

frontier, the half-line. 

Let us now combine the utility function of 

the risk-free asset. As discussed 

vary among investors. The position of every investor on the new efficient frontier is dependent on 

their risk-aversion, which is demonstrated through the investor’s utility function. In more detail, 

the investors with a great risk appetite will place themselves on the new efficient frontier that lies 

above the tangent portfolio (can be obtained by borro

with less risk appetite will be placed below the 

 

 Figure 3.8: Investor Positioning on the Efficient Frontier based 

The equation describing the new efficient frontier is named the Capital Market Line (CML) and 

is given by: 

 

where the return of the market portfolio at the tangency point is 

free asset, >c and >@ are the market portfolio’s standard deviation and portfolio´s P standard 
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introduced in Figure 3.6 lose their significance as they are all dominated by the new efficient

Let us now combine the utility function of the investor with the portfolio structure that includes 

free asset. As discussed in section 3.2 the utility function of an individual investor will 

vary among investors. The position of every investor on the new efficient frontier is dependent on 

aversion, which is demonstrated through the investor’s utility function. In more detail, 

the investors with a great risk appetite will place themselves on the new efficient frontier that lies 

above the tangent portfolio (can be obtained by borrowing at the risk-free rate), whereas the ones 

with less risk appetite will be placed below the tangent portfolio, as shown in F

Figure 3.8: Investor Positioning on the Efficient Frontier based 

on Individual Preferences 

describing the new efficient frontier is named the Capital Market Line (CML) and 

��1@� � 1W � �1c � 1W>c �>@ 

where the return of the market portfolio at the tangency point is 1c, 1W is the return of the risk

are the market portfolio’s standard deviation and portfolio´s P standard 

introduced in Figure 3.6 lose their significance as they are all dominated by the new efficient 

the investor with the portfolio structure that includes 

the utility function of an individual investor will 

vary among investors. The position of every investor on the new efficient frontier is dependent on 

aversion, which is demonstrated through the investor’s utility function. In more detail, 

the investors with a great risk appetite will place themselves on the new efficient frontier that lies 

free rate), whereas the ones 

tangent portfolio, as shown in Figure 3.8. 

 

 

describing the new efficient frontier is named the Capital Market Line (CML) and 

(3.25) 

is the return of the risk-

are the market portfolio’s standard deviation and portfolio´s P standard 
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deviation respectively, and ��1@� is the expected return of a portfolio constructed of the risk-free 

security and the risky portfolio. 

Since we have added the risk free asset to the investment options, the expected return of our 

portfolio investment now becomes the weighted average of the risk free return and the return on 

the risky portfolio: 

 1@ � d7��17� � �1 − d7�1W (3.26) 

where d7	and	�1 − d7�, represent the weight invested in the risky portfolio and the weight 

invested in the risk-free security respectively. Having added the risk free asset, and obtaining 

knowledge of the investor’s risk aversion coefficient, it can be calculated in what proportion the 

investor would allocate her wealth to the risky portfolio and the risk-free security. Let e and 

�1 − e� determine the amount invested in the risky portfolio and the amount invested in the risk-

free security respectively. e can be determined as: 

 e = ��1@� − 1W�>@&  (3.27) 

where � determines the risk aversion coefficient. 

In addition to allowing the investor to invest in a risk free asset, she can also be allowed to 

borrow at the same rate. When an investor is able to borrow at the risk free rate she can extend 

her set of investments beyond the tangency portfolio point on the straight line in Figure 3.8. In 

such a case she would have a negative position invested at the risk free rate, that is, �1 − d7� 
would be less than one, and the investment in the risky portfolio would be greater than 100%. 

3.2.5. Critiques to the Mean-Variance Framework 

As discussed throughout this chapter, Markowitz’ mean-variance framework has over decades 

been a very popular theoretical framework for portfolio structure. As mentioned above, the 

assumptions made in the theory’s framework do not reflect the financial markets as we know 

them today. These assumptions are namely: 1) no transaction costs, 2) no taxes, 3) unlimited 

lending and borrowing at risk free rate, 4) fixed and constant correlation, 5) and normal 

distribution of asset returns (in the event that the investor’s utility function is not quadratic). 
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Anyone who has obtained some knowledge of the modern financial markets quickly realizes that 

the above mentioned assumptions do not reflect the financial markets as we know them today. 

Longin and Solnik (1995) find evidence that international covariance and correlation matrices are 

unstable over time. In another publication, Solnik et al. (1996) show that correlation for 

international stocks and bonds fluctuate widely over time. Furthermore, they find evidence that 

international correlation increases in periods where the market’s volatility is high. These findings 

are far from being accepted within the mean-variance framework, where the correlation is 

assumed to be constant and fixed over time.  

Transaction costs and taxation can obviously affect the investment decision. Transaction costs 

can vary across asset classes and even within a certain asset class. Keim and Madhavan (1997) 

find evidence that transaction cost on equities can vary in relation with market liquidity and 

exchange listing. The importance of transaction costs can be quite high as investors should take 

into account any costs (or other external effects) that affects their overall realized return. In a 

similar manner, taxes can affect the investment decision as the level of tax rate on capital gains 

can vary between asset classes and between countries. 

One of the fundamental assumptions of the mean-variance framework is the assumed normal 

distribution of returns when investor’s utility function is not of the quadratic form. Normal 

distribution is often defined as a bell shaped curve clustered around a single mean value. When 

assuming a symmetric distribution, as the normal distribution, it is assumed that any positive 

deviation above the mean is equally likely as any deviation below the mean. Another 

characteristic of the normal distribution is when assets with normally distributed returns are 

mixed to construct a portfolio; the portfolio returns will also be normally distributed. Due to this 

characteristic the normal distribution is often referred to as a stable distribution. (Bodie et al. 

2008). 

Assuming a normal distribution is the same as saying the investor only cares about the first two 

moments of the return distribution, the mean and variance. However, in general an investor who 

aims to maximize her expected utility might also care about other moments of the wealth 

distribution in addition to the mean and the variance. In modern financial markets an investor will 

most likely not find a distribution of returns that is perfectly normal and therefore the theoretical 
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framework described above would not be applicable in that situation. For example in real life, 

actual returns cannot be less than -100% which the normal distribution will not rule out.  

A deviation that would invalidate the use of the standard deviation as a proper risk measure is 

called skewness, which is related to the third moment of the return distribution. Skewness is 

defined as a measure of asymmetry and uses the ratio of the average cubed deviation from the 

mean, called the third moment, to the cubed standard deviation to measure any skewness of a 

distribution (Bodie et al. 2008). Mathematically skewness is expressed as: 

 ]Y[f_[PP � �;1@ � ��1@�=g>g  (3.28) 

The normal distribution can either be skewed to the right (where cubed positive extreme values 

are dominant) or to the left (where the cubed negative extreme values are dominant). When the 

distribution is skewed to the right the standard deviation will overestimate the overall risk and 

conversely underestimate the overall risk when it is skewed to the left. 

Another deviation from normality is kurtosis. Bodie et al. (2008) define kurtosis as a measure of 

the fatness of the probability distribution’s tails. Similarly to the skewness, kurtosis is related to 

higher moments, namely the fourth moment of the return distribution. The kurtosis measure 

indicates the probability of observing extremely high or extremely low values in a distribution. 

The tails of a distribution are usually referred to as fat or skinny. A distribution with fat tails has 

more of its probability mass in its tails than is predicted by a normal distribution and the converse 

when tails are skinny. Kurtosis is mathematically expressed as: 

 h3Z�bPXP � �;1@ � ��1@�=i>i � 3 (3.29) 

In equation (3.29), three is subtracted because the ratio for a normal distribution would be 3. 

Thus, the kurtosis of a normal distribution is defined as zero. Therefore, any kurtosis that is 

above zero signals fat tails. In such a case the standard deviation will underestimate the 

probability of observing extreme values in the distribution, even though the distribution still 

holds its symmetry. 

These are some of the critical assumptions of the mean-variance framework. Most of these 

assumptions do not relate to the modern financial markets but have been widely accepted as they 
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manage to give intuitive explanations about the theoretical framework of mean-variance analysis. 

It would be a difficult task, if not impossible, to implement a mean-variance framework including 

the actual setup of financial markets that we experience in real life. It is not the intention of this 

thesis to construct such a comprehensive model; however we aim to overcome some of the issues 

discussed above in our model, mainly the assumption of normality. 

3.3. Regime Switching and Markov Chains 

As stated, the assumption of a unique-normal return distribution can hardly be confirmed when 

looking at the behavior of financial time series. Many variables show abrupt and dramatic 

changes in behavior that cannot be caught and modeled using a single normal distribution. 

Indeed, such disruptive events are not completely represented in a single normal distribution, as 

they would contribute to create fat tails into the real distribution of returns, thus making that of 

normal distribution an inappropriate assumption. 

In order to model the changes in a process followed by particular time series, Hamilton (1989, 

1994, 2005) developed a model that takes into account different distribution for the various 

(hypothesized) processes, with a known start date, such that: 

 yk � μ� �	ε�   for   t - to (3.30) 

 yk � μ& �	ε&   for  t + to (3.31) 

Equations (3.30) and (3.31) can be easily generalized and encompassed into a more plausible 

stochastic environment, by stating that the process is influenced by an unobserved random 

variable sk, that corresponds to the state or regime in which the process was at date �, such that 

 eq � rsq � tsq (3.32) 

 tsq~	v�0, >sq& �  

where rsq indicates r�and r&when Pq = 1 and Pq = 2 respectively. The same mechanism holds 

for tsq. 
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In order to model the process described in equation (3.32), a description of the time series process 

for the variable Pq is needed, knowing the fact that Pq is a discrete-valued random variable. For 

this purpose, Markov Chains can be used. 

3.3.1. Markov Chains 

An N-state Markov Chain is a process which implies that the probability of Pq being equal to 

some particular value w, depends on the past through only the most recent value of Pq/�: 

 %xPq � w|Pq/� � X, Pq/& � Y,… { � %xPq � w|Pq/� � X{ � �	C (3.33) 

where D�	CF	C��,&,⋯B represent the transition probabilities, that is, the probability that state X is 

followed by state w. The transition probabilities can be conveniently collected into an �v	x	v� 
matrix where each column sums to 1:  

 % � }�	� ⋯ �B�⋮ ⋱ ⋮�	B ⋯ �BB� 
(3.34) 

The ith column of the matrix P can be written as the conditional expectation of ξk��, given Pq � X, 
where ξk denotes a random �v	x	1� vector whose jth element is equal to unit if Pq = w. 
 ��ξk��|sk = i� = ����⋮���� 

(3.35) 

Equation (3.35) holds, because if Pq = X, then the jth element of ξk�� is a random variable that 

takes the value 1 with probability ���, and zero otherwise. Moreover, when Pq = X, the vector ξk 
corresponds to the ith column of the identity matrix 'B, which implies: 

 ��ξk��|ξk� = %ξk (3.36) 

From equation (3.36), a Markov Chain can be represented with a first order vector autoregression 

 ξk�� = 	%ξk + vk�� (3.37) 

where 
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 vk�� � ξk�� � ��ξk��|ξk, ξk/�, … � (3.38) 

is a martingale difference sequence that can assume only finite value with mean zero, and cannot 

be forecasted by knowing the previous states of the process. 

It follows that the m-period-ahead forecasts for a Markov chain can be calculated from 

 ��ξk��|ξk� � %�ξk (3.39) 

Let us define π as the �v	x	1� vector of ergodic probabilities for an ergodic chain3, which satisfies 

 %6 = 6 (3.40) 

It follows that long-run forecast of ξk�� is given by the vector of ergodic probabilities 6 

regardless of the current value of ξk: 
 ��ξk��|ξk, ξk/�, … � = 	%�ξk �→ 	π ∗ 1*ξk = π (3.41)4 

The vector of ergodic probabilities can also be viewed as indicating the unconditional 

probabilities for each of the N different states. 

Indeed, if the �v	x	1�  vector π is set to be describing the unconditional expectations of ξk, such 

that π = E�ξk�, and assuming stationarity, the unconditional expectations of equation (3.37) 

��ξk��� = Pξk, becomes 6 = %6. This is identical to equation (3.40) characterizing 6 as the 

eigenvector of P, associated with the unit eigenvalue, which for an ergodic Markov chain is 

unique. Thus, the vector of ergodic probabilities 6 can be interpreted as the vector of 

unconditional probabilities. 

The Markov Chain that describes the process of the random variable st, is said to be hidden, since 

states (regimes) are not directly – i.e. with certainty – observable, but have instead a probability 

distribution over the possible outputs which instead are perfectly visible. 

                                                 
3
 An N-state irreducible Markov chain with transition matrix P is said to be ergodic if one of the eigenvalues of P is 

unity and all the other eigenvalues of P are inside the unit circle. 
4
 For a more detailed description and derivation of equation (3.41), please refer to Hamilton (1994) 
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3.3.2. Models of Changes in Regimes 

The reason why the Markov chain is a suitable description of the process generating changes in 

regimes lies in the fact that it allows the forecast and simulation of both permanent events (by 

setting an absorbing transition matrix, i.e. at least one �	C � 1) and very short-lived, and unusual 

events (a more homogeneous transition matrix). However, in order to be able to use a Markov 

chain generating process, the assumption that the future will be somewhat similar to the past is 

needed. Another advantage of Markov chain is its flexibility, given by the fact that the same 

probability law is consistent with a broad range of outcomes that allows setting parameters on the 

basis of the data alone. 

The model for a non-autoregressive process is as follows:5 

Let eq be an �v	x	1� vector of observed variables and " be a vector of parameters characterizing 

the conditional density (r�, … , rB , >�,&… , >B&)6; the conditional density of eq, if the process is 

governed by regime Pq = w, at date t, is given by: 

 ��eq|Pq = w, �q , "� (3.42) 

The N different conditional densities, described in equation (3.42), are collected in a �v	x	1� 
vector �q. To better illustrate, with N = 2 and normal distribution of eq, the vector is represented 

by: 

 

�q = ���eq|Pq = 1,"���eq|Pq = 2,"�� =
��
��
� 1
√26>� [�� �

−�eq − r��&2>�& �
1

√26>& [�� �
−�eq − r&�&2>&& ���

��
�
 

(3.43) 

The unobserved regime is presumed to have been generated by a probability distribution for 

which the unconditional probability thatPq takes on the value j is denoted πj (equation (3.41))  

 %xPq = w; 	�{ = 6Cfor		w = 1,2, … ,v (3.44) 

where � is a vector of population parameters. 

                                                 
5
 See Hamilton (1994) for further details and a generalization to the autoregressive model.  

6
 The more general model (Hamilton 1994) also includes a vector xt of observed exogenous variables. In the case 

studied in this thesis, the exogenous variable is only one and it assumes the constant value of 1. 
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The joint density-distribution function of eq and Pq, or the probability of the joint event that 

Pq � w and eq falls in an interval �^, ¡� is given by integrating: 

 ��eq , Pq � w; 	�� � ��eq|Pq � w; 	�� ∗ %xPq � w; �{ (3.45) 

over all values of eq between ̂ and ¡. 

From equation (3.43) and (3.44), this is given by: 

 ��eq , Pq � w; 	�� � 6C√26>C [�� ���eq � rC)&2>C& � 
(3.46) 

The sum of equation (3.46) over all possible values of w represents the unconditional density of eq 
that, for a model where N = 2, is given by: 

 ��eq; �) = 6�√26>� [�� ���eq � r�)&2>�& � + 6&√26>& [�� ���eq � r&)&2>&& � (3.47) 

If the random variable Pq is i.i.d. distributed across different dates, �, then the log likelihood for 

the observed data can be calculated as: 

 ℒ��) =�log��eq; �)¥
q��  

(3.48) 

which, maximized, under the constraints that 6� + 6& +⋯+ 6B = 1	and 6C ≥ 0 for w =
1,2, … ,v, returns the maximum likelihood estimate of �. 

The solution to this maximization problem can be found by using a special case of the EM 

algorithm developed by Dempster, Laird and Rubin (1977), where it can be shown that each 

iteration on the algorithm increases the value of the likelihood function until a certain maximum 

point is obtained. 

The maximum likelihood estimate �§ represents a solution to the following system of non linear 

equations:7 

                                                 
7
 For the derivation of this solution, please refer to Appendix 22.A in Hamilton (1994) 
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 r©̈ � 	∑ eq ∗ %xPq � w|eq; �{¥q��∑ %xPq � w|eq; �{¥q�� for		w � 1,2, … ,v 
(3.49) 

 >ª&« =	∑ �eq − rC�& ∗ %xPq = w|eq; �{¥q�� ∑ %xPq = w|eq; �{¥q�� for		w = 1,2, … ,v 
(3.50) 

 6̈© = 	¬/��%xPq = w|eq; �{
¥

q��
for		w = 1,2, … ,v 

(3.51) 

The estimates r©̈  and >ª&«  represent a weighted average of all observations in the sample where 

the weight is proportional to the probability that date t’s observation was generated by regime w 
when %xPq = w|eq; �{ is unknown and comprised between 0 and 1. 6©̈  represents the simple 

fraction of observations that appear from regime	w. 
Given the non-linearity of the equations, the solution cannot be found analytically. However, as 

stated above, the EM algorithm can be used to solve this system of equations. The algorithm 

starts with an initial guess on �, which is used to calculate %xPq = w|eq; �{. The result to this first 

calculation is then plugged into the right hand side of equations (3.49) through equation (3.51) 

which will return a new estimate for �, ����. The procedure is repeated until ���� − ������is 

equal to zero or smaller than some specified convergence criterion. 

Given the knowledge of the parameter � it is possible to make inference about which regime was 

more likely to have caused the observation yt. From the definition of conditional probability8 it 

follows that: 

 %xPq = w|eq; 	�{ = ��eq , Pq = w; 	����eq; �� = 6C��eq|Pq = w; 	����eq; ��  
(3.52) 

Equation (3.52), calculated for each observation e, for every date �, gives a probability that the 

unobserved regime responsible for observation	e was regime w.  
As stated, one cannot be certain of the regime that generates the observation at time �; however, 

in order to have a better idea, some inference can be done. As an example, it is assumed that a 

time series is defined as a mixture of two i.i.d. Gaussian distributions that generate the 

                                                 
8%x|®{ = 	@x7	¯
°	8{@x8{  
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observation in �, with �eq|Pq � 1� ∼ v�0,1� and �eq|Pq = 2� ∼ v�4,1�. In this scenario, in the 

presence of yt = 0, it can be inferred that the observation was generated by the v�0,1� 
distribution, so that %xPq = 1|eq; 	�{ is close to unit. 

The probabilities defined in equation (3.52) are based on the information available at time � and 

are defined as filtered probabilities. Another type of probabilities is smoothed probabilities. 

Smoothed probabilities are those who are calculated for the whole set of information obtained 

over the entire time period: 

 %xPq = w|e¥; 	�{ (3.53) 

For the purposes of this paper, smoothed probabilities are to be considered preferable to filtered 

probabilities, since the latter present the unappealing characteristics of not taking into account the 

information set for the whole time period and, more importantly, not being real time estimates of 

the probabilities. This is due to the fact that filtered probabilities are, at the same time, 

conditional to the information available at date � and to the set of parameters	�,which is the result 

of an estimation over the whole period. Real time estimation would indeed require at each date � 
to estimate new parameters which would be conditional to the information available in �.  
3.3.3 The general Model: A Brief Description 

This section is intended to give the reader a broader view on Regime Switching Models through 

the brief description of a more general model which takes into account autoregressors and a set of 

exogenous observed variables eq.9 
 eq = 6sq + ²sqeq/� + tsq (3.54) 

where 

 tsq	 ∼ X. X. `.		v�0, >s&�.  

Let ³q = �eq*, eq/�* , … , e/�* , �q*, �q/�* , … , �/�* �* be a vector containing all observations obtained 

through time �. Then, assuming the process to be governed by regime st = j at date �, the 

conditional density is defined as: 

                                                 
9
 Please refer to Hamilton (1994) for a more detailed and in depth explanation of the more general model. 
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 ��eq|Pq � w, �q , ³q/�, "� (3.55) 

The vector �q, as defined in equation (3.43), then takes the form: 

 

�q � ���eq|Pq � 1, eq/�, "���eq|Pq = 2, eq/�, "�� = ��
��
� 1
√26>� [�� �

−�eq − r� − ²�eq/��&2>�& �
1

√26>& [�� �
−�eq − r& − ²&eq/��&2>&& ���

��
�
 

(3.56) 

while � is the vector including the parameters of α and the transition probabilities pij. 

Let � be somehow known with certainty, and let µ́q⃓q be a (N x 1) vector of conditional 

probabilities (inference) of the value of st based on the data available at date �, that is: 

 µ́q⃓q = ·%xPq = 1|³q , �{⋮%xPq = v|³q , �{¸ 
(3.57) 

The vector of forecasts, i.e. of how likely is the process is to be in regime w at date � + 1	, will be 

denoted as µ́q��⃓q, whose jth element represents %xPq�� = 1|³q, �{. 
The iteration of the following system of equations will then represent the optimal inference and 

forecast for each date �: 
 µ́q⃓q = � µ́q⃓q/�⨀�q�1′� µ́q⃓q/�⨀�q� 

(3.58) 

 µ́q��⃓q = % µ́q⃓q (3.59) 

where 1*	is a �v	x	1� vector of ones and the operator ⨀ denotes the element-by-element 

multiplication. As mentioned above, given a starting value of ́µ�⃓o, the values for ́µq⃓q and ́µq��⃓q 
can be obtained for every date � in the sample by iterating equations (3.58) and (3.59). 

The log likelihood for the observed data calculated at the known value of the vector � can also be 

obtained as a by-product of the algorithm from 

 ℒ��� = � log ��eq					⃓ �q , ³q/�; ��
¥

q��
 

(3.60) 
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where 

 ��eq⃓�q , ³q/�; �� � 	º′� µ́q⃓q/�⨀�q� (3.61) 

Once the iteration is completed, the log likelihood function, implied by the initial value of �, is 

known. At this point, the maximum likelihood estimates of the vector � can be numerically 

derived. 

3.3.4. Determining the Number of Regimes 

While dynamic models with parameters, which are subject to Markov Regime Switching, have 

attracted a great amount of interest in recent literature, little attention was dedicated to what 

seems to be a central point of the model, the determination of the number of states. 

The state dimension of the hidden Markov Chain is an important factor since it allows having a 

more detailed estimation of the coefficient and a more accurate model selection. In practice, this 

dimension has been determined most of the times in an informal manner, leaving room for an 

arbitrary choice. The main problem facing the testing of the number of states derives from the 

fact that likelihood ratio tests cannot be implemented since the usual regularity conditions cannot 

be fulfilled under the null hypothesis, and hence, the asymptotic null distribution of the likelihood 

ratio test is not a χ&. 

Davies (1977), Hansen (1992, 1993), Andrews and Ploberger (1992) and Stinchombe and White 

(1993)  have proposed approaches to overcome the problem related to the regularity condition of 

the test but, at least for Hansen, the results were computationally burdensome and only delivered 

p-values which are upper bounds to the real p-values. Another approach has been followed by 

McLachlan (1987) and it involves the use of critical values/p-values from a bootstrap 

approximation to the null distribution of the likelihood ratio. However, the asymptotic 

correctness of such bootstrap tests has not been proven yet. 

Psadarakis and Spagnolo (2002) suggest investigating the properties of state-dimension 

determination procedures based on ARMA representations, and complexity-penalized likelihood 

criteria of the like of the Akaike information criterion and Bayesian information criterion. 

However, Zhang and Stine (2001) and others suggest that only weakly stationary processes 
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generated by Markov switching sodels admit linear autoregressive moving-average 

representations.  

Given the uncertainty about the optimal way of estimating the number of regimes to be used in 

the model, an intuitive rule-of-thumb can be followed. This procedure implies a number of 

regimes are in the order of two to the power of the number of times series for which regimes are 

calculated. Such a number of regimes, even though might result in being redundant, protects from 

the lack of information given by an underestimation of regimes and assumes that all the times 

series are orthogonal with each other in every regime. This procedure has however the big 

downside of strongly limiting the number of assets (times series) that can be studied and can 

make the computations be extremely cumbersome. 
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4. The Data 

This chapter describes the data used in our research. The empirical research is based on historical 

returns of both equities and commodities extracted, in the form of time series, from Thomson 

Reuters Datastream (Datastream). We use 3 indices, two equity indices and one commodity 

index. In theory, bond markets are much less volatile than the equity markets and can therefore 

be the ideal tool for diversification in a volatile market. Commodities on the other hand show 

higher level of volatility than bonds but still lower than most equity indices. Bond indices were 

not included in the empirical research as the assumed risk free rate can be used for similar 

diversification purpose as a bond index and as the commodity index used shows relatively low 

level of volatility.  

The dataset is constructed of 4.435 daily observations, for each chosen asset, during the period 

01.01.1994 – 31.12.2010. We believe that using daily observations gives the best possible result 

as stock prices may exhibit high volatility within short time periods. When identifying different 

regimes within the indices used, the long period of historical daily data enables us to capture 

various fluctuations, both within a very short period of time as well as over longer periods. 

Furthermore, using daily data also differs from previous studies within this field, as most authors 

have previously used monthly data. Analyzing the regime structure of the same indices used in 

this research, but with monthly observations, results in some regimes not being significant. In 

order to significantly define the structure of two regimes, daily observations were needed. We 

acknowledge the fact that using daily data can bring less significant results on the persistency of 

the regimes, but it was found preferable to have significant values for the structure of regimes.  

Fluctuations in the world’s financial markets can be the resulting from various events, usually 

defined as increased (or decreased) volatility in the markets. By using historical data of 17 years, 

we make sure that we capture both positive and negative market reactions in our analysis, e.g. we 

span the booming markets during the late 1990s as well as the most recent worldwide financial 

crisis started in 2007, and still threatening parts of the world. 

The entire index data used in our analysis is extracted from Thomson Reuters Datastream, which 

is one of the largest financial databases available. The use of Datastream allows us to extract all 

indices from one reliable source and ensures the quality and comparability of our data, as well as 

making sure that all time series data are of the same form. The risk free rate, used in the asset 
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allocation part of our research, was extracted from the US Department of Treasury on date 

24.06.2011, where Treasury Yield Curve Rates are updated daily. The risk free rates used in this 

research are shown in Table 4.1. 

 

 Table 4.1: Risk Free Rate from the US Department of Treasury10  

4.1. Measuring returns 

When calculating daily return of the dataset used in this research, continuously compounded 

returns are used. The rate of return between the period � and � � 1 is defined as: 

 Zq = ln � %q%q/�� 
(4.1) 

and 

 %q = %q/�[2¼ (4.2) 

Supposing that Z�, Z&, ⋯ , Zi.ig½ are the daily returns of our data, then the price of an asset at the 

end of the 4.435 periods will be %i.ig½ � %o[2¾�2¿�⋯�2À.ÀÁÂ. 
The average daily returns and standard deviations of the three indices used in our analysis are 

represented in Table 4.2. 

 

 Table 4.2: Average Daily Returns & Daily Standard Deviations of the Raw Data  

                                                 
10

http://www.treasury.gov/resource-center/data-chart-center/interest-

rates/Pages/TextView.aspx?data=yieldYear&year=2011 

1 Year 0.16%

5 Year 1.40%

10 Year 2.88%

15 Year 3.50%

Risk Free Rate

S&P 500 COMPOSITE FTSE W NORDIC CRB Commodity Index

Average Daily Returns 0.0296% 0.0467% 0.0169%

Daily Standard Deviations 1.2228% 1.6771% 0.4529%

Average Returns & Standard Deviations
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4.2. Indices 

The extracted data of the equity indices are reported as total return indices in USD. Using total 

return indices assumes that any cash distributions, from the firms constituting the index, are 

reinvested back into the index. This represents the index’s performance more accurately as by 

assuming that dividends are reinvested, we take into account that some of the firms in an index 

do not pay their shareholders any dividends but reinvest all their earnings in their underlying 

stock on their own terms. Furthermore, in order to develop a more diversified portfolio of assets 

the analysis includes one commodity index. The commodity index used is based on the prices of 

various underlying commodities. The indices chosen are S&P500 Composite, FTSE W Nordic 

and the CRB Commodity Index. The reason these indices were chosen is that S&P500 Composite 

is the main identifier of the US financial markets; the Nordic markets were chosen due to 

particular interest as this is a master thesis written within the Nordic region and the CRB 

Commodity Index was chosen to include more than only equities in the empirical research. 

Moreover, the CRB Commodity Index allows our research to consider a wide range of 

commodities by including only one index rather than choosing many individual commodity 

indices.  

Below each of the three indices are described. 

4.2.1. S&P500 Composite 

The S&P500 index is maintained by the renowned index committee of Standard & Poor’s. The 

index is thought of as the best indicator of the US equities market. S&P500 focuses on the 500 

leading companies in leading industries of the US economy, which gives approximately 75% 

coverage of all US equities (Standard & Poor’s 2011) Given the 75% coverage of all US equities, 

the index represents an ideal asset for a well diversified equity portfolio for any investor. 

Furthermore, the S&P500 index is often used as the main benchmark for many US investment 

funds and is therefore ideal for inclusion in an investment portfolio for an US investor. 

4.2.2. FTSE W Nordic 

The FTSE W Nordic index represents the performance of the Danish, Swedish, Norwegian and 

Finnish stock markets. This index is a part of the FTSE Global Equity Index Series that includes 

62 different indices. The FTSE W Nordic is a part of the FTSE World Index series which is the 
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predecessor to the FTSE All World Index series which incorporated a wider coverage of 

components into its calculation (FTSE, The Index Company 2011). 

Similar to many of the world’s financial markets, the Nordic market has suffered a few upward 

and downward trends throughout history. Including the Nordic stock market in a portfolio will 

allow the investor to further diversify her equity portfolio as the index represents the stock 

performance for all the Nordic countries. 

4.2.3. CRB Commodity Index 

The Reuters CRB Commodity Index was founded in 1957 and has a long history as one of the 

most widely followed index of commodities. The main purpose of the CRB index is to be a 

transparent and widely available benchmark for the performance of various commodities. 

Currently the CRB index is constructed of 19 traded commodities that give a good representation 

of the overall commodity markets. These nineteen commodities are sorted into 4 groups with 

individual weights. The groups of commodities are: 1) petroleum products where crude oil 

weights 23%, 2) liquid assets: sugar cotton coffee and more, 3) highly liquid assets: natural gas, 

corn, gold and more, and 4) diverse commodities as nickel, wheat, orange juice and more (Anson 

2009). 

As previously discussed this commodity index can be useful as a possible diversification option. 

Including the CRB rather than an index of a single commodity, e.g. oil, gas, gold, etc, allows the 

investor to proportionally get exposure to various commodities by investing in only one index. 

4.3. Correlation Analysis 

Correlation is a measure that indicates the degree to which the prices of two assets move together. 

Correlation of 1.0 for assets A and B indicates that the two move identically in the same 

direction, the converse is true when correlation is -1.0. Correlation between the two variables, A 

and B, can be defined as: 

 J78 � cov�A, B�σÇσÈ  
(4.3) 

Where σÇ and σÈ are the standard deviations of A and B and cov�A, B� is the covariance between 

the two.  
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In order to define the correlation of our data we perform a correlation analysis. As expected the 

equity indices show higher levels of correlation with each other than their correlation with the 

commodity index. The commodity index is however slightly more positively correlated with the 

FTSE W Nordic index than the S&P 500. This is demonstrated in Table 4.3: 

 

 Table 4.3: Correlation of Returns  

For diversification purposes, the importance of combining assets that have low levels of 

correlation (or even negative correlation, which might even give better diversification ability) is 

widely accepted and is in fact one of fundamental inputs in modern portfolio theory. 

4.4. Testing Raw Data for Normality 

In order to test the dataset for normality we perform a Lilliefors test which is built-in-function in 

Matlab. In Matlab we will test the null hypothesis that our data is normally distributed against the 

alternative hypothesis that our data is not normally distributed. The test returns a logical value 

H� 1 if it rejects the null hypothesis at the 5% significance level, and H = 0 if it can’t. 

The Lilliefors test is similar to the Kolmogorov-Smirnov test. The difference between the two is 

that the Lilliefors test doesn’t require that the null distribution is fully specified, whereas in the 

case of the Kolmogorov-Smirnov test the distribution needs to be completely specified (Abdi and 

Molin 2007). 

Therefore the Lillefors test can be defined as a 2-sided goodness-of-fit test, with the same test 

statistics as the Kolmogorov-Smirnov test: 

 D = maxË |SCDF�x) � CDF�x)| (4.4) 

S&P 500 COMPOSITE FTSE W NORDIC CRB Commodity Index

S&P 500 COMPOSITE 1

FTSE W NORDIC 0.41648 1

CRB Commodity Index 0.12715 0.23904 1

Correlation of Returns
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where SCDF is the empirical cdf estimated from the sample and CDF is the normal cdf with 

mean and standard deviation equal to the mean and standard deviation of the sample (Mathworks 

2011). 

 

 Table 4.4: Lillietest performed in Matlab  

The result from our statistical testing shows that none of the individual indices that form our 

dataset fall under the criteria of normal distribution. Moreover, we are able to reject the null 

hypothesis in all cases and conclude that our individual time series do not follow a normal 

distribution. The kurtosis values in Table 4.4 shows that each of the individual index chosen 

observes fatter tails than would be expected of a normal distribution. Similarly, for all indices 

chosen we observe negative skewness. Obtaining a negative value of skewness implies that using 

standard deviation as a measure of risk will underestimate the risk of the asset. 

To graphically test for normality, the function histfit was applied in Matlab. The histfit function 

simply returns a histogram of the analyzed data with the fitting of a bell shaped normal 

distribution curve. As can be seen in Figure 4.1, applying the histfit function graphically confirms 

that returns are not normally distributed. 

Asset H Conclusion p Mean Std Kurtosis Skewness

S&P 500 COMPOSITE 1 Reject null hypothesis 0.001 0.00030 0.01223 11.69949 -0.20198

FTSE W Nordic 1 Reject null hypothesis 0.001 0.00047 0.01677 8.04803 -0.07088

CRB Commodity Index 1 Reject null hypothesis 0.001 0.00017 0.00453 8.66014 -0.51707

Lillietest performed in Matlab
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 Figure 4.1: Normality Fitting of Raw Data  
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5. The Models 

As previously noted, the main objective of this research is to find a possible alternative to the 

Markowitz optimal portfolio choice, which needs several important assumptions to be in place in 

order to be implemented. One of the main assumptions, the normal distribution of asset returns, 

does not seem to be representing the world as we know it, and therefore biases the 

correspondence of the model’s optimal portfolio choice to what it would be in reality. Returns in 

the real world usually show fatter tails, as was demonstrated in the previous section, in the 

furthermost ends of their distribution with respect to those that a normal distribution should have. 

Therefore, the hypothesis that asset returns follow two or more different dynamics, depending on 

a particular state of the economy, might be an appropriate solution to the problem. 

Indeed, what we aim to illustrate is that the marginal distributions of the asset returns in each 

state, which are assumed to be normal, together are a better approximation of the “real” asset 

return distribution than a normal distribution alone. Furthermore, the aim of this chapter is to 

clarify the structure of the models developed in this thesis. The Regime Switching Models are 

two, Multivariate Regime Switching Model and Univariate Regime Switching Model. 

Additionally, these two Regime Switching Models are combined with a model of asset allocation. 

In the following sub-sections the models’ outline is explained as well as the outline of testing for 

normality. 

5.1. Introducing the Models 

As described in chapter three, where we introduced the theoretical framework which this research 

is based on, the basis model can be divided in two distinguishable, but still not separate parts; 1) 

the estimations of the different regimes (states) that the world follows and 2) the optimal 

portfolio and asset allocation given the information received from part 1) of the analysis. 

One of the main innovative aspects of this research is the critique towards one of the fundamental 

assumptions that has been commonly used in previous literature, that of the common 

(simultaneous) effect of regimes on all the assets that are taken into account in the analysis. In 

general, assets are free to move independently, and it is unrealistic to assume that all asset classes 

are under the influence of a given regime at date �. Even if returns might be of the same sign for 

the different assets, different interpretations can be inferred from this information, accordingly to 
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the specific moment or specific dynamics that each asset class follows. This model will be 

referred to as the Multivariate Regime Switching Model, since estimations for the determination 

of parameters and for the simulation of returns are conducted together for all assets at once. 

The unappealing, and unrealistic, assumption of the contemporary effect of regimes can be 

avoided by estimating parameters and simulating returns for each asset separately. For the 

estimation of the parameters (the Regime Switching Model), this creates no problems with the 

accuracy of the information received11. Another important assumption is needed when returns are 

simulated (the Asset Allocation Model). The model in this case, being a Univariate model, cannot 

estimate the covariances between assets, meaning that correlation coefficients cannot be correctly 

inferred. This issue can partly be overcome by fixing correlation coefficients through the 

estimated parameters, in order to have time-varying covariances but time-constant correlation 

coefficients.  

5.2. The Regime Switching Models 

The estimation of the regimes and of the distribution parameters is based on to the Grocer 

Toolbox available for the Scilab software, a very useful package which includes the MSVARlib 

2.0, a compliant library which focuses its functions on Multivariate Markov Switching 

Regressions in their most general specification (Bellone 2005)12. 

The Markov Regime Switching Model applies to those data which are subject to regime shifts or, 

more specifically, to those data in which can be evidenced different periods which do not share 

the same dynamics.  

The Grocer package follows the EM algorithm described by Hamilton (1994), based on the 

following Data Generating Process (Bellone 2005): 

 Ïeq � �qÐÑ¼ � ÒqÓ � tq3q|]q~v�0,∑sq)  
(5.1) 

                                                 
11

 For what written in the theory chapter referring to the determination of the optimal number of regimes, this 

method actually seems to be more flexible allowing researchers to implement and study a higher number of asset 

classes.  
12

 We thank the author of the code, Benoit Bellone. Bellone has published all his work on his website. 
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where	eq is a vector of size �1	x	�), where � represents the number of variable of interests; �q and Òq are �1	x	_) and �1	x	Õ) vectors of exogenous regressors respectively, subject and not subject to 

switching regimes; Ðsq the �_	x	�) matrix of regression coefficients that are regime switching and Ó the �Õ	x	�) matrix of non-switching coefficients; ]q is the vector of states, and is represented as 

an unobservable variable which follows a first order Markov Chain whose transition matrix, in 

this case, is: 

 % = Ö��� �&���& �&&× with ∑ �ØC � 1&C�� ,	and	�ØC ≥ 0, ∀	Y, w ∈ x1,2{, (5.2) 

since it seemed reasonable to assume that the data of this research were subject to two different 

regimes. 

Among the different specifications, Grocer and MSVARlib 2.0 allows for the determination of 

regime dependent covariance matrix. The one that seemed to be the most suitable, both in terms 

of suitability to the type of data, that are the object of this analysis, and for completeness of 

information, was the generalized covariance matrix: 

 � = �>	C�]q��Ñ¼  (5.3) 

5.2.1. The Multivariate Regime Switching Model 

The family model that  has been chosen, from those deriving from equation (5.1), is the mean-

variance model, which takes the following form: 

 eq = rÑ¼ + tsq (5.4) 

where no exogenous regressors are assumed and the only coefficient subject to regime switching 

is that of the mean. Here, eq is a �1	x	3) vector containing the returns for each asset at time �, rs¼ 
is the mean of each asset depending of which regimes characterizes time � (i.e. it can take values r� and r& for each asset) and tsq~	v�0, >Ñq& � is a �1	x	3) vector of residuals of every asset. It is 

important to state also in this case that tsq can follow two different distributions depending on 

which state is characterizing time � and thus to which variance >�& or >&& its distribution is subject 

to.   
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Let � be the vector of all the parameters, namely the means of each asset, the number of states, 

the transition probability matrix and the variance matrix of the residuals. 

The model can then be estimated by a maximum likelihood method. In more details:13 

1. The first step consists of estimating starting values for all the parameters through the 

Grocer function ms_estimate, which divides the time period in M parts, where M is the 

number of states; 

2. Then the function MSVAR_Ergodic estimates the ergodic probabilities for each state; 

3. Calculation of the maximum log-likelihood of the parameters, using the conditional 

density function of eq and the conditional probabilities on the state of the world. 

This estimation provides three different types of output: 

1. The vector of parameters �; 

2. The filtered probabilities: P�Sk � i|Ik, θ�, that is, the probability that the world is in regime 

i at time t, conditional to the information available at date t and to the estimated �; 

3. The smoothed probabilities: P�Sk � i|IÛ, θ�, that is, the probability that the world is in 

regime i in time t, conditional to the information available over the whole estimation 

period and to the estimated �. 

As previously argued in section 3.1.2., it was considered preferable to utilize the smoothed 

probabilities instead of the filtered. 

For completeness, the line of code used for this part of the model is the following, with all the 

decided specifications: 

ms_mean (endo, MS_M,MS_V,MS_var_opt), where: 

- endo is the list of endogenous variables: here the asset returns; 

- MS_M is the number of states: here 2; 

- MS_V is the configuration of the variance matrix for the residuals and it takes value 1 if it 

is set to be common for all the states and 2 if it is different for each state: here it is set to 

2;  

                                                 
13

 For the description of the steps of the algorithm, please see GROCER 1.4 user manual, chapter 23, Markov 

Switching estimation 
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- MS_var_opt allows for the possibility to choose between heteroskedasticity, 

homoskedasticity or no constraints for the variance matrix of the residuals; it takes the 

values 1,2,3 respectively: here it is set to 3. 

From the output we are able to estimate the persistence of regimes, calculated as: 

 Ü	 �	 1�1 − �		� 
(5.5) 

where �		 is the iith element in the transition probability matrix, meaning the probability that 

regime	X will be followed by regime X. 
 

5.2.2. The Univariate Regime Switching Model 

The Univariate Regime Switching Model takes each asset separately into consideration. This 

means that each asset will be characterized by a different specification of equation (5.2), with 

different parameters estimates and therefore different dynamics, so that: 

 e¯q = r¯Ñ¼ + t¯Ñ¼ (5.6) 

where e¯q represents the return of asset ^ at date �, r¯Ñ¼ is the mean parameter for asset ^ at date 

� and can always assume values r¯�, r¯& and t¯Ñ¼~	v�0, >¯Ñq& � is the residuals for asset ^ (and, as 

before, >¯Ñq&  can assume values >¯�&  and >¯&& ). The estimation procedure is the same as that 

described in chapter three and in the previous paragraph, but it is done separately for each asset 

(thus being repeated three times). Conducting the research in this way, the six regimes that have 

been calculated are completely independent from each other, and when the assets are jointly 

taken into consideration in order to proceed with the asset allocation, the (3x2) initial regimes 

will, as a matter of fact, originate from their combination eight effective regimes (23). 

The Univariate model can be seen as a special case of an eight regimes multivariate estimation; 

however, the Univariate model is computationally less intense, thus its results are more reliable. 

Moreover, even though it is true that this reduction in computational complexity is offset by the 

strong assumption of time invariant (non-regime dependent) correlations between assets, the 

Univariate model allows for, theoretically, no limit in the number of assets. Indeed, given the fact 

that assets’ coefficients are estimated separately and that each estimation deals with one asset and 
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two regimes, an increase in the number of assets will not add computational complexity in the 

estimation. 

5.3. Testing for Normality and the Fitting of a Joint Distribution 

As previously mentioned the normality testing was performed on the raw dataset, both 

numerically and graphically, by using the Lillefors test and the function histfit in Matlab. 

The graphical test was repeated after the regime switching parameters estimation, considering the 

joint distribution of the two regimes. In order to do so, we simulate two normally distributed 

random variables for each asset, one for each state, using the mean and variance parameters 

derived from the results of the regime switching model. These two marginal distributions have, 

subsequently, been constructed into a joint distribution on which the test was repeated. The 

contribution of each single distribution to the joint distribution is given by the ergodic probability 

of each regime. 

The test has been performed both for the Univariate Regime Switching Model and the 

Multivariate Regime Switching Model, which are, respectively, represented in the first and 

second row of Figure 5.1 below. 

The red line represents the normal distribution, as already shown in the chapter 4, while the green 

line represents the joint distribution of regimes. It is clear how, both in the case of the Univariate 

model and the Multivariate model, the new joint distribution approximates real data better than 

the normal distribution. In particular, the distribution generated through the regime switching 

process is better able to catch the tails of the real data distribution than the normal distribution, 

which considers lower tails. 

We can therefore infer that regime switching models are able to make more realistic 

approximations and simulations of real financial data, and can allow for asset allocation strategies 

that take into account also the so called extreme events. 
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Figure 5.1: The Fitting of a Normal Distribution and the Joint Distribution 

(First row  Univariate Regime Switching Model & Second Row: Multivariate Regime Switching Model) 
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5.4. Model Selection 

Both of the models introduced require strong assumptions in order to be implemented. This 

section is intended to show how these two models can be statistically tested, in order to 

evaluate which of the two assumptions lead to the lowest loss of information. However, the 

two models are not considered to be a special case of one another, and are therefore defined as 

non-nested models. In order to statistically test such models the Akaike Information Criterion 

(AIC) and the Bayesian Information Criterion (BIC) can be applied. Both criterions use the 

maximum value of the likelihood function. The AIC is defined as: 

 'Ý � 2Y � 2 ln�Þ) (5.7) 

and the BIC is defined as: 

 ®'Ý = �2 ln�Þ) + Y ln�_) (5.8) 

where Y is the number of parameters estimated in the model, Þ is the maximum likelihood 

function value for the model, and _ determines the sample size. For both the AIC and BIC 

statistical tests, the model that results with a lower value from equations (5.7) and/or (5.8) is 

preferred to the other. Thus, the Akaike information Criteria, just like the BIC, penalizes the 

log-likelihood of each model by a quantity which is proportional to the number of its 

parameters.  

The two main estimation errors that can be encountered when testing models statistically, and 

therefore in model selection, are the risk of modeling and the risk of estimation. While the 

Akaike Information Criteria does not really cover for the risk of modeling – i.e. the risk that 

the particular form of the specified parametric probability model may not be the appropriate 

distribution for the data (Bozdogan 2000) – it tends to significantly identify the risk of 

estimation. 

The risk of estimation can be divided into two subcomponents, namely bias and variance. The 

bias represents the risk that the restricted space of the model does not include the true value of 

the parameter that is supposed to be estimated, while the variance represents the distance 

between the allowed space of the model and the true parameter.  
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 Figure 5.2: Estimation Risk: Bias and Variance  

Thus, as shown in Figure 5.2, the larger the number of parameters, the higher the variance and 

smaller the bias and vice versa. 

As stated, the AIC controls for both of these possible risks: 

 'Ý � 2Y � 2 ln�Þ) (5.9) 

 

The rationale behind the AIC is to minimize the Kullback-Leiber Information, of which ln�Þ) � Y represents a good unbiased estimate for large samples. The AIC is therefore a good 

statistical test for the purpose of this work, since it can be applied to non nested models which 

share the same dataset and can compare models with different error distribution. 

As a robustness test of model selection, BIC is also performed for the two models. In the 

presence of large samples, the model favored by BIC should correspond to the candidate 

model which is ex post more probable, or the model which is rendered most plausible by the 

data at hand. The penalty term for the BIC is somewhat more stringent than the penalty term 

in the AIC; indeed, for n > 8, k	ln�_) exceeds 2Y. 

While the AIC provides an asymptotically unbiased estimator of the expected Kullback-

Leibler Information, i.e. the discrepancy between the generating model and the approximating 

model, BIC provides a large sample estimator of a transformation of the Bayesian posterior 

probability associated with the approximating model.     

As with the AIC, the model to be selected is that model that shows the lowest value of the 

BIC. 

Number of Parameters

Few Many

Bias Variance

Variance Bias 
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5.5. Asset Allocation 

The asset allocation model is the result of an elaboration of the asset allocation strategy and 

structure described in Guidolin and Timmermann (2007). For computational purposes the 

following asset allocation problem has been coded in Matlab. This section will analyze the 

Multivariate model, which can be taken into account as the benchmark model. The differences 

between the Multivariate model and the Univariate model are then described. 

The investor is assumed to have power utility defined over her terminal wealth, .q�¥. The 

influence of the coefficient of relative risk aversion, �, has been studied for values in the 

interval [0.5 ; 20]. For simplicity, initial wealth is set to be 1. 

In the base model, no rebalancing is permitted, thus defining a buy-and-hold strategy, and no 

short sales are allowed. Rebalancing will be part of the extensions of the base model and it 

will be analyzed in the following subsections. 

The investor aims to maximize the following utility function: 

 3�.q�¥� � .q�¥�/0
1 − �  

(5.10) 

by choosing at time � a portfolio allocation to the two different stock indices and the 

commodity index, fq¥ = �fqs��¬�fqs&�¬�fqà�¬��*, while 1 − �fq¥�*Xg is invested in the risk 

free asset, where Xg  is a �1	x	3� vector of ones. 

So, not considering rebalancing and short selling, the investor’s maximization problem can be 

configured as follows: 

 maxá¼â
�q ã.q�¥�/0

1 − �ä 
(5.11) 

s.t. .¥q = [(1 − (fq)*Xg) ∗ expçZWè +	fq* ∗ exp(�(ZWXg + Zq��)]
¥

	��
 

 

 [C*fq ∈ [0,1],		with	w = 1: 3  

 (fq)*Xg ≤ 1  
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where [C is a (3	x	1) vector of zeros with a 1 in the jth place. Returns are continuously 

compounded as described in the regime switching model section (equation (5.4) and (5.6) for 

the Multivariate and Univariate model respectively). Moreover, the alternation of regimes, 

thus the correspondent returns generating process, follows the matrix of transition 

probabilities determined from the regime switching parameters estimation. Formulating the 

investor’s maximization problem, not allowing rebalancing, simplifies the solution, since it 

will not require the implication of dynamic asset management and thus the use of a Bellman 

equation. However, given the assumption that returns follow different dynamics depending on 

which regimes the world is in at date �, implies that the knowledge of these regimes must be 

taken into account by the investor when constructing its portfolio.  

The knowledge of the regimes does not mean that the investor knows for sure which regime is 

present at date �, since the regime is set to be unobservable, but it means that she is in possess 

of the dynamics of the regime switching. Thus, the investor will have to find a position that 

maximizes her utility, but taking into account the probabilities of being in one state or another 

and the values that the parameters assume in each state. 

Various methods have been tried to obtain a solution for this problem. Ang and Bekaert 

(2002) were the first to study asset allocation under regime switching; in their research, 

however, regimes were assumed to be observable. 

Guidolin and Timmermann (2007) instead, as already stated, defined the state as unobservable 

and applied the method of Monte Carlo simulations for integral (expected utility) 

approximation. This approach, that for a buy-and-hold strategy refers to Barberis (2000) and 

Honda (2003), even though it results in being computational intense and therefore imposes 

severe restrictions to multi-assets problems, seems to be preferable to the Gaussian quadrature 

method since the latter may not be very accurate when the underlying asset return 

distributions are not Gaussians (Guidolin and Timmermann 2005 (a)). 

Given the results to the normality tests performed previously on the asset returns, it seemed 

preferable to implement the Monte Carlo method, as follows: 

 maxá¼ v/� �·[(1 − (fq)*Xg) ∗ expçZWè +	fq* ∗ exp(∑ (ZWXg + Zq�	,
))]¥	�� �/0
1 − � ¸B


��
 

(5.12) 

where fq* ∗ expç∑ çZWXg + Zq�	,
è¥	�� è is the portfolio return in the nth Monte Carlo 

simulation. 



62 
 

Each Monte Carlo simulation is a draw, generated by a large population which is governed by 

the parameters estimated in the Regime switching Model, so that regimes are free to switch 

randomly accordingly to the transition matrix P.  

The optimal number of Monte Carlo simulations is an extremely important parameter to 

calculate, and it needs to be large enough to ensure a good and stable approximation of the 

investor’s expected utility function, and additionally, needs to be optimized in order to reduce 

the computational intensity that such a solving method brings along. 

Previous researches, such as Guidolin and Timmermann (2005), concluded that a number of 

Monte Carlo simulations, N, greater than 20,000 provides for an accurate approximation of 

the value to be estimated. The same Guidolin and Timmernan set N to 30,000.  

While the main intent of this research is not to put in discussion previous findings about the 

optimal number of N, some sensitivity analysis has been performed. Indeed, while it seemed 

perfectly reasonable to use such a substantial N for long term holding periods, for shorter 

period such a number seemed to be redundant. Indeed, while for longer periods the 

simulations have to stabilize the random fluctuations of both regimes and residuals, for 

shorter periods the effect of the first can be neutralized by using a smaller number of 

simulations. 

Table 5.1 shows the results of our analysis. The investor’s expected utility was estimated for 

holding periods of 1 year and 1 month, using different number of Monte Carlo Simulations. 

The mean and variance of the expected utility was then calculated for each subset. 

 

 Table 5.1: Accuracy Test of Monte Carlo Simulations  

While for a holding period of 1 year – and above – the number of Monte Carlo Simulations 

seems to have an impact, even though not so significant, on the variance of the sample of 

expected utility, this seems not to be influent for a holding period of just one month, for which 

no more than 10,000 Monte Carlo simulations seem to be required. 

30.000 MCs 20.000 MCs 10.000 MCs 30.000 MCs 20.000 MCs 10.000 MCs

Mean -0,432650 -0,431780 -0,429220 -0,493470 -0,494040 -0,493700

Variance 0,000069 0,000083 0,000088 0,000001 0,000001 0,000001

Accuracy Test of Monte Carlo Simulations

Panel A - 1 Year & γ=3 Panel B - 1 Month & γ=3
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This paper will continue using N = 30,000 as a point of consistency with previous researches. 

However, in the simulation of rebalancing strategies, which are computationally more intense 

of the buy-and-hold strategy, and which will be based on very short holding period, N will be 

reduced to 10,000 with no significant loss of accuracy or loss of information, as showed in the 

above presented analysis. It can be argued, though, that rebalancing strategies imply 

significantly more path of returns to be simulated and that every simulated path is dependent 

from the previous. This implies that small measurement errors in the estimation of expected 

utility can have a significant impact on results, since their magnitude is amplified by the 

following simulations, suggesting the necessity to adopt increased number of simulations. 

Due to the computationally intensity of rebalancing in the presence of regime switching, the 

analysis will be performed with 10,000 simulations and it will be performed more time in 

order to check for its accuracy. 

5.5.1. The Differences in the Univariate and Multivariate Asset Allocation Models 

The most obvious difference between the Univariate and the Multivariate models when 

structuring the asset allocation problem lies in the fact that while in the Univariate model 

regimes affect each asset independently, in the Multivariate model all the assets are under the 

influence of the same regime at date �. The independence of regimes between assets is 

something that is more realistic but which requires another strong assumption to be put in 

place, that of time invariant correlations between assets. 

More specifically, while the Multivariate model allows for a full variance-covariance matrix 

to be estimated, in the Univariate model covariances are not a result of the estimations and 

thus correlation coefficients need to be separately estimated. 

Indeed, returns – of each asset - in both models are simulated as: 

 eq =	rsq +	tsq 	where	t	~	>sq ∗ v	�0,1) (5.13) 

However, in order to account for covariances between the different assets, the innovations are 

multiplied by the triangular matrix that results from applying the Cholesky decomposition to 

the matrix of asset correlations and not by the single asset standard deviation. 

So, defining ∑ as the estimated covariance (correlation) matrix and ξ as the Cholesky 

decomposition procedure, then: 
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 tísq = ´(Σïk) ∗ v(0,1) (5.14) 

 eq =	rsq +	tísq																						tísq 	~	v(0, Σïk) (5.15) 

The above, transforms independent and normally distributed random numbers into cross-

dependent and normally distributed numbers. 

The Cholesky decomposition procedure can be easily applied to the estimated covariance 

matrix of the Multivariate model, but needs further steps in order to be applied to the 

Univariate model as well. Indeed, the Univariate model estimation does not provide, as 

already stated, the covariance matrix, and therefore correlation coefficients need to be 

estimated separately. This separate estimation, however does not allow for time varying, 

regime dependent correlation coefficients.  

Correlations coefficients are simulated by normalizing the innovations with respect to the 

realized returns, for both of the regimes, and then averaging them through the use of the 

smoothed probabilities: 

 tsq =	eq −	rs>s ,	for		P = 1: 2 (5.16) 

and 

 tqð = 	�6′sq ∗
&

s��
tsq (5.17) 

where  π′ïk is the estimated smoothed probability for regime P at date �. Table 5.2 reports the 

estimated correlation coefficients. 

 

 Table 5.2: Estimated Correlation Coefficients  

S&P 500 1

FTSE W Nordic 0.3532 1

CRB Commodity Index 0.0756 0.1814 1

S&P 500 FTSE W Nordic CRB Commodity Index

Estimated Correlation Coefficients
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As expected, correlation coefficients are all positive but not large in magnitude. The two 

assets which show the highest correlation coefficient are the S&P500 and the FTSE W 

Nordic, the two stock indices, as was shown before for the raw dataset. 

5.5.2. Rebalancing 

The investor’s asset allocation problem cannot always be reduced to a single period buy-and-

hold strategy. Allowing for a dynamic strategy is a more realistic assumption and 

approximation to the real investor’s problem. Rebalancing strategies can though be 

implemented in the Multivariate model only, since they are based on the construction of a 

] − 1	dimensional discretization grid (Guidolin and Timmermann 2005), where S is the 

number of regimes. Thus, it can be implemented in the 2-regime Multivariate model but finds 

no possible representation in the 8-regime Univariate model. 

Portfolio weights are adjusted at J equally spaced points in time, every 9 = ¥
ª days. Defining 

fC as the portfolio weights at every rebalancing point and 1 − fC as the weight of the risk free 

asset, then the investor’s optimal asset allocation problem becomes: 

 maxxáñ{ñòóôõ¾ �qC }.ª�/01 − �� 
(5.18) 

 s.t.							.C�� =	.C ∗ ö[Ö1 − çfCè*Xg× ∗ expçZWè +	fC* ∗ expç1C�� + 9ZWXgè��/0÷  

 1C�� =�Zq�	ø
	��  

 

so that the derived utility of wealth is the following: 

 ùç.C , ZC , �C, 6C , �Cè = 	 maxxáñ{ñòóôõ¾ �qC }.ª�/01 − �� 
(5.19) 

where � represents the vector of parameters from the regime estimation and which, under 

power utility simplifies to: 

 ùç.C , ZC, �C, 6C , �Cè = .ª�/01 − � ∗ ú(ZC , �C, 6C , �C) (5.20) 
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In absence of predictor variables, the investor’s perception of the regime probabilities, 6C, is 

the only state variable, so that the basic recursions can be written as: 

 úçZC, �C, 6C , �Cè = maxáû �qC }ü.C��.C ý�/0 úçZC��, �C��, 6C��, �C��è� (5.21) 

 6C��(�q) = (6C*(�q)%qø)* ⊙�(ZC��; �q)
[ç6C*(�q)%qøè* ⊙�çZC��; �qè]′Xs 

(5.22) 

where  �(ZC��; �q) is the (P	x	1) vector of densities of returns and the operator ⊙ denotes the 

element by element product. 

The Bellman equation is solved by using backward induction methods and by discretizing the 

compact interval that defines the domain of the state variable 6C on a grid of G different 

points. For the purpose of this work, and considering that only two regimes were analyzed, 

the discretization grid was indeed mono dimensional and six grid points were chosen, so that: 

 6sC = X,						with	X = �0, 0.2, 0.4, 0.6, 0.8, 1] (5.23) 

Appendix A in Guidolin and Timmermann (2005) describes in detail the algorithm that has 

been followed in this work. 
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6. Results 

In this chapter the results from the above mentioned models are discussed in detail. The first 

part of the chapter is devoted to the Multivariate and Univariate Regime Switching Models, 

and their statistical comparison. In the second part the asset allocations for the two different 

models are compared with each other as well as with the results of a non-switching asset 

allocation model. The third part is devoted to the results from the rebalancing model for the 

Multivariate Regime Switching Model, and the fourth part analyzes the effect of the initial 

regimes on the asset allocation decision. 

6.1. Regime Switching Models 

As introduced in previous chapters, we have defined two types of Regime Switching Models. 

Furthermore, in order to obtain estimation of regimes and of the distribution parameters, for 

both models, we use the Grocer Toolbox in Scilab. In the following sections the results from 

these estimations are introduced. For both the Multivariate Regime Switching Model and the 

Univariate Regime Switching Model it is assumed that the dataset is best represented by using 

two regimes, a bear regime, exhibiting low mean returns and high volatility, and a bull regime 

that exhibits higher mean returns and lower volatility. In general, financial data series can be 

represented by more than only two regimes. However, assuming higher number of regimes 

increases the computational complexity significantly, and furthermore, the algorithm used for 

the estimation of regimes is not believed to give stable results when the number of regimes 

exceeds two. Additionally, the joint distribution of the two regimes seems to be a fairly good 

approximation of the real asset distribution, as was shown in Figure 5.1 previously. A higher 

number of regimes might result in an over specification of real data, even though, as discussed 

in chapter three, the determination of the correct number of regimes needs to be the object of 

further and more detailed analysis. 

6.1.1. Multivariate Regime Switching Model 

Assuming the data is best represented by two regimes, a bear regime and a bull regime, leads 

to a (2	x	2) matrix of Markovian Transition Probabilities, as shown in Table 6.1. These 

probabilities represent the probability of regime sj occurring at date � + 1 given that regime si 

occurred at date �, or: 

 �	C = %(Pq�� = w|Pq = X) (6.1) 
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More specifically, ��� = 0.893753 means that the probability of a bear regime occurring at 

time � + 1, given the fact that a bear regime occurs at time �, is roughly 89.4%. In a similar 

manner the result obtained for ��& informs that the probability of a bull regime follows a bear 

regime is close to 10.6%. As expected, and as can easily be seen in the table below, the 

likelihood of having the same regime in consecutive periods is significantly higher than the 

probability of alternating regimes. However, the results clearly show that none of the regimes 

is absorbing, meaning that neither �		 	nor		�CC = 1. As the data used for this research is daily 

data, these probabilities indicate the change of regimes between day � and � + 1. 

With that being said, the transition probabilities govern the switching between every date �, 
thus defining the alternation of regimes. Therefore, transition probabilities also assume a very 

important part in the simulation of returns and a strong dominance and persistence of one 

regime over the other clearly influences the results of asset allocation. 

 

 Table 6.1: Markovian Transition Probabilities  

Furthermore, the transition probabilities make it possible to calculate the expected persistency 

of each regime by applying equation (5.5). Here the duration of the first regime, the bear 

regime, is expected to be 9 days, while the bull regime is expected to last for 20 days. This 

shows a much higher persistency of the bull regime compared to the bear regime. 

Another type of probabilities obtained from the Multivariate Regime Switching Model is the 

smoothed probabilities. Figure 6.1 depicts these smoothed probabilities of both regimes. As 

described in the model chapter, smoothed probabilities represent the probabilities that the 

world is in a certain regime at time �, conditional on the information available for the overall 

estimation period. 

As can be seen from Figure 6.1 it cannot be stated with certainty which state will be 

generating the returns at each date �. For some of these dates the probabilities can be very 

high, while for others uncertainty reigns. This is usually the case when returns assume values 

from the central area of the joint distribution; when returns assume values that can be 

p11     p21 0.893753 0.048119

[tstat - p-value] [66.76 - 0] [8.33 - 2.220D-16]

p12     p22 0.106247 0.951881

[tstat - p-value] [7.94 - 2.665D-15] [164.73 - 0]

Multivariate Markovian Transition Probabilities
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attributed to the tails of the distribution the identification of the generating regime is easier 

and therefore the related smoothed probability is higher. 

 

 Figure 6.1: Smoothed Probabilities from the Multivariate Regime Switching Model  

The overall estimation of the parameters for the Multivariate Regime Switching Model is 

shown in Table 6.2 and Table 6.3. Before estimating the parameters, we expected to obtain 

evidence on one regime with high volatility and low mean returns, namely the bear regime, 

and another regime where returns are higher and less volatile, namely the bull regime. 

 

 Table 6.2: Parameter Estimation in the Multivariate Model  
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Coefficient t-statistic p-value Coefficient t-statistic p-value

S&P 500 COMPOSITE -0.000776 -1.526330 0.126999 0.000784 5.469892 4.752D-08

FTSE W NORDIC -0.001307 -1.864309 0.062345 0.001273 6.589665 4.925D-11

CRB Commodity Index -0.000285 -1.580641 0.114032 0.000376 5.804123 6.924D-09

Multivariate Parameter Estimation

Bear Regime Bull Regime
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The results from Tables 6.2 and 6.3 jointly confirm our expectations. The left hand side of 

Table 6.2 represents the bear regime where mean returns take negative values. Panel A in 

Table 6.3 is corresponding to the left hand side of Table 6.2 and confirms that these values, 

that observe negative expected mean returns, have higher levels of volatility compared to 

panel B in Table 6.3. These results define the bear regime. The bull regime is however jointly 

represented by the right hand side of Table 6.2 and panel B in Table 6.3. In this case the 

observed levels of expected mean returns are higher and the level of volatility is lower than in 

the case of the bear regime, which is in line with the theoretical definition of bull markets. 

When an investor allocates her wealth to different assets, the correlation between assets is 

likely to be of interest. It is therefore interesting to analyze the correlation coefficients 

between the assets in both bear and bull regimes, to see if they differ. As previously 

mentioned, there exists evidence that bear regimes are more likely to exhibit higher levels of 

correlation between assets than recovery or bull markets. Based the previous evidence 

available, we would expect our research to give similar results. From Table 6.3 the correlation 

coefficients can be calculated for all assets in the two different regimes, simply by using 

equation (3.19). 

 

 Table 6.3: Covariance Matrices for Bull and Bear Regimes  

The analysis shows that the correlation between the FTSE W Nordic and S&P500 is 0.443 in 

the case of a bear regime, and 0.322 in the case of a bull regime. Similarly, correlations 

S&P 500 COMPOSITE FTSE W NORDIC CRB Commodity Index

S&P 500 COMPOSITE 0.000360 0.000220 0.000020

[tstat - p-value] [22.13 - 0] [14.04 - 0] [5.88 - 4.474D-09]

FTSE W NORDIC 0.000220 0.000687 0.000047

[tstat - p-value] [14.04 - 0] [22.42 - 0] [9.59 - 0]

CRB Commodity Index 0.000020 0.000047 0.000041

[tstat - p-value] [5.88 - 4.474D-09] [9.59 - 0] [22.37 - 0]

S&P 500 COMPOSITE FTSE W NORDIC CRB Commodity Index

S&P 500 COMPOSITE 0.000053 0.000023 0.000001

[tstat - p-value] [27.93 - 0] [13.22 - 0] [1.75 - 0.0793835]

FTSE W NORDIC 0.000023 0.000095 0.000005

[tstat - p-value] [13.22 - 0] [26.38 - 0] [6.84 - 8.813D-12]

CRB Commodity Index 0.000001 0.000005 0.000011

[tstat - p-value] [1.75 - 0.0793835] [6.84 - 8.813D-12] [31.5 - 0]

Panel B - Bull Regime

Panel A - Bear Regime

Variance-Covariance Matrices
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between the S&P500 and the CRB Commodity Index are 0.164 and 0.037 in bear and bull 

regimes respectively. The FTSE W Nordic shows slightly more correlation to the CRB 

Commodity Index than the S&P500, that is 0.279 in the bear regime and 0.142 in the bull 

regime. These results are in line with previous literature, and therefore our expectations. 

Moreover, the results show that asset returns are moving more closely together in declining 

markets than when the market exhibits an upward trend. 

6.1.2. Univariate Regime Switching Model 

In the case of the Univariate Regime Switching Model we assume that each of the assets is 

best represented with two different regimes. Assuming two different regimes for each asset 

leads to three different (2	x	2) matrices of Markovian Transition Probabilities, as shown in 

Table 6.4. As previously noted, these probabilities determine the probability of a certain 

regime occurring next period given the current regime. Similar to the case of the Multivariate 

Regime Switching Model, the probability of having a bull regime followed by another bull 

regime is much higher than being followed by a bear, and similarly it is more likely to have 

consecutive bear regimes than not. As an example, the probability of a bull regime following 

a bear regime in the case of FTSE W Nordic is only 1.9%, whereas there is 98.1% probability 

of a bear regime being followed by another high volatility regime. 

 

 Table 6.4: Markovian Transition Probabilities  

As in the case of the Multivariate Regime Switching Model, the duration of regimes can be 

inferred from the transition probabilities, now for each asset, by applying equation (5.5). In 

this case the regimes defining the CRB Commodity Index show the lowest level of 

persistency, that is, only 6 days and 30 days, for the bear and bull regimes respectively, while 

in the case of FTSE W Nordic the bear and bull regimes are expected to last for 52 days and 

S&P500 Composite FTSE W Nordic CRB Commodity Index

p11 0.976578 0.980819 0.841824

[tstat - p-value] [176.07 - 0] [215.93 - 0] [28.65 - 0]

p12 0.023422 0.019181 0.158176

[tstat - p-value] [4.22 - 0.0000246] [4.22 - 0.0000246] [5.38 - 7.727D-08]

p21 0.012169 0.011997 0.032859

[tstat - p-value] [4.37 - 0.0000124] [4.39 - 0.0000117] [5.13 - 0.0000003]

p22 0.987831 0.988003 0.967141

[tstat - p-value] [355.15 - 0] [361.36 - 0] [151.07 - 0]

Univariate Markovian Transition Probabilities
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 Figure 6.2: Smoothed Probabilities from the Univariate Regime Switching Model  
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83 days respectively. The regimes of S&P500 show similar level of persistency as for the FTSE 

W Nordic, that is, bear regime is expected to last for 42 days while the bull regime is expected to 

last for 82 day. 

Similar to the Multivariate model, the smoothed probabilities can be obtained from the Univariate 

model. In this case, illustrated in Figure 6.2, we obtain smoothed probabilities for each individual 

asset. Here, the probabilities have the same meaning as before, that is, we obtain the probabilities 

that the world is in a certain regime at time �, conditional on the information available for the 

overall estimation period for each individual asset. As can be seen, estimating each asset 

individually results in probability graphs that are somewhat different from the combined 

probability graph in Figure 6.1. 

Before estimating the parameters of the Univariate Regime Switching Model, our expectations of 

results were the same as before. We expect to obtain two regimes, characterized in the same way 

as before, as bear and bull regimes. These expectations are jointly confirmed in Tables 6.5 and 

6.6. 

 

 Table 6.5: Parameter Estimation in the Univariate Model  

As discussed before, an investor is most likely to be interested in the correlation between the 

assets also in the case of the Univariate model. However, one of the drawbacks of the Univariate 

model is the fact that the variance-covariance matrix is not as easily estimated, because of the 

impossibility of estimating correlation coefficients for each asset and each state. Through the 

Univariate parameter estimation we only obtain the individual variances for each asset in both 

regimes whereas we obtained the full variance-covariance matrix before. The Univariate regime 

variances are presented in Table 6.6.  

Coefficient t-statistic p-value Coefficient t-statistic p-value

S&P 500 COMPOSITE -0.000715 -1.506878 0.131913 0.000831 5.960631 2.708D-09

FTSE W NORDIC -0.000894 -1.508858 0.131406 0.001337 7.117505 1.276D-12

CRB Commodity Index -0.000629 -1.893906 0.058303 0.000336 5.639347 1.813D-08

Bear Regime Bull Regime

Univariate Parameter Estimation
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 Table 6.6: Regime Variances in the Univariate Model  

That being said, we are here reminded of the main assumption of the Univariate model that is the 

fact that correlations are assumed to be fixed over time. Since we are not able to estimate the full 

variance-covariance matrix the correlations cannot be analyzed in the same manner as in the 

Multivariate case.  

In order to test if it is reasonable to assume fixed correlations in this model a simple correlation 

analysis was performed with the raw return data, combined with the smoothed probabilities 

shown in Figure 6.2. This analysis is discussed in more detail below.  

6.1.2.1. Correlation Analysis for the Univariate Model 

In the case of the Univariate model, the strong assumption of fixed correlations between assets is 

made, for the entire time period. As mentioned in chapter 2, previous studies have found 

evidence of time varying correlations, and one might therefore infer that the assumption of fixed 

correlations is not a real representation of the world’s financial markets and would influence the 

overall results of the model.  

In order to better understand if this assumption is affecting the results of the Univariate model, 

further tests on the correlation coefficients are needed. One of the possible tests is to use the 

smoothed probabilities from the regime switching models, one time series of probabilities for 

each regime of each asset, and combine them with the raw data of returns. Combining the two, 

makes it possible to approximate to which regime a certain data point of return belongs to. In this 

case we assume that the returns that have at least 75% probability of belonging to either of the 

regimes, is certainly in the respective regime. Doing so allows us to analyze the correlations of 

each state for each asset. As can be seen in Table 6.7, the observed correlations are not fixed, 

Bear Regime Bull Regime

S&P 500 COMPOSITE 0.000336 0.000050

[tstat - p-value] [21.36 - 0] [25.36 - 0]

FTSE W NORDIC 0.000585 0.000085

[tstat - p-value] [24.9 - 0] [28.39 - 0]

CRB Commodity Index 0.000068 0.000011

[tstat - p-value] [13.65 - 0] [27.37 - 0]

Univariate Regime Variances
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meaning that, for example, S&P 500 and FTSE W Nordic do not show the same correlation 

coefficients in the different regimes. 

 

 Table 6.7: Correlation Coefficient Analysis  

Indeed, we obtain a correlation of 0.05758 between S&P500 Bear Regime and FTSE W Nordic 

Bear Regime, and correlation of 0.03268 between S&P500 Bull Regime and FTSE W Nordic 

Bear Regime. If the assumption of fixed correlation were to be true we would have expected 

much less variation in the obtained correlation coefficients.  

We might conclude that the assumption of fixed correlations affects the overall result of the 

Univariate model, therefore not giving a good representation of the financial markets. However, 

the differences are not that big in magnitude and, most important, share the same sign. Moreover, 

all the correlation coefficients are very close to 0, therefore the above performed test seems to be 

not that significant. Thus, knowing the limitations of the strong assumption of fixed correlation 

coefficients, the analysis deriving from it can still be performed and cannot be rejected by the 

results of this test. 

The possible steps to overcome this limitation are discussed in chapter 7 below. 

6.1.3. Comparison of Models 

As described above, the two models show different results and are based on different 

assumptions. In this section we will compare the results from the parameter estimation and 

highlight some differences. 

The overall parameter estimation for both regime switching models results in a one regime with 

the characteristics of a bear regime and another with the characteristics of a bull regime. 

However, the coefficients from the two parameter estimations are somewhat different. This result 

was anticipated and is due to the fact that in the case of the Univariate model each time series is 

S&P500 -  

Bear Regime

S&P500 - 

Bull Regime

FTSE W Nordic - 

Bear Regime

FTSE W Nordic - 

Bull Regime

CRB Commodity 

Index - Bear 

Regime

CRB Commodity 

Index - Bull 

Regime

S&P500 -  Bear Regime 1

S&P500 - Bull Regime -0 05190 1

FTSE W Nordic - Bear Regime 0 05758 0.03268 1

FTSE W Nordic - Bull Regime -0 01772 -0.03392 -0.03291 1

CRB Commodity Index - Bear Regime -0 07219 -0.03254 -0.02283 0.04885 1

CRB Commodity Index - Bull Regime 0 03691 0.02357 -0.03732 -0.03115 -0.05680 1

Correlation Coefficient Analysis
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estimated separate of the other, whereas the dataset of all three indices are estimated jointly in the 

Multivariate model 

In case of the Univariate model, the negative expected returns in the bear regime show less 

negative values for both S&P500 and FTSE W Nordic, while CRB Commodity Index shows 

slightly more negative expected returns. The bull regime however shows higher expected returns 

for the two equities while the CRB Commodity has slightly lower expected returns compared to 

the bear regime of the Multivariate model. This can be explained by reminding the fact that the 

Multivariate model takes into account correlations between assets in the estimation of parameters, 

while the Univariate model does not. Thus, in the bear regime, negative returns for the highly 

correlated assets (S&P 500 and FTSE W Nordic) are higher in the Multivariate model than in the 

Univariate model, while the opposite holds for the bull regime. The CRB Commodity Index, 

which shows a relatively low correlation with the other assets, is somewhat not sharing these 

dynamics. Furthermore, the results exhibit lower variances in the bull regime of the Univariate 

model than of Multivariate model. The same pattern is not to be found in the case of the bear 

regimes of the two models. Results in the estimation of parameters were expected to differ 

between Multivariate and Univariate model, due to the different estimation methods. However 

differences are not big in magnitude and the results are relatively similar. 

In order to determine which of the models is to be preferred to the other, statistical tests are 

performed. As mentioned previously the Akaike Information Criterion (AIC) and the Bayesian 

Information Criterion (BIC) are applied. Applying equations (5.7) and (5.8) in Matlab allows us 

to statistically compare the two models. However, some preparing steps need to be taken in order 

to obtain the value for the maximum likelihood of the Univariate model. Indeed, the Univariate 

model can be interpreted as an eight-regime Multivariate model, in which covariances are not 

time varying. The combinations of the estimated coefficients (23) can be ideally the result of a 

Multivariate estimation. 

Thus, an eight-regime Multivariate estimation can be set, exactly as described above, but with the 

difference that parameters are constrained and set to the values obtained through the maximum 

likelihood estimation of the three Univariate models. Since those values are already the result of 

likelihood maximization, the maximum likelihood of the model can be considered to be the first 
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likelihood value obtained by the input values. This way the test is not biased by the 

computational cumbersomeness of an eight-regime estimation and results are accurate. 

The resulting values from both AIC and BIC indicate that the Multivariate model is preferred to 

the Univariate model. That is shown as the final value, for both tests, is lower in the case of the 

Multivariate model: 

'Ý3_Xa = 128 − 2 ln�42,338.092) = 	−84,420	
'Ý\3Ü�Xa = 20 − 2 ln�44,999.07) = 		−89,958 

®'Ý3_Xa = 20 ∗ ln�4,435) − 2 ln�42,338.092) = −83,601 

®'Ý\3Ü�Xa = 20 ∗ ln�4,435) − 2 ln�44,999.07) = −89,830 

where 128 and 20 are the number of estimated parameters in each of the models and 4,435 the 

number of observation that is common to both the models. It can be seen that the BIC is much 

more penalizing than the AIC for models with a large number of observations; indeed, the 

difference between the models is significantly larger by using the BIC. 

These results indicate that renouncing to the independence of the effect of regimes between assets 

is a greater loss of information than renouncing to time varying correlation coefficients. While 

this statement cannot be generalized within this paper and should indeed be an object of future 

studies, it seems to confirm that eight regimes can be a serious over specification for the data that 

has been analyzed. Thus, adding more regimes (Univariate model) does not, at least in this case, 

balance the loss of information that occurs by assuming time invariant correlation coefficients. 

Further studies might focus on more uncorrelated assets, in order to diminish the importance of 

correlations and to perform a robustness check on the results of the tests. 

6.2. Asset Allocation Models 

As previously discussed, both Regime Switching Models can be used to extend the general 

portfolio theory. In this section the Regime Switching Models are used to form an optimal asset 

allocation for an investor. Both the Multivariate and Univariate Regime Switching Models are 

used to construct an asset allocation strategy and compared with the general case of a non-

switching model, as well as with each other. The non-switching model does not take into account 

the changing states of the economy, and the asset allocation problem reduces to the maximization 
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of the investor’s utility function using only mean and covariance matrix of the three assets as 

inputs. The asset allocation models that include the Regime Switching Models however use the 

above mentioned results as inputs and therefore take into account different states of the economy. 

This way, the asset allocation is meant to be a better representation of a real life asset allocation 

problem than the non-switching model. Indeed, as stated in the previous chapters of this work, 

Regime Switching Models are able to capture the tails of the assets’ distribution significantly 

better than non-switching models based on the normality assumption. 

Below, we consider the asset allocation strategy of a buy-and-hold investor, with a five year 

investment horizon as the benchmark case. The five year case is chosen as it is believed to be 

good representation of a buy-and-hold long term investment. This represents an investor who has 

set aside predetermined amount of her wealth and commits to a portfolio that maximizes her 

expected utility. As all investors do not share the same level of risk aversion, we show the 

benchmark case for various risk aversion levels, ranging from 0.5 to 20. Additionally, investment 

horizons of one and ten years are introduced as a comparison to the five year case. 

In section 6.3. we will introduce the option of rebalancing for the Multivariate Regime Switching 

Model, for a one year investment period and monthly rebalancing frequency. 

6.2.1. Benchmark Case – 5 Year Investment Period 

Before obtaining the results, we expect a higher allocation to more risky assets for lower levels of 

risk aversion, and similarly increasing allocation to the less risky asset as risk aversion increases. 

As we compare three models, all based on their own assumptions, we expect to have somewhat 

different results for the three asset allocation models, where we should however notice the 

characteristics mentioned before. Furthermore, we believe that the CRB Commodity Index has to 

be considered almost as a risk free instrument, given its very low means and variances of returns, 

and we therefore might experience signs of substitution effect between the commodity index and 

the risk free asset. 
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 Table 6.8: Model Comparison for a 5 Year Investment Period  

Table 6.8 compares the asset allocation results from the three models and Figure 6.3 illustrates 

these results graphically. As expected, we can observe that allocation to stocks is declining with 

an increased level of risk aversion as expected, and conversely allocation to less risky assets 

increases.  

For a very low level of risk aversion, in our case 0.5, the investor seems to be indifferent of the 

risk. When the investor is indifferent to the risk level he is mainly interested in the highest level 

of return possible. In such a case the investor allocates all her wealth to the asset with the highest 

yield, FTSE W Nordic, which also has the highest level of volatility. This holds for all three 

models. The allocation to FTSE W Nordic decreases rapidly when the level of risk aversion 

increases, and the investor allocates a larger part of her wealth to less risky assets. 

γ S&P 500 COMPOSITE FTSE W NORDIC CRB Commodity Index Risk Free End of Period Expected Wealth

0.5 0.00% 100.00% 0.00% 0.00% 1.951

2 34.27% 64.72% 1.01% 0.00% 1.543

3 24.73% 49.53% 25.74% 0.00% 1.481

5 18.82% 28.04% 53.13% 0.01% 1.348

8 14.95% 16.50% 66.59% 1.96% 1.251

12 9.94% 10.77% 44.71% 34.58% 1.187

15 7.94% 8.53% 35.80% 47.73% 1.163

20 5.93% 6.33% 26.84% 60.90% 1.139

γ S&P 500 COMPOSITE FTSE W NORDIC CRB Commodity Index Risk Free End of Period Expected Wealth

0.5 0.00% 100.00% 0.00% 0.00% 2.514

2 19.04% 80.96% 0.00% 0.00% 1.636

3 20.03% 52.87% 27.10% 0.00% 1.449

5 16.22% 29.23% 54.55% 0.00% 1.304

8 10.88% 17.48% 41.57% 30.07% 1.211

12 7.26% 11.41% 28.02% 53.31% 1.162

15 5.80% 9.04% 22.47% 62.69% 1.143

20 4.34% 6.72% 16.88% 72.06% 1.125

γ S&P 500 COMPOSITE FTSE W NORDIC CRB Commodity Index Risk Free End of Period Expected Wealth

0.5 0.00% 100.00% 0.00% 0.00% 3.328

2 21.81% 78.19% 0.00% 0.00% 2.405

3 40.09% 59.91% 0.00% 0.00% 2.085

5 31.64% 36.55% 31.81% 0.00% 1.753

8 22.14% 22.70% 53.15% 2.01% 1.544

12 19.29% 15.09% 58.04% 7.58% 1.386

15 15.37% 11.91% 47.09% 25.63% 1.316

20 11.46% 8.82% 35.69% 44.03% 1.250

Panel C - Univariate Model

Portfolio Weights for 5 year Investment Period - Gamma Scenario

Panel A - Non-Switching Model

Panel B - Multivariate Model
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When comparing the overall stock allocations of the three models we obtain quite different 

results. In the case of the Univariate model, the asset allocation is more directed to stocks than in 

the other two models. The assumption of allowing each asset to be represented by independent 

states might influence the results. What causes this higher allocation to stocks is the persistency 

of the bear and bull regimes. In the Univariate model, bull regimes for both S&P500 and the 

FTSE W Nordic are expected to have duration of approximately 82 and 83 days, whereas the bull 

regime is only expected to last over 20 days in the case of the Multivariate model. 

Indeed, a higher persistence of the bull regime increases the expected end of period value 

deriving from investing in stocks and thus makes the investor act slightly more risky. If it is true 

that the ratio of the persistence of regimes remains fairly constant between the Multivariate and 

Univariate models (close to 0.5), it must be taken into account that the difference – in number of 

days – between the bull and bear regime is significantly higher in the Univariate model, which 

can explain well this riskier attitude. 

The less risky assets, namely the CRB Commodity Index and the risk free asset show a clear sign 

of increased preference as risk aversion increases. What is however interesting is the preference 

of the commodity over the risk free asset up to a certain level of risk aversion. When reaching 

higher levels of risk aversion the investor starts including the risk free asset in her portfolio, and 

that holds for all three models. The explanation of this lies in the fact that the CRB Commodity 

Index has a relatively low volatility, compared to the two equities, and much higher return 

compared to the risk free asset.  

The allocation to the commodity index seems to increase up to a certain level of risk aversion, 

where the investor then starts to prefer the risk free asset, mostly at the expense of the 

commodity. This evidence is most clear in the Multivariate model and the non-switching model. 

This is partly explained by the relatively high return that the commodity gives compared to its 

volatility.  

Overall, while the allocation to the commodity is increasing, with an increased level of risk 

aversion, the allocation to stocks is decreasing. That is, as the investor becomes more risk averse 

she will increase the allocation to less risky assets at the expense of the more risky ones.  
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 Figure 6.3: Model Comparison for a 5 Year Investment Period 

(a) Non-Switching Model (b) Multivariate Regime Switching Model  

(c) Univariate Regime Switching Model 

 

Another interesting observation that differentiates the Univariate model from the other two is that 

when risk aversion is at the upper end, � ≥ 12, the S&P500 becomes preferred to the FTSE W 

Nordic. In both of the other models, the allocation to the FTSE W Nordic is preferred to S&P500. 
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In the Univariate case the increased allocation to the CRB Commodity Index, with increased risk 

aversion, seems to be punishing the most risky asset, FTSE W Nordic, more heavily than other 

assets in the model. One can therefore infer that the main underlying assumptions of the 

Univariate model, the independency of regimes and fixed correlation, makes the model more 

sensitive to the levels of risk aversion. As it can be seen later, this is also observed for shorter and 

longer investment horizons. This being said, it seems as if the Multivariate model, and the non-

switching model, are less sensitive to the risk aversion levels when the investment period is 

relatively long. 

Comparing the expected end of period wealth for the investor from the three models we see quite 

some difference. In Table 6.8 the non-switching model shows an average expected end of period 

wealth of 1.38, which yields in a 6.7% yearly return. The Multivariate Regime Switching Model 

and the Univariate Regime Switching Model however show an average expected end of period 

wealth of 1.44 and 1.88 respectively, which yields in 7.6% and 13.5% yearly returns respectively. 

Since the Univariate model is more biased towards allocation in stocks than the other two it was 

expected to result in a higher expected end of period wealth, as stocks show higher mean returns 

on average than other assets in our research. The difference between the Regime Switching 

Models and the non-switching gives an idea that taking multiple regimes into account in the asset 

allocation structure, might in fact be beneficial when it comes to the investor’s expected end of 

period wealth. However, it is straight forward that the goodness of the models cannot be 

evaluated by the investor’s end of period wealth. 

We can therefore conclude, after having analyzed the result from these three models, that it seems 

evident that adopting a two-state model for asset allocation results in a different allocation of 

wealth than assuming only one state of the economy, that is, the non-switching model. 

Furthermore, we see that allowing assets to be in independent regimes gives slightly different 

results than assuming that all assets are in the same regime at certain date �. The reason why the 

results between the two regime shifting models are different is of course dependant on the 

different assumptions that each model relies on.  

6.2.2. Other Cases – 1 Year and 10 Year Investment Periods 

Having discussed the results of our base case, 5 year investment period, it is relevant to analyze 

how the results change with respect to decreasing and increasing the investment horizon. Here we 
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have chosen to show the case of a buy-and-hold investment strategy of an investor for the 

investment periods of one and ten years. Similarly as before we show the results both 

summarized in a table and illustrated graphically. Table 6.9 and Figure 6.4 express the result for 

the ten year investment horizon while Table 6.10 and Figure 6.5 express the results of a one year 

investment horizon.  

By increasing the investment horizon we would expect the asset allocation to be somewhat 

different than in our benchmark case of 5 years. In general when investors stand before a longer 

investment period it is most often inferred that allocation to stocks should be greater than if the 

investment horizon is shorter. This is due to the fact that over a longer investment period, 

investors need not to worry about short term fluctuations that are often evident in the stock 

markets. Similarly it is often preferred to invest in lower risk assets if the investment horizon is 

very short, as fluctuations in high yield assets can be substantial within shorter periods. 

Interestingly these characteristics are only represented in the case of the Multivariate model, in 

panel B of Table 6.9, and just in one case. Comparing panel B of the table below with panel B of 

Table 6.8, our benchmark case, we see for example that total allocation to stocks, when risk 

aversion is set to 5, is 45.5%, whereas with a ten year investment horizon the same investor 

would allocate 54.1% in stocks. The other two models do not show any signs of this expected 

behavior. However, despite not showing increased allocation to stocks compared to the 

benchmark case, the Univariate model is still more biased towards stock allocation than the other 

two models. This lack of time pattern that for the buy-and-hold strategy is consistent with what is 

shown by Guidolin and Timmermann (2007), and can be due to the fact that the studied holding 

periods are much longer than the persistence of each regime, thus reducing the influence of the 

initial state and of short term fluctuations. 

Similarly as in the benchmark case, the asset allocation from the three models varies between 

each of the models. As before, at very low levels of risk aversion, 0.5, all wealth is allocated to 

the FTSE W Nordic, which is represented by the highest rate of return and highest variance. As 

the level of risk aversion increases, this allocation to FTSE W Nordic decreases in all three 

models as the allocation to other assets increases. Similarly to the benchmark case, the more risky 

assets S&P500 and FTSE W Nordic are included in less proportion as the risk aversion level 

increases. 
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In the case of the non-switching model, the allocation to the risk free asset increases more 

rapidly, at the expense of all other three assets, than in the other two models. This is also the case 

when compared to the benchmark case, the risk free asset is weighing much more in the 

investor’s portfolio in the case of 10 year investment period. This however contradicts our beliefs 

that with an increased investment horizon the investor would be more inclined to add risk to her 

portfolio. These results indicate that the investor is less reluctant to hold risky assets and 

therefore increases the allocation to less risky assets, mainly the risk free asset, more rapidly than 

is captured by the Regime Switching Models, when risk aversion increases. Conversely, the 

Regime Switching Models seem to have much lower levels of allocation to the risk free asset, 

γ S&P 500 COMPOSITE FTSE W NORDIC CRB Commodity Index Risk Free End of Period Expected Wealth

0.5 0.00% 100.00% 0.00% 0.00% 3.493

2 32.72% 64.96% 2.31% 0.01% 2.199

3 27.16% 41.68% 31.16% 0.00% 1.875

5 22.13% 28.96% 32.01% 16.90% 1.805

8 13.69% 17.25% 20.96% 48.10% 1.601

12 9.01% 11.16% 14.15% 65.68% 1.501

15 7.16% 8.82% 11.36% 72.66% 1.464

20 5.33% 6.53% 8.54% 79.60% 1.428

γ S&P 500 COMPOSITE FTSE W NORDIC CRB Commodity Index Risk Free End of Period Expected Wealth

0.5 0.00% 100.00% 0.00% 0.00% 7.842

2 5.07% 94.93% 0.00% 0.00% 4.389

3 18.93% 68.10% 12.97% 0.00% 3.224

5 16.29% 37.85% 45.86% 0.00% 2.372

8 12.49% 21.92% 54.00% 11.59% 1.918

12 8.29% 14.04% 36.10% 41.57% 1.690

15 6.60% 11.06% 28.88% 53.46% 1.608

20 4.92% 8.16% 21.56% 65.36% 1.531

γ S&P 500 COMPOSITE FTSE W NORDIC CRB Commodity Index Risk Free End of Period Expected Wealth

0.5 0.00% 100.00% 0.00% 0.00% 11.953

2 29.02% 70.98% 0.00% 0.00% 5.593

3 43.59% 53.45% 2.96% 0.00% 4.105

5 31.34% 31.23% 37.43% 0.00% 2.896

8 22.84% 18.96% 58.20% 0.00% 2.241

12 15.45% 12.21% 41.90% 30.44% 1.873

15 12.28% 9.62% 33.32% 44.78% 1.745

20 9.14% 7.11% 24.80% 58.95% 1.627

Portfolio Weights for 10 year Investment Period - Gamma Scenario

Panel A - Non-Switching Model

Panel B - Multivariate Model

Panel C - Univariate Model

 Table 6.9: Model Comparison for a 10 Year Investment Period  
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mostly zero, for the lower end of the risk aversion, compared to the non-switching model and the 

five year case of the two. 

 

 

 Figure 6.4: Model Comparison for a 10 Year Investment Period 

(a) Non-Switching Model (b) Multivariate Regime Switching Model  

(c) Univariate Regime Switching Model 
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The substitution effect between the CRB Commodity Index and the risk free asset becomes very 

clear in the Univariate model. When risk aversion reaches the level of 8, there seems to be a clear 

shift in preference, from the CRB Commodity Index to the risk free asset. Moreover, in 

comparison to the benchmark case, the risk free asset dominates the commodity index at lower 

level of risk aversion than before. The other two models do not however show as clear 

substitution between the two assets. Additionally, we again obtain the effect that the Univariate 

model seems to be more sensitive to the levels of risk aversion than others, signaled by the 

preference of S&P500 over the FTSE W Nordic at levels of � ≥ 5. 

The results from the Multivariate model show a similar pattern of allocation as the benchmark 

case before. The main difference between the two is that the risk free asset does not increase as 

rapidly in the case of a 10 year investment horizon, which is in line with the previous beliefs that 

the investor is now more willing to hold risky assets than before. The investor however allocates 

the difference proportionally more towards the CRB Commodity Index than the stock indices.  

In Table 6.10 the results for a one year investment horizon are presented, followed by a graphical 

representation in Figure 6.5. For the one year case our expectations are in line with the previous 

statement, that is, due to a shorter investment horizon we would expect the investor to be more 

biased to the less risky assets than was previously presented in the benchmark case. However, as 

the results from the 10 year case showed, we should not put too much trust in these expectations 

as the allocations did not really follow a certain pattern going from the five year case to the ten 

year case. In fact none of the models presented in a one year framework is capturing a certain 

pattern of decreasing allocation to stocks. All models show similar, if not slightly increased, 

allocation to stocks compared to the benchmark case. 

Results from the models are different from each other but show, however, the same 

characteristics as before: the investor is expected to invest all her wealth in the asset which can 

yield the highest utility, the allocation to stocks is decreasing with increased levels of risk 

aversion which results in increased preference in the CRB Commodity Index and the risk free 

asset and again the Univariate model obtains higher portfolio weights in the more risky assets 

than the other two models.  
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 Table 6.10: Model Comparison for a 1 Year Investment Period  

In the one year case of the Multivariate model we see that the allocation to the most risky asset, 

FTSE W Nordic, decreases dramatically as the risk aversion level increases. This is evident in all 

three models but most clear in the Multivariate model.  

Even though the allocation to FTSE W Nordic declines rapidly, the overall allocation to stocks 

does not decrease as one would have expected, in fact, the overall stock allocation is higher than 

in the five year case, mainly explained by an increased allocation to the S&P500. Furthermore, in 

all three models of the one year case, the significant increase in the CRB Commodity Index is 

mainly the cause of the decrease in the equity indices, and more heavily reflected in the 

decreasing allocation to FTSE W Nordic. 

 

γ S&P 500 COMPOSITE FTSE W NORDIC CRB Commodity Index Risk Free End of Period Expected Wealth

0,5 0,00% 100,00% 0,00% 0,00% 1,174

2 34,25% 65,75% 0,00% 0,00% 1,120

3 20,06% 57,63% 22,31% 0,00% 1,089

5 16,00% 33,53% 50,47% 0,00% 1,066

8 13,59% 20,12% 66,29% 0,00% 1,048

12 10,78% 13,04% 60,82% 15,36% 1,033

15 8,62% 10,40% 48,67% 32,31% 1,027

20 6,46% 7,77% 36,50% 49,27% 1,021

γ S&P 500 COMPOSITE FTSE W NORDIC CRB Commodity Index Risk Free End of Period Expected Wealth

0,5 0,00% 100,00% 0,00% 0,00% 1,147

2 44,75% 55,25% 0,00% 0,00% 1,097

3 35,09% 39,34% 25,57% 0,00% 1,079

5 24,76% 22,04% 53,20% 0,00% 1,060

8 18,77% 12,30% 68,93% 0,00% 1,044

12 13,35% 7,81% 55,22% 23,62% 1,030

15 10,69% 6,24% 44,26% 38,81% 1,024

20 8,02% 4,67% 33,25% 54,06% 1,019

γ S&P 500 COMPOSITE FTSE W NORDIC CRB Commodity Index Risk Free End of Period Expected Wealth

0,5 0,00% 100,00% 0,00% 0,00% 1,271

2 22,08% 77,92% 0,00% 0,00% 1,194

3 30,05% 69,95% 0,00% 0,00% 1,163

5 32,70% 39,18% 28,12% 0,00% 1,123

8 24,61% 25,00% 50,39% 0,00% 1,095

12 20,21% 17,27% 62,52% 0,00% 1,072

15 18,05% 14,18% 63,68% 4,09% 1,058

20 13,53% 10,61% 47,81% 28,05% 1,044

Portfolio Weights for 1 year Investment Period - Gamma Scenario

Panel A - Non-Switching Model

Panel B - Multivariate Model

Panel C - Univariate Model
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 Figure 6.5: Model Comparison for a 10 Year Investment Period 

(a) Non-Switching Model (b) Multivariate Regime Switching Model  

(c) Univariate Regime Switching Model 
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comparing the three different models for the same investment horizon, as well as when 

comparing each individual model applied for various investment horizons. However, while the 

variation in the risk aversion coefficient for each holding period shows an increasing allocation in 

stocks for all models as risk aversion decreases, a variation in the holding period does not show 

any clear pattern. This is most likely explained by the high ratio holding period/persistence of 

regimes, also for the one year investment period, which makes the investor indifferent to short 

term fluctuations. An example of this can be seen from Figure 6.6, which shows the allocation in 

the FTSE W Nordic Index in the various investment periods and accordingly to the various risk 

aversion coefficients. 

 

 

Figure 6.6: Portion of Portfolio Invested in FTSE W Nordic; 

Gamma and Time Scenarios 
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6.3. Rebalancing 

In this section we will introduce the results of implementing a rebalancing strategy within the 

Multivariate Regime Switching Model. The reason for which rebalancing can be implemented 

only for the Multivariate model, a part from the considerations deriving from the model selection 

tests, is that it requires the discretization of the compact interval that defines the domain of the 

state variable 6C on a grid of G different points. The dimension of the grid should be set equal to 

the dimension of the variable 6C − 1 that, for the Univariate case would be seven, given the fact 

that eight regimes are effectively generated by the model. 

The rebalancing strategy has been simulated on a one year investment period with rebalancing 

points set every month (22 trading days). Results are shown in Table 6.11 and Figure 6.7 below. 

It can be seen that the investor chooses to allocate a notably larger portion of her wealth to riskier 

assets compared to the one year Multivariate buy-and-hold strategy. Indeed, the amount of stocks 

(S&P500 and FTSE W Nordic) in the portfolio is larger than in the buy-and-hold case, keeping 

the value of 100% until the risk aversion coefficient reaches values larger than or equal to 5, 

instead of 2 in a buy-and-hold strategy.  

 

 

 Table 6.11: Monthly Rebalancing: 1 Year Investment Period  

γ S&P 500 COMPOSITE FTSE W NORDIC CRB Spot Index Risk Free

0,5 0,00% 100,00% 0,00% 0,00%

2 0,00% 100,00% 0,00% 0,00%

3 0,00% 100,00% 0,00% 0,00%

5 36,09% 63,63% 0,28% 0,00%

8 35,04% 46,16% 18,80% 0,00%

12 37,84% 39,77% 22,39% 0,00%

15 9,95% 13,57% 76,48% 0,00%

20 7,43% 10,48% 82,09% 0,00%

Portfolio Weights for 1 year Investment Period, Monthly Rebalancing - 

Gamma Scenario
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 Figure 6.7: Monthly Rebalancing: 1 Year Investment Period  

This riskier investment strategy is confirmed by the fact that FTSE W Nordic is preferred to the 

S&P500 index for every level of risk aversion, while it happens only for � less than three in the 

buy-and-hold case. Moreover, the CRB Commodity Index is preferred to the risk free asset for all 

level of risk aversion, and the risk free asset has zero allocation for every level of risk aversion. 

For comparison, the base model with no rebalancing shows that a portion of the portfolio is 

invested in risk free securities for higher levels of risk aversion (γ > 8), and the risk free assets is 

preferred to the CRB Commodity Index for γ =20. 

These results are in line with what is shown by Guidolin and Timmermann (2007), where the 

portion of the portfolio invested in stocks is greater when rebalancing is allowed. More 

specifically, results for a risk aversion coefficient equal to 5, and investment period of one year, 

show a 98% allocation in stocks in the rebalancing case with rebalancing points every month and 

73% in the buy-and-hold case (here 99% and roughly 50%, with the rest allocated to the 

commodity index). This also confirms their finding that, when rebalancing points are set to a 

distance less or equal to the persistence of the bull regime, allocation in stocks is higher, and vice 

versa. 

Rebalancing allows the investor to commit to a certain portfolio combination for a shorter period 

which, in the case of a long persistence of the bull regime (i.e. high values of the respective 

probabilities in the transition matrix and thus of the steady-state or ergodic probability), allows 

her to make riskier choices in her search of a high end of period wealth. 
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6.4. The Influence of the Initial Regime 

The initial state of the Regime Switching Model is taken as a random draw with probabilities 

6�and	6&, named ergodic (stationary) probabilities. From the Multivariate Regime Switching 

Model we obtain that the ergodic probabilities are 31.2% and 68.8% for bear- and bull regimes 

respectively. In order to determine how influential the initial state is on the overall asset 

allocation process a test of various probabilities was performed in Matlab. Starting from a 100% 

probability of the initial state being bullish and gradually decreasing to 0%, six tests were 

performed for three different time periods. 

As expected, when the ergodic probabilities are assumed to be close to a unit for a bull regime, 

the asset allocation is mainly to the higher yield assets. As an example, when there is 100% 

chance of a bull regime occurring, the investor is incline to allocate more to the higher yield 

asset, such as the S&P500 and FTSE W Nordic. When the ergodic probabilities for the initial 

state are lowered, the allocation to those assets is decreasing and the investor begins allocating in 

lower yield asset, the CRB Commodity Index. In the case of a one month investment period this 

pattern seems to be clear. However when the investment period is lengthened to six months, the 

pattern varies more than in the previous case.  

This is illustrated in Figure 6.8. Similarly, when the investment period is extended beyond the six 

months this pattern seems to disappear. The reason why this pattern is not visible in longer 

investment periods is due to the fact that the initial state is less influential for the overall period 

than in the case of a one month investment period. Furthermore, the main reason why the investor 

prefers allocating to the CRB Commodity Index, instead of the risk free rate, is that for a shorter 

period of time the CRB Commodity Index exhibits the characteristics of a risk free asset, low 

return and low volatility. When the investment horizon is extended even further, the allocation to 

the risk free asset is expected to increase. 

These results are in line with those discussed by Guidolin and Timmermann (2007), in which the 

authors analyzed the portion of portfolio invested in stocks as a function of the initial state and of 

the holding period. Allocation in stocks seems to be depending on the initial state only for 

holding periods inferior to the year, while it becomes invariant for longer periods, since the 

increased number of switching nodes exponentially decreases the influence of the initial regime. 
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 Figure 6.8: Initial State Probabilities and Asset Allocation  

The above mentioned results from Guidolin and Timmermann (2007) are based on monthly data, 

while the results from our research, as stated, are based on daily data, which are then subject to 
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more regime switching points; this further helps comparing the results and understanding why 

probabilities seem not to matter already for a holding period of six months. 

Moreover, Guidolin and Timmerman (2007) simulate regime dependent returns in a different 

way. More specifically, they simulate N t-period returns for each possible value of the current 

regime which are successively combined together in the vector Rt, and weighted by the ergodic 

probabilities πs, such that πs returns from state S are picked. The resemblance in the results of 

both the papers seems to underline the invariance of the two methods, with that described in this 

work resulting in being computationally less intense. 
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7. Further Extension 

This paper, as widely described in the previous sections, sets the basis for an innovative way of 

solving the investor’s asset allocation problem when returns are subject to a Regime Switching 

Model. Even though both the theoretical framework and the empirical results seem to indicate 

that this setting represents an interesting way of finding an optimal asset allocation by letting 

regimes to act independently on each asset, the novelty of the research implies further studies in 

order to improve it and to effectively verify if it is able to obtain more realistic results. 

This chapter is dedicated to the identification of possible extensions on this analysis and 

improvements on its critical points, together with the identification of those issues which are 

common to the Univariate and Multivariate Asset Allocation Models in the presence of Regimes 

Switching. 

The Univariate model relies on the assumption that correlations between assets are constant and 

do not vary depending on which state each asset is in at each date �. This, even though it still 

allows for having time varying (thus regime depending) covariances, is a strong assumption and 

represents a limitation to the correctness of results. In this paper we tried to estimate correlation 

coefficients in a way to make them time varying, but the results obtained were unsatisfactory and 

could not be used as part of the analysis. 

Estimating good regime dependant correlations is probably the most important possible extension 

to this analysis since it will not only allow obtaining more realistic results, but also because it will 

make the comparison between the Multivariate and Univariate models more reliable.  

What can be studied, indeed, is the feasibility of the application of a Maximum Likelihood 

Estimation for correlations by combining the parameters obtained with the regime switching 

estimation procedures. This means to maximize: 

 ℒ(�) =� log ��eq; �)¥
q��  

(7.1) 

where all the parameters in � are to be considered exogenous and given. The only parameters 

which are free to vary in order to obtain the maximum value of the likelihood function are the 
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correlation coefficients. The EM algorithm described in chapter 3 can be a possible algorithm to 

solve the iterating problem. 

A more reliable estimation of correlation coefficients will make the Univariate model much more 

comparable to the Multivariate model, but still allowing parameters to be estimated on the single 

asset and not on the whole set of assets, determining a real and complete independence on the 

effect of regimes on the assets. Moreover, Univariate estimation is, per se, less computationally 

intense and cumbersome than a Multivariate estimation and results are less biased by the 

complexity of the calculation required to the calculating instruments. 

The correct determination of the optimal number of regimes is another important theme to be 

deeply analyzed in order to add more certainty to the utilization of the more appropriate model. 

As a matter of fact, this is a data dependent issue. The optimal number of regimes is not 

something that is fixed and determined for all possible portfolios, it however depends on the 

effective level of orthogonality of the various assets. Results seemed to show that, in the case of 

the portfolio analyzed in this work, two regimes seem to well describe the data and additional 

regimes might result in a redundant over specification. This led to the conclusion that, in this 

specified case, the loss of information deriving from renouncing to the independence of the effect 

of regimes on assets is greater than that deriving from assuming time invariant correlations 

between assets. However, it should be tested if this result is, as a matter of fact, the ultimate result 

or if it depends on the combination of assets which are chosen to be analyzed. Totally 

uncorrelated assets, indeed, might result in the opposite conclusion, since the effect of the bias 

deriving from the estimation of fixed correlation coefficients will be intuitively smaller. A 

broader access to financial time series can help repeating and comparing the tests, in order to 

have a clearer idea of what model should be preferred on a general or particular basis. 

Another aspect of this paper and more generally, of the asset allocation in the presence of regimes 

switching, which needs further analysis is the determination of the optimal number of Monte 

Carlo simulations that are needed in order to obtain an accurate estimation of the end of period 

investor’s utility14. This aspect is extremely important, since while few simulations can result in 

                                                 
14

This aspect does not hold for those asset allocation procedures based on quadrature methods. The reasons why a 

Monte Carlo Simulation method is preferred to a quadrature method are reported in the chapter of this work 

describing the asset allocation model. 
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an estimation bias, too many can be computationally intense and make the asset allocation 

cumbersome to perform. A good balance between efficiency and accuracy must be found. 

As shown in chapter five, the shorter the investment period, the lower the number of Monte Carlo 

Simulations required. However, when rebalancing strategies are put in place, this statement does 

not hold anymore, since rebalancing, in the way it is carried out here, implies an exponentially 

higher number of paths of returns that have to be simulated, and even a very small bias in each 

estimated path is subsequently amplified by the new simulations and can eventually result in a 

very large overall bias.  

A deeper analysis of the rebalancing strategy can also be the object of further studies. Indeed, 

while it can be interesting to develop a rebalancing algorithm that will allow analysis on a higher 

number of regimes data generating processes, there still are various scenarios to simulate with the 

framework described in this paper. Indeed, results can be found and analyzed for different 

distances between the rebalancing points and different holding periods. 
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8. Conclusions 

The literature suggests that taking regime switching in asset returns into account, when 

constructing an investment portfolio, is beneficial for the investor. Similarly, this research paper 

has focused on the regime switching in asset returns and the asset allocation implications in the 

presence of such regimes. As shown, the joint distribution of the Regime Switching Model is 

better able to represent the real financial time series than the normal distribution, which is most 

often used as the fundamental assumption in portfolio theory. Using the joint distribution of two 

different regimes, characterized as bear and bull markets, we are able to solve for investor’s 

optimal asset allocation, which is more representative of real financial markets than a simple non-

switching asset allocation model. 

In previous studies carried out in this field it has always been assumed that all assets follow the 

same regime at a certain date �, describing the Multivariate Regime Switching Model. We 

however find the need to extend the literature and compare this model with, what we choose to 

name, the Univariate Regime Switching Model. The Univariate Regime Switching model allows 

each asset to have independent regime at a certain date �, by making the assumption of fixed 

correlations but allowing for time-varying covariances. Using the Akaike Information Criterion 

and Bayesian Information Criterion the two models are compared statistically, which results in 

the Multivariate Regime Switching Model being preferable in both cases. However, the results of 

the tests need further analysis, as they can be influenced by the dataset used in this research; a 

generalized conclusion can therefore not be reached. 

Furthermore, we use these two Regime Switching Models to solve for investor’s optimal asset 

allocation, under the assumption of a buy-and–hold strategy. When implementing Regime 

Switching Models as an input of asset allocation we obtain different allocation results for the two 

models, which are both different from the case of a non-switching model, based on the mean-

variance framework. However all models show the usual characteristics of a decreasing 

allocation to stocks with an increased level or risk aversion. What is also interesting is that the 

Univariate Regime Switching Models seems to be more sensitive to risk aversion compared to 

the other two. However, the Univariate model addresses the investor to allocate a larger portion 

of her portfolio to stocks, with the non-switching model showing the lowest share and the 

Multivariate being in the middle of the two. These results are in line with the findings of Guidolin 
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and Timmermann (2007); asset allocation strategies, based on Regime Switching Models, 

allocate a larger portion of the portfolio to risky assets than the non-switching model. The 

tendency of the Univariate model to be more biased towards allocation in stocks is explained by a 

much higher persistency of the bull regime compared to the Multivariate model, where the 

Univariate model has an expected duration of 82 days whereas the Multivariate model expects 

only 20 days. The differences in the three models arise from the different assumptions that are 

made for each of them. Given the fact that these differences are sometimes significant and 

persistent, it seems vital to choose the model that is closer to the real world, in order to 

effectively maximize and model investor’s utility. 

When solving the investor’s asset allocation problem with respect to various investment horizons 

the basic rule of thumb, that allocation to stocks should increase with a longer investment horizon 

and conversely decrease with a shorter time period, is not to be confirmed. We only see such 

evidence in the case of the Multivariate model where the investment horizon is increased from 5 

to 10 years, where the overall allocation to stocks increases slightly. As we do not observe this 

pattern for the other models, we can conclude that there does not exist a clear pattern of such 

changes in allocations, which is consistent with the evidence found by Guidolin and 

Timmermann (2007). 

Additionally we find evidence that, when the probability of the initial regime being characterized 

as a bull regime is increasing, the asset allocation is more biased towards higher yield assets. This 

however only holds for a very short investment horizon as the effect of the initial regime seems to 

be varnishing as the investment horizon is lengthened, since regime switching points increase and 

the holding period goes way beyond the persistence period of the regimes. 

As the possibility of portfolio rebalancing is introduced for the Multivariate Regime Switching 

Model, we see that for a one year investment period, with monthly rebalancing, the allocation to 

more risky assets, namely stocks, is significantly higher than in the case of a buy-and-hold 

strategy. From this we can conclude that when the rebalancing frequency is less than, or equal to, 

the duration of the bull regime, the allocation to more risky assets tend to increase and vice versa. 

We believe that having introduced the Univariate Regime Switching Model to the literature is 

profitable for the overall literature going forward. As mentioned here, and in previous chapters, 

this model relies on strong assumptions that influence the overall result. If extended further, with 
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some of our suggestions in the previous chapter, the Univariate Regime Switching model might 

be able to reach beyond the Multivariate Regime Switching Model and become an even better 

representation of the real financial markets with significant computational advantages. 

However, from our overall results it seems evident that there is more information available from 

asset returns than simply the mean and variance. Assuming that the economy is represented by 

more than only one regime gives more realistic results than assuming only one state of the world. 

The joint distribution of asset returns is better able to take into account the extreme events of the 

financial markets, represented by fat tails of the return distributions that have appeared 

throughout history. This allows us to be better able to model, and furthermore, give a better 

representation of the investor’s asset allocation problem. Since the different regimes of the 

economy make the investor allocate her wealth differently, we can conclude that, in order to 

model real life financial markets, it seems beneficial to have some understanding of the 

alternation of regimes in the generation process of asset returns. 
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