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Executive Summary 

The aim of this dissertation is to inquire on the performance of structural models in the 

European debt market. Merton model is the pioneer among this class of models. Despite its 

simplicity and intuitiveness, it is affected by several limits which have been addressed by 

subsequent extensions. We implemented the original Merton model, as well as three 

subsequent extensions, to price synthetic CDS spreads and compare the results with market 

prices. We chose to base our analysis on CDS spreads because they are a cleaner measure of 

credit risk and, thus, they are less affected by non-credit risk factors. Results provided a 

strong evidence that, on average, structural models underpredict market CDS spreads. This 

result is emphasized for investment grade companies but it is present, in a smaller magnitude, 

also for sub-investment grade companies. Notwithstanding its limits, Merton model appears 

to be the best model among those tested. In addition, we conducted an analysis based on 

subsample sorted by sector and nationality. On the one hand, the analysis by sector provides 

evidences of the good performance of structural model on Basic Material, Consumer and 

Industrial sectors but not for financial sector. On the other hand, the analysis by nationality 

gives mixed results affected by the low number of observations and sector concentration for 

some countries.  
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1. Introduction 

The aim of this master thesis is to investigate credit risk models’ performance in replicating 

credit market behaviour. In literature, many different ways have been developed in order to 

test it. One of the most used application consists in comparing credit spreads, the difference 

between the corporate bond yield and the risk free benchmark, observed in the market with 

those estimated trough the utilization of credit risk models. In this work, we base our analysis 

on the European credit derivatives market and, specifically, on the pricing of Credit Default 

Swap (CDS). The reason behind this choice is twofold: 

a. according to the literature, credit default swap spreads are less affected by non-credit 

factors than credit spreads. They are traded on standardized terms limiting the 

contract-specific features that can segment the market. For these reasons, the CDS 

spread is a cleaner measure of the creditworthiness of a company. It, consequently, 

limits the bias that could derived from the exclusion of such non-credit factors from 

our models (Zhou et al. 2009); 

b. the “engineerization” of the financial markets and their continuous growth have led to 

an exponential expansion of credit derivatives market making the credit default swap 

one of the most liquid products traded within the marketplace. Because of this, CDS 

spreads tend to respond more quickly to change in credit conditions in the short term 

(Zhou et al. 2009) than any other securities. 

The literature on structural models has developed over time with more and more complex 

models and offers a wide range of models to be tested. We focussed our analysis on four 

different structural models and we tested their performances in pricing credit default swaps. 

Specifically, these models are: 

1. Merton’s model (1974), the pioneer among structural models; 

2. Turtle and Brockman path-dependant option model (2003) together with a 

modification of it; 

3. Zhou jump diffusion model (2001). 

These models have been chosen in order to increase, step by step, the complexity from the 

original Merton’s model relaxing those restrictive assumptions that limit the ability of Merton 

model to accurately price credit derivatives. 

Before starting with the abovementioned analysis, we will give an overview on what credit 

risk is and which are the various alternative ways, other than structural models, that have been 

developed by the literature to quantify it and that are used by market participants and 

institutions to make their credit analysis and investment decisions. 
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1.1 Credit Risk 

When an investor enters into a financial transaction, it faces different types of risks. Market 

risk and credit risk are definitely the main two risks that need to be carefully considered by 

any market participant. 

Market risk is the risk of changing in market price which can be faced by equity investors, 

due to the change in the price of the underlying stock, and by fixed income investors, due to 

the change in the interest rate level which ultimately affects the value of the instrument. To 

manage such type of risk, banks, hedge funds and private investors use many different types 

of mathematical and statistical techniques. The most used amongst those is the value-at-risk 

(VaR) analysis. The VaR is the maximum loss that an investor can expect to incur over a 

certain time horizon (typically a year) with a 99% of confidence level. In other worlds, an 

investor is 99% confident that there will not be a loss greater than the VaR over the specified 

time horizon. Such measure allows the investor to make prudent investments, limiting the risk 

of being overexposed and being hit by an unexpected big loss.  

Credit risk, on the other hand, is the risk of a loss due to the inability of the counterparty to 

fulfil its financial obligations. The probability of default is the main driver of such risk. Debt 

investors need to estimate such measure in order to assess the creditworthiness of the 

counterparty to price credit securities. There are many different approaches to estimate default 

probability. As a starting point, we can divide such approaches into two categories: (i) 

accounting data methods and (ii) market price methods. 

 

1.1.1 Accounting Data Methods 

This class of modes use accounting historical information to asses and forecast the credit risk 

of a counterparty. Rating agencies are the main users of these methods. Starting from 

company’s balance sheet, rating agencies compute some adjustments on the raw figures to 

extract those credit risk factors that could result hidden in company’s accounts. The result of 

such exercise is the so-called credit rating that is an opinion, expressed in alphanumeric terms, 

on the ability of the counterparty to fulfil its obligations. Credit ratings are designed to 

provide information on company probability of default and they are used by market 

participants in pricing debt instruments, such as bonds and loans, but also credit derivatives. 

The riskier a counterparty is, the more expensive will result its access to the credit market 

because default is more likely and debtholders will require additional returns to bear such 

risk.  

Given their activity, rating agencies are the main sources of credit risk data for private 

investors. Since their existence, they collected information on the default experience trough 

time by corporates and governmental institutions all over the world. Table 1 shows the 

relationship between credit rating and probability of default over time for European 



7 
 

corporates between 1996 and 2013. As we can see, an AAA rated company has 0% 

probability of defaulting over the next year and 0.74% of probability of defaulting in the next 

10 years. The probability of default increases as the rating worsen: a BBB corporate has 

2.06% probability of default within 5 years instead a CCC/C corporate has 46.75% 

probability of default in the same time horizon. It can be also noted that for investment grade 

corporates the default probability over a 1-year time is an increasing function of time (e.g. for 

A corporates, the 1-year default probability is 0.07%, 0.1%, 0.11%, 0.15%, 0.18% and 0.22% 

during year 1, 2, 3, 4, 5 and 6). For non-investment grade company the opposite is true: 

default probability over a 1 year time is a decreasing function of time (e.g. for B corporates, 

the 1-year default probability is 4.11%, 5.16%, 3.38%, 2.56%, 2.06% and 1.68% during year 

1, 2, 3, 4, 5 and 6). This is due to the fact that an investment grade company is initially 

considered a creditworthy counterparty and thus the possibility of declining creditworthiness 

increases over time. The opposite is true in case of sub-investment grade corporates: since at 

the beginning the issuer is considered unstable, the more time it survives the more its financial 

health is likely to be improved.  

 

Table 1 

Default probabilities over time for European corporates calculated between 1996-2013 for different rating and 

class of rating. Numbers are expressed in %. Time is reported in years
1
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Another important piece of information released by rating agencies is the so-called transition 

matrix, which is reported in Table 2 and Table 3. Transition matrix represents the likelihood a 

corporate can be downgraded / upgraded over a time horizon. As we can see, rating agencies 

tend to change ratings relatively infrequently. On average, more than 80% of investment 

grade companies keep the same rating over the next year. An A rated corporate has the 6% 

probability to be downgraded to BBB and 2% probability to be upgraded to AA within 1 year 

time. This behaviour is justified by the fact that rating agencies seek to avoid rating reversals 

                                                                 
1
 Sources: Standard & Poor’s Global Fixed Income Research and Standard & Poor’s CreditPro®  

From / to 1 2 3 4 5 6 7 8 9 10

AAA 0 0.03 0.13 0.24 0.35 0.47 0.53 0.62 0.68 0.74

AA 0.02 0.07 0.13 0.24 0.36 0.47 0.58 0.67 0.75 0.84

A 0.07 0.17 0.28 0.43 0.6 0.78 1 1.19 1.38 1.59

BBB 0.21 0.6 1.02 1.53 2.06 2.56 3.01 3.45 3.89 4.33

BB 0.8 2.46 4.41 6.29 8.01 9.64 11.03 12.26 13.4 14.39

B 4.11 9.27 13.61 16.99 19.55 21.61 23.29 24.65 25.82 26.97

CCC/C 26.87 36.05 41.23 44.27 46.75 47.77 48.85 49.67 50.64 51.35

Investment grade 0.11 0.3 0.52 0.79 1.07 1.35 1.61 1.86 2.1 2.35

Speculative grade 4.02 7.86 11.19 13.86 16.03 17.82 19.33 20.6 21.74 22.78

All rated 1.53 3.02 4.33 5.43 6.35 7.14 7.82 8.39 8.92 9.42

Europe (1996-2013)
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From/to AAA AA A BBB BB B CCC/C D NR

AAA 87.3 8.97 0.47 0.12 0.00 0.00 0.12 0.00 3.03

(7.80) (6.66) (1.38) (0.92) (0.00) (0.00) (0.77) (0.00) (4.11)

AA 0.29 85.32 10.38 0.66 0.00 0.00 0.00 0.00 3.35

(0.69) (6.82) (6.11) (1.20) (0.00) (0.00) (0.00) (0.00) (2.26)

A 0.02 2.22 86.31 6.16 0.23 0.05 0.00 0.05 4.98

(0.05) (1.95) (4.78) (3.46) (0.38) (0.49) (0.00) (0.10) (2.16)

BBB 0.00 0.15 4.22 83.03 4.27 0.49 0.12 0.10 7.62

(0.00) (1.60) (2.05) (4.02) (2.76) (0.57) (0.33) (0.25) (3.32)

BB 0.00 0.00 0.12 4.91 71.72 7.89 0.56 0.56 14.23

(0.00) (0.00) (0.80) (2.67) (7.67) (4.04) (1.22) (1.01) (5.50)

B 0.00 0.00 0.07 0.49 7.57 68.19 4.86 3.47 15.35

(0.00) (0.00) (0.33) (0.73) (3.89) (7.98) (3.24) (5.08) (7.21)

CCC/C 0.00 0.00 0.00 0.00 0.00 15.69 33.33 31.37 19.61

(0.00) (0.00) (0.00) (0.00) (0.00) (14.90) (18.81) (20.83) (14.59)

where a company is downgraded and then upgraded in a short period of time. Indeed, such 

misleading behaviour could be detrimental for the credibility of rating agencies and, thus, for 

the scope of their existence. 

 

Table 2 

Average One-Year European Corporate Transition Matrices, 1981-2013. Numbers in parentheses are weighted 

standard deviations. Calculations are for 1996-2013. Numbers are expressed in %.
2 

 

 

 

 

 

 

 

 

 

Table 3 

Average One-Year European Corporate Transition Matrices, 1981-2013. Numbers in parentheses are weighted 

standard deviations. Calculations are for 1996-2013. Numbers are expressed in %
2
. 

  

                                                                 
2
 Sources: Standard & Poor’s Global Fixed Income Research and Standard & Poor’s CreditPro® . 

From/to AAA AA A BBB BB B CCC/C D NR

AAA 15.93 35.1 12.39 2.06 0.00 0.00 0.00 0.00 34.51

(2.95) (5.71) (4.73) (2.04) (0.00) (0.00) (0.00) (0.00) (4.89)

AA 0.56 24.39 36.28 7.23 1.32 0.07 0.00 0.63 29.53

(0.59) (4.20) (5.86) (1.83) (0.78) (0.20) (0.00) (0.47) (2.65)

A 0.00 7.15 29.47 18.81 3.1 0.91 0.00 0.87 39.69

(0.00) (3.58) (4.52) (5.38) (2.25) (0.66) (0.00) (0.70) (7.20)

BBB 0.00 1.16 10.69 24.65 6.91 1.67 1.31 2.33 51.27

(0.00) (1.72) (2.10) (5.46) (3.41) (1.04) (0.99) (1.00) (5.82)

BB 0.00 0.19 3.02 5.28 9.81 6.79 0.19 9.81 64.91

(0.00) (1.37) (1.81) (2.36) (2.52) (2.27) (0.46) (4.59) (5.31)

B 0.00 0.00 0 0.54 3.8 5.16 0.27 22.28 67.93

(0.00) (0.00) (0.00) (0.79) (2.95) (3.55) (0.64) (11.92) (9.03)

CCC/C 0.00 0.00 0.00 0.00 0.00 5.00 0.00 57.5 37.5

(0.00) (0.00) (0.00) (0.00) (0.00) (6.45) (0.00) (15.08) (16.78)
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For the purpose of our analysis, it is important to point out that the default probabilities 

reported in Table 2 are historical probabilities of default (also called real world probabilities 

or physical probabilities), which are different from the so-called risk neutral probabilities. The 

former are the probabilities implied in bond and credit derivatives pricing and they are at the 

fundamental of the modern option pricing theory. The latter are those observed and 

experienced in the market over time. 

Risk neutral probabilities are based on the assumption that investors live in a risk neutral 

world. In such a world, all individuals are indifferent to risk and they do not require any 

compensation for bearing it. The consequence of such assumption is that, independently from 

the risk an investor is taking, he expects to get the risk free rate as return from his 

investments. The reason why this assumption is realistic and holds in the option pricing 

theory, is connected with the assumption of complete and perfect markets: since markets are 

complete, an investor can always hedge its exposure to risky instruments without bearing any 

additional costs. The way to do so is by building a proper portfolio such to eliminate any type 

of risks and getting the same risk exposure as he was investing in a risk free security. 

According to the law of one price and the absence of arbitrage into the market, such a 

portfolio must earn the same return as the risk free asset, i.e. the risk free rate. 

As a consequence of such framework, in pricing credit derivatives we delve with risk neutral 

probabilities of default which, according with the literature, are higher than observed one. 

And this is understandable given the fact that, being investors risk neutral, in pricing credit 

derivatives we discount risky cash flows using the risk free rate and not the “real” risky 

return. In such way we counterbalance the presence of higher default probabilities with a 

lower discount rates. Doing so, we avoid to consider single investor risk appetite and, thus, 

different discount rate for each investor. 

As recalled earlier, this is the fundamental of credit derivatives pricing and we will make use 

of this risk neutral pricing theory in the following chapters. 

 

1.1.2 Market Price Methods 

Market price methods mainly comprises Structural Models and Reduced-Form Models. Such 

models, use market price to estimate default probabilities. This is a very important 

discriminant factor compare to accounting data methods: market prices reflect, indeed, 

investor’s expectation on the future performance of a company and, for this reason, they are 

forward looking source of information. Accounting information, on the other hand, are by 

definition historical information and give only information on the past performance of a 

company. Moreover, market price model utilizes the volatility of firm’s asset in estimating the 

risk of default: this is also a very important aspect since, notwithstanding two firm can have 



10 
 

similar level of asset and liabilities, default probability can be very different based on the 

volatility of their asset values. Volatility is a very important source of information and is 

crucial for determining the probability of default. 

Being structural models the topic of this thesis, in this section we briefly introduce some basic 

concepts on Reduced-Form Models. Reduced-Form models have been recently developed to 

overcome one of the main problems of structural models: the fact that default events cannot 

occur unexpectedly in the short term. Reduced-Form Models, on the other hand, base their 

intuitions on the fact that default is an unpredictable event. Focus of these models is the time 

to default: a company is supposed to default at some unpredictable random date which is 

usually modelled as the date of the first jump of a Poisson process. A key element is the so-

called default intensity that is the conditional probability that default will occur immediately 

given that the firm is survived by time t. It is modelled as a stochastic process under the risk 

neutral probability. It is obtained from market prices of defaultable instruments, such as bonds 

and credit default swap and it is used in an exogenous arrival or jump process to model the 

default event. 

Reduced form models are computationally faster than structural models. However, since they 

do not use information from the firm's balance sheet, they provide little economic 

interpretation for the default event and they are not able to provide additional credit risk 

measures next to the PD. On the other hand, they are able to predict and price big observed 

credit spread which we observe in the short term and that cannot be replicated by normal 

structural models. 

The remainder of the thesis is structured as follows: Chapter 2 presents an historical overview 

of structural model. Section 3 develops the theoretical models that will be implemented in the 

empirical work. Chapter 4 poses the theoretical framework to value CDS spreads. Chapter 5 

presents the sample selected for our empirical testing. Chapter 6 describes the implementation 

of the selected models. Chapter 7 gives an historical overview on the performance analysis 

offered by the literature. The results of our empirical models and testing are presented in 

Chapter 8. Chapter 9 concludes.    
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2. Literature on Structural Models 

Starting from Merton’s model (1974), the literature on structural models has seen a very 

intense origination effort until today. Many papers have been written on this topic in an effort 

to improve the performance of the original model and overcome its several limitations. 

Merton’s model has been the first structural model developed in the literature and it has 

served as the cornerstone for all other structural models. It employed the modern option 

pricing theory developed by F. Black, M. Schole (1974) and R. Merton (1974) in corporate 

debt valuation. According to the Merton’s model, all corporate securities can be seen as 

contingent claim on the corporate asset. The model assumes that a firm defaults if the value of 

the asset falls below its outstanding debt at the time of debt repayment, representing a 

situation in which shareholders don’t have any interest in paying back debt and prefer to 

transfer their rights to debtholders.  

Figure 1 gives a graphic overview on how Merton’s model works. The model assumes a 

normal distribution of the asset value at a given time horizon. If, at maturity, the value of the 

assets falls below the default point, then the firm defaults. This means that the probability of 

default, which is explained by the shaded area, is the probability that the asset value falls 

below the default point. In addition, we can also note how the main drivers of this model are 

the expected growth rates of the asset, which influence the mean of the normal distribution at 

the time horizon, and the volatility of the asset value, which influences the asset value at each 

point in time. Figure 1 also provides a graphical representation of the so called Distance-to-

Default which will be formally derived in the next chapters: it is defined as the number of 

standard deviations the asset value is away from default, i.e. how far is the current asset value 

from the default point. 

Although this model has been widely adopted for valuing credit derivatives, the underlying 

assumptions often do not reflect what actually happens in the market. The most important 

shortcomings of Merton model underlined by the literature are the followings: 

1. Merton model assumes that the default of a company can only happens at debt 

maturity. But this is not what we observe in the market where corporates can default at 

any time independently by debt maturity. For example, usually there are covenants on 

the debt contracts, which can trigger the default of a company as soon as they are 

breached. The most common covenant is the leverage ratio: if, at some agreed specific 

point in time (usually quarterly), a specific level of indebtedness is breached, the 

company falls into the default event3. As a consequence of this shortcoming, default 

probabilities are too low with respect to the real one because default is restricted to 

occur only at some specific conditions. A possible solution to this problem is to  

                                                                 
3
 Here we are emphasizing the possible outcome. What really happen is that a company can ask and obtain a 

waiver from lenders which allow it to breach such limit without falling into default.  
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Figure 1 

Graphical representation of Merton Model
4
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

introduce a default barrier that represents this covenant structure: in this sense default 

can be triggered at any moment the company breaches the covenant, i.e. when the 

default barrier is breached. This feature has been dealt with the so-called First Passage 

Models. 

2. Merton model assumes an oversimplified capital structure made exclusively by zero 

coupon bonds. We observe companies raising debt under many different types of 

structure: not only zero coupon bond, which are almost absent in the capital structure 

of a firm, but also bullet bond, convertible bond, preferred securities and secured debt. 

Those are all different types of securities that a company can issue to satisfy its 

financing needs. The likelihood of a default on such types of instruments is different 

and should be taken into consideration when valued. We can deal with these types of 

securities including them in the valuation model. 

3. Another important assumption regards the interest rate nature. Merton model assumes 

a fix non-stochastic interest rate over time. This is a very strong assumption since we 

know that interest rates change over time and in different ways between different 

maturities. A solution to this problem is to introduce a stochastic process to capture 

the interest rate movement over time. This also allows to introduce another important 

                                                                 
4
 Source: Peter Crosbie and Jeff Bohn , Modeling Default Risk, KMV, 2003 
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variable: the correlation between interest rate and asset value. The literature has 

produced many different models that delve with this problem but they also introduce a 

level of complexity that, most of the times, overcome the benefits of having this 

specification. 

4. Merton model assumes that asset value follows a geometric Brownian motion which 

determines company asset value at debt maturity. Due to this specification, the 

original model is unable to deal with default events within a short period of time since 

an unexpected jump is not possible to occur. The asset value is only driven by the 

slow movement of its long-term trend making impossible to simulate a default 

unexpectedly in the short term. This is the reason why, looking at the term structure of 

CDS spread derived using Merton model, the value of the CDS spread is zero in the 

short period. However this is not what we observe in the market: CDS term structure 

is characterized by big positive short-term spread. A possible solution to this 

shortcoming would be to introduce a random jump in the asset value process. With a 

jump diffusion process, default can occur either for the slow change in the asset value 

or because of an unexpected shock, that brings down the asset value, which cause a 

breach of the barrier. 

For the above mentioned reasons, many extensions of Merton’s model have been developed 

in the years following its publication with the aim of relaxing the stringent and unrealistic 

assumptions of the original model. In this section we will try to give a brief overview of the 

most important improvements. Chapter 3 will further develop this fast overview. 

Black and Cox (1976) introduced for the first time the concept of first passage model in which 

default is modelled as the first time the asset value of the firm falls below a pre-specified 

threshold (called barrier). The most important feature of this model is that default can happen 

not only at debt maturity but at any point in time. If we look at the real world, indeed, we can 

see that companies may defaults not only when they have to repay their debt but also when 

interest payment is due, covenants are breached or due to litigation. As a result of including 

such element of improvement, estimated default probabilities increase compared to the 

original Merton’s model as the default event is not restricted to one point in time. The authors 

specifically tested the effect of safety covenant, subordination arrangements and restrictions 

on the financing of interest and dividend payments. Results provide evidence of the effects of 

these indenture provisions to corporate bond valuation. 

Longstaff and Schwartz (1995) modelled Merton model introducing the assumption of a 

stochastic interest rate process following a mean reverting process. Interest rate is no more 

assumed fixed as in Merton’s model but it changes over time. As a result, their model allows 

to capture the effect of interest rate on default risk which is driven by the correlation between 

asset value and interest rate. Despite the fact that this feature increases the precision of the 

results, the drawback of this model is related with the complexity that this kind of model 

introduces. According with the literature, this complexity is weakly balanced by the increased 
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accuracy of the estimates, making this model good from a theoretical standpoint even if not 

utilized in practice. 

Geske (1979) relaxes the assumption on the firm capital structure, limited to a mix of equity 

and zero coupon bond on Merton’s model. Geske Compound Option model allows structural 

models to delve also with more complex capital structure. 

All of the abovementioned models are based on stochastic process based on the so-called 

Brownian motion. Under a diffusion process, because an unexpected drop in the asset value is 

impossible, “firms cannot default by surprise” (Zhou 2001). This drawback makes it 

impossible to explain and to replicate big corporate credit spreads, especially in the short 

period that we do observe in the market. The literature provides many empirical evidences on 

the fact that Brownian motion is not the most accurate process to describe the behaviour of 

market prices. The heavy tail phenomenon and the discontinuity of asset prices, have lead 

“modern” literature to focus on different stochastic processes able to better explain price 

movements and to account for the so-called black swans, big unexpected negative events 

which impact stocks prices. The most used stochastic process in this case is a Jump diffusion 

process. As we will see more in detail on the next chapters, these models include a standard 

diffusion process driven by a Brownian motion together with a jump process, usually 

modelled by a Poisson distribution, which include those jumps observed in the real world 

which trigger the default unexpectedly. 

In an effort to improve the outcome of structural models, many authors expanded the original 

Merton model introducing a new specification of the stochastic process which affects the 

asset value over time. We recall Merton (1975), Jones et al. (1984), Duffie and Lando (1997), 

Zhou (2001). In the most common specifications without too restrictive assumptions on the 

stochastic process form, these type of models cannot be solved with a closed for solution but 

have to be implemented through numerical procedures such as Monte Carlo simulation.  

The success of structural models has been determined by the high level of interpretation and 

intuition that they offer. Indeed, compared to reduced form models, structural models offers 

an explicit relationship between default risk and the capital structure of the firm. In this way 

they offer a “simple” and intuitive way to evaluate default risk based on market and balance 

sheet data. As a result, structural models not only allow for securities valuation, but they also 

address important issues in the choice of the optimal capital structure composition. However, 

we must be aware that such easiness does not come for free: these models are, indeed, based 

on very restrictive and not realistic assumptions that limit their ability to replicate the real 

world situations. 

In this thesis, starting from the original Merton model, we will implement several models, 

with increasing degree of complexity of the underlying structural model, in order to price 

credit derivative securities and test how these models perform with respect to the real market 

pricing. 
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3. Structural Models: Theoretical Background Overview 

We test four market-based structural models, specifically Merton’s model (1973), Brockman 

and Turtle’s first passage model (2003) and its modification and the jump diffusion model 

developed by Zhou (2001). 

These models are based on some common assumptions described below: 

Assumption 1. Firm’s capital structure is composed by both equity and debt in the form of a 

zero coupon bond. 

We all agree this is a very restrictive assumption since in the real world companies face many 

other sources to finance their business e.g. hybrid instrument, amortizing debt and many other 

types of instruments. Since companies operating in different sectors face different needs, we 

can also expect to see different concentrations of these type of instruments among different 

sectors. In this circumstance, we would expect structural models to better perform in some 

sectors than in another, i.e. should perform better in those sectors in which funding needs are 

covered trough a more simple capital structure, which better fits the one assumed by structural 

models.  

Assumption 2. The short-term risk free rate r is constant over time and the term structure of 

interest rate is flat. 

This assumption is made for convenience and can be relaxed also to account for the 

correlation between interest rate and asset value. According to the literature, the effect of 

introducing stochastic interest rate improves the results but not enough to counterbalance the 

computationally effort to develop such models. 

Assumption 3. There exist a positive threshold 𝐾𝑡 for the firm at which default occurs 

As we will see, this value 𝐾𝑡 can take different form and interpretation. It can have a time 

dependant shape (Zhou 2001) or be constant over time (Merton 1974). Usually it is set equal 

to the value of debt measured as 100% short term debt plus 50% of firm’s long term debt 

(KMV 1980) or considered as the “minimum value required by the safety covenant of the 

debt contract for the firm to continue its operation” (Turtle and Brockman 2002). 𝐾𝑡 can be 

assumed to be exogenous or implicitly derived from company characteristics. 

Assumption 4. Financial markets are complete and “frictionless”. Markets are characterized 

by no transaction costs or differential taxes. Trading takes place continuously and short 

selling is not prohibited with possibility to borrow money at the risk free rate r.  

This is one of the main assumption of the Black Sholes option pricing framework and one of 

the most common in the financial literature. This assumption assures that at any time 

investors can trade and hedge their positions in the market without any additional cost and at 

the fair price. 
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Assumption 5. Stocks pay no dividends during the life of the option.  

This is also an assumption made for convenience and it can be relaxed also to account the 

effect of dividend payment and share repurchase on the pricing of corporate liabilities. 

Assumption 6. There are no bankruptcy costs. 

Technically in case of default a company incurs in consistent implicit (e.g. suppliers) and 

explicit (e.g. legal) default costs, which should be accounted in pricing corporate liabilities.  

 

3.1 Merton Model 

We start our analysis by introducing Merton model framework, the starting point of this work. 

Following Merton (1974), all corporate securities can be seen as contingent claim on 

corporate assets. As such, the equity value of a firm is an option on the assets of the company. 

The reason behind this specification is that “equity holders can be viewed as residual 

claimants on the firm’s assets after all other obligations have been met” (Vassalou and Xing 

2004). At debt maturity, the value received by equity holders is given by the difference 

between the asset value and the value of debt that must be repaid, i.e. V-K, with V denoting 

the firm asset value and K the face value of debt that have to be paid back to debt holders. If 

K is larger than V, then shareholders do not exercise the option and they will transfer their 

rights on company’s assets to the debtholders. In this sense K represents the strike price of the 

call option. To better see this fact we can look at Figure 2. We represented the payoff 

structure of shareholders and debtholders respectively. Figure 2(a) illustrates the situation just 

described: unless the value of the asset is above K, the equity holder payoff is given by V-K; if 

the value of the asset falls below K, equity holders will not exercise their option and will 

transfer their rights to the debt holders. On the other hand, debtholders payoff will be K, the 

face value of debt, if V is larger than K, because they will receive back the entire face value of 

what they have granted to the company or, in the case V is lower than K, the residual value 

resulting from the sales of company’s assets.  

 

Figure 2 

Payoff structure for equityholders (a) and debtholders (b) 

 

a.          b. 
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Mathematically, equity holder’s pay-off, i.e. the value of equity, can be summarized as: 

𝐸 = 𝑚𝑎𝑥(0, 𝑉 −𝐾) 

This is the payoff of a long position in a call option on the value of company’s asset with 

strike value equal to K. 

Similarly, debtholders payoff, i.e. the value of the debt, can be summarize as: 

𝐷 = 𝑚𝑖𝑛(𝐾, 𝑉) = 𝐾 − 𝑚𝑎𝑥(0,𝐾 − 𝑉) 

This is the payoff of a portfolio made of cash K and a short position in a put option on the 

value of company’s asset with strike price equal to K. 

The model assumes that firm’s asset follows a stochastic diffusion process in the form of a 

Geometric Brownian motion (GBM). Formally: 

𝑑𝑉𝐴 = 𝜇𝑉𝐴𝑑𝑡 + 𝜎𝐴𝑉𝐴𝑑𝑊 

where 𝑉𝐴  denotes the asset value of the company, 𝜇 is the drift, 𝜎𝐴  is the volatility and 𝑑𝑊 is 

the standard Wiener process. 

As described above, 𝐾 identifies the strike price of the call option. Following Black and 

Scholes (1973) formula, the equity value of the company, that is the value of the call option, 

is given by: 

𝐸 = 𝑉𝐴𝑁(𝑑1) − 𝐾𝑒−𝑟𝑇𝑁(𝑑2) 

where: 

 

𝑑2 = 𝑑1 − 𝜎𝐴√𝑇 

with r denoting the risk free rate and N the cumulative density function of the standard normal 

distribution. 

On the other hand, the market value of debt, D, is given by the value of a portfolio with a long 

position in a risk free bond, K, and a short position on a put option on the assets of the 

company with strike price K. Analytically, this value is given by: 

𝐷 = 𝐾𝑒−𝑟𝑇 − [𝐾𝑒−𝑟𝑇𝑁(−𝑑2) − 𝑉𝐴𝑁(−𝑑1)] 

with 𝑑1and 𝑑2 defined as above. 

Our main interest here is to estimate the default probabilities. According to the model, default 

occurs only if, at maturity, the asset value of the company falls below the face value of debt 

𝑑1 =
ln  

𝑉𝐴
𝐾
 +  𝑟 +

1
2
𝜎𝐴

2 𝑇

𝜎𝐴√𝑇
 

(2) 

(3) 

(1) 
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K. Analytically, following Vassalou and Xing (2004), the default probability of a company is 

given by: 

𝑃𝐷𝑡 = Prob(𝑉𝐴 ,𝑡+𝑇 ≤ 𝐾|𝑉𝐴 ,𝑡) = Prob(ln(𝑉𝐴,𝑡+𝑇) ≤ ln(𝐾)|𝑉𝐴 ,𝑡) 

Given the asset value follows a Geometric Brownian motion, the value of the asset at any 

point in time t is given by: 

ln(𝑉𝐴 ,𝑡+𝑇) = ln(𝑉𝐴 ,𝑡) + (𝑟 −
𝜎𝐴

2

2
) 𝑇 + 𝜎𝐴√𝑇𝜀𝑡+𝑇

 

휀𝑡+𝑇 =
𝑊(𝑡 + 𝑇) −𝑊(𝑡)

√𝑇
 

with  휀𝑡+𝑇~𝑁(0,1). 

Thus, we can rewrite the probability of default (PD) as: 

𝑃𝐷 = 𝑃𝑟𝑜𝑏(ln(𝑉𝐴 ,𝑡) − ln(𝐾) + (𝑟 −
𝜎𝐴

2

2
)𝑇 + 𝜎𝐴√𝑇𝜀𝑡+𝑇

≤ 0) 

𝑃𝐷 = 𝑃𝑟𝑜𝑏(−
ln(𝑉𝐴 ,𝑡/𝐾) + (𝑟 −

𝜎𝐴
2

2 )𝑇

𝜎𝐴√𝑇
≥ 휀𝑡+𝑇)  

Finally, the risk neutral probability of default in Merton’s model is defined as: 

𝑃𝐷 = 𝑁(−𝐷𝐷) = 𝑁(−
ln(𝑉𝐴,𝑡/𝐾) + (𝑟 −

𝜎𝐴
2

2 )𝑇

𝜎𝐴√𝑇
) = 𝑁(−𝑑2) 

Where DD identifies the Distance-to-Default. “Default occurs when the ratio 𝑉𝐴 ,𝑡/𝐾 is less 

than 1 or its log is negative. The DD tells us by how many standard deviations the log of this 

ratio needs to deviate from its mean in order for default to occur” (Vassalou and Xing 2004). 

 

3.2 First-Passage Model: the Down and Out Call (DOC) Pricing 

Framework 

One of the first improvement introduced in structural model theory has been developed by 

Black and Cox (1976) and takes into consideration the time to default. As recalled in the 

previous chapter, Merton’s model allows default to happen only at maturity when debt is due. 

This is a major limit of Merton model and one of the causes of the downward bias of default 

probabilities. Indeed, what we can observe, is that corporates do default at any time and even 
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out of the due date of debt. One of the most recent case is the one of American Eagle Energy, 

the US oil company which announced it would have not made a $9.8 million interest payment 

on its $175 million bonds due that day and filed for bankruptcy. This is one of the many 

reasons why one company can default before debt maturity. Covenant breaches, litigation 

outcome and disproportionate fines could trigger a corporate default before debt maturity in 

the same way.  

To overcome this limit, literature has developed the so called First Passage Models. This class 

of models is based on the idea that “company’s securities can be knocked out whenever a 

legally binding barrier is breached” (Brockman and Turtle 2002). To model this feature, the 

Barrier Option framework is used. 

In this work we will use the barrier option framework developed by Brockman and Turtle 

(2003). The analysis is based on path-dependant options which are derivatives whose payoff 

depends on the particular path followed by the underlying security during the entire life of the 

option. Normal option pricing is instead path-independent since, notwithstanding what 

happened during the life of the option, the payoff depends on the value of the underling only 

at the maturity date. There are many of these kind of options depending on the mechanism 

that extinguish the life of the option once the barrier is breached. The four basic forms are the 

down-and-out, down-and-in, up-and-out and up-and-in options. Those names reflect the right 

to exercise either appears (“in”) or disappears (“out”) on some barrier in (P, t) space. The 

barrier can be set above (“up”) or below (“down”) the asset price at the time the option is 

created. Figure 3 provides a graphical overview of these products.  

 

Figure 3 

The figures represent respectively “down” and “up” barrier option. Each of them can be structured as “in”, i.e. 

the option is activated when the barrier is breached, and “out”, i.e. the option become worthless if the underlying 

price breaches the barrier. 
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Applying this theory to that of structural models, a company may default as soon as the asset 

value falls below the pre-specified barrier at any time of option life. For this reason, we will 

focus on the down-and-out option pricing model that is the case in which the option becomes 

worthless as soon as the barrier is breached assuming that, at the time the company is still on 

the market, barrier is below the current asset value. 

Before starting the implementation of the model, let us analyse the economics behind the 

interpretation of the barrier which is one of the focal point of this model. As recalled, the 

barrier is generally interpreted as the face value of debt which is due to debtholders. But we 

can think at the barrier in many different other ways. One of the most common implied 

corporate default barrier consists of covenants between creditors and debtors. Usually, during 

the negotiation of the facility agreement, borrower and lender agreed to include a sort of 

“insurance” in the form of limits on leverage and minimum capacity to service debt. The most 

common ratios used to this end are the Net Debt / EBITDA and the Interest Coverage Ratios: 

the former limits the amount of debt a company can rise with respect to its economic 

performance; the latter is a measure which assures lenders that borrower’s cash flows are 

enough to pay interests on the debt. The covenant clause foresees that if the company 

breaches one of the agreed limits, default is triggered and the borrowers must pay back the 

debt to the lenders. This is not the only type of barrier that a corporate can face. Many other 

situations can be interpreted as barrier such as regulatory violation or criminal code 

infractions, courts shut down or prohibitive fines and penalties (Brockman and Turtle 2003). 

As in Merton model, the asset value of the firm follows a stochastic diffusion process in the 

form of a Geometric Brownian motion described in equation 1. Mathematically, the European 

down-and-out call (DOC) formula to price company’s equity value is expressed as:  

 

 

 

 

 

where 𝑉𝐴  denotes the market value of the firm’s asset, K the face value of debt, H the value of 

firm’s assets which triggers default, i.e. the value of asset above which debtholders cannot 

trigger the default (the so called barrier), R the rebate paid to the equity holders if the option 

expires worthless5, T-t the time until the option expires, N(x) the standard normal cumulative 

distribution function, r the risk free rate. Then:  

                                                                 
5
 As far as this work is concern, we will not consider the effect of the rebate in our model. This is not a big deal 

since it is reasonable thinking that, once default is triggered, the value of the asset is barely sufficient to pay back 

debtholder and nothing remain for service shareholders 

𝐸 = 𝐷𝑂𝐶 = 𝑉𝐴𝑁(𝑎) − 𝐾𝑒−𝑟(𝑇−𝑡)𝑁(𝑎 − 𝜎𝐴√𝑇 − 𝑡) − 𝑉𝐴 (
𝐻

𝑉𝐴
)

2𝜂

𝑁(𝑏)

+ 𝐾𝑒−𝑟(𝑇−𝑡) (
𝐻

𝑉𝐴
)

2𝜂−2

𝑁(𝑏 − 𝜎√𝑇 − 𝑡) + 𝑅 (
𝐻

𝑉𝐴
)

2𝜂−1

𝑁(𝑐)          

+ 𝑅 (
𝑉𝐴
𝐻
)𝑁(𝑐 − 2𝜂𝜎√𝑇 − 𝑡) 

(4) 
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𝑎 =

{
 
 

 
 ln  

VA
K  + (r+ (

σA
2

2 )(T− t)

σ√T − t
, 𝐾 ≥ H

ln 
VA
H  + (r + (

σA
2

2 )(T− t)

σ√T− t
, 𝐾 < 𝐻

 

 

𝑏 =

{
  
 

  
 ln (

𝐻2

𝑉𝐴𝐾
)+ (𝑟 + (

𝜎𝐴
2

2
)(𝑇− 𝑡)

𝜎√𝑇 − 𝑡
 , 𝐾 ≥ H

ln  
𝐻
𝑉𝐴
 + (𝑟 + (

𝜎𝐴
2

2 )(𝑇 − 𝑡)

𝜎√𝑇 − 𝑡
 , 𝐾 < 𝐻

 

 

𝑐 =
ln  

𝐻
𝑉𝐴
 + (𝑟 + (

𝜎𝐴
2

2 )(𝑇 − 𝑡)

𝜎√𝑇 − 𝑡
 

and 

𝜂 =
𝑟

𝜎𝐴
2
+
1

2
 

Note that, as recalled before, since we expect that most of the businesses have a barriers at, or 

below, its debt level, we will consider only the case in which 𝐾 ≥ H. 

At this stage, our main interest is the estimates of default probability in the barrier option 

framework. Following Brockman and Turtle (2004) the risk neutral probability of default can 

be calculated as:  

 

 

 

 

 

where 𝑣 = ln (𝑉𝐴) and ℎ = ln (𝐻) and N(x) is the cumulative normal distribution function. 

The fact that, independently from debt maturity, equity can be knocked out by bankruptcy 

anytime the asset value falls below a pre-specified barrier represents one of the major 

𝑃𝐷 = 𝑁(
(ℎ − 𝑣) − (𝑟 −

𝜎𝐴
2

2
) (𝑇 − 𝑡)

𝜎𝐴√𝑇 − 𝑡
)

+ exp(
2 (𝑟 −

𝜎𝐴
2

2
) (ℎ − 𝑣)

𝜎𝐴
2 ) 1 −𝑁(

−(ℎ − 𝑣) − (𝑟 −
𝜎𝐴

2

2
) (𝑇 − 𝑡)

𝜎𝐴√𝑇 − 𝑡
)  

(5) 
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improvements of structural models. De facto, first passage models rule out the possibility of a 

recovery of the asset value following its drop below K. The consequence of such feature is 

that default probabilities are higher than the one estimated through the application of Merton 

model.  

The main take away from Brockman and Turtle, as underlined by the authors, are: 

1. path dependency is an intrinsic characteristic of corporate equity and provides 

empirical verification that barrier are priced in the market; 

2. the empirical model provides evidence of the economically importance and 

statistically significance of the barrier in every year, industry and debt load category. 

 

3.3 Jump Diffusion Model 

So far, we have considered a class of models that are based on a stochastic diffusion process 

such as the Geometric Brownian motion. According to the specification of this model, the 

value of the underlined security is moved by two parameters: 

1. the drift, the long-term trend usually estimated as the long term mean of observed 

prices; 

2. volatility, the variable that affects the day to day value that can go above or below its 

long term trend. 

As a consequence of such specification, the asset value will follow a random path around its 

long term trend without being affected by unexpected upward or downward jumps. 

Figure 4 provides an interpretation of these two effects. 

 

Figure 4 

S&P 500 price performance from 1990 until today. 
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There is one main feature of corporate credit spreads which can not be explained by such 

diffusion process that is the presence of big positive credit spreads in the short term. This is 

driven by the fact that under a diffusion process an unexpected drop of the firm value is 

impossible to happen, thus affecting the short term default probabilities. But the evidence 

shows how, even in the very short term, corporate bonds trade at discount compared to the 

comparable risk free rate.This underlines a positive default probability. In addition, diffusion 

processes, such as the Brownian motion, rule out the possibility that default occurs 

unexpectedly within a short period of time which is what usually happens. 

 

Figure 5 

Effects of profit warning on Saipem’s stock price performance . Shaded areas represent the effect of unexpected 

negative information on the stock price. 

 

 

 

 

 

 

 

In order to overcome this problem and capture both short term and long term yield spreads 

and default rate, we introduce the concept of jump diffusion process. Under this specification, 

the asset value is driven by two components: 

1. the diffusion process driven by a Geometric Brownian motions. This process is the 

responsible for the smooth movement of the asset price due to the gradual changes in 

economic conditions; 

2. pure jump process modelled as a Poisson distribution. This is the responsible for the 

sudden drop / rise of the stock price generated by an exogenous factor (e.g. the effect 

of a new available information into the market). 

According to Zhou (2001), the jump-diffusion model has many important features among 

which: 

a. it is consistent with the evidence of sudden drop in stock price into the market place. 

According to the theory of incomplete information in the market, when an important 

information is revealed, investors immediately react adjusting the price causing a 

shock on the stock value. Duffie and Lando (1997) underlined how, around the time of 

t 

p 
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default, many revealed information on the issuer cause a sudden jump in credit 

spreads; 

b. jump risk can increase default probabilities especially in the short term allowing us to 

explain the evidence of big positive credit spreads in the market. 

Mathematically, the dynamics of the asset price follows the stochastic process below: 

𝑑𝑉𝐴
𝑉

= (𝜇 − 𝜆𝜈)𝑑𝑡 + 𝜎𝑑𝑍 + (Π− 1)𝑑𝑌 

Where 𝜇 represents the asset drift, 𝜆, 𝜈 and 𝜎 are positive constant variables representing 

respectively the jump intensity, the average jump’s effect and the asset volatility, Z is a 

standard Brownian motion, dY is a Poisson process and Π is the jump amplitude. 

We assume that 𝑑𝑍, 𝑑𝑌 and Π are mutually independent stochastic processes. 

We further assume that Π, the jump amplitude, follows a i.i.d. lognormal distribution: 

ln (Π)~𝑁(𝜇𝜋, 𝜎𝜋
2) 

which implies that: 

𝜈 = 𝐸[Π − 1] = exp(𝜇𝜋 +
𝜎𝜋

2

2
)− 1 

with 𝜇𝜋 denoting the jump mean and 𝜎𝜋
2 the jump volatility.  

Moreover, default happens when the asset value of the firms falls below a pre-specified 

barrier value, i.e. when V𝑡 < K𝑡. The value of the barrier K, can be modelled in many 

different ways. One can think at it as a time dependent factor which increases over time 

(Black and Cox 1976) or as time independent, as we do in this work. 

Default probability is defined as the first time 𝜏 such that 𝑋𝑡 = 𝑉𝑡/𝐾𝑡 ≤ 1. Mathematically: 

𝜏 ≔ 𝑖𝑛𝑓{𝑡|𝑋𝑡 ≤ 1, 𝑡 ≥ 0} 

Closed form solutions for this type of problem are not known, except for some restricted class 

of diffusion process (e.g. Geometric Brownian motion) and jump process.  

We will implement a Monte Carlo approach to estimate numerically the outcome of this 

model specification.  

The Monte Carlo approach is a numerical procedure which allows to simulate many different 

paths that can be followed by a stochastic variable. It bases its statistical intuition on the Law 

of Large Numbers: as a sample size grows, its mean will get closer and closer to the average 

of the whole population. Mathematically: 

𝑃 (|
𝑋1 +⋯𝑋𝑛

𝑛
− 𝜇| ≥ 𝜖) ≤

𝜎2

𝑛𝜖𝑛
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with 
𝜎2

𝑛𝜖𝑛
 going to 0 as 𝑛 → ∞. 

Despite the fact that it is computationally burdensome, it is a very powerful tool in those 

circumstances in which a closed form solution is not available.  

The key driver of this model is the leverage ratio 𝑋𝑡 defined as the ratio between the debt 

value 𝐾𝑡 and the asset value 𝑉𝑡 . Following Theorem 1 in Zhou (2001), the leverage ratio 𝑋𝑡 is 

defined recursively as: 

ln(𝑋𝑡𝑖
) − ln(𝑋𝑡𝑖−1

) = 𝑥𝑖+ 𝑦𝑖𝜋𝑖 ,       𝑖 = 1,2, … , 𝑛 

With 𝑥𝑖 ,𝑦𝑖  𝑎𝑛𝑑 𝜋𝑖mutually and serially independent random variables drawn from: 

𝑥𝑖~𝑁 [(𝑟 −
𝜎2

2
− 𝜆𝑞𝜐𝑞)

𝑇

𝑛
, 𝜎2

𝑇

𝑛
 ] 

 

𝜋𝑖~𝑁(𝜇𝜋𝑞 ,𝜎𝜋
2) 

and 

𝑦𝑖 = {
0, 𝑤𝑖𝑡ℎ 𝑝𝑟𝑜𝑏 1− 𝜆

𝑇

𝑛

1, 𝑤𝑖𝑡ℎ 𝑝𝑟𝑜𝑏 𝜆
𝑇

𝑛

 

Thus, the first time the asset value falls below K a default event occur. We will explain the 

model step by step in more details in Chapter 6. 

The author proposes only a numerical simulation of the developed model. The main features 

of such study are: 

1. structural pricing models which comprise both diffusion model and jump component 

are more flexible in generating term structure of credit spread than those based 

exclusively on continuous process; 

2. jump diffusion model can better explain empirical regularities about default 

probabilities, recovery rates and credit spreads; 

3. a critical issue in this class of model is represented by the estimates of jump 

parameters: indeed, it is demonstrated that jumps that are important for pricing 

corporate liabilities are those rare and big events which can drastically and 

immediately change the firm asset value. The derivation of such parameters is all but 

straightforward.  
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3.4 Further Developments 

In this subsection we want to give the reader a background in the specification of further 

structural models, which introduced significant changes to the original model. We will focus 

on two more specifications: 

 stochastic interest rate models developed by Lonstaff and Swartz (1995) and Collin-

Dufresne and Goldstein (2001);  

 models that account for more complex capital structure such as Geske (1997). 

 

3.4.1 The Longstaff and Swartz and the Colling-Dufresne and Goldstein models 

So far, for simplicity, interest rate has always been considered as a fixed endogenous variable. 

But this assumption is not in line with market observation knowing that also interest rate is a 

stochastic variable which follows random paths. Many models have been built to explain the 

impact of this feature on corporate liability pricing and to account also for the correlation 

between interest rate and credit risk.  

Pioneers of such works are Longstaff and Swartz (1995). They use the term structure model 

specification of Vasicek (1977) for the risk-free interest rate process in their first passage, like 

models where default boundary is modelled as a fixed threshold. 

In this specification, asset price follows a stochastic process:  

𝑑𝑉𝑡 = (𝑟𝑡 + 𝜋 − 𝛿)𝑉𝑡𝑑𝑡 + 𝜎𝑉𝑉𝑡𝑑𝑊𝑉  

with 𝜋 the risk premium for the asset of the firm and 𝛿 the total pay-out rate. 

𝑟𝑡  also follows a stochastic process such as Vasicek (1997):  

𝑑𝑟𝑡 = (𝑟̅ − 𝛽𝑟𝑡)𝑑𝑡 + 𝜎𝑟𝑑𝑊𝑡  

with 𝑟̅ indicating the long-term equilibrium of mean reverting process, 𝛽 the speed of 

adjustment of actual rate to its long trend, 𝜎𝑟 the interest rate volatility and 𝑊𝑡  a standard 

Wiener process. 

Longstaff and Swartz introduce the correlation between the interest rate and credit risk by 

assuming that the stochastic processes, 𝑊𝑉  and 𝑊𝑡  for the firm value and interest rate are 

correlated. 

Results show that the correlation of firm’s asset with the change in interest rate can have a big 

impact on the valuation of corporate bond and that credit spreads are negatively related with 

the level of interest rate. Results also provide a strong evidence that both default risk and 

interest rate risk are necessary components for a valuation model for corporate debt. 
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Subsequently, Colling, Dufresne and Goldstein (2001) also assume the Vasicek (1977) 

process in their model but extend their framework from the one of Longstaff and Swartz 

(1995) by introducing a different specification of the default barrier which is no more time 

independent. They introduce a mean reverting default threshold such as: 

𝑑ln(𝐾𝑡) = 𝜆(ln(V𝑡)− υ − ln (K𝑡))𝑑𝑡 

When ln (K𝑡) is less than ln(V𝑡)− υ the firm reacts by increasing ln (K𝑡), i.e. firms tend to 

issue new debt when their leverage ratio falls below some target υ, but they are reluctant to 

replace debt at maturity when the ratio is above the target. Thanks to this new specification of 

the default threshold, they eliminate the fact that the more a firm has survived, the less likely 

is that it will default in the next periods. 

Conclusions are consistent with existing literature: 

 term structure of credit spreads of speculative-grade corporates is in general upward 

sloping; 

 there is a negative correlation between credit spreads and interest rates; 

 it appears that accounting for a firm’s ability to control its level of outstanding debt 

has a significant impact on credit spread predictions. 

The drawback of stochastic interest rate models is the increasing complexity of the model 

which often makes a numerical approximation necessary. Furthermore, the addition of 

stochastic interest rates does not solve the issue of zero credit spreads and default maturities 

for short maturities in the Merton model. 

 

3.4.2 The Geske Model 

In Merton (1974), firm’s capital structure is reduced to a single zero coupon bond. Geske 

(1977) introduces the concept of compound option to price coupon debt. The idea is to 

develop a model able to account for more complex capital structures such as coupon debt, 

subordinated debt, sinking funds and payment restriction. 

In the Geske model the debt structure of the firm is modelled as several coupon bonds. On 

each payment date, the shareholders have the option to pay the coupon and continue their 

control of the firm until the next coupon date. The final shareholder option is to repurchase 

the claim on the firm by paying back the principal amount at maturity. Each coupon 

repayment is paid through equity issuance. When shareholders are unable to refinance, i.e. 

unable to issue new equity, the shareholders decide not to pay back debtholders and, thus, 

trigger the default. Then the bondholders take over the firm and receive 𝑉𝑡 .  

Despite Geske (1997) offers a structural model for dealing with complex capital structures, it 

does not circumvent the other structural limits of Merton model such as (i) default time is still 

constrained at debt maturity; (ii) firms’ default occur due to the failure of debt payments but 
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in the reality firms also default when covenants are breached or their cash flow is insufficient 

to meet any financial obligation.  
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4. Credit Default Swaps 

Credit derivatives has experienced an exponential growth in the last few years. One of the 

best known and most utilized credit derivatives in the market is the so called Credit Default 

Swap. A Credit Default Swap (CDS) is a bilateral over-the-counter contract whose purpose is 

to protect one party, the protection buyer, from the loss from par on a specified face value of 

bonds or loans following the default of their issuer. It is a sort of insurance contract between 

the protection buyer and the protection seller. Entering into a CDS contract, the protection 

buyer agrees to pay a periodic amount, the CDS spread, to be insured against the risk of 

default of the underlinying security having the right to sell bonds issued by the underlined 

company for their face value when a default occurs. The protection seller, on the other hand, 

agrees to reimburse the value of the outstanding value, net of the recovery rate, to the 

protection buyer in case the default of the underlying credit occurs. 

The main reason behind entering into a CDS agreement is to hedge the credit exposure versus 

an underlying credit. In case of default, indeed, the protection buyer will be reimbursed by the 

protection seller. On the other hand, one can think at it also as a speculative position versus 

the underlying credit. Indeed, a long protection CDS contract represents a way to take an 

outright short position on a credit. Similarly, a protection seller has effectively gone long the 

credit risk of the reference entity. Despite the initial value of a CDS contract is set equal to 

zero, as we will see, the mark to market value of a CDS changes as the creditworthiness of the 

company changes. The worsening of the credit position brings to an increase of the CDS 

spreads that concurrently lead to an increase in the value of the current CDS contracts. 

There is no initial cost in entering into a CDS. This is due to the fact that the CDS spread, i.e. 

the periodic payment made by the protection buyer to the protection seller, is always 

calibrated such that, at initiation, the value of the premium leg equates the value of the 

protection leg. A credit default swap is, indeed, made by two legs: 

1. the protection leg: this is made by the payment that the protection seller has to make in 

case a credit event occurs before the contract maturity date. The value is set as the par 

value on the face value of the underlying obligation, minus the value that can be 

recovered (i.e. the recovery rate); 

2. the premium leg: this is made by the flow of payments that the protection buyer have 

to pay to be covered in case of default. In return for assuming the credit risk associated 

with the deliverable obligations, the protection seller receives a regular, typically 

quarterly, payment from the protection buyer. The periodic payments terminate at the 

earlier between the happening of a credit event (in this case, the credit derivative term 

for a default) or at contract maturity. Any payment which has accrued since the 

previous coupon date is also paid to the protection seller. 

Usually the CDS holder has the so called cheapest-to-delivery bond option. According to this 

feature, the CDS contract usually specifies that a number of different bonds can be delivered 
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in case of company default. Such bonds, that have the same seniority, may not be sold at the 

same value (e.g. because they have different accrued interest). Thus, the CDS holder has the 

right to deliver the cheapest bond among those specified. Usually the value of the cheapest to 

deliver bond is decided in an auction organized by the ISDA. In this occasion also the value to 

be reimbursed is decided.  

Despite it has become a very standard and widely used contract, credit default swaps are not 

traded in a regulated market. The trades take place in the so called over-the-counter market 

where participants are all the major financial institutions.  

 

4.1 Valuation Model 

In the following sections we will make use of the discounting model to estimate the value of a 

credit default swap contract. Specifically, we will focus on how to price the breakeven spread 

on a new CDS contract. 

Before starting with the presentation of the theoretical model, we need to fix the theoretical 

background in which the model is developed. The model is based on the following 

assumptions: 

1. independence of interest rates and default time: this is needed to simplify the pricing 

equation. It is a market standard assumption and it is justified by the followings: 

a. correlation between interest rate and default intensity process has only a small 

effect on the pricing of a zero coupon bond; 

b. interest rate sensitivity of a CDS contract is much smaller than of a zero 

coupon bond; 

2. pricing is derived in the so-called risk-neutral framework. We will use the risk neutral 

probability of default to price such instrument. 

 

4.1.1 Premium Leg Valuation 

In valuing the protection leg there are two key points that have to be carefully considered: 

1. the length of the periodic payment that depends on the survival of the underlying 

credit; 

2. in case of default, the accrued portion of the periodic payment until default. 

The present value of the periodic payment is given by the discounted expected value of all the 

future payments weighted by the probability of the underlying credit to survive. 

Mathematically, assuming the independence between interest rate risk and default time, we 

can express point 1 as follows: 
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𝑆0 ∑∆(𝑡𝑛−1, 𝑡𝑛)𝑄(𝑡, 𝑡𝑛)𝑍(𝑡, 𝑡𝑛)

𝑁

𝑛=1

 

where 𝑡 is the effective date of the CDS contract, 𝑄(𝑡, 𝑇) is the time t survival probability to 

time T, 𝑍(𝑡, 𝑇) is the time t term structure of interest rate to time T, ∆(𝑡𝑛−1 , 𝑡𝑛) is the number 

of days between one payment and the other. 

The calculation of the accrued portion of the periodic payment until default, point 2, is more 

complex to calculate; it is conditioned by the day of default. Assuming that default occurs at 

time 𝑠, the expected present value of the accrued value of the periodic payment is given by: 

𝑆0 ∑∫ ∆(𝑡𝑛−1, 𝑠)(−𝑑𝑄(𝑡, 𝑠))𝑍(𝑡, 𝑠)
𝑡𝑛

𝑡𝑛−1

𝑁

𝑛=1

 

where −𝑑𝑄(𝑡, 𝑠) represents the default probability. 

Summing (1) and (2) up we get the premium leg valuation of a CDS contract: 

𝑃𝑉 𝑃𝑟𝑒𝑚.𝐿𝑒𝑔 = 𝑆0(∑ ∆(𝑡𝑛−1, 𝑡𝑛)𝑄(𝑡, 𝑡𝑛)𝑍(𝑡, 𝑡𝑛)

𝑁

𝑛=1

+ ∑∫ ∆(𝑡𝑛−1 , 𝑠)(−𝑑𝑄(𝑡, 𝑠))𝑍(𝑡, 𝑠)
𝑡𝑛

𝑡𝑛−1

𝑁

𝑛=1

) 

Solving the integral in the above formula could be computationally slow. For this reason, we 

can make an approximation as follows: 

∫ ∆(𝑡𝑛−1, 𝑠)(−𝑑𝑄(𝑡, 𝑠))𝑍(𝑡, 𝑠)
𝑡𝑛

𝑡𝑛−1

≈
1

2
∆(𝑡𝑛−1 , 𝑡𝑛)𝑍(𝑡, 𝑡𝑛)(𝑄(𝑡, 𝑡𝑛+1) − 𝑄(𝑡, 𝑡𝑛)) 

This approximation is based on the assumption that default occurs in the middle of the period 

between two subsequent premium payments so that the accrued premium is equal to: 

𝑆0∆(𝑡𝑛−1 , 𝑡𝑛)/2 

which is weighted by the probability of default equal to: 

𝑄(𝑡,𝑡𝑛+1) − 𝑄(𝑡, 𝑡𝑛) 

and then discounted back to today. 

Following this approximation, after few calculations, the present value of the premium leg is 

given by: 

𝑆0
1

2
∑ ∆(𝑡𝑛−1, 𝑡𝑛)𝑍(𝑡, 𝑡𝑛)(𝑄(𝑡, 𝑡𝑛+1) + 𝑄(𝑡, 𝑡𝑛))

𝑁

𝑛−1
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4.1.2 Protection Leg Valuation 

Protection leg is driven by the effective occurrence of the default event. It is calculated as the 

present value of the contingent payment of par minus the amount which can be recovered 

after default, i.e. the recovery rate R.  

Mathematically, we can explicit this concept as follows: 

𝑃𝑉 𝑃𝑟𝑜𝑡.𝐿𝑒𝑔 = (1 − 𝑅)∫ 𝑍(𝑡, 𝑠)(−𝑑𝑄(𝑡, 𝑠)
𝑇

𝑡

 

Also in this case, the integral can be slow to calculate. Thus, we can simplify this equation by 

dividing the (t,T) period in many equal infinitesimally small periods of time: 

𝐾 = 𝑖𝑛𝑡(𝑀(𝑇 − 𝑡) + 0.5) 

such to discretise the continuous (t,T) period.  

In this formulation, M is the number of integration steps per year: increasing M the accuracy 

of the result improves.  

Consequently, we have the following formula to value the protection leg of a CDS contract: 

𝑃𝑉 𝑃𝑟𝑜𝑡. 𝐿𝑒𝑔 = (1 − 𝑅)∑ 𝑍(𝑡, 𝑘𝜖)(𝑄(𝑡,(𝑘 − 1)𝜖) − 𝑄(𝑡, 𝑘𝜖))

𝐾

𝑘=1

 

With 𝜖 = (𝑇 − 𝑡)/𝐾 

 

4.1.3 Full mark-to-market and Determination of CDS Spread 

We can now calculate the mark to market value of an existing CDS contract between two 

counterparties. Assuming a long protection position on a face value of €1, with CDS spread 

equal to  𝑆0 and contract maturity at T, the CDS contract value is given by: 

𝑉(𝑡) = (1 − 𝑅)∑ 𝑍(𝑡, 𝑘𝜖)(𝑄(𝑡, (𝑘 − 1)𝜖) −𝑄(𝑡, 𝑘𝜖))

𝐾

𝑘=1

− 𝑆0
1

2
∑ ∆(𝑡𝑛−1, 𝑡𝑛)𝑍(𝑡, 𝑡𝑛)(𝑄(𝑡, 𝑡𝑛+1) + 𝑄(𝑡, 𝑡𝑛))

𝑁

𝑛−1

 

As argued earlier, at initiation, the CDS contract is made such that the CDS spread offsets the 

cost of entering into this contract. We can calculate the value of the CDS spread for a new 

CDS contract setting: 

𝑉(0) = 0 
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The CDS spread value 𝑆0 is thus given by:  

 

 

  

𝑆0 = (1 − 𝑅)
 𝑍(0,𝑘𝜖)(𝑄(0, (𝑘 − 1)𝜖) − 𝑄(0,𝑘𝜖))𝐾

𝑘=1

1
2
 ∆(𝑡𝑛−1, 𝑡𝑛)𝑍(0, 𝑡𝑛)(𝑄(0, 𝑡𝑛+1) + 𝑄(0, 𝑡𝑛))𝑁

𝑛−1

 (6) 
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5. Data Summary and Statistics 

The objective of this work is to investigate the performance of structural credit risk models in 

pricing CDS spread having as a benchmark the European CDS market. 

The data collection process has been made through the Bloomberg database which has been 

used to obtain data on the yearly 5-year CDS spreads traded in the market from January 2006 

to August 2014.  

The choice of the time frame has been driven by the presence of a substantial number of 

complete observations for the purpose of completing our analysis. We chose the 5-year CDS 

spread in our analysis for two main reasons: 

1. it is recognised to be the most liquid maturity in the market and, thus, the less affected 

by non-credit factors; 

2. as it is one of the most traded maturity, it allows us to have a more significant sample 

to implement our models.  

Using CDSD command on Bloomberg and by filtering the data for the 5-year CDS on 

European corporates, 342 corporates have been selected. Between those, in order to 

implement our structural models, we made use of corporates whose reporting in Bloomberg 

has been well documented and for which we have all the balance sheet information. The 

sample has thus been reduced to 185 units. No restrictions have been imposed on the capital 

structure for the sample selection. 

We also tracked the CDS liquidity in the market. This variable has been proxied as the bid-

ask spread of the CDS. This is a widely used measure of liquidity by market participants. It 

may reflect (i) order processing cost, (ii) asymmetric information, (iii) inventory carry cost, 

(iv) oligopolistic market structure. We should expect that such factors are directly correlated 

with the number of market participants. For example, due to asymmetric information, the 

dealer incurs a risk that is as bigger as fewer are market participants. Thus, we expect 

liquidity to increase as the bid-ask spread decreases. The more liquid the CDS contract is the 

less the CDS spread is affected by non-credit factor and thus more accurate are our estimates. 

In the analysis, monthly data have been used. The choice of monthly frequency has been 

driven by data availability. As far as market data are concerned, we could utilize weekly or 

daily observation. On the other hand, balance sheet data availability is restricted by 

company’s disclosures which usually occur quarterly. In order to find a compromise between 

these two factors, we set our analysis on monthly data. The equity value corresponds to the 

market capitalization of the company. Short term debt and long term debt corresponds, 

respectively, to BS_ST_BORROW and BS_LT_BORROW formula on Bloomberg. Risk free 

rate is the 3-month EONIA interest rate, that is the overnight rate at which banks lend to each 

other. The 3-months EONIA reflects the rate at which one bank lends to another bank 
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CDS Spread µE σE Leverage

Year Obs Average Median Average Median Average Median Average Median r

2006 1800 36.0 26.4 21.2% 21.1% 21.5% 19.0% 34.5% 27.2% 3.1%

2007 1872 40.3 31.8 4.2% 0.6% 21.0% 18.5% 33.1% 25.8% 4.0%

2008 1932 158.7 103.4 -49.3% -39.3% 30.2% 27.7% 42.9% 36.4% 3.7%

2009 2040 183.6 108.9 42.3% 28.3% 47.3% 41.8% 48.0% 43.6% 0.6%

2010 2052 135.1 101.3 8.0% 1.6% 30.6% 27.5% 44.1% 38.3% 0.5%

2011 2052 177.1 123.8 -17.6% -13.0% 27.7% 25.0% 44.0% 37.8% 0.9%

2012 2064 198.8 141.5 20.3% 21.2% 31.1% 26.7% 46.1% 40.0% 0.2%

2013 2016 140.1 104.5 24.2% 21.5% 25.3% 21.7% 43.5% 37.5% 0.1%

2014 1320 92.4 74.1 8.4% 2.7% 25.1% 21.6% 47.2% 44.6% 0.1%

overnight, each night, for 3 months. This is a good proxy of the risk free rate since the 

overnight default of a bank is very unlikely. 

In Table 4, we reported monthly summary statistics of our sample.  

 

Table 4 

Yearly summary statistics  of the selected sample. Leverage is calculated as Total Debt (ST Debt plus LT Debt) 

divided by the sum of Total Debt and Market Capitalization. 2014 ends in August. r is referred to the risk free 

rate that in our case is the 3-month EONIA interest rate. µE and σE are refer to the actual equity average returns 

and actual equity standard deviation
6
respectively. 

  

 

 

 

 

 

 

 

Our sample has also been examined under a cross-section analysis: the aim is to underline the 

circumstances in which our models better perform. To this end, we sorted our sample 

according to company’s nationality, sector and rating category. Company nationality has been 

extracted using COUNTRY formula in Bloomberg and the company sector using 

INDUSTRY_SECTOR command. Rating information has been gathered using 

RTG_MDY_ISSUER and RTG_SP_ISSUER commands. Unfortunately Bloomberg does not 

allow to download the historical value for companies’ rating. For this reason, we will assume 

the rating to be constant over time7. 

Nationalities have been split into: GAS (Germany-Austria-Switzerland), Italy, France, 

Benelux (Belgium-Netherland-Luxemburg), Scandi (Denmark, Sweden, Norway, Finland), 

UK and Iberia. We excluded Russia since the sample is too small and not significant. 

                                                                 
6
 Note that these numbers differ from the one used in the implementation of our models. From a modelling 

perspective, they represent an unobservable variable which has been estimated: to this end, we utilized the last 

12 months (LTM) average and standard deviation of observed returns. 
7
 This is a good approximation given the fact that in our analysis we don’t consider the punctual rating but we 

sort our sample according to three macro-categories: Investment Grade (A) which includes company with rating 

>A; Investment Grade (B) which includes companies with rating comprise between BBB+ and BBB-; High 

Yield which includes companies with a rating below BB+. According to market evidence  underlined on Chapter 

1, rating agencies are prudent and tend to change rating infrequently. 
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Based on the industry, companies have been sorted among 6 different categories: Basic 

Materials, Consumer and Retail, Communication, Energy, Financials, Industrials, Tech and 

Utilities. All of them have a significant number of observations but Tech which accounts only 

for 1.6% of the entire sample (i.e. 3 observations). 

Based on rating, we divided the company into 3 subcategories: Investment Grade A (includes 

companies with a rating >A-); Investment Grade B (includes companies with a rating 

comprised between BBB+ and BBB-) and High Yield (includes companies with a rating 

<BBB-). The small number of unrated companies led us to exclude this category from our 

rating-based analysis. Table 5 gives a summary statistics on our sample split into nationality, 

sector and rating category. 

 

Table 5 

Yearly summary statistics  of the selected sample. Leverage is calculated as Total Debt (ST Debt plus LT Debt) 

divided by the sum of Total Debt and Market Capitalization. 2014 ends in August. µE and σE are referred to the 

actual equity average returns and actual equity standard deviation
8
 respectively. 

 

 

 

  

                                                                 
8
 Note that these numbers differ from the one used in the implementation of our models. From a modelling 

perspective, they represent an unobservable variable which has been estimated: to this end, we utilized the last 

12 months (LTM) average and standard deviation of observed returns. 

CDS Spread µE σE Leverage

Sector Obs Average Median Average Median Average Median Average Median

Basic Materials 1356 156.9 130.9 9.6% 4.5% 34% 31% 34% 31%

CoRe 4128 103.0 77.2 7.0% 6.0% 23% 21% 27% 26%

Communication 2204 133.1 84.5 4.1% 3.2% 26% 22% 35% 34%

Energy 720 106.8 77.5 2.3% 2.0% 25% 22% 36% 29%

Financials 3924 143.1 107.8 6.6% 0.6% 34% 31% 66% 80%

Industrials 2908 158.3 114.6 10.0% 7.9% 32% 30% 42% 40%

Tech 312 133.1 93.7 2.1% -5.6% 35% 33% 19% 20%

Utilities 1596 99.6 75.5 4.4% 2.5% 24% 22% 45% 44%

CDS Spread µE σE Leverage

Nationality Obs Average Median Average Median Average Median Average Median

GAS 3732 104.6 78.3 7.5% 4.3% 28% 26% 40% 34%

Italy 1388 196.2 155.8 4.8% 0.0% 36% 32% 68% 70%

France 3964 140.6 102.9 8.1% 4.5% 30% 27% 42% 38%

Benelux 1252 89.6 76.8 3.4% 2.1% 27% 24% 31% 29%

Scandi 1416 122.3 82.1 5.0% 1.0% 28% 25% 29% 27%

UK 4100 114.9 89.1 7.9% 6.1% 26% 23% 35% 30%

Iberia 1168 192.5 111.4 5.5% 2.9% 30% 28% 63% 21%

CDS Spread µE σE Leverage

Rating Obs Average Median Average Median Average Median Average Median

AAA / A- 6947 83.5 68.5 7.5% 5.0% 26% 23% 40% 30%

BBB+ / BBB- 7876 125.1 105.4 6.5% 5.3% 28% 26% 39% 36%

<BBB- 2160 293.1 238.4 6.2% -2.1% 40% 36% 57% 56%
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6. Models Implementation 

In this section, the assumptions used for the implementation of the selected models are 

described. We used R to develop our models. 

 

6.1 Merton Model 

One of the most critical step in the implementation of Merton model is the estimate of the 

asset value of the firm 𝑉𝐴  and its volatility 𝜎𝑉𝐴 . These are, indeed, unobservable variables. 

Ideally, we would compute the value of the asset as the sum of the market value of equity and 

the market value of debt. However, what we can actually observe on the marketplace are the 

market value of equity and the market value of bonds. We cannot observe the market value of 

bank debt or any other form of “private” financing that a company might have. For this 

reason, we need to estimate such variables in order to implement our model. To this end, the 

literature provides many different ways to estimate these two variables. We decided to 

implement the most common one which has been developed by CreditMetrics in the KMV 

model implementation.  

The estimation procedure is derived from the option pricing theory. From equation 2, it is 

straightforward to show that equity and asset volatility are related by the following expression 

9: 

 

where 𝜎𝐸  identifies the equity volatility, E is the value of equity (i.e. market capitalization) 

and 𝑁(𝑑1) is the cumulative normal distribution function of equation 3. 

We now have a system of two equations, the Ito’s lemma, equation 7, and the call option 

pricing formula, equation 2, with two unknown variables, 𝜎𝑉  and 𝑉𝐴 . Solving the system of 

non-linear equations we can estimate 𝜎𝑉  and 𝑉𝐴 .  

We estimated the equity volatility 𝜎𝐸  as the standard deviation of monthly equity returns over 

a one-year period of time. We then applied the square root rule to find the yearly equivalent 

value of the estimated volatility. 

K represents the book value of debt which is due at the maturity of the call option. In general, 

the default point, i.e. the value of the asset at which a company might default, is something 

between the value of the short-term debt and the sum between short-term debt and long-term 

debt. According to KMW research, the critical point of most frequently occurred default is 

                                                                 
9
 Through the application of the Ito’s lemma on equation 2. 

𝜎𝐸𝐸 = 𝑁(𝑑1)𝜎𝑉𝐴
𝑉𝐴 (7) 
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when the asset value is about the sum of the short term debt and 50% long term debt. For this 

reason we defined K as: 

𝐾 = 𝑆𝑇 + 0.5 ∗ 𝐿𝑇 

where ST identifies the value of short-term debt and LT the value of long-term debt. 

In order to compute the 5 years CDS spread, we computed the term structure of default 

probability by ranging T, the maturity of the call option, from 1 to 5. Doing so, we got an 

upward concave function of default probability as function of time. This is summarized in 

Figure 6 below. 

 

Figure 6 

Term structure of the probability of default. It is based on the average default probabilities estimated using 

Merton model on our 2010 sample. 

 

CDS spreads have been computed using equation 6. Survival probabilities are collected as 1 

minus the probability of default. Interest rate has been assumed fixed over time for simplicity. 

We assumed R, the recovery rate, to be 40%. This is the recovery rate assumed by the ISDA, 

the International Swap and Derivatives Association, for senior unsecured debt in order to 

value standard credit default swap contracts. Given that our goal is to compare the obtained 

results with market prices, we used the same assumption on recovery rate suggested by the 

ISDA. The reason why this number has been set as a standard measure of recovery rate 

derived from the historical trend of recovery rates: on average, only the 40% of the face value 

can be recovered as a consequence of the default of a senior unsecured debt. This percentage 

changes as the type of debt changes: for less senior debt (e.g. subordinated debt, mezzanine 

etc.) average recovery rate decreases significantly; on the other hand, the average recovery 

rate increases for more senior debt (e.g. secured debt). In this work we considered pricing 

CDS spreads over senior unsecured debt. For this reason, 40% is a reasonable assumption for 

our model implementation. 

To double check the accuracy of the implemented model, we also replicated the model using a 

Monte Carlo simulation approach. As expected, results are consistent and in line with the one 

obtained following the application of the original Merton model. 

 

4.58e^(-3)

1.10e^(-2)
1.81e^(-2)

2.53e^(-2)
3,26e^(-1)

1 2 3 4 5
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6.2 First Passage Model 

To estimate the implied barrier level, we solved equation 4 for the sole unknown variable H, 

following Brockman and Turtle (2003) approach. Such process requires all the other 

dependent variables to be known. As for the Merton model, we do observe the market value 

of equity but we do not see the market value of debt needed to compute the market value of 

asset. For this reason we have to estimate it together with the asset volatility. We estimated 

the value of the asset and its volatility applying the same methodology utilized for the Merton 

model, i.e. through the application of the Ito’s lemma in the call option pricing formula. This 

is justified by the fact that both Merton model and first passage model have a common 

background that is the option pricing framework and the underlying diffusion model which 

moves the asset value. This similarity can be observed by setting the barrier H and the rebate 

R equal to zero: doing so, the down-and-out option pricing formula collapses to the standard 

Black-Sholes-Merton option pricing formula. As per Merton model, K is measured as short 

term debt plus 50% long term debt representing the level of asset value at which more 

frequently default occurs. 

Moreover, we simplified equation 4 by assuming the rebate, R, to be equal to zero. According 

to Brockman and Turtle, this is not a restrictive assumption since the rebate mechanism 

depends on the bankruptcy law of the reference country. The assumption implemented here 

reflects, for example, the bankruptcy code of the UK in which “shareholders generally lose all 

residual claims once a debt covenant is breached”10. Since the intent of this work is not to 

review the bankruptcy laws of different countries, we limited our analysis to this case. 

The DOC pricing framework requires also to make an assumption around the lifespan of the 

company. In estimating the level of the implied barrier, we need to consider T as the maturity 

of the DOC option and not as the maturity of the debt or as the time to failure. DOC model, 

indeed, explicitly recognized that the default of a company can happen at any time over the 

lifespan of the company. According to Brockman and Turtle (2004), we assumed the lifespan 

of the DOC to be 10 years11. 

As before, in order to find the 5 years CDS spread we computed the term structure of default 

probabilities. To this end, following what we have done for Merton model, in the calculation 

of the default probabilities we left T, on equation 5, ranging from 1 to 5. Figure 7 provides an 

example of the obtained results. 

Once again, we estimated the CDS spread applying equation 6. We assumed the recovery rate 

R to be 40% as a common assumption between market participants. For simplicity, we also 

assumed the risk free rate r to be fixed over time. 

                                                                 
10

 Brockman and Turtle (2004). 
11

 According to Brockman and Turtle (2004) “barrier estimates are not particularly sensitive to lifespan 

assumptions”. 
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We also implemented a modified version of Brockman and Turtle model by ignoring the 

estimation of the implied barrier H which has been set equal to 100% short term debt and 

50% long term debt, as we have done for Merton’s model following the KMV approach.  

 

Figure 7 

Probability of default term structure. It is based on the average default probabilities estimated using Brockman 

and Turtle model on our 2010 sample. 

 

 

 

 

 

Doing so, we cleared the results from the effect of the newly estimated barrier allowing us to 

make some compared analysis between Merton model and First Passage Model. 

Again, to double check the accuracy of the implemented models, we also replicated 

Brockman and Turtle model and its modified version using a Monte Carlo simulation 

approach. As expected, results are consistent with the one obtained following the option 

pricing structure. 

 

6.3 Jump Diffusion Model 

We implemented the model developed by Zhou (2001) following step by step the procedure 

described in his paper and described hereafter. 

Step1. Divide the time interval [0,T] into n equal sub-periods for sufficiently large n. 

Step 2. Do Monte Carlo simulations by repeating the following sub-procedures for M 

(j=1,2,…,M) times. 

a. For each j generate a series of mutually and serially independent random vectors 

(𝑥𝑖 , 𝜋𝑖 , 𝑦𝑖) for i=1,2,…,n according to the following distribution specification: 

 

𝑥𝑖~𝑁 [(𝑟 −
𝜎2

2
− 𝜆𝑞𝜐𝑞)

𝑇

𝑛
, 𝜎2

𝑇

𝑛
 ] 

 

𝜋𝑖~𝑁(𝜇𝜋𝑞 ,𝜎𝜋
2) 

and: 
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𝑦𝑖 = {
0, 𝑤𝑖𝑡ℎ 𝑝𝑟𝑜𝑏 1− 𝜆

𝑇

𝑛

1, 𝑤𝑖𝑡ℎ 𝑝𝑟𝑜𝑏 𝜆
𝑇

𝑛

 

 

b. Let 𝑋𝑡0
∗ = 𝑋 and calculate ln (𝑋𝑡0

∗ ) according to the formula: 

ln(𝑋𝑡𝑖
∗ ) = ln(𝑋𝑡𝑖−1

∗ )+ 𝑥𝑖+ 𝑦𝑖𝜋𝑖 ,       𝑖 = 1,2, … , 𝑛 

c. Find the smallest integer 𝑖 ≤ 𝑛 such that ln(𝑋𝑡𝑖
∗ ) ≤ 0. 12 

From now on, our procedure differs slightly from Zhou’s (2001) since our goal is to price 

CDS spread and not bond. We will proceed as follows: 

d. if such an I exists, create an identity matrix nxM and replace it with 0 from I onwards 

on each path. Let’s call this matrix I;  

e. premium leg is calculated by discounting the 1s obtained to today using the formula: 

𝑃𝑟𝑒𝑚. 𝐿𝑒𝑔 = ∑ ∆(𝑡𝑛−1, 𝑡𝑛)𝑍(0, 𝑡𝑛)𝐼𝑛

𝑁

𝑛=1

 

f. create an nxM matrix made of 0 and, for each path, replace the ith-cell only with 1. 

Doing so, we will account for the exact time the company default. Let’s call this 

matrix D; 

g. protection leg is then calculated as follows: 

𝑃𝑟𝑜𝑡. 𝐿𝑒𝑔 = (1 − 𝑅)∑ 𝑍(0,𝑡𝑛)𝐷𝑛

𝑁

𝑛=1

 

h. calculate the CDS spread as: 

𝑆0 = (1−𝑅)
 𝑍(0, 𝑡𝑛)𝐷𝑛

𝑁
𝑛=1

 ∆(𝑡𝑛−1, 𝑡𝑛)𝑍(0,𝑡𝑛)𝐼𝑛
𝑁
𝑛=1

 

We used n=100 and M=100,000. 

Asset value has been calculated as the sum of market capitalization and total debt. We 

followed Bharath and Shumway (2008) to estimate the asset volatility, 𝜎𝐴 , computing: 

𝜎𝐴 =
𝐸

𝐸 + 𝐷
𝜎𝐸 +

𝐷

𝐸 + 𝐷
𝜎𝐷 

with: 

                                                                 
12

 Mathematically, 𝑡𝑖 obtained in this way is the first passage time of 𝑋𝑡  to the lower bound 1 in a discretized 

model. 
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𝜎𝐷 = 0.05 + 0.25𝜎𝐸  

Following Zhou (2001), debt has been set equal to the book value of total debt. 

As before, equity volatility has been estimated based on monthly equity returns over the last 

12 months period. 

𝑋𝑡0
∗ = 𝑋 has been calculated as 

𝐷

𝐸+𝐷
. 

Recovery rate is assumed to be 40% as per standard ISDA assumption. 

In these types of models, jump parameters play an important role in determining the default 

probabilities. Indeed, we need to specify the parameters which drive the jump process that are 

different from those of the diffusion process. To estimate 𝜆, 𝜇𝜋𝑞  and 𝜎𝜋
2 we followed the 

approach suggested by Zhang, Zhou and Zhu (2009) and described in Appendix 2. 
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7. Literature on Structural Models’ Performance Analysis 

Structural models performance has been largely studied in the past years by different authors. 

The studies have been mainly based on the power of such model in pricing corporate bond 

and in estimating default probabilities. Only recently the literature has focused on the 

performance in pricing credit default swap contracts. The reason why we should carefully 

consider CDS pricing is that CDSs are cleaner measures of credit risk and less affected by 

third factors which may affect pricing and, thus, reduce the ability of structural models in 

pricing such instruments. 

The first empirical study on the performance of structural model has been carried on by Jones 

et al. (1984) and it was focused on Merton’s model ability in pricing corporate bond. The 

research is based on 15 US companies data which meet restrictive parameters, among which 

simple capital structure, in a period range between 1975 and 1981. According to the authors, 

predicted prices are not systematically different from observed ones considering the sample as 

a whole. But estimated prices are systematically different for various types of bonds in the 

sample. More specifically, they found that model estimates underpredict actual prices of safe 

bond and overprice risky bond in a systematic way concluding that “assumption in the 

contingent claims valuation literature are violated in some systematic way”13. 

Ogden (1987) tested the Merton model on 57 new issue bonds of industrial firm with simple 

capital structure for the period 1973-1985. According to the author, results are mixed and 

similar to the one obtained by Jones et al (1984). 

More recently Eom et al (2004) tested the performance of five structural models, Merton 

(1974), Geske (1977), Longstaff and Schwartz (1995), Leland and Toft (1996) and Collin-

Dufresne and Goldstein (2001)) on a sample of 182 bonds for the period between 1986-1997. 

Findings confirm the existence of substantial spread prediction error and, consistently with 

previous researches, structural models tend to overpriced risky bonds and underprice safe 

bonds. Overall all, five models have difficulties in pricing credit spreads. However, they 

concluded that the endogenous default barrier of Geske model is a major improvement and 

that the introduction of stochastic interest rate does increase the average predicted spreads. 

Nonetheless, results are very sensitive to the interest rate volatility estimates of the Vasicek 

model. 

Ericsson, Reneby and Wang (2007) gave the first study which focused on credit default swap, 

together with corporate bond, to assess the performance of structural model. The empirical 

study involved three structural models, specifically Leland (1994), Leland and Toft (1996) 

and Fan and Sundaresan (2000), in a sample of 23 industrial bonds during the period 1997-

2003. Results on corporate bond spreads are consistent with existing literature leading the 

                                                                 
13

 Jones et al. 1984. 
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authors to conclude that structural models tend to underestimate bond spreads. But they also 

concluded that this is not the case for CDS spreads. In addition, they provided evidence that: 

(i) bond spreads and CDS spreads are uncorrelated with default risk proxies and (ii) total and 

residual bond spreads are correlated with non-default factor proxies. These evidences led the 

authors to conclude that the difference between observed and estimated values is driven by 

non-risk factors (such as illiquidity) which affect bond spreads. 

On the same topic, Huang and Zhou (2008) tested the performance of five structural models, 

specifically Merton (1974), Black and Cox (1976), Longstaff and Schwartz (1995), Huang 

and Huang (2003) and Collin-Dufresne and Goldstein (2001) models. They provided evidence 

of the inability of Merton (1974), Black and Cox (1976), Longstaff and Schwartz (1995) in 

predicting CDS spreads. Despite Huang and Huang (2003) have significantly improved the 

results compared the other three models, the best one is the Collin-Dufresne and Goldstein 

(2001) model which, according to the authors, can’t be rejected in half of the sample firms. 

However, they concluded that “these structural models still have difficulty predicting credit 

spreads accurately even when CDS spreads (a purer measure of credit risk than bond spreads) 

are used in the analysis”. 

Rodrigues and Agarwal (2012) also provided evidences on the poor predictability power of 

structural models. Based on a sample of 320 corporates over 7-years period, they tested the 

Merton (1974), Collin-Dufresne and Goldstein (2001) and Credit Grades (2002) models. They 

concluded that, despite structural models have a significant explanatory power for the cross-

section of CDS spreads, all the three models systematically underpredicted the observed 

credit default swap spreads. 

Overall, the evidence brought by the literature is all but in favour of structural models. They 

are unable to predict with accuracy both corporate bond credit spreads and credit default swap 

spreads. On average, structural model underpredicts the observed values. This effect is 

emphasised for safe corporates and in the short period.  

On the corporate bond side, the impact of non-risk factors in the observed spreads is relevant. 

This fact is less evident in CDS spreads which is a cleaner measure of default risk.   

On the other hand, structural models do a good job in ranking default probabilities. The 

strength of such models consist in the fact that they offer a very intuitive way to understand 

default probabilities. In addition they offer a link between capital structure and default 

likelihood allowing to address issues around the choice of the optimal capital structure.  
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8. Empirical Results 

In this chapter we analyse the results obtained through the implementation of the selected 

structural models to assess their goodness in pricing CDS spreads. To this end, we have 

compared the obtained estimates with market CDS spreads.  

The chapter is organized as follows: Section 8.1 provides an overview of the results; Section 

8.2, following Rodrigues and Agarwal (2012) model, introduces two measures of 

performance, the percentage prediction error (%PE) and the percentage absolute prediction 

error (%APE); Section 8.3 proposes a formal testing procedure following Fama-MacBeth 

approach. 

 

8.1 Results Presentation 

Table 6 presents CDS spreads estimated using Merton model together with the inputs utilized 

to solve the model. 

Overall, results look consistent with previous findings. Notwithstanding estimated CDS 

spreads systematically underpredict the observed one, Merton model produces a good ranking 

of credit risk. In line with Eom et al. (2004), due to the large dispersion of predicted spreads, 

average error represents a poor summary of a model predictive power which should be better 

evaluated looking at the median value. 

Looking more in depth at the results, we can note the presence of a spike during the years of 

the financial crisis and especially in 2009: this is due to the higher level of leverage that 

characterizes the sample (ca. 39%) but it is mostly driven by the increase in asset volatility 

(ca. 25%). This reflects what happened to the financial markets following the default of 

Lehman Brother: volatility spikes and stock market plunged causing the increase in the 

leverage ratio. This is shown in Figure 8 in the Appendix 3. From a sector-criterion, financial 

and industrial sectors are those that registered higher CDS spreads driven by leverage. Basic 

material sector also displays high CDS spreads but this is mainly due to the high volatility that 

characterizes this subsample. 

The analysis by nationality is affected by the low number of observations that characterizes 

some countries (e.g. Italy, Spain and Benelux) that ultimately affects the results. For instance, 

Italy and Spain display very high CDS spreads compared to the others countries but this is 

driven by the fact that about the 50% of the sample is represented by financial companies. 

Finally, rating analysis provides a well-documented path: CDS spreads increase as rating 

decreases and this is driven by both higher volatility and leverage. 
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Table 6 

Merton CDS Spread column displays the results obtained applying the original Merton model specification 

described in Section 6.1. Leverage is defined as 100% short term debt and 50% long term debt over the 

estimated asset value. σA is the asset standard deviation estimated as described in Section 6.1 

 

  
Merton CDS Spread σA Leverage

Year Obs Average Median Average Median Average Median

2006 1800 7.5 0.00 14.0% 13.1% 27.5% 19.4%

2007 1872 7.5 0.00 14.1% 12.9% 26.4% 17.6%

2008 1932 10.8 0.04 16.6% 16.4% 35.5% 26.6%

2009 2040 112.3 25.60 24.2% 21.6% 38.7% 31.7%

2010 2052 38.6 0.69 17.4% 16.1% 34.8% 26.9%

2011 2052 14.0 0.10 14.7% 14.2% 35.1% 26.5%

2012 2064 37.7 0.58 15.2% 14.5% 37.1% 28.5%

2013 2016 26.1 0.01 13.0% 12.6% 35.0% 26.5%

2014 1320 19.7 0.00 12.9% 11.6% 39.2% 33.2%

Merton CDS Spread σA Leverage

Sector Obs Average Median Average Median Average Median

Basic Materials 1356 50.5 24.93 22.5% 21.5% 24.4% 21.7%

CoRe 4128 11.9 0.25 16.6% 15.1% 19.5% 17.2%

Communication 2204 22.1 0.38 17.0% 15.1% 25.5% 23.4%

Energy 720 9.9 0.33 15.8% 14.5% 28.7% 22.0%

Financials 3924 44.3 22.38 10.5% 8.3% 58.6% 71.9%

Industrials 2908 44.1 17.52 18.3% 17.5% 33.5% 30.1%

Tech 312 20.1 7.28 27.0% 26.4% 13.3% 13.4%

Utilities 1596 18.5 2.58 14.4% 13.1% 33.4% 32.2%

Merton CDS Spread σA Leverage

Nationality Obs Average Median Average Median Average Median

GAS 3732 29.1 24.93 16.4% 15.3% 31.6% 24.0%

Italy 1388 48.0 0.25 10.2% 10.1% 59.7% 58.3%

France 3964 32.5 0.38 17.0% 16.0% 33.8% 28.1%

Benelux 1252 27.8 0.33 18.6% 17.7% 21.7% 19.8%

Scandi 1416 21.4 22.38 20.4% 18.5% 20.5% 18.2%

UK 4100 23.3 17.52 16.0% 15.2% 27.3% 20.5%

Iberia 1168 34.8 7.28 10.9% 6.3% 53.5% 24.4%

Merton CDS Spread σA Leverage

Rating Obs Average Median Average Median Average Median

AAA / A- 6947 20.7 0.77 14.2% 14.0% 32.7% 21.3%

BBB+ / BBB- 7876 25.0 3.66 17.1% 16.3% 30.2% 25.2%

<BBB- 2160 78.3 47.88 17.7% 16.1% 48.5% 44.2%
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Table 7 and Table 8 provide an overview of the results obtained with the application of 

Brockman and Turtle model and its modified version respectively.  

As far as Table 8 is concerned, results provide a strong evidence of the combined effect of 

utilizing the implied barrier and the path dependant specification: predicted spreads are well 

above the one obtained with Merton model. In line with Brockman and Turtle results, the 

newly estimated barrier, as a percentage of asset, is well above the leverage ratio which is the 

one utilised in Merton model to trigger the default. This affects the likelihood a company falls 

into default due to the breach of such barrier which occurs faster in the case of the implied 

barrier. Despite that, overall the downward bias persists compared to the observed spread. 

The analysis on the sub categories are in line with the conclusion provided analysing the 

original Merton model. Financial, industrial and basic material sectors are those that predict 

higher spreads. This is driven by the high leverage and volatility that characterize those 

sectors. Financial sector is the only one in which, on average, observed spread are 

overpredicted. This influences the performance of Italy and Spain due to the concentration of 

financial sector companies in these two countries, as discussed before. 

The analysis by rating confirms the previous evidence. In this case, both average and median 

of high yield companies predicted spread are very closed to the observed one. 

Looking at the modified version, i.e. without considering the estimates of the implied barrier, 

we isolate the effects of the path dependant framework from the effects of the estimated 

barrier. As we can see, results are in line with the expectations: estimated CDS spreads are 

significantly higher than the one obtained through the original Merton model but lower than 

those obtained through Brockman and Turtle model specification. 

Also in this case, the analysis on the sub categories is in line with those provided by the 

original model. 

Finally, Table 9 presents the results obtained through the implementation of the Jump 

Diffusion Model. 

Again, results are in line with those obtained through the other models’ specifications. 

Predicted spreads systematically underestimate observed one. As expected, obtained spreads 

are higher than the original Merton model and higher than the first passage model without 

estimated barrier. This is due to the effect of the new stochastic process which drives the asset 

value over time as well as for the higher leverage due to the fact that , following Zhou (2001), 

we accounted for 100% short term debt plus 100% long term debt to calculate barrier K and 

the asset value. In order to underline the effects of the sole jump factor, we also implemented 

the model utilizing 100% short term debt plus 50% long term debt in the asset specification: 

results are still higher than Merton and FPM as expected but the magnitude is lower.  



48 
 

In this model specification, financial sector estimates are not as high as the one obtained in 

the other models. This is driven by the different assumption utilized to estimates the asset 

volatility which is affected by the greater contribution of debt volatility that is significantly 

lower than equity one. 

Rating analysis is consistent with previous findings, i.e. low rating companies are 

characterized by higher CDS spreads. 

Table 10 offers a comparative overview of the obtained results.  
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Table 7 

Turtle CDS Spread column displays the results obtained applying Brockman and Turtle (2003) model 

specification described in Section 6.2 estimating the implied default barrier H. Barrier / Asset Value is the ratio 

between the estimated implied default barrier H and the asset value estimated according with Merton model. σA 

is the asset standard deviation estimated as described in Section 6.1. Leverage is defined as 100% short term debt 

and 50% long term debt over the estimated asset value. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Turtle CDS Spread σA Leverage Barrier / Asset Value

Year Obs Average Median Average Median Average Median Average Median

2006 1800 92.3 37.9 14.0% 13.1% 27.5% 19.4% 52.3% 52.1%

2007 1872 87.4 41.3 14.1% 12.9% 26.4% 17.6% 51.7% 52.7%

2008 1932 144.3 108.2 16.6% 16.4% 35.5% 26.6% 59.3% 57.0%

2009 2040 298.0 133.3 24.2% 21.6% 38.7% 31.7% 44.9% 38.0%

2010 2052 138.2 26.0 17.4% 16.1% 34.8% 26.9% 44.0% 36.7%

2011 2052 102.5 25.4 14.7% 14.2% 35.1% 26.5% 48.0% 42.0%

2012 2064 123.1 10.0 15.2% 14.5% 37.1% 28.5% 43.2% 35.2%

2013 2016 81.4 1.2 13.0% 12.6% 35.0% 26.5% 41.3% 35.3%

2014 1320 63.6 0.5 12.9% 11.6% 39.2% 33.2% 45.2% 41.6%

Turtle CDS Spread σA Leverage Barrier / Asset Value

Sector Obs Average Median Average Median Average Median Average Median

Basic Materials 1356 137.3 84.2 22.5% 21.5% 24.4% 21.7% 37.2% 36.4%

CoRe 4128 48.5 15.7 16.6% 15.1% 19.5% 17.2% 33.4% 33.0%

Communication 2204 78.3 28.0 17.0% 15.1% 25.5% 23.4% 41.5% 42.0%

Energy 720 65.8 15.9 15.8% 14.5% 28.7% 22.0% 42.3% 38.7%

Financials 3924 233.3 182.1 10.5% 8.3% 58.6% 71.9% 71.0% 83.1%

Industrials 2908 157.7 90.5 18.3% 17.5% 33.5% 30.1% 47.1% 45.9%

Tech 312 53.8 30.4 27.0% 26.4% 13.3% 13.4% 21.6% 23.3%

Utilities 1596 83.2 46.9 14.4% 13.1% 33.4% 32.2% 49.6% 50.2%

Turtle CDS Spread σA Leverage Barrier / Asset Value

Nationality Obs Average Median Average Median Average Median Average Median

GAS 3732 116.6 47.8 16.4% 15.3% 31.6% 24.0% 45.7% 41.4%

Italy 1388 243.7 177.7 10.2% 10.1% 59.7% 58.3% 71.4% 73.4%

France 3964 132.2 55.1 17.0% 16.0% 33.8% 28.1% 47.9% 45.0%

Benelux 1252 77.9 21.3 18.6% 17.7% 21.7% 19.8% 35.8% 35.3%

Scandi 1416 69.7 21.8 20.4% 18.5% 20.5% 18.2% 33.9% 33.7%

UK 4100 91.1 26.7 16.0% 15.2% 27.3% 20.5% 40.9% 37.2%

Iberia 1168 189.1 195.5 10.9% 6.3% 53.5% 24.4% 68.0% 22.7%

Turtle CDS Spread σA Leverage Barrier / Asset Value

Rating Obs Average Median Average Median Average Median Average Median

AAA / A- 6947 101.3 21.2 14.2% 14.0% 32.7% 21.3% 46.0% 39.5%

BBB+ / BBB- 7876 104.0 44.1 17.1% 16.3% 30.2% 25.2% 44.6% 42.2%

<BBB- 2160 276.6 226.4 17.7% 16.1% 48.5% 44.2% 60.3% 60.2%
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Table 8 

FPM Spread column displays the results obtained applying the modified version of Brockman and Turtle (2003) 

model described in Section 6.2 without considering the estimates of the implied default barrier H. Leverage is 

defined as 100% short term debt and 50% long term debt over the estimated asset value. σA is asset yearly 

standard deviation estimated as described in Section 6.1. 

 

 

  

FPM Spread σA Leverage

Year Obs Average Median Average Median Average Median

2006 1800 18.0 0.0 14.0% 13.1% 27.5% 19.4%

2007 1872 15.2 0.0 14.1% 12.9% 26.4% 17.6%

2008 1932 23.5 0.1 16.6% 16.4% 35.5% 26.6%

2009 2040 226.9 49.6 24.2% 21.6% 38.7% 31.7%

2010 2052 78.1 1.3 17.4% 16.1% 34.8% 26.9%

2011 2052 34.5 0.2 14.7% 14.2% 35.1% 26.5%

2012 2064 83.2 1.1 15.2% 14.5% 37.1% 28.5%

2013 2016 55.9 0.0 13.0% 12.6% 35.0% 26.5%

2014 1320 42.0 0.0 12.9% 11.6% 39.2% 33.2%

FPM Spread σA Leverage

Sector Obs Average Median Average Median Average Median

Basic Materials 1356 93.3 45.6 22.5% 21.5% 24.4% 21.7%

CoRe 4128 21.5 0.5 16.6% 15.1% 19.5% 17.2%

Communication 2204 41.0 0.7 17.0% 15.1% 25.5% 23.4%

Energy 720 21.4 0.6 15.8% 14.5% 28.7% 22.0%

Financials 3924 108.3 51.6 10.5% 8.3% 58.6% 71.9%

Industrials 2908 88.3 33.1 18.3% 17.5% 33.5% 30.1%

Tech 312 35.7 13.2 27.0% 26.4% 13.3% 13.4%

Utilities 1596 34.2 5.0 14.4% 13.1% 33.4% 32.2%

FPM Spread σA Leverage

Nationality Obs Average Median Average Median Average Median

GAS 3732 58.0 11.3 16.4% 15.3% 31.6% 24.0%

Italy 1388 122.4 46.8 10.2% 10.1% 59.7% 58.3%

France 3964 65.1 8.4 17.0% 16.0% 33.8% 28.1%

Benelux 1252 56.9 3.9 18.6% 17.7% 21.7% 19.8%

Scandi 1416 39.7 3.2 20.4% 18.5% 20.5% 18.2%

UK 4100 47.5 1.7 16.0% 15.2% 27.3% 20.5%

Iberia 1168 82.9 125.5 10.9% 6.3% 53.5% 24.4%

FPM Spread σA Leverage

Rating Obs Average Median Average Median Average Median

AAA / A- 6947 45.9 1.5 14.2% 14.0% 32.7% 21.3%

BBB+ / BBB- 7876 49.9 6.3 17.1% 16.3% 30.2% 25.2%

<BBB- 2160 166.4 103.7 17.7% 16.1% 48.5% 44.2%
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Table 9 

Jump Diffusion Model Spread column displays the results obtained applying Zhou (2001) Jump Diffusion model 

described in Section 6.3. Leverage is defined as 100% short term debt and 100% long term debt over the total 

asset value estimated as per Section 6.3. σA is the yearly asset standard deviation estimated as described in 

Section 6.3 

 

  
Jump Diffusion Model σA Leverage

Year Obs Average Median Average Median Average Median

2006 1800 23.2 0.17 13.7% 12.6% 34.5% 27.2%

2007 1872 32.8 0.07 13.8% 12.8% 33.1% 25.8%

2008 1932 39.4 1.82 15.9% 15.6% 42.9% 36.4%

2009 2040 201.2 39.79 21.9% 19.9% 48.0% 43.6%

2010 2052 73.5 5.41 16.2% 14.7% 44.1% 38.3%

2011 2052 36.8 1.84 13.8% 13.2% 44.0% 37.8%

2012 2064 55.5 3.42 14.2% 13.3% 46.1% 40.0%

2013 2016 40.6 0.79 12.3% 11.7% 43.5% 37.5%

2014 1320 47.9 2.50 13.1% 12.7% 47.2% 44.6%

Jump Diffusion Model σA Leverage

Sector Obs Average Median Average Median Average Median

Basic Materials 1356 126.2 53.79 21.0% 20.1% 33.9% 30.8%

CoRe 4128 31.7 1.32 16.4% 15.0% 27.3% 25.5%

Communication 2204 63.9 2.64 16.0% 14.1% 35.2% 33.5%

Energy 720 15.9 1.57 16.0% 14.7% 35.7% 28.8%

Financials 3924 65.3 15.98 9.6% 6.6% 65.6% 79.5%

Industrials 2908 62.2 19.36 17.3% 16.4% 41.6% 40.4%

Tech 312 73.7 29.14 27.4% 26.8% 19.4% 19.8%

Utilities 1596 36.4 5.70 13.1% 11.9% 44.5% 44.1%

Jump Diffusion Model σA Leverage

Nationality Obs Average Median Average Median Average Median

GAS 3732 50.7 11.17 15.7% 14.8% 40% 34%

Italy 1388 91.9 17.58 8.7% 8.1% 68% 70%

France 3964 61.9 7.43 16.2% 15.0% 42% 38%

Benelux 1252 75.6 10.89 17.7% 16.7% 31% 29%

Scandi 1416 63.7 15.01 20.2% 18.2% 29% 27%

UK 4100 60.1 3.87 15.3% 14.6% 35% 30%

Iberia 1168 32.7 39.05 9.6% 5.4% 63% 21%

Jump Diffusion Model σA Leverage

Rating Obs Average Median Average Median Average Median

AAA / A- 6947 31.0 2.63 14.0% 13.8% 40% 30%

BBB+ / BBB- 7876 54.2 9.42 16.1% 15.2% 39% 36%

<BBB- 2160 178.6 64.58 15.7% 13.5% 57% 56%
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Table 10 

Displays average and median observed CDS spreads as well as  the estimates for each model specification, 

divided by sector, nationality and rating category. Market identifies market observed CDS spreads, Merton is 

estimated using the original Merton model specification, Turtle is estimated using the model developed by 

Brockman and Turtle (2003), FPM is the modified version of Brockman and Turtle (2003) model and, finally, 

Jump identifies the Jump Diffusion model developed by Zhou (2001).  

 

  
Average Market Merton Turtle FPM Jump

Sector

Basic Materials 156.9            50.5              137.3            93.3              126.2            

CoRe 103.0            11.9              48.5              21.5              31.7              

Communication 133.1            22.1              78.3              41.0              63.9              

Energy 106.8            9.9                65.8              21.4              15.9              

Financials 143.1            44.3              233.3            108.3            65.3              

Industrials 158.3            44.1              157.7            88.3              62.2              

Tech 133.1            20.1              53.8              35.7              73.7              

Utilities 99.6              18.5              83.2              34.2              36.4              

Nationality

GAS 104.6            29.1              116.6            58.0              50.7              

Italy 196.2            48.0              243.7            122.4            91.9              

France 140.6            32.5              132.2            65.1              61.9              

Benelux 89.6              27.8              77.9              56.9              75.6              

Scandi 122.3            21.4              69.7              39.7              63.7              

UK 114.9            23.3              91.1              47.5              60.1              

Iberia 192.5            34.8              189.1            82.9              32.7              

Rating

AAA / A- 83.5              20.7              101.3            45.9              31.0              

BBB+ / BBB- 125.1            25.0              104.0            49.9              54.2              

<BBB- 293.1            78.3              276.6            166.4            178.6            

Median Market Merton Turtle FPM Jump

Sector

Basic Materials 130.9            24.9              84.2              45.6              53.8              

CoRe 77.2              0.3                15.7              0.5                1.3                

Communication 84.5              0.4                28.0              0.7                2.6                

Energy 77.5              0.3                15.9              0.6                1.6                

Financials 107.8            22.4              182.1            51.6              16.0              

Industrials 114.6            17.5              90.5              33.1              19.4              

Tech 93.7              7.3                30.4              13.2              29.1              

Utilities 75.5              2.6                46.9              5.0                5.7                

Nationality

GAS 78.3              6.2                47.8              11.3              11.2              

Italy 155.8            23.3              177.7            46.8              17.6              

France 102.9            4.5                55.1              8.4                7.4                

Benelux 76.8              1.4                21.3              3.9                10.9              

Scandi 82.1              1.7                21.8              3.2                15.0              

UK 89.1              1.2                26.7              1.7                3.9                

Iberia 111.4            47.3              195.5            125.5            39.0              

Rating

AAA / A- 68.5              0.8                21.2              1.5                2.6                

BBB+ / BBB- 105.4            3.7                44.1              6.3                9.4                

<BBB- 238.4            47.9              226.4            103.7            64.6              
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8.2 Prediction Error Analysis 

Following Rodrigues and Agarwal (2012) model, we use prediction error and absolute 

prediction error as first analysis of structural models’ performance.  

The monthly percentage prediction error for each company of the sample is calculated as: 

%𝑃𝐸 =
𝑂𝑆𝑖,𝑡 −𝐸𝑆𝑖,𝑡

𝑂𝑆𝑖,𝑡
 

Similarly the monthly percentage absolute prediction error is estimated as: 

%𝐴𝑃𝐸 =
|𝑂𝑆𝑖,𝑡 −𝐸𝑆𝑖,𝑡|

𝑂𝑆𝑖,𝑡
 

Where 𝑂𝑆𝑖,𝑡 represents the observed spread of company i at time t; 𝐸𝑆𝑛,𝑖,𝑡 represents the 

estimated spread using model n for company i at time t. 

Results for %PE and %APE for each model and for each sub-category are presented in Table 

11 and Table 12 respectively. 

Table 11 displays the results obtained for the %APE. This considers the absolute value of 

estimates bias and it provides a more accurate measure of the error between estimated and 

observed CDS spreads compared to %PE. Overall, absolute bias is in the range between 97% 

and 160% if we look at the mean and in the range between 97% and 100% if we look at the 

median. Considering the combined average / median results, Merton model seems to be the 

model with lower bias. Turtle, on the other hand, is the one that displays the largest absolute 

bias. We note a significant variation in the results among periods and across company. As 

discussed before, due to the large dispersion of predicted spreads error, mean is a poor 

summary of a model’s predictive power. 

Looking at the subsample, financial sector, as expected, is affected by the largest percentage 

error. This is in line with the existing literature which provides evidence on the fact that 

structural models do not accurately predict defaults for the financial sector companies. See for 

example, Sellers and Arora (2004) or Fabozzi et al. (2010). There is a mixed effect if we 

consider the sector performance across models. Looking at Merton and FPM, industrial, basic 

materials and tech seem to perform better than other sectors. However, Tech sector is affected 

by the low number of observations. Taking into consideration Turtle and Jump models, 

utilities, communication and energy sectors are those affected by the lower bias. 

The analysis by nationality is affected by sector composition, as recalled earlier. 

On the rating side, we confirm the evidence of existing literature: structural models perform 

better for low rated companies than for high rated one. 
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Table 12 provides a complementary analysis focussing on the sign of the bias of our structural 

models. As recalled in the previous chapter, according to the existing literature, structural 

models (and not only) tend to underestimate the default probabilities. As a consequence, also 

CDS spreads result to be low compared to the observed one being a direct measure of default 

probabilities. As underlined by Campbell et al., the riskiest 1% of firms in his sample has an 

average default probability of 0.803% that is very low if we consider the historical default 

probability trend showed in Table 2. Thus, we expect that our performance indicator %PE 

ends up showing, on average, that our CDS spreads underestimate the observed one. This is 

the case when the ratio is positive. On the other side, if estimated spreads are higher than the 

observed one, our indicator will be negative. 

As expected, overall, our structural models underpredict, on average, market spreads. Bias is 

in the range between 100% and 70% if we consider the median and on the range between 

79% and -50% if we consider the mean. Merton model, together with FPM, seems to be the 

models with higher downward bias compared to the other two. The structural model with 

lower bias is the First Passage Model specification, developed by Brockman and Turtle thanks 

to the combined effect of implied barrier and path dependant option framework. Considering 

the entire sample, median prediction error is ca. 70% and mean is ca. -50% underlying also a 

situation in which predicted CDS spreads overestimate observed one. 

Across the model, financial sector is on average / median less affected by the downward bias. 

Looking at Brockman and Turtle model, estimated results overpredict observed one. This is 

also the case of jump diffusion model if we look at the mean. This result is driven by the 

higher leverage ratios that characterize the industry, as shown on Table 6. Amongst the other 

sectors, basic material and industrials are the less affected by the downward bias. 

Rating also has a big impact on the prediction error: results show that structural model 

underpredicts observed spreads more for investment grade companies than for high yield one.   
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Table 11 

%APE for each model specification. Merton is estimated using the original Merton model specification, Turtle is 

estimated using the model developed by Brockman and Turtle (2003), FPM is the modified version of Brockman 

and Turtle (2003) model and, finally, Jump identifies the Jump Diffusion model developed by Zhou (2001).  

 

  Merton Turtle FPM Jump

Mean Median Mean Median Mean Median Mean Median

Overall 97% 100% 160% 97% 113% 100% 116% 99%

By Sector

Basic Materials 94.9% 99.3% 104.9% 81.0% 107.0% 99.6% 121.8% 97.0%

CoRe 96.8% 100.0% 93.8% 99.0% 97.9% 100.0% 100.4% 99.8%

Communication 96.0% 100.0% 92.1% 94.7% 98.6% 100.0% 102.9% 99.5%

Energy 94.7% 100.0% 88.1% 95.4% 93.3% 100.0% 99.2% 99.7%

Financials 100.4% 99.9% 328.4% 100.0% 152.2% 100.0% 151.7% 98.3%

Industrials 89.6% 99.7% 134.8% 90.9% 97.2% 99.7% 94.7% 96.7%

Tech 91.8% 99.8% 82.8% 83.3% 91.9% 99.7% 114.5% 98.0%

Utilities 103.5% 99.9% 148.3% 92.2% 114.3% 99.9% 123.3% 97.1%

By Nationality

GAS 92.7% 100.0% 165.7% 97.2% 102.7% 100.0% 101.0% 98.3%

Italy 113.4% 99.6% 309.6% 99.1% 193.4% 99.7% 155.8% 97.6%

France 95.8% 99.9% 127.2% 92.7% 104.3% 99.9% 109.3% 98.9%

Benelux 103.6% 100.0% 108.3% 95.8% 120.2% 100.0% 138.3% 98.8%

Scandi 92.3% 100.0% 91.2% 93.0% 95.0% 100.0% 107.3% 99.4%

UK 96.9% 100.0% 145.2% 99.0% 108.7% 100.0% 127.3% 99.8%

Iberia 92.2% 99.7% 272.4% 91.6% 105.2% 99.7% 91.0% 94.2%

By Rating

AAA / A- 97.5% 100.0% 175.4% 99.6% 111.9% 100.0% 119.8% 99.6%

BBB+ / BBB- 98.2% 100.0% 144.8% 93.2% 116.7% 100.0% 107.8% 98.8%

<BBB- 89.5% 97.8% 172.2% 79.4% 101.5% 98.1% 136.8% 95.0%
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Table 12 

%PE for each model specification. Merton is estimated using the original Merton model specification, Turtle is 

estimated using the model developed by Brockman and Turtle (2003), FPM is the modified version of Brockman 

and Turtle (2003) model and, finally, Jump identifies the Jump Diffusion model developed by Zhou (2001). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

Merton Turtle FPM Jump

Mean Median Mean Median Mean Median Mean Median

Overall 79% 100% -50% 70% 54% 100% 44% 98%

By Sector

Basic Materials 80.2% 99.2% 30.6% 62.5% 65.8% 98.5% 19.2% 91.3%

CoRe 95.5% 100.0% 62.8% 97.3% 89.1% 100.0% 81.8% 99.7%

Communication 92.9% 100.0% 54.9% 88.3% 82.8% 100.0% 66.1% 99.2%

Energy 94.0% 100.0% 42.9% 91.5% 88.1% 100.0% 83.9% 99.6%

Financials 59.1% 99.5% -257.9% -21.0% 25.2% 99.0% -17.3% 94.1%

Industrials 78.0% 99.5% 10.6% 54.6% 56.9% 98.9% 62.5% 95.4%

Tech 87.2% 99.5% 56.3% 78.3% 77.2% 99.0% 29.8% 89.5%

Utilities 76.4% 99.9% 2.1% 67.5% 57.0% 99.8% 44.3% 96.7%

By Nationality

GAS 79.5% 99.9% 1.5% 70.9% 58.8% 99.9% 55.4% 97.1%

Italy 50.7% 99.3% -61.5% 7.8% 45.8% 98.5% -23.8% 92.5%

France 80.6% 99.8% 1.3% 67.8% 61.8% 99.7% 57.9% 98.6%

Benelux 72.5% 100.0% 19.0% 87.7% 49.7% 100.0% 22.1% 97.5%

Scandi 88.7% 100.0% 53.2% 84.9% 78.9% 100.0% 45.7% 98.4%

UK 85.7% 100.0% 37.8% 93.7% 69.1% 100.0% 42.8% 99.6%

Iberia 78.8% 99.6% -195.5% 16.7% 52.0% 99.1% 59.7% 91.7%

By Rating

AAA / A- 80.5% 100.0% -13.5% 88.5% 58.2% 100.0% 48.7% 99.3%

BBB+ / BBB- 80.0% 99.9% 7.0% 73.7% 53.5% 99.9% 53.4% 97.9%

<BBB- 71.1% 97.3% -58.1% 25.6% 39.0% 93.8% -7.7% 86.2%
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8.3 Econometric Testing: The Fama-MacBeth Test 

In this section, we formally test our results to see how good are structural models in pricing 

CDS spreads. To this end, following Rodrigues and Agarwal (2012) model, we use the well-

known Fama-MacBeth approach. 

The Fama-MacBeth test has been developed by Fama and MacBeth (1973) for the purpose of 

testing the Capital Asset Pricing Model (CAPM). They tested some asset pricing implications 

which arise from the assumption of normally distributed portfolio return and risk averse 

investor. The authors proposed the following specification to test three implications of 

CAPM: 

𝑅𝑝 = 𝛾0 ,𝑡 + 𝛾1,𝑡𝛽𝑝,𝑡 + 𝛾2 ,𝑡𝛽𝑝,𝑡−1
2 + 𝛾3 ,𝑡 �̅�𝑝,𝑡−1(�̂�𝑖) + �̂�𝑝,𝑡 

1. linearity: 𝐸(𝑅𝑝) is linear in 𝛽𝑝. This implies that 𝛾2 ,𝑡should not be statistically 

different from 0; 

2. only systematic risk 𝛽𝑝,𝑡 is priced. This implies that also 𝛾3 ,𝑡 should not be different 

from 0; 

3. there is positive expected risk-return trade-off. This implies that the null hypothesis 

𝐸(𝛾1,𝑡) ≤ 0 should be rejected. 

The implementation of Fama-MacBeth model foresees two subsequent steps: 

a. time series regression on individual securities against the market portfolio and then 

grouping each security based on obtained 𝛽𝑝,𝑡; 

b. cross-sectional regression repeated each month and then calculate the average of the 

obtained coefficients  �̅�3,𝑡  . 

We will extend this methodology to test the performances of our selected structural models. 

We employ an empirical strategy divided into two parts: in the first part, we estimate Fama 

and MacBeth (1973) regressions for each model on the whole sample; in the second part, an 

extended regressions that also account for liquidity condition are estimated over clusters of 

nationality, sector and rating, in order to better assess the predictive power of the structural 

models in some specific conditions.  

The sample consists of 18,720 security-month observations over the period from January 

2006 to August 2014. Overall, 185 companies’ CDSs are studied. In the regression analysis 

all the variables are trimmed at the 1% top and bottom of their distribution in order to reduce 

the influence of outliers. Table 13 provides some descriptive statistics of our sample. 
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Table 13 

Descriptive Statistics. CDS is the actual spread observed in the market, Merton is estimated using the original 

Merton model specification, Turtle is estimated using the model developed by Brockman and Turtle (2003), 

FPM is the modified version of Brockman and Turtle (2003) model and, finally, Jump identifies the Jump 

Diffusion model developed by Zhou (2001). 

 

 

 

 

 

 

 

8.3.1 Fama-MacBeth Test: Basic Model 

Following Rodrigues and Agarwal (2012), we estimated over the whole sample Fama and 

MacBeth (1973) regressions with the two-steps procedure of the form: 

where 𝐶𝐷𝑆𝑖𝑡  is the spread observed in the market for security i at the end of month t, 𝐼𝑆𝑖𝑡 is 

the predicted spread implied by the models described above and 휀𝑖𝑡  is a random error. 

The Fama and Macbeth (1973) two-steps procedure is useful to properly estimate the standard 

errors in asset pricing regressions with panel data. In the first step, N times series regressions, 

where N is the number of securities, are run to estimate the betas of the factors used in the 

analysis, in this case the predicted spread. In the second step, cross-sectional regressions of 

the betas obtained in the first step are run for each period in the sample. Then, the estimated 

betas and alphas and their standard errors are the averages of the cross-sectional estimates. 

Ideally, we would expect the alphas to be all zero and the betas to be all equal to one in case 

the models perfectly predict the observed spreads. However, we expect that betas are positive, 

close to one and significant, while positive (negative) alphas indicate that, on average, the 

models underestimate (overestimate) credit spreads. The average R-squared also helps 

assessing the goodness of the models’ spreads in explaining market ones, the closer to 100% 

the better the performance of the models. 

Table 14 shows the results from the estimation of equation 8. The coefficients on the implied 

spreads in columns 1-4 are all positive and highly significant. In particular, the coefficient on 

Merton is very close to the unity. The coefficient on the intercept is positive and significant, 

𝐶𝐷𝑆𝑖𝑡 =  𝛼 +  𝛽 𝐼𝑆𝑖𝑡 + 휀𝑖𝑡  (8) 

Variable Mean Median StDev N

CDS 132.46 88.03 160.52 17,148

Merton 25.12 0.04 65.74 16,806

Turtle 116.09 29.39 185.24 16,806

FPM 53.65 0.08 144.4 16,806

Jump 46.04 1.73 121.48 16,977

Bid-Ask Spread 0.09 0.07 0.08 18,447
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meaning that on average the predicted spreads are under the actual spreads by 100 basis 

points, as you can see from the descriptive statistics. This confirms the evidence provided by 

Table 12. 

Last two columns report the regressions with all four models simultaneously. In column 5 

actual spreads are regressed on the spreads implied by the models. All the models are still 

highly significant, but FPM now has negative sign. Column 6 reports the regression of the 

actual spreads on the orthogonalized version of the implied spread to avoid multicollinearity, 

as you can see from the correlation matrix, Table 15 below. Indeed, the spreads are positively 

and significantly correlated. The orthogonalized series are the intercepts and the error terms 

obtained by regressing Merton on the other methods each month, following Rodrigues and 

Agarwal (2012) and Fama and French (1993).  

The R-squared indicates that on average the model explains 20% of the variation in the actual 

spreads, while in the specifications with all the models the explanatory power improves up to 

30%. 

 

Table 14 

The table shows the results from Fama and MacBeth regressions. The dependent variable is the actual spread. 

Merton is estimated using the original Merton model specification, Turtle is estimated using the model 

developed by Brockman and Turtle (2003), FPM is the modified version of Brockman and Turtle (2003) model 

and, finally, Jump identifies the Jump Diffusion model developed by Zhou (2001). In the last column the implied 

spreads are orthogonalised to avoid multicollinearity. Robust standard errors in parentheses, *** p<0.01, ** 

p<0.05, * p<0.1 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(1) (2) (3) (4) (5) (6)

VARIABLES CDS CDS CDS CDS CDS CDS

Merton 0.940*** 1.597*** 0.869***

(0.065) (0.172) (0.072)

Turtle 0.316*** 0.250*** 0.244***

(0.022) (0.023) (0.025)

FPM 0.377*** -0.717*** -0.357***

(0.029) (0.076) (0.074)

Jump 0.350*** 0.097*** 0.104***

(0.024) (0.024) (0.023)

Constant 0.103*** 0.089*** 0.105*** 0.111*** 0.086*** 0.085***

(0.005) (0.004) (0.005) (0.006) (0.004) (0.004)

Observations 16,806 16,806 16,806 16,977 16,637 16,347

R-squared 0.214 0.222 0.187 0.154 0.301 0.298

Number of groups 104 104 104 104 104 104
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Table 15 

Correlation matrix: CDS is the actual spread observed in the market, Merton is estimated using the original 

Merton model specification, Turtle is estimated using the model developed by Brockman and Turtle (2003), 

FPM is the modified version of Brockman and Turtle (2003) model and, finally, Jump identifies the Jump 

Diffusion model developed by Zhou (2001). * for correlations significantly different from zero with p>.10. 

 

 

 

 

 

8.3.2 Fama-MacBeth Test: Augmented Model 

An extension of the first model takes also into account the liquidity factor that can have an 

effect on the market spread along with the credit factor expressed by the predicted spread. 

Rating has also been included in this augmented specification. In order to assess whether the 

models described perform better in a particular geographical area, a sector or at different 

levels of creditworthiness we have also estimated the regressions below over sub-samples of 

nationality, sector and rating described in Appendix 1. 

The Fama and MacBeth regression estimated is then:  

𝐶𝐷𝑆𝑖𝑡 =  𝛼 +  𝛽 𝐼𝑆𝑖𝑡 + 𝛽 𝑅𝑇𝐺𝑖 +  𝛽 𝐿𝐼𝑄𝑖𝑡 + 휀𝑖𝑡 

where 𝐶𝐷𝑆𝑖𝑡  is the spread observed in the market for security i at the end of month t, 𝐼𝑆𝑖𝑡 is 

the predicted spread implied by the models described above, RTG is a discrete variable that 

translates the ratings in a numerical scale, from 1 for AAA to 7 for CCC, and LIQ is the 

liquidity factor expressed by the bid-ask spread, computed as the difference between the bid 

and ask quotes divided by the mid quote, and 휀𝑖𝑡  is a random error. 

Table 16 below reports the results from the analysis with the model augmented for liquidity 

and credit ratings (equation 9). The picture is now reverted: the intercept is now negative and 

significant. This means that the previous result (the models underpredict the actual spreads) is 

mostly driven by models themselves lacking of any pricing of liquidity. The result is 

consistent with previous literature on CDS pricing in US. 

Unexpectedly, the coefficient on the liquidity variable, namely the bid-ask spread, is negative 

and highly significant and reflects a negative relationship between liquidity and the credit 

spread. This is not what we observe in the US market where liquidity positively affects the 

CDS spread: according to the previous findings, as the bid-ask spread increases (i.e. liquidity 

decrease), CDS spread should increase as well. This effect could be peculiar to our sample or 

(9) 

CDS Merton Turtle FPM

Merton 0.3924* 1.0000

Turtle 0.4145* 0.7748* 1.0000

FPM 0.3820* 0.9855* 0.8016* 1.0000

Jump 0.3058* 0.6303* 0.5001* 0.5781*
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to European market and it is definitely something that needs to be addressed in future 

research. Moreover, the explanatory power of the empirical model has significantly improved, 

as you can see from the R-squared that now reaches about 50% of the total variation in the 

actual spreads. 

Also under this specification, Merton model seems to perform better than the other models: 

coefficient is close to 1 and R-square is higher.  

 

 

Table 16 

The table shows the results from the augmented Fama and MacBeth  regressions. The dependent variable is the 

actual spread. Merton is estimated using the original Merton model specification, Turtle is estimated using the 

model developed by Brockman and Turtle (2003), FPM is the modified version of Brockman and Turtle (2003) 

model and, finally, Jump identifies the Jump Diffusion model developed by Zhou (2001). Liquidity proxied with 

the Bid-Ask spread. Rating is S&P, Moody’s and Fitch rating in a numerical scale (1 to 7). In the last column the 

other implied spreads are orthogonalised to avoid multicollinearity. Robust standard errors in parentheses, *** 

p<0.01, ** p<0.05, * p<0.1 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(1) (2) (3) (4) (5) (6)
VARIABLES CDS CDS CDS CDS CDS CDS

Liquidity -0.585*** -0.544*** -0.609*** -0.807*** -0.494*** -0.494***
-0.078 -0.082 -0.078 -0.102 -0.076 -0.076

Rating 0.055*** 0.056*** 0.057*** 0.057*** 0.051*** 0.051***
-0.004 -0.004 -0.004 -0.004 -0.004 -0.004

Merton 0.604*** 1.320*** 0.588***
-0.052 -0.161 -0.054

Turtle 0.193*** 0.135***
-0.017 -0.019

FPM 0.241*** -0.564***
-0.024 -0.078

Jump 0.220*** 0.067***
-0.014 -0.023

FPM0 -0.432***
-0.069

Turtle0 0.144***
-0.019

Jump0 0.067***
-0.023

Constant -0.053*** -0.063*** -0.056*** -0.036*** -0.052*** -0.052***
-0.01 -0.011 -0.01 -0.011 -0.011 -0.011

Observations 15,982 15,997 15,987 16,137 15,830 15,830

R-squared 0.523 0.504 0.506 0.502 0.554 0.554

Number of groups 104 104 104 104 104 104
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We also analysed the performance of our models considering sub sample sorted by 

nationality, sector and rating categories. 

Table 17 below reports the coefficients of the augmented Fama and MacBeth regressions 

performed within nationality sub-samples. As we can see, Turtle and jump diffusion model 

display positive and highly significant coefficient. On the other hand, Merton and FPM are 

characterized by non-significant coefficient. France, UK and GAS only resulted with 

significant coefficients in all four models specifications. This is mainly driven by the number 

of observations which affect the performance of the test. 

Overall, company nationality doesn’t appear to have an impact on structural models 

predictability power. 

 

 

Table 17 

The table shows the results from the augmented Fama and MacBeth regressions  on nationality subsamples. The 

dependent variable is the actual spread. Merton is estimated using the original Merton model specification, 

Turtle is estimated using the model developed by Brockman and Turtle (2003), FPM is the modified version of 

Brockman and Turtle (2003) model and, finally, Jump identifies the Jump Diffusion  model developed by Zhou 

(2001). The regressions also contain Liquidity and Rating. *** p<0.01, ** p<0.05, * p<0.1*** p<0.01, ** 

p<0.05, * p<0.1 

 

 

 

 

 

(1) (2) (3) (4) (5) (6) (7)

Benelux FR GAS IT Iberia Scandi UK

Merton 466.446 1.019*** 0.485*** -0.349 5.632 -0.704 1.376***

N 1,219 3,714 3,606 1,153 1,036 1,377 3,877

R-squared 0.666 0.677 0.598 0.663 0.747 0.69 0.578

Turtle 0.412*** 0.230*** 0.128*** 0.142*** 0.112** 0.791*** 0.247***

N 1,231 3,750 3,622 1,149 1,022 1,381 3,842

R-squared 0.69 0.625 0.598 0.615 0.731 0.71 0.556

FPM -8.425 0.415*** 0.226*** -0.184 2.773 -0.289 0.664***

N 1,231 3,748 3,615 1,146 1,022 1,385 3,840

R-squared 0.651 0.668 0.599 0.638 0.735 0.7 0.57

Jump 0.463*** 0.809*** 0.155*** 0.363*** 0.260*** 0.445*** 0.155***

N 1,223 3,734 3,648 1,189 1,039 1,392 3,912

R-squared 0.577 0.689 0.589 0.677 0.74 0.673 0.531
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Table 18 below reports the coefficients of the augmented Fama and MacBeth regressions 

performed within sector sub-samples. In this analysis, Energy and Tech sectors have not been 

taken into account due to the luck of observations for each sector. 

Financial sector displays a non-significant and negative coefficients. This is in line with 

existing literature which provides evidence of the fact that structural models are unable to deal 

with financial companies. Basic material, CoRe and Industrial sectors display positive and 

highly significant coefficients and high R-squared above 50%. 

Looking at the different models, Merton model seems to be the one able to better predict the 

observed spreads: coefficients are closer to 1 and have the highest R-squared.    

  

Table 18 

The table shows the results from the augmented Fama and MacBeth regres sions on sector subsamples . The 

dependent variable is the actual spread. Merton is estimated using the original Merton model specification, 

Turtle is estimated using the model developed by Brockman and Turtle (2003), FPM is the modified version of 

Brockman and Turtle (2003) model and, finally, Jump identifies the Jump Diffusion model developed by Zhou 

(2001). The regressions also contain Liquidity and Rating. *** p<0.01, ** p<0.05, * p<0.1*** p<0.01, ** 

p<0.05, * p<0.1 

 

 

 

 

 

 

 

 

 

 

 

 

 

(1) (2) (3) (4) (5) (6)

Basic Materials CoRe Communications Financial Industrial Utilities

Merton 0.970*** 3.968*** 18.724 -0.038 0.367*** 0.374

N 1,293 3,973 2,059 3,440 2,746 1,575

R-squared 0.823 0.668 0.789 0.500 0.636 0.629

Turtle 0.264*** 0.762*** 0.673*** 0.031*** 0.216*** 0.024

N 1,309 3,954 2,066 3,440 2,767 1,572

R-squared 0.832 0.658 0.776 0.477 0.621 0.638

FPM 0.482*** 2.093*** 8.861 -0.047 0.172*** 0.179

N 1,308 3,961 2,064 3,428 2,758 1,575

R-squared 0.823 0.668 0.799 0.484 0.638 0.629

Jump 0.163*** 0.881*** 0.801*** 0.020 0.359*** -0.039

N 1,301 3,987 2,038 3,552 2,780 1,577

R-squared 0.821 0.651 0.770 0.510 0.653 0.615
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Table 19 below reports the coefficients of the augmented Fama and MacBeth regressions 

performed within Rating sub-samples. We aggregated our sample according to three macro-

categories: AAA/A- which includes company with rating >A; BBB+/BBB- which includes 

companies with rating comprise between BBB+ and BBB-; <BBB- which includes companies 

with a rating below BB+. 

Coefficients are positive and highly significant in all four model implementations and across 

the three sub-samples. Coefficients are higher in the sub investment grade scenario which, 

considering Merton model and Jump diffusion model, also displays the higher R-squared 

among the three rating categories. This conclusion is in line with previous findings which 

show how structural models perform better for low rated companies. 

Intercept is positive for all three subcategories providing evidences of the fact that CDS 

spreads are underestimated for all categories and across all structural model implementations.  

 

Table 19 

The table shows the results from the augmented Fama and MacBeth regressions  on sector subsamples . The 

dependent variable is the actual spread. Merton is estimated using the original Merton model specification, 

Turtle is estimated using the model developed by Brockman and Turtle (2003), FPM is the modified version of 

Brockman and Turtle (2003) model and, finally, Jump identifies the Jump Diffusion model developed by Zhou 

(2001). The regressions also contain Liquidity and Rating. *** p<0.01, ** p<0.05, * p<0.1*** p<0.01, ** 

p<0.05, * p<0.1 

 

 

 

 

 

 

 

 

 

 

 

  

  

(1) (2) (3)

AAA / A- BBB+ / BBB- <BBB-

Merton 0.380*** 0.498*** 0.696***

N 6,663 7,567 1,999

R-squared 0.385 0.267 0.388

Turtle 0.090*** 0.214*** 0.331***

N 6,674 7,568 1,997

R-squared 0.415 0.314 0.378

FPM 0.150*** 0.231*** 0.306***

N 6,673 7,562 1,998

R-squared 0.379 0.270 0.370

Jump 0.151*** 0.123*** 0.305***

N 6,763 7,617 2,008

R-squared 0.337 0.203 0.347
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9. Conclusions 

We implemented four different specifications of structural model, the original Merton model 

(1974), two specifications of first passage model (namely the one developed by Brockman 

and Turtle (2004) and its modification) and the Jump Diffusion Model developed by Zhou 

(2001). The analysis has been carried out on a sample composed by 185 European companies 

on 5 years CDS spreads over a period of time from January 2006 to August 2014. We utilized 

the default probabilities estimated through our selected structural models to derive synthetic 

CDS spreads which have been compared and tested against the market price of CDS spreads. 

The choice of pricing CDS spread, excluding bond spreads, is driven by the fact that CDS 

spread is a cleaner measure of credit risk and, thus, it is less affected by non-credit factors 

which could ultimately affect the market value and the performance of our estimates. 

Following Rodrigues and Agarwal (2012), we implemented a Fama-MacBeth testing 

approach to assess the goodness of predicted CDS spreads. Overall, our results are in line 

with those present in the literature. We provided evidence that structural models 

systematically underpredict observed CDS spreads. This is consistent in all four model 

specifications. This effect is emphasized for good credits, although the magnitude decreases if 

we consider high yield credits. 

Data have been classified according to three different parameters: nationality, sector and 

rating family. Results are mixed and affected by the size of each sub-sample. This is more 

evident if we consider the analysis by nationality where only UK, Germany and France 

benefit of a consistent number of observations. According to the obtained results, it seems that 

nationality does not have an impact on structural models predictability power. Also our 

analysis by sector is partially affected by the number of observations for each subsample. 

Overall, results provide evidence that structural models perform better for basic material, 

industrial and CoRe sectors. On the rating analysis, as recalled above, we found that structural 

model perform better for low rated companies than for high rated companies. This is in line 

with previous findings. 

Merton model is the one which displays higher R-squared and coefficient closer to 1 

suggesting a better performance of such model with respect to the others. 

Structural model, autonomously considered, explain ca. 20% of the observed spreads. 

Including rating category and liquidity measure, R-squared increases significantly providing 

evidence that these two factors are important contributors of CDS spreads value. 

Unexpectedly, liquidity coefficient is negative displaying a different results compared to the 

usual one observed in the US market. This could be driven by the selected sample. 

The tests confirmed the evidence that structural models are unable to predict with accuracy 

CDS spreads but they do a good job in ranking company spreads. 
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Appendix 1 

Summarized below the details of our sample 

  

Company Name Nationality Sector Rating

ABB International Finance Ltd GAS Industrial AAA / A-

Abertis Infraestructuras SA Iberia CoRe BBB+ / BBB-

Accor SA FR CoRe BBB+ / BBB-

Adecco SA GAS CoRe BBB+ / BBB-

Aegon NV Benelux Financial AAA / A-

Airbus Group NV FR Industrial AAA / A-

Akzo Nobel NV Benelux Basic Materials BBB+ / BBB-

Alcatel-Lucent FR Communications <BBB-

Allianz SE GAS Financial AAA / A-

Alstom SA FR Industrial BBB+ / BBB-

Altadis SA Iberia CoRe BBB+ / BBB-

Anglo American PLC UK Basic Materials BBB+ / BBB-

Anheuser-Busch InBev NV Benelux CoRe AAA / A-

ArcelorMittal Benelux Basic Materials <BBB-

Assicurazioni Generali SpA IT Financial AAA / A-

AstraZeneca PLC UK CoRe AAA / A-

Atlantia  SpA IT CoRe BBB+ / BBB-

Aviva PLC UK Financial AAA / A-

AXA SA FR Financial AAA / A-

BAE Systems PLC UK Industrial BBB+ / BBB-

Banca Monte dei Paschi di Siena SpA IT Financial <BBB-

Banca Popolare di Milano Scarl IT Financial <BBB-

Banco Bilbao Vizcaya Argentaria  SA Iberia Financial BBB+ / BBB-

Banco Comercial Portugues SA Iberia Financial <BBB-

Banco Espirito Santo SA Iberia Financial BBB+ / BBB-

Banco Popolare SC IT Financial <BBB-

Banco Popular Espanol SA Iberia Financial <BBB-

Banco Santander SA Iberia Financial BBB+ / BBB-

Barclays Bank PLC UK Financial AAA / A-

BASF SE GAS Basic Materials AAA / A-

Bayer AG GAS CoRe AAA / A-

Bayerische Motoren Werke AG GAS Industrial AAA / A-

BNP Paribas Fortis SA FR Financial AAA / A-

BNP Paribas SA FR Financial AAA / A-

Bouygues SA FR Industrial BBB+ / BBB-

BP PLC UK Energy AAA / A-

British American Tobacco PLC UK CoRe AAA / A-

British Sky Broadcasting Group PLC UK Communications BBB+ / BBB-
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Company Name Nationality Sector Rating

British Telecommunications PLC UK Communications BBB+ / BBB-

Cadbury Ltd UK CoRe BBB+ / BBB-

Cap Gemini SA FR Technology BBB+ / BBB-

Carrefour SA FR CoRe BBB+ / BBB-

Casino Guichard Perrachon SA FR CoRe BBB+ / BBB-

Centrica PLC UK Utilities AAA / A-

Cie de St-Gobain FR Industrial BBB+ / BBB-

CIR-Compagnie Industriali Riunite SpA IT Industrial NR

Clariant AG GAS Basic Materials BBB+ / BBB-

Commerzbank AG GAS Financial AAA / A-

Compass Group PLC UK CoRe AAA / A-

Continental AG GAS Industrial BBB+ / BBB-

Credit Agricole SA FR Financial AAA / A-

Credit Suisse Group AG GAS Financial AAA / A-

Daimler AG GAS Industrial AAA / A-

Danone SA FR CoRe AAA / A-

Deutsche Bank AG GAS Financial AAA / A-

Deutsche Lufthansa AG GAS CoRe BBB+ / BBB-

Deutsche Post AG GAS Industrial AAA / A-

Deutsche Telekom AG GAS Communications BBB+ / BBB-

Diageo PLC UK CoRe AAA / A-

Dixons Retail PLC UK CoRe <BBB-

E.ON SE GAS Utilities AAA / A-

EDP - Energias de Portugal SA Iberia Utilities <BBB-

Electricite de France SA FR Utilities AAA / A-

Electrolux AB Scandi CoRe BBB+ / BBB-

Enbw International Finance BV GAS Utilities AAA / A-

Endesa SA Iberia Utilities BBB+ / BBB-

Enel SpA IT Utilities BBB+ / BBB-

Eni SpA IT Energy AAA / A-

Fiat SpA IT Industrial <BBB-

Finmeccanica SpA IT Industrial <BBB-

Fortum OYJ Scandi Utilities AAA / A-

Gallaher Group Ltd UK CoRe AAA / A-

Gas Natural SDG SA Iberia Utilities BBB+ / BBB-

Gazprom OAO Via Gaz Capital SA (USD) RU Energy BBB+ / BBB-

GDF Suez FR Utilities AAA / A-

Gecina SA FR Financial BBB+ / BBB-

GlaxoSmithKline PLC UK CoRe AAA / A-

Hammerson PLC UK Financial BBB+ / BBB-
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Company Name Nationality Sector Rating

Hannover Rueck SE GAS Financial AAA / A-

Havas SA FR Communications NR

HBOS PLC UK Financial AAA / A-

HeidelbergCement AG GAS Industrial <BBB-

Heineken NV Benelux CoRe BBB+ / BBB-

Henkel AG & Co KGaA GAS CoRe AAA / A-

Holcim Ltd GAS Industrial BBB+ / BBB-

HSBC Bank PLC UK Financial AAA / A-

Iberdrola SA Iberia Utilities BBB+ / BBB-

Imperial Chemical Industries PLC UK Basic Materials AAA / A-

Imperial Tobacco Group PLC UK CoRe BBB+ / BBB-

Intesa Sanpaolo SpA IT Financial BBB+ / BBB-

Investor AB Scandi Financial AAA / A-

ITV PLC UK Communications BBB+ / BBB-

J Sainsbury PLC UK CoRe BBB+ / BBB-

Kering FR CoRe BBB+ / BBB-

Kingfisher PLC UK CoRe BBB+ / BBB-

Klepierre FR Financial AAA / A-

Koninklijke Ahold NV Benelux CoRe BBB+ / BBB-

Koninklijke DSM NV Benelux Basic Materials AAA / A-

Koninklijke KPN NV Benelux Communications BBB+ / BBB-

Koninklijke Philips NV Benelux Industrial AAA / A-

Ladbrokes PLC UK CoRe <BBB-

Lafarge SA FR Industrial <BBB-

LANXESS AG GAS Basic Materials BBB+ / BBB-

Legal & General Group PLC UK Financial AAA / A-

Linde AG GAS Basic Materials AAA / A-

Lloyds Bank PLC UK Financial AAA / A-

Lukoil OAO (USD) RU Energy BBB+ / BBB-

LVMH Moet Hennessy Louis Vuitton SA FR CoRe AAA / A-

Marks & Spencer PLC UK CoRe BBB+ / BBB-

Mediobanca SpA IT Financial BBB+ / BBB-

Merck KGaA GAS CoRe AAA / A-

Metro AG GAS CoRe BBB+ / BBB-

Metso OYJ Scandi Industrial BBB+ / BBB-

Muenchener Rueckversicherungs AG GAS Financial AAA / A-

National Grid PLC UK Utilities AAA / A-

Nestle SA GAS CoRe AAA / A-

Next PLC UK CoRe BBB+ / BBB-

Nokia OYJ Scandi Technology <BBB-
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Company Name Nationality Sector Rating

Novartis AG GAS CoRe AAA / A-

Old Mutual PLC UK Financial BBB+ / BBB-

Orange SA FR Communications BBB+ / BBB-

Pearson PLC UK Communications BBB+ / BBB-

Pernod Ricard SA FR CoRe BBB+ / BBB-

Peugeot SA FR Industrial <BBB-

PostNL NV Benelux Industrial BBB+ / BBB-

Prudential PLC UK Financial AAA / A-

Publicis Groupe SA FR Communications BBB+ / BBB-

Reed Elsevier PLC UK Communications BBB+ / BBB-

Renault SA FR Industrial <BBB-

Rentokil Initial 1927 PLC UK CoRe BBB+ / BBB-

Repsol SA Iberia Energy BBB+ / BBB-

Rexam PLC UK Industrial BBB+ / BBB-

Rhodia SA FR Basic Materials <BBB-

Roche Holdings Inc GAS CoRe AAA / A-

Rolls-Royce PLC UK Industrial AAA / A-

Royal Bank of Scotland NV UK Financial BBB+ / BBB-

RSA Insurance Group PLC UK Financial AAA / A-

RWE AG GAS Utilities BBB+ / BBB-

SABMiller PLC UK CoRe AAA / A-

Sanofi FR CoRe AAA / A-

Sberbank of Russia (USD) RU Financial BBB+ / BBB-

Schneider Electric SE FR Industrial AAA / A-

SCOR SE FR Financial AAA / A-

Scottish Power UK PLC UK Utilities BBB+ / BBB-

SES SA Benelux Communications BBB+ / BBB-

Siemens AG GAS Industrial AAA / A-

Societe Generale SA FR Financial AAA / A-

Sodexo FR CoRe AAA / A-

Solvay SA Benelux Basic Materials BBB+ / BBB-

SSE PLC UK Utilities AAA / A-

Standard Chartered Bank UK Financial AAA / A-

Statoil ASA Scandi Energy AAA / A-

STMicroelectronics NV GAS Technology BBB+ / BBB-

Stora Enso OYJ Scandi Basic Materials <BBB-

Suedzucker AG GAS CoRe BBB+ / BBB-

Swedish Match AB Scandi CoRe BBB+ / BBB-

Tate & Lyle PLC UK CoRe BBB+ / BBB-

TDC A/S Scandi Communications BBB+ / BBB-
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Company Name Nationality Sector Rating

Technip SA FR Energy BBB+ / BBB-

Telecom Italia  SpA IT Communications <BBB-

Telefonaktiebolaget LM Ericsson Scandi Communications BBB+ / BBB-

Telefonica SA Iberia Communications BBB+ / BBB-

Telekom Austria  AG GAS Communications BBB+ / BBB-

Telenor ASA Scandi Communications AAA / A-

TeliaSonera AB Scandi Communications AAA / A-

Tesco PLC UK CoRe BBB+ / BBB-

Thales SA FR Industrial BBB+ / BBB-

ThyssenKrupp AG GAS Basic Materials <BBB-

Total SA FR Energy AAA / A-

UBS AG GAS Financial AAA / A-

Unibail-Rodamco SE FR Financial AAA / A-

UniCredit Bank AG IT Financial BBB+ / BBB-

Unilever NV Benelux CoRe AAA / A-

United Utilities PLC UK Utilities BBB+ / BBB-

UPM-Kymmene OYJ Scandi Basic Materials <BBB-

Valeo SA FR Industrial BBB+ / BBB-

Veolia Environnement SA FR Utilities BBB+ / BBB-

Vinci SA FR Industrial AAA / A-

Vivendi SA FR Communications BBB+ / BBB-

Vodafone Group PLC UK Communications AAA / A-

Volkswagen AG GAS Industrial AAA / A-

Volvo AB Scandi Industrial BBB+ / BBB-

Xstrata Ltd GAS Basic Materials BBB+ / BBB-

Wolters Kluwer NV Benelux Communications BBB+ / BBB-

Zurich Insurance Co Ltd GAS Financial BBB+ / BBB-
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Appendix 2 

We followed the model developed by Zhang et al. (2009) which is based on Barndorff-

Nielsen and Shephard (2004) methodology. 

Let 𝑠𝑡 = log (𝑆𝑡) be the logariyhmic price of the stock at time t whose path is driven by a 

jump diffusion process in the form: 

ds𝑡 = μ𝑡
𝑠dt + σ𝑡

𝑠dW𝑡 + J𝑡
𝑠dq𝑡 

Where μ𝑡
𝑠, σ𝑡

𝑠  and J𝑡
𝑠are the drift, diffusion and jump functions respectively. W𝑡 is a standard 

Brownian motion and dq𝑡 is a Poisson process with intensity 𝜆𝑠  and log equity jump J𝑡
𝑠 

assumed to have mean μ𝐽
𝑠 and volatility σ𝐽

𝑠 .  

Let define the daily stock returns as: 

r𝑡
𝑠 = s𝑡 − s𝑡−1 

Barndorff-Nielsen and Shephard (2004) propose two measures which can be used to derive 

our jump parameters, the realized variance and the bi-power variation, that are defined as: 

𝑅𝑉𝑡 = ∑(r𝑡
𝑠)2

1/Δ

𝑡=1

 

𝐵𝑉𝑡 =
𝜋

2
∑|r𝑡

𝑠||r𝑡−1
𝑠 |

1/Δ

𝑡=2

 

The difference of these two measures is zero when there is no jumps and strictly positive 

when there is a jump. 

To identify the actual jump size, we followed the below formula: 

𝐽𝑡
𝑠 = 𝑠𝑖𝑔𝑛(r𝑡

𝑠)√𝑅𝑉𝑡 −𝐵𝑉𝑡 𝐼(𝑧 > 𝜙𝛼
−1) 

where z is given by: 

𝑧 =
RJ𝑡

√𝑣𝑎𝑟(𝑅𝐽𝑡)
 

𝜙 is the probability of a standard normal distribution, 𝛼 is the level of confidence set at 0.999 

and RJ𝑡 is the ratio to detect the realized jump and is defined as: 

RJ𝑡 =
𝑅𝑉𝑡 − 𝐵𝑉𝑡

𝑅𝑉𝑡
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Following this specification, our jump parameters are calculated as follows: 

�̂�𝑠 =
number of jump days

number of trading days
 

μ̂𝐽
𝑠 = mean of 𝐽𝑡

𝑠 

σ̂𝐽
𝑠 = standard deviation of 𝐽𝑡

𝑠 

To detect jumps’ parameters, we used stock daily returns.  
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Appendix 3 

 

Figure 8 

Euro STOXX (European stock index) and VSTOXX (European volatility index) evolution during the 2008-2009 

financial crisis. As we can see, during the peak of the crisis, volatility spiked and stock market drop ped. As a 

consequence for our structural models, companies’ asset value decrease and volatility increase reducing the 

distance-to-default. 
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