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Executive summary 

Venture Capital is a concept of specialization within young fast growing firms with large up-side potential. 

Entrepreneurs with unique skills conceptualized in a promising idea find support in professionalized capital 

firms offering managerial advice and finance in order for the venture to overcome obstacles in a journey 

towards success. 

The past decades have shown extensive improvements in the venture capital firms’ (VCs) ability to create 

value but whether these results are entitled to value creation or wealth transferring skills is ambiguous. 

Nevertheless, VC-backed firms are less risky, more successful and more promising.  

I investigate how current and prospective entrepreneurs can optimally engage in such relationships to acquire 

requested needs of finance and managerial advice. This is because of the possibility to enlighten the 

entrepreneurs on how to prepare for crucial transitions and become agile in the changing stages of a venture. 

Further, I intend to educate prospective entrepreneurs on the relevant mechanisms of a VC-backed venture as 

their possible future investors are highly professionals on this matter.  

The conclusions made origin from a thorough theoretical analysis on a specific part of the venture capital 

field. Based on the analysis of three closely linked mathematical models, I present advice of academic 

character on how to establish an optimal venture. By applying the relevant underlying theories of agency 

theory and game theory, I analyze the mathematical models and reach the results with the use of contracting 

theory.  

I find that in a cash flow right approach, the entrepreneur must establish a long-term relationship with a VC 

instead of asking for advisors and pure financiers. Combining the request of external capabilities in one actor 

mitigates moral hazard and increases the NPV of the entrepreneur. The optimal financial contract imply 

convertible securities on underlying time-varying shares. The entrepreneur must maximize in global 

optimums and look ahead of time to establish the proper present solution. Contingent and stage financing 

decides the possibilities on this matter. 

I find that this paper provides insightful knowledge on crucial parts of optimizing current and prospective 

entrepreneurs’ future development, although aware that there is a need for further research before the findings 

can be generalized. In connection with recommended literature, this paper can provide a thorough 

understanding of the mechanisms in place and what to focus on in the long-term perspective, when engaging 

with venture capitalists.
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1 Chapter 1 – Introduction 

1.1 Introduction and motivation 

Transition! Innovative companies face transition in different forms: fast, slow, difficult, necessary or even 

life changing. Prospective ideas often demand transition in order to fulfill their purpose, to succeed. The 

underlying criteria of success are changing over time, which in this paper refers to stages in a venture1. The 

transition from one stage to another therefore usually demands an agile venture construction, which is why it 

can be difficult to find successful ventures. 

Entrepreneurs can be idealists and are in most cases, willing to take on substantial risk in the purpose of 

making their dream come true. However, passion and hard work do not dictate success. The specific time, 

setting and stage of the venture are important determinants of the skills required to succeed. Across stages, 

the success factors change and not all entrepreneurs are able to cope with the changes, hence block the 

transition of their venture. 

The rise of great potential come from unique entrepreneurial skills effectuated in an appropriate setting. 

External management capabilities are possible complementarians with an increasing importance over time. 

Hence, these capabilities will increase the value of the venture if they change from external to internal. 

“Successful ventures need long-term investments, long-term investments need finance”, Christian Motzfeldt, 

CEO of Vækstfonden2 said at Vækstfonden’s yearly convention in 2015, meaning that entrepreneurs need to 

analyze the required foundation of success and initiate initiatives that look ahead of time disregarding present 

personal utility of control to achieve a greater future goal. One of the biggest obstacles to initiate the necessary 

initiatives to provoke a transition of the venture is the lack of financing. The opportunities to overcome this 

obstacle are many but what to choose? Intense leverage by maxing out credit lines, providing personal 

collateral, seeking support from business angels3 or engage with venture capitalists. 

Venture capital (VC) is the combination of managerial skills and financial support to prospective innovative 

firms in their early stage of growth. A specialized capital firm that creates opportunities for risky ventures not 

able to provide a reasonable ground for the assessment by a bank in connection with debt financing.  

The entrepreneur want her venture to succeed and take form as an optimized version of the philosophy that 

motivated her to make the dream come true. The mission is therefore to acquire the external factors of 

financing and management capabilities to ensure an agile setting towards successful transition in time. 

                                                   
1 An innovative firm, which involve a large degree of risk with great future up-side prospects. 
2 Vækstfonden is a government-supported initiative in Denmark, which intention is to improve the Danish economic-system by acting as fund provider for 

private equity firms as well as active investor in early stage growth firms. 
3 Business angels are often used to describe wealthy individuals who support innovative growth companies by providing finance in return of an equity stake. 
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1.2 Problem statement 

This paper intends to give a structure of the entrepreneur’s optimal decision when engaging with a VC during 

the early growth stage of her firm. Furthermore, it is important to provide theoretical advice considering the 

dynamic environment and the entrepreneur continuing into later firm stages. 

The analysis builds on a common understanding of the venture capital concept, introduced in section 1.5.  

I provide a description of the fundamentals of the venture capital concept from an entrepreneurial point of 

view, after having introduced the VC history in brief. Further, I introduce the various finance and investor 

options towards growth of a venture. This leads to a short insight into the VC operations in order to understand 

how they work and create value. The describing section of the fundamentals thereby provide a common 

understanding for the scope of the paper and is important for the complete understanding of the in depth 

theoretical analysis of the proposed models in chapter 2. 

Based on the cornerstone of agency theory I introduce three theoretical models that intend to optimize 

principal-agent relationships from a cash flow right point of view. This is done by asking the overall question: 

How do entrepreneurs efficiently acquire external factors of finance and 

managerial advice to create a promising venture? 

The answer to the question lies in a combination of the answers to the three following questions: 

 How can the entrepreneur internalize the capabilities of managerial advice and financing? 

 What implications does a dynamic setting have on the actors and the allocation of funds? 

 How can the entrepreneur optimize her situation under the consideration of several venture stages? 

Given the understanding of the venture capital concept in chapter 1, the model provided by Casamatta (2003) 

help explain the new elements in place, when the entrepreneur approach the needed external capabilities. 

With the use of an agency-model, it is possible to isolate and illustrate the important effects in place during 

the transition from being the sole owner to potentially sharing the outcome with a VC.  

Ventures are special projects and financial contracts a complex matter. However, despite the asymmetric 

information, there are many signals to observe, especially when we are able to consider a dynamic situation. 

Bergemann and Hege (1998) provide a helpful model in explaining the changing beliefs of a venture over 

time, which can provide useful information for the construction of an optimal contract.  
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Finally, an entrepreneur would like to know what to do in the case of yet a transition once the VC is onboard. 

The concept of staging in venture capital is used in the model of Repullo and Suarez (2004).  

By conducting an analysis of the three models, the paper examines the entrepreneur’s optimal way of 

engaging with a VC, given a general understanding of the concept and theoretical advice along the way.  

1.3 Delimitations 

This paper has a theoretical academic focus in which empirical academic research or case studies are not to 

be examined. Neither is it the target to test any of the outcomes of the analysis on examples or empirical data. 

Rather a thorough analysis on existing literature will provide an answer to the questions of the paper.  

The academic literature examines various aspects of the venture capital market. This paper is not to analyze 

or discuss the role of the VC in its transparency role of the industry or provide an illustration of the venture 

financing process from a practitioner’s point of view.  

As of other relevant topics concerning legal and institutional considerations of raising venture financing or 

governance related property rights discussion, the scope of the paper neither accepts these fields. 

Although control rights are highly related to the results of the analysis I will only discuss the application of 

this field in chapter 3. 

The discussion of optimal contracts involves security design due to the cash flow right approach. Despite the 

highly relevant aspects of cost of capital or dynamic capital structure, I do not integrate the analysis of these 

topics. First, the models would potentially become extensively complicated and second due to the scope of 

the paper, this analysis would be at the cost of important assessment of the targeted area.  

Finally, the paper emphasizes its purpose in enlightening current and prospective entrepreneurs on the 

mechanisms in place when engaging with a VC. There are many recommendations to give on aspects as 

making the venture more appropriate for VC financing and technics of bargaining, which can increase the 

value substantially. Due to the scope of the paper, this is not possible to cover but would be in line with the 

results of the paper and is therefore discussed briefly in chapter 3.  
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1.4 Structure of the paper  

Figure 1 – Structure of the paper – author contribution 

The Venture Capital concept in its aspects relevant to the problem statement provides not only a common 

understanding but also serves as a definition of the elements targeted throughout the paper. The last part of 

chapter 1 is defining the methodologic approach hereunder describing the applied theories and relevant 

literature. 

The analysis of the models serves as the core of the paper and provides the results to the answer of the problem 

statement. I present a static model that analyze the optimal way of acquiring managerial advice and finance.  

From signing the contract to realizing the outcome, a dynamic setting must be assessed. Hence, I apply a 

model, which analyze changing beliefs and optimal allocation of funds. Finally, the results allow for multiple 

stage considerations and separating between contingent and stage financing contracts. 

I discuss the results of the analysis in chapter 3 and consider possible extensions to increase the validity of 

the answers to the problem statement. In order to fulfill the purpose of the paper, I introduce a theoretical 

road map on optimizing the entrepreneurial journey with VCs, before concluding on the matter.  

Chapter 

1 

2 

3 
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1.5 Entrepreneurs ask for Venture Capitalists 

VCs invest in small firms, which they predict to have great upside potential. In response to the purpose of 

this paper, the current section focus on the entrepreneurial request for VCs (or primarily their capabilities) 

whether it is intended or not. 

Along the way, I highlight other potential discussions about the reasons for the existence of VCs to give an 

understanding of the broad scope of the topic. Before describing the entrepreneurial explanation for Venture 

Capitalists, I introduce the VC history in brief. 

1.5.1 Venture capital history in brief 

In 1946, Karl Compton (president of MIT), General Georges F. Doriot (dean of Harvard and founder of 

INSEAD) and local business leaders established a closed fund to encourage private sector investments in 

small businesses. The capital firm ARD (American Research and Development) had a life of 26 years, 

throughout, which it undertook high-risk investments. Among many failed investments, they experienced 

successes as well with the most remarkable one of $ 70,000 in 1957 that grew in value to $355 million.  

Over the years, new funds were established and different forms introduced, as these funds should be for 

special types of investors. In 1958, the first venture capital limited partnership was established. Only high 

net-worth individual investors and a limited number of institutions were allowed to hold the stakes in these 

partnerships. These partnerships had a dedicated focus and a finite lifetime of ten years, with possible 

extensions however. (Gompers and Lerner, 2001)  

The venture capital industry grew remarkably over the following decades but was primarily backed by 

individuals, companies and few pension funds. In the late 70s, pension fund managers were allowed to invest 

in high-risk assets and the scene changed to being the pension funds providing more than half of all 

contributions.  

The venture capital industry has been focusing primarily on high-tech, bio-tech and other industries with large 

return characteristics and need of fundraising in the early stages. Microsoft, Genentech, Apple, Facebook and 

Tesla are among well-known corporations, which have received VC funding (Bettignies and Brander, 2006).  

Venture capital has become a dedicated focus within private equity, creating possibilities of financing growth 

of newly established enterprises that can thereby realize their potential. 
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1.5.2 Entrepreneurial ventures 

The initial beliefs around the rise of venture capital were to invest in people who needed financial support 

and proper guidance. In other words, the entrepreneurs faced scarce resources and lack of certain capabilities, 

which hindered the development of their business.  

Today, this is still the case. Although the venture capital industry has become far more professional by 

learning from their previous activity (Sørensen, 2008), the prospective entrepreneurs have necessarily not 

(Rasmussen and Sørheim, 2012). There are many reasons for them to learn and understand these relationships 

in order to give themselves a better profitability, which in the end leads to an overall greater value as we will 

see.  

I describe some simple developed frameworks that shed light over the entrepreneur’s journey. These 

frameworks are in a combination serving as a proper ground of understanding, for the theoretical models 

analyzed in chapter 2.  

1.5.2.1 Firm stages 

Consider figure 2 by Smith et. al (2011) staging the development of a new venture.  

 

Figure 2 – Stages of New Venture Development – Smith (2011) pp. 16 

Ventures are interesting because an entrepreneur is providing her idea and skill-set that can develop into a 

core competence serving as a competitive advantage (Barney, 1997). It is dependent on the specific venture 

what is needed to conceptualize the idea to the extent that the potential partners are convinced and able to 

justify an investment in the venture. However, we can make a soft conclusion that in a successful venture, the 
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entrepreneur is providing unique skills that are the most important hence value creating initiative in the early 

stages. 

Over the life of the venture, the underlying criteria of success changes. From figure 2, we see that in the start-

up stage it is important to establish the set-up that should make the idea grow, whether this is a factory, a 

distribution network, etc. The skills required are substantially different with respect to optimal success from 

the stage where the crucial matters are developing the prototype. 

Later stages concentrate respectively more around managerial activities than entrepreneurial skills. However, 

what is exactly meant about skills and changing needs with respect to success, can be explained from the 

well-known value-chain framework of Michael Porter (1980).   

Activities in the organization provide their contribution to the overall margin (value). It is important to 

determine what activity provides the most value and how the different activities have interdependent 

implications. However as described above, the underlying criteria of success change from stage to stage, 

which is why the value of the different activities change as well. 

 

Figure 3 – Porter’s generic value chain – Porter (1980) 

Consider the following hypothetical (and simplified) example in figure 4. Two different skill-set apply to a 

corrected value chain, “E” is the entrepreneurial skills and “VC” the managerial skills. The bars show the 

efficiency of each skill-set in different operations in the firm, on a scale from 1 to 10. From figure 2, we know 

that the success factors change in each state, hence one can imagine that the marginal impact on value of the 

operations are different from stage to stage.  
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The average bar in the right of the diagram, show that the skill-set “E” is the most efficient. If we assume that 

“Research and Development” stage from figure 2, is considered, then we can indeed say that the relative 

importance of “E” increases over “VC”. Once other stages are considered, the marginal impact might shift to 

the right, implying increasing value on “logistics”, “marketing” and “sales, which then increases the value of 

the skill-set “VC”.  

 

Figure 4 – skill efficiency in different operations – author contribution 

This illustrates what might be a general challenge in an entrepreneurial venture under different stage 

requirements. It is important to notice that the respective importance of skills change over time. I will use this 

terminology throughout the paper, which is why the example is important. Despite its simplicity, the common 

view between author and reader improve the value of the paper.  

1.5.2.2 Defining entrepreneurship 

Entrepreneurship is a broad term and is interpreted differently among individuals. We may have an idea about 

what it is but I introduce a common understanding to work from throughout the paper. Smith (2011) describe 

a multidimensional process of what an entrepreneur must do: 

1. Perceive an opportunity to create value by redeploying society’s resources 

2. Devise a strategy for marshaling control of the necessary resources 

3. Implement a plan of action to bring about the change 

4. Harvest the rewards that accrue from the innovation 
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Theory finds its applicability in all of the four above-mentioned fields within entrepreneurial finance in order 

to support and optimize the actions of entrepreneurs and investors. 

The first process is what determines the uniqueness of the idea and the value of the entrepreneurial skills. In 

the second process outlined, the entrepreneur is to consider necessary resources for the operations, which in 

this paper refers to managerial advice and finance. Figure 2 and 4 explain the reason for managerial advice 

in a venture. 

What financing is actually used for in start-ups depends on the specific setting and success criteria of the 

industry. In some cases, there is great need of financing to produce a prototype, which might involve 

expensive equipment etc., while others need financing to hire the right talent, rent offices etc. Nonetheless, it 

typically affects the stage of the firm in a certain way for example by allowing a firm stage to begin, to be 

successful or in negative matters, to fail given lack of financing. 

1.5.3 Firm financing in general 

There are many ways to obtain the finance needed and the following are some of the most common in 

entrepreneurial ventures. 

1.5.3.1 Bootstrap financing 

Bootstrap financing is usually the first an entrepreneur would use. Personal savings or money from friends 

and family can be very important, as it is difficult to assess the merits of the opportunity or assets of the 

venture (Smith, 2011). It varies from venture to venture how ‘far’ this financing can bring the entrepreneur. 

Bootstrap financing ensures 100 % ownership of the venture, has no interest payments (this is not necessarily 

equal to the cheapest financing option though) and creates a possibility of debt financing. (Bhide, 1992) 

1.5.3.2 Debt Financing 

Usually provided by a bank, ordinary debt financing is priced as a mark-up on the risk free interest rate given 

probability of default and loss given default (Hull, 2009). In other words, the bank assesses the borrower in 

accordance to the assets in place and the risk concerning future cash flow, which is important to pay the price 

of the debt, the interest.  

Logically new ventures have a hard time obtaining debt financing due to two reasons. First, the price of the 

debt is high, which hinders investment in future development and second, banks are simply not willing to 

grant the requested loan due to the risk profile of the venture4. Once again, it depends on the specific venture 

                                                   
4 It might have been even more complicated with the increased regulation of Basel 3 and 4. 
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but many ventures with great upside potential are not generating any incoming cash flow in the early stages 

and can therefore not even serve the interest of the debt. (Bettignies and Brander, 2007)  

1.5.3.3 Mezzanine capital 

Mezzanine capital explains a big pool of financing possibilities that from the financiers’ point of view are 

more risky than ordinary debt obligations but compensated by a larger return. As such, entrepreneurs have to 

promise a higher expected return if they want the capital needed. (Giddy, 2012) 

However, the large interest rates in the case of high yield bonds or equivalent have a complex setting 

concerning the entrepreneur’s future development of the venture. Consider the revenue generated, hopefully 

the venture is able to generate free cash flow on its own that support the future investments. Large interests 

will make the free cash flow suffer and slow down the pace of growth as well as hinder possible transitions. 

Within mezzanine capital, convertibles are securities providing intermediate solutions that might be ideal for 

some venture constructions. A convertible is typically a security that promise a return to the holder but not as 

great as with high yield bonds, on the other hand they can be exercised into a pre-determined security, which 

potentially create a large return. Thereby, mezzanine capital is a pool of securities in which the most risky of 

these, tend to develop an increasing function in some given parameter of the venture’s time or success. 

One of the arts within finance has been to create specific products for specific purposes, which is why there 

exists many financing options combining debt and equity. 

Agency models can explain the reason for the different products and the action of choosing to convert into 

other securities. Later on, I will explain how these decisions evolve.  

 

Figure 5 – Financing options with respect to expected return and risk – author contribution inspired by Christensen (2003) 
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1.5.3.4 Equity 

The most risky security to hold as an investor is an equity stake. By giving up part of the equity hence the 

future expected profits, the entrepreneur can obtain finance that does not suffer from immediate serving, 

which supports the present growth of the venture. Surrendering, some equity is as well the most powerful 

incentive tool one can impose because it has the largest risk and thereby upside. 

1.5.4 Equity investors 

Now having described the general financing implications it is as well important to understand the various 

types of equity investors. Each equity investor carry their own characteristics of skills and price whereby the 

most optimal type depend on the venture in a given stage.   

1.5.4.1 Business Angels 

Business angels usually focus on the early stages of ventures. The risk is very high, as the venture has not 

performed any cash flow yet and it is difficult to predict the success rate at this stage. Therefore, these types 

of investors try to capture a substantial part of the ownership and exit from the venture while it still has a 

large forthcoming growth. (Fairchild, 2009) 

Business angels are rich individuals, potentially with much experience in the specific field of the venture or 

simply just able to provide the requested funds. The reasons for such relationships are difficult to describe as 

they depend on specific individuals with very different backgrounds and agenda. Some may like to gamble, 

others want to create the next big thing and so on. Regardless of the circumstances, the proper business angel 

for the specific venture can be very difficult to match. (Elitzur and Gavious, 2002) 

It is therefore difficult to indicate whether the business angel is providing solely financial support or 

contribute in an active way. In chapter 2, theory will show what is important to be aware of when engaging 

with an equity investor. If an entrepreneur is facing a potential business angel, I will later show what she 

should be aware of to identify or construct the optimal relationship.  

1.5.4.2 Venture Capitalists 

A structured and competitive market has developed throughout the previous decades, constituting many 

venture capitalists willing to invest and provide a special contribution to the partnership. Venture capital firms 

are specialized in investing in prospective ventures in their early growth stage because they know their 

respective value creation at that specific point in time. (Fairchild, 2009) 
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Recalling from the description of venture life cycles. Through transitions, a venture realizes new success 

factors and implication of various actions change. This is the focus of the current paper but it does not 

necessarily explain the rise of the venture capital industry.  

Amit, Brander and Zott (1998) question why the existent financial providers as commercial banking, 

investment banking etc. no longer have the primary financing of entrepreneurial ventures in their growth 

stage. By focusing on what happens in the specific case of an entrepreneur requesting for financial support, 

it is possible to provide a sound explanation on this matter.  

Recall that the bank needs to assess the value of the assets in play and to price the debt, in this case there exist 

informational asymmetry, which lead the bank to place a safety margin (increased interests) or simply deny 

providing the loan. A competitive market of venture capitalists able to earn a remarkable return increase the 

assessment skills and decrease the informational asymmetry compared to the example of banks financing 

entrepreneurial ventures. I target this specific concept in section 2.3. 

VC activity can be broken into three main groups of “Screening, analysis and selection”, “Negotiation of 

terms and final contract” and “Monitoring and active involvement” (Smith, 2011). This paper mainly focus 

on part two and three, which is about what the VC does in the entrepreneurial venture. Once I have analyzed 

the relevant theory as of this matter, in order to understand the prospecting situation for the VC, I turn towards 

contracting theory.  

1.5.4.3 Private Equity 

A related equity investor is private equity (PE). One can argue that VC is a specialized type of private equity 

but the point is that general private equity focus on later stage businesses. A brief description of this is just to 

clarify, that private equity, if it is not VC, usually focus on firms that have presented cash flow stability but 

need additional funds to achieve a higher level of capacity. (Wright and Robbie, 1998) 

Further, private equity typically focuses on operation efficiency by increasing the leverage of the firm and 

thereby push the EBITDA to be able to serve the interest. It is a different strategy from what is the focus of 

new ventures and not something that will be discussed further throughout the paper.  

However, the VC could typically exit the venture by bringing in a PE, which is able to manage a new focus 

of a later staged interest. As described in Wright and Robbie (1998), some VCs tend to shift towards later 

staged ventures hence the line between private equity and VC can be a bit blurred but they still argue that 

pure VC is a sub-set of the private equity term. 
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1.5.5 Summing up the entrepreneurial request for venture capital 

The introduction on entrepreneurial ventures shapes the scope of the paper and provide a common ground of 

understanding. 

Innovative skills of an entrepreneur constitute an idea with large upside potential. The concept needs to 

develop by also accommodating capabilities currently situated externally. In order to acquire the external 

capabilities, which are mainly finance and managerial advice, the entrepreneur needs to devise a strategy for 

efficiently doing so.  

An efficient strategy by the entrepreneur is to seek for a compromise of surrendering some immediate value 

in the purpose of creating a larger future value than in the absence of external capabilities. Doing so improves 

the possibility of the venture to realize successful transitions throughout the approaching venture stages.  
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1.6 Methodology 

I have a personal motivation to enlighten current and prospective entrepreneurs on future potential VC 

relationships. There are many approaches towards explaining the question on how an entrepreneur can 

optimally engage with a VC.  

This paper applies a methodology of examining the underlying theories, which have been used by academia 

in many fields to construct relevant models in their respective research purposes. The underlying theories are 

building blocks for the models, which I assess in depth during chapter 2. In order to provide valid arguments 

in the discussion of the results of the analysis, I further introduce theoretical models and results by closely 

linked academic literature. Finally, I intend to make an awareness of related optional theories and models, 

close to the scope of interest. Hence, the applied methodology is pure theoretical analysis of existing literature.  

1.6.1 Agency perspectives 

Agency theory is a crucial matter in theory of the firm hence function with strong applicability in many fields 

from marketing to management, economics to finance and so on. Asymmetric information is one of the key 

reasons to use agency theory and illustrates what agency theory can provide in the analysis and discussion of 

relevant problems. In this paper, agency theory is used as an underlying theory to illustrate, analyze and 

discuss the implications of an entrepreneur VC relationship.  

1.6.1.1 Asymmetric information  

The value of information can be substantial in many situations and is often the reason why one is able to take 

advantage of a given situation for her own need hence reflecting self-interested acts. We can separate the 

asymmetric information into two main derived groups, adverse selection and moral hazard.  

In the venture capital field, adverse selection is a relevant aspect in which the VCs are able to choose among 

the many entrepreneurs and gain an advantage (Fried and Hisrich, 1994), (Kaplan & Strömberg, 2000). The 

underlying theory of adverse selection is initially proposed by Akerlof (1970) in his famous paper on 

“Lemons” in the car industry and further elaborated by Pauly (1974), who examined the insurance industry.  

An actor adversely select the better candidate and apply the general price, so the candidate suffers from the 

worse quality of peers.  

Leland and Pyle (1977) elaborate on the specific value of private information by the entrepreneur, prior to 

contract signing with external investors/financiers. Signaling in the form of entrepreneurial investment is 

argued to be an important factor to obtain a significant value in the market. 
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Amit, Brander and Zott (1998) propose similar arguments to the effect of VCs’ interference in the investment 

of ventures. They suggest that VCs have a relative efficiency in selecting and monitoring investments, so they 

can benefit from selecting the better entrepreneurs and applies average prices (wealth transfer from the 

entrepreneur to the VC) due to the many bad entrepreneurs in the market.  

These aspects are not within the scope of the paper and apply to a different setting than from the one assumed 

in this paper where the actors are risk neutral. In chapter 3, I will therefore discuss such implications. 

1.6.1.2 Moral Hazard 

Separation of ownership and control is key. Jensen and Meckling (1976) made the big discovery by arguing 

that agency relationships are the key to understanding the modern firm, because management’s actions affect 

the value of the firm. They argue for private benefits, which the management can consume on the expense of 

outside shareholders. 

A definition of moral hazard is brought by Meyer et. al. (1992) “… the form of postcontractual opportunism 

that arises when actions required or desired under the contracts are not freely observable.” (p. 601).  

When the entrepreneur invites an equity investor into the firm, the entrepreneur and assumed manager, acts 

on behalf of the investor, the VC. An act, which is not free to observe. This question the elements of self-

interested acts as the entrepreneur is no longer a sole owner of the venture. Amit, Brander and Zott (1998) 

also conclude that the entrepreneur’s incentives are increased when retaining a large ownership stake, thus 

explaining that decreasing ownership is harming the incentives hence increase the risk of moral hazard. 

When the equity investor is providing effort along with the financial contribution, it creates a double moral 

hazard setting. As actions by one agent are affecting the expected payoff of the other, there is still to some 

degree, a separation of ownership and control. Aghion and Bolton (1992) explain that yet a rise in the 

discussion of moral hazard come not only from the two monetary maximizing poles of the entrepreneur and 

the investor but as well from the fact that the entrepreneur cares about what they describe as non-pecuniary 

returns. This lead straight back to the origins of separation of ownership and control proposed by Jensen and 

Meckling (1976) who indeed highlight the agency costs as a result of moral hazard in the management 

deriving private benefits. 

Moral hazard is thereby of great importance in constructing the optimal relationship between entrepreneur 

and VC, as a failure to mitigate this phenomenon result in decreasing value.  
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1.6.2 Game theory 

Game theory is able to provide analytical models, which help us understand the observed phenomena in 

decision-making interactions (Osborne & Rubinstein, 1994). 

A game is defined by Osborne & Rubinstein as “A game is a description of strategic interaction that includes 

the constraints on the actions that the players can take and the players’ interests, but does not specify the 

actions that the players do take. A solution is a systematic description of the outcomes that may emerge in a 

family of games”. The principal-agent relationship is a specific game, which can be analyzed in various 

settings. 

Especially within the field of venture capital, an extensive stream of literature have proposed game-theoretic 

models to explain the venture capital field. The many stages in a venture reveal signaling as early proposed 

by Holmström (1979) but we can use this to examine the potential outcome of the different ventures. Elitzur 

and Gavious (2002) illustrate that the signaling can shed light over the potential free-rider problem in a multi 

actor venture, having both angel investors, VCs and the entrepreneur on-board. Leland and Pyle (1977) also 

show how the entrepreneurs reveal part of their true value through signaling, when the entrepreneur provide 

a financial contribution, hence are granted external investment for their risk sharing with pure financiers. 

Games vary in complexity from the number of actors, constraints, times played, possible moves etc. 

Depending on the game, we will realize a variety of consequences related to the theories and analytical tools 

in place to analyze and structure the model. An entrepreneur’s situation become far more complex once she 

has to deal with two investors instead of one, which is “just” an increase in the number of players in the game 

however, it creates a substantial different analytical approach and hence solution. 

1.6.3 Contract theory 

Solutions are what we want to create in overcoming inefficiency and dim moral hazard. Contracting theory 

focuses on developing the optimal contract in principal-agent problems. 

Moral hazard and adverse selection lead to the application of contract theory frameworks, in which behavior 

of a decision maker under certain numerical utility structures apply to an optimization algorithm, from which 

one can derive the optimal solution. 

The optimal solution in the real world is almost never a complete contract as contracting all contingencies 

would be too expensive. Incomplete contracts serve to maximize the total utility considering the given 

situation of the actors in the principal-agent problem (Smith, 2011). 
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Kaplan and Strömberg (2000) summarizes the empirical observation of VCs’ contracting approach and find 

that they are indeed able to split cash flow and property rights and hence optimize in an incomplete manner 

by directing incentives properly. In general, the poorer the venture performs, the more rights are given to the 

VC, which then gains increased control. This is supported by Innes (1989), who propose a more tough solution 

though, of not imposing a constraint of non-decreasing profit for straight debt holders, increasing the 

entrepreneur’s effort to her first best case. 

Researchers found that given the analysis of the principal agent problem, applying contract theory, created a 

request for specific security design. In order to maximize incentives of the agent and thereby increase the 

value of the relationship, specialized securities needs to be put in place. Especially in the double moral hazard 

situation, which is examined in this paper, Schmidt (1999) argue that convertible securities can efficiently 

allocate cash flow rights and their request rise endogenously. Cornelli and Yosha (2002) are among many 

who supports this view over standard fixed equity fractions and plain mixtures of debt and equity contracts.  

All three models presented in chapter two, discuss the security design of an entrepreneur VC relationship, 

which I will analyze, compare and discuss.  
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1.7 Literature review 

The entrepreneurial need of finance arises on various grounds. New technology-based firms that need finance 

to develop their product or gain a foothold in the marketplace (Rasmussen and Sørheim, 2012), optimistic 

souls willing to pay above-market rates because they perceive their innovations better than their peers’ etc. 

(Meza and Southey, 1996). The alternative is to wait and develop at a slower rate, using profits to develop 

the venture. However, the lack of finance in combination with a wealth-constrained entrepreneur might imply 

the venture to continue at an inefficiently low scale (Schwienbacher, 2006). Amit, Glosten, and Muller 

(1990a, p. 110) agree in the fact that entrepreneurs who are not VC-backed will make a slower progress but 

argue that these are the most promising. 

Regardless of the reason for the need of finance, there has been an increasing focus on the venture capital 

industry, since its origin. Empirical research have ambiguous results concerning causality, which is why big 

parts of academia turn towards explaining how VCs invest, to understand the value of the industry. Fried and 

Hisrich (1994) argue that venture capitalists are providing both supply-side and demand-side benefits through 

a six-step investment decision-making process. A big stream of literature has examined problems alike, for 

example, Sørensen (2007) about more experienced VCs choosing better entrepreneurs. This relate to the 

aspects of adverse selection and thereby exceed the scope of the paper. 

Amit, Brander and Zott (1998) propose similar arguments to the effect of VCs interference in the investment 

of ventures. They suggest that VCs have a relative efficiency in selecting and monitoring investments 

assuming the existence of both moral hazard and adverse selection. Arguments that are backed by the 

compiling paper of Kaplan and Strömberg (2000) on a body of empirical research. This does not necessarily 

explain whether the VCs create value due to their ability to select the proper investments, the way they 

construct the contract, provide valuable advice etc. 

As explained by Gompers and Lerner (2001) the conducted empirical studies within the field of venture 

capital has not necessarily reached a result, which can clarify the industry’s value in society. The results of 

correlation between VC-backed firms and obtaining patents or realizing faster success in markets for example, 

may necessarily not be a causality of the VC. It is a complicated matter and a discussion, which I do not 

intend to include in this paper. I assume that VCs provide some specialized services, such as providing value 

as an inside investor hence mitigating informational asymmetry.  
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In a classical principal agency setting, an optimal contract needs to be designed in order to mitigate moral 

hazard issues. Holmström (1979) proposed the early analysis of information on unobservable actions to 

improve a contract by making the payoff dependent on success related to effort. Related literature is 

substantial and focus on how cash flow incentives can align interests.  

Grossman and Hart (1986) argue for the incomplete contracting theory by modeling efficient allocation of 

residual control rights because contracting all future contingencies is not possible. This is a highly relevant 

aspect also backed by the empirical observations of VCs’ contracting incorporating voting and decision rights 

exclusively in order to mitigate control (Kaplan and Strömberg, 2002). This paper however, has a focus on 

the theory related to the cash flow right approach. 

Casamatta (2003) proposes a model that explains the establishment of the entrepreneur VC relationship. By 

considering external factors of managerial advice and finance in a separate and joint context, she analyzes the 

optimal setting. The model initially separates the requests and determines the importance of the VC’s value-

added provision through managerial capabilities. This is supported in the arguments by Smith (2001) who 

explains that entrepreneurs’ assessment among other things depends on the value-added results of the VC. 

Further, Casamatta challenge the moral hazard concept ex-post contract signing, which emphasizes the 

importance of optimal contracts and suitable partners. Fairchild (2009) consider this discussion in another 

sense using a game-theoretic approach to determine the type of equity investor. In chapter 2, I will show that 

this can be done as well through analyzing the endogenous rise of cash-flow rights.  

The free-rider problem highlighted by Elitzur and Gavious (2002) is shown to be efficiently challenged by 

combining the request of managerial advice and finance within the same agent, the VC. Finally, Casamatta 

(2003) proposes a fixed share fraction, which changes with the size of the investment. This is a qualitative 

efficient result in a static analysis but a conclusion, challenged by dynamic models. 

Few researchers target the ongoing entrepreneur VC relationship but many questions have been raised to the 

ongoing partnership and what happens towards the realization of the predicted outcomes written in the initial 

contract. Bergemann and Hege (1998) propose a model that target the changing beliefs of the equally agreed 

contract by modelling an experimentation process build on Bayes’ rule.  

This allow for an understanding of what happens in a venture stage and why some ventures terminate. Cornelli 

and Yosha (2002) argue that appropriately designed securities are able to encourage entrepreneurs to 

maximize their present effort over delaying the venture to exploit private benefits. Elitzur and Gavits (2002) 

further confirm the signaling of the game, which is indeed an important factor to take the right decision and 
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construct the optimal contract at the beginning. All of the three papers highlight that the VC’s option to 

abandon is an important factor, which can cause premature termination if the contracts is not designed 

appropriately. Puri and Hellmann (2000) provide empirical evidence on a set of Silicon Valley high-tec start-

ups that VC-financing bring about the success faster, which is confirmed by Sørensen (2008). 

Yet few have still discussed the optimal allocation of funds even though up-front allocation might not be the 

most efficient solution. Bergemann and Hege (1998) combine the understanding of the learning process with 

how funds are allocated efficiently to create the most optimal contract duration.  

A large stream of literature give explanations on the VCs investment step involving the intervening steps 

related to the above section. Strömberg and Kaplan (2002) along with many others, provide results on the 

VCs’ approach but Repullo and Suarez (2004) provide an extended view on how optimal engagement through 

stages work in both contingent and stage financing. Wang and Zhou (2002) provide a model that controls the 

agency problem in a staged setting by using a sharing contract, in line with Repullo and Suarez (2004).  

Specifically, Cornelli and Yosha (2002) suggest convertible debt to maximize the incentives and dim moral 

hazard under stage financing, which is equivalent to the results of Repullo and Suarez (2004). Further, these 

results are suitable with renegotiations as also argued by Schmidt (1999). 

Uniquely, Repullo and Suarez (2004) provide an explanation on why VC financing is preferable to bank 

financing, which is relying on the observations of improved experience etc. but derived through the 

subsidization effect between low and high profitability stages.  

Bettignies and Brander (2006) suggest that VC financing is beneficial to the entrepreneur over bank financing 

only if the productivity of the VC is high and the entrepreneur low. This is in contradiction to the result in 

Repullo and Suarez (2004), which manage to provide results on the case where the entrepreneur benefits from 

VC financing no matter the respective levels of productivity but that the endogenous rise of optimal shares 

compensate for this.  

This lead straight to the discussion of life-cycle theories as Boeker and Karichalil (2002) provide evidence 

on ventures outgrowing their founders, which is an interesting discussion to be adressed in chapter 3. 
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2 Chapter 2 – Analysis 

A theoretical analysis of the entrepreneur VC relationship makes us understand the aspects that challenge an 

optimal setting and thereby capable of acting upon them. I analyze selected parts of three theoretical models 

each targeting different but related parts of the entrepreneur VC relationship.  

It is my purpose to conduct this analysis in a manner serving the problem statement of the paper, in which I 

will clearly highlight the important arguments of the models. The paper is of theoretical focus why I elaborate 

some details in order to fulfill the purpose of a credible and valuable paper but in-depth derivation of results 

are placed in the appendix. In the appendix, I have conducted a translation of notations due to the intention 

of providing uniform notation throughout the three models, with respect to the applied parameters. Despite 

the uniform notation, I have grouped the numbering of equations because of the different model settings in 

section 2.1-2.3: 

Equation numbering examples in the analysis. 

Section 2.1  1.1, 1.2, 1.3𝑎, 1.3𝑏 … 

Section 2.2  2. 1, 2.2, 2.3𝑎, 1.3𝑏 … 

Section 2.3  3. 1, 3.2, 3.3𝑎, 1.3𝑏 … 

For the appendix, which contains the related proofs of some equations in the analysis, the numbering will be 

grouped as well but restarted with an “𝐴” in advance of the above equations. 

In the analysis, we consider a simple world with the following actors. An entrepreneur endowed with unique 

innovative skills serve as the core value of her venture. She approaches the stage of early growth and intends 

to evolve over the years. The economic system is competitive and credible. One part of the system is a pool 

of competitive pure financiers that can provide financial aid but no managerial advice. Moreover, there exists 

a pool of talented Venture Capital firms with great records of accomplishment. The venture capital firms are 

providing managerial advice as well as financial aid in terms of investment in the firm. Finally, advisors exist, 

providing only managerial advice. 

I intend to grasp the entrepreneur VC relationship from its establishment, within the ongoing relationship and 

considered over multiple stages. Within and across the models I change the underlying assumptions, for 

example like wealth constrained actors, active investors, new games etc. These changes are defined clearly. 

I conduct brief discussions of selected parameters throughout the analysis and summarize results and limits 

after the analysis of each model. The discussion of main results and theoretical aspects follows in chapter 3. 
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Figure 6 – Breakdown of chapter 2 – author contribution  
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2.1 Establishing an Entrepreneur VC relationship 

In chapter one, I outlined some characteristics of the circumstances in an entrepreneurial venture. It is of 

interest in this paper to derive results on efficient acquisition of requested need of finance and managerial 

advice, hence referring to as the establishment of an entrepreneur VC relationship.  

Casamatta (2003) presents a model in her paper “Financing and Advising: Optimal Financial Contracts with 

Venture Capitalists” focusing on the efficiency of joint efforts by the entrepreneur and an outside advisor or 

investor (VC). Conducting an analysis of the model will give an understanding of the basic mechanisms 

towards obtaining advice and finance in a venture. 

The general setting described in the beginning of the chapter applies to this model, which take a binary 

structure of one-period. Assuming all agents are risk-neutral, the model incentivizes through the generated 

outcome hence builds on the theory of cash-flow rights. Initially, the agents are not wealth-constrained and 

have limited liability to the amount they invest in the venture.  

The appropriate analysis of the establishment is therefore to model the setting of internal and external 

capabilities in order to differentiate between advisors and investors given moral hazard. Followed by an 

analysis of the effects of financial participation from outsiders and insiders thereby give the results of an 

optimal contract within the assumptions of the model setting.  

2.1.1 Modelling internal and external capabilities 

2.1.1.1 Introducing the model 

Our entrepreneur faces the start-up stage that requires three inputs; her innovative effort 𝑒, a managerial effort 

𝑎 and an initial investment 𝐼. These three inputs (𝑒, 𝑎, 𝐼) constitute the production function of the firm. Efforts 

are unobservable hence non-contractible. The investment is determined from the nature of the innovative idea 

and the external situation, assessed equally by all participants therefore agreed upon in the contract. Therefore, 

the entrepreneur does not possess any private information of the venture at the signing of the contract, which 

is an assumption made throughout the paper. 

We need to distinguish the efforts, as their joint realization is not required. When the entrepreneurial effort is 

mentioned, I refer to the actions performed by the entrepreneur. Hence, an entrepreneur can make managerial 

activities but that should be incorporated in the analysis of the entrepreneur’s overall efficiency and thereby 
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value add, just like in figure 4 in chapter 1. The assumption will be discussed later on as section 2.3 introduce 

a setting of complimentary efforts. 

Exerting effort comes with a cost, defined as the disutility of effort. The disutility is a monetary value 

comparable to the generated outcome, in line with the cash-flow right approach of the model.  

𝑐𝐸(𝑒) denotes the entrepreneur’s cost of effort and 𝑐𝐴(𝑎) the advisor’s5:  

 
𝑐𝐸(𝑒) = 𝛽

𝑒2

2
 (1.1a) 

 
𝑐𝐴(𝑎) = 𝛾

𝑎2

2
 (1.1b) 

The cost will be lower at a given level for the entrepreneur than the advisor implying 𝛾 > 𝛽, which in other 

words mean that the entrepreneur’s effort is more efficient. Before going any further, let us briefly consider 

this assumption. 

The entrepreneur can affect the value of the venture at a greater sensitivity than that of the advisor. Recall 

from the description of basic entrepreneurial ventures in chapter one that this is the case in early venture 

stages (figure 2). Taking figure 4 into consideration once again, the assumption used in the paper of Casamatta 

(2003) indicates that this model considers an early venture stage where the entrepreneurial effort still has the 

largest relative impact on the venture value. Considering an early venture stage, it therefore seems intuitively 

correct to assume 𝛾 > 𝛽. 

The venture is risky and generates a verifiable outcome �̃�. Once again, for the ease of understanding, the 

model is of a binary structure in the form of a success or failure state denoted 𝑅𝑢  and 𝑅𝑑  respectively, 

reflecting the outcome in each state where 𝑅𝑢 > 𝑅𝑑. The probability of success and failure is denoted 𝑝𝑢 and 

𝑝𝑑 respectively. If the investment is made 𝑝𝑢 = min [𝑒 + 𝑎; 1], where 𝑒 and 𝑎 are continuous variables that 

take values between 0 and 1. 𝑝𝑑 = 1 − min [𝑒 + 𝑎; 1]. I discuss the limitations to such model setting in 

chapter 3. 

The above introduction is sufficient to construct the value of the venture: 

 

 
𝑉𝐸

𝐹𝐵(𝑒, 𝑎) = min[𝑒 + 𝑎; 1] 𝑅𝑢 + max[0; 1 − (𝑒 + 𝑎)] 𝑅𝑑 − 𝛽
𝑒2

2
− 𝛾

𝑎2

2
− 𝐼 (1.2) 

                                                   
5 Advisor and VC have the same cost function and all VC parameters throughout the paper are denoted with subscript A 
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1.2 is given by the expected outcome in the good state, plus the expected outcome in the bad state, minus the 

costs of exerting the entrepreneurial effort, the managerial effort and the initial investment. The value is 

denoted with a subscript 𝐸 due to the assumption that the entrepreneur recoup the profit, as she owns the idea. 

Before the introduction of any moral hazard aspect, this is characterized as the First Best value (𝐹𝐵). 

One determine 𝑅𝑢  via an assessment of the potential profitability and thereby predicted outcome of the 

venture in the good state under the perfect conditions. Further, the outcome if things do not work out and the 

appropriate skills are not applied correctly is given by 𝑅𝑑. I target the derivation of 𝑅𝑢 in section 2.3.  

The entrepreneur’s and advisor’s respective skills in accordance to the venture are reflected in the values 

assigned to 𝛽 and 𝛾.  

The investment is potentially a contribution of all three actors (who can provide the investment). 𝐼𝐴 is the 

investment done by the VC, 𝐼𝐹  the investment done by the pure financier and finally (𝐼 − 𝐼𝐴 − 𝐼𝐹)  the 

financial contribution of the entrepreneur. Hence, after signing the contract, the value of the venture is a 

function of two variables, the efforts provided by the entrepreneur and the advisor.  

Remark 1 

The value of the venture is a function of the entrepreneurial and managerial effort. The nature of the idea 

and environment sets the boundaries of lower and upper value of the potential profitability. Our task is 

to analyze and structure the venture in order to apply the optimal levels of 𝑒 and 𝑎 that can generate the 

expected value closets to the upper bound, given the skills of the actors. 

The remark intends to give the reader an understanding of the purpose of the forthcoming comprehensive 

analysis. Some elements are given by nature hence considered as constants (�̃�, 𝛽, 𝛾, 𝐼) and others depend on 

the work provided in creating the optimal setting, thus continuous variables (𝑒, 𝑎). 

Even though the parameters �̃�, 𝛽, 𝐼  are considered constants in the analysis, I discuss the possibility of 

affecting them to shift the support of �̃� upwards, so that the optimality of 𝑒 and 𝑎 becomes increasingly 

important. 
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2.1.1.2 No moral hazard 

If the efforts provided were observable, hence contractible, there would be no ground for moral hazard, an 

M&M world6 . Defining the optimal level of effort in such setting respond to the first best case. The 

corresponding optimal levels of effort are given by the first-order conditions of the maximization of 𝑉 with 

respect to 𝑒 and 𝑎 (see appendix for proof): 

 
𝑒𝐹𝐵 =

1

𝛽
(𝑅𝑢 − 𝑅𝑑) (1.3a) 

 
𝑎𝐹𝐵 =

1

𝛾
(𝑅𝑢 − 𝑅𝑑) 

(1.3b) 

As already explained, the values of 𝑅𝑢 and 𝑅𝑑 are simple to relate to but one need to focus on the difference 

between the two. Ending in the good state instead of the bad state depends on skills of the actors and an 

uncertainty in the environment.  

𝛽 and 𝛾 are therefore to be determined from what can be assigned as the maximum effect of the efforts to the 

good state outcome given the entrepreneur’s and advisor’s skills given the uncertainty of nature.  

If say, the skills of the advisor were better, this would be reflected in a smaller value of 𝛾, which would induce 

a greater likelihood of being in the good state, and thereby a greater overall value of the venture.  

1.3𝑎  and 1.3𝑏  show increasing efforts in the difference between the good and bad state. This is 

straightforward as 𝑅𝑑 will happen under any circumstances, so if the entrepreneur or the advisor should be 

incentivized to work hard, they will want a large potential profit.  

The value of 𝛽 and 𝛾 is in relative to the gap between 𝑅𝑢 and 𝑅𝑑. Assuming (1 𝛽⁄ )𝑅𝑢 < 1 ensures that when 

one actor is given maximum incentive the result is an interior solution. This is the same as saying that one 

cannot create a 100 % probability of a given outcome, which make sense. The smaller the value of 𝛽 and 𝛾 

the more efficient is the skills of the actors hence, increasing likelihood of realizing 𝑅𝑢. 

If it was a linear optimization problem, the shares of the outcome could be split in a fraction reflecting the 

relative values of 𝛽 and 𝛾. Immediately, the problem is not that simple. The disutility functions 1.1𝑎 and 1.1𝑏 

are convex and interpretation later on will show a concave value function. 

Referring to remark 1, it is intended to structure the venture to be efficient and agile. A contract that induce 

optimal levels of effort is preferable as this creates the highest value and in the same time ensure a proper 

split of the outcome, to avoid a negative incentive effect.  

                                                   
6 M&M world refer to the proposed setting by Miller & Modigliani (1958) that realize no transaction costs, taxes etc. and 

therefore cannot be exposed to the actions of moral hazard. The markets work efficiently.  
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2.1.1.3 The consequences of moral hazard 

In reality, most efforts are unobservable, which make them non-contractible. The information asymmetry 

create the risk of moral hazard as described in section 1.6. Due to the joint provision of effort in the current 

setting, there is as well a double moral hazard situation.  

In a game-theoretic concept the contract is signed, which activates the investment of 𝐼7. Cash flow distribution 

in the different states are agreed upon in the contract, which in combination with equal beliefs about the skills 

of the respective efforts make the agents choose their effort to maximize their personal profit. The agents 

move simultaneously and the investment provided by each participant arises endogenously, which we will 

see later on. Finally, the agents receive their outcome 

The challenge is to incentivize both agents in order for them to perform the effort that provides the greatest 

value in the given setting. Think of the entrepreneur, she want her dream to come true and do not want to 

share the profits with an investor who does not deliver the expected effort. Neither does she want to engage 

in a contract that do not incentivize her to perform her best, because the share of the profit do not reflect the 

relative importance of her presence in the venture. The same goes for the advisor.  

These concerns are dealt with through incentive compatibility conditions denoted 𝐼𝐶𝐸 and 𝐼𝐶𝑉𝐶  respectively 

for the entrepreneur and advisor. 

𝐼𝐶𝐸:  𝑒 𝜖 argmax
�̂�

(�̂� + 𝑎)𝛼𝐸
𝑢𝑅𝑢 + (1 − (�̂� + 𝑎))𝛼𝐸

𝑑𝑅𝑑 − 𝛽
 �̂�2

2
− (𝐼 − (𝐴𝑉𝐶 + 𝐴𝐹)) (1.4a) 

𝐼𝐶𝐴:  𝑎 𝜖 argmax
�̂�

(𝑒 + �̂�)𝛼𝐴
𝑢𝑅𝑢 + (1 − (𝑒 + �̂�))𝛼𝐴

𝑑𝑅𝑑 − 𝛾
 �̂�2

2
− 𝐴𝑉𝐶 (1.4b) 

The share of the outcome is denoted by 𝛼𝐸  and 𝛼𝐴  for the entrepreneur and the advisor respectively, 

where {𝑢, 𝑑} reflect the up- and down-state of realization. A pure financier receives (1 − 𝛼𝐸 − 𝛼𝐴), in the 

case of such setting. Each agent want to maximize personal utility, which in this model is based solely on the 

personal monetary profit of the venture. The optimal levels of effort are defined by the first order conditions 

of their incentive compatibility conditions: 

 
𝑒 =

1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑) (1.5a) 

                                                   
7 The constitution of I, with respect to the various actors is analyzed later in this part of the chapter.  
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𝑎 =

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑) 

(1.5b) 

Our entrepreneur is facing a new optimization issue, she need to satisfy the incentive compatibility condition 

of the advisor. Furthermore, she need to satisfy the participation constraints of the advisor and the pure 

financier, which are denoted 𝑃𝐶𝐴 and 𝑃𝐶𝐹 respectively.  

𝑃𝐶𝐴: (𝑒 + 𝑎)𝛼𝐴
𝑢𝑅𝑢 + (1 − (𝑒 + 𝑎))𝛼𝐴

𝑑𝑅𝑑 − 𝛾
𝛼2

2
> 𝐼𝐴 (1.6a) 

𝑃𝐶𝐹: (𝑒 + 𝑎)(1 − (𝛼𝐸
𝑢 + 𝛼𝐴

𝑢))𝑅𝑢 + (1 − (𝑒 + 𝑎))(1 − (𝛼𝐸
𝑑 + 𝛼𝐴

𝑑))𝑅𝑑 > 𝐼𝐹 (1.6b) 

The participation constraints reflect that the investment made by the advisor and the pure financier are covered 

by their respective expected return of the venture. 

As stated in the beginning, I assume that the entrepreneur recoups the profit. She owns the venture and we 

maximize the following program for the entrepreneur, which is derived from (1.2):  

 
max

𝛼𝐸,𝛼𝐴,𝐼𝐴,𝐴𝐹

(𝑒 + 𝑎)𝛼𝐸
𝑢𝑅𝑢 + (1 − (𝑒 + 𝑎))𝛼𝐸

𝑑𝑅𝑑 − 𝛽
𝑒2

2
− (𝐼 − (𝐼𝐴 − 𝐼𝐹)) 

s.t.  (𝑃𝐶)𝐴 

  (𝑃𝐶)𝐹 

  (𝐼𝐶)𝐴 

 (𝐼𝐶)𝐸 

(1.7) 

 

 (𝛼𝐸
𝑢, 𝛼𝐸

𝑑 , 𝛼𝐴
𝑢, 𝛼𝐴

𝑑) ≥ 0 (1.8) 

 𝛼𝐸
𝑢 + 𝛼𝐴

𝑢 ≤ 1 (1.9) 

 𝛼𝐸
𝑑 + 𝛼𝐴

𝑑 ≤ 1 (1.10) 

Recall from chapter 1 that the entrepreneur is endowed with the venture and that she has the most valuable 

effort, hence we optimize under her utility. We substitute 𝑅𝑢 and 𝑅𝑑, with her outcome in the states 𝛼𝐸
𝑢𝑅𝑢 

and 𝛼𝐸
𝑑𝑅𝑑 and it is only her disutility of effort as well as her financial participation, which is subtracted from 

the expected value she will attain. 

This is indeed subject to the participation constraints of the advisor/VC and the pure financier as well as the 

incentive compatibility conditions of the advisor/VC and entrepreneur. Further, (1.8) ensure limited liability 

as defined in the previous section and (1.9) and (1.10) ensure no wealth transfers from the pure financier to 

the other actors.  
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Logically the entrepreneur is interested in maximizing her own share of the outcome in each state but she do 

also want to maximize the advisor’s share of outcome in each state. Remember that the advisor is from a 

competitive pool of actors who all have a private value for the venture reflected in their effort-productivity 𝛾. 

In theory, the best effort is reflected in the highest price for the advisor’s service, hence if the entrepreneur 

intend to maximize her own value, she as well is interested in maximizing the share of outcome for the 

potential advisor.  

Further, the most suitable advisor will have the highest private value for the venture over the others, which in 

extend means that the specific VC will be able to provide the greatest investment. The entrepreneur want to 

maximize the investments made by the VC and pure financier, because then the VC will be the most suitable 

and less entrepreneurial investment increase the NPV. 

It is not a focus within this paper but discussions of risk-sharing and signaling as of the entrepreneur’s 

financial participation are highly relevant (Leland and Pyle, 1977). In this chapter, I analyze the simple 

financial consequences of the entrepreneurial investment and consider related aspects in chapter 3. 

The optimization problem is non-linear and reflect interdependent reactions. The shares of the outcome 

devoted to each agent in the venture and the optimal split of the investment rise endogenously. These results 

are based on the constants described in the previous section, hence proper assessment of (�̃�, 𝛽, 𝛾, 𝐼) is indeed 

important. Such assessment is carried out by both qualitative and quantitative methods, not within the scope 

of this paper. 

2.1.2 Advisor or Investor? 

Many entrepreneurs fear to resign from part of the ownership in their venture, so let us first try to see what it 

imply if the entrepreneur only ask for managerial advice by paying off the advisor in case of success. A “no 

cure, no pay” setting. This as well means that the advisor do not invest (𝐼𝐴 = 0). Thereby, the request for 

finance is left for the bank and the entrepreneur’s own financial participation. 

(1.2) could indicate that the entrepreneur’s NPV is increasing in managerial effort 𝑎. This is however, an 

incomplete reasoning because in (1.5𝑏) one can see that the change in 𝑎 depend on 𝛾 and �̃�, as well as the 

contractual parameter 𝛼𝐴. Hence, a change in 𝑎 is a result of the change in other parameters. 

The program to maximize is slightly different from (1.7). First, the entrepreneur’s and advisor’s incentive 

compatibility conditions given in (1.5𝑎) and (1.5𝑏) are used ((1.5𝑎) and (1.5𝑏) still holds (see appendix)) 

and then the expression for 𝐼𝐹 given in (1.6𝑏). After some rearranging (see appendix) we obtain: 
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max

𝛼𝐸
𝑢,𝛼𝐴

𝑢,𝛼𝐸
𝑑,𝛼𝐴

𝑑
(
1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑) +

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)) 

(𝑅𝑑 − 𝑅𝑑 − (𝛼𝐴
𝑢𝑅𝑢 − 𝛼𝐴

𝑑𝑅𝑑)) −
1

2𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑)2 + 𝑅𝑑 − 𝐼 − 𝛼𝐴

𝑑𝑅𝑑 

 

(1.11) 

s.t 1

2𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)2 −

1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑)(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑) + 𝛼𝐴

𝑑𝑅𝑑 ≥ 0 (1.12) 

 𝛼𝐸
𝑢𝑅𝑢 + 𝛼𝐴

𝑢𝑅𝑢 ≤ 𝑅𝑢 (1.13) 

 𝛼𝐸
𝑑𝑅𝑑 + 𝛼𝐴

𝑑𝑅𝑑 ≤ 𝑅𝑑 (1.14) 

The advisor’s participation constraint is presented in (1.12) and may not be binding, hence not incorporated 

in (1.11). If binding, it requires 𝛼𝐴
𝑢 = 𝛼𝐴

𝑑 = 0 and thereby 𝑎 = 0.  

The Hessian of (1.11) state that the objective function is concave in 2𝛽 > 𝛾 and convex otherwise (see 

appendix). A mathematical optimization of the program show that the entrepreneur optimizes her value, with 

the following solution to the advisor’s share of the outcome8: 

 
𝛾 − 𝛽

𝛾 − 2𝛽
(𝑅𝑢 − 𝑅𝑑) = 𝛼𝐴

𝑢 
(1.15) 

If 2𝛽 > 𝛾 the value of 𝛼𝐴
𝑢 < 0, which do not yield a solution to the program. On the other hand if 2𝛽 < 𝛾 

there is a unique solution, but then the program will be convex, hence the solution reflect a minimum. 

Thereby, it is optimal to set 𝛼𝐴
𝑢 = 0 hence, 𝑎 = 0, which is the same as not hiring a consultant.  

This is based on the assumption that 𝛾 > 𝛽. It is straightforward from (1.15) that if the assumption were 

relaxed and 𝛾 < 𝛽 an optimal solution could be found in the case of 2𝛽 > 𝛾, which yield a positive 𝛼𝐴
𝑢. Such 

case is equivalent in saying that the advisor’s effort is more efficient than the entrepreneur’s hence we arrive 

to proposition 1.  

Proposition 1 

It is not optimal to ask for managerial advice separate from investment unless this is the most value 

creating effort in the venture at the given time. 

                                                   
8 It is assumed that 𝛼𝐴

𝑑 = 0 as the realization of 𝑅𝑑 is sure in any case, this would reduce the entrepreneur’s NPV without 

affecting the incentives of the advisor as we know from (1.5𝑏). Remember, this is only the case in the advisor not investing 

hence, 𝐼𝐴 = 0. 
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The optimal level of efforts, increase in the upside potential hence when the advisor do not invest 𝛼𝐴
𝑑 = 0, so 

as to induce maximum incentive for him to provide managerial effort. This can be done only because there is 

no initial investment being made by the advisor and recall that the venture will yield 𝑅𝑑 in any case.  

For the advisor to induce effort he need to be given a strictly positive share of the outcome in the good state 

𝛼𝐴
𝑢 > 0, which decreases the entrepreneur’s income. The reduction in income of the entrepreneur leads to a 

reduction in (1.5𝑎), which is not fully offset by the advisor because 𝛾 > 𝛽, hence the probability of 𝑅𝑢 

decreases and the first best value thereby decreases.  

The reduction in the disutility of effort does not compensate for the loss in the potential outcome, hence hiring 

an advisor who do not invest in the venture, is not preferable to the entrepreneur.  

It does not seem like a mathematical logical result, as the entrepreneur and advisor have convex cost/disutility 

curves. Normally, combining two convex cost curves create a better output but such solution is suboptimal 

and do not take into account the effect on the actors’ incentives. Hence, referring to the initial statement of 

this section that (1.2) could indicate the first best value is increasing in the managerial effort 𝑎. Proposition 

1 (and the proof in appendix) explain that this is not the case due to the effects on the incentive.  

However the result change, when the relation 𝛾 < 𝛽 change. This imply that the venture is in another stage 

where the managerial effort has the greatest value implication. In this case, it would make sense to hire the 

advisor, as the gain in the first best value, will offset the reduction in the entrepreneur’s share of the outcome.  

Proposition 1 assume that the amount of outside financing is not too large (𝐼𝐹 ≥ 𝑅𝑑) but the qualitative result 

does not change if it turns out that the outside financing is larger. The entrepreneur still does not hire a 

consultant as it will decrease her personal wealth but the potential upside from 𝑅𝑢 − 𝑅𝑑 will be smaller as 

part of this will be claimed by the debt holder. Hence, a large outside financing will decrease the potential 

profit to the entrepreneur and thereby the incentives, thus the first best value of the venture. 

Recall from chapter 1 that entrepreneurial ventures are not financed optimally by debt financing due to the 

inefficiency of assessment etc. The above result imply pure debt financing (or entrepreneurial financing, 

which is unlikely though), which might create a problem that the pure financier is not willing to finance the 

entrepreneur at all. So far, the analysis has not provided a solution to acquire the needed managerial skills 

neither does it seem legit that the financial contribution needed to fund the investment is in place.  
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2.1.2.1 Allowing for outside equity investment 

Entrepreneurial skills are crucial for success in early venture stages and dependent on idea/industry it might 

be so in later stages as well. Therefore, optimizing the value of the venture by looking at increasing the skills 

of the managerial effort over the entrepreneurial effort is not a practical solution even though it will yield a 

solution to the program in the previous section.  

I turn towards the case of optimizing the value based on a VC participation instead of an advisor. This mean 

that the VC’s participation constraint is binding and it all comes down to maximizing the NPV of the venture. 

Recall that because of the incentive compatibility conditions, the entrepreneur’s personal wealth is 

corresponding to the maximum NPV of the venture.  

This optimization build on an assumption of the pure financier’s revenue not to decrease in the venture’s 

outcome9. The assumption is added to the program and defined as: 

 (1 − (𝛼𝐸
𝑢 + 𝛼𝐴

𝑢))𝑅𝑢 ≥ (1 − (𝛼𝐸
𝑑 + 𝛼𝐴

𝑑))𝑅𝑑 (1.16) 

The program to maximize is now (1.7) in full by also using the expression of 𝐼𝐴 given in (1.6𝑎) and adding 

condition (1.16) (see appendix): 

 
max

𝛼𝐸
𝑢,𝛼𝐴

𝑢,𝛼𝐸
𝑑,𝛼𝐴

𝑑 ,𝐼𝐴,𝐼𝐹

{
1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑) +

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)} (𝑅𝑢 − 𝑅𝑑) + 𝛼𝐸

𝑑𝑅𝑑

+ 𝛼𝐴
𝑑𝑅𝑑 −

1

2𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)2 −

1

2𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑)2 − 𝐼 

s.t. 

(1.17) 

 (𝛼𝐸
𝑢, 𝛼𝐸

𝑑 , 𝛼𝐴
𝑢, 𝛼𝐴

𝑑) ≥ 0 (1.18) 

 1 − 𝛼𝐸
𝑢 − 𝛼𝐴

𝑢 ≥ 0 (1.19) 

 1 − 𝛼𝐸
𝑑 − 𝛼𝐴

𝑑 ≥ 0 (1.20) 

 (1 − 𝛼𝐸
𝑢 − 𝛼𝐴

𝑢)𝑅𝑢 ≥ (1 − 𝛼𝐸
𝑑 − 𝛼𝐴

𝑑)𝑅𝑑 (1.21) 

Solving the program under the new assumptions gives the following solutions, which are the first best 

solutions under moral hazard (see appendix): 

                                                   
9 In the absence of this assumption, one can easily imagine extensive increase in the incentives of the actors. For proof on this 

see Casamatta (2003) and the discussion can be justified in Innes (1989). 
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 𝛼𝐸
𝑢∗

𝑅𝑢 − 𝛼𝐸
𝑑∗

𝑅𝑑 =
𝛾

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑) (1.22) 

 
𝛼𝐴

𝑢∗
𝑅𝑢 − 𝛼𝐴

𝑑∗
𝑅𝑑 =

𝛽

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑) (1.23) 

(1.22) and (1.23) explain the importance of the skill efficiency in assigning the optimal share outcome to 

the actors. The lower the value of 𝛽 the greater (𝛼𝐸
𝑢∗𝑅𝑢 − 𝛼𝐸

𝑑∗
𝑅𝑑), hence the more efficient the entrepreneur’s 

skills are the more she should be given in the good state of the venture. Greater up-side incentives increase 

the optimal exerted level of effort, hence 𝑒 is decreasing in 𝛽. 

These results imply 𝑎∗  > 0 and that the minimum of 𝐼𝐴
∗ is strictly positive (see appendix). This concludes 

that when the entrepreneur allow for equity investments it is optimal that the VC invest if the entrepreneur 

want to get advice from the VC. The rent the entrepreneur has to surrender is offset by the investment made 

by the VC, which of course depend on the interdependency of the efficiency of efforts. 

Using (1.22𝑎) and (1.22𝑏) the maximum investment contributions by the pure financier and the VC is given 

by (see appendix): 

 𝐼𝐹
∗ = 𝑅𝑑 − 𝛼𝐸

𝑑𝑅𝑑 − 𝛼𝐴
𝑑𝑅𝑑 (1.24) 

 
𝐼𝐴
∗ =

(𝑅𝑢 − 𝑅𝑑)2

(𝛾 + 𝛽)2
(
𝛽2 + 2𝛾2

2𝛾
) + 𝛼𝐴

𝑑𝑅𝑑 (1.25) 

Which explain why the request for outside financing arises endogenously in order to enforce the maximum 

NPV. The pure financier is obviously only interested in providing a financial contribution, which can be offset 

by the assets in place in the venture, hence the outcome in the bad state less the claims made on this outcome 

from shareholders. 

The VC is however, willing to provide a financial contribution that depend on what the entrepreneur is willing 

to surrender by certainty (the fraction of the bad state) and a function based on the skills and the up-side 

potential outcome. 𝐼𝐴
∗ is increasing in 𝑅𝑢  and decreasing in 𝛾 and 𝛽. This is a non-linear function, which 

explain that an increase in up-side potential and improved efficiency of the actors can justify a larger 

investment. These parameters are however, non-contractible tools as already explained.  
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In the contract we can devote a larger 𝛼𝐴
𝑑, which create an upward shift in 𝐼𝐴

∗ and is a straight relationship 

because it is a constant in (1.25). Thereby, we know exactly what improves the possibility of a large 

investment by the VC and pure financier.  

Intuitively this makes sense, as VCs are willing to invest more money in ventures that have great upside 

potential and are less risky (the better the skills of the entrepreneur and VC). VCs mainly invest in high tech, 

bio-tech or other industries with large up-side potential (Bettignies and Brander, 2006) and investments are 

preferably made in the most talented entrepreneurs (Sørensen, 2007), (Fried and Hisrich, 1994). 

Remark 2 

An entrepreneur VC relationship create increased NPV value when the actors’ investments are justified 

by their expected value of the venture and the effort providing participants are compensated in 

accordance to the interdependent value of their skills. 

The entrepreneur is in the need of finance and managerial advice. It is not an optimal solution to ask for the 

capabilities independent of each other as long as the entrepreneurial effort is of more value than the 

managerial effort. It seem that a VC relationship is arguably the most efficient towards obtaining the needed 

capabilities.  

However, the results have not yet defined the implications of the entrepreneur’s financial participation nor 

the consequences of investment requests exceeding external capabilities in equilibrium.  

2.1.3 The entrepreneur’s financial participation in the venture 

The practical discussion of the entrepreneur’s wealth is ignored in this section, now we focus on the effects 

of the entrepreneur’s financial participation in the venture. A financial contribution to the venture affect the 

effort provided by the VC, which is why we need to investigate the effects of the entrepreneur’s financial 

participation.  

In order to do so, there is a definition of the maximal amount of outside investment such that the contract is 

still enforceable in the results given in (1.22) − (1.23). Recall that 𝐼 is potentially a contribution of 𝐼𝐴, 𝐼𝐹 

and the entrepreneur’s financial participation. The maximal amount of outside financing can be denoted 𝐼∗ 

by using the results in (1.24) and (1.25) (see appendix).  

 
𝐼∗ ≡

(𝑅𝑢 − 𝑅𝑑)2 

(𝛾 + 𝛽)2
(
𝛽2 + 2𝛾2

2𝛾
) + 𝑅𝑑 (1.26) 
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This definition is almost equivalent to the definition of 𝐼𝐴
∗, except the entrepreneur is assumed willing to 

surrender all of the outcome in the bad state. 

If the requested investment is smaller than the maximal amount of outside financing 𝐼 ≤ 𝐼∗, the value of the 

venture is given by 𝑉∗ (see appendix): 

 
𝑉∗ =

𝛾2 + 𝛽2 + 𝛽𝛾

2𝛾𝛽(𝛾 + 𝛽)
(𝑅𝑢 − 𝑅𝑑)2 + 𝑅𝑑 − 𝐼 (1.27) 

In (1.27) the first best value given moral hazard explains that assuming no violations of the participants’ 

conditions, a proper devotion of shares make the value depend solely on �̃�, 𝛽, 𝛾 𝑎𝑛𝑑 𝐼. 

If 𝐼 > 𝐼∗, the entrepreneur can finance 𝐼 − 𝐼∗ and the value will still be given by (1.27). If she cannot, we 

add yet another constraint to the program: 

 𝐼𝐴 + 𝐼𝐹 > 𝐼∗ (1.28) 

The program (see appendix) becomes a simple second-order equation in (𝛼𝐴
𝑢𝑅𝑢 − 𝛼𝐴

𝑑𝑅𝑑) and is solved with 

the following result (see appendix)10:  

 𝛼𝐸
𝑑∗

= 0 (1.29) 

 
𝛼𝐸

𝑢∗𝑅𝑢 =
(𝛾 − 𝛽)(𝑅𝑢 − 𝑅𝑑) + 𝛾𝛽√Δ 

2𝛾 − 𝛽
 (1.30) 

 
𝛼𝐴

𝑢∗𝑅𝑢 − 𝛼𝐴
𝑑∗

𝑅𝑑 =
𝛾(𝑅𝑢 − 𝑅𝑑) − 𝛾𝛽√Δ 

2𝛾 − 𝛽
 (1.31) 

The results given by (1.29) − (1.31) define a situation in which the entrepreneur must surrender a part of 

her share of the outcome in the positive state, which thereby decreases her incentives (see appendix). We 

know this from a direct effect in (1.5𝑎). 

It is possible to make a numerical test with the results in (1.29)-(1.31) showing the value of the venture is 

lower than in (1.27). Immediately, one can assesses the qualitative rational behind this argument. 

                                                   
10 Δ, which is appearing in (1.30) and (1.31) is simply the determinant used in the ordinary solution method of a second-

order equation, see appendix for more information.  
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By imposing (1.28) we add yet another constraint, this in itself is resulting in a lower value as none of the 

new parameters impose value to the four parameters we know increase the value of the venture, �̃� (if 

increased) and 𝛽, 𝛾, 𝐼 (if decreased). As the compensation transfers to the less efficient actor, the value must 

therefore decrease. In section 2.3, I will provide yet a proof to this result. 

Proposition 2 

The entrepreneur’s financial participation is value creating if the request for external financing is 

greater than what the nature of the idea, environment and skills can justify (𝐼∗).  The entrepreneur’s 

effort 𝑒 decreases with outside financing above this threshold, whereas the VC’s effort 𝑎 increases. 

If the required investment is 𝐼𝐴 + 𝐼𝐹 ≤ 𝐼∗ the maximal NPV, would be without the entrepreneur’s financial 

participation. Intuitively this makes sense as the entrepreneur’s effort is the most value creating, hence it 

needs the biggest upside incentives. On the other hand, as previously shown the VC is needed to invest 𝐼𝐴 

strictly positive in order to compensate for the rent surrendered by the entrepreneur.  

So far, this is under the assumption that there are no wealth constraints. If the entrepreneur is wealth 

constrained, there exist a threshold such that the venture has a positive NPV value. 𝐼𝑚𝑎𝑥 is the maximum 

amount of outside financing such that the investment is profitable. This is strictly lower than 𝐼 ̅such that the 

venture is profitable in the first best case. Thus, if the investment needed for the venture is larger than 𝐼𝑚𝑎𝑥, 

the entrepreneur need to forth come 𝐼 − 𝐼𝑚𝑎𝑥 otherwise the venture will not be NPV positive. This is due to 

the drop in incentives as the advisor and pure financier will recoup too large a share of the outcome for their 

investment to be positive and the effort of the entrepreneur will hence decrease (see appendix). 

2.1.4 The optimal financial contract 

A combination of finance and managerial advice in one actor is optimal in acquiring the two external factors 

needed for the success in the forthcoming venture stage. The VC should therefore purchase a security based 

on the venture. 

There is a restriction of the only outside financial provider being the VC11. Given this situation, the optimal 

objective is to issue securities that provide maximal incentives given the circumstances of the venture.  

A boundary point of the VC’s financial contribution determine the optimal claim given by (see appendix): 

                                                   
11 Repullo and Suarez (2004) provide a mathematical proof on this, which I do not include in section 2.3. All three models 

assume no pure financier participation and the discussion of this matter is not improving the answer to the optimal engagement 

with a VC. 
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 𝐼𝐴 ≤ 𝐼∗ −
𝛾

𝛽 + 𝛾
𝑅𝑑 ≡ 𝐼𝐴

∗ (1.32) 

In the case of 𝐼𝐴 ≤ 𝐼𝐴
∗ it is optimal to give the VC common stocks and the entrepreneur preferred stocks. The 

surplus of what the entrepreneur request in comparison with the VC’s private value of the venture is the 

reason for this. Recall from figure 5 in section 1.5 that preferred stocks yield a payoff in advance of the 

common stocks. This is granted to the entrepreneur because on the competitive VC market.  

When 𝐼𝐴 > 𝐼𝐴
∗ the VC is given preferred stocks and the entrepreneur common stocks. There is no surplus in 

this situation and the entrepreneur must be given maximal incentive in order to pursue the realization of the 

good state. On the other hand, the VC need to be compensated. This refers to a sharing rule between the 

entrepreneur and the VC. Kaplan and Strömberg (2002) present results from real venture capital contracts 

that VCs’ cash flow rights tend to decrease in firm performance while the entrepreneur realizes an increase 

in her cash flow rights with firm performance. These results are therefore equivalent with the above results.  

Proposition 3 

If the request for outside financing is not too large relative to the assessed value of the venture, the 

entrepreneur should hold preferred stocks and the VC common stocks. However, is the request relatively 

large, the VC need to be compensated and the entrepreneur given maximal incentives hence the 

entrepreneur holds common stocks and the VC preferred stocks. 

2.1.5 Results and limits 

As of this point, the analysis has provided us with several important results that make us able to establish an 

entrepreneur VC relationship under specific assumptions. 

Despite the assumptions, we can still conclude the venture value to be increasing if: 

�̃�    Increases 

𝛽, 𝛾, 𝐼   Decreases 

and that these parameters are not available as tools in the contract. A contract, which should only be signed 

with a VC in order to utilize the request for managerial advice, for an increase in the entrepreneur’s NPV.  

Given �̃�, 𝛾 and 𝛽, the relative value of the investment 𝐼, define the need for the entrepreneur’s financial 

participation and whether the VC, should buy preferred or common stocks in equilibrium. One can argue for 
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a surplus that is either fully distributed to the entrepreneur and in the case of a less profitable venture, there 

is a sharing in order to implement an optimal setting.  

The results immediately have limited application. The problem of moral hazard is solved through the 

incentive compatibility conditions, in order to make it more profitable to exert effort than to divert. However, 

the current model only consider either to work or not work. What if the actor could divert for one period and 

resume in the period after? This is a case in which one period is affected by the consequences in another, 

hence an intertemporal structure.  

Current results optimize in a static agency setting and thus do not consider the consequences of a dynamic 

setting. A dynamic setting change the underlying setting of our analysis. Recall the introduction of game 

theory, in which we then increase the times the game is played. 

When we extend the scope, this further question the investment, which is brought into the venture. How are 

the funds allocated efficiently such that the venture increase its value and in the case of no success, what 

should then be done? 

The current model setting cannot provide answers to these questions and thereby clearly shows its limits. In 

the following section, I therefore introduce a dynamic setting, which analyze the appropriate allocation of 

funds and see how this optimally effects the beliefs of the actors in the venture over time.  

Moreover, I have assumed that �̃� has a predetermined value reflected in two possible outcomes. This case is 

highly simplified and pose limitations to the value assessment as well as possible different continuation 

stages. Further, it could be of interest to derive the evolution of �̃� as it is indeed important to the venture value 

and a crucial part of optimal contracting. In section 2.3, I will analyze this aspect.   
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2.2 Learning and acting in a venture stage 

Assuming an entrepreneur VC contract in place, I asses the learning aspects of an ongoing entrepreneur VC 

relationship to investigate possible optimizations in the contract. 

The beliefs of the actors are important to understand as they serve as a base for the assessment of the expected 

value of a venture. Informational asymmetry create possible challenges to this element. Further, we have 

assumed that retrieving the funds were the crucial part but the allocation of the funds have various effects on 

the value and structure of the venture. Finally, understanding the connection between changing beliefs and 

allocation of funds in a dynamic setting allow for improved predictions on efficient ventures.  

The model proposed by Bergemann and Hege (1998) in their paper “Venture capital financing, moral hazard 

and learning”, consider a dynamic venture assuming an entrepreneur and investor in a one-way principal-

agent relationship. The original model does not consider an effort-providing investor, which change my 

analysis slightly and provide results that can confuse in response to results obtained under a double moral-

hazard approach. 

Thus, this section is important for the evolutionary aspects of the learning perspectives in devising an efficient 

strategy for allocation of funds and thereby defining the value of the venture in time. Time is an important 

aspect, hence in the pursue of an optimal contract we distinguish between short- and long-term contracts.  

As the nature of the analysis turn towards a dynamic setting, the aspects to consider can increase substantially. 

However, the model takes a binary structure and pursue termination in the case of success. The structure of 

the model ease the derivation of the solution as well as understanding but on the compromise of its 

predictions’ validity, which I will therefore discuss at the end.  

2.2.1 Understanding the learning perspectives 

2.2.1.1 Introducing the model 

One of the many questions concerning ventures is “will this venture succeed?”, which is to be determined 

through an experimentation process12. Before the analysis, I introduce the changes as of the setting and 

understanding of specific parameters. 

We consider a dynamic setting with binomial evolution (success or failure) and one agent (the entrepreneur) 

exerting effort on behalf of the investor (the VC) providing the complete financial investment. This is not 

                                                   
12 This build on Bayes’ rule introduced in section 1.5 and proved in appendix 
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efficient in the considered venture stage due to the results from the previous section, but the model provide 

insightful contributions on alternative matters. 

The venture is in discrete time, denoted 𝑡 = 0,1, … , 𝑇, and can receive funding in any period. The venture 

will either succeed and yield the fixed outcome of 𝑅𝑢 regardless of time or it will be abandoned once the 

expected present value at the given point in time is less than the investment at the same time. Due to the 

dynamic setting a discount value, 𝛿, is added to the analysis. 

The potential outcome 𝑅𝑢 occurs only if the venture is indeed good and when the entrepreneur succeeds in 

accomplishing the realization. Therefore, I introduce a prior probability of the venture being good denoted 𝜃0 

and bad with prior probability (1 − 𝜃0). Only if the venture is good, it will succeed with a probability 𝑝 just 

as in the previous section. Temporarily we simplify the composition of 𝑝, which we already know how is 

constructed. Now, the entrepreneur’s effort is devoted in the capital allocation into the venture in each period 

and there is a straight relationship between 𝑝 and the capital allocation: 

 𝑐(𝑝𝑡) = 𝑐𝑝𝑡 ,       𝑐 > 0 (2.1) 

𝑐(𝑝𝑡) is a linear function of 𝑝𝑡 and can increase the probability of success in any period up to the limit 𝑝, 

where 0 < 𝑝 < 1. Hence, an investment beyond 𝑝 in a given period does not increase the likelihood of 

success. We can relate this to the results in the previous model in which 𝑒 and 𝑎 determined 𝑝 and thus placed 

the upper boundary of success probability. Now we simply jump directly to the value of 𝑝 and assume that c 

is the capital deployed in the venture each period, which is a constant that relative to the value of 𝑅𝑢 merely 

needs to reflect the potential profitability of the venture. 

The venture runs an experimentation process from which the entrepreneur and VC learns about the true value 

of the venture. Initially the parties have equal beliefs of the project’s quality (𝜃) but for each period the venture 

does not succeed, the actors update their beliefs. The posterior belief 𝜃𝑡+1 is given by Bayes’ rule as a function 

of the prior belief and the capital flow 𝑐𝑝𝑡 (see appendix): 

 
𝜃𝑡+1 =

𝜃𝑡(1 − 𝑝𝑡)

𝜃𝑡(1 − 𝑝𝑡) + 1 − 𝜃𝑡

 (2.2) 

Bayes’ rule explain the posterior probability given the prior probability and the likelihood of an event causing 

the posterior probability (Held and Bové, 2014). The posterior belief of the venture decreases over time in 

the case of no success. 
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A larger possibility of the venture succeeding, hence a larger investment make the posterior belief decrease 

faster. Any belief in time can be analyzed as a function of the initial belief incorporating investments over 

time. 

 
𝜃𝑡+1 =

𝜃0 ∏ (1 − 𝑝𝑠)
𝑡
𝑠=0

𝜃0 ∏ (1 − 𝑝𝑠)
𝑡
𝑠=0 + 1 − 𝜃0

 (2.3) 

Bergemann and Hege (1998) make a graphic illustration of the evolution of the posterior belief over time in 

the case of a constant investment policy 𝑝𝑡 = �̂�. This will later be shown as the optimal policy and the 

evolution of 𝜃𝑡 is then a discrete version of a decreasing logistic function.  

 
𝜃𝑡+1 =

𝜃0(1 − �̂�)𝑡+1

𝜃0(1 − �̂�)𝑡+1 + 1 − 𝜃0

 (2.4) 

 

Figure 7 show that the true nature of the venture is realized faster from an increased investment policy (if the 

probability in each state allow). Further, (2.4) show that diffuse beliefs (𝜃 =
1

2
) about the nature of the 

venture, will provide the most insightful case of failure.  

Until now, the results only provide the fact that we learn something about the venture over time and that it is 

conditional on prior events. It is not possible to distinguish between the entrepreneur’s and the VC’s beliefs, 

instead the evolution is just a general mechanism so far. 

 

Figure 7 – changing beliefs – Bergemann and Hege (1998) pp. 709 
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2.2.1.2 Moral hazard and financing 

The informational asymmetry give rise to moral hazard and the potential of moral hazard give rise to the 

concern of diffuse beliefs between the actors in the venture. A brief definition of the setting give an 

understanding of the challenge.  

It is assumed that the entrepreneur has no wealth and must raise the whole investment in the market of VCs. 

Imagine a venture that is implemented in each period, with equal likelihood of succeeding. It require an 

investment in each period to initiate the experiment and cannot be urged with greater probability of success 

than what is determined by nature. The change of the beliefs are as in figure 7. However, due to the 

asymmetric information, one cannot observe the application of the funds in a given period. If the entrepreneur 

shirks, it will give her a positive profit because of less applied effort. 

Therefore, it is extremely important to induce incentives in order for the entrepreneur to be willing to exert 

maximum effort in each period and not to divert. The same concept as proposed under the previous setting. 

Recall from section 2.1 that the incentive compatibility condition covered this aspect, and thereby designed 

the optimal contract but this is a dynamic setting. We have just seen that the beliefs change over time, hence 

the optimal claim change as well.  

2.2.2 Allocation of funds 

The evolution of the beliefs has consequences for the life of the venture. If the venture does not succeed at 

some point, it must be terminated.  

When signing the contract, the parties can agree on the investment in each period and construct an investment 

flow, which maximizes value. However, it will no longer be optimal to invest if the investment is not offset 

by an equally large future expected value, hence the optimal stopping point.  

It will be optimal to invest in the venture as long as the expected returns compensate for the investment in the 

given period: 

 𝜃𝑇𝑝𝑇𝑅
𝑢 − 𝑐𝑝𝑇 ≥ 0 (2.5) 

The posterior belief declines over time hence in a constant investment policy it will be efficient to stop the 

venture when: 

 𝜃𝑇𝑝𝑇𝑅
𝑢 − 𝑐𝑝𝑇 < 0 (2.6) 
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Therefore, we consider an efficient boundary point 𝜃∗, which indicates the value between the positive and 

negative NPV state. This can be referred to as the first best case.  

 𝜃∗ =
𝑐

𝑅𝑢
 (2.7) 

The value in the terminal period is  

 𝑉(𝜃𝑇) = 𝜃𝑇𝑝𝑅𝑢 − 𝑐𝑝 (2.8) 

The value of the venture is then obtained recursively by the dynamic programming equation (see appendix): 

 𝑉(𝜃𝑡) = max
𝑝𝑡

{𝜃𝑡𝑝𝑡𝑅
𝑢 − 𝑐𝑝𝑡 + (1 − 𝜃𝑡𝑝𝑡)𝛿𝑉(𝜃𝑡+1)} (2.9) 

(2.9) is increasing in 𝜃, 𝑝, 𝑅𝑢, 𝛿 and decreasing in 𝑐. Equivalent with the previous analysis the value of the 

venture is increasing in the up-side potential and decreased risk. The more costly it is to apply effort the lower 

value and the new term is that it decreases in tougher discounting13.  

Having the efficient posterior belief, an efficient stopping point ( 𝑇∗) is given by: 

 
𝑇∗ = max{𝑇|

𝜃0(1 − 𝑝)𝑇

𝜃0(1 − 𝑝)𝑇 + 1 − 𝜃0

 ≥ 𝜃∗} (2.10) 

The optimal stopping point is thereby determined by the initial belief and the maximal likelihood of success. 

Figure 7 reveals one part of the determination of 𝑇∗ namely how fast the posterior belief evolve over time. 

(2.7) explains the second part as a low cost of initiating the venture in every period, will satisfy a lower 

critical value of 𝜃 before the venture has to be ended. As 
𝜃0(1−𝑝)𝑇

𝜃0(1−𝑝)𝑇+1−𝜃0
 is decreasing in 𝑡, one would request 

for the lowest value of 𝑐 and greatest value of 𝑅𝑢 to righteous prolong the life of the venture.  

(2.10) thus explain that ventures, which are less costly to finance from time to time and have a large up-side 

potential extend their potential life. The question is what the investment policy should be over the given 

period.  

By telescoping the returns over time, it is possible to derive the value of an arbitrary investment policy starting 

at 𝑡 ending at 𝑇 denoted {𝑐𝑝𝑡, 𝑐𝑝𝑡+1, … , 𝑐𝑝𝑇}: 

                                                   
13 𝛿 take values ≤ 1 and is calculated from a relevant rate, say 𝑟 by 

1

1+𝑟
= 𝛿, hence a tough discounting is a smaller value of 

𝛿 and a mild discounting is a value of 𝛿 close to 1. Obviously (2.9) is therefore decreasing in 𝑟 and increasing in 𝛿. 
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∑𝛿𝑠−𝑡

𝑇

𝑠=𝑡

((𝜃𝑠𝑝𝑠𝑅
𝑢 − 𝑐𝑝𝑠)∏(1 − 𝜃𝑟𝑝𝑟)

𝑠−1

𝑟=𝑡

) (2.11) 

From Bayes’ rule and collecting terms we get (see appendix) 

 

𝑝𝑡(𝜃𝑡𝑅 − 𝑐) + ∑ 𝛿𝑠−𝑡

𝑇

𝑠=𝑡+1

(𝜃𝑠𝑝𝑠(𝑅
𝑢 − 𝑐)(1 − 𝑝𝑡) ∏ (1 − 𝑝𝑟) − 𝑐𝑝𝑠(1 − 𝜃𝑡)

𝑠−1

𝑟=𝑡+1

) (2.12) 

(2.12) is simply an expression of separating the behavior in period 𝑡 and split the possible expected NPV in 

any given period subtracted by the costs of all periods. The value of an arbitrary investment policy is thus 

linear in 𝑝𝑡, which clearly states that it is optimal to allocate either all the capital or none. As long as the 

venture is assessed with a positive NPV the capital should be allocated in full 𝑐𝑝, reflecting the maximal 

possible success in each period. We get particular for 𝜃0 (see appendix): 

 
𝑉(𝜃0) = 𝜃0𝑝(𝑅 − 𝑐)

1 − 𝛿𝑇∗
(1 − 𝑝)𝑇

1 − 𝛿(1 − 𝑝)
− (1 − 𝜃0)𝑐𝑝

1 − 𝛿𝑇∗

1 − 𝛿
  (2.13) 

A decomposition of the value function explain that the first term is the profit of the venture being good and 

succeed, discounted with a compounding of the pure discount rate. The second term is the discounted costs 

of future unsuccessful periods. 

Proposition 4 

It is optimal to allocate the funds at a maximal rate in every period, which do not exceed the maximal 

probability of success. When the expected value of future periods are less than the cost of initiating 

yet another period, the venture is terminated.  

The beliefs change and we know from the evolution of the beliefs that it is optimal to invest the maximal 

amount of finance in every period, so that the venture has the best condition of succeeding. However, it is 

still unclear how the contract should be structured in order to induce the optimal setting and ensure appropriate 

allocation of funds in every period. 

2.2.3 Short-term versus long-term contracting 

Recall from chapter 1 that game theory explain actors’ behavior in games and that the length thus repetition 

of games are important to the outcome. I therefore, investigate the difference between short and long-term 
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contracts. The results of the changing beliefs due to the nature of contract duration, shed light over the 

allocation of funds under moral hazard.  

2.2.3.1 Short-term 

In short-term contracting, the entrepreneur is given capital in one-period and the investor is thereby to assess 

the justification of additional capital for the subsequent periods at the end of the first period.  

We consider a simple share contract in exchange for the requested funds. The entrepreneur’s share 𝛼𝐸 and 

the VC’s 𝛼𝐴. Recall from the beginning of chapter 2 that the VC comes from a competitive pool of agents 

hence we assume no profits in which the participation constraint is: 

 𝜃𝑡𝑝𝑡𝛼𝐴𝑅𝑢 = 𝑐𝑝𝑡 (2.14) 

The only difference in (2.14) from (1.6𝑎) is that the VC is only providing the investment, thus exert no 

costly effort and the VC has no income in case of failure (this will be added to the model, later in this section). 

In this setting, there is no pure financier and the VC is not providing effort, hence additional to (2.14) we 

need only to fulfill the entrepreneur’s incentive compatibility condition given by: 

 𝜃𝑡𝑝𝑡𝛼𝐸𝑅𝑢 ≥ 𝑐𝑝𝑡 (2.15) 

Combining the two conditions thus give a solution for the critical value of the posterior belief, denoted 𝜃𝑠, 

where short-term contracting will cease: 

 𝜃𝑡𝑝𝑡𝑅
𝑢 ≥ 2𝑐𝑝𝑡 (2.16) 

 
𝜃𝑠 =

2𝑐

𝑅𝑢
 (2.17) 

Compared to the socially efficient stopping point 𝜃∗ it is clear to see that the conditions needed to be satisfied 

under short-term financing imply premature termination of the venture. If we insert (2.17) in (2.10) we get 

𝑇𝑠(𝜃𝑠) < 𝑇∗(𝜃∗).  

Proposition 5 

Short-term contracting fail to obtain the same efficient duration as in the first best case.  

As the posterior belief deteriorates over time, the expected outcome to split between the entrepreneur and VC 

becomes smaller as well. The VC need to suffice his expectations in response to the investment, but so does 

the entrepreneur as she could divert the funds at any given point in time. Short-term contracts assess the 
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venture in each period and do not utilize the profits of other periods and different agendas by the actors so as 

to induce different claims. This is not a problem yet considered and only arises in a dynamic setting. 

Recall from the optimal contract in the first model, that the level of financing depend on claims issued to the 

VC and the entrepreneur in order to meet their respective incentives and participation conditions. The 

dynamic context hence demand some kind of intertemporal risk sharing, which is possible under long-term 

contracting.  

2.2.3.2 Long-term 

Short-term contracts in this setting are equal to one-period models and thereby only focus on the static agency 

costs. Mainly two problems arise from introducing a dynamic setting. The actions of a given period are 

reflected in the subsequent periods, which can be described as intertemporal risk. Second, there is an asset of 

the accumulated information thus described as the learning rent. 

The dynamic setting complicates the matter, due to an increase in the total number of inputs. However, as we 

will see long-term contracts are able to increase the value of the venture over short-term contracts. This is 

mainly due to substituting the sequence of participation constraints by one single intertemporal participation 

constraint, covering the entire funding horizon. The problem is to make sure that the entrepreneur does not 

divert funds for her own and bet on a realization in the subsequent period, when she is promised additional 

funding later on. 

2.2.3.2.1 Minimal share 

The solution is to derive the minimal share of the entrepreneur, so that she will truthfully apply any given 

sequence of funds to the venture and identify the incentive compatibility condition, which maximizes the 

value. Due to the dynamic situation, consider that the entrepreneur’s outcome in the last period has to be 

greater than the cost, if she shall not divert: 

 min
𝛼𝐸𝑇

𝜃𝑇𝑝𝑇𝛼𝐸𝑇
𝑅𝑢 ≥ 𝑐𝑝𝑇 (2.18) 

Thus, the minimal share in the ultimate period is given by: 

 𝛼𝐸𝑇
=

𝑐

𝜃𝑇𝑅
𝑢

 (2.19) 

The expected value of this arrangement is denoted 𝑉𝐸𝑇
(𝜃𝑇) but then by solving recursively one obtain a 

sequence of value functions denoted 𝑉𝐸𝑇
(𝜃𝑡). The incentive problem in period 𝑡 is given by (see appendix): 
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 𝑉𝐸𝑇
(𝜃𝑡) ≡ min

𝛼𝐸𝑡

{𝜃𝑡𝑝𝑡𝛼𝐸𝑡
𝑅𝑢 + 𝛿(1 − 𝜃𝑡𝑝𝑡)𝑉𝐸𝑇

(𝜃𝑡+1)} (2.20) 

Which is subject to being greater than the case of diverting funds for her own.  

 𝑉𝐸𝑇
(𝜃𝑡) ≥ 𝜃𝑡𝑝

′𝛼𝐸𝑡
𝑅𝑢 + 𝑐(𝑝𝑡 − 𝑝′) + 𝛿(1 − 𝜃𝑡𝑝

′)𝑉𝐸𝑇
(𝜃′)     ∀𝑝′ ∈ [0, 𝑝𝑡] (2.21) 

Consider (2.21) , 𝑝′  is the diversion of funds and 𝑝′ < 𝑝 . The entrepreneur enjoys the diversion  

𝑐(𝑝𝑡 − 𝑝′), so the entrepreneurial value has to be greater in each period, than if she choose to divert in the 

future periods. This reflect a problem with intertemporal structure14. The entrepreneur will experience success 

with probability 𝜃𝑡𝑝𝑡 in the case of funds employed correctly. This is equivalent to a case of no success with 

probability 1 − 𝜃𝑡𝑝𝑡 in which we know that future success will appear dimmer. 

 
𝜃𝑡+1 =

𝜃𝑡(1 − 𝑝𝑡)

1 − 𝜃𝑡𝑝𝑡

< 𝜃𝑡 (2.22) 

Recall from figure 7, that the greater allocation of funds, the faster the true value of the venture will appear, 

hence if the entrepreneur diverts, the expected posterior belief is different from the actual posterior belief, 

only known by the entrepreneur: 

 
𝜃′ =

𝜃(1 − 𝑝′)

1 − 𝜃𝑡𝑝′
>

𝜃𝑡(1 − 𝑝𝑡)

1 − 𝜃𝑡𝑝𝑡

= 𝜃𝑡+1   𝑓𝑜𝑟  𝑝′𝜖[0, 𝑝𝑡] (2.23) 

The entrepreneur apply less evidence against the venture, as funds are not devoted in full. This lead to a more 

optimistic belief about the venture for the entrepreneur than the VC. 

 𝜃′ > 𝜃𝑡+1 ⟺ 𝑉𝐸𝑇
(𝜃′) > 𝑉𝐸𝑇

(𝜃𝑡+1) (2.24) 

The VC will potentially liquidate a venture prior to efficient time because he is not aware of the fact that it 

has not been given its full potential up until that point. We need to compensate the entrepreneur by granting 

an informational rent and through that a learning rent.  

The intertemporal problem emphasize the importance of making it more attractive for the entrepreneur to 

succeed in the given period than in the following. Two factors can manage to realign the incentives of the 

entrepreneur and VC. A greater share 𝛼𝐸𝑡
 today than tomorrow 𝛼𝐸𝑡+1

 and a harder discounting 𝛿, which 

make the entrepreneur’s information less valuable. 

                                                   
14 Intertemporal choice is the question of what to choose at different points in time when the choices are interdependent.  
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2.2.3.2.2 Evolution of the entrepreneurial share 

The dynamic setting allow for allocation of funds at different points in time instead of previously considered 

up-front financing. The VC market is competitive hence, the net value of the venture will be entirely directed 

to the entrepreneur in equilibrium. The problem is therefore to maximize the value of the venture: 

 max
{𝑐𝑝0,𝑐𝑝1,…,𝑐𝑝𝑇}

𝑉𝑇(𝜃0) (2.25) 

St.  

 𝑉𝑇(𝜃0) ≥ 𝑉𝐸𝑇
(𝜃0) (2.26) 

The solution to the program with respect to the inequality captures the incentive compatibility conditions and 

participation constraint because of no negative profits. Investing at a maximum level in each period will 

decrease the number of intertemporal incentive conditions, which increases the entrepreneur’s share and 

extend the funding horizon (see appendix): 

The value function of the entrepreneur 

 

𝑉𝐸𝑇
(𝜃𝑡) = 𝑐𝑝𝜃𝑡

1 − 𝛿𝑇−𝑡

1 − 𝛿
+ 𝑐𝑝(1 − 𝜃𝑡)

1 − (
𝛿

1 − 𝑝)
𝑇−𝑡

1 −
𝛿

1 − 𝑝

 (2.27) 

The share function of the entrepreneur 

 

𝛼𝐸𝑡
=

𝑐(1 − 𝑝)

𝜃𝑡𝑅
𝑢

+
𝑐𝑝

𝑅𝑢

1−𝛿𝑇−𝑡

1 − 𝛿
+

𝑐𝑝(1 − 𝜃𝑡)

𝜃𝑡𝑅
𝑢

1 − (
𝛿

1 − 𝑝)
𝑇−𝑡

1 −
𝛿

1 − 𝑝

  (2.28) 

This mean that we can determine the value of the entrepreneur at any given point in time. The importance of 

this result lies in the composition of (2.28). 

(i) The static agency costs reflect the condition if the venture were only to be financed for a single 

period 𝑇 = 𝑡 = 0. The minimal share for the entrepreneur would then be 
𝑐

𝜃𝑡𝑅
𝑢
, leaving out the 

aspect of continuation and the result is equivalent to Casamatta (2003). 

(ii) Taking into account the intertemporal structure enforces the importance of increasing incentives 

and the minimal share of the entrepreneur would have to be increased by 
𝑐𝑝

𝑅𝑢

1−𝛿𝑇−𝑡

1−𝛿
. As introduced 
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on the previous page, one want to avoid the entrepreneur to withhold funds for a single period, 

hence the share in the given period, will have to be larger than in the forthcoming. The term is 

increasing in (𝑇 − 𝑡), which mean that the entrepreneur’s share is decreasing over time.  

(iii) Lastly, the entrepreneur controls the learning rent, which is the value of the information over the 

life of the venture. The share need to be adjusted in accordance to the relative importance of the 

updating of posterior beliefs with respect to the probability of success and the discount factor. 

The discount factor emphasize that the information in the current period, is more valuable than in 

the next period. 

The decomposition explains not only the evolution of 𝛼𝐸𝑡
 but as well important insights to understanding the 

dynamics in a venture. Before analyzing how these results can help construct the optimal venture construction, 

we further take a look on the evolution of shares over time.  

 

 

Figure 8 – evolution of the share – Bergemann and Hege (1998) pp. 719 

Proposition 6 

Optimal incentives are induced to the entrepreneur by a decreasing share function in time, which 

accounts for the intertemporal structure of the venture. 

The figure reveals that once the venture approaches termination (or success) the dynamic aspect becomes less 

relevant and the static compensation will eventually become a greater part of the contract. However, we see 
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that this decomposition create a monotonically decreasing share, which indeed use the sharing rule between 

the two investors in order to compensate for the appropriate cash flow allocation at any given point in time.  

2.2.3.2.3 Equilibrium and the pursue of efficiency 

As analyzed, we are able to determine the values and the share of the entrepreneur over time. This however, 

assume 𝑇 = 𝑇∗, but we do not know if the VC is willing to extend the commitment until 𝑇∗. 

We can attain this commitment period if at 𝑇∗ 

 𝑉𝑇∗(𝜃0) ≥ 𝑉𝐸𝑇∗(𝜃0) (2.29) 

If this is not the case, we end up with a funding horizon denoted �̂� where �̂� < 𝑇∗. This inefficiency aspect is 

different from what we learned in the first model, in which the loss in value was not reflected in time. There 

are three main takeaways: 

(i) Long-term contracts allow for an extended funding horizon �̂� but never exceed 𝑇∗ 

The share function given in (2.28) allow for an extended funding over the static compensation as the VC’s 

intertemporal participation constraint can be balanced over time. An increased incentive in earlier stages, 

make the VC willing to deploy funding under 𝜃𝑡+1(1 − 𝛼𝐸𝑡+1
)𝑝𝑅𝑢 < 𝑝𝑐. The time-varying share contract 

mitigate the moral hazard problem 

(ii) The funding horizon �̂� of the optimal long-term contracts may not attain 𝑇∗ 

If the project is not sufficiently rich, the funding horizon may never attain 𝑇∗. This is equivalent with results 

in section 2.1, where the VC’s value of the venture given the optimal share, was reflecting a negative value. 

In that case, the optimal solution was a sharing of the surplus. In this dynamic aspect, the sharing is as well 

reflected in a shorter duration.  

(iii) The funding horizon �̂� increases in 𝑅𝑢 and 𝜃0 and decreases in c. 

Which is straight forward from the results so far given in (2.27), (2.19) and (2.10). 

As in the model of Casamatta (2003) it is important to not think of the efficient case as a starting point but 

rather an optimum that one can work towards. This is not to be confused with a result that a venture managed 

in the right way can reach the optimum. Certain boundaries exist as of the nature of skills, environment etc. 

which define the limit within the spectra towards the theoretical optimum. 

I discuss this aspect later and the model in section 2.3 is to give important results on this discussion. 
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2.2.4 Optimal contract 

In addition to 𝑅𝑢 yet again, I introduce a value in case of no success 𝑅𝑡
𝑑, which is a deterministic function of 

time independent of the entrepreneur’s actions. The expected net present value is the expectation of reaching 

𝑇, multiplied with the discount factor in T, multiplied with 𝑅𝑇
𝑑.  

 (1 − 𝜃0 + 𝜃0(1 − 𝑝)𝑇)𝛿𝑇𝑅𝑇
𝑑 (2.30) 

A pure share contract is not efficient as the entrepreneur will then attain ownership over the liquidation value. 

Such design diminish the incentives of providing the funds in full, which is in line with the results obtained 

previously. The appropriate solution is a split of the claims, which then induce additional effort. 

The optimal contracts are a convertible preferred stock held by the investor with a nominal value of 𝐷𝑡 , 

converted into a share 𝛼𝐴𝑡
 of common stock if exercised in period 𝑡. Equivalent with the entrepreneur’s 

optimal contract 𝑄𝑡: 

 
𝑄𝑡 = 𝛼𝐸𝑡

𝑅𝑢

𝑅𝑢 − 𝐷𝑡

,       𝐷𝑡 = 𝛿𝐷𝑡+1  ∀𝑡 < 𝑇,      𝐷𝑇 = 𝑅𝑇
𝑑 . (2.31) 

Important is it to distinguish the effects and thereby understand the result. If we create a pure equity contract, 

there will be given too little of the liquidation value to the VC, hence generate an inefficient setting. On the 

other hand, if we create a contract based purely on debt, the VC would possibly intend to liquidate the venture 

prematurely. 

The share 𝑄𝑡 involves a compensation for the entrepreneur. Recall from the results in section 2.1 that when 

the VC is given a preferred outcome of the venture, the entrepreneur must be compensated with greater upside 

potential. We can see from 𝑄𝑡 = 𝛼𝐸𝑡

𝑅𝑢

𝑅𝑢−𝐷𝑡
 that the entrepreneur is given a larger share when the VC is given 

exclusivity over part of the liquidation value. Hence, she is compensated and the optimal contract given in 

(2.31) thereby fall in line with previous arguments but is strengthened due to the dynamic construction. 

Proposition 7 

A convertible preferred stock held by the investor with a nominal value 𝐷𝑡 converted into a share of 𝛼𝐴𝑡
 

of common stock if exercised in period 𝑡, dim moral hazard, increase duration and value of the venture. 

This is obvious as it is the inverse of (2.31) and in line with literature presented in section 1.7.  
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2.2.5 Results and limits 

The stream of literature focusing to explain the ongoing partnership in a venture mainly apply game-theoretic 

approaches. Indeed, we do use game-theory in this part of the chapter but the analysis is not based on the 

moves between several players, rather the evolution and optimizing in the utility algorithm. 

The results explain that an efficient application of the funds is maximal investment in each period, which we 

showed how to acquire in section 2.1. Maximal investment is equal to investing at the maximum rate up until 

further investment yield no additional success in the given period. Such, setting will suffer under short-term 

contracting, hence optimality is only found in long-term contracts. 

Long-term contracts can be structured to allocate risk and incentives efficiently by introducing a dynamic 

share contract that satisfies the intertemporal structure of the relationship. The security design is thus a 

convertible preferred stock held by the VC. The changed scope, in considering a dynamic venture, hence 

improve our knowledge on the optimal financial contract from the previous section. As of now, it is 

straightforward that our previous results was only a suboptimal solution. 

The results are however, derived in a setting assuming a one-way principal agency relationship, which is 

indeed narrowing the scope from the previous analysis. Nevertheless, the qualitative results are important and 

provide insightful information, which can be used for constructing efficient entrepreneur VC relationships.  

Changing the underlying setting to base the analysis on a regular principal agency problem, immediately 

create a different understanding of the situation. The efficient stopping point in time denoted 𝑇∗  do not 

consider agency costs, merely the raw NPV of the idea. Imposing agency costs and deriving the minimal 

share, naturally increases the cost base, without increasing the up-side potential. This is due to the non-effort 

providing VC, which naturally create a loss in value. 

Providing a financial investment can be viewed as a contribution in itself and the agency costs are 

unavoidable, hence the first best efficient stopping point is a theoretical value unreachable. 

The analysis provide insightful information on the development of ventures over time in the relationship 

between the insiders, hence the framework can be applied to a setting incorporating an effort providing VC, 

which can increase the NPV of the venture equivalent with increased duration.  

With the great importance of time in respect to efficiency and thereby optimized NPV the analysis has yet to 

handle decision concerning actions before or after realizations of the expected outcome.  
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2.3 VC in several stages 

The establishment of an entrepreneur VC relationship request optimal allocation of cash-flow rights in 

accordance to the relative efficiency of actors, with respect to their financial contribution and the up-side 

potential. An efficient setting respect the intertemporal structure of the venture towards realization of contract 

goals. Current actions affect the long-term perspective exceeding the current stage and one should therefore 

wisely reflect over a possible global optimum in contrast to current utility.  

An entrepreneur should respect this perspective and look ahead of time, thus determine the possibilities of 

what happens after the realization of 𝑅𝑢 or before the observability of �̃�. Related is the challenge of how to 

deal with non-contingent aspects in financial contracts and what this imply for the parties in the future. 

Repullo and Suarez (2004) present a double moral hazard setting through multiple stages in their paper 

“Venture Capital Finance: A Security Design Approach”. I combine the understanding of the prior parts with 

the focus on the development of a venture through stages by analyzing their model. Due to the results of 2.1, 

I focus less on how to derive the efforts provided and more on the optimal security that incentivize the agents 

properly.  

The understanding of optimization over several stages build on an introduction to the simplified model. I 

consider the optimality of the venture at the expansion stage as done previously but in the purpose of using 

this result to construct a contract prior to the observability of �̃� and thereby allow the venture to receive an 

earlier financing 𝐼0. In the purpose of providing the optimal security design, I analyze the efficient structure 

in a verifiable setting with a contingent contract and as well in the case of stage financing because of non-

verifiable outcomes.   

Contingent financing exist under the circumstance of 𝑅𝑢 being verifiable. As earlier described, this could be 

if the venture is approaching an existing industry in which it is possible to set milestones or performance 

indicators. By the initial investment, the contract is signed and milestones set. The sum of the milestones 

predict 𝑅𝑢. The original milestones are compared with the realization of 𝑅𝑢, which then explain the evolution 

of the contract based on initial agreements. 

When the arrangement cannot be made contingent on milestones or performance indicators maybe because 

the industry is being developed from the venture itself, we realize stage financing. Predictions are being made 

but nothing is contingent, hence renegotiations of initial contracts are crucial which will be shown.  
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2.3.1 Transition through multiple stages 

2.3.1.1 Introducing the model 

The venture need an initial investment 𝐼0 in order to provide a solid ground for value assessment. 𝑅𝑢 is a 

random variable with bounded support �̃� ⊂ ℜ++ and cumulative distribution function 𝐹(𝑅𝑢).  

Assuming that 𝑅𝑢 justifies a continuation, the second investment 𝐼1 is made. 𝐼1 reflect the stage we have been 

analyzing in section 2.1. See from figure 8 that the information on 𝑅𝑢 arrives before the second investment 

is made. 

 

Figure 9 – The sequence of events – Repullo and Suarez (2004) pp. 81 

Efforts are exerted after 𝐼1 is invested, so we briefly need to consider what develops the ground of 𝑅𝑢. Recall 

figure 2, which describes the R&D stage as developing prototypes and create the value foundation. These 

activities are closely linked to the capabilities of the entrepreneur as well as very little to do with the 

competencies of the VC. Creating a promising value through this stage, should be motivation enough for the 

entrepreneur to not consider diversion of any kind however, this is an assumption I will discuss later. 

After investment 𝐼1 the entrepreneur and VC exert efforts and they are no longer substitutes. As of now, I 

consider the joint efforts to be complementary, which require an effort of each party to make the venture 

succeed. The probability of the final return is given by a Cobb-Douglas function: 

 𝑝(𝑒, 𝑎) = 𝑒1−𝜑𝑎𝜑 (3.1) 
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The relative productivity parameter 𝜑  is a function of 𝛽  and 𝛾  from section 2.1 15 . With probability 

1 − 𝑝(𝑒, 𝑎) the venture realizes a zero return. The costs of the efforts are determined by a unique variable for 

each agent. Be aware that this is different from in section 2.1: 

 
𝑐𝐸(𝑒) =

𝑒2

2𝑢
 (3.2a) 

 
𝑐𝐴(𝑎) =

𝑎2

2𝑣
 (3.2b) 

Where 𝑢 > 0 and 𝑣 > 0, for the entrepreneur and the VC respectively.  

In this model, it is assumed that the incentive to push the realization of 𝑅𝑢 towards the right of its distribution 

function, is enough to make the entrepreneur truthfully apply the funds received at the beginning. This 

scenario is actually an equivalent situation to the one analyzed in 2.2.  

From previous results, we thereby know that some inefficiency might occur between 𝐼0 and 𝐼1. Temporarily, 

I will however assume that it does not and later discuss the aspects of the results in 2.2 in connection with the 

underlying structure of the setting in this section.  

Therefore, I analyze the expansion stage which implements the optimal contract and afterwards consider the 

two scenarios of both contingent and stage financing, when incorporating the initial investment in the 

analysis.   

2.3.2 Financing the expansion stage 

This section can be seen as a case in which the entrepreneur is able to provide an idea capable of meeting the 

requirements of a growth stage (the same as in the two previous models). In other words, the idea should be 

assessable and thereby valued such that a relatively large investment can be justified. The result will be used 

to consider the dynamic consequences, when the model imposes yet a stage in the analysis and has to solve 

the global optimum.  

The entrepreneur approach the competitive pool of skilled VCs to raise 𝐼1. The potential profitability of the 

venture 𝑅𝑢 is publicly known and there exists no initial claims hence 𝑅𝑢 can be used in full for funds and 

                                                   
15 𝜑 =

𝛾

𝛾+𝛽
. N.B. this is an extension to the original models proposed by Casamatta (2003) and Repullo and Suarez (2004), 

where I combine the understanding of the two models to explain from where the parameters origin.  
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effort. Further, it is assumed that the VC is wealthy enough to provide 𝐼1 whereby a sole investor can be 

concluded16. 

The parties sign a contract involving two parameters, the share 𝛼𝐴 of 𝑅𝑢 and the initial transfer from the VC 

to the entrepreneur 𝑊. The entrepreneur’s and VC’s respective payoff functions are: 

 𝑝(𝑒, 𝑎)𝛼𝐸𝑅𝑢 − 𝑐𝐸(𝑒) + 𝑊 (3.3) 

 𝑝(𝑒, 𝑎)𝛼𝐴𝑅𝑢 − 𝑐𝐴(𝑎) − 𝐼1 − 𝑊 (3.4) 

Where 𝛼𝐸 + 𝛼𝐴 = 1 and 𝛼𝐸 ∈ [0,1], 𝛼𝐴 ∈ [0,1] (𝛼𝐸 = 1 − 𝛼𝐴) due to the absence of a pure advisor. 

The payoff functions are explained by the probability of realizing the potential profitability, multiplied by the 

agent’s share of the outcome. This income is subtracted by the disutility of effort. An initial transfer is added 

to the entrepreneur, whereas the VC need to subtract the investment and the initial transfer.  

Therefore, for a given success return 𝑅𝑢 a simultaneous move game between the entrepreneur and the VC is 

defined by signing a contract on 𝛼𝐴, 𝐼 and 𝑊. The contract is in its sense equivalent to the one in section 2.1 

but due to the lack of an outcome in the bad state, there is only one outcome to split and only between two 

actors. Further, we impose a wealth transfer 𝑊, which have not been done in this way previously. The wealth 

transfer ensures that all the profit is transferred to the entrepreneur. Recall that in section 2.1, there was no 

action to the optimal shares, if the required investment was below the amount of investment the VC could 

provide in the first best case. 

There exists a Nash equilibrium with successful implementation of the venture for any given contract as long 

as the upper bound of �̃� is not too large hence an interior solution (see appendix): 

 𝑝(𝛼𝐴, 𝑅𝑢) = 𝜌(𝛼𝐴)𝑅𝑢  (3.5) 

With equilibriums payoffs: 

 
𝑉𝐸(𝛼𝐴, 𝑅𝑢) + 𝑊 =

1

2
(1 + 𝜑)(1 − 𝛼𝐴)𝜌(𝛼𝐴)𝑅𝑢2 + 𝑊   (3.6) 

 
V𝐴(𝛼𝐴, 𝑅𝑢) − 𝑊 =

1

2
(2 − 𝜑)𝛼𝐴𝜌(𝛼𝐴)𝑅𝑢2 − 𝐼1 − 𝑊 (3.7) 

Where 

 𝜌(𝛼𝐴) = [𝑢(1 − 𝜑)(1 − 𝛼𝐴)]1−𝜑(𝑣𝜑𝛼𝐴)𝜑 (3.8) 

                                                   
16 For the same reasons as mentioned in footnote 11. 
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𝑉𝐴(𝛼𝐴, 𝑅𝑢) is obviously the financing constraint so that if it is not positive, the venture is not feasible. Adding 

up (3.6) and (3.7) make the net continuation of the venture, which we need to maximize. 

 
V(𝛼𝐴, 𝑅𝑢) = V𝐸(𝛼𝐴, 𝑅𝑢) + V𝐴(𝛼𝐴, 𝑅𝑢) =

1

2
(1 + 𝜑 + 𝛼𝐴 − 2𝜑𝛼𝐴)𝜌(𝛼𝐴)𝑅𝑢2 − 𝐼1 (3.9) 

The pure competition among VCs satisfies a ‘zero’ profit and thereby a compact definition of the optimal 

contract: 

 𝛼𝐴(𝑅𝑢) = argmax
𝛼𝐴

{ V(𝛼𝐴, 𝑅𝑢)|VA(𝛼𝐴, 𝑅𝑢) ≥ 0} (3.10) 

(3.10) implies that the VC is given a share large enough to increase the value of the venture. As long as we 

are maximizing 𝛼𝐴 in the combined net continuation return of the venture V(𝛼𝐴, 𝑅𝑢), it is controlled that the 

share of the VC is not getting too large for the combined venture to decrease in value. This would not be a 

Nash-equilibrium either as wealth would be transferred from the entrepreneur to the VC17. Recall from section 

2.1, that once the investment exceeded the maximum investment of the VC, we needed to impose yet a 

constraint and solve a new program. 

We further assumed that 𝛾 > 𝛽 so that we could obtain an optimal solution and conclude that the entrepreneur 

never hires a VC given this assumption. In the absence of such condition a maximization of V(𝛼𝐴, 𝑅𝑢) and 

VA(𝛼𝐴, 𝑅𝑢) give the following results. (the functions are quasi-concave in 𝛼𝐴 (see appendix)): 

V(𝛼𝐴, 𝑅𝑢): 
𝛼𝐴

∗ ∈ (𝜑,
1

2
) 𝑖𝑓 𝜑 <

1

2
 

𝛼𝐴
∗ ∈ (

1

2
, 𝜑) 𝑖𝑓 𝜑 >

1

2
 

𝛼𝐴
∗ =

1

2
 𝑖𝑓 𝜑 =

1

2
 

(3.11a) 

 

(3.11b) 

 

(3.11c) 

   

VA(𝛼𝐴, 𝑅𝑢): �̂�𝐴 =
1

2
(1 + 𝜑) > 𝛼𝐴

∗ (3.12) 

                                                   
17 Such case would actually not imply a transfer of wealth as there would simply just be a loss in value, but the initial transfer 𝑊 from the VC to the 

entrepreneur would then decrease hence the investment would be smaller. 
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The above results define a range of possible share values for the optimal contract where 𝛼𝐴
∗ reflect the share 

in the first best case (maximizing the entrepreneur) and �̂�𝐴 the maximizing share in the VC’s value of the 

venture. 

The relative productivity of the entrepreneur and the VC is the key. We see from the results of V(𝛼𝐴, 𝑅𝑢) that 

if 𝜑 <
1

2
 ( 𝛾 > 𝛽), the share of the VC will be less than 50 % of the potential outcome. This result seem 

intuitively correct as the one actor with the most valuable effort, should be given the largest share of the 

outcome, in order to maximize incentives. Recall from section 1.7 that this is the contradictory argument to 

the conclusion made by Bettignies and Brander (2006) who claim that the VC entrepreneur relationship is 

only value creating in high VC profitability and low entrepreneur profitability. Thus, it has been proved twice 

that this is not the case. 

The VC request a larger share value (3.12) than what maximizes the entrepreneur’s situation. Thus, we know 

that the VC will try to optimize on behalf of the entrepreneur. An optimal contract in the first best is therefore 

always constructed by maximizing the NPV of the entrepreneur, incorporating necessary constraints of the 

VC. So far, we have assumed that the profit is entitled the entrepreneur. As briefly indicated in section 2.1, 

many entrepreneur’s fear to resign equity, maybe because of splitting profits but also because of decreasing 

decision right. Under stage financing, the situation change and the VC increase his relative power in the 

venture. 

Depending on the value of 𝑅𝑢  we have three scenarios of the relationship between V(𝛼𝐴, 𝑅𝑢)  and 

VA(𝛼𝐴, 𝑅𝑢). V(𝛼𝐴
∗ , 𝑅𝑢) is the maximum value for the entrepreneur and the entrepreneur will receive an initial 

transfer 𝑊 if VA(𝛼𝐴
∗ , 𝑅𝑢) > 0, hence the financing constraint is not binding and the optimal contract will be 

(𝛼𝐴
∗ ,𝑊(𝛼𝐴

∗)) . If VA(𝛼𝐴
∗ , 𝑅𝑢) ≤ 0  and the value of VA(�̂�𝐴, 𝑅𝑢) ≥ 0  the optimal contract will then be 

(�̂�𝐴,𝑊(0)), implying a sharing rule. Finally, if V(�̂�𝐴, 𝑅𝑢) < 0, the venture cannot be implemented (see 

appendix). 

Moreover, it is possible to conclude that there exist two critical values of 𝑅𝑢, namely �̂�𝑢 and 𝑅𝑢∗
, which 

explains three important characteristics about the venture: 

(i) 𝑖𝑓 𝑅𝑢 < �̂�𝑢 the venture is not feasible, 

(ii) 𝑖𝑓 �̂�𝑢 ≤ 𝑅𝑢 < 𝑅𝑢∗
 the optimal contract is 𝛼𝐴(𝑅𝑢) = min{𝛼𝐴| VA(𝛼𝐴, 𝑅𝑢) = 0} and 𝑊(𝑅𝑢) = 0, 

(iii) 𝑖𝑓 𝑅𝑢 ≥ 𝑅𝑢∗
 the optimal contract is 𝛼𝐴(𝑅𝑢) = 𝛼𝐴

∗ and 𝑊(𝑅𝑢) = VA(𝛼𝐴
∗ , 𝑅𝑢). 
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Referring to section 2.1, we saw that the maximum investment made by the VC was increasing in 𝑅𝑢. Yet 

again this is the case and now we are able to determine specific boundaries for the venture being profitable 

as of the realization of 𝑅𝑢. 

Proposition 8 

If the potential profitability of the venture is large enough, the VC will have to accompany the 

investment with an initial transfer 𝑊 to the entrepreneur. If it is not but still profitable in the private 

value of the VC, there will be a sharing rule between the entrepreneur and the VC in equilibrium.  

Proposition 8 is in line with the discovery about the optimal contract in section 2.1. In this model, an initial 

transfer is suggested additional to the optimal contract.  

In section 2.1 a boundary point was established for the maximal amount of financing the VC could provide. 

Currently, we consider an equivalent situation but the variable is the outcome 𝑅𝑢 . The results given in 

connection with proposition 8 are however similar to the results obtained in the analysis of the investment in 

section 2.1. 

The additional analysis confirm previous results but provide yet an important contribution. In section 2.1 

there was no action once the venture was very favorable in terms of a small investment and a good up-side 

potential. Given the current setting, we provide efficient results that very profitable ventures should be 

compensated with an initial transfer so as to transfer the wealth appropriately and increase the value.  

One can argue that the preferred stocks given to the entrepreneur in the previous results made up for this but 

current results emphasize the direction of value.  

2.3.3 Contingent financing 

In the purpose of analyzing a broader scope than one stage, I now introduce the case of an initial investment 

𝐼0 before the information on 𝑅𝑢 is revealed. 𝑅𝑢 is verifiable and it is thereby assumed that the parties sign a 

long-term contract implying that 𝐼1 is agreed upon at the signing of the contract. This of course depend on the 

development of 𝑅𝑢 , which is why the contingent financing contract between the entrepreneur and VC 

constitutes the following: 

(i) A cutoff point �̅� below which the venture is abandoned  

(ii) The share 𝛼𝐴
𝑐(𝑅𝑢) of the success return 𝑅𝑢 (for 𝑅𝑢 ≥ �̅�) that is given to the VC, and  

(iii) An initial transfer 𝑊 ≥ 0 that the entrepreneur receives from the VC 
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The results from the previous section still apply. Thus (iii) is only relevant in the case of 𝑉𝐴(𝛼𝐴
∗ , 𝑅𝑢 ) ≥ 0 etc. 

As well, we use the equilibrium payoffs to define the optimal contingent contract that maximizes the 

entrepreneur’s expected payoff (see appendix): 

 
max

(�̅�,𝛼𝐴
𝑐 (𝑅𝑢))̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

∫ V(𝛼𝐴
𝑐(𝑅𝑢), 𝑅𝑢)𝑑𝐹(𝑅𝑢) − 𝐼0

∞

�̅�

 (3.13) 

Subject to 

 
∫ VA(𝛼𝐴

𝑐(𝑅𝑢), 𝑅𝑢)𝑑𝐹(𝑅𝑢) ≥ 𝐼0

∞

�̅�

 (3.14) 

I now introduce two values, referring to the analysis on pages 34-36. 

 
𝐿 = ∫ 𝑉𝐴(𝛼𝐴

∗ , 𝑅𝑢)𝑑𝐹(𝑅𝑢)
∞

�̅�

 (3.15) 

 
𝐻 = ∫ 𝑉𝐴(�̂�𝐴, 𝑅𝑢)𝑑𝐹(𝑅𝑢)

∞

�̅�

 (3.16) 

The values of 𝐿 and 𝐻 (𝐿 < 𝐻) refer to limits, that define the optimal contract under contingent financing. In 

section 2.1, 𝐿 and 𝐻 are quite similar to 𝐼𝐴
∗ and 𝐼𝑚𝑎𝑥 respectively, but the underlying setting is different, hence 

we keep analyze this setting using 𝐿 and 𝐻. Maximizing (3.13) subject to (3.14) gives the following results: 

(i) If 𝐼0 > 𝐻 the venture is not feasible 

(ii) If 𝐿 < 𝐼0 < 𝐻 the optimal contract is characterized by a constant share 𝛼𝐴
𝑐(𝑅𝑢) = �̅�𝐴 𝜖 (𝛼𝐴

∗ , �̂�𝐴) 

for all 𝑅𝑢 ≥ �̅�, where the cutoff point �̅� is such that �̅� ≤ �̂� and 𝑊 = 0. 

(iii) If 𝐼0 < 𝐿 the optimal contract is characterized by a constant share 𝛼𝐴
𝑐(𝑅𝑢) = 𝛼𝐴

∗ for all 𝑅𝑢 ≥ �̂�, 

where the cutoff point �̅� is such that �̅� < �̂� and satisfies 𝑉(𝛼𝐴
∗ , 𝑅𝑢) = 0, and 𝑊 = 𝐿 − 𝐼0. 

Once again, we see that the size of the investment determines the optimal contract as did in the two previous 

models. The difference in this setting is that we consider two stages. The contingency allow for a special case 

of letting projects that usually did not meet the requirements of an investment at 𝑡 = 0, to be accepted. 

This is because of the subsidization effect between low and high profitability stages and a crucial result, which 

help explain the difference between VC and bank financing. Said in another way, because it is possible to set 

up milestones and performance indicators, the VC and entrepreneur can structure a contract with maximal 

incentives to the entrepreneur in order for her to provide a positive realization of 𝑅𝑢  and the VC is 

compensated by a larger share. It is a strong result in the discussion of the liquidation results in section 2.2. 
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Proposition 9 

Contingent financing allow low profitability projects to retrieve investments by a VC’s ability to 

subsidize between low and high profitability stages of the venture.  

Banks are not able to grant this specialized request of subsidization due to many reason but it is one of the 

explanations to the great rise of the venture capital industry, hence an important result. 

2.3.4 Stage financing 

As defined earlier in this section, some ventures have none verifiable profitability, which make it difficult to 

create contingent contracts. When one cannot impose verifiable milestones or performance indicators in a 

contract, the venture is in a definite area of incomplete contracts. As of the focus of this paper, I try to 

enlighten the reader on the optimal setting with respect to financial contracts of cash flow rights, although the 

setting has a high relevance of other topics as well.  

The setting is now sequentially agreed upon. From the available information at time 𝑡 = 0, the VC provide 

the initial investment 𝐼0 and receive a share contract 𝛼𝐴
𝑠(𝑅𝑢) = [0,1]. Depending on the development of the 

venture’s potential profitability 𝑅𝑢, the investment of the expansion stage 𝐼1 is given in exchange of a share 

contract 𝛼𝐴
𝑠(𝑅𝑢, 𝑀) taking the initial claim into consideration. The VC do not have exclusive rights on the 

financing of the expansion stage, hence the position of the VC is contestable. The possible net continuation 

payoff available for the VC at the beginning of the expansion stage is reflected in 𝑀. As we will see, this 

yields a different result from the contract in contingent financing. 

We begin by deriving the profile 𝑀(𝑅𝑢) such that the entrepreneur’s payoff is maximized subject to the 

constraint that the VC is compensated for his initial claim with respect to the start-up investment. Once the 

potential profitability is observable, we then derive the initial claim that implements the optimal 𝑀(𝑅𝑢).  

Finally, we analyze the renegotiation of the initial claim 𝛼𝐴
𝑠(𝑅𝑢) as the VC is not entitled to the same share 

of the venture at every new investment. This would contradict efficiency and dilute the entrepreneur’s share 

relative to the VC, thus decreasing the entrepreneur’s incentives and thereby the value of the venture as we 

know from section 2.1. 

2.3.4.1 Distributing the burden of the start-up investment 

The important factor here is that the VC’s position is contestable thus it reduces the expected payoff of the 

VC in the start-up stage and we no longer have the possibility of subsidizing between high and low 
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profitability stages. However, at the point of the expansion stage, the VC is assumed to have all the bargaining 

power, hence it leaves him with a net continuation payoff 𝑀(𝑅𝑢). 

As in the other cases, when the potential profitability is low it is optimal to set 𝑀(𝑅𝑢) and then try to induce 

a constant share as under contingent financing. Obviously, low profitability states have not much surplus, 

hence the strategy.  

The optimal expansion stage contract that gives the venture capitalist a net continuation payoff 𝑀 ≥ 0 is, 

denoted 𝛼𝐴
𝑠(𝑅𝑢, 𝑀). In addition to the results in section 2.3.2, we now compensate the VC for his potential 

surplus at the expansion stage, which is caused by him having the bargaining power over the entrepreneur. 

If it is optimal to give the VC no net continuation payoff at the expansion stage, then 𝛼𝐴
𝑠(𝑅𝑢, 0) = 𝛼𝐴

∗(𝑅𝑢) 

but if there is a surplus 𝛼𝐴
𝑠(𝑅𝑢,𝑀) ≥ 𝛼𝐴

∗(𝑅𝑢) . Only when 𝑀  is sufficiently small due to the potential 

profitability being 𝑅𝑢 > 𝑅𝑢∗
, we obtain the same share as considering no continuation payoff.  

 
max
𝑀(𝑅𝑢)

∫ V(𝛼𝐴(𝑅𝑢, 𝑀(𝑅𝑢)), 𝑅𝑢)𝑑𝐹(𝑅𝑢) − 𝐼0

∞

�̂�

 (3.17) 

(3.17) maximizes the NPV of the venture (see appendix), by ensuring the participation constraints and make 

the entrepreneur appropriate the surplus incorporating compensation for the initial investment. We want to 

maximize the net continuation payoff to incentivize the VC to make the greatest NPV. Remember that the 

initial transfer will still be appropriated the entrepreneur. 

As previously, we define two critical values 𝐿′ and 𝐻, where 𝐻 is equivalent to the previous value and 𝐿′ >

𝐿. The results of solving (3.17) are (see appendix): 

(i) If 𝐼0 > 𝐻 the venture is not feasible  

(ii) If 𝐿′ < 𝐼0 ≤ 𝐻 the optimal compensation is  

𝑀(𝑅𝑢) = {
0, 𝑖𝑓 𝑅𝑢 ≤ �̃�

𝑉𝐴(�̃�𝐴, 𝑅𝑢), 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,
} 

where �̂� ≤ �̃� < 𝑅𝑢∗
 and �̃�𝐴 = 𝛼𝐴(�̃�), 

(iii) If 𝐼0 ≤ 𝐿′ any compensation 𝑀(𝑅𝑢) that satisfies the VC’s individual rationality constraint with 

𝑀(𝑅𝑢) = 0 for 𝑅𝑢 ≤ 𝑅𝑢∗
 and 0 ≤ 𝑀(𝑅𝑢) ≤ VA(𝛼𝐴

∗, 𝑅𝑢) for 𝑅𝑢 > 𝑅𝑢∗
 is optimal. 
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If the initial investment is too large the venture will not be feasible. In a positive NPV project the net 

continuation payoff is then determined as being greater than zero in case of the potential profitability reaching 

values that make the venture NPV positive for both the entrepreneur and VC for the optimal share.  

Recall from section 2.1, when the investment required from the VC was below a certain boundary (𝐼𝐴
∗) there 

was a surplus from the VC’s point of view. This surplus is reflected in (ii), when �̂� ≤ �̃� < 𝑅𝑢∗
, and in (iii), 

when 𝑅𝑢 > 𝑅𝑢∗
. In these cases, the VC can be given a compensation, which thereby satisfies his individual 

rationality constraint, as he know the surplus is appropriated him, due to the changed bargaining power. 

Because of this analysis, we can implement this net continuation payoff as of now and thereby choose an 

appropriate initial claim.  

If on the other hand, the investment is high and the potential profitability is not as high, this would respond 

to the case of the required investment being above the VC’s boundary (𝐼𝐴
∗) stated in section 2.1. As seen in 

(i), (ii) and (iii), this will reflect no net continuation payoff and then a higher share to the VC in response. 

The results are closely linked, but this in-depth assessment elaborate on some unanswered aspects.  

The realization of 𝑅𝑢 then allow for a renegotiation of the initial claim, which make it difficult to create a 

constant share over the stages as under contingent financing. It is preferable to construct such constant share 

because we can then subsidize between high and low profitability stages, making investments possible at an 

earlier time of the venture or for ventures that are less profitable in early stages. Another reason is that, once 

we do not, the renegotiation concept of the game allow for a change of the bargaining power and assign some 

extra profit to the VC. 

2.3.4.2 Renegotiating the initial contract 

The entrepreneur has an outside option where the best is 𝑉𝐶’ however, at the time of inviting new investors, 

they will find that the share 𝛼𝐴 is already pledged for the VC funding the initial investment. 

As a result thereof, the effective success return available for compensating the new arrangement would be: 

 𝑅𝑢′ = (1 − 𝛼𝐴(𝑅𝑢))𝑅𝑢 (3.18) 

If 𝑉𝐶’ can provide substantial effort in order to meet the criteria of a positive NPV investment considering 

𝑅𝑢′, the approach will be as under 2.3.2. 
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The VC providing the initial investment will now recoup the surplus, and renegotiate an initial share that will 

implement the optimal 𝑀(𝑅𝑢), will be optimal only in the case of leaving the entrepreneur with the net 

continuation of her outside option denoted 𝑉𝐸
′(𝛼𝐴(𝑅𝑢′

), 𝑅𝑢): 

 𝑉(𝛼𝐴(𝑅𝑢, 𝑀(𝑅𝑢)), 𝑅𝑢) − 𝑀(𝑅𝑢) = 𝑉𝐸
′(𝛼𝐴(𝑅𝑢′

), 𝑅𝑢) (3.19) 

(3.19) describes that in the case of the VC providing the initial investment is continuing as the advisor and 

financier, the net continuation payoff of the entrepreneur, will be equal to the value of her outside investment 

after the VC has received his compensation.  

Maximizing (3.19) yield the following results (see appendix): 

For 𝐿′ < 𝐼0 ≤ 𝐻, the optimal initial claim 𝛼𝐴
𝑆 is a continuous function that satisfies 𝛼𝐴

𝑆 = 0 for �̂� ≤ 𝑅𝑢 ≤ �̃�, 

and 𝛼𝐴
𝑆′

> 0 for 𝑅𝑢 > �̃�. 

Which mean that for all intermediate values of the initial investment, the share given to the VC is uniquely 

defined. For some intermediate profitability realization the venture proceed without an initial claim. The value 

of the venture is simply not strong enough for this considering the expansion stage investment. I will get back 

to this result shortly.  

If the potential profitability is 𝑅𝑢 > �̃�, the share will be a continuous function in 𝑅𝑢. As in line with the 

results in (ii) in the previous part.  

Assuming that the venture proceed without an initial claim is actually possible but only for some part of the 

potential profitability. We can for example impose a call-option, which can then allow the venture to proceed 

despite its low profitability. One might imagine that implementation of such staging contract in the case of 

the venture carrying no burden of the initial investment, would imply specific covenants of control rights, 

which could increase the VC’s safety and thereby value. 

2.3.5 Results and limits 

The most efficient actor, retrieve the largest share so as to induce efforts to optimize the value of the venture. 

I further elaborate on the openings in section 2.1, with respect to the evolution of the contract (𝛼𝐴) depending 

on the realization of 𝑅𝑢 and 𝐼. 
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The results in 2.1 and 2.2 serve as a ground for analyzing two scenarios. Contingent financing, which allow 

for subsidization between high and low profitability stages. Stage financing, imposing elements of 

renegotiation and contestable relationships. 

In a combination, the three parts of the analysis compensate for the shortcoming of the parts in isolation. For 

example, I use the knowledge of the establishment and construction of parameters in section 2.1 in both of 

section 2.2 and 2.3. However, it is section 2.3 which explain the rise of the potential profitability despite its 

focus on optimal securities under two different scenarios of multiple stages. 

Section 2.2 is doubtless, the most important insight to the evolutionary aspect in an on-going relationship, 

which qualitative results can be used to optimize the results in section 2.3. 

Overall, we find that the assumptions made under each model simplify the analysis and provide results 

relatively easy to relate too. The more we extend the barriers, the greater complexity due to increased 

parameters etc. just as explained under the introduction of game theory in section 1.6.  

However, we have been able to derive results on how the entrepreneur is able to optimize her venture 

construction not only at the point of establishment but as well over time. Definitely, agency costs is the crucial 

matter but we have seen that these are increasingly complex in more real situations referring to dynamics and 

long-term perspectives. Venture capital is an intertemporal structure indeed and we find the need of non-

linear securities to optimize the venture over static straight agreements. 

The results in this section base on a highly simplified model due to the assumptions. Clearly we see that the 

results from section 2.2 provide insightful results on the security design, whereas the current section predict 

either some constant share over time or a questionable non-linear claim, which is at odds with empirical 

observations of VC financing (Kaplan and Strömberg, 2002). 

If some of the renegotiation elements were imposed to the time-varying share contract suggested in section 

2.2, one might obtain a more robust contract. This is backed by Cornelli and Yosha (2003) who provide a 

model, which show that convertibles reduce the risk of moral hazard. They analyze the implications of the 

VC’s option to abandon and the entrepreneur’s option to shirk. With an appropriate claim in terms of a 

conversion option, the contract is robust to adjust the ownership appropriately in accordance to new 

information. Hence, appropriate stage financing contracts impose both time-varying shares and convertibles. 

Additional, stage financing seem to provide not only optimal settings to dim moral hazard but as well 

complement the future contracting in the venture. Making the VC’s position in the venture contestable, 
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improve the renegotiation setting later on. This efficiency is backed by Wang and Zhou (2004) who especially 

consider stage financing appropriate for the sequential investment in R&D.  

One should remember that the analysis in this paper rely on assumptions of termination in case of success 

and that real situations might imply several investment rounds as well as renegotiations within just one 

venture stage. Hence, the models realize shortcomings in a number of important elements in related discussion 

of an optimal entrepreneur VC relationship. Some of them due to the assumptions of the parameters in the 

models, while others relate to the chosen approach, which obviously leave out an extensive part of other 

theoretical aspects. 

Especially in the final part of section 2.3, the analysis of stage financing under selected scenarios request for 

discussion on control right elements, which have been ignored entirely throughout this paper.  
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3 Chapter 3 – Discussion 

The thorough analysis of the selected scope has provided insightful results. In accordance to expectations, I 

now discuss the main results of the paper. Limitations reflected in accordance to the possibility of generalizing 

the results, will contribute to the validity of the answer to the problem statement. 

Acknowledging the limits of application, I provide four main aspects of a general theoretical road map, 

highlighting efficient considerations and actions conducted by the entrepreneur. 

3.1 Discussion 

Literature propose increasing experience and professionalism among VCs resulting in improved ventures. 

The professionalization has resulted in value creating but as well wealth-transferring effects due to adverse 

selection and the relative power difference between VCs and entrepreneurs. It has inspired me to investigate 

how entrepreneurs efficiently acquire the finance and managerial advice needed to create a promising venture.  

I have done so within the limits of a pure theoretical analysis, that possibly guide the entrepreneur in a 

direction of investigating the needed results of crucial factors, which can optimize her setting. In this section, 

I therefore tend to summarize the result of the analysis and provide explanations to these results before 

comparing with the expected outcome, referring to the stream of related literature. The limitations of the 

results will be discussed to reflect over possibilities, which can improve the results. 

An overview of the propositions stated during chapter 2 is given in appendix.  

3.1.1 Explaining results and expectations 

The entrepreneur request the elements provided by the VC (managerial advice and finance) in order to be 

capable of succeeding in future venture stages. The value of the venture is given by the efforts provided by 

the actors, once the scene has been set by the skills and the nature of the venture in the given environment. 

Optimally, the request for managerial advice and finance, should go hand in hand (proposition 1) as long as 

the venture is still in its early stages. 

There is no doubt in the fact that the external capabilities in the absence of moral hazard indeed increase the 

value of the venture. The managerial advice is difficult to obtain because it is costly and the entrepreneur 

usually do not have sufficient funds to hire proper consultants or management. If the entrepreneur construct 

a setting of promised return on the success of the venture, the chance of the adviser free-riding in the venture 

is fairly high. (Elitzur and Gavious, 2003) 
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The financing of a venture is restricted to obligations characterized by high expected returns. Ordinary debt 

financing has its efficiency in price and speed. Banks asses ventures on their liquid assets, which are in most 

cases limited. VCs are superior to banks in assessment of prospective ventures and their construction allow 

for specialized financing that can subsidize between low and high profitability stages (proposition 9). 

A large stream of literature suggest the shortcomings of banks in financing of newly established ventures. 

Admati and Pfleiderer (1994) argue that only inside investors can mitigate the asymmetric information and 

avoid overinvestment. Generally speaking the construction of VC and bank business models are 

fundamentally different in which banks tend to value their investments on returns in failure stages whereas 

VCs tailor investments for the possibilities of capturing the potential high profitability (Bettignies and 

Brander, 2006). The results of this paper, clearly highlight the challenges in providing sufficient liquid assets 

in order to obtain the requested finance and open the discussion of potentially specialized securities able to 

substitute between low and high profitability stages. The results of the paper suggesting the request for finance 

and managerial advice within one actor, the VC, is therefore in line with expectations.  

In a given venture stage and across stages the venture is especially exposed to the intertemporal structure of 

the relationship. Contracts, which only impose securities to deal with static agency costs, fail to align 

incentives over time and risk decreased duration due to diverging beliefs among actors (proposition 6). 

Optimal contracts are characterized by convertible securities, which succeed in sharing the expected return 

appropriately over time (proposition 7). Special cases of unverifiable returns and early stages with much risk 

hence, potentially very low profitability, are complicated matters that request immediate finance which are 

linked with no burden until a given profitability. 

Schmidt (1999) propose a model explaining that VC financing is preferable to bank financing. The possibility 

of mitigating moral hazard by an inside investor is important and especially the value add effort provided by 

the VC is needed to fulfill this statement, hence in line with the results of this paper. In contrast to section 2.1 

and 2.3 he emphasizes the importance of convertible securities in attaining efficient efforts and that pure 

equity debt contracts cannot optimally mitigate the moral hazard conflict. Despite the shortcomings of the 

general setting in section 2.2 it provides important results to this discussion. The intertemporal structure of 

the entrepreneur VC relationship is the key in the need of granting an informational rent and hence a learning 

rent. Such evolutionary aspect on the optimal evolution of the entrepreneur’s share fraction in the venture 

over time can be fulfilled by a convertible security, in line with Schmidt (1999). 
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Additionally, the use of convertibles seem to have yet another efficient perspective to add. As explained in 

chapter 1, the VCs tend to exit the venture at some point and convertible securities increase the efficiency of 

the renegotiation hence diminish the costs and thereby increase the overall value. (Bascha and Walz, 2000) 

A dynamic setting thus require some intertemporal risk sharing reflecting the underlying structure of the 

relationship. The actors are thereby, affected by time-varying contracts in line with expectations. As an 

unexpected result to this paper, convertibles impose additional value on to the elements of long-term 

perspectives in the case of further transitions in the venture.  

On page 1, I outlined that the entrepreneur must look ahead of time to maximize a future goal, larger than 

present personal utility of control. The results in the paper, encourage entrepreneur’s to use the high 

profitability in futures stages in order to acquire the external capability of finance, which might be more 

important than proper advice at early stages. (proposition 9) 

Idealistic entrepreneurs seeking to grow their own empire are not focusing on the capabilities in place to 

efficiently succeed in the given market, with their idea and skills (Meza and Southey, 1996). Unquestionable, 

their idea is the reason for the potential entrepreneur VC relationship, which can (emphasize on can) grow 

into success but this is an imagination, which might not even be possible in theory nor practice.  

The option is to surrender part of the success early, in order to create a larger upper bound of potential 

profitability, decrease risks and speed up the time to important transitions. This strategy likely outcompete 

the intrinsic mind of entrepreneurs skeptical to outsiders. 

The results are not necessarily in line with practice but without doubt, the entrepreneur maximize her wealth 

by looking ahead of time and focus on acquiring resources for future success as argued by Smith (2011). 

3.1.2 Limitation of results to be generalized 

Empirical studies agree in VC financing characterized by an ability to separately allocate cash-flow rights 

and control rights, as well as imposing covenants to mitigate potential moral hazard (Kaplan and Strömberg, 

2000), (Gompers and Lerner 1996).  

Sahlman (1990) explain that the venture capital organization in its form impose a structure valid for success 

and prospect in its right setting. The efficiency and specialization within a specific type of firms impose 

natural control rights and lead to efficiency. The efficient venture capital organization impose control rights 

in collaboration with cash flow rights to mitigate potential moral hazard and is highly related to the size of 

investment, potential outcome and risk of the venture (Aghion and Bolton, 1992).  
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The results as of this paper highlight the objectives of actions by the different agents under various settings. 

One can easily imagine that the contractual perspectives of imposing efficient control rights in accordance to 

these results and suggestions of literature on this field, would increase the predictability and thereby value of 

the venture. Hence, the result of the analysis is likely to benefit from this discussion, meaning that the lack 

hereof is indeed a limit to generalize the results proposed in this paper. 

The introduction of a dynamic setting in section 2.2 increased the potential parameters in the analysis. A wide 

scope request for some immediate limitations to the realizations of these parameters. However, in contrast to 

the real world, such restrictions affect the validity of results. Schmidt (1999) explains the change in qualitative 

results when one assume a “mediocre” outcome, hence three possible outcome stages. The effect on bank 

financing is unchanged, but possibly allow for an increased VC financing. This is in line with the description 

of the VC business model that look at possible up-side potential and derive the maximum investment in that 

sense. Thereby, the results of this paper fail to accommodate more solutions, which can potentially prolong 

the life of the venture hence increase the value to all parties. 

Assuming successful realizations of the venture over time increases the need of managerial advice hence 

decreases the importance of the entrepreneur. (Boeker and Karichalil, 2002) 

There is an absence of research concerning possible changes in skills and a solely focus on the dynamics of 

the underlying success factors of the venture referring to the stream of lifecycle theorists. I refer to the skills 

of the actors as beta and gamma, which are assumed static. In my opinion, renegotiation discussions are highly 

relevant to exactly this point and possibly increase the entrepreneur’s value if she deny to be dictated by static 

viewpoints of her own capabilities. Efficient contracts encourage global optimums, which neglect sub-

optimality and the ability to look ahead of time. Investment in one’s own capabilities is exactly doing so and 

I hope that this question could lead to further discussions within this untouched area. 

A counter argument to this can be directly referred to Meza and Southey (1996) highlighting the implications 

of aspiring entrepreneurs to be systematically over optimistic in evaluating their future prospects. Indeed the 

applicability of the suggested assessments of relevant parameters is very questionable. First of all, proper 

tools are needed to quantify the parameters, which maybe imply market analysis etc. that are costly and 

thereby difficult to perform by the entrepreneur. In the case of an entrepreneur, being able to quantify the 

parameters there is a great risk of the assessment being over optimistic.  

From the results of the analysis, we know that diverging beliefs are creating potential inefficiency. Assume 

therefore an entrepreneur who is promised an investment by a VC in return for a given equity stake. If the 
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entrepreneur thinks that her share of outcome is less than what she should have in accordance to her own 

perception of her importance in the venture, she might perform self-interested acts hence destroy venture 

value.  

The strong evidence from psychology that such misperceptions are widespread (Meza and Southey, 1996) 

thus challenges possible efficiency in ventures. However, the results and discussions in this paper could 

hopefully, mitigate some of this over optimism, by being better informed about the mechanisms.  

Nevertheless, assuming random variables in the analysis of such agency-conflicts could lead to a better insight 

on the rising conflicts over time. The results should thereby lead to a more thorough understanding hence 

improved contracts in order to mitigate risk and moral hazard. 

Leland and Pyle (1977) investigate the role of signaling in entrepreneurial ventures, which turns out to 

mitigate risk. They assume an entrepreneur with private information of the venture that cannot be 

communicated to the market so that the market truly believes the information. The only way, such information 

can be revealed is by an act which signal the true assessment of the venture by the entrepreneur.  

The entrepreneur is encouraged to do so to avoid being adversely selected, as financiers will apply an average 

price to the entrepreneur, benefitting from the many poor ventures.  

A true signal is equal to a financial investment by the entrepreneur in the venture and keep a fairly large 

fraction until IPO. Leland and Pyle (1977) derive results from their model that only the truly good 

entrepreneurs will choose to do so.  

Throughout this paper, I have assumed that there was no existence of such private information prior to 

contract signing. If we relax this assumption, the results from Leland and Pyle (1977) become highly relevant. 

Further, one can imagine that covenants that avoid the entrepreneur to run, will as well be imposed to back 

the results.  

Relaxing the assumption of all agents being risk neutral and having limited liability in general intensifies the 

discussion. The VCs can diversify their investments whereas the entrepreneurs cannot. This strengthens the 

signals of the entrepreneurs investing in the venture. Clearly, the results of the paper would benefit from a 

deeper discussion of these aspects but it has not been the focus of the paper.   
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3.2 Road Map 

In a general setting, the results of the analysis face some immediate limitations for generalization. Despite 

the shortcomings, the assumptions are not too extensive for one to neglect the qualitative results and the 

insight they provide on crucial mechanisms of entrepreneur VC relationships. The diverse approach within a 

wisely selected area of application increase the validity of my results in response to the results of the 

underlying literature in an independent form. 

In the following, I therefore introduce a simplified non exhaustive guide, providing an overview of important 

elements in an optimal entrepreneur VC relationship. I acknowledge the lack of completeness but emphasize 

the importance of the areas I do approach. As well, this is as much a section, which intend to reflect the results 

to related aspects in a structured manner. 

The entrepreneur must (1) identify the current situation hereunder asses own capabilities with respect to the 

current setting and thereby end up with a list of needs. (2) In order to acquire the needed capabilities to 

construct an agile and promising venture setting, the entrepreneur need to devise a proper strategy in doing 

so. (3) The entrepreneur need to sign the appropriate contract and act properly during the venture in order to 

improve the value. (4) Given realizations and transitions over time, agility and thereby adaptability is crucial 

in optimizing the entrepreneurial position in the venture. 

3.2.1 Identify 

The value of a venture is determined by the initial idea performed by the entrepreneur and the given 

environment thereby nature. It consists of: 

�̃�          the range of the potential outcome 

 𝐼     the investment 

 𝛽, 𝛾       the skills of the actors 

And is optimized in  

𝑒, 𝑎                 the efforts exerted by the actors 

The entrepreneur first need to evaluate her own situation by determining her stage, which can be done with 

the help from figure 2. When her own abilities have been assessed and a stage defined it is crucial to alter 

what is needed to succeed in the given stage or to proceed to the following.  
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From this procedure, the entrepreneur should end up with a list of external capabilities to succeed in the given 

and following stage. Thereby, the entrepreneur is to approach the market, presenting her idea and its 

capabilities (𝛽) as well as what is needed (𝐼, 𝛾) to realize the potential (�̃�). 

3.2.2 Acquire 

The entrepreneur must devise a strategy in order to acquire the needed external capabilities. It requires 

thorough assessment of parameters forming the venture value. The right strategy depend on the situation. Is 

the venture approaching a growth stage, is the need of capital essential etc. 

Depending on the situation, the entrepreneur determine the appropriate contract, which optimizes the situation 

(a combination of the results of the analysis as explained at the end of chapter 2). The contract is optimized 

based on the elements in the previous section and the entrepreneur should therefore be interested in the 

potential list of bids from various VCs.  

It might be so that the VC is presenting his value (𝐼 + 𝑊) of the venture for a given share fraction (𝛼𝐴) but 

optimally the entrepreneur should asses this value in a deductive logic so as to reach each bidder’s value of 

𝛾. The bidder with the greatest efficiency for the venture is the one that can efficiently raise the greatest 

investment and provide the effort that in collaboration with the entrepreneur create the greatest profitability. 

From the analysis, we know however that the greatest efficiency leads to the greatest investment. A four step 

approach in evaluating VCs are proposed by Smith (2001) using an empirical study to support his arguments. 

According to Smith (2001) the entrepreneur need to perform a specific valuation, asses the value-added 

service by the VC, evaluate the reputational factors and venture capitalist attributes. In a combination, the 

assessment will thereby consider direct and indirect impacts as well as evaluate non-value-added capabilities 

that can however signal the professionalism of the VC.  

Effectively there are some efficient tools for optimizing this process from an entrepreneurial point of view. 

Literature suggest that VCs pick the best entrepreneur’s but the VCs’ decisions are to a large degree based on 

the presentation of the entrepreneur. By improving an ability to “shine” for the VCs, it is likely to improve 

the entrepreneur’s value. This is out of the scope of the paper but targeted by Rasmussen and Sørheim (2012). 

3.2.3 Implement 

Implementing the entrepreneur VC relationship begins with designing the contract in order to mitigate risk 

and moral hazard. The main purpose of the contract is to create a structure for the outcome and real options 



- 74 - 

 

of the venture, which incentivizes the actors to exert efforts accordingly to the first best value dictated by the 

“static” value parameters of the venture. The contract is a combination of cash flow and control rights 

The cash-flow rights serve the purpose of devoting the outcome in response to the interdependent efficiency 

of the efforts between actors, with respect to their financial contribution. Securities issued are optimally 

reflecting time-varying underlying shares. For relatively profitable ventures, the contract is accommodated a 

wealth transfer from the VC to the entrepreneur and for fairly large investments, the entrepreneur receives no 

initial monetary surplus. 

Contracts are incomplete and efficient control rights to support the purpose of mitigating risk and moral 

hazard will accommodate the intended optimal cash flow distribution. 

The results of section 2.2 explain that structures encouraging early success are the most efficient. Hence, 

implementation should incorporate a strategy for the entrepreneur and VC to dedicate attention and resources 

in full from the beginning of the venture, rather than wait and see for signals. Sørensen (2007) among others 

(Kaplan & Strömberg, 2002) highlight the value of VCs bringing about success faster than non-VC-backed 

firms, hence explain the importance of pushing for milestone realizations as early as possible, without 

overinvesting (Meza and Southey, 1996).  

3.2.4 Adapt 

Agility is crucial in a venture and it should not be seen as the last thing to be thought of, rather the most 

important. Without question, the underlying mechanisms change substantially when realizing a transition into 

a VC relationship. It is kind of a no-way back even though it has not been highlighted in this paper. VCs tend 

to acquire control rights ensuring the entrepreneur will not run (Kaplan and Strömberg, 2000). 

Therefore, the entrepreneur must focus on optimizing in the overall perspective and depart from any kind of 

present utility, which do not incorporate long-term expectations. Sup-optimums are nothing but inefficiency 

and resulting in decreased duration, reduced NPV and fewer possibilities. It is not necessarily about owning 

a large part of something, rather it is important to provide crucial value at a specific point in time and 

acknowledge the need of different capabilities at other points in time.  

The setting change and the venture is up for the change, so are the actors involved. The founding management 

becomes less important over time and entrepreneurs must therefore acknowledge dilution of their ownership 

in pursuing efficiency. Boeker and Karichalil (2002) suggest that ventures eventually outgrow their founding 

managers. As with figure 2 and 4, in connection with the results of the analysis in 2.1 and 2.2, I find that these 
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claims have a sufficient ground. Nevertheless, it is also the case that founders involved in research and 

development tend to be less exposed to these predictions, which state the relevance of the skill efficiency 

discussions.  

Finally, it is interesting whether these results can encourage entrepreneurs to make themselves more important 

to the ventures over time, despite the changing underlying success factors. It is indeed an interesting 

discussion as this could improve the value of the venture, hence the value but as well potentially impose risk 

to encouraging people to work in the wrong direction.  

Some entrepreneurs should be doing nothing but the early stages of ventures maybe. Exactly as how VCs 

have increased their relative efficiency and value over time by focusing on young firms with large up-side 

potential in the need of finance and managerial advice in a combined inside investor.   
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3.3 Conclusion 

To support current and prospective entrepreneurs, I have conducted an analysis to reach a conclusion on 

efficient acquisition of external factors as finance and managerial advice to create a promising venture.  

Results show that entrepreneurs should combine their request of external capabilities within one type of actor 

to reach efficiency. The existence of asymmetric information and the fact that in early venture stages the 

entrepreneur’s skills are the most value creating, cause moral hazard from consultants who do not invest in 

the venture. The investment made by the VC offset the decrease in incentives, which is caused as an effect of 

the entrepreneur having to surrender some cash flow to the VC. 

Pure financiers are not necessary because we assume that the VCs are deep-pocketed and thereby able to 

provide the requested funds. This however, has nothing to do with the efficient amount of outside financing, 

which is depended on the profitability of the venture, based on the initial idea, the skills of the actors and 

nature. In the case of the venture being at a point in time in which the assessment cannot justify the required 

investment, a financial participation from the entrepreneur will increase the value of the venture. Otherwise, 

the parties will have to reach a second best optimum and wealth is transferred from the entrepreneur to the 

VC because of the entrepreneur’s wealth constraint.  

An entrepreneur VC relationship proceed in a dynamic manner in which it is optimal to apply all capabilities 

at each given point in time for the venture to succeed, without overinvesting. In order to do so, the optimal 

contract is considering the intertemporal structure of such relationship, which mean that the entrepreneur 

should hold a time varying share contract. In each period the actors in the venture learn more about the true 

nature of the idea and by signing a long-term contract at the initial point in time, it is possible to extend the 

duration of the venture over contracts solely evaluating static compensations. 

Convertible securities can provide the structured claim that incentivizes the actors and make it more preferable 

to exert effort and work in line with the contract than to derive private benefits. 

VCs provide special skills in the changing venture. Over time, it is possible to subsidize between low and 

high profitability stages, which thereby allow entrepreneurs to initiate low profitability projects, by offering 

a constant share over time. This can only be done in contingency financing in which the cash flow is 

distributed based on realization of certain milestones. A time-varying contract can still be used in such setting 

to mitigate moral hazard. 

In the absence of such contingency, the profitability of the venture is unverifiable and up for financing at each 

stage. It make the initial VC’s position contestable and optimality cannot be created by constant shares over 
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time. The possibility of subsidizing between low and high profitability stages disappear and the entrepreneur’s 

position in less profitable ventures become vulnerable whereas the venture profit is no longer solely allocated 

to the entrepreneur.  

The optimal contracting incorporate convertibles with underlying time-varying shares to improve efficiency 

and mitigate moral hazard. Convertibles with predetermined share conversions increase the smoothness of 

renegotiation phases and avoid costly processes, which therefore benefit the venture.  

Results show that part of an efficient and promising venture setting is a contract that appropriately direct cash 

flows in accordance to the actors’ interdependent importance of the venture, given the circumstances of 

profitability and required investment. Such contract account for the intertemporal structure of the entrepreneur 

VC relationship by incorporating time-varying aspects in the underlying share function of the optimally issued 

convertible security. Finally, the entrepreneur look ahead of time and optimize her situation given a global 

optimum over sub-optimality.  
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I. Appendix 

4.1 Propositions 

Proposition 1 

It is not optimal to ask for managerial advice separate from investment unless this is the most 

value creating effort in the venture at the given time. 

Proposition 2 

The entrepreneur’s financial participation is value creating if the request for external financing is 

greater than what the nature of the idea, environment and skills can justify (𝐼∗).  The entrepreneur’s 

effort 𝑒 decreases with outside financing above this threshold, whereas the VC’s effort 𝑎 increases. 

Proposition 3 

If the request for outside financing is not too large relative to the assessed value of the venture, the 

entrepreneur should hold preferred stocks and the VC common stocks. However, is the request relatively 

large to the venture value, the VC need to be compensated and the entrepreneur given maximal incentives 

hence the entrepreneur holds common stocks and the VC preferred stocks. 

Proposition 4 

It is optimal to allocate the funds at a maximal rate in every period, which do not exceed the maximal 

probability of success. When the expected value of future periods are less than the cost of initiating 

yet another period, the venture is terminated.  

Proposition 5 

Short-term contracting fail to obtain the same efficient duration as in the first best case. 

Proposition 6  

Optimal incentives are induced to the entrepreneur by a decreasing share function in time, which 

accounts for the intertemporal structure of the venture. 

 

 



- 83 - 

 

Proposition 7 

A convertible preferred stock held by the investor with a nominal value 𝐷𝑡 converted into a share of 

𝛼𝐴𝑡
 of common stock if exercised in period 𝑡, dim moral hazard, increase duration and value of the 

venture. 

Proposition 8 

If the potential profitability of the venture is large enough, the VC will have to accompany the 

investment with an initial transfer 𝑊 to the entrepreneur. If it is not but still profitable in the private 

value of the VC, there will be a sharing rule between the entrepreneur and the VC in equilibrium.  

Proposition 9 

Contingent financing allow low profitability projects to retrieve investments by a VC’s ability to 

subsidize between low and high profitability stages of the venture. 
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4.2 Mathematical Proofs for Section 2.1 

4.2.1 Change of notation  

Parameter Original notation New notation 

Investment by the VC 𝐴𝑉𝐶 𝐼𝐴 

Investment by the pure financier 𝐴𝐹 𝐼𝐹 

Participation constraint VC 𝑃𝐶𝑉𝐶 𝑃𝐶𝐴  

 

4.2.2 No moral Hazard 

4.2.2.1 Proof of (1.3a) and (1.3b) 

 
𝑉(𝑒, 𝑎) = min[𝑒 + 𝑎; 1] 𝑅𝑢 + max[0; 1 − (𝑒 + 𝑎)] 𝑅𝑑 − 𝛽

𝑒2

2
− 𝛾

𝑎2

2
− 𝐼 (A1.1) 

To find the optimal value, I perform a partial differentiation of (𝐴1.1) with respect to 𝑒 and 𝑎: 

𝜕𝑉

𝜕𝑒
= min[𝑒 + 𝑎; 1] 𝑅𝑢 + max[0; 1 − (𝑒 + 𝑎)] 𝑅𝑑 − 𝛽

𝑒2

2
− 𝛾

𝑎2

2
− 𝐼 

𝑅𝑢 − 𝑅𝑑 − 2𝛽
𝑒

2
= 0 

𝑅𝑢 − 𝑅𝑑 = 𝛽𝑒 

 
𝑒 =

1

𝛽
(𝑅𝑢 − 𝑅𝑑) (A1.2a) 

The procedure for 𝑎 is equivalent steps when performing 
𝜕𝑉

𝜕𝑎
, thus give 

 
𝑎 =

1

𝛾
(𝑅𝑢 − 𝑅𝑑) (A1.2b) 

Q.E.D 
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4.2.3 Moral hazard and optimizing with an advisor 

4.2.3.1 Proof of (1.5a) and (1.5b) 

The entrepreneur and investor choose their levels of effort from the first order conditions of their respective 

incentive compatibility constraints, which are: 

 
𝑒 = max [0;min [1;

1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑)] (A1.3a) 

 
𝑎 = max [0;min [1;

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)] (A1.3b) 

 

Given assumption (A.1) 
1

𝛽
𝑅𝑢 < 1 that ensures an inside solution, when one actor is given full incentive, it 

implies:  

 1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑) < 1 (A1.4a) 

 1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑) < 1 (A1.4b) 

And when 𝑒 = 0, the entrepreneur will never choose 𝛼𝐸
𝑢 and 𝛼𝐸

𝑑 such that:  

 1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑) < 0 (A1.5) 

This would result in an over natural effort from the investor. However, when 𝑒 = 0 the effort provided by the 

investor must be strictly positive for the project to be implemented, thus it is given that: 

 
𝑎 =

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑) (A1.6) 

The constraints 𝑃𝐶𝐴 and 𝑃𝐶𝐹 are binding as a violation hereof would imply increased entrepreneurial income 

without affecting the investor’s incentive. Inserting the values of 𝑎, 𝐴𝑉𝐶 and 𝐴𝐹 in the program (1.7) gives: 

max
𝛼𝐴

𝑢,𝛼𝐴
𝑑

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)𝛼𝐸

𝑢𝑅𝑢 + (1 −
1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑))𝛼𝐸

𝑑𝑅𝑑 − 𝛽
𝑒2

2
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−(𝐼 − (

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)𝛼𝐴

𝑢𝑅𝑢 + (1 −
1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑))𝛼𝐴

𝑑𝑅𝑑 −
1

2𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)2

+
1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)(1 − (𝛼𝐸

𝑢 + 𝛼𝐴
𝑢))𝑅𝑢 + (1 −

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)) (1 − (𝛼𝐸

𝑑 + 𝛼𝐴
𝑑))𝑅𝑑

))  

= (𝑅𝑢 − 𝑅𝑑)
1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑) −

1

2𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)2 + 𝑅𝑑 − 𝐼

− (
1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)𝛼𝐴

𝑢𝑅𝑢 + 𝛼𝐴
𝑑𝑅𝑑 −

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)𝛼𝐴

𝑑𝑅𝑑

+
1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)(𝑅𝑢 − 𝛼𝐴

𝑢𝑅𝑢) + 𝑅𝑑 − 𝛼𝐴
𝑑𝑅𝑑 −

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)(𝑅𝑑 − 𝛼𝐴

𝑑𝑅𝑑)) 

 
= (𝑅𝑢 − 𝑅𝑑)

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑) −

1

2𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)2 + 𝑅𝑑 − 𝐼 (A1.7) 

s.t. 

 𝛼𝐸
𝑑𝑅𝑑 − 𝛼𝐸

𝑢𝑅𝑢 ≥ 0 (A1.8) 

 𝛼𝐸
𝑢𝑅𝑢 + 𝛼𝐴

𝑢𝑅𝑢 ≤ 𝑅𝑢 (A1.9) 

 𝛼𝐸
𝑑𝑅𝑑 + 𝛼𝐴

𝑑𝑅𝑑 ≤ 𝑅𝑑 (A1.10) 

𝑒 = 0 hence disappears from the program and we can subtract 𝛼𝐸, which after some algebra give the above 

program subject to the constraints. We get (𝐴1.9) − (𝐴1.10) from multiplying (1.9) − (1.10) with 𝑅𝑢 and 

𝑅𝑑  respectively and impose (𝐴1.8)  from the reasoning on (𝐴1.5) . We need to maximize only on two 

parameters, 𝛼𝐴
𝑢 and 𝛼𝐴

𝑑 and the constraints can be rearranged by substitution to: 

 𝛼𝐴
𝑢𝑅𝑢 − 𝛼𝐴

𝑑𝑅𝑑 ≤ 𝑅𝑢 − 𝑅𝑑 (A1.11) 

The Lagrangian of the program thereby becomes. 

 
𝐿 = (𝑅𝑢 − 𝑅𝑑)

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑) −

1

2𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)2 + 𝑅𝑑 − 𝐼

+ 𝜆(−𝛼𝐴
𝑢𝑅𝑢 + 𝛼𝐴

𝑑𝑅𝑑 − 𝑅𝑢 + 𝑅𝑑) 

(A1.12) 

And the first-order conditions of the Lagrangian: 

𝜕𝐿

𝜕𝛼𝑢
= (𝑅𝑢 − 𝑅𝑑)

1

𝛾
𝑅𝑢 −

1

𝛾
𝑅𝑢(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑) − 𝜆𝑅𝑢 

 
𝜆 = (𝑅𝑢 − 𝑅𝑑)

1

𝛾
−

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑) (A1.13) 
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𝜕𝐿

𝜕𝛼𝑑
= −(𝑅𝑢 − 𝑅𝑑)

1

𝛾
𝑅𝑑 +

1

𝛾
𝑅𝑑(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑) + 𝜆𝑅𝑑 

 
𝜆 = (𝑅𝑢 − 𝑅𝑑)

1

𝛾
−

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑) (A1.14) 

Which make us free to choose 𝜆 = 0 as (𝐴1.13) =  (𝐴1.14), which give the final result of: 

 𝛼𝐴
𝑢𝑅𝑢 − 𝛼𝐴

𝑑𝑅𝑑 = 𝑅𝑢 − 𝑅𝑑 (A1.15) 

Even if the condition (𝐴1.8) were not to hold, because of the possibility of setting 𝜆 = 0 it does no harm to 

the solution and I thereby use the Kuhn-tucker theorem allowing Langrange optimization with inequality 

conditions to the program. Adding a constant to the program, say if 𝛼𝐸
𝑑 − 𝛼𝐸

𝑢 = 휀, where 휀 > 0, do not change 

the solution of this non-linear optimization problem as it has a solution. Thereby, we have proved that one 

can indeed substitute (𝐴1.3𝑏) with (𝐴1.6), without loss of generality. 

Equivalent it can be shown that when 𝑎 = 0, the entrepreneur never chooses 𝛼𝐴
𝑢 and 𝛼𝐴

𝑑 such that  

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑) < 0 

And the steps are the same as above, retrieving the solution that (𝐴1.3𝑏) with no loss of generality can be 

substituted by: 

𝑒 =
1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑) 

Q.E.D 

Proof of (1.11) 

To optimize the program stated in (1.11) I need to check first that the results of (1.5𝑎) and (1.5𝑏) still apply 

when the advisor participates and not the VC hence 𝐼𝐴 = 0. 

We now maximize the program when substituting for 𝑎 and 𝐼𝐹, with 𝑒 = 0 and remember that it is possible 

to subtract 𝛼𝐸; 
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max
𝛼𝐴

𝑢,𝛼𝐴
𝑑

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)𝛼𝐸

𝑢𝑅𝑢 + (1 −
1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑))𝛼𝐸

𝑑𝑅𝑑 − 𝛽
𝑒2

2
− (𝐼 − (

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)(1 −

(𝛼𝐸
𝑢 + 𝛼𝐴

𝑢))𝑅𝑢 + (1 −
1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑))(1 − (𝛼𝐸

𝑑 + 𝛼𝐴
𝑑))𝑅𝑑))  

=
1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)𝑅𝑢 + (1 −

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑))𝑅𝑑 − 𝐼 +

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)(1 − 𝛼𝐴

𝑢)𝑅𝑢 + (1 −

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑))(1 − 𝛼𝐴

𝑑)𝑅𝑑  

= (𝑅𝑢 − 𝑅𝑑)
1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑) +

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)(1 − 𝛼𝐴

𝑢)𝑅𝑢 −
1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)(1 − 𝛼𝐴

𝑑)𝑅𝑑 +

𝛼𝐴
𝑑𝑅𝑑 + 𝑅𝑑 − 𝐼  

 
= (𝑅𝑢 − 𝑅𝑑 − (𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑))

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑) + 𝛼𝐴

𝑑𝑅𝑑 + 𝑅𝑑 − 𝐼  (A1.16) 

St.  

 𝛼𝐸
𝑑𝑅𝑑 − 𝛼𝐸

𝑢𝑅𝑢 ≥ 0 (A1.17) 

 1

2𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)2 −

1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑)(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑) + 𝛼𝐴

𝑑𝑅𝑑 ≥ 0 (A1.18) 

 𝛼𝐸
𝑢𝑅𝑢 + 𝛼𝐴

𝑢𝑅𝑢 ≤ 𝑅𝑢 (A1.19) 

 𝛼𝐸
𝑑𝑅𝑑 + 𝛼𝐴

𝑑𝑅𝑑 ≤ 𝑅𝑑 (A1.20) 

Now the same procedure can be used as when proving the optimal levels of effort, except that (𝐴1.18), which 

is derived from (1.6𝑏) might not be binding. I assume that (𝐴1.20) is binding and find the optimal solution 

to the program. The Langrangian of the program and the first-order conditions become: 

 
𝐿 = (𝑅𝑢 − 𝑅𝑑 − (𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑))

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑) + 𝛼𝐴

𝑑𝑅𝑑 + 𝑅𝑑 − 𝐼

+ 𝜆1(−𝛼𝐴
𝑢𝑅𝑢 + 𝛼𝐴

𝑑𝑅𝑑 − 𝑅𝑢 + 𝑅𝑑) + 𝜆2(
1

2𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)2

+ 𝛼𝐴
𝑑𝑅𝑑) 

(A1.21) 

 𝜕𝐿

𝜕𝛼𝑢
= (𝑅𝑢 − 𝑅𝑑 − (𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑))

1

𝛾
𝑅𝑢  −

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)𝑅𝑢 − 𝜆1𝑅

𝑢

+ 𝜆2

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)𝑅𝑢 = 0 

(A1.22) 
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 𝜕𝐿

𝜕𝛼𝑑
= −(𝑅𝑢 − 𝑅𝑑 − (𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑))

1

𝛾
𝑅𝑑 +

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)𝑅𝑑 + 𝜆1𝑅

𝑑

− 𝜆2

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)𝑅𝑑 + 𝜆2𝑅

𝑑 = 0 

(A1.23) 

 

If we add up (𝐴1.22) and (𝐴1.23) we get 𝜆2 = 1, and must have that 𝐼𝐴 ≤ 0 is binding according to the 

Kuhn-Tucker conditions. (𝐴1.18) thereby explain that: 

1

2𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)2 −

1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑)(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑) + 𝛼𝐴

𝑑𝑅𝑑 = 0 

 1

2𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)2 = −𝛼𝐴

𝑑𝑅𝑑 (A1.24) 

Because 𝑒 = 0, 𝛽 goes away. Which determines that 𝛼𝐴 = 0. This is a special mathematical case, which 

satisfies the solution as the advisor will now choose his optimal level of effort 𝑎 that obviously equals 0. As 

in proving (1.5𝑎) and (1.5𝑏) the same result can be obtained whether (𝐴1.17) holds or not.  

In setting 𝑎 = 0 the participation constraint of the advisor becomes: 

= (𝑒 + 𝑎)𝛼𝐴
𝑢𝑅𝑢 + (1 − (𝑒 + 𝑎))𝛼𝐴

𝑑𝑅𝑑 − 𝛾
𝛼2

2
 

= (𝑒)𝛼𝐴
𝑢𝑅𝑢 + (1 − 𝑒)𝛼𝐴

𝑑𝑅𝑑 

 

(
1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑))𝛼𝐴

𝑢𝑅𝑢 + (1 − (
1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑)))𝛼𝐴

𝑑𝑅𝑑 (A1.25) 

Because the entrepreneur must choose (1.5𝑎)  in order for the project to be implemented. Thereby the 

program to be optimized is on all four share-fractions: 
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max
𝛼𝐸

𝑢,𝛼𝐴
𝑢,𝛼𝐸

𝑑,𝛼𝐴
𝑑

1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑)𝛼𝐸

𝑢𝑅𝑢 + (1 −
1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑))𝛼𝐸

𝑢𝑅𝑢 − 𝐼

+
1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑)(1 − 𝛼𝐸

𝑢 − 𝛼𝐴
𝑢)𝑅𝑢 + (1 −

1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑)) (1 − 𝛼𝐸

𝑑 − 𝛼𝐴
𝑑)𝑅𝑑

−
1

2𝛽 
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑)2 

 
=

1

2𝛽 
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑)2 + 𝛼𝐸

𝑑𝑅𝑑 + (1 − 𝛼𝐸
𝑑 − 𝛼𝐴

𝑑)𝑅𝑑

+
1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑)(1 − 𝛼𝐸

𝑢 − 𝛼𝐴
𝑢)(𝑅𝑢 − 𝑅𝑑) − 𝐼 

(A1.26) 

And because of the four share functions and the result from previously, we know that writing out the 

Langrangian and solving with first-order conditions give non-zero solutions for the Langrangian constant 

with respect to (𝐴1.19) and (𝐴1.20). Thus if (𝐴1.17) does not hold, it will be an inefficient solution when 

using the Kuhn-Tucker conditions. If (𝐴1.17) were not to hold then 𝛼𝐸
𝑢𝑅𝑢 − 𝛼𝐸

𝑑𝑅𝑑 = 휀 and 𝑒 =
1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 −

𝛼𝐸
𝑑𝑅𝑑 + 휀) and the entrepreneur is exerting a higher than optimal level of effort.  (𝐴1.17) should therefore 

be binding, which will give a better solution and the results (1.5𝑎) and (1.5𝑏) holds when 𝐼𝐴 = 0. 

Having proved that the optimal levels of effort are still given by (1.5𝑎) and (1.5𝑏) when 𝐼𝐴 = 0, we now 

turn towards the new program where we use the expression of 𝑒, 𝑎 𝑎𝑛𝑑 𝐼𝐹 defined as: 

max
𝛼𝐸

𝑢,𝛼𝐴
𝑢,𝛼𝐸

𝑑,𝛼𝐴
𝑑
=(

1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑) +

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑))𝛼𝐸

𝑢𝑅𝑢

+ (1 − (
1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑) +

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)))𝛼𝐸

𝑑𝑅𝑑 − 𝛽

1
𝛽

(𝛼𝐸
𝑢𝑅𝑢 − 𝛼𝐸

𝑑𝑅𝑑)2

2
− 𝐼

− (
1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑) +

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)) (1 − (𝛼𝐸

𝑢 + 𝛼𝐴
𝑢))𝑅𝑢

+ (1 − (
1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑) +

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑))) (1 − (𝛼𝐸

𝑑 + 𝛼𝐴
𝑑))𝑅𝑑 

 
= (

1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑) +

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)) (A1.27) 
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(𝑅𝑑 − 𝑅𝑑 − (𝛼𝐴
𝑢𝑅𝑢 − 𝛼𝐴

𝑑𝑅𝑑)) −
1

2𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑)2 + 𝑅𝑑 − 𝐼 − 𝛼𝐴

𝑑𝑅𝑑 

s.t. 

 1

2𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)2 −

1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑)(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑) + 𝛼𝐴

𝑑𝑅𝑑 ≥ 0 (A1.28) 

 
𝛼𝐸

𝑢𝑅𝑢 + 𝛼𝐴
𝑢𝑅𝑢 ≤ 𝑅𝑢 

(A1.29) 

 
𝛼𝐸

𝑑𝑅𝑑 + 𝛼𝐴
𝑑𝑅𝑑 ≤ 𝑅𝑑 

(A1.30) 

From which it directly follow that (𝐴1.28) cannot be binding if not 𝑎 = 0 and 𝛼𝐴 = 0, so by showing that 

the entrepreneur is strictly better off if (𝐴1.28) holds, it is equivalent to not hiring an advisor. First we begin 

by setting 𝛼𝐴
𝑑 = 0, which makes sense as the project yields 𝑅𝑑 in any case and if the advisor do not provide 

managerial effort he should not be given anything from the failure state. Further, it increases the incentives 

of the advisor as the optimal effort depend on the difference between the outcome in the bad state and the 

good state. Thereby, he is given the optimal setting for exerting effort without investing anything.  

Let 𝑋 = 𝛼𝐸
𝑢𝑅𝑢 − 𝛼𝐸

𝑑𝑅𝑑 and 𝑌 = 𝛼𝐴
𝑢𝑅𝑢 the objective function is expressed as: 

 
max
𝑋,𝑌

−
1

2𝛽
𝑋2 + (

1

𝛽
𝑋 +

1

𝛾
𝑌) (𝑅𝑢 − 𝑅𝑑 − 𝑌) − 𝐼 (A1.31) 

 
𝑠. 𝑡.  

1

2𝛾
𝑌2 +

1

𝛽
𝑋𝑌 ≥ 0 (A1.32) 

If 𝑋 is positive (𝐴1.32) is satisfied if 𝑌 > 0, hence this can be the constraint instead. The objective function 

is concave in the case of 2𝛽 > 𝛾 and convex otherwise. This is seen from the hessian of (𝐴1.31): 

 

ΗX,Y =

[
 
 
 
𝜕2𝑓(𝑋, 𝑌)

𝜕𝑋2

𝜕2𝑓(𝑋, 𝑌)

𝜕𝑋2𝜕𝑌2

𝜕2𝑓(𝑋, 𝑌)

𝜕𝑌2𝜕𝑋2

𝜕2𝑓(𝑋, 𝑌)

𝜕𝑌2 ]
 
 
 

=

[
 
 
 −

1

𝛽
−

1

𝛽

−
1

𝛽
−

2

𝛾]
 
 
 

 (A1.33) 

The determinant of the hessian because the hessian is a 2x2 matrix is given by: 

𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑛𝑡 = (−
1

𝛽
) ∗ (−

2

𝛾
) − (−

1

𝛽
) ∗ (−

1

𝛽
) 
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−
2

𝛾
= −

1

𝛽
 

 = 2𝛽 − 𝛾 (A1.34) 

Hence the hessian is negative semi-definite, when 2𝛽 < 𝛾, and the program is thus only concave under this 

condition. 

(Held and Bové, 2014) 

 The Lagrangian based on (𝐴1.31) and the constraint 𝑌 > 0 is given by: 

 
𝐿 = −

1

2𝛽
𝑋2 + (

1

𝛽
𝑋 +

1

𝛾
𝑌) (𝑅𝑢 − 𝑅𝑑 − 𝑌) − 𝐼 + 𝜆𝑌 (A1.35) 

And I derive the first-order conditions: 

 𝜕𝐿

𝜕𝑋
=

1

𝛽
(𝑅𝑢 − 𝑅𝑑 − 𝑌) −

𝑋

𝛽
= 0 ↔ 𝑋 = (𝑅𝑢 − 𝑅𝑑 − 𝑌) (A1.36) 

 𝜕𝐿

𝜕𝑌
=

1

𝛾
(𝑅𝑢 − 𝑅𝑑 − 𝑌) − (

1

𝛽
𝑋 +

1

𝛾
𝑌) + 𝜆 = 0 

(A1.37) 

s.t. 

 𝜆 ≥ 0, 𝑌 ≥ 0, 𝜆𝑌 = 0 (A1.38) 

 

Combining (𝐴1.36) and (𝐴1.37) assuming 𝜆 = 0 give: 

 1

𝛾
(𝑅𝑢 − 𝑅𝑑 − 𝑌) − (

1

𝛽
(𝑅𝑢 − 𝑅𝑑 − 𝑌) +

1

𝛾
𝑌) = 0 

= (1 −
𝛽

𝛾
)(𝑅𝑢 − 𝑅𝑑) = (1 −

2𝛽

𝛾
)𝑌 

=
𝛾 − 𝛽

𝛾 − 2𝛽
(𝑅𝑢 − 𝑅𝑑) = 𝑌 

(A1.39) 

Recall that the model assume 𝛾 > 𝛽 and (𝐴1.39) can only be feasible if 2𝛽 ≤ 𝛾, under this assumption. In 

such case, the determinant of the Hessian matrix to the program will be positive, hence the function is convex. 

In that sense, a possible solution will be a minimum and that is not value optimizing. 
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In the case of 2𝛽 > 𝛾, 𝑌 = 0 to satisfy the Lagrangian. 

The maximum is therefore 𝑌 = 0 and from (𝐴1.36) we get 𝑋 = (𝑅𝑢 − 𝑅𝑑). In any case it is therefore 

optimal, not to hire an advisor and the optimal solution for 𝑒 =
1

𝛽
𝑋 =

1

𝛽
(𝑅𝑢 − 𝑅𝑑). 

The entrepreneur is better off by not hiring an advisor and retrieve the full profit. However, this case is rare 

in practice as it rely on either entrepreneurial finance or debt financing by a bank, which does not exceed 𝑅𝑑 

as explained in section 2.1. 

Q.E.D 

4.2.4 Moral hazard and optimizing with a VC 

Optimizing when 𝑃𝐶𝐴  holds is in the footsteps of the previous procedures. As mentioned, we add yet a 

constraint: 

 (1 − (𝛼𝐸
𝑢 + 𝛼𝐴

𝑢))𝑅𝑢 ≥ (1 − (𝛼𝐸
𝑑 + 𝛼𝐴

𝑑))𝑅𝑑 (A1.40) 

which ensures that the pure-financier’s revenue is non-decreasing in the ventures income, an assumption that 

is discussed at the end of section 2.1.  

The program to optimize is now inserting the value of 𝐼𝐴 and it becomes: 
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max
𝛼𝐸

𝑢,𝛼𝐴
𝑢,𝛼𝐸

𝑑,𝛼𝐴
𝑑
=(

1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑) +

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑))𝛼𝐸

𝑢𝑅𝑢

+ (1 − (
1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑) +

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)))𝛼𝐸

𝑑𝑅𝑑 − 𝛽

1
𝛽

(𝛼𝐸
𝑢𝑅𝑢 − 𝛼𝐸

𝑑𝑅𝑑)2

2
− 𝐼

− (
1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑) +

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑))𝛼𝐴

𝑢𝑅𝑢

+ (1 − (
1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑) +

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)))𝛼𝐴

𝑑𝑅𝑑 − 𝛾

1
𝛾

(𝛼𝐴
𝑢𝑅𝑢 − 𝛼𝐴

𝑑𝑅𝑑)2

2

− (
1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑) +

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)) (1 − (𝛼𝐸

𝑢 + 𝛼𝐴
𝑢))𝑅𝑢

+ (1 − (
1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑) +

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)))(1 − (𝛼𝐸

𝑑 + 𝛼𝐴
𝑑))𝑅𝑑 

 

= (
1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑) +

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)) (𝑅𝑢 − 𝑅𝑑) + 𝛼𝐸

𝑑𝑅𝑑 + 𝛼𝐴
𝑑𝑅𝑑

−
1

2𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)2 −

1

2𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑)2 − 𝐼 

(A1.41) 

s.t.  

 (𝛼𝐸
𝑢, 𝛼𝐸

𝑑 , 𝛼𝐴
𝑢, 𝛼𝐴

𝑑) ≥ 0 (A1.42) 

 1 − 𝛼𝐸
𝑢 − 𝛼𝐴

𝑢 ≥ 0 (A1.43) 

 1 − 𝛼𝐸
𝑑 − 𝛼𝐴

𝑑 ≥ 0 (A1.44) 

 (1 − (𝛼𝐸
𝑢 + 𝛼𝐴

𝑢))𝑅𝑢 ≥ (1 − (𝛼𝐸
𝑑 + 𝛼𝐴

𝑑))𝑅𝑑 (A1.45) 

 

For the reasons mentioned earlier I set 𝛼𝐴
𝑑 = 0. (𝐴1.43) is naturally satisfied when (𝐴1.44) and (𝐴1.45) is 

satisfied, hence we can exclude (𝐴1.43) and the Lagrangian of the program becomes: 
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𝐿 = (

1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑) +

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)) (𝑅𝑢 − 𝑅𝑑) + 𝛼𝐸

𝑑𝑅𝑑 + 𝛼𝐴
𝑑𝑅𝑑

−
1

2𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)2 −

1

2𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑)2 − 𝐼 

+𝜆1𝛼𝐸
𝑢𝑅𝑢 + 𝜆2𝛼𝐸

𝑑𝑅𝑑 + 𝜆3𝛼𝐴
𝑢𝑅𝑢 + 𝜆4𝛼𝐴

𝑑𝑅𝑑 

+𝜆5(𝑅
𝑢 − 𝑅𝑑 − 𝛼𝐸

𝑢𝑅𝑢 + 𝛼𝐸
𝑑𝑅𝑑 − 𝛼𝐴

𝑢𝑅𝑢 + 𝛼𝐴
𝑑𝑅𝑑) 

+𝜆6(𝑅
𝑑 − 𝛼𝐸

𝑑𝑅𝑑 − 𝛼𝐴
𝑑𝑅𝑑) 

(A1.46) 

The maximization is the first-order conditions with respect to the four profit shares: 

 𝜕𝐿

𝜕𝛼𝐸
𝑢 =

1

𝛽
𝑅𝑢(𝑅𝑢 − 𝑅𝑑) −

1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑)𝑅𝑢 + 𝜆1𝑅

𝑢 − 𝜆5𝑅
𝑢 = 0 (A1.47) 

 𝜕𝐿

𝜕𝛼𝐸
𝑑 = −

1

𝛽
𝑅𝑑(𝑅𝑢 − 𝑅𝑑) + 𝑅𝑑 +

1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑)𝑅𝑑 + 𝜆2𝑅

𝑑 − 𝜆5𝑅
𝑑 − 𝜆6𝑅

𝑑

= 0 

(A1.48) 

 𝜕𝐿

𝜕𝛼𝐴
𝑢 =

1

𝛾
𝑅𝑢(𝑅𝑢 − 𝑅𝑑) −

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)𝑅𝑢 + 𝜆3𝑅

𝑢 − 𝜆5𝑅
𝑢 = 0 (A1.49) 

 𝜕𝐿

𝜕𝛼𝐴
𝑑 = −

1

𝛾
𝑅𝑑(𝑅𝑢 − 𝑅𝑑) + 𝑅𝑑 +

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)𝑅𝑑 + 𝜆4𝑅

𝑑 − 𝜆5𝑅
𝑑 − 𝜆6𝑅

𝑑

= 0 

(A1.50) 

We collect terms from the first order derivatives: 

 𝜆1 − λ5 + 1 + 𝜆2 + 𝜆5 − 𝜆6 = 0 ↔ 1 + 𝜆1 + 𝜆2 = 𝜆6 (A1.51) 

 𝜆3 − λ5 + 1 + 𝜆4 + 𝜆5 − 𝜆6 = 0 ↔ 1 + 𝜆3 + 𝜆4 = 𝜆6 ↔ 𝜆3 + 𝜆4 = 𝜆1 + 𝜆2 (A1.52) 

And  

1

𝛽
𝑅𝑢(𝑅𝑢 − 𝑅𝑑) −

1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑)𝑅𝑢 + 𝜆1𝑅

𝑢 − 𝜆5𝑅
𝑢

=
1

𝛾
𝑅𝑢(𝑅𝑢 − 𝑅𝑑) −

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑)𝑅𝑢 + 𝜆3𝑅

𝑢 − 𝜆5𝑅
𝑢 

1

𝛽
(𝑅𝑢 − 𝑅𝑑) −

1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑) + 𝜆1 =

1

𝛾
(𝑅𝑢 − 𝑅𝑑) −

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑) + 𝜆3 

 
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑) = (𝑅𝑢 − 𝑅𝑑) −

1

𝛾
𝛽(𝑅𝑢 − 𝑅𝑑) +

1

𝛾
𝛽(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑) + 𝛽𝜆1 − 𝛽𝜆3 (A1.53) 
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The entrepreneur and VC need strictly positive shares in the good state hence we can set 𝜆1 = 𝜆3 = 0 and 

(𝐴1.45) must be binding as there is no reason to give the pure financier a greater share in the good state. 

From (𝐴1.53) and (𝐴1.45) we get: 

𝑅𝑢 − 𝑅𝑑 − 𝛼𝐴
𝑢𝑅𝑢 + 𝛼𝐴

𝑑𝑅𝑑 = (𝑅𝑢 − 𝑅𝑑) −
1

𝛾
𝛽(𝑅𝑢 − 𝑅𝑑) +

1

𝛾
𝛽(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑) + 𝛽𝜆1 − 𝛽𝜆3 

𝛼𝐴
𝑢𝑅𝑢 − 𝛼𝐴

𝑑𝑅𝑑 =
𝛽

𝛾
(𝑅𝑢 − 𝑅𝑑) −

𝛽

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑) 

𝛽 + 𝛾

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑) =

𝛽

𝛾
(𝑅𝑢 − 𝑅𝑑) 

 
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑) =

𝛽

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑) (A1.54) 

Put back into (𝐴1.45) gives: 

 (𝛼𝐸
𝑢𝑅𝑢 − 𝛼𝐸

𝑑𝑅𝑑) =
𝛾

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑) (A1.55) 

Thus the solutions to (𝐴1.41) are given by (𝐴1.54) and (𝐴1.55). Given that the participation constraints of 

both the VC and the pure financier are binding, (𝐴1.54)  and (𝐴1.55)  can be used to derive compact 

definitions of 𝐼𝐴 and 𝐼𝐹 in equilibrium denoted 𝐼𝐴
∗ and 𝐼𝐹

∗: 

 
𝐼𝐴
∗ = ([

1

𝛽

𝛾

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑) +

1

𝛾

𝛽

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑)]) 𝛼𝐴

𝑢𝑅𝑢

+ (1 − [
1

𝛽

𝛾

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑) +

1

𝛾

𝛽

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑)]) 𝛼𝐴

𝑑𝑅𝑑

−
1

2𝛾
(

𝛽

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑))

2

 

= 𝛼𝐴
𝑑𝑅𝑑 + [

1

𝛽

𝛾

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑) +

1

𝛾

𝛽

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑)]

𝛽

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑)

−
1

2𝛾

𝛽2

𝛾 + 𝛽2
(𝑅𝑢 − 𝑅𝑑)2 

 

 
=

(𝑅𝑢 − 𝑅𝑑)2

(𝛾 + 𝛽)2
(
𝛽2 + 2𝛾2 

2𝛾
) + 𝛼𝐴

𝑑𝑅𝑑 (A1.56) 



- 97 - 

 

𝐼𝐹
∗ = [

1

𝛽

𝛾

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑) +

1

𝛾

𝛽

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑)] (1 − 𝛼𝐸

𝑢 − 𝛼𝐴
𝑢)𝑅𝑢 + (1

− [
1

𝛽

𝛾

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑) +

1

𝛾

𝛽

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑)])(1 − 𝛼𝐸

𝑢 − 𝛼𝐴
𝑢)𝑅𝑢 

 = 𝑅𝑑 − 𝛼𝐸
𝑑𝑅𝑑 − 𝛼𝐴

𝑑𝑅𝑑 (A1.57) 

In equilibrium 𝐼𝐴
∗ is thus positive and from (𝐴1.54) the effort of the VC in equilibrium is positive as well: 

 
𝑎∗ =

1

𝛾
(𝛼𝐴

𝑢𝑅𝑢 − 𝛼𝐴
𝑑𝑅𝑑) =

1

𝛾

𝛽

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑) > 0 (A1.58) 

 
𝑒∗ =

1

𝛽
(𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑) =

1

𝛽

𝛾

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑) > 0 (A1.59) 

And from (𝐴1.58) we can therefore conclude that it is optimal in equilibrium to let the VC provide his 

managerial effort in the case of investing in the venture. Thereby, we create greater NPV value even though 

the effort of the VC is relatively less efficient than that of the entrepreneur because his advice is accompanied 

with an investment.  

Q.E.D. 

4.2.5 The entrepreneur’s financial participation 

4.2.5.1 Proof of (1.27) 

The optimal amount of financing that can be obtained so that the solutions to the program (𝐴1.41) are still 

useful is given by using the expression in (𝐴1.56) and (𝐴1.57): 

𝐼∗ = 
(𝑅𝑢 − 𝑅𝑑)2

(𝛾 + 𝛽)2
(
𝛽2 + 2𝛾2 

2𝛾
) + 𝛼𝐴

𝑑𝑅𝑑 + 𝑅𝑑 − 𝛼𝐸
𝑑𝑅𝑑 − 𝛼𝐴

𝑑𝑅𝑑 

   
𝐼∗ = 

(𝑅𝑢 − 𝑅𝑑)2

(𝛾 + 𝛽)2
(
𝛽2 + 2𝛾2 

2𝛾
) + 𝑅𝑑 (A1.60) 

We subtract 𝛼𝐸
𝑑𝑅𝑑  because of the reasons mentioned earlier and get the maximal amount of outside 

investment given by (𝐴1.60).  

Inserting  
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𝑉(𝑒, 𝑎) = (𝑒 + 𝑎)𝑅𝑢 + (1 − (𝑒 + 𝑎))𝑅𝑑 − 𝛽
𝑒2

2
− 𝛾

𝑎2

2
− 𝐼 

= (
1

𝛽

𝛾

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑) +

1

𝛾

𝛽

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑))𝑅𝑢

+ (1 − (
1

𝛽

𝛾

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑) +

1

𝛾

𝛽

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑)))𝑅𝑑 

−𝛽

1
𝛽

𝛾
𝛾 + 𝛽

(𝑅𝑢 − 𝑅𝑑)2

2
− 𝛾

1
𝛾

𝛽
𝛾 + 𝛽

(𝑅𝑢 − 𝑅𝑑)2

2
− 𝐼 

 
𝑉∗ =

𝛾2 + 𝛽2 + 𝛽𝛾

2𝛾𝛽(𝛾 + 𝛽)
(𝑅𝑢 − 𝑅𝑑)2 + 𝑅𝑑 − 𝐼 (A1.61) 

 

Q.E.D. 

4.2.5.2 Proof of (1.29) − (1.31) 

However we need to add yet a constraint in the case of the entrepreneur not being able to fund 𝐼 − 𝐼∗ > 0 

 𝐼𝐴 + 𝐼𝐹 > 𝐼∗ (A1.62) 

Obviously, we set 𝛼𝐸
𝑑 = 0 for the reasons mentioned earlier and we thereby use the definition of 𝑋 and 𝑌 

when replacing the binding participation constraints: 

 
𝐼𝐴 + 𝐼𝐹 =

1

𝛽
𝑋𝑌 +

1

2𝛾
𝑌2 + 𝑅𝑑 (A1.63) 

And to have  (𝐴1.45) binding we must have  

 𝑋 = 𝑅𝑢 − 𝑅𝑑 − 𝑌 (A1.64) 

Combining (𝐴1.63) and (𝐴1.64) we get: 

𝐼𝐴 + 𝐼𝐹 =
1

𝛽
(𝑅𝑢 − 𝑅𝑑 − 𝑌)𝑌 +

1

2𝛾
𝑌2 + 𝑅𝑑 

=
1

𝛽
(𝑅𝑢 − 𝑅𝑑)𝑌 −

1

𝛽
𝑌2 +

1

2𝛾
𝑌2 + 𝑅𝑑 
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(

1

2𝛾
−

1

𝛽
) 𝑌2 +

1

𝛽
(𝑅𝑢 − 𝑅𝑑)𝑌 + 𝑅𝑑 − (𝐼𝐴 + 𝐼𝐹) = 0 (A1.65) 

Which is a simple second-order equation for Y, so we calculate the determinant to be: 

 
Δ =

(𝑅𝑢 − 𝑅𝑑)2

𝛽2
− 2((𝐼𝐴 + 𝐼𝐹) − 𝑅𝑑)

2𝛾 − 𝛽

𝛾𝛽
  (A1.66) 

In order for the determinant to be non-negative, hence that the program has a solution it is given that: 

(𝑅𝑢 − 𝑅𝑑)2

𝛽2
− 2((𝐼𝐴 + 𝐼𝐹) − 𝑅𝑑)

2𝛾 − 𝛽

𝛾𝛽
≥ 0 

  

−((𝐼𝐴 + 𝐼𝐹) − 𝑅𝑑)
2𝛾 − 𝛽

𝛾𝛽
≥

(𝑅𝑢 − 𝑅𝑑)2

2𝛽2
 

(𝐼𝐴 + 𝐼𝐹) ≤

(𝑅𝑢 − 𝑅𝑑)2

2𝛽2

2𝛾 − 𝛽
𝛾𝛽

+ 𝑅𝑑 

(𝐼𝐴 + 𝐼𝐹) ≤

1
2𝛽2

2𝛾 − 𝛽
𝛾𝛽

(𝑅𝑢 − 𝑅𝑑)2 + 𝑅𝑑 

 
(𝐼𝐴 + 𝐼𝐹) ≤ (

1

2𝛽
) (

𝛾

2𝛾 − 𝛽
) (𝑅𝑢 − 𝑅𝑑)2 + 𝑅𝑑 = 𝐼𝑚𝑎𝑥   (A1.67) 

Thus, this is the maximum value so that the determinant is still non-negative and we have a solution to the 

program. In other words, it is the maximal amount of outside financing that the entrepreneur can raise so that 

the project is still NPV positive.  

Now we solve the second-order equation for Y, which gives: 

 

𝑌 =
−

1
𝛽

(𝑅𝑢 − 𝑅𝑑) ± √Δ

𝛽 − 2𝛾
𝛾𝛽

  

𝑌 = 𝛼𝐴
𝑢𝑅𝑢 − 𝛼𝐴

𝑑𝑅𝑑 =
−𝛾(𝑅𝑢 − 𝑅𝑑) ± 𝛾𝛽√Δ

𝛽 − 2𝛾
 

(A1.68) 

The entrepreneur’s share is found by taking (𝐴1.45) and (𝐴1.67).  
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(1 − (𝛼𝐸
𝑢 + 𝛼𝐴

𝑢))𝑅𝑢 ≥ (1 − (𝛼𝐸
𝑑 + 𝛼𝐴

𝑑))𝑅𝑑 

 
𝛼𝐸

𝑢𝑅𝑢 − 𝛼𝐸
𝑑𝑅𝑑 = 𝛼𝐸

𝑢𝑅𝑢 = 𝑋 = 𝑅𝑢 − 𝑅𝑑 − 
−𝛾(𝑅𝑢 − 𝑅𝑑) ± 𝛾𝛽√Δ

𝛽 − 2𝛾
 

𝛼𝐸
𝑢𝑅𝑢 = 

(𝛽−𝛾)(𝑅𝑢−𝑅𝑑)±𝛾𝛽√Δ

𝛽−2𝛾
  

(A1.69) 

And the optimal levels of effort, when the entrepreneur is wealth constrained are therefore: 

 
𝑒∗ =

𝛾 − 𝛽(𝑅𝑢 − 𝑅𝑑) + 𝛾𝛽√Δ

𝛽(2𝛾 − 𝛽)
 (A1.70) 

 
𝑎∗ =

𝛾(𝑅𝑢 − 𝑅𝑑) − 𝛾𝛽√Δ

𝛾(2𝛾 − 𝛽)
 

 

(A1.71) 

Q.E.D. 

4.2.6 Optimal contract 

4.2.6.1 Proof of (1.32) 

In the case of VC financing, there are two solutions. I first derive the conditions under which the  

VC is given common stocks and the entrepreneur preferred stocks.  

We define 𝑅  as the minimum dividend pledged on each preferred stock, multiplied with the number of 

preferred stocks. 𝛼 is the fraction of preferred stocks in the venture’s equity, hence the fraction of common 

stocks is given by (1 − 𝛼). Further, the value are given by 𝛼𝑅𝑑 < 𝑅 < 𝑅𝑑 and 𝑅 < 𝛼𝑅𝑢 hence the preferred 

stocks are of greater value than common stocks in the bad state. 

The current security strategy is therefore only possible when: 

 (1 − 𝛼𝐸
𝑑)𝑅𝑑 = 𝑅𝑑 − 𝑅, (A1.72) 

  (1 − 𝛼𝐸
𝑢)𝑅𝑢 = (1 − 𝛼)𝑅𝑢 ⟺ 𝛼𝐸

𝑢 = 𝛼 , (A1.73) 

 𝛼𝜖 [
𝑅

𝑅𝑢
,

𝑅

𝑅𝑑
], (A1.74) 

 𝑅 ≤ 𝑅𝑑 (A1.75) 

(𝐴1.72) define that the entrepreneur is receiving what is left of the outcome in the bad state after the preferred 

stock has received their pay. In the good state the entrepreneur’s share is equal to the cash-flow of the 
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preferred stock, reflected in (𝐴1.73). (𝐴1.74) and (𝐴1.75) are simply given by 𝛼𝑅𝑑 < 𝑅 < 𝑅𝑑  and 𝑅 <

𝛼𝑅𝑢. 

Recall, when selecting this strategy the financing rule of the entrepreneur is neutral and 𝐼𝐴 ≤ 𝐼∗: 

 𝑅 = 𝑅𝑑 − (1 − 𝛼𝐸
𝑑)𝑅𝑑 

= 𝑅𝑑 − 𝛼𝐴
𝑑𝑅𝑑 

(A1.76) 

And by using the expression of 𝐼𝐴 and 𝐼∗: 

(𝑅𝑢 − 𝑅𝑑)2

(𝛾 + 𝛽)2
(
𝛽2 + 2𝛾2 

2𝛾
) + 𝛼𝐴

𝑑𝑅𝑑 =
(𝑅𝑢 − 𝑅𝑑)2

(𝛾 + 𝛽)2
(
𝛽2 + 2𝛾2 

2𝛾
) + 𝑅𝑑 

 𝐼∗ − 𝐼𝐴 = 𝑅𝑑 − 𝛼𝐴
𝑑𝑅𝑑 = 𝑅 (A1.77) 

Which then imply that: 

 𝐼∗ − 𝐼𝐴 = 𝛼𝐸
𝑑𝑅𝑑 = 𝛼 

(𝛼𝐸
𝑢𝑅𝑢 − 𝛼𝐸

𝑑𝑅𝑑) =
𝛾

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑) 

𝛼𝐸
𝑢 =

𝛾
𝛾 + 𝛽

(𝑅𝑢 − 𝑅𝑑) + 𝛼𝐸
𝑑𝑅𝑑

𝑅𝑢
=

𝛾
𝛾 + 𝛽

(𝑅𝑢 − 𝑅𝑑) + 𝐼∗ − 𝐼𝐴

𝑅𝑢 
 

(A1.78) 

 

And the solutions are satisfied under (𝐴1.74) and (𝐴1.75): 

(𝐴1.75) 𝑤ℎ𝑒𝑛, 𝐼∗ − 𝐼𝐴 ≤ 𝑅𝑑 

 

(𝐴1.74) 𝑤ℎ𝑒𝑛, utilizing (𝐴1.77) and (𝐴1.78) 

𝛼𝑅𝑑 = 𝑅 ⟺

𝛾
𝛾 + 𝛽

(𝑅𝑢 − 𝑅𝑑) + 𝐼∗ − 𝐴𝑉𝐶

𝑅𝑢 
𝑅𝑑 = 𝐼∗ − 𝐼𝐴 

(
𝛾

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑) + 𝐼∗ − 𝐴𝑉𝐶)𝑅𝑑 = (𝐼∗ − 𝐼𝐴)𝑅𝑢 

𝛾

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑)𝑅𝑑 = (𝐼∗ − 𝐼𝐴)(𝑅𝑢 − 𝑅𝑑) 

𝐼𝐴(𝑅𝑢 − 𝑅𝑑) = 𝐼∗(𝑅𝑢 − 𝑅𝑑) −
𝛾

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑)𝑅𝑑 

 𝐼𝐴 = 𝐼∗ −
𝛾

𝛾 + 𝛽
𝑅𝑑 (A1.79) 
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In the case of issuing common stocks to the VC, the maximal investment is thus given by (A1.79). 

Q.E.D. 

VC is given preferred stocks and the entrepreneur common stocks.  

The preferred stocks (convertible bonds) have a face value 𝐷  and a fraction 1 − 𝛼  and in the case of 

(1 − 𝛼)�̃� ≤ 𝐷 the VC gets min[𝐷; �̃�] ; if (1 − 𝛼)�̃� > 𝐷 the VC gets min(1 − 𝛼)�̃�. 

And to be able to distinguish between convertibles and common stocks, we assume (1 − 𝛼)𝑅𝑑 < 𝐷 <

(1 − 𝛼)𝑅𝑢. We consider that the request for outside financing is below 𝐼∗ such that 𝐷 ≤ 𝑅𝑑 and the set of 

conditions for the contract is thereby: 

 (1 − 𝛼𝐸
𝑑)𝑅𝑑 = 𝐷 (A1.80) 

 (1 − 𝛼𝐸
𝑢)𝑅𝑢 = (1 − 𝛼)𝑅𝑢 (A1.81) 

 
𝛼𝜖 [

𝑅𝑑 − 𝐷

𝑅𝑑
,
𝑅𝑢 − 𝐷

𝑅𝑢
] (A1.82) 

 𝐷 ≤ 𝑅𝑑 (A1.83) 

The entrepreneur surrender as much of the bad state so as to get a large investment by the VC, which is 

reflected in (𝐴1.80) that he gets the residual of the VC’s claim of 𝑅𝑑. (𝐴1.81) simply states that the bonds 

can be converted into having the same payoff as the common stocks in the good state.  

And yet again (𝐴1.82) and (𝐴1.83) is based on the assumptions written above.  

 𝐷 = (1 − 𝛼𝐸
𝑑)𝑅𝑑 = 𝛼𝐴

𝑑𝑅𝑑 = 𝑅𝑑 − 𝐼∗ + 𝐼𝐴 (A1.84) 

And we can rewrite (𝐴1.81): 

(1 − 𝛼𝐸
𝑢)𝑅𝑢 = (1 − 𝛼)𝑅𝑢 

(1 − 𝛼𝐸
𝑢) = (1 − 𝛼) = 𝛼𝐴

𝑢 

 

𝛼𝐴
𝑢 =

𝛽
𝛾 + 𝛽

(𝑅𝑢 − 𝑅𝑑) + 𝛼𝐴
𝑑𝑅𝑑

𝑅𝑢
=

𝛽
𝛾 + 𝛽

(𝑅𝑢 − 𝑅𝑑) + 𝑅𝑑 − 𝐼∗ + 𝐼𝐴

𝑅𝑢
 

(A1.85) 

As done in the previous example 

Once again we need to establish the conditions for which these results are valid, which can be done by using 

(𝐴1.84) and (𝐴1.85) in (𝐴1.83): 



- 103 - 

 

𝛼𝑅𝑑 > 𝑅𝑑 − 𝐷 ⟺ 𝐷 > (1 − 𝛼)𝑅𝑑 

𝛽
𝛾 + 𝛽

(𝑅𝑢 − 𝑅𝑑)𝑅𝑑 + (𝑅𝑑 − 𝐼∗ + 𝐼𝐴)𝑅𝑑

𝑅𝑢
< 𝑅𝑑 − 𝐼∗ + 𝐼𝐴 

𝛽

𝛾 + 𝛽
(𝑅𝑢 − 𝑅𝑑)𝑅𝑑 + (𝑅𝑑 − 𝐼∗ + 𝐴𝑉𝐶)𝑅𝑑 < 𝑅𝑢(𝑅𝑑 − 𝐼∗ + 𝐼𝐴) 

 𝛽

𝛾 + 𝛽
𝑅𝑑 − 𝑅𝑑 + 𝐼∗ < 𝐼𝐴 (A1.86) 

Q.E.D 
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4.3 Mathematical Proofs for Section 2.2  

4.3.1 Change of notation  

Parameter Original notation New notation 

Project’s probability of being good 𝛼 𝜃 

The share of the VC 𝑆 𝛼𝐴 

Entrepreneur’s share value 

assuming liquid assets in place 
𝐴𝑡 𝑄𝑡  

 

4.3.2 Proof for (2.2): 

Bayes’ theorem explain the posterior probability given the likelihood of an event causing the posterior 

probability as: 

 
Pr(𝐴|𝐵) =

Pr(𝐵|𝐴) ∗ Pr(𝐴)

Pr(𝐵)
 

=
Pr(𝐵|𝐴) ∗ Pr(𝐴)

Pr(𝐵|𝐴) ∗ Pr(𝐴) + Pr (𝐵|𝐴𝑐) ∗ Pr(𝐴𝑐)
 

(A2.1) 

Where  

Pr(𝐵|𝐴) is the probability of the posterior belief happening given the prior belief 

Pr(𝐴) is the prior belief 

Pr(𝐴𝑐) is the inverse of the prior belief, hence the disbelief 

Pr (𝐵|𝐴𝑐) is the probability of the posterior belief happening given the prior disbelief  

(Held and Bové, 2014) 

In the analysis I define Pr(𝐵|𝐴) = (1 − 𝑝𝑡), Pr(𝐴) =𝜃𝑡, Pr(𝐴𝑐) = (1 − 𝜃𝑡), Pr(𝐵|𝐴𝑐) = 1. 

Pr(𝐵|𝐴𝑐) is set to equal 1, because if the project is not good it will never succeed, hence a likelihood of 1. 

Inserting the variables in the general expression give.  

 
𝜃𝑡+1 =

𝜃𝑡(1 − 𝑝𝑡)

𝜃𝑡(1 − 𝑝𝑡) + 1 ∗ (1 − 𝜃𝑡)
 

=
𝜃𝑡(1 − 𝑝𝑡)

𝜃𝑡(1 − 𝑝𝑡) + 1 − 𝜃𝑡

 

(A2.2) 

Q.E.D 
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4.3.3 Proof for (2.3): 

We are able to generate a definition for the posterior belief at any given point in time as a function of the 

initial belief 𝜃0. This is because the evolution of the belief only depend on the investment, hence 𝑝. The 

chance of being in time 𝑡 = 4 is obviously: 

 = (1 − 𝑝1) ∗ (1 − 𝑝2) ∗ (1 − 𝑝3) (A2.3) 

We only proceed to the next stage in case of failure and if we use the denotion of time the likelihood becomes: 

 
= ∏ (1 − 𝑝𝑠)

𝑡

𝑠=0
 (A2.4) 

Whereas we are able to reach the expression in (2.3) by substituting the above into (𝐴2.2): 

 
𝜃𝑡+1 =

𝜃0 ∏ (1 − 𝑝𝑠)
𝑡
𝑠=0

𝜃0 ∏ (1 − 𝑝𝑠)
𝑡
𝑠=0 + 1 − 𝜃0

 (A2.5) 

Q.E.D 

4.3.4 Proof for (2.4): 

I simply use the basic mathematical operation: 

In the case of  

 𝑝1 = 𝑝2 = 𝑝3 (A2.6) 

 𝑝1 ∗ 𝑝2 ∗ 𝑝3 = 𝑝1
3 (A2.7) 

And thereby denote �̂� for this specific strategy. 

4.3.5 Proof for (2.9): 

(2.9) can be explained by using this simple example. 

Let us assume we have to periods and thereby 𝑇 = 1 = 𝑡 + 1 and 𝑡 = 0, the value in period 𝑇 is given by: 

 𝑉(𝜃𝑇) = 𝜃𝑇𝑝𝑅𝑢 − 𝑐𝑝 (A2.8) 

The value in period 𝑡 is then the value of potential success in the given period but as well in the future periods. 

The likelihood of future periods happening is obviously the inverse of successful realization in the given 

period hence 
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 𝑉(𝜃𝑡) = max
𝑝𝑡

{𝜃𝑡𝑝𝑡𝑅
𝑢 − 𝑐𝑝𝑡 + (1 − 𝜃𝑡𝑝𝑡)𝛿𝑉(𝜃𝑡+1)} (A2.9) 

Hence, the dynamic programming ensures that all future events (until termination) are recouped in one term. 

4.3.6 Proof for proposition 4 

Hereunder (2.11) − (2.13) 

By telescoping the returns of the venture over time, one can obtain the value of an arbitrary investment policy 

 

∑𝛿𝑠−𝑡

𝑇

𝑠=𝑡

((𝜃𝑠𝑝𝑠𝑅 − 𝑐𝑝𝑠)∏(1 − 𝜃𝑟𝑝𝑟)

𝑠−1

𝑟=𝑡

) (A2.10) 

The probability of continuing into the next period because of no success is given by (1 − 𝜃𝑟𝑝𝑟), hence the 

probability in some given period of the NPV is ∏ (1 − 𝜃𝑟𝑝𝑟)
𝑠−1
𝑟=𝑡 . In that specific period, the NPV is given by 

(𝜃𝑠𝑝𝑠𝑅 − 𝑐𝑝𝑠), so the expected NPV is (𝜃𝑠𝑝𝑠𝑅 − 𝑐𝑝𝑠)∏ (1 − 𝜃𝑟𝑝𝑟)
𝑠−1
𝑟=𝑡 , which need to be discounted back to 

time zero. The sum of the expected discounted NPVs in every period is thereby of an arbitrary investment 

policy starting at 𝑡 ending at 𝑇. 

Assuming the conditional probability is fixed ∏ (1 − 𝜃𝑟𝑝𝑟)
𝑡−1
𝑟=𝑡 = 1, the probabilities behave like ordinary 

probabilities, described generally by: 

 Pr(𝐵) = Pr(𝐵|𝐴1) 𝑃𝑟(𝐴1) + ⋯+ Pr(𝐵|𝐴𝑛) 𝑃𝑟(𝐴𝑛) (A2.11) 

 (Held and Bové, 2014) 

Hence we can use that  

 

∏(1 − 𝜃𝑟𝑝𝑟)

𝑠−1

𝑟=𝑡

=
𝜃𝑡

𝜃𝑠

 ∏(1 − 𝑝𝑟)

𝑠−1

𝑟=𝑡

 (A2.12) 

Where, 

 𝜃𝑡

𝜃𝑠

= 𝜃𝑡  + (1 − 𝜃𝑡)
1

∏ (1 − 𝑝𝑟)
𝑠−1
𝑟=𝑡

 (A2.13) 

So we can use that  

∏(1 − 𝑝𝑟)

𝑠−1

𝑟=𝑡

(𝜃𝑡  + (1 − 𝜃𝑡)
1

∏ (1 − 𝑝𝑟)
𝑠−1
𝑟=𝑡

) = 𝜃𝑡 ∏(1 − 𝑝𝑟)

𝑠−1

𝑟=𝑡

 + (1 − 𝜃𝑡)
∏ (1 − 𝑝𝑟)

𝑠−1
𝑟=𝑡

∏ (1 − 𝑝𝑟)
𝑠−1
𝑟=𝑡
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= 𝜃𝑡 ∏(1 − 𝑝𝑟)

𝑠−1

𝑟=𝑡

 + 1 − 𝜃𝑡 (A2.14) 

Which is equivalent with Pr(𝐵) as seen in (𝐴2.5).  

We substitute (𝐴2.14) into (𝐴2.10) and get: 

 

= ∑𝛿𝑠−𝑡

𝑇

𝑠=𝑡

((𝜃𝑡𝑝𝑠𝑅
𝑢 − 𝜃𝑡𝑐𝑝𝑠)∏(1 − 𝑝𝑟)

𝑠−1

𝑟=𝑡

− 𝑐𝑝𝑠(1 − 𝜃𝑡)) (A2.15) 

By taking out the value from period t, which is discounted with 1 anyway because 𝛿1−1 = 𝛿0 = 1, we obtain: 

 

𝑝𝑡(𝜃𝑡𝑅
𝑢 − 𝑐) + ∑ 𝛿𝑠−𝑡

𝑇

𝑠=𝑡+1

(𝜃𝑡𝑝𝑠(𝑅
𝑢 − 𝑐)(1 − 𝑝𝑡) ∏ (1 − 𝑝𝑟)

𝑠−1

𝑟=𝑡+1

− 𝑐𝑝𝑠(1 − 𝜃𝑡)) (A2.16) 

Which explain linearity in 𝑝𝑡, hence the optimal investment policy is to either allocate maximal capital in all 

periods or none, to obtain a maximum value. Setting 𝑝𝑠 = 𝑝 for all periods up until the efficient stopping 

point in time earlier denoted 𝑇∗, we get: 

 

𝑉(𝜃𝑡) = ∑𝛿𝑠−𝑡

𝑇∗

𝑠=𝑡

(𝜃𝑡𝑝(𝑅𝑢 − 𝑐)(1 − 𝑝)𝑠−𝑡 − (1 − 𝜃𝑡)𝑐𝑝) (A2.17) 

Which in particular for 𝜃0 is: 

 
𝑉(𝜃0) = 𝜃0𝑝(𝑅𝑢 − 𝑐)

1 − 𝛿𝑇∗
(1 − 𝑝)𝑇∗

 

1 − 𝛿(1 − 𝑝)
− (1 − 𝜃0)𝑐𝑝

1 − 𝛿𝑇∗

1 − 𝛿
 (A2.18) 

 

Where 
1−𝛿𝑇∗

(1−𝑝)𝑇
∗
 

1−𝛿(1−𝑝)
 is Bayes’ rule in odds form simply explaining the odds for receiving the NPV. 

1−𝛿𝑇∗

1−𝛿
 is 

thus the equivalent discounting of the costs of the attempts until success, which is subtracted from the 

expected NPV. 

Q.E.D 

4.3.7 Proof for evolution of the entrepreneurial share 

Hereunder (2.27) − (2.28) 

The proofs of (2.27) − (2.28) base on proofs of the possible deviation, which are stated in lemma A.1 
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Lemma A.1 

(i) The optimal policy for the entrepreneur is always either 𝑝′ = 0 or 𝑝′ = 𝑝𝑡 

(ii) If the optimal policy is 𝑝′ = 𝑝𝑡 for some 𝜃𝑡, then 𝑝𝑡 remains the optimal policy for all 𝜃 > 𝜃𝑡 

The value of an arbitrary investment policy for the entrepreneur applying the funds truthfully is given by: 

 

∑𝛿𝑠−𝑡

𝑇

𝑠=𝑡

((𝜃𝑠𝑝𝑠𝛼𝐸𝑠
𝑅𝑢)∏(1 − 𝜃𝑟𝑝𝑟)

𝑠−1

𝑟=𝑡

) (A2.19) 

Which I have already shown by using Bayes’ rule can be written as: 

 

∑𝛿𝑠−𝑡

𝑇

𝑠=𝑡

((𝜃𝑡𝑝𝑠𝛼𝐸𝑠
𝑅𝑢)∏(1 − 𝑝𝑟)

𝑠−1

𝑟=𝑡

) (A2.20) 

And further I can separate the behavior in period 𝑡: 

 

𝜃𝑡𝑝𝑡𝛼𝐸𝑡
𝑅𝑢 + (1 − 𝑝𝑡) ∑ 𝛿𝑠−𝑡

𝑇

𝑠=𝑡+1

((𝜃𝑡𝑝𝑠𝛼𝐸𝑠
𝑅𝑢) ∏ (1 − 𝑝𝑟)

𝑠−1

𝑟=𝑡+1

) (A2.21) 

Diverting funds are reflected in 𝑝′, which if the entrepreneur choose to do so will want to be a maximization 

of the value of deviation given by: 

 

𝜃𝑡𝑝′𝛼𝐸𝑡
𝑅𝑢 + (1 − 𝑝′) ∑ 𝛿𝑠−𝑡

𝑇

𝑠=𝑡+1

((𝜃𝑡𝑝𝑠𝛼𝐸𝑠
𝑅𝑢) ∏ (1 − 𝑝𝑟)

𝑠−1

𝑟=𝑡+1

) + 𝑐(𝑝𝑡 − 𝑝′) (A2.22) 

The entrepreneur enjoys immediate value from 𝑐(𝑝𝑡 − 𝑝′), whereas her expected value from 𝜃𝑡𝑝′𝛼𝐸𝑡
𝑅 is 

smaller if 𝑝′ < 𝑝𝑡 as the expected value from future periods is greater if (1 − 𝑝′) > (1 − 𝑝𝑡). As (𝐴2.22) is 

linear in 𝑝′, (i) follows directly.  

Assuming maximal deviation 𝑝′ = 𝑝𝑡 > 0 make (𝐴2.22) become 

 

𝜃𝑡𝑝𝑡𝛼𝐸𝑡
𝑅𝑢 + (1 − 𝑝𝑡) ∑ 𝛿𝑠−𝑡

𝑇

𝑠=𝑡+1

((𝜃𝑡𝑝𝑠𝛼𝐸𝑠
𝑅𝑢) ∏ (1 − 𝑝𝑟)

𝑠−1

𝑟=𝑡+1

) + 𝑐𝑝𝑡 (A2.23) 

And we can conclude that by monotonicity the expected return will be 
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𝜃𝑡𝑝𝑡𝛼𝐸𝑡
𝑅𝑢 + (1 − 𝑝𝑡) ∑ 𝛿𝑠−𝑡

𝑇

𝑠=𝑡+1

((𝜃𝑡𝑝𝑠𝛼𝐸𝑠
𝑅𝑢) ∏ (1 − 𝑝𝑟)

𝑠−1

𝑟=𝑡+1

) ≥ 𝑐𝑝𝑡 ≥ 0 (A2.24) 

For all 𝜃 > 𝜃𝑡 

If (2.20) and (2.21) were solved recursively we would have the value function 𝑉𝐸𝑇
(𝜃0) of the entrepreneur 

in the initial period 𝑡 = 0. 𝑉𝐸𝑇
(𝜃0) needs to be equal to (𝐴2.22), in order for the entrepreneur not to deviate: 

 

𝑉𝐸𝑇
(𝜃0) = 𝑐𝑝0 + ∑𝛿𝑡

𝑇

𝑡=1

(𝜃𝑡−1𝑝𝑡𝛼𝐸𝑡
𝑅𝑢 ∏(1 − 𝜃𝑠𝑝𝑠)

𝑡−1

𝑠=1

) (A2.25) 

Which is equivalent to: 

 
𝑉𝐸𝑇

(𝜃0) = 𝑐𝑝0 +
𝜃0

𝜃1

𝛿𝑉𝐸𝑇
(𝜃1) (A2.26) 

(𝐴2.26) is simply constructed based on the odds of Bayes’ rule and the explanation of using the dynamic 

programming approach. Because we already showed that: 

 

∏(1 − 𝜃𝑟𝑝𝑟)

𝑠−1

𝑟=𝑡

=
𝜃𝑡

𝜃𝑠

 ∏(1 − 𝑝𝑟)

𝑠−1

𝑟=𝑡

 (A2.27) 

When the probabilities behave like ordinary probabilities, which they do because they are incorporated in 

each period as explained when deriving (2.9). Hence the general recursion function is given by 

 
𝑉𝐸𝑇

(𝜃𝑡) = 𝑐𝑝𝑡 +
𝜃𝑡

𝜃𝑡+1

𝛿𝑉𝐸𝑇
(𝜃𝑡+1) (A2.28) 

And if we substitute recursively 

 

𝑉𝐸𝑇
(𝜃0) = ∑𝛿𝑡

𝑇

𝑡=0

𝜃0

𝜃𝑡

𝑐𝑝𝑡 (A2.29) 

And we can use 

𝜃0

𝜃𝑡

= 𝜃0  + (1 − 𝜃0)
1

∏ (1 − 𝑝𝑠)
𝑡−1
𝑠=0

 

𝑉𝐸𝑇
(𝜃0) = ∑𝛿𝑡

𝑇

𝑡=0

(𝜃0  + (1 − 𝜃0)
1

∏ (1 − 𝑝𝑠)
𝑡−1
𝑠=0

) 𝑐𝑝𝑡 
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𝑉𝐸𝑇
(𝜃0) = 𝜃0𝑐 ∑𝛿𝑡

𝑇

𝑡=0

𝑝𝑡 + (∑𝛿𝑡

𝑇

𝑡=0

(1 − 𝜃0)
1

∏ (1 − 𝑝𝑠)
𝑡−1
𝑠=0

) 𝑐𝑝𝑡 

 

𝑉𝐸𝑇
(𝜃0) = 𝜃0𝑐 ∑𝛿𝑡

𝑇

𝑡=0

𝑝𝑡 + ((1 − 𝜃0)𝑐 ∑𝛿𝑡

𝑇

𝑡=0

𝑝𝑡

∏ (1 − 𝑝𝑠)
𝑡−1
𝑠=0

) (A2.30) 

   

Which is the value function of the entrepreneur. Immediately, a compact definition can be reached as 

expressed in (2.27). I use the rule of Bayes’ odds again and the fact that for all 𝑝𝑡 = 𝑝. 

 

𝑉𝐸𝑇
(𝜃0) = 𝜃0𝑐𝑝

1 − 𝛿𝑇−𝑡

1 − 𝛿
+ ((1 − 𝜃0)𝑐𝑝∑

𝛿𝑡

(1 − 𝑝)𝑇−𝑡

𝑇

𝑡=0

) 

= 𝜃0𝑐𝑝
1 − 𝛿𝑇−𝑡

1 − 𝛿
+ (1 − 𝜃0)𝑐𝑝

1 − (
𝛿

1 − 𝑝)
𝑇−𝑡

1 −
𝛿

1 − 𝑝

 

(A2.31) 

 

Finally, it is possible to derive the share contract of the entrepreneur 𝛼𝐸  

Taking (𝐴2.9) especially for the entrepreneur gives: 

 𝑉𝐸𝑇
(𝜃𝑡) = 𝜃𝑡𝑝𝑡𝛼𝐸𝑡

𝑅𝑢 + 𝛿(1 − 𝜃𝑡𝑝𝑡)𝑉𝐸𝑇
(𝜃𝑡+1) (A2.32) 

And we insert first instead of 𝑉𝐸𝑇
(𝜃𝑡) and then for 𝑉𝐸𝑇

(𝜃𝑡+1) so using XX twice to obtain: 

𝜃𝑡𝑝𝑡𝛼𝐸𝑡
𝑅𝑢 = (1 − 𝑝𝑡)𝑐𝑝𝑡 + 𝑝𝑡𝑉𝐸𝑇

(𝜃𝑡) 

And 𝑉𝐸𝑇
(𝜃𝑡) can be rearranged to explicitly show the informational rent and the learning rent: 

𝜃𝑡𝑝𝑡𝛼𝐸𝑡
𝑅𝑢 = (1 − 𝑝𝑡)𝑐𝑝𝑡 + 𝑝𝑡 (𝜃0𝑐𝑝

1 − 𝛿𝑇−𝑡

1 − 𝛿
+ (1 − 𝜃0)𝑐𝑝

1 − (
𝛿

1 − 𝑝)
𝑇−𝑡

1 −
𝛿

1 − 𝑝

) 

𝛼𝐸𝑡
=

(1 − 𝑝𝑡)𝑐𝑝𝑡

𝑅𝑢𝜃𝑡𝑝𝑡

+
𝜃𝑡𝑐𝑝

1 − 𝛿𝑇−𝑡

1 − 𝛿
𝑅𝑢𝜃𝑡

+

(1 − 𝜃𝑡)𝑐𝑝
1 − (

𝛿
1 − 𝑝)

𝑇−𝑡

1 −
𝛿

1 − 𝑝

𝑅𝑢𝜃𝑡
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𝛼𝐸𝑡
=

(1 − 𝑝𝑡)𝑐

𝑅𝑢𝜃𝑡

+
𝑐𝑝

𝑅𝑢

1 − 𝛿𝑇−𝑡

1 − 𝛿
+

(1 − 𝜃𝑡)𝑐𝑝

𝑅𝑢𝜃𝑡

1 − (
𝛿

1 − 𝑝)
𝑇−𝑡

1 −
𝛿

1 − 𝑝

 

 

(A2.33) 

And the optimal share contrat for the entrepreneur is thereby derived.  

Q.E.D 

4.3.8 Proof for proposition 6 

I consider (𝐴2.34) and use (𝐴2.2) to get: 

 

𝛼𝐸𝑡
=

(1 − 𝑝𝑡)𝑐

𝑅𝑢𝜃𝑡

+
𝑐𝑝

𝑅

1 − 𝛿𝑇−𝑡

1 − 𝛿
+

(1 − 𝜃𝑡)𝑐𝑝

𝑅𝑢𝜃𝑡

1 − (
𝛿

1 − 𝑝)
𝑇−𝑡

1 −
𝛿

1 − 𝑝

 

𝛼𝐸𝑡
=

𝑐(1 − 𝑝)

(
𝜃0(1 −  𝑝)𝑡+1

𝜃0(1 − 𝑝)𝑡+1 + 1 − 𝜃0
)𝑅𝑢

+
𝑐𝑝

𝑅𝑢

1−𝛿𝑇−𝑡

1 − 𝛿
+

𝑐𝑝(1 − 𝜃𝑡)

(
𝜃0(1 −  𝑝)𝑡+1

𝜃0(1 − 𝑝)𝑡+1 + 1 − 𝜃0
)𝑅𝑢

1 − (
𝛿

1 − 𝑝)
𝑇−𝑡

1 −
𝛿

1 − 𝑝

  

𝛼𝐸𝑡
=

𝑐(1 − 𝑝)

(
𝜃0(1 −  𝑝)𝑡+1

𝜃0(1 − 𝑝)𝑡+1 + 1 − 𝜃0
)𝑅𝑢

+
𝑐𝑝

𝑅𝑢

1−𝛿𝑇−𝑡

1 − 𝛿
+

𝑐𝑝(1 − 𝜃𝑡)

(
𝜃0(1 −  𝑝)𝑡+1

𝜃0(1 − 𝑝)𝑡+1 + 1 − 𝜃0
)𝑅𝑢

1 − (
𝛿

1 − 𝑝)
𝑇−𝑡

1 −
𝛿

1 − 𝑝

 

 

𝜃𝑡+1 =
1

𝜃0(1 − �̂�)𝑡+1

𝜃0(1 − �̂�)𝑡+1 + 1 − 𝜃0

 

𝜃0(1 − �̂�)𝑡+1 + 1 − 𝜃0

𝜃0(1 − �̂�)𝑡+1
 

(1 +
1 − 𝜃0

𝜃0(1 − �̂�)𝑡
) 
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𝑐𝑝(1 − 𝜃𝑡)

(
𝜃0(1 − �̂�)𝑡+1 + 1 − 𝜃0

𝜃0(1 − �̂�)𝑡+1 )𝑅𝑢

 

 
(1 − 𝜃𝑡)

𝜃0(1 − �̂�)𝑡+1

𝑐𝑝

𝑅𝑢
 

 

 

𝛼𝐸𝑡
= (1 +

1 − 𝜃0

𝜃0(1 −  𝑝)𝑡
)
𝑐(1 − 𝑝)

𝑅𝑢
 +

𝑐𝑝

𝑅𝑢

1−𝛿𝑇−𝑡

1 − 𝛿
+

(1 − 𝜃0)

𝜃0(1 −  𝑝)𝑡

𝑐𝑝

𝑅𝑢

1 − (
𝛿

1 − 𝑝)
𝑇−𝑡

1 −
𝛿

1 − 𝑝

 (A2.34) 

I now take the first order derivative with respect to 𝑡 and rearrange to get: 

 

(
1 − 𝑝

𝛿
)

𝑡

(
𝛿𝑇

1 − 𝛿
+

1 − 𝜃0

𝜃0 (1 −
𝛿

1 − 𝑝)
(

𝛿

1 − 𝑝
)

𝑇

)
>

<

1 − 𝜃0

𝜃0 (1 −
𝛿

1 − 𝑝)

𝑝 ln (1 − 𝑝)

(1 − 𝛿) ln 𝛿
 (A2.35) 

Which is defining that the share of the entrepreneur is decreasing over time. As 𝑡 increases, the left hand side 

increases over the right hand side and eventually as 𝛿 → 1 the right hand side becomes positive and the left 

hand side negative.  

The share is therefore monotonically decreasing when 𝛿 is sufficiently close to 1. 

Q.E.D 
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4.4 Mathematical Proofs for Section 2.3 

4.4.1 Change of notation  

Parameter Original notation New notation 

Relative efficiency 𝛼 𝜑 

Potential profitability 𝜃 𝑅𝑢 

VC’s share of return S 𝛼𝐴 

VC’s share of return (contingency) 𝑧 𝛼𝐴
𝑐 

VC’s share of return (stage) 𝑟 𝛼𝐴
𝑠 

Initial transfer T W 

Cost of effort (entrepreneur) 𝑈(𝑢) 𝑐𝐸 

Cost of effort (VC) 𝑉(𝑣) 𝑐𝐴 

Value of venture (entrepreneur) Π𝐸   𝑉𝐸  

Value of venture (VC) Π𝑉 𝑉𝐴 

Net Continuation payoff (VC) 𝐶(𝜃) 𝑀(𝑅𝑢) 

 

4.4.2 Proof for (3.3) – (3.8): 

I start by deriving the first order derivative of the entrepreneur’s and VC’s payoff functions: 

𝑉𝐸 = 𝑝(𝑒, 𝑎)𝛼𝐸𝑅𝑢 − 𝑐𝐸 + 𝑊 

𝜕𝑉𝐸

𝜕𝑒
= 𝑒1−𝜑𝑎𝜑𝛼𝐸𝑅𝑢 −

𝑒2

2𝑢
+ 𝑊 

= (1 − 𝜑)𝑒−𝜑𝑎𝜑𝛼𝐸𝑅𝑢 −
𝑒

𝑢
 

𝑒

𝑒−𝜑
= 𝑢(1 − 𝜑)𝑎𝜑𝛼𝐸𝑅𝑢 

𝑒1−𝜑 = 𝑢(1 − 𝜑)𝑎𝜑𝛼𝐸𝑅𝑢 

 
𝑒 = [𝑢(1 − 𝜑)𝑎𝜑𝛼𝐸𝑅𝑢]

1
1−𝜑 (A3.1) 

 

𝑉𝐴 = 𝑝(𝑒, 𝑎)𝛼𝐴𝑅𝑢 − 𝑐𝐴 − 𝐼1 − 𝑊 
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𝜕𝑉𝐴

𝜕𝑎
= 𝑒1−𝜑𝑎𝜑𝛼𝐴𝑅𝑢 −

𝑎2

2𝑣
− 𝐼1 − 𝑊 

𝑎

𝑎𝜑−1
= 𝑣𝜑𝑒1−𝜑𝛼𝐴𝑅𝑢 

𝑎1−(𝜑−1) = [𝑣𝜑𝑒1−𝜑𝛼𝐴𝑅𝑢] 

 
𝑎 = [𝑣𝜑𝑒1−𝜑𝛼𝐴𝑅𝑢]

1
2−𝜑  (A3.2) 

Then I take the two equations and solve for an explicit expression not incorporating the other’s effort: 

 
𝑒 = [𝑢(1 − 𝜑)(1 − 𝛼𝐴)𝜌(𝛼𝐴)]

1
2𝑅𝑢 (A3.3) 

 
𝑎 = [𝑣𝜑𝛼𝐴𝜌(𝛼𝐴)]

1
2 𝑅𝑢 (A3.4) 

where 

 𝜌(𝛼𝐴) = [𝑢(1 − 𝜑)(1 − 𝛼𝐴)]1−𝜑(𝑣𝜑𝛼𝐴)𝜑 (A3.5) 

by substituting (𝐴3.3) and (𝐴3.4) into 𝑝(𝑒, 𝑎) I get: 

𝑝(𝛼𝐴, 𝑅𝑢) = ([𝑢(1 − 𝜑)(1 − 𝛼𝐴)𝜌(𝛼𝐴)]
1
2𝑅𝑢)

1−𝜑

([𝑣𝜑𝛼𝐴𝜌(𝛼𝐴)]
1
2 𝑅𝑢)

𝜑

 

𝑝(𝛼𝐴, 𝑅𝑢) = (𝑢(1 − 𝜑)(1 − 𝛼𝐴))
1
2
(1−𝜑)

(𝑣𝜑𝛼𝐴)
1
2
 𝜑  ([𝜌(𝛼𝐴)]

1
2𝑅𝑢)

1−𝜑

(𝜌(𝛼𝐴)
1
2 𝑅𝑢)

𝜑

 

 𝑝(𝛼𝐴, 𝑅𝑢) = 𝜌(𝛼𝐴)𝑅𝑢 (A3.6) 

Retrieving the payoff functions (3.6) and (3.7) is done by inserting the expressions retrieved above, put into 

(3.3) and (3.4): 

𝑉𝐸 = 𝜌(𝛼𝐴)𝑅𝑢(1 − 𝛼𝐴)𝑅𝑢 −
[𝑢(1 − 𝜑)(1 − 𝛼𝐴)𝜌(𝛼𝐴)]

1
2𝑅𝑢

2

2𝑢
+ 𝑊 

𝑉𝐸 = 𝜌(𝛼𝐴)𝑅𝑢(1 − 𝛼𝐴)𝑅𝑢 −
1

2
(1 − 𝜑)(1 − 𝛼𝐴)𝜌(𝛼𝐴)𝑅𝑢2 + 𝑊 

 
𝑉𝐸 =

1

2
(1 + 𝜑)𝜌(𝛼𝐴)(1 − 𝛼𝐴)𝑅𝑢2 + 𝑊 (A3.7) 
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𝑉𝐴 = 𝑝𝜌(𝛼𝐴)𝑅𝑢𝛼𝐴𝑅𝑢 − [𝑣𝜑𝛼𝐴𝜌(𝛼𝐴)]
1
2 𝑅𝑢 − 𝐼1 − 𝑊 

𝑉𝐴 = 𝜌(𝛼𝐴)𝑅𝑢𝛼𝐴𝑅𝑢 −
[𝑣𝜑𝛼𝐴𝜌(𝛼𝐴)]

1
2𝑅𝑢2

2𝑣
− 𝐼1 − 𝑊 

𝑉𝐴 = 𝜌(𝛼𝐴)𝑅𝑢𝛼𝐴𝑅𝑢 −
1

2
𝜑𝛼𝐴𝜌(𝛼𝐴)𝑅𝑢2 − 𝐼1 − 𝑊 

 
V𝐴 =

1

2
(2 − 𝜑)𝛼𝐴𝜌(𝛼𝐴)𝑅𝑢2 − 𝐼1 − 𝑊 

 

(A3.8) 

And thereby I can obtain the net continuation of the project, 𝑉 = 𝑉𝐸 + 𝑉𝐴: 

𝑉𝐸(𝛼𝐴, 𝑅𝑢) + V𝐴(𝛼𝐴, 𝑅𝑢) =
1

2
(1 + 𝜑)(1 − 𝛼𝐴)𝜌(𝛼𝐴)𝑅𝑢2 + 𝑊 (

1

2
(2 − 𝜑)𝛼𝐴𝜌(𝛼𝐴)𝑅𝑢2 − 𝐼1 − 𝑊) 

 =  
1

2
((1 + 𝜑)(1 − 𝛼𝐴) + (2 − 𝜑)𝛼𝐴)𝜌(𝛼𝐴)𝑅𝑢2 − 𝐼1 

= 
1

2
(1 − 𝛼𝐴 + 𝜑 − 𝛼𝐴𝜑 + 2𝛼𝐴 − 𝛼𝐴𝜑)𝜌(𝛼𝐴)𝑅𝑢2 − 𝐼1 

 
𝑉(𝛼𝐴, 𝑅𝑢) =  

1

2
(1 + 𝛼𝐴 + 𝜑 − 2𝛼𝐴𝜑)𝜌(𝛼𝐴)𝑅𝑢2 − 𝐼1 (A3.9) 

Q.E.D 

4.4.3 Proof of (𝑅10) − 𝑅(11) 

This is to prove quasiconcavity in 𝑉(𝛼𝐴, 𝑅𝑢) and 𝑉𝐴(𝛼𝐴, 𝑅𝑢) and as the expressions can appear relatively 

complex, it is first shown that ln 𝜌(𝛼𝐴) is concave (if ln of the function is concave, so is the function). We 

want to work with quasiconcave functions in order to relatively easy find an optimum. If the function was not 

quasiconcave, we would potentially end up with a solution that is only a suboptimum. In that sense, we would 

have to check whether or not the solution is in fact a global optimum. In response to earlier results, this would 

as well imply that it could potentially be profitable to divert in some periods and apply funds in full in other 

periods. Such scenario is complex and therefore, we work with quasiconcave functions: 

𝜌(𝛼𝐴) = [𝑢(1 − 𝜑)(1 − 𝛼𝐴)]1−𝜑(𝑣𝜑𝛼𝐴)𝜑 

ln 𝜌(𝛼𝐴) = 1 − 𝜑 ln[𝑢(1 − 𝜑)(1 − 𝛼𝐴)] + 𝜑 ln (𝑣𝜑𝛼𝐴) 
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𝑑 ln 𝜌(𝛼𝐴)

𝑑𝛼𝐴

=
1 − 𝜑

𝑢(1 − 𝜑)(1 − 𝛼𝐴)
+

𝜑

𝑣𝜑𝛼𝐴

 

 𝑑 ln 𝜌(𝛼𝐴)

𝑑𝛼𝐴

=
𝜑 − 𝛼𝐴

(1 − 𝛼𝐴)𝛼𝐴

 (A3.10) 

And the second order derivative 

 𝑑2 ln 𝜌(𝛼𝐴)

𝑑𝛼𝐴
2 = −

𝜑(1 − 𝛼𝐴)2 + (1 − 𝜑)𝛼𝐴
2

(1 − 𝛼𝐴)2 𝛼𝐴
2 < 0 (A3.11) 

Next I show that 𝑉(𝛼𝐴, 𝑅𝑢) and 𝑉𝐴(𝛼𝐴, 𝑅𝑢) are quasi concave using the expressions above 

 𝑑 ln𝑉(𝛼𝐴, 𝑅𝑢)

𝑑𝛼𝐴

= 
1 − 2𝜑

1 + 𝜑 + 𝛼𝐴 − 2𝜑𝛼𝐴

+
𝜑 − 𝛼𝐴

(1 − 𝛼𝐴)𝛼𝐴

=
𝜙(𝛼𝐴)

𝛼𝐴(1 − 𝛼𝐴)(1 + 𝜑 + 𝛼𝐴 − 2𝜑𝛼𝐴)
 

(A3.12) 

 𝑑2ln𝑉(𝛼𝐴, 𝑅𝑢)

𝑑𝛼𝐴
2 = −[

1 − 2𝜑

1 + 𝜑 + 𝛼𝐴 − 2𝜑𝛼𝐴
]
2

+
𝑑2 ln 𝜌(𝛼𝐴)

𝑑𝛼𝐴
2 < 0 (A3.13) 

 

 𝑑 ln𝑉𝐴(𝛼𝐴, 𝑅𝑢)

𝑑𝛼𝐴

=
1

𝛼𝐴

+
𝑑 ln 𝜌(𝛼𝐴)

𝑑𝛼𝐴

=
1 + 𝜑 − 2𝛼𝐴

(1 − 𝛼𝐴)𝛼𝐴

 (A3.14) 

 

 𝑑2ln𝑉𝐴(𝛼𝐴, 𝑅𝑢)

𝑑𝛼𝐴
2 = −

1

𝛼𝐴
2 +

𝑑2 ln 𝜌(𝛼𝐴)

𝑑𝛼𝐴
2 < 0 (A3.15) 

Where  

 𝜙(𝛼𝐴) = 2(2𝜑 − 1)𝛼𝐴
2 − 2𝜑(1 + 𝜑)𝛼𝐴 + 𝜑(1 + 𝜑) (A3.16) 

So we can conclude that 𝑉(𝛼𝐴, 𝑅𝑢) and 𝑉𝐴(𝛼𝐴, 𝑅𝑢) are quasi concave in 𝛼𝐴.  

The VC’s optimal share, given her relative efficiency in response to that of the entrepreneur’s is given by: 

 1 + 𝜑 − 2𝛼𝐴

(1 − 𝛼𝐴)𝛼𝐴

= 0 ⟺
1 + 𝜑

(1 − 𝛼𝐴)𝛼𝐴

=
2𝛼𝐴

(1 − 𝛼𝐴)𝛼𝐴

⟺ 1 + 𝜑 = 2𝛼𝐴 

�̂�𝐴 =
1

2
(1 + 𝜑) 

(A3.17) 
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In the combined program, we have three different scenarios. If 𝜑 =
1

2
 (a situation in which the two efforts are 

equally important: 

𝜙(𝛼𝐴) = 2(1 − 1)𝛼𝐴
2 − (1 +

1

2
) 𝛼𝐴 +

1

2
(1 +

1

2
) 

𝜙(𝛼𝐴) = −(1 +
1

2
) 𝛼𝐴 +

1

2
(1 +

1

2
) 

𝛼𝐴 (1 +
1

2
) =

1

2
(1 +

1

2
) ⟺ 𝛼𝐴 =

1

2
 

 so 𝜙(𝛼𝐴
∗) = 0 for 𝛼𝐴

∗ =
1

2
 (A3.18) 

For 0 < 𝜑 <
1

2
 (in this case, the entrepreneur’s effort is the most important one), the function is quadratic 

with 𝜙(𝜑) > 0 and 𝜙 (
1

2
) < 0, so the optimal share is 𝛼𝐴

∗𝜖(𝜑,
1

2
). 

The last case where 
1

2
< 𝜑 < 1 (in this case, the VC’s effort is the most important one), the function is 

quadratic with 𝜙 (
1

2
) > 0 and 𝜙(𝜑) < 0, so the optimal share is 𝛼𝐴

∗𝜖(
1

2
, 𝜑). 

Q.E.D 

4.4.4 Proof of proposition 8 

As seen in (1.25) the maximal investment is depended on the value of 𝑅𝑢. By definition of V𝐴, we have that 

V𝐴(�̂�𝐴, 𝑅𝑢) ≥ 0 if and only if  

 
V𝐴(𝛼𝐴, 𝑅𝑢) − 𝑊 =

1

2
(2 − 𝜑)𝛼𝐴𝜌(𝛼𝐴)𝑅𝑢2 − 𝐼1 − 𝑊 (A3.19) 

 
𝐼1 =

1

2
(2 − 𝜑)𝛼𝐴𝜌(𝛼𝐴)𝑅𝑢2

 (A3.20) 

 
2𝐼1

(2 − 𝜑)�̂�𝐴𝜌(�̂�𝐴)

1
2

= �̂�𝑢 ≤ 𝑅𝑢 (A3.21) 

 

And V𝐴(𝛼𝐴
∗ , 𝑅𝑢) ≥ 0 if and only if  
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2𝐼1

(2 − 𝜑)𝛼𝐴
∗𝜌(𝛼𝐴

∗)

1
2

= 𝑅𝑢∗ ≤ 𝑅𝑢 (A3.22) 

By the results in (𝐴3.21) and (𝐴3.22) we have that �̂�𝐴 > 𝛼𝐴
∗, thus 𝑅𝑢∗ > �̂�𝑢 

Q.E.D 

4.4.5 Proof of results related to (3.13) and (3.14) 

Previous results stated that max
𝛼𝐴

𝑉𝐴(𝛼𝐴, 𝑅𝑢) = 𝑉𝐴(�̂�𝐴, 𝑅𝑢) and that 𝑉𝐴(�̂�𝐴, 𝑅𝑢) ≥ 0 if 𝑅𝑢 ≥ �̂�𝑢, so we define: 

 
𝐻 = max

(�̅�𝑢,𝛼𝐴
𝑐 )

∫ 𝑉𝐴(𝛼𝐴
𝑐(𝑅𝑢), 𝑅𝑢)𝑑𝐹(𝑅𝑢) =

∞

�̅�𝑢

∫ 𝑉𝐴(�̂�𝐴, 𝑅𝑢)𝑑𝐹(𝑅𝑢)
∞

�̂�𝑢

  (A3.23) 

𝐻 is thus defined as the value above �̂�𝑢 for which the realized share �̂�𝐴 cannot satisfy the VC’s individual 

rationality constraint in the case of 𝐼0 > 𝐻 and thereby the venture is not feasible. this is equivalent with the 

results obtained in section 2.1, where we denoted the maximum investment 𝐼𝑚𝑎𝑥 . 

The venture is however feasible when 𝐼0 ≤ 𝐻 and we then find a solution to the maximization of (3.13) 

subject to (3.14). I take the first order conditions of the two functions and arrange in the Lagrange function: 

 𝜕𝑉(𝛼𝐴
𝑐 (𝑅𝑢),𝑅𝑢)

𝜕𝛼𝐴
+ 𝜆

𝜕𝑉𝐴(𝛼𝐴
𝑐 (𝑅𝑢),𝑅𝑢)

𝜕𝛼𝐴
= 0 for all 𝑅𝑢 ≥ �̅�𝑢 (A3.24) 

 𝑉(𝛼𝐴
𝑐(�̅�𝑢), �̅�𝑢) + 𝜆𝑉(𝛼𝐴

𝑐(�̅�𝑢), �̅�𝑢) = 0 (A3.25) 

Where 𝜆 is the Lagrange multiplier of (3.14). 

If the constraint is not binding we have that 𝜆 = 0, this is the case in which there is no need of sharing between 

the entrepreneur’s profit and the VC as the VC yet have some net profit after the investment 𝐼0 . The 

Lagrangian implies that 
𝜕𝑉(𝛼𝐴

𝑐 (𝑅𝑢),𝑅𝑢)

𝜕𝛼𝐴
= 0, hence 𝛼𝐴

𝑐 = 𝛼𝐴
∗  for all 𝑅𝑢 ≥ �̅�𝑢 . Therefore, the cutoff point �̅�𝑢 

satisfies 𝑉(𝛼𝐴
∗ , �̅�𝑢) = 0. Thus, we can conclude that 𝑉(𝛼𝐴

∗ , �̂�𝑢) > 𝑉(�̂�𝐴, �̂�𝑢) > 𝑉𝐴(�̂�𝐴, �̂�𝑢) = 0 and thereby 

�̂�𝑢 > �̅�𝑢. Such case requires that 𝐼0 ≤ 𝐿, where  

 
𝐿 = ∫ 𝑉𝐴(𝛼𝐴

∗ , 𝑅𝑢)𝑑𝐹(𝑅𝑢)
∞

�̅�𝑢

 (A3.26) 

Obviously 𝐿 < 𝐻 and this is the same as in section 2.1 where 𝐼 < 𝐴𝑉𝐶
∗ . In this model such case release a 

transfer of this surplus from the VC to the entrepreneur 𝑊 = 𝐿 − 𝐼0. 
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In the intermediate area 𝐿 < 𝐼0 ≤ 𝐻, we need to implement some kind of sharing between the entrepreneur 

and the VC as the constraint (3.14) is now binding. Recall from section 2.1 that in the case of 𝐼 > 𝐴𝑉𝐶
∗ , we 

needed to optimize under an additional constraint and the value of the venture decreased. This is now reflected 

yet again. 

The solution when 𝜆 > 0 is: 

𝜕𝑉(𝛼𝐴
𝑐(𝑅𝑢), 𝑅𝑢)

𝜕𝛼𝐴

+ 𝜆
𝜕𝑉𝐴(𝛼𝐴

𝑐(𝑅𝑢), 𝑅𝑢)

𝜕𝛼𝐴

= 0 

𝜆 = −
𝜕𝑉(𝛼𝐴

𝑐(𝑅𝑢), 𝑅𝑢)

𝜕𝛼𝐴

/
𝜕𝑉𝐴(𝛼𝐴

𝑐(𝑅𝑢), 𝑅𝑢)

𝜕𝛼𝐴

 

 
−

𝜕𝑉(𝛼𝐴
𝑐(𝑅𝑢), 𝑅𝑢)

𝜕𝛼𝐴
(
𝜕𝑉𝐴(𝛼𝐴

𝑐(𝑅𝑢), 𝑅𝑢)

𝜕𝛼𝐴
)

−1

= 𝜆 (A3.27) 

The results in (3.7) and (3.9) explain that the LHS (left hand side) of the expression does not depend on 𝑅𝑢,  

in which we find that the solution is a constant share 𝛼𝐴
𝐶 = �̅�𝐴. And because 𝜕𝑉(𝛼𝐴, 𝑅𝑢) 𝜕𝛼𝐴⁄ < 0 if 𝛼𝐴 >

𝛼𝐴
∗ and 𝜕𝑉𝐴(𝛼𝐴, 𝑅𝑢) 𝜕𝛼𝐴⁄ > 0 if 𝛼𝐴 < �̂�𝐴, which result in �̅�𝐴𝜖[𝛼𝐴

∗ , �̂�𝐴]. 

Q.E.D 

4.4.6 Proof of results related to (3.17) 

Previous results stated that max
𝛼𝐴

𝑉𝐴(𝛼𝐴, 𝑅𝑢) = 𝑉𝐴(�̂�𝐴, 𝑅𝑢) and that 𝑉𝐴(�̂�𝐴, 𝑅𝑢) ≥ 0 if 𝑅𝑢 ≥ �̂�𝑢. It is therefore 

maximizing to set the VC’s compensation to 𝑀(𝑅𝑢) = 𝑉𝐴(�̂�𝐴, 𝑅𝑢) for all 𝑅𝑢 ≥ �̂�𝑢. Hence by the previous 

section we can therefore define ∫ 𝑀(𝑅𝑢)𝑑𝐹(𝑅𝑢) = 𝐻
∞

�̂�𝑢 . Yet again if the investment is greater than the 

maximal amount of outside investment the venture is not profitable. 

In the case of 𝐼0 ≤ 𝐻 we obtain the following Lagrangian: 

 
𝐿 =  ∫ 𝑉(𝛼𝐴(𝑅𝑢, 𝑀(𝑅𝑢)), 𝑅𝑢) + 𝜆1𝑀(𝑅𝑢) + 𝜆2(𝑅

𝑢)𝑀(𝑅𝑢)𝑑𝐹(𝑅𝑢)
∞

�̂�𝑢

− (1 + 𝜆1)𝐼0 

(A3.28) 

Where 𝜆1 ≥ 0 and 𝜆2 ≥ 0 are the Lagrangian multipliers. The first order condition with respect to 𝑀(𝑅𝑢) is: 
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 𝜕𝑉(𝛼𝐴(𝑅𝑢,𝑀(𝑅𝑢)),𝑅𝑢)

𝜕𝛼𝐴

𝜕𝛼𝐴(𝑅𝑢,𝑀(𝑅𝑢))

𝜕𝑀(𝑅𝑢)
+ 𝜆1 + 𝜆2(𝑅

𝑢) = 0  for all 𝛼𝐴 ≥ �̂�𝐴 (A3.29) 

Assuming none of the constraints are binding is equivalent in saying that there exist a surplus, thus 

𝜕𝑉(𝛼𝐴(𝑅𝑢,𝑀(𝑅𝑢)),𝑅𝑢)

𝜕𝛼𝐴
= 0 , so by definition we have 𝛼𝐴(𝑅𝑢, 𝑀(𝑅𝑢)) = 𝛼𝐴

∗ . But in this case we have that 

𝑀(𝑅𝑢) ≤ 𝑉𝐴(𝛼𝐴
∗ , 𝑅𝑢), which due to 𝑉𝐴(𝛼𝐴

∗ , 𝑅𝑢) < 0 for 𝑅𝑢 < 𝑅𝑢∗
, result in for 𝑅𝑢𝜖[�̂�𝑢, 𝑅𝑢∗] we must have 

𝑀(𝑅𝑢) = 0 and 𝛼𝐴(𝑅𝑢, 𝑀(𝑅𝑢)) = 𝛼𝐴(𝑅𝑢) given that 𝐼0 < 𝐿′. 

As in the previous section for an intermediate case, the sharing rule is yet again the solution. The constraints 

are now binding and we must have: 

 𝑉𝐴(𝛼𝐴(𝑅𝑢,𝑀(𝑅𝑢)), 𝑅𝑢) = 𝑀(𝑅𝑢) (A3.30) 

So  

 𝜕𝑉𝐴(𝛼𝐴(𝑅𝑢, 𝑀(𝑅𝑢)), 𝑅𝑢)

𝜕𝛼𝐴

𝜕𝛼𝐴(𝑅𝑢, 𝑀(𝑅𝑢))

𝜕𝑀(𝑅𝑢)
= 1 (A3.31) 

Which yield 

 𝜕𝑉(𝛼𝐴(𝑅𝑢, 𝑀(𝑅𝑢)), 𝑅𝑢)

𝜕𝛼𝐴
(
𝜕𝑉𝐴(𝛼𝐴(𝑅𝑢,𝑀(𝑅𝑢)), 𝑅𝑢)

𝜕𝛼𝐴
)

−1

= 𝜆1 + 𝜆2(𝑅
𝑢) (A3.32) 

The results in (3.7) and (3.9)  explain that the LHS (left hand side) of the expression does not depend on 𝑅𝑢, 

in which we find that the solution is a constant share 𝛼𝐴
𝐶 = �̅�𝐴. And because 𝜕𝑉(𝛼𝐴, 𝑅𝑢) 𝜕𝛼𝐴⁄ < 0 if 𝛼𝐴 >

𝛼𝐴
∗ and 𝜕𝑉𝐴(𝛼𝐴, 𝑅𝑢) 𝜕𝛼𝐴⁄ > 0 if 𝛼𝐴 < �̂�𝐴, which result in �̅�𝐴𝜖[𝛼𝐴

∗ , �̂�𝐴]. 

Q.E.D 

4.4.7 Proof of renegotiating the contract 

For 𝑅𝑢 > �̃� we know that 𝑀(𝑅𝑢) = 𝑉𝐴(�̃�𝐴, 𝑅𝑢), thus (3.19) becomes: 

 𝑉′(𝛼𝐴(𝑅𝑢′
), 𝑅𝑢) = 𝑉(�̃�𝐴, 𝑅𝑢) − 𝑉𝐴(�̃�𝐴, 𝑅𝑢) (A3.33) 

And in proving (𝐴3.31) to have a unique solution we use that for 𝛼𝐴
𝑆 = 0 we have 𝑅𝑢′ = (1 − 𝛼𝐴

𝑠(𝑅𝑢))𝑅𝑢 =

𝑅𝑢 > �̃�, so 𝛼𝐴(𝑅𝑢′) = 𝛼𝐴(𝑅𝑢) < 𝛼𝐴(�̃�) = �̃�𝐴, which implies: 

 𝑉′(𝛼𝐴(𝑅𝑢′
), 𝑅𝑢)|

𝛼𝐴
𝑠 =0

= 𝑉(𝛼𝐴(𝑅𝑢), 𝑅𝑢) > 𝑉(�̃�𝐴, 𝑅𝑢) > 𝑉(�̃�𝐴, 𝑅𝑢) − 𝑉𝐴(�̃�𝐴, 𝑅𝑢) (A3.34) 
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Where we know that 𝑉𝐴(�̃�𝐴, 𝑅𝑢) > 0. And if 𝛼𝐴
𝑠 = 1 −

�̃�

𝑅𝑢
 we have that 𝑅𝑢′ = (1 − 𝛼𝐴

𝑠(𝑅𝑢))𝑅𝑢 = �̃� < 𝑅𝑢, 

so 𝛼𝐴(𝑅𝑢′) = 𝛼𝐴(𝑅𝑢) < 𝛼𝐴(�̃�) = �̃�𝐴, which implies: 

 𝑉′(𝛼𝐴(𝑅𝑢′
), 𝑅𝑢)|

𝛼𝐴
𝑠 =1−�̃� 𝑅𝑢⁄

= 𝑉(�̃�𝐴, �̃�) < 𝑉(�̃�𝐴, 𝑅𝑢) − 𝑉𝐴(�̃�𝐴, 𝑅𝑢) (A3.35) 

Where we know that 𝑉(�̃�𝐴, �̃�) = 𝑉𝐸(�̃�𝐴, �̃�)  because 𝑉𝐴(�̃�𝐴, �̃�) = 0  and 𝑉𝐸(�̃�𝐴, �̃�) < 𝑉𝐸(�̃�𝐴, 𝑅𝑢) =

𝑉(�̃�𝐴, 𝑅𝑢) − 𝑉𝐴(�̃�𝐴, 𝑅𝑢). Hence we have a solution for (A3.33), 𝛼𝐴
𝑠(𝑅𝑢)𝜖 (0, 1 − �̃� 𝑅𝑢⁄ ). 

𝛼𝐴
𝑠(𝑅𝑢) thereby serve as a unique solution to (A3.33) because of 𝑉′(𝛼𝐴(𝑅𝑢′

), 𝑅𝑢) decreasing in 𝛼𝐴
𝑠. Further, 

Repullo and Suarez (2004), prove that 𝛼𝐴
𝑠(𝑅𝑢) is convex, which I assume is correct and thereby we know the 

optimization of (3.19) 

Q.E.D 

 


