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Executive summary 

This master thesis in Finance and Strategic Management at Copenhagen Business School, 

analyses if international bond diversification is beneficial for Danish investors holding a 

domestic government bond portfolio using mean variance intersection and spanning test. 

Furthermore, it examines if diversification benefits have changed in the last two years compared 

to last ten years.  

Modern portfolio theory suggests that investors should hold internationally diversified portfolios, 

because diversification is supposed to improve the reward to risk ratio of the overall portfolio. 

This improvement of the risk to reward ratio is mostly due to low correlation between countries. 

It is widely agreed that investors hold too little of their financial wealth in foreign securities. In 

the past, this could be explained by the general lack of international financial integration and 

national barriers to capital flows. However, the growth and increased integration of capital 

markets over the past 20 years has not led to dramatic portfolio reallocations. While recent years 

have witnessed an increase in international diversification, holdings of domestic assets are still 

far too high to be consistent with the standard theory of portfolio choice. 

The empirical study strives to answer the research questions put forward in the introduction 

chapter. The analysis looks at two periods, ten year period and two year period. This is done to 

see if diversification benefits decrease in the last two years of the study period compared to the 

whole ten year period. To conclude on that country economic fundamentals between countries 

are compared as well as comparison of yield curves for nine countries. To test is Danish 

investors benefit from international diversification, mean variance intersection and spanning test 

is used. The test is applied on the two periods mentioned, with both short sales allowed and 

restricted and where returns are hedged and unhedged. 

The main conclusion is that Danish investors generally experience diversification benefits by 

adding foreign bonds to their domestic bond portfolio. Further, financial integration is found to 

increase within the largest developed countries. Diversification benefits are most for the last two 

year of the study period when short sales are allowed, where it is believed that the financial crisis 

has not fully reach emerging markets and small economies like Denmark. 
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1 Introduction 

1.1 Background 

Investors constantly look for the highest return in terms of risk. By applying modern portfolio 

theory, which includes the diversification principle that is the base for construction of the 

efficient frontier, investors can choose in terms of their risk profile what portfolio suits them. 

When the efficient frontier shifts up and/or to the left in a risk-return space it displays benefits 

for investors, where the new frontier offers more return for the same risk or less risk for the 

same return. The framework usually used to check for significant shifts in the efficient 

frontier is called mean variance intersection and spanning test. Together with the mean 

variance spanning test, Sharpe ratio is also a widely used method to analyze if there are 

benefits from adding new asset to a portfolio. 

It is widely agreed that investors hold too little of their financial wealth in foreign securities. 

In the past, this could be explained by the general lack of international financial integration 

and national barriers to capital flows. However, growth and increased integration of capital 

markets over the past 20 years has not led to dramatic portfolio reallocations. While recent 

years have witnessed an increase in international diversification, holdings of domestic assets 

are still far too high to be consistent with the standard theory of portfolio choice (Baxter, 

Marianne & Jerman, Urban J. 1997). Nowadays, investors are increasingly looking beyond 

government bonds to high yield and emerging market debt for additional sources of return and 

diversification. High yield or non investment grade bonds normally offer higher interest rates 

than investment grade bonds to compensate for the high risk of issuer default. The additional 

benefits of high yield markets are that they have been argued to have low correlation to other 

bond markets, as they are often heavily influenced by developments in the corporate 

environment. The high risk - return profile of emerging markets consists of unstable political 

environment together with the rapid realized growth in those countries. Uncertainty is 

detested by investors, who rather want to invest their money in countries where the political 

environment is stable and uncertainty is low.  

When investing abroad investors have to grapple with many problems. Investors have to use 

time and money to analyze the market there are about to invest in. Another problem for bond 

investors is foreign interest rates and their future evolvement. Additionally, currency 

developments are crucial for investors, for the fact that currency losses can more than offset 

diversification profits, also referred to as exchange rate risk. These problems often lead 
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investors to invest only in their home country, where those investors are said to be home 

biased. 

The high risk involved in emerging markets can be minimized by diversifying between range 

of countries and between both corporate and government bonds. Other reason for investing in 

high yield and emerging markets is that the correlation between global government bonds has 

been increasing over the recent years, because of the emergence of a single euro-denominated 

bond market and the growing convergence of major central banks monetary policies (Pension 

fund performance guide, Diversification in a bond portfolio, 2007). To illustrate how much 

developed countries bonds are correlated, Martin Essex & Ruth Pitchford (1996) show that 

correlation between the world biggest bond markets is very high, where they describe 

relationships between the two biggest markets, by using the old saying “When America 

sneezes, Europe catches cold”. 

In times of recession bonds have been looked at as investors preferred investment, because 

usually the stock market crashes in periods of crisis, so investors look for safer investments, 

which they can find in bond markets. The current financial crisis, which began in 2007, has 

had severe effects on majority or if not all economies in the world. Some market specialists 

say that it is the biggest recession since the World War II. These specialists also argue that 

financial integration increases in times of recession, as for this crisis policymakers around the 

world have taken unprecedented and coordinated action to address the financial panic 

(Ehrmann, Fratzscher, 2005 & Faust et al, 2006). This global financial integration forces 

investors to construct their portfolio differently and look towards emerging markets, which 

are argued to have different business cycles than the developed countries. 

1.2 Problem Identification 

When considering portfolio theory there are number of things that have to be addressed in 

relation to bond portfolios, such as currency movements, interest rate movements and country 

risk. Furthermore, it is important to identify bonds that have low correlation in relation to 

investors‟ current portfolio, which means finding countries that have different business cycles 

and therefore can reduce the odds of loosing big amount of the money invested in their 

portfolio if few bonds suffer losses. In this situation, the bond that has low correlation can 

offset some or all of the losses by following a different trend.  

Over the years equity portfolios have been studied more than bond portfolios and many 

investors are familiar with the fact of possibilities of diversification benefits within equity. 
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The reason for less study of bond portfolios is possibly due to the fact that there has been lack 

of sufficient data. Although diversification within stocks has been studied more, there are 

many studies that claim that bonds can also offer some considerable opportunities for a 

diversified approach.  

Most of previous studies have been performed from an US perspective, and recent evidence 

has shown that international diversification benefits are small for US investors once 

transaction costs and short sale constraints are incorporated (DeRoon, Nijman, and Werker 

2001). However, for investors in small developing countries, global diversification may be 

much more important than for US investors. In small economies, bond investors do not have 

from as many different bonds to choose from as investors in the large countries. Hence, 

investors from small economies probably have more benefits investing abroad than investors 

from the large economies. In this perspective, Hunter and Simon (2004) find that although 

there are evidences of increased correlations between US and Europe, that there still exist 

diversification benefits of holding a currency hedged US bond portfolio.  

Constraining investors investment behavior by imposing short sale restriction is important for 

the study, because many financial institutions are bound to regulations restricting them to take 

a negative position in securities. Another important part which is necessary to take into 

account in international portfolio analysis is hedging. Exchange rate- and interest rate 

volatility is a major factor of bond returns. Exchange rate fluctuations can offset any profits 

made from the foreign bond invested in. Hence, this is a problem investors in international 

markets have to deal with and should be included in the study. 

With regards to financial integration, Ben Bernanke said in speech at the Thirtieth Annual 

Economic Symposium in 2006: 

“One of the defining characteristics of the world in which we now live is that, by most 

economically relevant measures, distances are shrinking rapidly. The shrinking globe has 

been a major source of the powerful wave of worldwide economic integration and increased 

economic interdependence that we are currently experiencing.”  

Furthermore, the emergence of the European Union and increased integration of economic 

policies in recent years leads investors to think about alternative strategies in diversifying 

their portfolio. Thus, investors look more and more into broadening their investment scope. It 
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results in investors increasingly looking towards foreign bond markets to improve their risk-

return profile.  

By investing in emerging and high yield markets, investors allow the increased risk involved, 

which comes with investing in these markets to enter their portfolio in the hope of getting 

higher return instead. Additionally, one of the advantages these markets offer is that they 

often have low correlation to the rest of the market, making them an attractive option for 

lowering portfolio variance. In this perspective, the thesis will analyze if international 

diversification has positive effects for Danish investors, holding a portfolio of domestic 

government bonds. This leads to the thesis main statement or research questions: 

Primary problem: Do Danish investors benefit from diversifying into foreign bonds and 

have international diversification benefits decreased in the last two years? 

 Are there diversification benefits within international developed government bonds 

from Danish investors‟ point of view? 

 Has financial integration increased from the time recent financial crisis started and 

does possible integration reduce diversification benefits? 

 Does diversification into emerging market government bonds have positive effects on 

the initial Danish government portfolio?  

 Is it advantageous to diversify into corporate bonds for Danish investor holding an all 

maturity Danish government bond portfolio? 

 Does currency hedging improve diversification benefits? 

 Is bond diversification beneficial when short sales are restricted? 

1.3 Choice of topic 

Bond diversification was chosen as a topic based on the desire to examine bonds more closely 

than previously done during my studies. Moreover, the fact that studies about this particular 

topic is limited and because of the recent financial crisis, it is found highly relevant to see if 

there exist international diversification opportunities within bonds. Another reason for 

choosing this topic is the link to international economics which will be discussed in relation to 

the yield curve and in the economic fundamental analysis. The information content and the 

factors affecting the yield curve conjure up interest and are connected to the financial 

integration discussion. Furthermore this thesis is supposed to be used as a stepping stone to 

learn more about fixed income markets, together with country risk and analysis of economic 

factors which can help predict future market movements and hint good buying opportunities. 
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Additionally, I have had interest in fixed income securities for quite long time, for example 

the topic of my bachelor thesis discussed and concluded on how good hedge inflation linked 

Icelandic government bonds are in times of high inflation and exchange rate pass-through in 

Iceland. 

This topic is thought to be highly related to the Finance and strategic management (FSM) line, 

whereas the thesis includes basic portfolio theory and investor‟s strategy in international 

markets. The statistical model is the part of the thesis which is least related to the FSM line, 

but the thesis will not go deep into the mathematical part behind the model, the focus will be 

put on the construction of the efficient frontier and its movements when new assets are 

included. Thus, the statistical test results will confirm if adding new assets to the portfolio is 

profitable, by providing results if the shift of the frontier is significant or not. Moreover, 

countries yield curves will be derived and the focus put on what the yield curve curvature 

indicates and if there are hints of financial integration or diversification benefits by examining 

correlations between yield curves. 

1.4 Structure of the thesis 

The thesis is divided into six main chapters as the following figure 1 shows. The seventh 

chapter discusses suggestions for future research. Following the introduction part is the theory 

chapter, where the basic financial and statistical theories will be explained. The theory part 

strives to explain the models and concepts used in the empirical study. It begins with a basic 

introduction of Harry Markowitz‟s modern portfolio theory, which leads to an explanation of 

the efficient frontier and the parameters behind the frontier, such as the risk-return 

relationship and correlation. Additionally, the basics theory behind yield curves is explained 

along with the reasons for shifts or changes in shapes of the yield curve. Moreover, the 

methodology behind the mean variance intersection and spanning test will be discussed and 

how the framework can be applied to be able to answer the thesis research questions.  
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Figure 1 – Structure of the thesis 

Next chapter discusses international diversification and is supposed to give reasons, why 

investors should diversify internationally and what benefits it can offer. This chapter is 

supposed to create a link between theory and practice, where the theory introduced before will 

be supported by evidences from studies and real life cases. Another content of this chapter 

will be a discussion about the proposed financial integration in the global economy, why 

integration is possibly increasing and what effects it has on bond markets and international 

diversification. In relation to financial integration there will be a discussion about how yield 

curves and economic factors can be used to measure if financial integration is increasing. 

Furthermore, theories concerning yield curves presented in the theoretical chapter will be used 

to help explaining what the shape of the yield curve can hint for future economic activity. 

Additionally, investors are increasingly looking into emerging markets for investment 

opportunities and for the fact that emerging market bonds are included in the empirical study, 

emerging markets bonds and the market‟s characteristics will be introduced. Since these 

markets are considered to be very risky, emerging market country risk will be discussed and 

compared to developed country risk, to better understand why and if emerging markets offer 

higher return than developed markets. 

The fourth chapter of the thesis presents methodology and a description of the data used in the 

empirical study. The following chapter contains discussion and results from the empirical 

study, which uses the method presented in the theoretical chapter and strives to find out if 

there are diversification benefits within international bond markets and if diversification 

benefits have been decreasing with regards to the proposed increased financial integration. 

Lastly, the main results will be presented and future suggestions for future research discussed. 

Introduction

Theoretical 
Framework

International 
diversification

Methodology 
and data 
description

Results / 
Discussion

Conclusion
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1.5 Limitations 

Its urgent to define the limitations of the thesis as well as its demarcations to follow the path 

of the research objective throughout the paper. My intension is to provide an overall point of 

view on the possible diversification benefits which comes with investing in foreign 

government and corporate bonds for Danish investors. Mean variance intersection and 

spanning approach is used to check if diversification exist for last ten years and the last two 

years. The aim is to find out if there exists diversification advantages for Danish investors in 

those two time periods and if diversification benefits decrese in times of crisis as the two year 

period has realized. Bonds were chosen due to both interest in this particular security and an 

idea of setting the limits on the study.  

With the intention of revealing an interesting topic and come up with original approach, I 

have strictly defined variables and actors on the field as well as the field itself. Therefore the 

reader is not provided with the comprehensive analysis containing the invesment strategy in 

the haunt for the over-return. Instead the aim is to shown the perspective of independent 

university student raising the question of the existence reasons, such as why bond investors 

should invest abroad and if financial integration has increased over the course of the last two 

years. 

Along the theoretical part a few basic, however extremely significat assumptions are 

accepted, which express my point of view on selected theoretical concepts concerning various 

financial topics. First of all I assume that investors are rational, which entails they are utility 

“maximizers”, prefer more yield to less and are risk averse. Furthermore, the thesis uses the 

assumptions of the Markowitz mean variance efficient frontier and the potential flaws of that 

model is realized. Such as errors in means and variances and, the way mean variance 

portfolios put too much focus on the covariance matrix, rather than focusing on getting good 

estimates for returns. In the study I also discuss a range of investment solutions, where 

investors faces foreign currency risk exposure, representing a major threat for them. As a 

consequence I neglect any costs of hedging foreign currency risk exposure. Perfect hedge is 

used in the thesis, meaning that the position is 100% hedged, thus, the way to find the optimal 

hedge ratio is not explained. 

In the empirical study, yield curves are only for the developed countries as data is limited and 

they are zero coupon curves derived by the piecewise linear approximation. It would have 

been better if data for emerging market yield curves had been available, because then the 
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yield curve analysis would give more robust conclusion. Thus, economic factor analysis, such 

as country comparison of factors as inflation, GDP growth and policy rates is included. 

Moreover, CDS spreads only go back to 2004 for most of the countries and some have only 

data available for the last two years. Another problem with data availability is that UK interest 

rate is not used in the process of finding portfolio weights and construction of the efficient 

frontier; instead the euro interest rate is used. The reason is that the respective UK rate was 

not available. Furthermore, Wald test is used to check for statistical significance in the mean 

variance intersection and spanning test, even though has its flaws and are sometimes said to 

be inferior to generalized methods of moment and stochastic discount factor (SDF) methods.  

2 Theoretical Framework 

International portfolio diversification has long been advocated as a way of enhancing average 

returns while reducing portfolio risk for investors who diversify into foreign securities. This 

proposition, however, relies on the assumption that the required inputs to the classical mean-

variance analysis are known with certainty. Typically, expected returns, variances, and 

covariance‟s are simply replaced by their ex post sample values and the optimal portfolio is 

derived without mentioning the uncertainty inherent in these parameter values. The rational 

investor should take this uncertainty into account when forming expectations, and probably 

will consider estimators that are less subject to estimation error than the classical sample 

mean. This is one of the main critiques of the modern portfolio theory (Jorion, Philippe, 

1985).  

Recently correlation amongst global government bonds has increased and the convergence of 

major central banks monetary policies has forced bond portfolio managers to look for new 

ways to diversify (Pension fund performance guide, 2007). Portfolio managers now look to a 

greater extent into emerging market bonds and other kind of fixed income assets to get the 

best diversification as possible. When testing for diversification benefits within international 

bond markets for Danish investors holding a portfolio of Danish government bonds, mean 

variance intersection and spanning approach will be applied. The intuition behind the test can 

be found in basic portfolio theory which will be explained later in this chapter. First, it is 

important to go into concepts such as risk, return and correlation to understand the 

fundamentals behind asset diversification. Subsequently, the efficient frontier will be 

introduced with all the aspects that are tested for. After the basic portfolio theory introduction 

the reader should be able to understand the general hypothesis tested with the mean variance 
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intersection and spanning test. Where, the test is a framework that checks if the mean variance 

frontier shifts significantly up or to the left in a risk-return space when a new asset is added to 

a portfolio. 

The empirical analysis chapter will look at the possibilities of diversification by comparing 

government yield curves and calculating correlations between them. Some theories behind the 

yield curve imply that it is related to certain economic factors and investor‟s expectations. To 

enable the reader to get the needed insight and understanding of why the correlation between 

countries yield curve and different shapes of yield curves can indicate increased or decreased 

diversification benefits, it is felt necessary to introduce theories concerning the yield curve. 

Furthermore, it is also found necessary to go deeper into the yield curve studies and look at 

the things that might shift the yield curve, what the yield curve consists of and how investors 

can interpret the yield curve. The effects of a short sale restriction are examined in the 

empirical analysis and results are compared to the results without the constraint. Furthermore, 

hedging can be done in many ways, but the following study will only focus on currency 

hedging, since it is one of the major factors that affect foreign bond returns. Even though, the 

analysis will assume perfect hedge, which means that all the exchange rate risk is fully 

covered, it is found relevant to explain the basics about hedging. 

2.1 Markowitz: Mean-variance framework 

The idea of diversification is age old and it is unknown when the method was introduced, but 

one of the earliest references comes from Daniel Bernoulli famous article in 1738 about the 

St. Petersburg Paradox, which argues that risk averse investors want to diversify. However, a 

formal mathematical model for diversification was not introduced until 1952 when Harry 

Markowitz published his article “Portfolio Selection”.  Markowitz pointed out in his historical 

review of portfolio theory in 1999 that Bernoulli was probably not the first to appreciate the 

benefits of diversification. (Rubenstein, Mark, 2002) The Markowitz theory retained the 

emphasis on return; but it elevated risk to a coequal level of importance, and the concept of 

portfolio risk was born. Whereas risk, has been considered an important factor and variance 

an accepted way of measuring risk. Markowitz was the first to clearly and rigorously show 

how the variance of a portfolio can be reduced through the impact of diversification. He 

proposed that investors focus on selecting portfolios based on their overall risk-reward 

characteristics, instead of merely compiling portfolios from securities that each individually 

has attractive risk-reward characteristics. In his following studies Markowitz showed how to 
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construct a frontier of portfolios so that each portfolio maximizes the expected return given its 

level of risk. He also showed that if investors know the portfolios standard deviation (𝜎𝑝
2) and 

expected return (𝜇𝑝) it is possible to prefer one portfolio over another.  

The most important aspect of Markowitz work was to show that it is not a security‟s own risk 

that is important, but rather the contribution the security makes to variance of the entire 

portfolio. Thus, what seems today to be a natural way of looking at portfolio selection 

problems was back then a major breakthrough in the field of finance. The idea of 

diversification is based on the initiative that dividing investment risk across a mix of diverse 

assets, who have low correlation with each other, produces better risk adjusted returns over 

the longer term. This improvement in risk adjusted returns is by virtue of negative returns 

from some of the assets being offset by positive returns elsewhere. Markowitz proposed 

diversification as a tool of reducing risk, not eliminating it. He did not only focus on portfolio 

diversification, but went on to work out the basic principles of portfolio construction. With his 

work he laid the foundation to the modern portfolio theory (MPT). MPT proposes how 

rational investors will use diversification to optimize their portfolios, and how risky assets 

should be priced. The MPT model treats an asset return as a random variable, and models a 

portfolio as a weighted combination of assets so that the return of a portfolio is a weighted 

combination of the assets return. Furthermore, portfolio return is a random variable, and 

consequently has an expected value and variance. Hence, in this model risk is measured by 

the variance of return (Brealy, Myers and Allen, 2006). 

2.2 Risk, return and Covariance 

Investors always have the objective to get the highest possible return, but investors differ, 

some of them are risk seeking and others risk averse. Thus, the highest possible return is not 

the same for everyone, it is based on individual preferences on how much risk the investors 

wants to take on, but the point is that investors have to look at the risk taken on for any given 

expected return. In every investment the relationship between risk and return holds. In the 

Markowitz model the selection universe is studied and beliefs are formed regarding future 

expected return and variance of the returns. The second stage of the Markowitz model is to 

consider various combinations of these investment targets. The main emphasis is on 

diversification, where not only expected returns and variance of each investment target must 

be accounted for, but also the covariance, or correlation between those investment targets. 

Higher correlation means less diversification benefits, and thus mean and variance alone 

cannot tell if the investment target is good fit in a portfolio.  
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The main principle of Markowitz model is to prefer more return to less for any given risk. By 

combining these portfolios they form the efficient frontier, which is the only set of portfolios 

relevant for the investment decision. What portfolio is chosen depends on individual investor 

risk-aversion. Before introducing the efficient frontier in more detail, it is crucial to go 

through the basic parameters of the Markowitz model, so it is clear how diversification and 

the logic behind the efficient frontier functions.  

2.2.1 Return 

As mentioned earlier, the modern portfolio theory treats returns as random variables. Random 

variable is formally explained as a variable whose possible values are numerical outcomes of 

a random phenomenon. Expected value of a random number is then the mean, also known as 

its expected value. The expected value shows where the center of a distribution is located. A 

future expected return is centrally located with respect to possible future outcomes 

(Markowitz (1959), p. 49). The expected return of a security is a weighted average measure of 

future returns of all possible future returns, weighted by probability. If expected values for M 

equally likely returns (𝑅𝑖𝑗 ), the expected return is calculated: 

   𝑅 𝑖 =    
𝑅𝑖𝑗

𝑀

𝑀
𝑗=1                (eq. 1) 

If the outcomes are not equally likely and if 𝑃𝑖𝑗  is the probability of the j-th return on the i-th 

asset, the expected return is following 

𝑅 𝑖 =   𝑃𝑖𝑗  
𝑀
𝑗=1 𝑅𝑖𝑗              (eq. 2) 

Where portfolios of different securities are considered, the expected return of the portfolio is 

defined as a weighted average of the expected returns of the single security in the portfolio 

(Markowitz (1952), p. 81): 

 

𝑅 𝑝 =   𝑊𝑖 𝑅 𝑖
𝑀
𝑗=1                (eq. 3) 

Where 𝑊𝑖 is the percentage weight in terms of the invested sum, which is placed in a security 

i. In matrix notation 𝑊𝑖 is the vector of weights and 𝑅 𝑖  is the vector of expected returns and 

can be written as: 

𝑅 𝑝 =  𝑊𝑖 
′𝑅 𝑖                         (eq. 4) 

This equation is somewhat easier to work with when investors have a large sample of 

securities in their portfolios. Another way of determining expected returns is the theoretical 
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framework developed by Sharpe (1964), Lintner (1965) and Mossin (1966) called the capital 

asset pricing model (CAPM). The CAPM model specifies the relationship between risk and 

required rates of return on assets when they are held in well diversified portfolios. In other 

words CAPM describes how investors determine expected returns based on asset volatility 

relative to the market as whole. It is relevant to point out how CAPM framework can be used 

to construct the capital market line and find the market portfolio or the tangent portfolio, 

because Sharpe ratios can be found by maximizing the slope of the capital market line. The 

CAPM formula includes a risk free rate, expected market return and a variable called Beta. 

The CAPM formula is following: 

𝐸 𝑅𝑖 =  𝑅𝐹 +  𝛽𝑖 𝐸 𝑅𝑀 −  𝑅𝐹         (eq. 5) 

Beta measures the sensitivity of asset returns in relation to the benchmark returns, which is in 

most case the market index. 

2.2.2 Risk 

As mentioned before variance is the measure of risk in the Markowitz model and may first 

have been suggested as a measure of economic risk by Irving Fisher in a article from 1906 

(Rubenstein, Mark, 2002). The reason why the model uses variances instead of standard 

deviation is because Markowitz states in his book about Portfolio selection in 1959 that in his 

opinion it is much more convenient to work with variances rather than standard deviations. 

The relationship between securities and portfolios are generally simpler when expressed in 

terms of variance rather than in standard deviations. In computing efficient portfolios, 

variance is used until at the very end of the calculation, but then for sake of representation 

standard deviation is used. The variance of a portfolio is the expected value of the squared 

deviations of the return on the portfolio from the mean return on the portfolio:  

     𝜎𝑝
2 = 𝐸 𝑅𝑃 −  𝑅 𝑝 

2
         (eq. 6) 

Where, 𝑅 𝑝  stands for expected mean return and 𝑅𝑃  is the expected return of the portfolio. 

When applying two rules, first stating that the expected value of the sum of a series of returns 

is equal to the sum of the expected value of each return and secondly stating that expected 

value of constant times a return is the constant times the expected returns, the variance 

formula can be broken down into the following formula:  

 

𝜎𝑝
2 =  𝑋1

2𝜎1
2 +  𝑋2

2𝜎2
2 +  2𝑋1𝑋2𝜎12      (eq. 7) 
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Where X is a weight of an asset and 𝜎1
2 is asset one variance. To make the formula as simple 

as possible, the symbol 𝜎12has been substituted for E  𝑅1𝑗 − 𝑅 1 (𝑅2𝑗 − 𝑅 2) , this shows the 

covariance between the portfolio two assets. The concept of covariance will be covered in the 

next sub-chapter. 

As said before, sometimes it is found more convenient to work with standard deviations. The 

standard deviation of a random variable measures how close the random variable is likely to 

be to its expected value and is thus a risk measure of the portfolio or the individual security. 

After calculating the portfolio variance, the standard deviation is then simply the squared root 

of the portfolio variance as shown by the following equation (Elton & Gruber, 2007):  

     𝜎𝑝  =  𝜎𝑝2                        (eq. 8) 

2.2.3 Covariance 

Covariance is the expected value of the product of two deviations: the deviation of the returns 

on security 1 from its mean  𝑅1𝑗 − 𝑅 1  and the deviations of security 2 from its mean (𝑅2𝑗 −

𝑅 2). By this definition it is not so different from the concept of variance. As such, it can be 

positive or negative; it will be large when good returns from securities occur at the same time 

and when bad returns for each security occur together. The covariance is a measure of how 

returns of assets move together. In “Portfolio Selection” a book that Markowitz wrote in 

1959, he put forward a theory concerning covariance. The theory is following: If q and r are 

any pair of random variables generated, and if A and B are any two numbers, then the 

covariance between the random variables Aq and Br equals A times B times the covariance 

between q and r; that is, 

𝐶𝑜𝑣 𝐴𝑞,𝐵𝑟 =  𝐴𝐵 ∗ 𝑐𝑜𝑣(𝑞, 𝑟)                (eq. 9) 

Dividing the covariance between portfolio assets by the product of standard deviation of each 

asset produces a variable with the same properties as the covariance but with a range of -1 to 

+1. This measure is called the correlation coefficient and indicates perfect negative or positive 

correlation when it is -1 and 1, respectively. Perfect correlation does not exist in markets in 

the real world. Correlation coefficient provides more easily interpreted measure, than does the 

covariance, of the extent to which two variables tend to move together. The covariance, 

however, proves to be more convenient in formulas and proofs. Let the 𝜌𝐴𝐵  stand for the 

correlation between securities A and B, then the correlation coefficient is defined as: 
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     𝜌𝐴𝐵 =  
𝜎𝐴𝐵

𝜎𝐴𝜎𝐵
                        (eq. 10) 

Correlation indicates the strength and direction of a linear relationship between two random 

variables. If correlation is positive, the variables will move on average in the same direction. 

If the correlation is negative then, on average, the variables move in the opposite direction. In 

the case of zero correlation, the variables are independent of each other. The contribution to 

portfolio variance of the variance of individual securities moves towards zero as N gets larger. 

However, the contribution of the covariance terms approaches the average covariance as N 

gets large.  

    𝜎𝑝  
2 =  

1

𝑁
𝜎 𝐴

2 +  
𝑁−1

𝑁
𝜎 𝐵

2                    (eq. 11) 

This means that individual risk of securities can be diversified away, but the contribution to 

the total risk caused by the covariance terms cannot be diversified away as shown in the 

figure below. The diversifiable risk is called unsystematic risk, but the un-diversifiable risk is 

called systematic risk. The un-diversifiable risk stems from the fact that there are economy 

wide factors that treat all securities in the same way (Elton & Gruber, 2007). 

 

Figure 2 - Portfolio risk (source: Authors contribution) 

The average covariance relative to variance varies from country to country. Countries can 

have high covariance, indicating that securities move together, however, when negative 

correlation between markets exist diversification is especially useful in reducing portfolio 

risk. Correlation is one of the main factors when investors consider diversification 

opportunities.  

 

Total risk

Unsystematic part

Systematic part

Number of securities
in portfolio1
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2.3 The Efficient frontier 

The Markowitz mean variance efficient frontier is the most recognized theoretical model of 

normative investment behavior. Most financial textbooks consider mean variance efficiency 

the method of choice for optimal portfolio construction, asset allocation and as means for 

rationalizing diversification (Michaud, 1989). The Markowitz model is a step one in portfolio 

management: the identification of the efficient set of portfolios or as it is often called the 

efficient frontier of risky assets. The principal idea behind the frontier of risky assets is that 

the main emphasis is put in the portfolio that gives the highest expected return for any risk 

level. Alternatively, the frontier is a set of portfolios that minimizes variance for any target 

expected return. The Markowitz model is based on several assumptions concerning the 

behavior of investors and financial markets: 

1. A probability distribution of possible returns over investors holding period can be 

estimated by investors.  

2. Investors have single-period utility functions in which they maximize utility within 

the framework of diminishing marginal utility of wealth.  

3. Variability about the possible values of return is used by investors to measure risk.  

4. Investors care only about the means and variance of the returns of their portfolios 

over a particular period. 

5. Expected return and risk used by investors are measured by the first two moments 

of the probability distribution of returns-expected value and variance.  

6. Return is desirable; risk is to be avoided.  

7. Financial markets are frictionless. 

As these assumptions imply, Markowitz assumes that investors are risk averse, meaning that 

if investors are given two assets that offer the same expected return, investors will prefer the 

less risky asset. Thus, an investor will take on increased risk only if compensated by higher 

expected returns. Conversely, investors who want higher returns must accept more risk. Using 

risk tolerance, we can simply classify investors into three types: risk-neutral, risk-averse, and 

risk-lover. Risk-neutral investors do not require a risk premium for risky investments; they 

judge risky prospects solely by their expected rates of return. Risk-averse investors are willing 

to consider only risk-free or speculative prospects with positive premium; they make 

investments according to the risk-return trade-off. A risk-lover is willing to engage in fair 

games and gambles; this investor adjusts the expected return upward to take into account the 
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‟fun‟ of confronting the prospect‟s risk. The exact tradeoff between risk and return is based on 

each investor‟s individual risk aversion characteristics, as will be discussed and presented 

later on in the chapter (Chen, Peng W et al.). When said that expected return and risk are 

measured by the first two moments of the probability distribution, it refers to how the 

probability density is distributed about the mean. Variance is a second moment variable which 

can describe how close or spread the distribution is about the mean. As for the last 

assumption, concerning frictionless markets where all costs and restraints associate with 

transactions are non-existent.  

The efficient frontier is a graph of the lowest possible variance for a given expected portfolio 

return. For a risk averse investor, this criterion ensures that he only needs to decide between 

portfolios that are worth investing in. That is, no investor with reasonable risk tolerance will 

ever select portfolios that are inefficient (Vest, René E. &Søren Clausen, 2005). Usually the 

efficient frontier contains both stocks and bonds, but in this paper‟s empirical study only bond 

indexes (both government and corporate) will be used in constructing the efficient frontier. 

Although stocks are not included in the study, the presentation of the theory behind the 

efficient frontier will be on a general level, focusing on diversification, the recognition of 

efficient portfolios and the search for the tangent portfolio. 

When stocks are not included in construction of the efficient frontier, the standard deviation 

and return are probably not going to be as high as if stock would be included. At least 

according to Hunter and Simon (2005) findings which states that the mean and volatility 

spillovers are much weaker among international bond markets than those between equity 

markets. They also find out that bond diversification benefits do not decrease during periods 

of high volatility or after extremely negative bond returns. These results are also supported by 

those of Polwitoon and Tawatnuntachai (2006) for international bond funds. Furthermore, it is 

important to recognize that the optimal portfolio will not be perfectly optimal because adding 

stocks and other securities to the investment horizon would result in more diversification 

benefits. This is not of a central importance but it is good to keep in mind when analyzing the 

returns of the bond portfolios in the following study. The main focus of the empirical analysis 

will be on the shift of the efficient frontier when only bonds are included.  
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In figure 3, the area under the efficient frontier where it says “investment opportunity” 

represents individual assets. The figure above shows that it is beneficial to hold diversified 

portfolios instead of just a single risky asset because it is possible to get higher return for the 

same variance (Bodie, Kane and Marcus, 2005). All portfolios lying on the minimum-

variance frontier from the minimum variance portfolio and upward provide the best risk-

return combinations and thus are candidates for the optimal portfolio. Hence, the part of the 

frontier that lies above the minimum-variance portfolio is sometimes called the efficient 

frontier of risky assets. For a portfolio to be efficient it has to meet three conditions: 

1. It has to be a legitimate portfolio 

2. If any legitimate portfolio has a greater expected return, it must also have a greater 

variance of return.  

3. If any legitimate portfolio has a smaller variance of return, it must also have a 

smaller expected return.  

An inefficient portfolio meets the first condition but fails to meet the other two. A portfolio 

which fails to meet the first condition is neither efficient nor inefficient. These are the 

portfolios that are situated below the minimum variance portfolio the frontier (below the point 

V of the frontier in figure 3), at this part the portfolios on the frontier are inefficient. The 

frontier is inefficient because it is possible to obtain higher expected return with the same or 

less variability of return, or obtain greater certainty of return with no less average or expected 

return. Furthermore, the efficient frontier must be convex, because it cannot have more risk 

than found on the line connecting the two endpoints (A and B) of the frontier, which 

represents case of perfect correlation. 
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Figure 3 – The efficient frontier (Source: Authors contribution) 
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In some situations investors face constraints or restrictions, for instance, many institutions are 

prohibited from taking short position in assets. For these institutions, a constraint has to be 

added that rules out negative positions in search for efficient portfolios. In this special case it 

is possible that a single asset may be an efficient portfolio and the only way to get this high 

return is to hold just this one asset. 

2.3.1 Efficient frontier with Short sales allowed 

In the securities market investors often sell securities that they do not own. This process is 

called short selling and in essence involves taking a negative position in a security. Short 

selling makes sense when investors expect a return of a security to be negative, when and if 

the price of a security declines; the investor buys an equivalent number of assets at the new 

lower price and returns to the lender his borrowed assets. Short sale can even make sense 

when expected returns are positive; the cash flow at time zero from the short selling security 

can be used to purchase a security with a higher expected return. Hence short sales give 

infinite expected rate of returns (Elton & Gruber, 2007). But it is not always that short sales 

are allowed, most financial institutions have short selling constraints and that is why short sale 

restriction is included in the empirical study. 

 

Now, ease the assumption of no short selling and say for now that investors can sell the 

lowest-return asset B (here, we assume ( ) ( )   and  A B A BE r E r    ). If the number of short 

sales is allowed, then investors could continuously short sell asset B and reinvest in A (figure 

4), by following this strategy the investor could generate an infinite expected return. The 
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Figure 4 – Efficient frontier with and without short sale restriction (Source: Bodie, Kane & Marcus, 2005) 
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upper bound of the highest-return portfolio would no longer be A but infinity (shown by the 

arrow on the top of the efficient frontier). Likewise the investor could short sell the highest-

return security A and reinvest the proceeds into the lowest-yield security B
1
, thereby 

generating a return less than the return on the lowest-return assets. With no restriction on 

short selling amounts, an infinitely negative return can be achieved, wherein the lower bound 

of B on the efficient frontier will be removed. Hence, short selling generally will increase the 

range of alternative investments from the minimum-variance portfolio to plus or minus 

infinity. These two short selling activities depends on the individual investor set of 

indifference curves (Bodie, Kane and Marcus, 2005). 

2.3.2 Tracing out the efficient frontier 

In the empirical chapter the technique of constructing the efficient frontier is used to be able 

to test for diversification benefits of adding new bond indexes to the initial portfolio. Now, 

once theory behind the frontier has been introduced, the calculation of the frontier is a rational 

next step. In all mathematical programming problems in portfolio management, there are fore 

steps. The first step is to define the variables the decision must be made about, called the 

decision variables. The second step is to specify the objective that is sought to optimize in 

mathematical terms. The form of the objective function is what differentiates linear and 

quadratic programming; linear programming can be described as immunization strategies or 

cash flow matching strategies. Quadratic programming examples are problems of optimal 

asset allocation or the methodology for tracking bond index. Quadratic programming will be 

used in this paper as the objective is to find the optimal allocation of assets which has the 

lowest variance for any given return, or the efficient frontier. The third step is to establish a 

constraint under which the objective function is to be optimized and finally to solve the 

mathematical programming model (Elton & Gruber, 2007). 

The general linear programming model used in portfolio management when the objective is to 

maximize expected portfolio return can be expressed as follows. 

Let Rp = the expected return of the portfolio, ri = the expected return on security I, Xi = the 

proportion of the portfolio invested in security i and N = the number of potential securities. 

The objective function is then: 

𝑅𝑝 = 𝑟𝑖𝑋𝑖 + 𝑟2𝑋2 +  …+ 𝑟𝑁𝑋𝑁                (eq. 12 ) 

                                                           
1
 Rational investor will not short sell a high-return asset and buy a low-return asset. This case is just for extreme 

assumption. 
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In all applications, there is a constraint restricting the total allocation of funds to be equal to 

one. Furthermore, if no short selling is permitted, the following constraints must be imposed: 

𝑋𝑖 ≥ 0  for i= 1,….,N 

Other constraints will vary from application to application. It is convenient to express this 

simple model in matrix notation. To do so, the following notation will be used and 

transformed into quadratic programming: 

X = a column vector with the elements Xi 

b = a column vector of constraints bj 

C = a matrix of constraint coefficient elements Ci,j 

𝜎𝑝
2 = the variance of the portfolio 

Σ = the variance / covariance matrix 

Then the general quadratic programming problem when minimizing the variance a portfolio 

as:  

𝜎𝑝
2 = 𝑥′Σ 𝑥                           (eq. 13) 

Subject to: 

𝐶𝑥 ≤ 𝑏 

In the case of asset allocation problems and the variance/covariance approach to bond 

portfolio optimization, it is necessary to generate the efficient frontier to obtain the optimal 

allocation of funds. This is accomplished by sequentially varying the minimum expected 

return and finding the minimum variance portfolio consistent with that return. In this way, the 

entire set of minimum variance portfolios may be traced out. The efficient frontier is then a 

positive slope segment of the minimum variance portfolios calculated, including the global 

minimum variance portfolio itself (Fabozzi, Frank 1994). 

2.3.3 Finding the optimal portfolio  

James Tobin introduced an idea in 1958 that led to combination of the Markowitz efficient 

frontier with the notion of either lending or borrowing at risk free rate. This idea is called the 

separation theorem, and has the ability to determine the optimal portfolio of risky assets 

without having to know anything about the investor. The idea is to combine the risk free rate 

with some of the portfolios on the efficient frontier. An introduction of a riskless asset into 

portfolio of risky assets considerably simplifies the analysis. Riskless lending can be 
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considered as investing in assets such as government bills or savings account. On the other 

hand borrowing can be considered as selling such a security short. The riskless rate is called 

RF, since the return is certain and the standard deviation of the riskless return must be zero. 

One way to find the portfolio that is tangent to the efficient frontier is to draw a line from the 

risk free intercept on the return axis. To construct this line it is convenient to revisit the capital 

asset pricing model which was briefly explained before. Remember that CAPM calculates the 

expected return of a portfolio combining risk free assets and risky assets. The CAPM formula 

provides a line in a risk-return space, which is often referred to as the capital market line 

(CML). Therefore, the equation for the capital market line may be expressed as follows: 

𝑅 𝑃 = 𝑅𝐹   
𝑅 𝑀− 𝑅𝐹

𝜎𝑀
 𝜎𝑃                    (eq. 14) 

Where Rf, the risk free rate and the intercept on the return axis, 𝑅 𝑀  is the expected return of 

the market portfolio and  𝜎𝑀  is the standard deviation. Finally 𝜎𝑃 is the standard deviation of 

portfolio p which is the combination of a riskless and a risky asset (Elton & Gruber, 2007). 

Thus, the capital market line specifies a linear relationship between expected return and risk, 

with the slope being equal to the expected return on the market portfolio of risky assets minus 

the risk free rate, which is called the market risk premium, all divided by the standard 

deviation of returns on the market portfolio. The slope of the capital market line reflects the 

aggregate attitude of investors toward risk (Brigham & Daves, 2004). 

To find the optimal portfolio investors need to maximize a slope of the capital market line 

and, the optimal portfolio is found where the CML connects with the efficient frontier. 

Tobin‟s separation theorem states that the best risky portfolio is the same for all investors, but 

the weights between the risky portfolio and the risk free asset is a choice of every individual 

investor and depends on his/her risk aversion. The formula for the slope of the capital market 

line is also used in performance testing, and for that purpose it is known as the Sharp ratio. In 

the empirical analysis, this ratio will be used to analyze if adding an index to the current 

portfolio is beneficial in risk-return terms (Bodie, Kane and Markus, 2005).  

Most investors will assume greater risk for a greater return. However, investors differ in the 

amount of risk they are willing to take for a given return. Investors that are risk averse require 

a greater return for any given amount of risk compared to a risk devoted investor. As shown 

in the figure below there are two utility curves that intersects the efficient frontier at two 

different points. A utility curve specifies the trade-offs between expected return and risk that 



International bond diversification  Copenhagen Business School 

26 
 

an individual investor is willing to make. The interaction of the individual‟s utility and the 

efficient frontier should jointly determine the investor‟s portfolio selection. 

 

Figure 5 – Efficient frontier and utility curves (Source: Michaud, 1989) 

All the points on a utility curve are equally attractive to the investor, so if the curve lies below 

the efficient frontier, then no point on the curve can be the optimum portfolio for the investor. 

Conversely, if the utility curve lies wholly above the efficient frontier, then there is no 

attainable portfolio on that utility curve. However, when the utility curve intersects the 

efficient frontier at one point where it determines the investor‟s optimum portfolio. The 

optimal portfolio for any investor is the portfolio on the efficient frontier that the utility curve 

that defines that investor‟s relative risk aversion. 

2.3.4 Critique 

After having introduced the mean variance frontier without going into much more detail than 

presented so far it is important to know that applying the framework is not as simple as that. 

Problems arrive due to a mismatch between the optimization procedure and the quality of 

estimated parameters input. The primary problem of the Markowitz model is that it takes 

parameters as they are true, that is, measured without an error. If this was true, the model 

would certainly specify the true optimal portfolio, given the assumptions introduced before. 

However, in practice parameters such as mean, variance and covariance are measured with an 

error. Traditional analysis neglects estimation risk, by treating the estimated parameters as if 

they were true parameters to determine the optimal choice under uncertainty. The problem of 

portfolio choice under uncertainty has traditionally been viewed as a choice among alternative 

known probability distributions of returns. An individual chooses among them according to 

his own preferences. In practice, the distributions are assumed to belong to a certain family of 
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distributions and since the parameters characterizing each distribution are not ordinarily now, 

they are estimated using available economic data (Brawa & Klein, 1976).  

Chopra and Ziemba (1993) argue that it is important to distinguish between errors in means, 

variances and co-variances. Hence, they state that for a risk tolerance of 50 (which is a 

measure of risk for investors) means are about eleven times as important as error in variances. 

Furthermore they argue that errors in variances are twice more important than errors in co-

variances. These results are similar to what Kallberg and Ziemba (1984) detected in their 

paper, where they found out that means are ten times more important than variances and co-

variances. The only difference between those articles is that Kallberg and Ziemba did not 

distinguish between variances and co-variances. Moreover, when non-negativity constraints 

are imposed, the computational result stated in paper written by Best and Grauer in 1991 

shows that a positive weighted mean variance efficient portfolio is extremely sensitive to 

changes in means. Hence, underlying thought is that relative impact of errors in means, 

variances and co-variances depends on the investor risk tolerance. Hence, risk tolerant 

investors‟ care much more about errors in means relative to variances, this is because risk 

tolerant investors want to maximize their expected returns, which is the mean in the mean 

variance framework.  

At lower risk the relative impact of means, variances and co-variances is similar, investors 

with low risk tolerance find it more important to minimize variance than maximizing expected 

returns. To this investor error in means are somewhat less important than error in variances 

and co-variances. Risk aversion is the general assumption in the mean variance framework 

and in the process finding the optimal portfolio using Tobin‟s separation theorem the mean 

variance framework puts every effort into constructing a covariance matrix, thus focusing on 

minimizing variance, when it should be focusing on more accurate expected returns. The 

focus should be put on expected returns as it is very difficult to get good input into the 

covariance matrix. Thereby, it should be kept in mind what was said before, that the 

difference in importance of impact for these factors declines with lower risk tolerance. This 

has the effect that risk averse investors situate themselves in the lower end of the frontier, near 

the minimum variance portfolio, but risk tolerant investors, which are willing to take on more 

risk, are situated in the top half of the frontier (Vijay K. Chopra, William T. Ziemba, 1993). 

The fundamental problem of the mean variance optimization problem is that the level of 

mathematical sophistication of the optimization is far greater than the level of information in 
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the output forecast. Mean variance optimizers work in a way that they magnify errors which 

are associated with inputs, which results in the fact that mean variance optimizers often do 

more harm than good. Because optimizers use risk and return, and as stated before estimates 

of those parameters are both inevitably subject to estimation error. Mean variance 

optimization significantly overweighs those securities that have large estimated returns, 

negative correlations and small variance and vice versa (Jorion, Philippe, 1992). Mean 

variance optimization often ignores factors that are fundamentally important investment 

management considerations. One of the most important of these factors is liquidity, or 

percentage of company‟s market capitalization represented by portfolio holdings (Michaud, 

1989). Additionally, another major problem with mean variance optimization is its tendency 

to maximize the effects of errors in the input assumptions. In an article written by Michaud in 

1989, it is stated that the traditional mean variance procedure often leads to financially 

irrelevant or false optimal portfolios and asset allocations. This is often referred to as optimal 

portfolio instability: the proportions allocated to each asset are extremely sensitive to 

variations in expected returns, and adding a few observations might change the portfolio 

distribution completely. Also, optimal portfolios are not necessarily well diversified. Often a 

corner solution appears where most of the investments are zero and large proportions are 

assigned to countries with relatively small capital markets and high average returns. These 

problems are major barriers to the practical application of mean-variance analysis and warrant 

a closer examination of the nature of estimation risk (Jorion, Philippe, 1992). In fact it can be 

shown that equal weighting can be superior to mean variance optimization in some cases. 

Furthermore, Michaud argues that mean variance portfolios are difficult to understand and 

that they don‟t make sense from an investment point of view.  

2.4 Fixed income securities and portfolio risk 

When investing abroad, investors have to cope with several different kinds of risk or market 

imperfections. The most obvious one is the exchange rate risk, or fluctuation in exchange 

rates. Hence, investors must be aware of the distinction between spot and forward exchange 

rates. Another kind of risk is the interest rate risk, meaning that different countries have 

different interest rates. Also interest rate risk or systematic risk can refer to changes in interest 

rates, affecting both capital changes and reinvestment return. Because a change in interest 

rates can affects all bond returns. If the interest rate does not change and the security is held to 

its maturity, then the only risk involved is default risk, sometimes called specific risk 

(unsystematic risk). To develop a consistent international strategy, international investors 
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need to understand how exchange rates are determined and why one country may have lower 

interest rate than another. First, let‟s focus on the exchange rate risk and factors regarding 

exchange rate determination. The relationship between exchange rate and inflation rate is 

important, the idea behind this relationship is simple: If a country has higher inflation than 

another country, its currency will decline relatively compared to the country with the low 

inflation. One theory regarding exchange rates is called the Law of one price which states that 

the price of goods in all countries should be equal when translated to a common currency. In 

other words, goods that can be bought cheaper abroad will be imported and that will force 

down the price of the domestic product. No one believes that the Law of one price holds 

exactly, but the theory is valid and can give an intuition how exchange rates and prices of 

goods functions (Bodie, Kane and Markus, 2005).  

A weaker version of law of one price theory is known as purchasing power parity or PPP. 

Purchasing power parity states that although some goods may cost different amounts in 

different countries, the general cost of living should be the same in the countries. Purchasing 

power parity implies that inflation rates do not affect the relative cost of living in countries. 

Instead, the different inflation rates in local currencies will be offset by changes in the 

exchange rate. Although the relationship is not exact, it can be seen that it holds for where 

large differences in inflation rates are generally accompanied by an offsetting change in 

exchange rate. If investors assume that the purchasing power parity holds, then their best 

forecast of inflation rates is also their best forecast of change in spot rate of exchange, because 

expected differences in inflation rates equals expected change in spot exchange rate. This 

theory does like the law of one price, assumes that currency in a country with high inflation 

will depreciate compared to a country that has lower inflation. That can be explained with 

flow of money into the country with high inflation and outflow of money in the country with 

low inflation (Bodie, Kane and Markus, 2005).  

Another viewpoint on this is to look at the relationship between inflation and interest rates, 

where inflation is often accompanied with high interest rates. Thus, the general law states that 

water flows downhill can be transferred to capital flows between countries by saying that 

capital always flows where returns are greatest. But it should be noticed that investors only 

look at real return, not nominal return. Countries can have different nominal interest rates, but 

the same expected real interest rates. This argument leads to the international Fisher effect, 

which assumes that if expected real interest rates are the same everywhere, then differences in 

the nominal interest rate must reflect differences in expected inflation rates. In other words, 



International bond diversification  Copenhagen Business School 

30 
 

capital market equilibriums require that real interest rates to be the same in any two countries 

(Brigham & Daves, 2004).   

The theories presented above are crucial to get the basic understanding of how international 

currency markets work. But in this thesis, exchange rate fluctuation or volatility is more 

important to us than law of one price or purchasing power parity, because investors want to 

hedge their returns with their optimal hedge ratio. E. F. Fama provided finance with his 

efficient market hypothesis, a theory that does not try to predict currency rates or security 

prices with use of a model, but instead he established that the pricing on all financial assets is 

made from available information to the investors. He divided the theory into three parts, the 

weak form, semi-strong- and strong form, where the weak form assumes that prices follow 

random walk and successive price changes are independent of each other. Formally the 

random walk model can be stated as: 

𝑝𝑡 = 𝑝𝑡−1 + 𝜇𝑡                      (eq. 15) 

Where pt is the price at time t, pt-1 is the price in the immediate preceding period and μt is the 

random error term. From looking at the equation it can be seen that it states that the best 

forecast of the price of a security at a time t+1 is the price at time t, which in turn implies that 

expected gain or loss for any holding period is zero. Therefore, this form of the efficient 

market hypothesis states that analysis of past prices is meaningless because patterns observed 

in the past occurred purely by chance (Lim, Kian-Ping et al.) Since foreign currency markets 

are in general considered to be the most effective markets, and therefore all the relevant and 

accessible information are immediately implicated in the currency rates, this model has a wide 

acceptance both from scholars and market professionals. The enormous interest in foreign 

currencies, the tremendous volume and the large number of participants in global financial 

markets leads to its efficiency. Every inquiry and each trade is immediately comprised into 

the market price and therefore we might accept the argument, that foreign currency market is 

the most effective one, which has also been proven with many research papers and studies. 

Only new and unexpected information affects the actual currency rate.  

Interest rate parity is another theory that is important when discussing the link between 

interest rates and exchange rates. The theory states that the interest rate differential must equal 

the differential between the forward and spot exchange rates. Thus, if the risk free interest rate 

in country X is higher than that in country Y, then country X‟s currency will buy less of Y‟s 

in a forward transaction than in a spot transaction. As the relationships discussed above, only 
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hold approximately, the interest rate parity almost holds with great precision. This should not 

be surprising, because it would be easy to have riskless arbitrage whenever the parity is 

violated. International capital markets and currency markets function well and offer no free 

lunches. Hence, investors cannot assume that it is cheaper to borrow in a currency with a low 

nominal rate of interest (Erik Machač & Renato Cucurnia, 2007). 

Individual fixed income securities also carry few risk factors that have not been mentioned in 

the above discussion, such as interest rate risk, yield curve risk, default risk and liquidity risk. 

Yield curve risk will be covered later in the paper. The price of a fixed income security moves 

in opposite direction with the change in interest rates. As interest rates rise, the price of a bond 

falls, and if an investor has to sell his security before maturity, the interest rate becomes 

important. If the interest rate is higher than when it was when the security was bought, then 

the price is lower, often referred to as a capital loss. This risk is by far the major risk that 

investors in the bond market face. Reinvestment is that when investors reinvest the cash flow 

received from a bond at a yield which is calculated at the purchase date of the bond. 

Reinvestment risk is the risk that market interest rates fall below the yield. This risk is greater 

for long periods and for high coupon bonds. Another risk, which will be briefly mentioned 

here is the default or credit risk, this risk will be discussed more in the international 

diversification chapter regarding emerging markets. Default risk is the risk that the issuer of a 

bond defaults, that is unable to make timely principal and interest payments on the issue. 

Liquidity risk is the risk of investors not being able to sell an issue at or near its value. The 

primaries measures for liquidity risk are the spreads between bids and ask prices quoted by 

the dealer. The wider the spread, the more liquidity risk, but if investors decide to hold the 

bond until maturity, this risk is not so important (Fabozzi, Frank J., 1994).  

2.5 Hedging 

When examining diversification benefits of foreign bonds, the first and the biggest risk that 

comes to mind is exchange rate risk. It is undoubtedly a very difficult task trying to forecast 

future currency rate progress and find the best way to hedge the risk. The reason for 

forecasting difficulties is because of volatility and the random walk hypothesis that currencies 

follow. Thus, investors want to hedge this risk as fluctuating exchange rates are likely to 

mitigate the potential gains from international diversification by making investment in foreign 

securities more risky. Eun and Resnick (1988) find in their article that exchange risk is 

nondiversifiable to a large extent due to the high correlations among the changes in the 
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exchange rates and, as a result, substantially contributes to the overall risk of the international 

portfolio. 

Investors might be interested in the possibility to hedge their exchange rate risk exposure 

partially or entirely towards the open position that foreign bonds represents. The situation 

where investors hedge their risk exposure entirely is called perfect hedge and is rare in 

practice. Hedging a particular currency position means basically establishing an offsetting 

currency position such as whatever is lost or gained on the original currency exposure is 

exactly offset by a corresponding foreign exchange gain or loss on the currency hedge. Since 

this thesis considers only a perfect hedge situation, it is not necessary to explain how the 

optimal hedge ratio is found (Hull, John. C, 2006).  

There are many ways to go about currency hedging, the first possibility is hedging with 

forward contracts, which are defined as foreign currency contracts to buy or sell foreign 

currency at a fixed rate for delivery on a specific future date or period. Foreign currency 

forward are used when investors have to meet an obligation to either make or take foreign 

currency payment at a specified future date. If the date of the foreign currency payment and 

the day on the forward contract are the same, then the investor has locked in the exchange rate 

payment amount and covered his position. This is very common way to go when investing in 

bonds, because then investors know exactly the dates they will receive cash flows from the 

bond. On the contrary, futures contracts are standardized contracts traded on international 

finance markets all around the world, not as forward contracts where investors can tailor made 

their contract. 

To meet coupon payments from foreign bonds, banks have come up with a contract which is 

called a currency rate swap. It is a contract where the buyers and sellers initial principal 

amount is equal at two different currency spot rates. The buyer and seller exchange fixed for 

floating interest rate payments over the term of the contract. At maturity, the principal amount 

is swapped at a predetermined exchange rate so the parties end up with their original 

currencies.  

2.6 The yield curve 

The yield curve (which is also known as the term structure of interest rates) represents a 

relationship between interest rates and the remaining time to maturity of debt securities. Any 

change in rates across the maturity spectrum can be observed by comparing the position and 

shape of the curve for different periods. Shift and changes in the shape of the yield curve are 
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viewed by most managers as a major source of risk to bond portfolios, because shift in the 

term structure affects all bond prices. If the yield curve shifts in a parallel fashion then it has 

the same affects on all bond portfolios, but in reality the yield curve does not always shift in 

parallel fashion. And if that is the case, the maturity of the bonds in a portfolio becomes 

important.  

The term structure of interest rates is important for various reasons. First, it contains 

information about the asset pricing process on financial markets which can be used to find if 

there are profitable arbitrage possibilities to be exploited in markets. When investors buy and 

sell bonds, they include their expectations of future inflation, real interest rates and their 

assessment of risk, which affects the yield curve (Erik Machač & Renato Cucurnia, 2007). 

Getting information from analyzing the yield curve is difficult and investors have to be 

careful when interpreting proposed information content from the yield curve. For example, 

there are several possibilities or theories implying why investors think that long term yield is 

higher than short term yield. One possibility is that investors look at longer term bonds as 

riskier than shorter term bonds. Another possibility is that investors expect rise in interest 

rates and higher average yields on long term bonds reflect the anticipation of high interest in 

the latter years of the bond‟s life. So it is true that expectations of higher interest rates can 

shift the yield curve, but a rising yield curve does not in and of itself imply expectations of 

higher future interest rates. Hence, estimating market expectations is a crucial task, because 

only by comparing your own expectation to those reflected in market prices, you can 

determine whether you are bearish or bullish in relation to certain economic factors. Still, 

many market professionals interpret very steep yield curves as a warning sign of impending 

rate increases and therefore when the curve is steep there is a far lower probability of 

recession than if the curve is inverted or falling. Furthermore, the yield curve is reputed to be 

a good predictor of the business cycle as whole, since long term rates tend to rise in 

anticipation of an expansion in the economy (Bodie, Kane and Marcus, 2005). 

Second, the relation between short and long interest rates is important for the transmission 

mechanism of monetary policy. The short end of the curve is controlled by monetary 

authorities, but only if there exists a stable relation between short and long rates authorities 

also control the long rate and thereby real economic activity. Finally, related to the 

informational content of the yield curve, the spread between long and short rates may give 

hints about future interest rates, inflation and real economic activity. For example, authorities, 

policy makers and investors may be able to use the yield spread as an indicator of the 



International bond diversification  Copenhagen Business School 

34 
 

inflationary pressure in the economy (Batten, Fetherston & Szilagyi, 2004, p.199). In their 

article Hamilton and Kim (2002) decompose the term spread into expected changes in short 

rates and term premium, and find that both components contribute to forecasting GDP growth. 

Furthermore Mishkin (1990) shows that the yield curve predicts inflation and Plosser and 

Rouwenhorst (1994) find that both term spreads and economic activity tend to be correlated 

across countries. Moreover, Chi-Sang Tam and Ip-Wing Yu (2008) show that only the policy 

rate impacts the short term yield, but not inflation or capacity utilization in the US and 

German markets. This means that yield curves embodies useful information about the future 

changes in the policy rate. On the other hand, while the bond yield factors do not appear to 

have any significant effect on other macro-variables such as capacity utilization and inflation, 

they may indirectly affect the macroeconomic performance of the US economy through their 

impact on the policy rate.  

There are four main economic theories that attempt to explain how a yield varies with 

maturity. Those theories try to answer the question why the yield curve takes on different 

shapes; upward -, downward -, partly upward or partly downward sloping. Two of the theories 

show extreme positions, while the third attempts to find a middle ground between the former 

two. The simplest one is the market expectation (pure expectation) hypothesis, which assumes 

that various maturities are perfect substitutes and suggest that an expectation of the market 

participants determines the shape of the yield curve. In other words, the theory conjectures 

that long term interest rates reflect the expected future short term interest rates. Thus, this 

theory perfectly explains the observation that yields usually move together. However, it fails 

to explain the persistence in the shape of the yield curve. As said before, this theory is the 

simplest one and it has its shortcomings: the expectation theory neglects the risk investors 

take on when investing in bonds, because forward rates are not perfect predictors of future 

rates.  

The theory that is in some ways most appealing of the four theories is called the liquidity 

preference theory. It argues that forward rates should always be higher than expected future 

rate, because this theory asserts that long term interest rates do not only reflect investors 

assumption about future interest rates but also includes a premium for holding long term 

bonds. The basic assumption underlying the theory is that investors prefer liquidity, that is 

they invest in funds for short periods of time, if investors were to hold a long term more 

illiquid bond, they would require a premium because long term bonds are harder to sell than 

short term bonds and also because movement of interest rates has more effects on the price of 
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long term bonds. If we compare this theory with the expectation theory then long term interest 

rates would equal the average expected short term interest rates. In absence of any incentives, 

investors would tend to deposit their funds for short time periods and borrowers would then 

choose to borrow for long time periods. This would result in financial intermediaries finding 

themselves financing substantial amounts of long term fixed rate loans with short term 

deposits which would lead to excessive interest rate risk. Liquidity preference theory leads to 

a situation in which forward rates are greater than expected future zero rates, which is 

consistent with the empirical result that yield curves tend to be upward sloping more often 

than downward sloping (Hull, John C., 2006, p.93).  

Another theory, Market segmentation theory, speculates that it is not necessarily the case that 

there is a relationship between short-, medium-, and long-term interest rates. Under this 

theory, prospective investors have to decide in advance whether they need short term or long 

term bonds. And due to the fact that investors prefer their portfolio to be liquid, the theory 

predicts that they will prefer short term bonds over long term. Therefore, the market for short 

term bonds will receive higher demand, which results in higher prices and lower yield. This 

explains the fact that short term yields are usually lower than long term yields. However, 

because the supply and demand of the short term market and long term market are 

independent, this theory fails to explain the fact that yields tend to move together. To show 

the flaws of this theory, the US yield curve inverted early in the year 2006, with short term 

yields actually exceeding long term yield. Market segmentation theory would attribute this to 

an investor preference for longer securities, which is in contrast with the liquidity assumption 

mentioned before.  

The fourth and final theory presented here is called “Preferred habitat” theory and states that 

in addition to interest rate expectations, investors have distinct investment horizons and 

require a meaningful premium to buy bonds with maturities outside their “preferred” maturity. 

This theory assumes that more investors invest in the short term market and therefore most of 

the time longer term rates tend to be higher than short term rates, although occasionally short 

term rates can be higher than long term rates. This theory represents a middle ground between 

the Market segmentation theory and the Market expectation theory. Moreover, it seems to 

explain both the persistence of the normal yield curve and the cases where the yield curve 

shifts up and down while retaining its shape. 
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These traditional models of the yield curve posit that the shape of the curve is determined by 

expected future paths of interest rates and perceived future uncertainty (risk premium). 

Meanwhile the expectation hypothesis performs badly in empirical studies, previous research 

have identified that the yield curve contains information about expected future economic 

activity, such as output and inflation. Therefore, it is important for international investors 

holding a bond portfolio to know what factors influence the yield curve, to be able to interpret 

yield curves from different countries and possibly finding investment opportunities or 

discover the point to get out of their position. 

2.6.1 What shifts the yield curve? 

As said before, yield curves contain some important information about economic activity 

which investors can use to their benefits when investing in foreign bonds. For example one 

argument states that when home country‟s yield curve becomes steeper relative to the foreign 

yield curve, the home currency tends to depreciate over the subsequent months compared to 

currencies which the yield curve is not as steep. In contrast, when the domestic yield curve 

shifts up or its curvature increases relative to the foreign one, the home currency is expected 

to appreciate subsequently, this response is though not as robust as the previous example 

predicts.  

According to theory, long term bond yields reflect inflation expectation. The higher level of 

inflation predicted, the higher bond yields must be to compensate holders for its likely 

ravages. Again in theory, inflation tends to rise as an economy expands and fall as economy 

contracts. Thus, if there are evidences of economic slowdown, in an environment where 

inflation is relatively subdued it triggers investors to position themselves at the long end of the 

yield curve. Bond markets also react positively when authorities take fast, effective action to 

control inflation by raising interest rates at the first sign of unsustainable growth (Martin 

Essex & Ruth Pitchford, 1996). In looking at fixed income investments, other factors are just 

as important as inflation and the economic cycle: Supply for example, the behavior of 

currencies and the attractions of alternative investments such as shares and commodities. A 

drop in supply is positive for bond markets because a drop in supply means that the economy 

is slowly recovering from recession. Supply tends to climb as economy contracts, offsetting 

the benefits of increased demand prompted by the squeeze of inflation. In truth though, many 

economists believe supply considerations are far less important than demand in setting 

government bond prices.  
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While supply often has limited impact on bond markets, exchange rate gyrations can have 

considerable effects. Quite simply, no foreign investor wants to invest in a country where the 

currency is “falling out of bed”. It is said that a falling currency is bad for bonds because it is 

inflationary, raising the price of imported goods and of products priced in another currency. 

But the main impact of a weakening currency on bonds comes via psychological impact on 

foreign investors. Often currency strength can turn only a slight bond price rise into dramatic 

returns (Martin Essex & Ruth Pitchford, 1996). 

2.7 Mean variance intersection and spanning 

Mean variance intersection and spanning theory refers to the fact that two mean variance 

efficient portfolios can span the mean efficient opportunity set of “n” risky portfolios. 

Practically speaking, mean variance intersection and spanning test refers to time series OLS 

regression models that test whether a risky portfolio is located on the mean variance efficient 

opportunity set of “n” risky portfolios, as test performed by Huberman & Kandel, (1987) and 

Gibbons, Ross & Shanken, (1989). These tests have had the assumption that all the 

investment funds are allocated in “n” risky portfolios. Furthermore, the statistical tests used in 

the thesis are based on the mean variance intersection and spanning framework put forward in 

an article which DeRonn & Nijman wrote in 2001, which base their article on article written 

by Huberman & Kandel (1987), but they add short sale constraint and the statistical test which 

will be included in this thesis. 

The intuition behind the tests is to compare two mean variance frontiers, first the initial 

portfolio or the benchmark and then the second one which relates to the initial portfolio 

including the candidate securities. Mean variance intersection and spanning test enables 

analysis of the effects on the mean variance frontier arising from addition of new assets, in 

this study foreign government and corporate bonds, to a set of Danish government bond 

portfolio. For ease of illustration, if for any utility function within the mean variance class the 

two frontiers are insignificantly different from each other we can say that the larger set of 

securities is spanned by the smaller set, meaning that new security classes are redundant. If 

spanning is the case, no mean variance investor benefits by adding a new asset class to his 

optimal portfolio. In other words, if there exist a risk free asset with a return that is known and 

equal to the risk free rate and if the risk free rate is not equal to the expected return of the 

global mean variance portfolio of risky assets, then the minimum variance frontier of all 

assets is spanned by the risk free asset and a portfolio of the risky assets (Huberman & 

Kandel, 1987). Formally, a Wald test can be performed in order to test the null hypothesis of 
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spanning. The test involves posing linear restrictions on the regression coefficients and the 

exact distribution of the test statistic under the null hypothesis. If this test is rejected, the 

investor should add the suggested new security to the current portfolio (Tims, Ben. & Mahieu, 

Roanald, 2003). 

 

Figure 6 – Intersection and spanning (Source: Cheung, 2000) 

If there is a significant shift in the frontier, but the old and new frontiers have exactly one 

point in common, it is called intersection. This means that mean variance optimizing investor 

can benefit from adding new assets to his portfolio as long as the risk free rate is not the same 

as the intersection rate. In other words, there is one risk free rate for which the old subset of K 

assets is on the mean variance frontier of the new K+N mean variance frontier (Cheung, Yui 

C, 2000). Furthermore, intersection indicates that there is one mean variance utility function 

for which there is no benefit from adding the new asset. Intersection, like spanning can also 

be tested by Wald test, but in a slightly different way. 

In the mean variance context, Wald test on spanning and intersection can be computed from 

simple regressions. To explain further the concepts of spanning and intersection, the math 

behind these tests will briefly be presented here, and readers are referred to the comprehensive 

surveys by Kan and Zhou (2001) and DeRoon and Nijman (2001) for complete mathematical 

background behind these tests. 

To start with Rt+1 is defined as the initial vector of K returns and rt+1 is defined as the return 

vector of the additional N assets. As stated before the intuition behind these tests is to derive 

under what conditions the initial set of the mean variance efficient portfolio returns Rt+1 are 

also mean variance efficient for the set of K+N assets (Rt+1, rt+1). Following Huberman and 

Kandel (1987) regression can be performed in order to test for spanning: 

𝑟𝑡+1 = 𝛼 + 𝛽𝑅𝑡+1 + 𝜖𝑡+1               (eq. 16) 
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With the error term 𝜖𝑡+1, as a column vector matrix with one row. The intercept α is also a 

column vector matrix with one row and β as N*K matrix. The vectors α, R and 𝜖𝑡   are random 

and the error vector is uncorrelated with the random vector of R and the expected value of 

each element of 𝜖𝑡  is zero (Huberman & Kandel, 1987). 

The hypothesis of a mean variance intersection means that there is a portfolio w*, which is 

mean efficient for the Rt+1 set and for the larger set (Rt+1, rt+1). The hypothesis of intersection 

comes down to the statement that there exists a mean variance efficient portfolio w* on the 

form 

w∗ =   
wR

∗

0N
                              (eq. 17) 

Where 𝑤𝑅
∗  is a K dimensional vector with portfolio weights for all the available assets (Rt+1, 

rt+1). Furthermore, there exist scalars γ and η, such that 

𝜇 −  𝜂𝜄𝐾+𝑁 = 𝛾  
𝑤𝑅
∗

0𝑁
                (eq. 18) 

If there is only one value γ or η for which mean variance investors cannot improve their mean 

variance frontiers by including rt+1 in their investment set, the mean variance frontier of Rt+1 

and (Rt+1, rt+1) have exactly one point in common, which is referred to as an intersection. 

Using notations consisting of two sub-vectors µR and µr, and ∑ consists of sub-matrices ∑RR, 

∑Rr and ∑rr. The first row of equation 18 implies that 

            𝜇𝑅 − 𝜂𝜄𝑁 = 𝛾 𝑅𝑅𝑊𝑅
∗ ⟷𝑊𝑅

∗ = 𝛾−1Σ𝑅𝑅
−1 𝜇𝑅−𝜂𝜄𝐾     (eq. 19) 

This equation states that 𝑊𝑅
∗ is indeed a mean variance efficient for the smaller set Rt+1. To 

enable us further to see that this portfolio intersects the old  mean variance efficient frontier, 

the next step is to derive restriction on the distribution of Rt+1 and rt+1 that are equivalent to 

mean variance intersection. In order to do so, substitute equation 19 in last N row of equation 

18 to obtain: 

𝜇𝑟 − 𝜂𝜄𝑁 = Σ𝑟𝑅Σ𝑅𝑅
−1 𝜇𝑅 − 𝜂𝜄𝐾 ⟷  𝜇𝑟 − 𝛽𝜇𝑅 +  𝛽𝜄𝐾 − 𝜄𝑁 𝜂 = 0    (eq. 20) 

With 𝛽 ≡  ΣrR ΣRR
−1 . Thus if there is a portfolio that is mean variance efficient for the smaller 

set Rt+1 that is also mean variance efficient for the larger set (Rt+1, rt+1), there must exist an η 

such that restriction in equation 20 holds. From the deviation it can be seen that the η variable 

is the zero beta return that corresponds to the portfolio 𝑊𝑅
∗ (and w*). 
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If there are no mean variance investor that can improve its portfolio by adding rt+1 into his 

portfolio, the mean variance frontier of Rt+1 and (Rt+1, rt+1) coincide, which is referred to as 

spanning. If there is a mean variance spanning then all mean variance efficient portfolios w* 

must be on the form like equation 17, i.e. equation 18 must be true for all values of η and the 

corresponding γ‟s. Going through the same steps as before, if equation 18 must hold for any 

η, equation 20 must hold for any η, and this can only be the case if  

𝜇𝑟 − 𝛽𝜇𝑅 = 0 and 𝛽𝜄𝐾 − 𝜄𝑁 = 0 

Which are the restrictions imposed by the hypothesis of spanning, with 𝜄𝑁 unity vectors. 

These are two restrictions on the regression model in equation 16 and the intuition of the 

restriction is quite clear. If these restrictions on the distribution of Rt+1 and rt+1 hold, every 

point on the mean variance frontier of Rt+1 is also on the mean variance frontier of (Rt+1, rt+1) 

and the two frontiers coincide (DeRoon and Nijman, 2001).  

As said before, Wald statistic can be computed to determine if intersection and spanning for 

adding new assets to the benchmark portfolio are significant or not. The Wald test statistics 

can be calculated as: 

𝑊 = 𝑇 𝜆1 + 𝜆2 ~𝜒2𝑁
2                  (eq. 21) 

If the null hypothesis is not rejected, the benchmark portfolios then span the mean variance 

frontier of the benchmark portfolios plus new portfolios, which implies that investors are 

unable to enlarge their investment opportunity set through the addition of new portfolios. In 

terms of geometry, the test for mean variance spanning can be divided into two elements: (1) 

the spanning of the global minimum variance (GMV) portfolio and (2) the spanning of the 

tangency portfolio. Therefore, the Wald test can be rewritten as: 

𝑊 = 𝑇  
 𝜎 𝑅1 

2

 𝜎 𝑅 2 − 1 +  𝑇  
1+𝜃 𝑅 𝑅1

𝐺𝑀𝑉  
2

1+𝜃 𝑅1 𝑅1
𝐺𝑀𝑉  

2 − 1        (eq. 22) 

Where  𝜎 𝑅1 
2 and  𝜎 𝑅 

2 are the global minimum variance of the benchmark assets and 

augmented assets, respectively. 𝜃 𝑅1 𝑅1
𝐺𝑀𝑉  is the slope of the tangency line of the mean 

variance frontier for augmented assets using 𝑅1
𝐺𝑀𝑉  as a reference point. This shows that the 

spanning test statistics consists of two parts. The first part of the spanning test statistics in a 

sense measures whether there is an intersection at the most extreme point of the frontier (i.e. 

whether there is a limiting form of intersection if we go sufficiently far up or down the 
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frontier). The second term of the statistics in equation 22 is determined by the change in the 

global minimum variance of the portfolios, and measures whether the point most to the left on 

the frontier changes or not. Put differently, the first term measures whether there is 

intersection for mean variance investor with a low risk aversion, while the second term 

measures whether there is intersection for mean variance investor with high risk aversion.  

Another concept relevant to the assessment of movement, or change, in the tangency 

portfolio, is the mean variance intersection test proposed by Huberman and Kandel (1987). 

They examine whether the mean variance frontier of the benchmark assets and the mean 

variance frontier of the augmented assets only has one point in common. The null hypothesis 

of intersection is:  

𝐻0: 𝛼 − 𝜂 1 − 𝛽ΙK = 0𝑁  

Where, η is the risk free rate. Following DeRoon and Nijman (2001), the test statistics for 

testing the intersection hypothesis can be rewritten in terms of the maximal Sharpe ratios as: 

𝑊 = 𝑇  
1+ 𝜃 𝑅 𝜂 

2

1+ 𝜃 𝑅1 𝜂 2 − 1 = 𝑇  
𝜃 𝑅  𝜂 

2−𝜃 𝑅1 𝜂 
2

1+ 𝜃 𝑅1 𝜂 2  ~ 𝜒𝑁
2         (eq. 23) 

Where 𝜃 𝑅1 𝜂  is the maximal Sharpe ratio attainable for the benchmark assets, and 𝜃 𝑅 𝜂  is 

the maximal Sharpe ratio attainable for augmented assets. The rejection of the null hypothesis 

for the intersection test implies that, based upon the risk free rate as a reference point, the 

mean variance frontier of the augmented assets has no point in common with the mean 

variance frontier of the benchmark assets. Thus, there are significant differences in the 

maximal Sharpe ratios between the augmented assets and the benchmark assets.  

2.7.1 Mean variance with short sale restriction 

If there are no market frictions, which has been the case in the above discussion and if it is 

assumed that the law of one price holds, there exist a stochastic discount factor Mt+1 such that 

𝐸 𝑀𝑡+1𝑅𝑡+1 𝐼𝑡   = 𝜄𝐾                        (eq. 24) 

Where I denotes the information set that is available to investors at time t. The stochastic 

discount factor Mt+1 that has expectation v that corresponds to a mean variance utility function 

which is a linear function of asset returns. 
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Now consider the presence of market frictions such as short sale constraint. This can be dealt 

with by adjusting the vector of returns Rt+1 to reflect the frictions when short sale constraints 

are imposed on the portfolio holdings, the condition in equation 24 must be replaced by 

𝐸 𝑀𝑡+1𝑅𝑡+1 𝐼𝑡   ≤ 𝜄𝐾                      (eq. 25) 

Where, the inequality sign applies component wise (DeRoon, Nijman & Werker, 2001). In the 

process of constructing the portfolios for this study, a restriction for short sales will be put in 

the excel program “Solver” so that portfolio weights do not turn negative when tracing out 

efficient portfolios of the efficient frontier when short sales are restricted. 

3 International diversification and financial integration 

International diversification is important for investors as they can presumably increase their 

portfolio returns without increasing risk by investing internationally. But investors are often 

reluctant to invest in foreign markets because they feel that they do not have sufficient 

knowledge in those markets, often referred to as home bias. International markets, with 

different currencies and different business cycles offer without a doubt many opportunities for 

investors. This chapter will discuss possible benefits, disadvantages and opportunities of 

international bond portfolios. Moreover, emerging markets attributes and the diversification 

opportunities those markets can offer investors will be discussed. Special focus will be on 

country risk and emerging markets correlation with the world economy. Finally, financial 

integration during recessions and proposed increased integration in today‟s world economy 

will be addressed. 

3.1 International Bond Portfolios 

The bond market is a financial market that acts as a platform for buying and selling of debt 

securities. The bond market is in nature less volatile than the stock market and, hence the risk 

is less in bond markets compared to stock markets, and therefore return is also less. It seems 

reasonable to expect bond markets to be more closely integrated than equity markets, largely 

because differences between bonds in different countries are small. Although bonds are not 

that different between countries there are still possibilities to diversify and hold an 

international bond portfolio. The underlying factors of bond prices and yields are economic 

fundamentals, such as prices, interest rates, employment, gross domestic product (GDP), the 

mortgage market, import-export trade. Together with these factors the business cycle of each 



International bond diversification  Copenhagen Business School 

43 
 

country has to be taken into account when examining diversification benefits of 

internationally diversified portfolio. 

The empirical study will consider diversification benefits of investing in government bonds 

and corporate bonds. Government bonds are bonds issued by national governments 

denominated in country„s own currency. Government bonds are usually referred to as a risk 

free investment, because if the government has trouble paying back the bond, it can raise 

taxes or print money to redeem the bond at maturity. Anyway there are examples of 

governments default, such as Russia in 1998. The term “risk free“ means free of credit risk, 

but other risk still exist, such as currency risk for foreign investors. Secondly government 

bonds are exposed to inflation risk, which means that the principal repaid at maturity will 

have less purchasing power than anticipated if inflation ends up being higher than expected. 

Government bonds can be categorized into at least three types of bonds. First there are real 

bonds, which are interest baring security that gives investors a protection against inflation in 

comparison to nominal bonds. A nominal bond is a bond with fixed annual interest payment 

in terms of coupons. The interest rate is constant throughout the life of the bond. The last 

types of government bonds are zero coupon bonds, which give the investor the invested 

capital and a compensation for inflation at the maturity date of the bond. 

The other bond group included in the analysis is corporate bonds. A corporate bond is a bond 

issued by a corporation to raise money in order to expand its business. Compared to 

government bonds, corporate bonds generally have higher risk of default. This risk depends 

on the particular corporation issuing the bond, the current market condition and governments 

to which the bond issuer is being compared and the rating of the company. Investors of 

corporate bonds are compensated for taking this risk by receiving higher return than 

government bonds offer. 

3.1.1 Possible benefits and disadvantages 

International diversification can have advantages for investors as described in the theory 

chapter, but it has also its downside. In this subchapter the benefits and disadvantages of 

international diversification will briefly discussed.  

The possible advantages of international diversification are many, the most obvious one is 

that diversification can offer higher return. Higher return can be obtained by investing in 

countries where return is higher than in the home country but offers similar risk. Another 

advantage is related to the diversification principle, which is one of the most important issues 
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in the modern financial economy. As said before diversification protects the investors against 

shocks in one country or sector. By investing in different countries the fluctuations in return 

can counteract with each other, the best way to diversify is in countries with low yield curve 

correlation. Investors do not entirely focus on risk and return when diversifying 

internationally, they are also looking for liquidity. Investors can find countries with low risk, 

comparable yield curves but almost no liquidity. If that is the case it can be very complicated 

for investors to get out of their positions in those bonds. 

International diversification has also some disadvantages and the biggest disadvantage is 

currency rate risk. When investors invest in foreign bonds they get their cash flow of the bond 

in foreign currency. Other costs of international diversification is the time and cost that 

investors have to spend to gather information about foreign fixed income markets and factors 

that influence those markets in particular country. This actuates investors to invest only in 

domestic bonds, hedging against nominal currency risk is costly and that trades between 

countries may involve higher transaction cost, this is referred to as home bias. 

3.1.2 Co-variation between bond markets 

In times of heightened concerns about rising inflation, international bond prices could plunge 

in unison, resulting in high correlation. During these periods, increased international holding 

of bonds in portfolios may lead to lower diversification benefits. To name an example, market 

participants paid attention to this fact when the US Federal Reserve increased sharply long 

term rates in 1994. This sharp rise in interest rates was followed by rise in European and 

Japanese long term rates, although economic outlook was not so bright (Christiansen and 

Piggot, 1997). On the contrary, the same takes place when concerns about recession rises, 

instead of plunging prices and rising yield the opposite occurs, yields fall and prices rise. In 

these two extreme situations, correlation increases between bond markets. Bond yields can 

also give investors hint about coming recession or economic recovery. Conventionally it is 

thought that spreads tend to narrow during recoveries and to increase during recessions as 

bond investors reassess the relative creditworthiness of bonds in light of changing economic 

developments (Hunter and Simon, 2005). An example of these kinds of spreads is the TED 

spread, which is the difference between three month T-bill interest rate and three month 

LIBOR. The bigger the TED spread, the less willing investors are to take risk. In 2008 the 

spread surged as the credit crisis gripped the economy, but since central banks in the large 

developed countries have lowered interest rates and pumped liquidity into the economy, the 

spread has fallen off. 
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The issue whether monetary policy transmission mechanism has been undermined by 

increased influence of foreign markets in recent years has been studied by Clare Lekkos 

(2000). She finds influences of foreign markets increase during volatile periods, but her 

finding suggest that co-variation between US, Germany and UK yield curves has been 

relatively stable over time. Solnik et al. (1996) agrees with the previous mentioned study and 

finds out that correlation between major international bond markets increase when volatility 

in each market rises (Hunter and Simon, 2005). Furthermore, Hunter and Simon (2005) 

discover that increased correlation between bond markets can partly be explained by 

monetary policy coordination. Moreover, their overall result is that correlations between bond 

returns fall when business cycle conditions between countries deviate, as reflected by 

differences in the slope of the yield curve or the term spread. The yield curve comparison in 

the empirical chapter will exactly focus on this issue and because the yield curve is driven by 

market expectations of economic fundamentals, the comparison can hint changes in financial 

integration and thus can help in answering if diversification advantages decrease in times of 

recession. 

3.2 Financial integration in times of recessions 

Over the last few decades average correlation among the world„s major economic countries 

has been positive, but far from perfect. Historically, business cycles in developed markets 

have been most correlated with the global business cycle by definition, since developed 

markets represent a large share of the world„s total economic output. Between 1950 and 2007, 

the contemporaneous correlation in annual gross domestic product growth between developed 

markets and the word economy has been 74%. Over the same period emerging market 

economy correlation to the world market has had a 39% contemporaneous correlation. Over 

the last two decades the world has witnessed widespread liberalization of capital controls and 

as a result, countries have become more financially integrated over time and actual capital 

flows have increased dramatically. With regards to financial integration and recession, many 

market specialist and scholars argue that correlations between markets increase in times of 

recession which leads to the old investment saying: 

 

“The only thing that rises in a market panic/sell off is correlation.” 
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Generally speaking economic correlation between emerging markets and developed markets 

tends to be lower than business cycle correlations among industrialized countries and that is 

why investors are increasingly looking for diversification opportunities in emerging markets 

and particularly in times of financial distress (www.indexuniverse.com). 

Although financial integration can reduce diversification benefits, it can also result in 

benefits. Jean-Claude Trichet (2008) said in a speech at the 23. International ZinsForum 

“Zinsen 2009”: that financial integration increased depth and liquidity of financial markets 

and enhances the resilience of the European financial system. Moreover, he said that at the 

same time, financial integration poses important challenges to authorities and central banks. 

More integrated markets increase the shock-absorbing capacity of the financial system and 

shocks can spread more quickly. Trichet‟s explanation of the financial integration in the 

European financial system can be transferred to the whole world economy. Hence, the 

recession now is due to the fact that the current shock is propagating very quickly from one 

country to another. 

The world economy is under a considerable stress and economic leaders have a difficult task 

ahead of them to get their country‟s economy back on track. The subsequent figure shows the 

magnitude of the recent shock and how integrated international financial markets have 

become, where over 90% of countries are experiencing recent financial crisis, as the is shown 

on the right in figure 7. 

 

Figure 7 – Result of the recent financial shock (source: IMF) 

http://www.indexuniverse.com/
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The reason why so many countries are hit by the recent recession is because world markets 

have become increasingly integrated as trade barriers have subsided, large inter-country 

trading blocs have emerged, and financial market restrictions have relaxed. To fight the crisis, 

policymakers have taken unprecedented and coordinated actions to address the financial 

panic. These actions are for example, coordinated policy rate decisions, rescue packages for 

companies and stimulus packages for the economy. The US and UK have put most money 

into those rescue and stimulus packages as the crisis has affected those countries very much. 

Correlations among global business cycles rise significantly when financial shocks severely 

impair the world‟s largest economies. Past U.S. recessions have most adversely affected the 

broader economies through two primary links: trade and finance. Forbes and Chinn (2003), 

for instance, show that performance of the U.S. equity market tends to affect returns of most 

global markets significantly, rather than vice versa (www.indexuniverse.com). In global 

financial crisis it is unlikely that emerging market decoupling will happen because growth in 

those countries would have to accelerate significantly to counteract recessions in developed 

markets. As a result, emerging markets economies remain coupled to severe U.S. recessions 

and global financial crises. 

The global financial crisis of 2007 has led to high correlations as stock markets around the 

world have fallen markedly in value. These recent events tempt investors, as they have in the 

past, to conclude that portfolio diversification is invalid. This view is very common amongst 

investors and the following study will examine if investors have to worry about if 

diversification benefits lowers for bonds in times of recessions. Even though integration 

increases investors must surely know that business cycles vary over time, by country, by the 

source and magnitude of financial shocks. Broadly speaking, cross country correlations in real 

GDP growth rise whenever asset price shocks are systemic (e.g. the oil- price shock) and the 

world‟s largest economies are severely impaired in the process (e.g., the situation in the 

United states today). Because of increased correlation and business cycles variation it will be 

interesting to see if emerging markets offer diversification benefits as they are often said to 

follow other business cycle and have low correlation to developed markets. 

 

 

http://www.indexuniverse.com/
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3.2.1 Financial integration and bond markets 

The decision of which country to invest in, is clearly an important part of the international 

investment strategy. But the question whether investors should put money into fixed income 

securities, stocks, commodities or something else is also crucial. If an investor decides to put 

money into the fixed income market, he also has to decide where on the yield curve he wants 

to invest, or what bonds to invest in, corporate or government bonds. Investors often look to 

bonds in recessions, where short term government bonds particularly are considered to be the 

best choice, because long term bond yields reflect inflation expectation and inflation is likely 

to rise during a period of economic growth and fall during a period of economic contraction. 

In integrated market without any barriers to international investment, bond yields will to a 

greater extent react to information that is relevant for the entire integrated market 

(Nationalbanken, 2006). In other words, when integration increases yield curves should 

increasingly be driven by common factors and the correlation should increase towards one. 

For the same reason volatility of assets should converge to the volatility of the benchmark 

asset. Increased financial integration also entails that estimated β-values converge towards 

one, implying that interest-rate changes across the integrated market are driven by the same 

factors (Baele et. Al, 2004). 

An inverted government yield curve is a sign of an upcoming recession, meaning that the 

yield curve contains information about the future path of real economic activity. Bernanke 

(1990) and Estrella and Hardouvelis (1991) show that term spreads are useful for predicting 

future real economic growth in the United States. Plosser and Rouwenhorst (1994) present 

evidence that term spreads are useful for predicting real economic growth in the United 

States, Canada and Germany, but not in France and the United Kingdom. Term spreads can 

also be used as an indicator whether a recession will occur in the near future. The meaning of 

a term spread is when short term yield is compared to the yield on the long end of the yield 

curve. If short term yield becomes higher than long term yield, investors are buying short term 

bonds which means that their inflation expectation are decreasing and the economy is 

expected to contract or go into recession (Frankel, 1989). Esterella and Mishkin (1995a) argue 

that term spreads forecast recessions in the United States as much as eight quarters in 

advance. Moreover, they also show that term spreads dominate many other macroeconomic 

time series, in particular leading indicators, as predictors of real economic conditions (Henri 

Bernard and Stefan Gerlach, 1996). 
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In recent crisis US bond prices have plunged and interest rate surged, or in other words nearly 

doubled in half a year, which is the most dramatic surge of interest rates during any recession. 

The major economies have taken a coordinated action and at the G20 meeting in London in 

April 2009, it was decided to pump 1,1 trillion US dollars into the financial system to restore 

growth and create jobs. This lead bond markets to head south, which is not the normal 

reaction in times of recession, especially not when the stock market goes in the same 

direction. With this, the market might be indicating increased inflation expectation because of 

all the bailouts and stimulus packages, instead of a pre-expected deflation. Another example is 

that central banks are trying to bring bond markets back to life by buying large parts of 

government bonds issued, but to buy such a large part the central banks need to print money 

which increases inflation fears among investors. This chases away bond investors who realize 

that they will be paid back in cheaper amount of their local currency (Marketoracle.co.uk). 

Furthermore, because of all the stimulus packages and the low interest rate, the state of some 

of the major economies looks to be in a fight between deflation and inflation. Deflation means 

that the world economy might see the greatest contraction of credit ever or on the inflation 

side that injection of capital by the government has been too much.  

The usual strategy for investors in a crisis situation like the world economy faces at the 

moment is to get away from long maturities and shift to shorter term maturities. As a result, 

short term maturities tend to outperform long term maturities, resulting in a steepening of the 

yield curve. This is exactly what is happening today, because investors fear the uncertainty of 

future economic evolvement and the proposed inflationary pressure put on by governments as 

their debt increases out of line with their ability to pay back their debts. In other words, 

investors fear that governments of the largest economies have to print money in the future to 

be able to pay back accumulated debts, thus increasing inflation and diminishing value of 

money. A few examples of crisis when investors flee to short maturity government bonds 

from stocks include the stock market crash of 1987, the savings and loan crisis of the early 

1990s, the global financial crisis of 1998 and the terrorist attack on September 11
th

 2001. In 

some of these former crisis investors did not just invest in short term maturities to protect 

their capital, but also because they expected that the central bank would respond to the crisis 

by lowering short term interest rates (Crescenzi, Anthony, 2002). 
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3.3 Emerging market bonds 

The expression, emerging markets, refers to countries‟ economies which are in the process of 

rapid growth or industrialization. Currently there are 28 countries that count as emerging 

markets with China and India considered to be the two largest. In recent years a new term, 

BRICM, has been developed for the largest economies of the emerging market; Brazil, 

Russia, China, India and Mexico. Experts believe that these countries are enjoying an 

increasing role in the world economy and on political platforms, not just because of the size of 

their economies but also because these countries have opened their economies and made trade 

more attractive for market participants. Throughout the years bad news has surrounded these 

markets and they have been considered a bad place to invest in, but it is quite the contrary. 

For instance, emerging market sovereign bonds have been found to over-perform US 

corporate bonds and even the S&P 500 equity index over the last ten years 

(www.morningstar.co.uk, finance.mapsofworld.com). 

Not so long ago, emerging market debt was a small part of international bond markets, as 

issuance was limited, data quality was poor, markets were illiquid and crises were a regular 

occurrence. Since the emergence of the Brady plan, issuance increased dramatically. The plan 

gave emerging countries the right to issue bonds in foreign currency, mainly in dollars. 

Although, emerging markets are still more prone to crises than other markets and since the 

emergence of the Brady plan, four crises have boomed the emerging markets. First the so 

called Tequila crisis, which became an effective crisis with the sudden drop in the Mexican 

Peso. Second, in 1997 the East Asian crisis originating in Thailand because the local currency 

collapsed, conventionally the crisis had most effect in Indonesia, South Korea and Indonesia. 

After that there came the Russian crisis in 1998 caused by decline in world commodity prices, 

and then the last crisis was the Argentine economic crises in 2001-2002. 

Emerging market debt is primarily issued by sovereign issuers. Sovereign issuance has 

historically been primarily issued in foreign currencies but in recent years the development of 

pension systems in certain countries has led to increased issuance in local currencies. 

Emerging market debt tends to have lower credit rating than other sovereign debt because of 

the higher economic and political risk. Hence, most developed countries are either AAA or 

AA rated, but most emerging market countries are rated below investment grade (BBB-), 

though a few countries have made significant improvements and been upgraded to BBB or A 

ratings. The most recent rating by Fitch Ratings on emerging market debt confirms that 

emerging markets are considered riskier than developed markets. For example the US, 
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Germany, France, Japan, UK and Denmark all had the rating AAA
2
 last time the countries 

were rated, while Brazil, India and Russia had BBB rating. Moreover, China is one of the 

emerging market economies that have seen significant improvements and have been upgraded 

to A+ (Fitchratings.com). 

As the ratings by Fitch show (figure in appendix A), it is riskier to invest in emerging markets 

is riskier than investing in the developed countries. It is not just the financial risk that matters, 

however, the political risk is equally important in those markets due to the unstable 

environment and less developed infrastructure than in the developed countries. Another way 

to define country risk is to look at so called credit default swap spreads (CDS spreads). CDS 

is a contract between the buyer of a CDS contract and the seller, where the buyer makes a 

series of payments to the seller, and in exchange, receives a payoff if a credit instrument 

(usually a loan or a bond) goes into default. Thus, the CDS spreads measure the risk of a 

country to default on its debt. Appendix A shows a figure of CDS spreads for 10 countries, 

both emerging market countries and developed countries. The figure shows that spreads for 

emerging markets are considerably higher than developed countries spreads. It can be seen, 

that in late 2008 until February 2009, the CDS spread for Russia increased rapidly, indicating 

increased investors expectation that Russia would default on its bonds. 

As emerging markets have become more integrated with the world economy, the correlation 

of their business cycles to real GDP growth and the rest of the world has increased. However, 

some studies disagree, Stock and Watson (2005) find minimal evidence of increased 

international synchronization of business cycles, despite increases in international trade flows, 

integration of developed markets and the introduction of the euro (Peláez & Peláez, 2007). On 

the contrary if CDS spreads are examined, Mauro et, al. (2000) argues that historical brake in 

spreads are more related to country-specific (mainly political) events, whereas in modern 

spreads breaks occur mostly because of global crises. Hence, indicating that there is more 

correlation between modern spreads versus historical spreads and thus lower diversification 

benefits nowadays compared to the past. Futhermore, Mauro also argues that increased co-

movement in spreads are not only due to increased co-movements in economic fundamentals 

but also because of changes in investor behavior. 

 

                                                           
2
 The rating referred to are the latest ratings from Fitch, spanning from the middle part of 2008 to early 2009. 



International bond diversification  Copenhagen Business School 

52 
 

Portfolio funds and investors are increasingly investing in emerging markets because of 

proposed opportunities of considerable higher return and diversification opportunities. 

Allocating to higher yielding bonds does, to some extent, mean assuming a slightly higher 

level of risk. However, the increase in risk is not necessarily proportionate to the increase in 

potential returns. As argued in the theory chapter it is true that by investing in a combination 

of assets whose correlations are low, it is possible to achieve significantly higher returns while 

limiting the extent of the increase in risk. For example, a portfolio that consists of investment 

grade bonds, high yield and emerging market bonds is well positioned to benefit from the 

relative safety and stability of the investment grade bonds as well as the higher income 

provided by the riskier bonds (Pension fund performance guide, 2007). Some studies have 

found very significant diversification benefits in emerging markets and some go as far as 

stating them as a “free lunch”. However, these studies generally ignore the high transaction 

cost, illiquidity of assets and other investment constraints with emerging market investments. 

4 Methodology and Data description 

When examining international diversification benefits and financial integration with the mean 

variance intersection and spanning approach, the analysis requires a mix of primary and 

secondary data is to illuminate the central research question. The method chosen enabled 

exploration of bond returns and development of countries key economic indicators over the 

time period examined. The secondary data is mainly data from academic journals, books, web 

sites and databases. It is chosen on the basis of the relevance to the study focusing on 

researching modern portfolio theory, yield curves, financial integration, mean variance 

intersection and spanning and emerging markets. The thesis relies on articles by well known 

authors in the field of portfolio theory and Mean variance spanning analysis, such as 

Markowitz, Huberman & Kandel, De Roon, Nijman, Jobson & Korkie and William Sharpe, 

whose name are widely known and often referred to in articles and books regarding these 

topics. The theoretical ideas presented in these books and articles are used to build a ground 

for the following empirical research. Furthermore, the theories are applied to interpret results 

and draw conclusions. There is a certain imbalance in the availability concerning literature 

coverage in the thesis. There is a lot of research done in the area of portfolio management, 

such as regarding risk and return, correlation, the yield curve and the efficient frontier. On the 

contrary, there is a limited availability of research done with the mean variance spanning 
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framework were bonds are the only asset class analyzed. Furthermore, for those few that exist 

are almost without an exception from US or UK perspectives.  

Information can be organized and analyzed either quantitatively or qualitatively. Quantitative 

research refers to statistical methods in order to make a numeric analyze written or oral 

material. Qualitative methods can be used to uncover and understand what lies behind any 

phenomenon that can be difficult to express with quantitative methods, for example values 

and attitudes. A qualitative approach is needed to cover areas that quantitative methods fail to 

explain. In order to answer the research questions imposed in the introduction chapter I have 

chosen to carry out a quantitative research, meaning, using statistical and mathematical 

models to test for international diversification benefits and financial integration. The main 

reason why mean variance intersection and spanning approach is taken in the empirical study 

is because it is extremely relevant when examining diversification benefits, were the test 

analyses if adding new assets results higher return or lower standard deviation than the initial 

portfolio. Likewise, the intersection test examines if the old and the new portfolio intersect at 

some pre-specified zero beta rate. If those tests are rejected, then the new portfolio is very 

different from the initial portfolio and implies that significant diversification benefits exist.  

The objective of the study is to describe the general academic discussion of portfolio theory 

and to explore the mean variance spanning and intersection approach to perform the empirical 

study. The results can give Danish investors hints on how to approach their investment 

strategy in international bond markets. Furthermore, the empirical study examines how 

diversification benefits have evolved for the last ten years and the last two years. By 

comparing these two time periods the results can give insight in diversification benefits and 

how diversification benefits within bonds are in times of a worldwide financial crisis. A 

descriptive study is characterized by the fact that there already exists much knowledge in the 

field of portfolio diversification and only some aspects of the phenomenon are studied. To 

large extent the study is descriptive; the theoretical part discusses topics within the field of 

modern portfolio theory, such as the efficient frontier and portfolio diversification. Likewise, 

the empirical part uses statistic models to examine if there are significant benefits from adding 

new securities to the initial portfolio. Moreover, mathematical approximation is used to 

construct the efficient frontiers, finding the tangent- and minimum variance portfolio as well 

as deriving yield curves. The research literature that mainly inspired the structure and the 

concept of this thesis are among others; Tims, Ben (2003), Hanson, Liljeblom & Löflund 

(2008) and Cucurnia & Machač (2007). 
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4.1 Data 

The data used in this paper can be separated into three categories, first there is data for bond 

returns that is used to construct efficient frontiers and perform mean variance intersection and 

spanning test. The second category consists of data for constructing country‟s yield curves, 

and, credit default swap spreads, inflation and country‟s policy rate data. The data is 

examined for two periods, one long period that spans the last ten years and a short period 

which spans approximately the last two years. This is done to check if there exist different 

trends between time periods, which can indicate if diversification benefits have changed in 

recent years.  

The bond data consists of average monthly values that are transformed into returns for 

seventeen countries government bond indices and four corporate bond indices downloaded 

from DataStream, for the period from January 1999 to December 2008. The data is organized 

in a similar way as Hanson, Liljeblom & Löflund (2008) do in their research. The returns are 

partitioned into three groups, where the first group includes nine developed countries, the 

second group represents seven emerging market countries and finally four corporate bond 

indices make up the third group. The corporate bonds indices only include A rated bonds or 

better and are from UK, Japan, the Euro-zone and the United States. The benchmark asset 

consists of returns from the Danish government bond index. Furthermore, all the indices are 

combination of all maturities of issued government bonds for each country. Monthly returns 

are used, which is in line with similar mean variance intersection and spanning research. 

Moreover, the returns are in local currencies, except the returns for emerging markets which 

are represented in US dollars. 

To find excess returns and Sharp ratios, the one month US Treasury bill rates are used as a 

risk free rate for bond returns in US dollars. For Japanese bonds, one month Japan repo rate is 

used and one month Euribor rate is used for Euro-zone bonds and UK bonds. Additionally, 

one month CIBOR is used as a risk free rate for the benchmark. Hence, the average risk free 

rate over the time period is used and because the bond indices returns are in local currencies, 

the local risk free rate is needed. 

The second category of data is related to the construction of each country yield curve. Data 

was gathered for construction of nine zero coupon yield curves from DataStream. The reason 

for choosing the zero coupon yield curve instead for the normal yield curve with coupon is 

primarily because of lack of data. Nine countries are selected for the reason that other 
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countries did not have data that spanned all the period examined. Three different time spots 

were chosen and are considered to show the development of the yield curves over the period 

from 2000 to 2009. The points are somewhat restricted to availability of data, causing the first 

point is in February 2000 but the other two are at 31
st
 December 2004 and 2008. Preferably, 

the first point should be at 31
st
 December 1999 to show the yield curve in the very beginning 

of the period studied. Moreover, once again because of lack of data, only ten year maturity 

yield curves are examined. 

In addition to the yield curve development on the way to check if diversification benefits have 

decreased in over the past ten years and if financial integration has increased, data on inflation 

and gross domestic product growth (GDP) is downloaded from the following website 

http://www.tradingeconomics.com, which has historical data for almost every economic 

indicator there is. Inflation and GDP growth numbers are yearly averages, but policy rates are 

on a monthly basis and are downloaded from DataStream. The countries included are the ten 

largest of the initial sample when the mean variance bond frontiers were constructed. The 

reason for including this data is to check trends over the period studied. Furthermore, 

scholars‟ argue that changes in economic indicators do affect government yield curves. This 

data and the data regarding the zero coupon yield curves are more of an addition to the bond 

indices returns and that is why not all the countries are included. The data is supposed to 

support, give more inside and hopefully back up the results from the main test performed. 

All the above data is downloaded for the purpose of answering the research question posed in 

the introduction chapter. The central research question focuses on how diversification benefits 

within bond markets has evolved over time and if there exists benefits for Danish investors to 

diversify into foreign bonds, with or without restrictions about short sales and hedging. Due to 

the financial crisis that initiated in 2007 and because theoreticians argue that correlation 

between markets increases in times of recession, diversification benefits are believed to 

decrease in recent years. On the contrary, diversification approach is argued to be the best 

way to secure returns in times of downward trends, where it is beneficial to include securities 

with low or negative correlation in portfolios. Emerging markets have been thought of as 

markets that do not follow the same business cycle as the developed countries and could then 

provide benefits that outweigh the loss of portfolio holdings in the developed countries. The 

incorporation of restriction such as short sale ban is believed to decrease returns compared to 

the unconstrained frontier. The reason for this is that short sale gives investors‟ increased 

range of investment alternatives which can result in the downward left movement of the 

http://www.tradingeconomics.com/
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efficient frontier. In this perspective, hedging is supposed have significant benefits as 

transaction costs are not accounted for in this thesis as well as the assumption is perfect 

hedge. 

4.2 Reliability and validity 

In descriptive studies, the reliability and validity is to a large extent related to judgments and 

methods made by the writer. Moreover, in quantitative studies the data is the most important 

part and has to be good if the results are going to be presumed reliable. Likewise, the 

framework chosen to process the data has to align with the research question posed, so 

adequate results will be the case. Hence, it has been tried to continuously select and interpret 

the literature used to describe the theoretical framework and build up the empirical model 

from a critical point of view with the purpose of attain as high reliability and validity as 

possible. 

High reliability means that the researcher can be assured that the survey is made in a reliable 

manner. Using the same data, a renewed research should obtain the same result as the 

previous research. To obtain as much reliability as possible, the main data downloaded comes, 

as mentioned before, only from reliable sources such as DataStream or Reuters. These sources 

are widely used when financial time series or economic indicators are needed. Additionally, 

the mean variance intersection and spanning framework used in the empirical study is a well 

known framework when it comes to illuminate if a new asset in a portfolio shifts the efficient 

frontier significantly. In this perspective, Wald test is commonly used to check for 

significance of these shifts and is found to prevail over tests such as the Lagrange multiplier 

test and the SDF test (DeRoon & Nijman, 2001). 

High validity means that there exists a strong correlation between the subjects that the 

researcher intends to examine, and the subjects that the researcher actually examines, also 

called internal validity. In this perspective, the following data collection and the framework 

used to analyze data give results that are highly correlated to the research questions posed in 

the introduction chapter. The mean variance intersection and spanning framework provides us 

with results on if diversification into foreign bonds is beneficial. Likewise, it shows if 

diversification benefits have decreased in recent years when the different time periods are 

compared. Furthermore, other data such as economic indicators, the yield curve and CDS 

spreads support the main test and as a consequence makes it more robust. External validity is 

another concept that is concerned with the degree to which research findings can be applied to 
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the real world. With regards to external validity the research does not fully align with reality 

as transaction cost in hedging is excluded, further the interpolation of the zero coupon yield 

curve is more of an approximation rather than an accurate approach. As for the risk free rate 

used to calculate excess returns in the process of finding mean variance portfolios, the 

European rate is used for all European countries, including the UK and Denmark. The reason 

for that is that the appropriate rate used was not found for the UK. 

5 Results/Discussion 

This thesis assumes that investors have already allocated their portfolio to a number of assets, 

Danish government bond index covering all maturities. The question now is whether it is 

beneficial to add new assets to the portfolio. Before results of the mean variance intersection 

and spanning test will be discussed, it is found relevant to discuss the evolvement of the 

fundamental economic factors of the countries studied. These factors can not only give hints 

regarding if diversification benefits have existed in the period examined, but further they can 

also partly answer if diversification benefits have decreased in the last two years as the 

research question refers to. In this perspective credit default swaps spreads are examined for 

increased correlation and to show country risk, which is expected to be more in emerging 

markets but then the question is if emerging markets have high enough return to counteract 

with the alleged high risk. The outline of this chapter is as stated above, but throughout the 

chapter the results from the data gathered and the tests performed will be coupled to theory 

presented earlier and to other researches done in this field of study. 

5.1 Economic fundamentals and country risk 

The economic fundamentals analyzed are inflation, GDP growth and policy rates. Likewise, 

yield curves from nine countries are examined at three points over the period studied and 

checked if correlation increases as the years pass by. It has been argued that economic 

fundamentals have direct influence on the yield curve, but since data was only available for 

nine developed countries and no emerging market countries, it has been found necessary to 

include an examination of the economic fundamentals for majority of the countries included 

in the mean variance spanning and intersection test. Another reason for analyzing the 

economic fundamentals is to remark if countries have different business cycles, if that is true, 

then diversification is more likely to be beneficial. For example, theory predicts that emerging 

markets follow different business cycle than developed countries and thus are a prepossessing 

quality for diversification. 
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5.1.1 Inflation 

Increased inflation has negative effects on bond prices, i.e. bond prices fall because bonds 

may not pay high enough interest to stay ahead of inflation. Also, inflation is the reason that 

bonds with longer time to maturity have higher interest rates, those bonds need to offer high 

interest rates to attract buyers who fear rising inflation rates. If developed countries inflation 

is examined then it can be seen that in most cases, average monthly inflation is diminishing 

until the year 2007, where inflation increases substantially. UK and US are outlaws when it 

comes to inflation trends, where inflation increases from 2001 to 2007 in the case of US and 

then falls sharply from 4,1% average inflation in 2007 to 0,1% inflation in 2008. The opposite 

happened in the UK, for the US inflation rose the whole period but increased significantly 

from 2007 to 2008. Overall, average correlation is from the US negative 0,498 in the US to 

0,30 that Denmark has on average to other countries. It seems that correlation between 

developed countries is somewhat higher than the correlation between developed and emerging 

markets. Since the purpose of this study is to analyze the diversification benefits from Danish 

investor‟s point of view, then it should be a matter of importance which countries have the 

most and the least correlation to Denmark. In the case of inflation, the highest correlation 

exists with France and Italy. Likewise, the least correlation exist with the US and Brazil if the 

whole period is taken into consideration.   

Correlation between countries increases substantially if the two year period from 2006 - 2008 

is compared with the correlation outcome for the whole period. The correlation ranges from    

-0,696 to 0,545, where the US still has negative correlation to the other countries, but the 

highest average correlation belongs to the UK. In this perspective, the average correlation for 

all the countries is around 0,5, except for the US and India were the correlation is -0,69. 

Additionally, there are significant changes in correlation for developed countries, where the 

correlation coefficient is almost over 0,99 in every case. Furthermore, in emerging markets 

the correlation increases significantly between Russia and Brazil, but decreases in both cases 

compared to India. If the special cases of India and USA are overlooked, the numbers show 

increased integration in times of crises. It is not unnatural to look over the cases of USA and 

India, for the fact that the economic crises hit the USA first and the consequences of the crisis 

in USA did not spread to Europe until late 2008. From Danish investors point of view, they 

should pay attention to US and India for diversification benefits, because inflation is 

decreasing in those countries. Hence, decreasing inflation can result in diversification benefits 

as in hypothesis rates should go down and price should rise, but in the current crisis the 



International bond diversification  Copenhagen Business School 

59 
 

problem faced by countries is that inflation is decreasing but rates go up, resulting in 

decreases of bond prices and thus no capital gains.  

5.1.2 Policy rate 

Policy rate is a rate which central banks use to cut down or increase domestic demand. If the 

central bank decides to increase its policy rate, then usually bond prices fall because higher 

rates lead to lower bond prices through the discounting process of bonds. So when central 

banks are about to increase its policy rate, investors try to sell their bonds or at least do not 

buy any bonds. With regards to financial integration and bond diversification, it was 

presumed that correlation would increase in the period from 2006-2008. On average the 

correlation in policy rate decreased slightly between the two periods, which was not expected. 

This result, however, indicates that countries pursue different business cycles and finding 

diversification benefits should be possible. If the whole period is examined then it can be seen 

that emerging markets do not have nearly as high correlation as the developed markets. For 

example, Brazil has negative correlation with all the countries and Mexico has negative 

correlation with the majority of the countries. China has the highest correlation of the 

emerging market countries and has over 0,56 correlation with Japan, France, UK and 

Germany. For this period Denmark has quite high correlation to France and Germany of the 

developed countries, indicating that these countries have similar business cycles. When 

Denmark is compared to the emerging market countries, then it can be seen that it has 

relatively low correlation to them. Brazil seems to follow a completely different business 

cycle as the correlation is -0,44, which was also the case for inflation correlation, which was 

very low. 

For the two year period negative average correlation increases for countries, that is, for this 

period three countries have negative average correlation; US, Brazil and Mexico. In this 

perspective emerging markets now have increased correlation between them, even though it is 

still mostly negative. Brazil still has negative correlation to every country but in this period 

the correlation has increased between Brazil and all countries, except the UK. Likewise, 

Mexico‟s correlation has decreased significantly and its correlation to developed countries 

range from -0,7 to -0,97. Additionally, the correlation between Mexico and China has 

decreased considerably, which is a little bit strange, because it was expected that correlation 

between emerging markets would increase, as happens in for the correlation between Mexico 

and Brazil. As a result it can be said as argued before that China is not exactly an emerging 

market, it is so big and trades so much with developing countries that it can be said that it 
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follows the fluctuations of the world economy, which depends much upon the big developed 

countries  

The two year period does not have much effect of the average correlation from Danish 

perspective. The change is mainly because of sharp decrease in correlation for the US and 

Mexico, which have both turned to negative correlation. On the other hand correlation 

increases noticeably for UK and China. Another notable result is that US correlation 

decreases on average from 0,2 to -0,133 and gets very low even with developed countries. 

This result is not surprising as the financial crisis originated in USA and has had earlier and 

more severe consequences there compared to other countries studied. Overall it can be seen 

that correlations for developed countries are significantly higher than for emerging market, 

which indicates that it is beneficial to diversify into emerging markets from developed 

countries. This result favors the theory regarding emerging markets having another business 

cycle and actuates the robustness of the results from the whole period analysis.  

5.1.3 GDP growth 

Gross domestic product growth (GDP growth) is one of the economic fundamental factors 

which can help answering the question about financial integration and diversification. GDP is 

growth is often thought to be a sign of inflationary pressure in the economy. Hence, 

unexpectedly higher GDP growth is perceived to be potentially inflationary if the economy is 

close to its full capacity, this could result in drop in bond prices and yields 

to rise. On the contrary, good news of higher than expected GDP growth in the economy 

when capacity is not fully utilized can also recoil on the bond market, as the central bank 

could raise policy rate to avoid inflation.  

When correlation coefficients for GDP growth for the period from 2001 to 2009 are examined 

it can be seen that average yearly correlation is slightly higher for developed countries 

compared to emerging market countries. Moreover, the table in appendix B shows that 

correlation within developed countries is much higher than correlation between developed 

countries and emerging markets countries. Hence, the correlation is high within emerging 

markets with one exception; the correlation between Russia and Brazil, which is negative. If 

the focus is put on Denmark, it can be seen that it has pretty high correlation to all countries, 

where the lowest is about 0,5 (China) and the highest 0,9 (Italy). Even though correlations are 

reasonably high, there is recognizable difference for Denmark, where it is slightly more 

correlated to developed countries compared to emerging markets. 
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Average correlation in GDP growth numbers rise about 0,2, when different periods are 

examined. The period from 2006 – 2008, shows very similar results as the whole period, just 

with increased correlation. There is a certain trend within developed countries and emerging 

market countries, where correlation is still high. From Denmark‟s point of view, correlation 

has increased relatively evenly between the two groups, so the trend from the whole period 

still exists. As a result, it can be argued that financial integration has increased over the years, 

which should mean diminished diversification benefit. Although correlations are somewhat in 

the top half of the correlation scale, it can also be interpreted that diversification into 

emerging markets could be beneficial for Danish investors. 

5.1.4 Yield curves 

Scholars and experts have argued that yield curves can be a useful indicator of future 

economic activity and economic growth. A popular argument is that if yield curves invert, it 

indicates an upcoming recession. But inverted yield curve does not necessarily have to hint 

slower economic growth. Historically, short and long-term yields tend to move in the same 

direction, but since 1990 this relationship has been disappearing. For example, the US Fed 

increased its fed fund rate by 350 basis points between the years 2004 and 2006. Over this 

period, 10 year Treasury yields fell from 4,7% to 4,5%, resulting in pronounced flattening of 

the yield curve. Despite this diminishing relationship it can be said that inverted yield curve 

increases the odds of recession and remains a good predictor of future economic growth. 

Hence, the yield curve for nine countries is examined at three points during the study period 

and checked if the curves move more closely together as the years pass. Unfortunately, no 

emerging market countries are included in the yield curve comparison, due to lack of data. 

Furthermore, the yield curves are only up to ten years maturities because majority of countries 

yield curves just have ten years maturity in DataStream. 

In 2000 UK„s correlation is negative to all countries except to the US, where correlation is 

positive, but very low. Otherwise, correlation is reasonably high, ranging from 0,77 to 0,847, 

where Japan has the lowest average correlation of the countries which have positive 

correlation. In 2004 average country correlation increases for all countries as can be seen from 

tables in appendix B. UK„s average correlation increases dramatically as it goes from -0,17 in 

2000 to 0,91 in 2004. As said before, correlation for other countries is very high or around 

0,98. It should be noticed that the countries included do all fall into the group which 

constitutes of developed countries, so beforehand correlation was expected to be reasonably 

high, but not as high as this though. In 2008, the situation changes very much, where the trend 
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is not as obvious as for correlation in 2004 and 2000. Average country correlation falls 

considerably for all countries or to around 0,4 for majority of the countries. Denmark and 

Japan correlation results are very distinctive from the other countries correlation, where 

correlation for those countries turns very negative at the 2008 point. This is a quiet dramatic 

change from earlier periods, where Danish and Japanese correlation has generally been very 

high. This negative correlation is the main reason for lowered correlation between time points, 

but most other correlation coefficients decrease about 0,2. The lowered correlation between 

countries shows that they are at different levels in dealing with the crisis.   

This thesis strives to conclude if Danish investors have benefits of diversifying their bond 

portfolio into foreign bonds. In the light of Denmark‟s fixed exchange rate policy the course 

of equivalent interest rates in the euro area and expectations of the ECB‟s monetary policy 

play a key role in the development of interest rates. Furthermore, correlation analysis shows 

that the Danish ten year government bond yield also closely covariates with British, Japanese 

and the American yields. This holds both for short- and long-term rates, where long term rates 

reflect investor‟s inflation expectation. If inflation expectations are high, then investors 

require a premium and thereby higher interest rates as compensation for the risk of 

deterioration in the purchasing power of savings. By knowing that Danish yields should 

follow European yields and have done so in the past, it is surprising to see that Danish short 

term yields differ reasonably from other countries short term yields and that it even has 

negative correlation. Moreover, interest rates in different countries may naturally take 

different course, in line with different economic developments. For Denmark, this was the 

case in the crisis 1992 – 93 when Danish – German ten year yield widened for a short period. 

Furthermore, in recent years the convergence of world‟s largest bond markets has increased 

significantly. Apparently, investors increasingly consider the world‟s largest bond markets to 

be a single market (Nationalbanken, 2003). 

In appendix C, figures of countries yield curves from all three time points can be seen. If the 

figure from 2008 is examined, it can be seen that three of the nine curves invert for the short 

term maturities and then slopes upward after that. Four of the yield curves are upward sloping, 

meaning that investors expect a rise in risk free rate or that longer maturities entail greater risk 

and thus investors request higher yields. The Danish and Japanese yield curve slope 

downward until eight or nine year maturity and then yields increase a bit. This usually 

happens during a period of tight monetary policy and could indicate that investors expect 

lower rates in the future. This can be a sign that the crisis has not hit the Danish economy as 
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soon as it hit the larger developed economies, as the yield curves for those economies have 

presumably inverted some time ago, but has now recovered and investors beginning to require 

a premium for longer term bonds.  

Additionally, if the euro and Danish policy rates are examined at the end of 2008, it can be 

seen that the euro policy rate is 2,5% compared to Danish 3,5% policy rate. Denmark‟s Prime 

Minister Anders Fogh believes that the difference is because of the Danish Krona. Further, he 

states that Denmark is paying the price for not being a part of the Euro-zone and that results in 

this high policy rate (http://www.eubusiness.com). Thus, European rates have big influence 

on Danish rates, investors‟ expectations are rational as the European central bank (ECB) had 

lowered interest rates before the Danish central bank as problems from the crisis probably hit 

the Euro area before it hit Denmark. Moreover, the Danish three month yield is considerably 

higher than for other countries, which could be because of more demand for shorter maturity 

bonds than in other countries. Meaning that investors turned very risk averse at this point in 

time, probably because of uncertainty of economic development as the recent crisis is deep 

and investors are not sure how the government is going to face the problem. The ten year 

yield is however quiet similar for all countries except for USA and Japan, where the US yield 

is a percentage lower than for the other countries. But then it should be noticed that generally 

US and Japanese yields are very low for all maturities. 

Although correlation has decreased very much, the trend seems to hold throughout all periods 

that correlation between the largest developed countries is very high. This hints increased 

financial integration amongst developed countries as predicted in the introduction chapter. 

There it was suggested that countries within the G20 all follow the same strategy in fighting 

the crisis. This argument holds up to a certain point, correlations between majority of the G20 

countries is high, but overall average correlation has decreased considerably since 2004. 

Presumably, the reason is that when this so-called subprime crisis started in 2007, it spread 

very fast between the large economies as big banks where the companies that have been 

affected the most during this crisis. As a result, this indicates that the countries examined do 

not follow the same business cycle as the negative correlation states, thus, indicating possible 

diversification benefits. The difference in yield curves is not supposed to hold for long as 

governments are using similar ways in regain their country economic strength. Investors‟ 

expectation then will be similar and the correlation will increase again to the level as it was 

before. 
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5.1.5 Credit default swap spread (CDS spread) 

CDS spread reflects the additional net yield an investor can earn from a security with more 

credit risk relative to one with less credit risk. Credit spreads data was available from 2005, 

correlation is calculated from 2005 until April 2009 and the second period is from January 

2007 to April 2009. From the figure in appendix A it is evident that emerging market 

countries are much riskier than developed countries. For example, Russia has its highest point 

at 783 basis points compared to 149 basis points for UK, which is the highest number that a 

developed country reached. In this perspective, Norway seems to be the least risky of these 

countries, and that can be confirmed as news, economic indicators and financial turbulence 

has not been as negative compared to the other countries. This result resembles to theory, 

emerging markets are riskier than developed countries, but another interesting thing to look at 

is how the CDS spreads correlates over the years. Does correlation between emerging markets 

and developed market increase for the two year period compared to correlation for the whole 

period? Furthermore lowered correlation between countries means that one country‟s risk is 

increasing at the same time that the risk of a other country is decreasing, can indicate different 

business cycles for countries or increased/lowered financial integration. 

Correlations over the whole period are reasonably high, but there are no clear signs that the 

two markets (developed and emerging) are more correlated than the other. From the 

correlation matrix (Appendix D) it can be seen that in every case of an emerging market 

country except for India the correlation is significantly higher between the large economies 

such as Germany, France and the UK compared to the correlation between the Nordic 

countries. For developed countries, Italy is considered to be the most risky, but on the other 

hand, USA and Germany are considered to be least risky. Highest correlation between 

countries exists between Germany and France. Likewise, Mexico has surprisingly high 

correlation compared to the other emerging market countries, although Russia and South 

Africa also has very high correlation to the developed countries. China stands out as it has 

relatively high correlation to the large developed countries but low correlation to the Nordic 

countries. Of all countries Brazil has on average the lowest correlation to other countries over 

the whole period, the reason is that Brazil had the highest CDS spread in the beginning of the 

period, then its spread begins to lower in the middle of the period and then rises rapidly in the 

end of the period. This seems to be the trend for emerging markets, instead of a stable rise in 

CDS spreads that appears to be the trend for most developed countries. The highest average 

correlation belongs to France, which has a correlation coefficient of about 0,89, which CDS 
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spread begins with amongst the lowest point of the countries and then rises quickly in the end 

of 2008. 

Results from examining the two year period, is that average country correlation has slightly 

gone up, other than for Brazil, which correlation has risen for about 0,2. Correlation 

coefficients are very similar within developed and emerging markets but overall average 

correlation has increased from 0,79 to 0,85, so it can be said that financial integration has 

increased, but it should be kept in mind that correlation is very high and room for significant 

improvements in correlation is not high. As a result, this supports the idea of increased 

financial integration, which was put forward earlier. Apart from correlation, the level of the 

CDS spread is important and if countries with high risk compensate for this high risk with 

relative high return, it might attract investors to invest in high risk countries.  

5.1.6 Economic fundamentals conclusion 

The main reason for analyzing economic fundamentals, the yield curve and the CDS spread 

was mainly to answer the questions regarding financial integration, but also to see if these 

factors show any signs of possible benefits of diversification. Additionally, the trend between 

emerging- and developed markets is examined to see if the data can give hints on possible 

diversification benefits before the results from the mean variance intersection and spanning 

test are presented. Likewise the trend in country risk, measured by 5 year CDS spreads is 

examined to see if business cycles between countries are different or if increased financial 

integration is the case. According to CDS spreads, it is evident that emerging markets are 

riskier than developed countries, but during the time period examined, correlation between 

spreads increase. 

The overall conclusion from the analysis of the above factors is that financial integration 

increases for the last two years of the period studied. Although, it should be kept in mind that 

these are just a few factors analyzed, there are many other factors that have influence on bond 

prices, such as the principal of the bond and the supply and demand of bonds, which 

determine bond prices and is a crucial factor especially during times of crisis. Another factor 

which especially important for government bonds is interest rate changes, which is connected 

to the policy rate changes of the government, this factor was mentioned in the above analysis. 

According to the yield curve, which has been argued to be one of the best indicators of future 

economic activity, there seems to be no sign of a significantly increased correlation indicating 

increased financial integration. It is quite the opposite, average correlation decreases 
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significantly from the 2004 point to the 2008 point and considerably from the year 2000 point, 

hinting decreased financial integration for the 2008 point compared to the two other time 

points. Correlation is high amongst the largest developed economies as predicted, but on the 

contrary correlation turned negative for Denmark in 2008. This could be because of the small 

size of the Danish economy and that the crisis has not hit Denmark as hard and soon as other 

countries large developed countries have experienced. Finally the above discussion indicates 

that generally emerging markets experience different business cycle compared to developed 

countries, suggesting possible diversification benefits into emerging markets. 

5.2 Mean variance intersection and spanning test 

To test if Danish investors have had diversification benefits in the past and if diversification 

benefits within bonds decrease in times of financial distress the mean variance intersection 

and spanning approach is applied to a data for the last ten years. Recall that a rejection of 

spanning means that the shift of the efficient frontier is significant and that rejection of 

intersection for a given risk free rate refers to the fact that the mean variance frontier of the 

augmented assets has no point in common with the mean variance frontier of the benchmark 

assets. Thus, there are differences in the maximal Sharpe ratios between the augmented assets 

and the benchmark assets. 

5.2.1 Returns and standard deviations 

Before analyzing results from the mean variance intersection and spanning test, lets look at 

the table in appendix E, which shows minimum variance portfolios expected returns and 

standard deviations. If the two periods are compared, then it can be seen from the hedged 

returns that on two occasions return increases in the 2 year period compared to the 10 year 

period. Those two occasions are when it is diversified into developed and emerging markets 

and when everything is included. In the case of the benchmark plus developed and emerging 

market government bonds the return increases considerably at the same time as the standard 

deviation decreases on what it seems to be, significantly. 

For benchmark plus all the assets the return is almost the same, but the standard deviation 

decreases considerably. From this analysis the theory of diversification is confirmed in a way 

that standard deviations decrease as number of assets increase. In this perspective, knowing 

only returns and standard deviations does not give enough information to answer the 

questions about significant movements of the efficient frontier, as the mean variance 

intersection and spanning analysis takes both minimum variance and the tangent portfolio into 

consideration. Even though the shift of the minimum variance portfolios cannot be determined 
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from the table (appendix E), it can be seen that the highest return from the 10 year hedged 

returns is when the benchmark is combined with emerging market government bonds. For the 

2 year hedge return period the table shows that the highest minimum variance portfolio return 

is when the benchmark is combined with both developed country bonds and emerging market 

bonds. 

The unhedged returns reveal a totally different story, where the only time return increases 

between the 2 year period compared to the 10 year period, is when diversified into developed 

government bonds. But in all cases except one, the standard deviation decreases. In the 10 

year period unhedged returns are generally higher than hedged returns. On the other hand, the 

contrary happens when the 2 year period is analyzed. Then returns decrease in all cases, 

which can be linked to the development of the euro to other currencies. Where, the Danish 

Krona strengthens against US dollar in the last two years. If the diversification principle is 

tested for the unhedged returns the result is the same as for the hedged returns. That is more 

assets included in the portfolio means lower standard deviation. As for the hedged returns, 

emerging markets give the highest returns when the 10 year unhedged returns are examined. 

Likewise, bonds from developed countries give the highest return when looked at the 2 year 

period. Hence, this result indicates that Danish investors should invest in the euro area in 

times of financial crisis, where the euro moves closer together with the Danish Krona than 

currencies like US dollar and the British Pound. For the last two years, the Danish Krona has 

weakened against the Japanese Yen, which means that investors can convert their Japanese 

returns into Danish Kronas and gain, if they invested in bonds in 2007 and sold them in 2008. 

If the same is examined under short sale restriction, it can be seen from table in appendix E 

(table 10) that hedged 2 year returns increase compared to 10 year returns by diversifying into 

developed markets and emerging markets. Furthermore, the 2 year standard deviation for the 

benchmark bonds plus developed country government bonds is similar to the 10 year standard 

deviation, but diversifying into emerging market government bonds, the standard deviation 

increases. When two year and ten year hedged returns and standard deviations under a short 

sale restriction are examined, it can be seen that for diversifying into developed government 

and emerging market government bonds increases returns, but at the same time standard 

deviation increases. When developed and emerging market bonds are combined and added to 

the benchmark portfolio, returns drop and standard deviation increases in contrary with 

theory. This is be due to a portfolio weighting problem (table 17, appendix G), as nothing is 

invested in the benchmark as is done when only emerging markets are combined with the 
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benchmark. Thus, slightly more is invested in emerging markets in the minimum variance 

portfolio, which increases standard deviation. For the tangent portfolio, US is the only country 

invested in, which explains the increased standard deviation and lower returns compared to 

the other portfolios (Benchmark + Developed government bonds and Benchmark + Emerging 

market government bonds) as they at least diversify between two countries. Likewise, returns 

for corporate bonds turn negative for the two year hedged returns. This results in lower return 

for the portfolio consisting of all the assets, but almost the same standard deviation. Thus, for 

hedged returns, government bonds on their own provide the investor with the best return but 

as theory states, the all asset portfolio has the lowest standard deviation. 

For unhedged returns with short sale restriction, two year developed country returns increase 

and the standard deviation decreases compared to the ten year unhedged returns with short 

sale restriction. This hints that Danish investors are better off with unhedged returns if they 

decide to diversify into developed countries government bonds. The other case where the 

returns do not decrease between periods is when the benchmark asset is combined with 

developed government bonds and emerging market government bonds. In that case the return 

is the same, but the standard deviation decreases reasonably. In this perspective, if investors 

had combined the benchmark plus all the assets, they would get highest return in the two year 

period with unhedged returns. If the standard deviations for this group are compared, it can be 

seen that even though two year unhedged return is the highest it does not have considerably 

higher standard deviation than the other alternatives. It might seem surprising that unhedged 

returns increase that much compared to hedged returns, but if the minimum variance portfolio 

weights (Appendix G) are examined it can be seen that most weight is within developed 

country government bonds. 

5.2.2 Mean variance intersection and spanning – Short-sales allowed - 10 year period 

Hedged and unhedged results from the mean variance intersection and spanning test when 

short sales are allowed are analyzed first. It is tested for five combinations of the benchmark 

asset and other asset groups. When testing for intersection, the risk free rate chosen is the 

portfolio weighted risk free rate from the European, Japanese, United States and the Danish 

risk free rate. Economically, as shown by Gibbons, Shanken & Ross (1986), the mean 

variance intersection chi square Wald statistics is closely related to the increase in the 

maximum obtainable Sharpe ratio given the expanded assets set being tested. Results for 

mean variance intersection and spanning when short sales are allowed are reported in table 1 

and figure 5 (Appendix F) of efficient frontiers. 
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Table 1 shows Sharpe ratios from tangent portfolios, Wald statistics and P-values from the 

mean variance intersection and spanning test, where the upper box shows result for 10 year 

hedged period returns and the lower box shows results for 10 year period unhedged returns. 

Sharpe ratios for the hedged returns show that it is beneficial to diversify into all 

combinations of assets except for diversification to developed country government bonds. The 

mean variance intersection test supports this result as intersection is accepted (P-value 0,99) 

for diversification into developed country bonds. Even though intersection is not rejected, the 

Wald test rejects spanning, which means that the shift of the frontier is significant, but 

because intersection is not rejected diversification is significant for all but one utility curve. 

According to the Sharpe ratios and the Wald test statistics for other asset combinations, the 

shift of the frontier is significant and intersection is rejected in all cases. Figure 8 shows 

graphically the benchmark portfolio (Red dot in the figure) and the efficient frontier where 

developed government bonds are added to the benchmark. Figure 8 shows reasonable 

diversification benefits for investors, where the minimum variance portfolio has standard 

deviation lower than 2% and return just over 3%, but it can be seen that there is not so much 

difference between the benchmark portfolio and the tangent portfolio (5% return, 2,9% 

standard deviation) and thus the Sharpe ratio is almost the same. 

 

Figure 8 – Ten year developed government bonds + benchmark, short sales allowed, returns hedged 

Furthermore, Sharpe ratios show very high diversification benefits for Danish investors into 

emerging markets and corporate bonds. For emerging markets, the spanning test is almost not 

rejected as the minimum variance portfolio is very close to the benchmark portfolio as 

appendix figure 5 (appendix F) displays, but since the tangent portfolio offers significant 

diversification benefits as the Sharpe ratio exhibits, spanning is considered significant 

indicating increased diversification benefits for all investors. Likewise, for corporate bonds it 

does not pay off investing in the minimum variance portfolio as the relevant figure in 
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appendix F displays, but to hold the tangent portfolio is profitable for investors. Because of 

low Sharpe ratio for developed bonds, the Sharpe ratio for combining emerging market and 

developed government bonds are lower than just diversifying into emerging markets. The 

highest diversification benefit according to the Sharpe ratios is for the portfolio including the 

benchmark with all asset groups, however, returns contribute more to the Sharpe ratio than 

lower variance. This is not in line with theory, as it predicts that when more assets are 

included into a portfolio, the variance decreases. 

 

Table 1 - Results from the 10 year mean variance intersection and spanning test – short sales allowed 

The lower box in table 1 shows result for the 10 year period with unhedged returns and short 

sales allowed. First thing to notice is that now spanning is not rejected for emerging market 

government bonds, which means that the shift of the frontier is not considered to be 

significant. It can be seen that the mean variance portfolio is almost the same as the 

benchmark portfolio which explains the spanning test result (appendix Figure 6 in appendix 

F). Although, the Wald test does not reject spanning, the Sharpe ratio shows a considerable 

increase from the benchmark Sharpe ratio. Meaning that it is advantageous to hold the tangent 

portfolio of emerging market government bonds combined with the benchmark portfolio 

compared to holding just the benchmark portfolio. Hence, the intersection test is rejected. 

Furthermore, the Sharpe ratio for corporate bonds is considerably lower than for the 

benchmark, which transfers into no rejection of the intersection test, according to the Wald 

test statistics. The Sharpe ratio for the corporate bonds minimum variance portfolio is 

negative and thus not advantageous to combine the benchmark and corporate bonds. 

Moreover, because the Sharpe ratio is negative, the mean variance spanning test does not 

return a number for this test, as it is not possible to divide by a negative number. By looking 

Panel A: Sharpe ratios, Wald statistics and P values (Hedged)

Benchmark Bench + Developed countries Bench + Emerging markets Bench+ Dev+Em Corporate bonds Benchmark + All

Sharpe ratio (Tangent) 0,347846882 0,331 5,509 4,097 8,505 12,895

Wald statistics Spanning 498,8390128 16,16855665 187,5154848 131,4296945 207,8082713

(P-Values) 0,00000 0,02362 0,00000 0,00000 0,00000

Wald statistics Intersection 1,119726646 3047,554362 1546,324268 7472,880441 14822,06389

(P-Values) 0,99911 0,00000 0,00000 0,00000 0,00000

Panel B: Sharpe ratios, Wald statistics and P values (Unhedged)

Sharpe ratio (Tangent) 0,347846882 1,30873192 7,94209786 1,394600797 0,000422853 18,5074105

Wald statistics Spanning 206,2866544 0,145840982 166,1752266 -11,23326268 177,8020138

(P-Values) 0,00000 0,99999 0,00000 #NUM! 0,00000

Wald statistics Intersection 157,616574 6346,150963 169,2127382 6,260354935 30544,51595

(P-Values) 0,00000 0,00000 0,00000 0,18053 0,00000
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at figure 6 (appendix F) it can be assumed that the shift is not significant when corporate 

bonds are added to the benchmark, because there is not that much difference between the 

standard deviation of the benchmark and the minimum variance portfolio. At the same time, 

the return is reasonably higher for the benchmark alone, than for the minimum variance 

portfolio. 

When all assets are combined, the Sharpe ratio increases significantly or to 18,5, like it did 

when returns where for the hedged, the Sharpe ratio increased to 12,8. This indicates that 

currency hedging does not have significant effects when all assets are included. On the other 

hand, it can be seen from table 1 that the Sharpe ratio decreases for the combinations when 

developed government bonds and emerging market government bonds are put together in a 

portfolio along with the benchmark, the other portfolio that the Sharpe ratio decreases for 

unhedged returns is when corporate bonds are added to the benchmark. For the other 

portfolios the Sharpe ratio increases when unhedged returns are compared to hedged returns. 

Hence, it can be argued that currency hedging does not have significant effect when the ten 

year period is examined. Moreover these results show that it is beneficial to diversify into 

developed government bonds for Danish investors, even though the intersection is not rejected 

for hedged returns. From the figure above it can be seen that for hedged developed 

government bonds the minimum variance portfolio has shifted significantly as the Wald 

spanning test confirms. 

5.2.3 Mean variance intersection and spanning – Short-sales allowed - 2 year period 

The introduction chapter posed a question regarding if the world economy is facing increased 

financial integration in recent two years or since the crisis started. Throughout the thesis, 

increased financial integration has been assumed since the crisis began in 2007. The overall 

conclusion of the economic factors analyze, give support to increased financial integration. 

One thing that should be kept in mind is that stock markets have crashed during this 

troublesome time, which hints that investors flee to quality as sometimes said. Put differently, 

investors seek safer investment in times of crisis, and invest in bonds. Generally and 

according to theory, bond prices should rise and yields should drop if demand is high, hence 

the room for capital gains is high if investors bought bonds (or invested in the bond indexes 

which are used in this study) before the crisis started. Before anything is concluded though, 

results from the mean variance intersection and spanning test should be analyzed. 
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The benchmark‟s Sharpe ratio increases reasonably for the two year period compared to the 

10 year period. Results from the mean variance intersection and spanning test show a 

significant shift and rejection of both intersection and spanning tests for all combinations of 

both unhedged and hedged portfolios, as table 2 demonstrates. For hedged returns, the Sharpe 

ratio for the portfolio where all bonds are included is much higher than for the other 

portfolios, although all Sharpe ratios show advantages of diversification. Developed countries 

government bonds have the second highest Sharpe ratio, which is a complete turnaround from 

the 10 year period where they had lower Sharpe ratio than the benchmark portfolio alone. 

This difference could exist because for the last ten years the bond market has not been as 

active as it has been in recent two years, as investors invested much more in the stock market 

compared to bonds after the upswing following the internet bubble crisis. Additionally, 

emerging market diversification benefits increase if changes in Sharpe ratios are compared 

between the two periods (table 2). Even though, the benchmark portfolio is located very close 

to the minimum variance portfolio of the new frontier including emerging market government 

bonds as figure 7 in appendix F depicts, it can be seen in table 2 that spanning test for two 

year hedged returns is rejected. 

The combination of developed government bonds and emerging market bonds result in a 

slightly higher Sharpe ratio in the two year period compared to the ten year period. The Wald 

statistic number for spanning (1787,16) shows that spanning is far away from not being 

rejected and further has the second highest number of all portfolios after the portfolio 

including all the assets, which has Wald spanning statistics of 3329,97 (figure 7, appendix F). 

As companies get riskier and defaults increase, yields get higher, demand becomes less and, 

thus Sharpe ratio for corporate bonds decreases considerably from the ten year period to the 

two year period. Likewise, the Wald spanning statistic shows that corporate bonds have the 

least diversification benefits of all the portfolios, slightly lower than for diversifying into 

emerging markets. If the minimum variance portfolio is examined it can be seen that the 

return is negative, thus it is not worth investing in the minimum variance portfolio. 

Additionally, the tangent portfolio seems to offer some diversification benefits and the Wald 

test statistics show that corporate bonds have the second lowest number for intersection. 

Indicating that the benchmark and the tangent portfolio offer similar risk return relationship, 

but not enough because intersection is rejected and thus adding corporate bonds offer 

significant benefits for the tangent portfolio investor (appendix F). 



International bond diversification  Copenhagen Business School 

73 
 

 

Table 2 –Results from the 2 year mean variance intersection and spanning test – short sales allowed 

Sharpe ratios for unhedged returns show advantages for diversification for all portfolios if 

compared to the benchmark‟s Sharpe ratio, except for corporate bonds. Corporate bonds 

Sharpe ratio is negative, which indicates that it is not beneficial to include them in a portfolio. 

The intersection test verifies this result by not rejecting intersection through the Wald 

statistics. However, spanning is rejected which indicates that the efficient frontier shifts 

significantly and investors can benefit by investing between the tangent portfolio and the 

minimum variance portfolio. Due to the fact, that the minimum variance portfolio displays a 

negative return. 

The difference in Sharpe ratios from when returns were hedged can be traced to the exchange 

rate movements between the Danish Krona, the US dollar and the British pound, where the 

Krona strengthens against these two currencies. Likewise, the Krona weakens against the 

Japanese yen and the Japanese corporate bond total return index decreases. Although, 

Japanese corporate bonds reasonably high positive weight in the tangent portfolio, 

considering that the index decreases. Thus, the exchange rate effects have more influence than 

the decrease of the index on the portfolio weight. UK corporate bonds are sold short as their 

return decreases considerably over the two year period, their weight in the portfolio is -1,14. 

For comparison, in the two year period where hedged corporate bonds are added to the 

benchmark, most weight is put into European corporate bonds and UK corporate bonds also 

sold short. Furthermore, European corporate bonds are sold short because their total return 

index slightly decreases. In this perspective, it can be assumed that hedged returns get more 

returns from short sale than unhedged returns do, as hedge returns do not have to take 

exchange rate fluctuation into account. Hence, investors do only have to focus on indices 

Panel A: Two year Sharpe ratios, P-values (Hedged)

Benchmark Bench + Developed countries Bench + Emerging markets Bench+ Dev+Em Corporate bonds Benchmark + All

Sharpe ratio (Tangent) 0,472960231 13,68742583 28,80533466 5,21446066 1,930587867 57,98852794

Wald statistics Spanning 371,4964644 54,56042066 1787,16412 53,25526811 3329,975665

(P-Values) 0,00000 0,00000 0,00000 0,00000 0,00000

Wald statistics Intersection 2293,739306 11524,06698 528,8962697 57,26081247 65946,93535

(P-Values) 0,00000 0,00000 0,00000 0,00000 0,00000

Panel B: Two year Sharpe ratios, Wald statistics and P values (Unhedged)

Sharpe ratio (Tangent) 0,472960231 13,84784274 35,47481203 5,432583404 -0,476186977 30,57344342

Wald statistics Spanning 176,7226886 132,7785297 850,6215338 1280,520988 1228,102811

(P-Values) 0,00000 0,00000 0,00000 0,00000 0,00000

Wald statistics Intersection 2347,884364 17479,94347 574,4442733 0,050056029 18328,38115

(P-Values) 0,00000 0,00000 0,00000 0,99969 0,00000
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trends and can therefore put more weight into short sales as displayed in different portfolio 

weights for the two portfolios. Thus, the Sharpe ratio turns negative for the unhedged 

portfolios consisting of corporate bonds plus the benchmark portfolio. 

Diversification advantages according to Sharpe ratios increase slightly for unhedged 

developed countries government bonds compared to two year hedged returns, but increase 

significantly in contrast to the whole period hedged and unhedged returns. From figure 8 

(appendix F) it can be seen that the minimum variance portfolio has greater return and lower 

standard deviation than the benchmark and supports the Wald intersection statistic number 

which increases from the hedge returns, indicating an upward shift of the frontier for 

unhedged returns. The difference between the two periods is probably because of increased 

capital gains as the total return index reflects the price changes and interest rate payments of 

each bond. Furthermore, interest payments have been increasing as economic uncertainty 

increases and as the crisis has become deeper. 

Emerging markets provide a slightly better diversification benefits when unhedged returns are 

examined along with two year hedged returns. This is caused by a different portfolio 

weightings, where hedged do not use short sales as much as when returns are unhedged. 

Moreover, the emerging market Sharpe ratios show significantly more diversification benefits 

for the two year period compared to the ten year period. The portfolio Sharpe ratio which 

includes the benchmark, developed country government bonds and emerging market 

government bonds is almost the same for hedged and unhedged returns. Moreover, the Sharpe 

ratio for the portfolio including all assets still shows significant diversification benefits for 

unhedged returns, however, the ratio is considerably lower compared to two year hedged 

returns. In this perspective, currency movements seem to have effects on the efficient frontier 

and hedging generally provides more diversification benefits when short sales are allowed. 

Moreover, from this analysis it cannot be seen that financial integration is increasing as 

diversification benefits are mostly higher for the two year period in contrast to the 10 year 

period. However, it can be seen that for 10 year unhedged returns, diversification benefits 

increase for government bonds, which indicates unitary strategy amongst investors to switch 

to bonds from stocks. This switch to bonds increases capital gains for government bonds and 

drives up benefits by investing in the bond indices examined. Hence, financial integration 

should be determined from the economic fundamentals, as it is impossible to see if integration 

is increasing from diversification. Additionally, investors only benefit from corporate bonds 
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when returns are hedged, but not nearly as much as if they invest in government bonds. Thus, 

investors go for safety, not for high return in times of financial crisis. 

5.2.4 Mean variance intersection and spanning – Short-sales restriction - 10 year period 

By restricting short sales means that investors cannot have a negative weight in securities 

within a portfolio. Hence, investors cannot make money on declining market prices. Some 

theoreticians say that short sale restriction prevents markets to be efficient. Miller‟s (1977) 

theory suggests that prices are upwards biased if the market possesses short sale restriction. In 

this perspective, mean returns of the five groups are generally higher when short sale 

restriction is imposed; this refers both to the unhedged and hedged returns of the ten and two 

year periods. Of the 20 returns in table 10 which shows means and standard deviation in 

appendix E, it can be seen that it is only five times that returns with short sales allowed 

exceed returns where short sales are restricted. Diversification into emerging markets 

government bonds is beneficial if results for the 10 year hedged period intersection and 

spanning tests is examined. This means that the frontier does shift significantly by adding 

emerging market bonds to the initial portfolio. In figure 9 (appendix F) it can be seen that the 

minimum variance portfolio has better risk-return relationship than just the benchmark 

portfolio. The Sharpe ratio and the intersection test indicate diversification advantages if 

investors hold the tangent portfolio. It is also advantageous if investors prefer to hold the 

minimum variance portfolio, where the minimum variance portfolio has better return and 

lower standard deviation than the benchmark portfolio. Thus it is considered advantageous to 

diversify into emerging markets under short sale restriction for the ten year period. 

When developed government bonds are added to the benchmark, the Wald test rejects both 

intersection and spanning. Which is not surprising if figure 9 (appendix F) is examined, where 

the minimum variance portfolio´s standard deviation is much less than the benchmark‟s 

standard deviation. Furthermore, the minimum variance portfolio return does not drop much 

in contrast to the benchmark portfolio. Hence, it can be concluded that the shift is significant. 

With regards to the Sharpe ratio and the intersection test it can be seen on that same figure 

that the benchmark is closer to the tangent portfolio than to the minimum variance portfolio 

and thus the Sharpe ratio does not display as much significant diversification benefits as 

expected after interpreting the spanning test results. 
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Table 3 – Mean variance intersection and spanning test Sharpe ratio and Wald statistic result when short sales are 
restricted. 

If developed country government bonds and emerging market government bonds are 

combined and added to the benchmark portfolio the Sharpe ratio increases slightly from just 

adding emerging market government bonds to the benchmark. Here the minimum variance 

portfolio shifts significantly and the standard deviation is even lower than for when developed 

government bonds were added to the benchmark. Likewise, for the tangent portfolio and the 

intersection test, the frontier has shifted up and to the left so the tangent portfolio is now 

further away from the benchmark portfolio, which explains the increase in the Sharpe ratio. 

Corporate bonds offer a slight benefit with regards to the benchmark‟s Sharpe ratio, but not 

enough since the intersection test is accepted. But by looking at the relevant figure in 

appendix F and analyze the result from the spanning test, it can be concluded that the frontier 

shifts significantly and diversification is thus profitable in this case for all other investors than 

the ones who invest in the tangent portfolio. 

Table 3 shows that hedged portfolio returns with all assets included provides the most 

diversification benefits according to Sharpe ratios, however, it is only slightly higher than the 

Sharpe ratio for the portfolio with developed and emerging government bonds added to the 

benchmark portfolio. Intersection and spanning tests are rejected, indicating significant shift 

of the frontier. The difference between the frontier with all assets included and the frontier 

including both developed and emerging market government bonds is that the minimum 

variance portfolio standard deviation is slightly lower for the all assets portfolio. Otherwise, 

the developed government bond and emerging market government bond portfolio seems to 

span the majority of the all asset frontier. 

Panel A: Shortsale Restriction: Sharpe ratios, Wald statistics and P values (Hedged)

Benchmark Bench + Developed countries Bench + Emerging markets Bench+ Dev+Em Corporate bonds Benchmark + All

Sharpe ratio (Tangent) 0,347846882 0,804 1,204 1,360 0,453 1,385

Wald statistics Spanning 230,2594432 35,48067714 158,9000417 34,33511845 146,7784796

(P-Values) 0,00000 0,00001 0,00000 0,00000 0,00000

Wald statistics Intersection 51,95156763 134,0210908 160,3287467 8,712617066 160,3328311

(P-Values) 0,00000 0,00000 0,00000 0,06870 0,00000

Panel B: Shortsale restriction: Sharpe ratios, Wald statistics and P values (Unhedged)

Sharpe ratio (Tangent) 0,413988294 0,533651869 1,164901118 1,2563789 0,415738781 1,092818065

Wald statistics Spanning 18,71181844 0,544991225 31,12940997 18,33343498 -9,027987135

(P-Values) 0,02776 0,99926 0,01295 0,00106 #NUM!

Wald statistics Intersection 16,21800455 124,5923251 135,2179794 5,364497895 95,74097306

(P-Values) 0,06247 0,00000 0,00000 0,25190 0,00000
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Sharpe ratios decrease for all unhedged portfolio combinations from the hedge returns Sharpe 

ratios. This exactly counters to the trend for the ten year period where short sales are allowed. 

If exchange rate movements between the major currencies, like the US Dollar, The Euro, 

British Pound and the Japanese Yen is examined it can be seen that the Danish Krona, 

strengthens compared to the Yen and the Dollar. It is roughly the same as the Euro, as it 

should be, because the Danish Krona is linked to the Euro. As a result, changes in Sharpe 

ratios cannot be traced to currency movements during the ten year period, however, the 

difference is most likely a result of different weightings in the tangent portfolio. When returns 

are not hedged then most weight is put into the benchmark (0,63) when analyzing developed 

government bonds as an addition to the benchmark. Then weights are put into France, US and 

Norwegian government bonds. However, if the tangent portfolio with hedged returns is 

examined, it can be seen that most weight is put into Norwegian government bonds (0,87) and 

then US government bonds (0,088), Japan government bonds (0,04). Additionally, figure 9 

and 10 (appendix F) show the difference between the hedged and unhedged frontier and there 

it can clearly be seen that diversification benefits for developed government bonds are higher 

when returns are hedged. The Wald test also confirms this result, by not rejecting the 

intersection test in table 3. Nevertheless, the Sharpe ratios show increased diversification 

advantages for adding these five groups of bonds to the benchmark and for the developed 

countries the frontier is thought to shift significantly according to the mean variance spanning 

test. 

Diversification into emerging markets is not considered to be beneficial if result of the mean 

variance spanning test from table three is examined when returns are unhedged. Additionally, 

the reason for not rejecting the spanning test can clearly be seen from figure 10 in appendix F, 

where the benchmark portfolio and the minimum variance portfolio have almost the same 

risk/return relationship. In this case, holding the tangent portfolio is beneficial for investors, 

as the tangency line is very steep from the intercept from the x – axis (figure 9). When 

developed and emerging government bonds are combined and added to the benchmark 

portfolio, the Wald test for unhedged returns rejects the spanning test, where the p-value is 

0,01. In appendix F, it can be seen that there is some difference between the minimum 

variance portfolio and the benchmark portfolio, and thus the shift is thought to be significant. 

It is interesting to see that spanning is rejected by combining developed and emerging market 

government bonds, because spanning is only rejected for developed government bonds and is 

not rejected for emerging markets with a p-value of 0,99. Hence, to make the shift significant 
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most weight should be put into developed government bonds and that is exactly what is done 

and can be seen in table 16 in appendix G, which shows portfolio weights. 

 

Figure 9 – All unhedged frontiers with short sale restriction 

From the above figure and table 3 it can be seen that it is completely rational not to reject the 

intersection test for corporate bonds as the frontier is quiet steep up from the mean variance 

portfolio. The spanning test is rejected and thus the shift is considered to be significant and 

most investor benefit from adding corporate bonds to their portfolio. Also, if all bond groups 

are added to the benchmark portfolio it can be seen that the shift is not significant and thus the 

Wald test for spanning is not rejected. The test is not rejected because the benchmark 

portfolio has better risk-return relationship than the minimum variance portfolio, also table 3 

shows the result NUM, which indicates that the calculations of the spanning test tried to 

divide with zero. Furthermore, the test is not needed to confirm if diversification benefits are 

significant, because as said before it can easily be interpreted from the above figure. On the 

other hand the intersection test is rejected and the Sharpe ratio shows diversification benefits, 

so investors with their utility curves tangent to the frontier at the market portfolio gain from 

adding all assets to the benchmark portfolio. The benchmark plus all assets portfolio does not 

offer the highest benefits of the five portfolios. It is believed that corporate bonds are 

dragging the diversification benefits down, because it is evident that the portfolio including 

both emerging and developed government bonds offer the highest diversification benefits 

according to Sharpe ratios in table 3. 
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5.2.5 Mean variance intersection and spanning – Short-sales restriction - 2 year period 

If the Sharpe ratios between the two and the ten year period are examined for both when short 

sales are allowed and when they are not allowed. It can be seen that when short sales are 

allowed Sharpe ratios are considerably higher than for short sales restricted portfolios. 

Likewise, if the difference of the two year periods are examined where short sales are 

restricted and allowed is analyzed, it can be seen that when short sales are restricted Sharpe 

ratios always increase for unhedged returns compared to hedged returns. When short sales are 

allowed Sharpe ratios decrease on two occasions when returns converted from hedged to 

unhedged. Furthermore, for the two year period where short sales are restricted, results from 

the mean variance intersection and spanning test are interesting, as there are on two occasions 

that spanning is not rejected and on four occasions that intersection is not rejected. 

Diversification advantages for adding developed government bonds to the benchmark 

portfolio is considered to be significant with regards to the mean variance spanning test and 

the Sharpe ratio. Nevertheless, the intersection test does not agree with the other test result 

and is not rejected. Furthermore, emerging market government bonds do not offer 

diversification benefits according to its portfolio Sharpe ratio and thus not either by the 

intersection test. Likewise, the mean variance spanning test is also not rejected (Table 4) as 

diversification into emerging market government bonds is not beneficial as over 95% is put 

into the benchmark portfolio for both the minimum variance and the tangent portfolio. 

Additionally, figure 11 (appendix F) shows that the minimum variance portfolio, the 

benchmark portfolio and the tangency line almost intersect at the same point, so the test has to 

be not rejected in terms of both intersection and spanning. For the combination of developed 

and emerging market government bonds, intersection is not rejected. Although the shift of the 

frontier is considered to be significant as the minimum variance portfolio offers reasonable 

diversification benefits. Hence, the spanning test is rejected even though the Wald test in table 

4 does not generate a conclusion because of a negative denominator. 
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Table 4 – Two year short sale restriction mean variance intersection and spanning test results 

The efficient frontier with corporate bonds and the benchmark asset included, hints that 

diversification is beneficial, as the spanning test is rejected with regards to the Wald statistics. 

But as figure 11 in the appendix F displays, the benchmark portfolio lies on the efficient 

frontier and very close to the tangent portfolio, which results in acceptance of the intersection 

test and that the corporate bond Sharp ratio is almost the same as for the benchmark. The 

combination of the tangent portfolio consists of about 98% Danish government bonds, which 

is logical as the corporate bond indices lowers for the two year period. Further, for the 

minimum variance portfolio most weight is put into Japanese corporate bonds (0,83) and the 

rest in the benchmark portfolio (0,17). This is also logical, even though Japanese bonds 

returns do not decrease the least. US corporate bond returns decrease the least in this period, 

but their standard deviation is very high. Thus, it is relatively better to diversify into Japanese 

bonds to lower the standard deviation for the new portfolio. 

Mean variance intersection and spanning test are rejected with regards to the Wald test 

statistics for the portfolio which includes all bond groups. Additionally, the Sharpe ratio 

shows that this portfolio has the most diversification benefits out of the five hedged return 

portfolios in table 4. This can also be seen in appendix F (figure 11) where the minimum 

variance portfolio and the tangent portfolio clearly make the frontier shift to the left and thus 

making it beneficial to add all assets to the benchmark. Furthermore, it is interesting to see 

from the portfolio weights that no weight is put into the benchmark portfolio, neither in the 

minimum variance portfolio or the tangent portfolio. To earn the highest return, investors only 

Panel A: Shortsale restriction: Two year Sharpe ratios, P-values (Hedged)

Benchmark Bench + Developed countries Bench + Emerging markets Bench+ Dev+Em Corporate bonds Benchmark + All

Sharpe ratio (Tangent) 0,575704745 0,895375377 0,562246198 1,124651041 0,57800211 1,509602901

Wald statistics Spanning 58,2854241 6,220971344 -15,32213014 25,3859311 87,14668665

(P-Values) 0,00000 0,39890 #NUM! 0,00004 0,00000

Wald statistics Intersection 5,297976711 0,195546642 16,82521508 0,039813939 35,10432406

(P-Values) 0,80760 0,99986 0,32942 0,99980 0,01357

Panel B: Shortsale restriction: Two year Sharpe ratios, Wald statistics and P values (Unhedged)

Sharpe ratio (Tangent) 0,575704745 2,238744783 0,618056553 2,221200456 0,583941877 2,238735573

Wald statistics Spanning 22,36054266 27,52692455 81,91758652 3,763754738 88,73224266

(P-Values) 0,00780 0,00012 0,00000 0,43892 0,00000

Wald statistics Intersection 52,73113857 0,645532468 82,95937333 0,14348663 84,3690784

(P-Values) 0,00000 0,99559 0,00000 0,99755 0,00000
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invest in developed government bonds when returns are hedged. On the other hand, if 

investors want to lower their portfolio variance, they go for a combination of developed 

government bonds and Japanese corporate bonds according to portfolio weights (appendix G). 

The lower section of table 4 represent two year unhedged returns with short sale restriction. 

Sharpe ratios in the table increase for unhedged returns compared to hedged returns. The 

increase is highest for developed government bonds, developed government and emerging 

government bonds and for the portfolio which includes all assets. If unhedged government 

bonds are examined then it can be seen that they offer some significant diversification 

benefits from all tests. For the minimum variance portfolio, the spanning test is rejected which 

is clear if figure 12 (appendix F) is viewed. The intersection test is also rejected which means 

that the tangent portfolio is significantly different from the benchmark portfolio. It is 

interesting to see that the benchmark is not included in the portfolio, but most weight is put 

into US and Norwegian government bonds (ca. 40% each). This is rational as the total return 

index increases most for US government bonds and then for the UK in the last two years of 

the study period. 

Unhedged emerging market government bonds do not offer significant diversification benefits 

if the Sharpe ratio and the intersection test result are examined. This is the same result as 

when short sales are allowed, the difference is though that the diversification benefits were 

much higher when short sales were allowed. The mean variance spanning test and figure 12 in 

appendix F show that diversification benefits are significant for all investors other than the 

tangent portfolio investor. When returns where hedged intersection and spanning was not 

rejected but for unhedged returns spanning is rejected, which could be because there was a 

great deal put into the benchmark when returns were hedged. Hence, less is put into the 

benchmark when returns are unhedged, or only 75%, the rest is put into Chinese government 

bonds when the minimum variance portfolio is examined. If developed government bonds and 

emerging market government bonds are added to the benchmark both spanning and 

intersection tests are rejected, also the Sharpe ratio shows diversification benefits compared to 

the benchmark Sharpe ratio (figure 12). 

Adding unhedged corporate bonds to the benchmark portfolio returns a very similar outcome 

as for hedged returns with only a very slight increase in the Sharpe ratio. Thereby, 

diversification benefits are almost zero by including corporate bonds as the Sharpe ratio and 

the result from the intersection test indicates. Additionally spanning is not rejected by 
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including corporate bonds, which means that the frontier is not considered to shift 

significantly and thus it is not beneficial for investors to include corporate bonds in their 

portfolio. The Sharpe ratio for the portfolio including all assets is almost exactly the same as 

when developed government bonds where added to the benchmark. This is not surprising 

when the tangent portfolio weights are examined for both of these portfolios, as they are 

almost the same, where there is only invested in developed government bonds. This supports 

the outcome from the mean variance intersection and spanning test for emerging market 

government bonds and corporate bonds discussed before. The conclusion that can be drawn 

from the lower box of table 4 is that for the last two years, it has not been beneficial to 

diversify into emerging market government bonds or corporate bonds, when short sales are 

restricted. The reason from table 10 in appendix E shows that returns for emerging markets 

are lower for the 2 year period compared to the 10 year period, but also that the standard 

deviation is lower. For corporate bonds the return and standard deviation is higher for the two 

year period. At the same time, the benchmark return has increased significantly and emerging 

market return has dropped below the benchmark‟s return. Thus, it is a combination of 

different returns, standard deviations and portfolio weighting which makes emerging markets 

and corporate bonds unattractive investment opportunities for the 2 year period where returns 

are unhedged and short sales restricted. 

5.2.6 Mean variance intersection and spanning test conclusion 

Now mean variance intersection and spanning results have been presented for both periods 

studied, with hedged and unhedged returns and with and without short sale restriction. This 

subchapter is supposed to sum up the most important results from the test to make them 

clearer. 

From the above mean variance intersection and spanning test, diversification benefits can be 

analyzed in many different ways. To start with let‟s sum up conclusions from the ten year 

period. Generally, hedging has higher diversification benefits in terms of Sharpe ratios both if 

short sales are allowed and where restriction is applied. This result is more robust when short 

sales are restricted, where all Sharpe ratios decrease from hedged returns to unhedged. When 

Short sales are allowed there are three incidents where the Sharpe ratio increases for 

unhedged return and recall from theory that it depends on investor‟s utility curve what 

portfolio he invests in. Thus the tangent portfolio Sharpe ratio is used to decide if 

diversification benefits increase by adding bonds to the initial portfolio. Moreover, the 

intersection and spanning test is used to decide if the shift of the frontier is significant. 
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Spanning is considered more important than intersection and Sharpe ratios as the shift of the 

frontier concerns a wide variety of investors with different utility curves. Hence, intersection 

and Sharpe ratio only put focus on one kind of investors. 

From the test result it can be seen that short sale restriction has considerable effect on the 

efficient frontier, where spanning is not rejected for the five portfolios in the ten year hedged 

return period with and without a short sale restriction. For intersection, both the 10 year 

hedged returns period, with and without short sales restriction, intersection is not rejected on 

each occasion. For the unhedged ten year returns spanning is not rejected twice when short 

sales are allowed but once when short sales are restricted. Intersection for unhedged returns is 

not rejected once when short sales are allowed and twice when short sales are restricted. Thus, 

for the ten year period Short sale restriction does not seem to have any clear effects, since the 

intersection and spanning tests are not rejected both when short sales are allowed and when 

short sales are restricted. 

The two year period Sharpe ratios generally increase considerably compared to the ten year 

period when short sales are allowed, which indicates that diversification benefits have 

increased for the last two years. If short sales are restricted the Sharpe ratio increase for six 

times out of ten between periods. This hints that investors have increasingly be putting their 

money in government bonds in the last two years, as uncertainty increased and the stock 

market crashed. Even though yields have been rising in recent periods and price has been 

going down, because investors request more returns as the future uncertainty and government 

troubles increases. Hence, if investors had invested in government bonds just before the crisis 

started then they would have experienced better return than for the ten year period. The reason 

only government bonds are mentioned is because the corporate bonds Sharpe ratio shows 

negative diversification benefits. It should be noticed that Sharpe ratios are higher when short 

sales are allowed, which concludes that short sales have significant effect on the efficient 

frontier for the two year period. 

For the two year period, hedging has significant effects on the frontier when all assets are 

included in one portfolio, but when a short sale restriction is posed, hedging does not have 

any affects because the Sharpe ratios increase for unhedged returns. This is a quiet interesting 

result as hedging is often considered to be better, but the reason for this is different portfolio 

weightings and presumably currency movements. In the theoretical chapter it was referred to 

Michaud (1989) that sometimes mean variance optimization can lead to overweighting of 
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securities that have large estimated returns, negative correlations and small variances. 

Furthermore, Michaud argued that mean variance portfolios are difficult to understand and 

sometimes they do not make sense from investment point of view. Hence, the problem that 

causes hedging to be inefficient is because of different emphasis in portfolio weights and 

because of flaws that minimum variance portfolios encounter. For instance, when diversified 

into developed government bonds when returns are hedged, it is only invested in US 

government bonds in the tangent portfolio, which indicates that the benefits of diversification 

is not used properly. Moreover, for the minimum variance portfolio, diversification is not 

used as much as when returns are unhedged, there is only invested in two countries compared 

to four countries when returns are unhedged. But on the other hand currency movements are 

generally favorable for Danish investors in this period which has positive effects on returns 

from abroad. 

Diversification benefits for developed bonds are reasonable in most cases, except when 

returns are hedged in the ten year period. Likewise, there is one other case that stands out, 

from the others with the one case mentioned before. This is developed government bonds 

Sharpe ratio for the two year period, both hedged and unhedged, where it is shows significant 

diversification benefits. Intersection test for developed government bonds is not rejected for 

three times of the eight tested for, but spanning is always rejected. Diversification benefits are 

more for developed government bonds in the two year period than for the whole period and 

that favors the theory that investors flee to quality in crisis. Furthermore, hedging seems to 

have some effects when developed government bonds are added to the benchmark, there is 

only in one case where the Sharpe ratio decreases and that is for the ten year period with short 

sale restriction. The Sharpe ratio increases the most for the ten year period when short sales 

are allowed and is highest when returns are unhedged. This is a bit strange result, because one 

would expect hedge returns to deliver at least the same returns as the unhedged. But this is 

traced to a portfolio weighting issue, the unhedged portfolio uses short sales much more than 

the hedged returns, for example the highest short sale weight for hedged returns is for France 

(-4,02), but for unhedged return it is for Germany (-8,188). When short sales are allowed and 

returns are unhedged, then short sales can be used to benefit from both negative exchange rate 

movements and negative returns from the total return index. 

One of the research questions in the introduction chapter asks if there are diversification 

benefits into emerging market government bonds and in all but one case the Sharpe ratio 

shows diversification advantages. The case where diversification is not beneficial is for the 
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two year period when short sales are restricted and returns are hedged. Both intersection and 

spanning test are not rejected, further for the unhedged returns that have the same conditions 

the Sharp ratio only increases slightly and the intersection test is also not rejected there. These 

two cases are the only ones that do not show significant diversification of adding emerging 

market government bonds when Sharpe ratios and intersection tests are examined. Spanning 

test for emerging markets government bonds are not rejected on three occasions in the tables 

above. Diversification to emerging market government bonds is not beneficial according to 

the spanning test when returns are unhedged for the ten year period both when short sales are 

allowed and restricted. The last case where it is not advantageous to diversify into emerging 

market government bonds is when short sales are restricted, returns hedged in the two year 

period. Indicating that emerging market bonds are not good assets to hold if investors want to 

lower their portfolio variances, but on the other hand they are good for those investors 

interested in investing in the market portfolio. But emerging markets show good 

diversification benefits when short sales are allowed both for the ten year and the two year 

period, except when returns are unhedged in the ten year period, where the Danish krona 

strengthens against the dollar. On the contrary, emerging market government bonds do not 

show as clear diversification benefits when short sales are restricted, where on two occasions 

out of four the spanning test is rejected. However, overall emerging markets are considered to 

be a good place to diversify into, looking at the spanning and intersection test and the Sharpe 

ratio. 

6 Conclusion 

This thesis has set the goal to inspect if it is beneficial for Danish investors to diversify into 

foreign corporate and government bonds, if they hold a portfolio consisting of Danish all 

maturity government bonds. 

The first part provided the reader with the introduction and research consideration which lead 

to the second chapter containing a sound theoretical framework for the following empirical 

analysis. In the beginning of the chapter it is tried to explain different variables that are 

important regarding diversification and modern portfolio theory. Then the background of 

Markowitz‟s efficient frontier was introduced and explained, both when short sales are 

allowed and restricted. Discussions about the efficient frontier background lead to derivation 

of the optimal portfolio (tangent portfolio). As theories always have some flaws, the mean 

variance frontier critique was believed to be a necessary content of the next chapter. The main 
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critique of the of the mean variance frontier is that mean variance investors should focus more 

on getting good estimates for returns rather than focusing on getting a good estimate for the 

covariance matrix, as that is very difficult. Furthermore, it has been said that traditional mean 

variance procedure often leads to financially irrelevant or false optimal portfolios and asset 

allocation. 

Fixed income securities and portfolio risk is covered by introducing hedging strategies and the 

yield curve. The shape and shift of countries yield curves can indicate a future development of 

economic factors, which is very important for bond investors that want to diversify into 

foreign bonds. Following that discussion, the mean variance intersection and spanning 

framework is explained in detail and how it is used to answer the main research question of 

the thesis. To combine theory and practice, next chapter discusses international bond 

diversification in practice, possible benefits, disadvantages and co-variation between bond 

markets from practical point of view. Furthermore, financial integration in times of crisis is 

discussed as well as how financial crisis affects bond markets. Lastly before the data 

description, methodology and the empirical analysis is presented, emerging market bonds and 

country risk is covered to show how emerging markets can offer some significant 

diversification benefits for Danish investors. 

To measure if financial integration has increased in the last two years of the study period, 

country‟s economic fundamental factors and yield curves are compared. From the economic 

factors analysis, financial integration is found to increase amongst the largest developed 

countries. Correlation coefficients for emerging markets are generally lower than for 

developed countries, hinting different business cycles. From the yield curve examination, 

developed countries have reasonably high correlation, but correlation has decreased 

significantly since 2004. Even though, correlation has decreased, the large developed 

countries still have very high correlation between them. These results suggest that in general, 

integration is increasing for the largest developed economies. Even though the recent crisis 

has almost affected all countries, it has hit some countries very hard, such as USA and UK. It 

can take the crisis longer time to affect Denmark, which is a small open economy compared to 

the largest developed ones and that can explain the negative yield correlation. In other words, 

the negative correlation Denmark has to the other countries indicates that Denmark has either 

not suffered as much in the crisis or that it is on a completely different stage in dealing with 

the global financial crisis. Thus financial integration has increased for the largest developed 

countries, but from Danish investor point of view the yield curve examination hints 
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diversification benefits. But when looked at the economic diversification benefits seem to 

decrease as correlation generally increases for the two year period. 

To answer the question regarding if Danish investors benefit from diversifying into developed 

foreign government bonds let‟s look at the results from the mean variance intersection and 

spanning test. If results from the spanning test are examined, then it can be seen that 

diversifying into developed country government bonds, always results in a significant shift of 

the mean variance frontier. If Sharpe ratios and the mean variance intersection test is analyzed 

it can be seen that only once is the Sharpe ratio lower for combining developed bonds to the 

benchmark. That is for the ten year period, where short sales are allowed and returns are 

hedged. Moreover, the intersection test is not rejected on three occasions. Although 

intersection and Sharpe ratios do show result that hints that diversification is not beneficial, it 

is thought to be of less importance than the result from the spanning test, as the intersection 

test only shows results for one kind of investors‟ utility curve. If the two year and the ten year 

period is compared in terms of Sharpe ratios, the two year period shows more diversification 

benefits no matter if short sales are allowed or not, both when returns are hedged and 

unhedged. This can be because of increased switch from stocks to bonds in this period as it 

pushes up capital gains in the return indices examined. Furthermore, as the Danish Krona is 

linked with the Euro, exchange rate risk is almost none. Hence, overall it can be argued that 

there are diversification benefits for Danish investors from foreign developed government 

bonds. 

From the economic factor analysis emerging markets were argued to follow a different 

business cycle than the developed countries, suggesting possible diversification benefits. 

Spanning test result show that on three occasions the test is not rejected, meaning that the 

mean variance frontier does not shift significantly by combining emerging market government 

bonds with the benchmark. On two occasions the rejection occurs when short sales are 

restricted. The test is also rejected for the ten year period when returns are unhedged both 

when short sale sales are allowed and restricted, indicating that exchange rates movements 

have effect on returns. In fact, that is not the case as the Danish Krona strengthens relatively 

to the US Dollar, thus the difference must be because of different portfolio weighting. The 

third case is for the two year period where returns are hedged and short sales are restricted. 

Mean variance intersection test is not rejected on three occasions and, two occasions are for 

the two year period where returns are unhedged and short sales are restricted. The other time 
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is when the two year period is examined where returns are unhedged and short sales allowed. 

The Sharpe ratio is only once lower for two group portfolio compared to the benchmark. The 

conclusion that can be drawn from these results is that emerging market government bonds do 

not offer diversification benefits for the ten year period when returns are not hedged. But for 

the other periods and restrictions (hedging and short sales) they generally offer significant 

diversification benefits, and in most cases much more than developed country government 

bonds offer. Also emerging market bonds offer significantly more diversification benefits in 

terms of Sharpe ratios for the two year period compared to the ten year period when short 

sales are allowed. 

There are two cases where spanning test for corporate bonds is not rejected, the intersection 

test is not rejected on six occasions and, the Sharpe ratio for the combination of the 

benchmark and corporate bonds are negative in three cases out of eight tested for, compared 

to the benchmark‟s Sharpe ratio. Although the Sharpe ratio is not more often negative does 

not mean that corporate bonds offer significant diversification benefits in the cases the ratio is 

positive. The only two times that corporate bonds offer significant diversification benefits 

with regards to the Sharpe ratio, is for the ten and two year period, when short sales are 

allowed and returns are hedged. Additionally, no trend can be seen if the two or the ten year 

period offer more advantages, but it can be seen that benefits are more when short sales are 

allowed. Overall, corporate bonds are not thought to be a good addition to the Danish 

domestic government bond portfolio. 

This thesis has assumed perfect currency hedge, but the question regarding diversification 

benefits increase if returns are hedged is of great importance. When short sales are allowed, 

hedging has significant effects on the portfolio Sharpe ratio, both for the ten year period and 

the two year period. Generally the Sharpe ratios increase when returns are unhedged in the ten 

year period where short sales are allowed. Furthermore, for this period spanning is always 

rejected when returns are hedged, but on two occasions spanning is rejected when returns are 

unhedged. For the two year period under the same condition, the Sharpe ratios for the 

portfolio combinations increases three times when returns are not hedged. These cases are 

when returns for corporate bonds are not hedged and when all assets are combined in one 

portfolio. It is thought that if corporate bonds are not included in the all asset portfolio, then 

the Sharpe ratio would be higher than when returns are hedged. So for the two year period 

hedging does not result in as much benefits as expected, as the spanning test is always 

rejected, both for hedged returns and not hedged. This must be because of currency 
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movements, as the dollar strengthens against the Danish Krona in the two year period for 

example. 

When short sale restriction is put on investors, hedging has some effects in terms of Sharpe 

ratios, where Sharpe ratios are higher in all cases when returns are hedged. Furthermore, even 

though there is some difference in Sharpe ratios it does not have much effect on spanning 

result if returns are not hedged. The only time spanning is rejected is when the benchmark is 

combined with emerging market government bonds. For the two year period, all unhedged 

Sharpe ratios are higher compared to hedged Sharpe ratios and for both groups only on one 

occasion in each group the spanning test is not rejected. Thus the overall conclusion is that 

hedging does not provide as significant benefits as expected with regards to the mean variance 

spanning test, and the reason is believed to lie in different portfolio weightings. Which is one 

of the major problems of the mean variance portfolio construction; it puts too much focus on 

the covariance matrix rather than getting good estimates for the expected returns. 

There are two reasons for that hedging does not live up to its expectation, these are currencies 

like the US Dollar strengthens against the Danish Krona. The Euro and the Krona are linked, 

so hedging is not needed there. Lastly the Japanese Yen weakens against the Krona, but does 

not have significant weight in any portfolio, so that the return gained on currency movements 

is not significant. But there are cases when hedging has positive effects, as for the two year 

period when short sales are allowed and all assets are combined in one portfolio, then the 

Sharpe ratio is 57,98 when returns are hedged, but falls to 30,57 when returns are not hedged. 

Hedging also has positive effects for the ten year period when short sale restriction is posed 

on investors, even though the benefits are not much, the Sharpe ratios are slightly higher when 

returns are hedged. 

Short sale restriction is often put on institutional investors and prohibits investor to take 

negative positions in securities. In this thesis short sale restriction is most of the time 

beneficial if Sharpe ratios for the portfolio combinations are compared to the benchmark‟s 

Sharpe ratio. But if Sharpe ratios with short sale restriction are compared to Sharpe ratios for 

the portfolio combinations when short sales are allowed, then it can be seen that short sale 

restriction has a significant influence on diversification benefits. If the spanning test results 

are examined when short sales are allowed, it can be seen that only two times is the test not 

rejected compared to four times when short sales are restricted. This is not a significant 

difference, but if the test results for intersection is examined, then it can be argued that short 
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sale restriction does not make diversification beneficial. When short sales are restricted, the 

intersection test is not rejected eight times compared to three times when short sales are 

allowed. Overall, it can be argued that short sale restriction diminish diversification benefits 

considerably. 

The answer to the central research question of the thesis is that Danish investors experience 

diversification benefits in all cases except for corporate bonds. Further, financial integration is 

thought to be increasing for the largest developed countries as the crisis has had its effect 

sooner and until now has had more severe effects on developed countries compared to 

emerging markets and smaller economies. Of course, there exists exemptions, but in general 

the large economies are at a similar stage in dealing with the crisis. On the other hand, 

emerging markets and small economies like Denmark follow a different business cycle, 

generally resulting in more diversification opportunities for the two year period. 

Diversification benefits are always highest for the portfolio that includes all the assets 

according to the Sharpe ratio. Furthermore, the spanning test is never rejected for the all asset 

portfolio and, the most diversification benefits are for the two year period, when short sales 

are allowed and returns hedged. 

7 Suggestions for future research 

It is strongly believed that the paper fulfilled the aimed purpose of the study and answered all 

the research questions set in the introduction chapter. This paper can be employed as the 

sound base for consecutive research conducted either by university students, independent 

researchers or general public. The issue of the attraction of global market for bonds is still 

undetected, and the approach of the perspective of local investors encourages researchers to 

try to reveal the topic more into the deep. 

Future research should focus on taking transaction cost into the picture as well as finding the 

optimal hedge ratio. Also it would be interesting to see if using equal weighting portfolios 

would result in better estimates of portfolio weights, when hedging is used and short sale 

restriction is posed upon investors. Furthermore, future research might want to focus on future 

diversification benefits for Danish investors, using simulations of parameters where the 

GARCH or the ARMA model can be applied. 
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9 Appendix 

9.1 Appendix A 

 

Appendix figure 1 – Five year CDS spreads for countries 

 

9.2 Appendix B 

 

Table 5 – GDP growth correlation matrix; Whole period. 
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Germany
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UK
Denmark
Brazil
China
Mexico
Russia
India

GDP growth - Correlation matrix: Years 2001-2008

Brazil France Germany Italy Japan Russia UK US China India Denmark Average

Brazil 1,0000 0,38050

France 0,5294 1,0000 0,62441

Germany 0,3379 0,5834 1,0000 0,50578

Italy 0,6294 0,8442 0,8040 1,0000 0,54728

Japan 0,4315 0,9007 0,5794 0,6890 1,0000 0,65225

Russia -0,0165 0,5590 0,4731 0,2646 0,7761 1,0000 0,47761

UK 0,2612 0,8918 0,5478 0,8052 0,6708 0,3966 1,0000 0,46001

US 0,5866 0,8066 0,3649 0,5730 0,9162 0,6426 0,4836 1,0000 0,57858

China 0,2599 0,5342 0,4889 0,2702 0,6958 0,8446 0,2721 0,6260 1,0000 0,49061

India 0,2227 0,3788 0,5570 0,2400 0,6506 0,8128 0,0664 0,6280 0,9026 1,0000 0,45414

Denmark 0,5629 0,8404 0,8272 0,9006 0,8646 0,5010 0,6646 0,7370 0,5026 0,5366 1,0000 0,69375
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Table 6 – GDP growth correlation matrix; Two year period. 

9.3 Appendix C 

Yield curves for seven of nine countries, Germany and Italy are not included as they have the same 

yield curve as France because of the European central bank rates. 

 

Appendix figure 2 – Yield curves in the year 2000 

GDP growth  - Correlation matrix: Years 2006 - 2008

Brazil France Germany Italy Japan Russia UK US China India Denmark Average

Brazil 1,0000 0,53371

France 0,4750 1,0000 0,81663

Germany 0,8584 0,8592 1,0000 0,77312

Italy 0,8300 0,8851 0,9986 1,0000 0,78904

Japan 0,4488 0,9996 0,8437 0,8710 1,0000 0,81137

Russia 0,1663 0,9467 0,6486 0,6881 0,9558 1,0000 0,71523

UK 0,4337 0,9989 0,8345 0,8626 0,9999 0,9606 1,0000 0,80802

US 0,6085 0,9873 0,9294 0,9477 0,9822 0,8837 0,9789 1,0000 0,83128

China 0,0984 0,9224 0,5949 0,6367 0,9334 0,9976 0,9393 0,8495 1,0000 0,68260

India 0,6599 0,9747 0,9519 0,9668 0,9676 0,8507 0,9632 0,9978 0,8126 1,0000 0,83049

Denmark 0,7580 0,9340 0,9853 0,9929 0,9231 0,7693 0,9165 0,9789 0,7236 0,9903 1,0000 0,89718
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Appendix figure 3 – Yield curves in the year 2004 

 

Appendix figure 4 – Yield curves in the year 2008 
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9.4 Appendix D 

 

Table 7 – Correlation matrix from 2005 – 2009 

 

Table 8 – CDS spread correlation matrix from 2007- 2009. 

9.5 Appendix E 

 

Table 9 – Means and standard deviations from minimum variance portfolios – Short sales allowed 

CDS spreads - Correlation Matrix: Years 2005 - 2009

Germany France Italy Japan UK Sweden Denmark Norway Brazil China India Mexico Russia

Germany 1,0000

France 0,9917 1,0000

Italy 0,9633 0,9863 1,0000

Japan 0,9587 0,9502 0,9225 1,0000

UK 0,9806 0,9895 0,9857 0,9354 1,0000

Sweden 0,8289 0,8252 0,8184 0,7961 0,9440 1,0000

Denmark 0,8293 0,8384 0,8422 0,7784 0,9735 0,8416 1,0000

Norway 0,9424 0,9329 0,9050 0,9323 0,9470 0,8801 0,8019 1,0000

Brazil 0,7259 0,7284 0,7331 0,6537 0,9582 0,6146 0,7814 0,6302 1,0000

China 0,8948 0,9391 0,9690 0,8657 0,9190 0,7556 0,7768 0,8498 0,6717 1,0000

India 0,7564 0,8067 0,8435 0,7419 0,7052 0,6497 0,7148 0,7237 0,7664 0,9042 1,0000

Mexico 0,9705 0,9858 0,9846 0,9366 0,9727 0,8045 0,8361 0,9024 0,7836 0,9524 0,8520 1,0000

Russia 0,9325 0,9605 0,9794 0,8605 0,9439 0,8407 0,8593 0,8839 0,7508 0,9541 0,8357 0,9622 1,0000

South Africa 0,9117 0,9503 0,9749 0,8803 0,9317 0,7429 0,7777 0,8483 0,6821 0,9868 0,8900 0,9634 0,9502

CDS spread - Correlation matrix: Years 2007 - 2009

US Germany France Italy Japan UK Sweden Denmark Norway Brazil China India Mexico

US 1,0000

Germany 0,9833 1,0000

France 0,9864 0,9912 1,0000

Italy 0,9748 0,9583 0,9841 1,0000

Japan 0,9226 0,9554 0,9417 0,9087 1,0000

UK 0,9869 0,9806 0,9895 0,9857 0,9354 1,0000

Sweden 0,9607 0,8525 0,8443 0,8352 0,7986 0,9440 1,0000

Denmark 0,9616 0,9464 0,9619 0,9692 0,8908 0,9735 0,9134 1,0000

Norway 0,9537 0,9504 0,9310 0,8970 0,9208 0,9470 0,9015 0,9200 1,0000

Brazil 0,9527 0,9516 0,9757 0,9810 0,9041 0,9582 0,8396 0,9576 0,9050 1,0000

China 0,9222 0,8825 0,9306 0,9678 0,8324 0,9190 0,7480 0,9089 0,8083 0,9604 1,0000

India 0,6986 0,7399 0,7945 0,8401 0,7006 0,7052 0,5652 0,7538 0,6542 0,8653 0,9054 1,0000

Mexico 0,9645 0,9686 0,9874 0,9857 0,9337 0,9727 0,8264 0,9502 0,9065 0,9903 0,9579 0,8577 1,0000

Russia 0,9367 0,9230 0,9552 0,9771 0,8385 0,9439 0,8651 0,9769 0,8765 0,9737 0,9547 0,8342 0,9584

South Africa 0,9350 0,9018 0,9437 0,9733 0,8535 0,9317 0,7407 0,9082 0,8148 0,9625 0,9848 0,8939 0,9679

Means, Standard deviation from minimum variance portfolios

Benchmark Bench + Developed countries Bench + Emerging markets Bench+ Dev+Em Corporate bonds

10 Years Hedged

Return 0,046184845 0,032346761 0,042342599 0,028342955 0,036946661

Standard dev 0,035083956 0,019755096 0,029152159 0,018468897 0,03052973

10 Years Unhedged

Return 0,047948753 0,043468306 0,044968358 0,035770407 0,032411271

Standard dev 0,033739488 0,026187771 0,029784336 0,023357534 0,031776514

2 year period Hedged

Return 0,0613262 0,010959568 0,040660509 0,043351878 -0,005233871

Standard dev 0,047498653 0,015593447 0,021469492 0,00544779 0,022089216

2 year period Unhedged

Return 0,0613262 0,0964416 0,038384018 0,028301341 -0,020768469

Standard dev 0,047498653 0,023189799 0,015398267 0,007780712 0,034070888
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Table 10 - Means and standard deviations from minimum variance portfolios – Short sales restricted 

9.6 Appendix F 

 

Appendix figure 5 - Frontiers for ten year period, short sales allowed, hedged returns. 

Means, Standard deviation from minimum variance portfolios

Shortsale restriction Benchmark Bench + Developed countries Bench + Emerging markets Bench+ Dev+Em Corporate bonds

10 Years Hedged

Return 0,046184845 0,03 0,05 0,029999 0,04

Standard dev 0,035083956 0,021452589 0,031910482 0,020862223 0,032047942

10 Years Unhedged

Return 0,047948753 0,04 0,05 0,04 0,035

Standard dev 0,033739488 0,031479951 0,033128468 0,031434211 0,032109479

2 year period Hedged

Return 0,0613262 0,040000999 0,055 0,02 -0,01

Standard dev 0,047498653 0,022492541 0,046155347 0,022408624 0,02696526

2 year period Unhedged

Return 0,0613262 0,06 0,045 0,04 0,005

Standard dev 0,047498653 0,028705302 0,029453245 0,021835753 0,035275298
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Appendix figure 6 - Frontiers for ten year period, short sales allowed, unhedged returns. 

 

Appendix figure 7 - for two year period, short sales allowed, hedged returns. 
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Appendix figure 8 - Frontiers for two year period, short sales allowed, unhedged returns. 

 

Appendix figure 9 - Frontiers for ten year period, Short sale restriction, hedged returns. 
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Appendix figure 10 – Frontier for ten year period, Short sale restriction, unhedged returns. 

 

Appendix figure 11 - Frontier for two year period, short sale restriction, hedged returns. 
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Appendix figure 12 - Frontiers for two year period, Short sale restriction, unhedged returns. 

9.7 Appendix G 

 

Table 11 – Portfolio weights for the 10 year period with Short sales allowed and returns hedged 
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Tangent Min var Tangent Min var Tangent Min var Tangent Min var Tangent Min var

Denmark -0,22429 0,373589 -0,17622 0,779824 -1,47976 0,49488 19,63489 0,87034 -1,1515 0,544081

France -4,02681 -3,01569 -2,1818 -3,03752 216,0609 -3,40073

Germany 2,92131 2,320063 3,073729 2,393926 -195,579 2,991782

Italy 0,511765 0,582398 -0,48075 0,483181 13,10897 0,077714

Japan 0,768788 0,631503 0,955569 0,571841 17,91665 0,510717

US 0,399976 -0,07728 0,725012 -0,14005 37,41582 0,034096

UK 0,008893 0,037852 -0,02269 0,084686 -2,26267 -0,14816

Switzerland -0,5104 -0,01036 -0,66494 -0,05276 -24,2073 -0,0156

Sweden 0,444477 0,075786 0,529774 0,016772 -2,37525 0,086478

Norway 0,70629 0,082144 0,55961 0,058851 -9,37592 0,092779

Brazil -0,10839 0,069755 -0,07606 0,023513 -3,13103 0,020223

China 0,18099 0,381062 -0,32904 0,199342 1,90197 0,088438

Mexico 0,4109 -0,25773 -0,00694 -0,11645 8,172261 -0,10994

Russia 0,436877 0,002307 0,159245 -0,00666 2,258852 -0,00706

Argentina -0,39121 0,009392 -0,07582 0,011373 -1,34061 0,007958

Turkey 0,238038 0,024127 0,11899 0,01385 2,48498 0,015881

Columbia 0,409009 -0,00873 0,195868 0,001224 5,662572 -0,0064

US Barclays -4,00918 -0,27832 -50,6791 -0,05473

Barclays Euro -14,6853 0,195119 -15,3886 0,020884

Japan Corporate -0,22725 0,043525 -1,57054 0,011936

ML Sterling Corp 0,286844 0,169339 3,078204 0,239646

Portfolio Weights

10 year, Short sales 

allowed

10 year, Short sales 

allowed

10 year, Short sales 

allowed

10 year, Short sales 

allowed

10 year, Short sales 

allowed
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Table 12 - Portfolio weights for the 10 year period with Short sales allowed and returns unhedged 

 

Table 13 - Portfolio weights for the 2 year period with Short sales allowed and returns hedged 

Tangent Min var Tangent Min var Tangent Min var Tangent Min var Tangent Min var

Denmark 0,427567 0,468925 0,383448 0,943645 0,167893 0,422087 -0,66029 0,623714 -0,46622 0,435336

France 0,209032 -0,01243 -0,04382 0,024094 1,602552 -0,38414

Germany -8,18848 -2,24833 -9,12997 -3,32691 -36,2543 -3,61691

Italy 8,926318 2,430611 13,91349 3,706691 31,73152 4,688724

Japan -0,15405 0,476437 -3,77519 0,312799 2,658597 -0,27495

US 0,084141 -0,05456 1,158068 -0,19837 -7,31568 0,046833

UK 0,070989 0,060471 -0,05699 0,055814 -0,40391 0,056983

Switzerland -0,49858 -0,01743 -0,48065 -0,05878 1,184764 -0,09212

Sweden 0,03878 0,057793 -0,15971 0,037185 0,283455 0,04323

Norway 0,084286 -0,16148 -0,1087 -0,10467 -0,65384 -0,10168

Brazil -0,13879 0,009201 -0,09971 0,012452 0,370841 -0,00321

China -0,63441 0,106949 -1,32972 0,129324 0,359347 -0,03671

Mexico 0,640697 -0,06301 0,044942 -0,06101 -1,95091 -0,03583

Russia 0,581787 0,01429 0,404634 -0,00594 -0,38185 -0,00053

Argentina -0,5005 0,018393 -0,22367 0,025471 0,223984 0,021791

Turkey 0,251444 -0,0178 0,288039 0,008776 -0,36615 0,014516

Columbia 0,416335 -0,01167 0,431046 0,02099 -0,58955 0,019171

US Barclays 1,871129 0,424245 3,742244 -0,11688

Barclays Euro 0,047976 0,01251 0,187745 0,001917

Japan Corporate -0,06825 -0,01752 -1,99798 0,428513

ML Sterling Corp -0,19057 -0,04295 9,035336 -0,09404

10 year, Short sales 

allowedPortfolio Weights

10 year, Short sales 

allowed

10 year, Short sales 

allowed

10 year, Short sales 

allowed

10 year, Short sales 

allowed

Tangent Min var Tangent Min var Tangent Min var Tangent Min var Tangent Min var

Denmark -1,84717 -0,1361 -1,89454 1,005017 -2,79222 -0,3121 -1,71228 0,337641 -30,4812 -0,60841

France -2,04021 1,64923 -10,4006 -1,83323 -104,895 -2,33149

Germany -0,35595 -1,85646 15,25146 2,610652 182,4051 3,203693

Italy -1,24595 0,170363 -1,57473 -0,38769 -7,18368 -0,40082

Japan -0,12278 1,015062 0,310202 0,708016 19,59549 1,007043

US 4,368551 -0,12111 0,036417 -0,12043 7,737645 -0,08428

UK -0,82233 -0,4371 -0,004 -0,19589 5,063974 -0,406

Switzerland -4,21942 0,04534 -0,60072 -0,24675 -27,1644 -0,00859

Sweden 1,959571 0,146151 -0,62776 0,259925 -10,526 0,017325

Norway 5,325689 0,52462 0,635857 0,396926 -15,9364 0,614032

Brazil 3,734792 -0,06532 0,188078 0,026099 15,82712 -0,26605

China 0 0 0 0 0 0

Mexico -5,69389 -0,5002 -0,17338 -0,3568 -12,2491 -0,09269

Russia -0,5606 0,278241 0,198289 0,129996 7,948699 0,070952

Argentina -2,24502 -0,03105 -0,00341 0,000511 -0,27349 0,0011

Turkey 4,413686 -0,43045 0,52504 -0,02457 6,612047 0,049682

Columbia 3,24558 0,743771 0,0315 0,345337 -1,87765 0,32298

US Barclays 0,43442 -0,29754 -14,3917 0,15954

Barclays Euro 4,698954 0,28314 -8,81599 0,143308

Japan Corporate 0,534155 0,748782 -11,0739 -0,536

ML Sterling Corp -2,95525 -0,07202 0,679108 0,144672

Portfolio Weights

2 year, Short sales 

allowed

2 year, Short sales 

allowed

2 year, Short sales 

allowed

2 year, Short sales 

allowed

2 year, Short sales 

allowed
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Table 14 - Portfolio weights for the 2 year period with Short sales allowed and returns unhedged 

 

Table 15 – Portfolio weights for the 10 year period with short sales restriction and returns hedged 

Tangent Min var Tangent Min var Tangent Min var Tangent Min var Tangent Min var

Denmark -1,20155 0,254381 -4,96202 0,819988 21,11596 -0,24748 -1,68601 0,483763 5,492773 -0,13092

France 0,031183 -0,07275 -2,22751 -0,27223 4,236462 0,486665

Germany -3,2973 -4,14642 118,4955 0,427735 34,78738 4,058482

Italy 4,799974 4,215864 -143,635 1,748423 -54,9488 -4,08142

Japan -1,99963 -0,06928 7,88909 -1,37526 4,941607 -1,12434

US 0,995748 0,367391 -3,50487 -0,27933 0,683626 0,104343

UK -0,19109 -0,03336 -2,48868 -0,12956 -6,05153 -0,60935

Switzerland 0,710939 0,172526 3,553335 0,288022 3,994842 0,685744

Sweden 0,045044 0,193887 -0,61015 0,104111 0,08608 0,111519

Norway 1,106676 0,117763 -1,52571 0,105004 -0,22825 0,170759

Brazil 17,06093 -0,12467 -3,54724 -0,35354 -0,45719 -0,22163

China -8,39766 0,301947 8,246216 0,390969 4,666888 0,762408

Mexico -18,8947 -0,20655 1,776218 0,177052 1,021417 0,193217

Russia -3,82046 -0,01148 0,473708 0,098854 -1,46441 -0,05378

Argentina -9,27628 0,002936 -0,53363 -0,00378 -0,11451 -0,01381

Turkey 16,8707 -0,26791 -4,00492 -0,13454 -0,89642 -0,20174

Columbia 12,41953 0,485743 1,527727 0,45555 -0,74245 0,358698

US Barclays 3,385247 0,474712 8,150054 1,433308

Barclays Euro 0,288814 0,164683 4,047232 0,316117

Japan Corporate 0,159204 0,038318 -4,37003 -0,77609

ML Sterling Corp -1,14725 -0,16148 -1,83474 -0,46817

Portfolio Weights

2 year, Short sales 

allowed

2 year, Short sales 

allowed

2 year, Short sales 

allowed

2 year, Short sales 

allowed

2 year, Short sales 

allowed

Tangent Min var Tangent Min var Tangent Min var Tangent Min var Tangent Min var

Denmark 0 0 0,521326 0,707468 0 0 1 0,859042 0 0

France 0 0 0 0 0 0

Germany 0 0 0 0 0 0

Italy 0 0,07433 0 0 0 0

Japan 0,040997 0,695201 0 0,698722 0 0,664275

US 0,088968 0 0,072837 0 0,107039 0

UK 0 0 0 0 0 0

Switzerland 0 0,03623 0 0,034775 0 0,017983

Sweden 0 0 0,14658 0 0,053802 0

Norway 0,870035 0,194238 0,609746 0,125086 0,624103 0,114631

Brazil 0,064054 0,021515 0,048484 0 0,056922 0

China 0,217824 0,271017 0 0,13783 0 0,110762

Mexico 0 0 0 0 0 0

Russia 0,182226 0 0,119548 0,000593 0,157116 0

Argentina 0 0 0 0,002994 0 0

Turkey 0,011434 0 0,002805 0 0,001018 0

Columbia 0,003135 0 0 0 0 0

US Barclays 0 0 0 0

Barclays Euro 0 0,022888 0 0,006782

Japan Corporate 0 0,044936 0 0,0091

ML Sterling Corp 0 0,073134 0 0,076467

Portfolio Weights

10 year, Short sales 

restricted

10 year, Short sales 

restricted

10 year, Short sales 

restricted

10 year, Short sales 

restricted

10 year, Short sales 

restricted
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Table 16 - Portfolio weights for the 10 year period with short sales restriction and returns unhedged 

 

Table 17 - Portfolio weights for the 2 year period with short sales restriction and returns hedged 

Tangent Min var Tangent Min var Tangent Min var Tangent Min var Tangent Min var

Denmark 0,629469 0,354956 0,753836 0,947751 0 0,355052 1 0,808698 0 0,348807

France 0,177717 0 0,114191 0 0,221276 0

Germany 0 0 0 0 0 0

Italy 0 0,273981 0,549317 0,378042 0 0,358658

Japan 0 0,085366 0 0 0 0

US 0,111262 0 0 0 0 0

UK 0 0,096952 0 0,093461 0 0,047145

Switzerland 0 0,188744 0 0,168922 0 0,148514

Sweden 0 0 0 0 0 0

Norway 0,081552 0 0,104656 0 0,363816 0

Brazil 0,05085 0,012805 0,04819 0 0,069573 0,016345

China 0 0,039444 0 0 0 0

Mexico 0 0 0 0 0 0

Russia 0,195314 0 0,183646 0 0,345336 0

Argentina 0 0 0 0,004523 0 0

Turkey 0 0 0 0 0 0

Columbia 0 0 0 0 0 0

US Barclays 0 0,153588 0 0,064624

Barclays Euro 0 0,037715 0 0,015907

Japan Corporate 0 0 0 0

ML Sterling Corp 0 0 0 0

Portfolio Weights

10 year, Short sales 

restricted

10 year, Short sales 

restricted

10 year, Short sales 

restricted

10 year, Short sales 

restricted

10 year, Short sales 

restricted

Tangent Min var Tangent Min var Tangent Min var Tangent Min var Tangent Min var

Denmark 0 0 0,990006 0,952327 0 0 0,984604 0,171984 0 0

France 0 0 0 0 0 0

Germany 0 0 0 0 0 0

Italy 0 0 0 0 0 0

Japan 0 0,765582 0 0,741996 0 0,30714

US 1 0 1 0 0,794523 0

UK 0 0 0 0 0 0

Switzerland 0 0 0 0 0 0

Sweden 0 0 0 0 0 0

Norway 0 0,234418 0 0,243126 0,205477 0,295459

Brazil 0 0 0 0 0 0

China

Mexico 0 0 0 0 0 0

Russia 0,009994 0,047673 0 0,004135 0 0

Argentina 0 0 0 0 0 0

Turkey 0 0 0 0 0 0

Columbia 0 0 0 0,010743 0 0

US Barclays 0 0 0 0

Barclays Euro 0 0 0 0

Japan Corporate 0,015396 0,828016 0 0,397402

ML Sterling Corp 0 0 0 0

Portfolio Weights

2 year, Short sales 

restricted

2 year, Short sales 

restricted

2 year, Short sales 

restricted

2 year, Short sales 

restricted

2 year, Short sales 

restricted
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Table 18 - Portfolio weights for the 2 year period with short sales restriction and returns unhedged 

Tangent Min var Tangent Min var Tangent Min var Tangent Min var Tangent Min var

Denmark 0 -1E-06 0,922321 0,75486 0 0 0,99604 0,587875 0 0

France 0,183243 0 0,157976 0 0,183243 0

Germany 0 -1E-06 0 0 0 0

Italy 0 0,529817 0 0,447808 0 0,43463

Japan 0 0 0 0 0 0

US 0,397736 0,183904 0,392222 0 0,397736 0

UK 0 0,079961 0 0 0 0

Switzerland 0,018959 0,119697 0,050079 0,218643 0,018959 0,185754

Sweden 0 0,086622 0 0,075136 0 0,07014

Norway 0,400062 0 0,399723 0 0,400062 0,051243

Brazil 0,077679 0 0 0 0 0

China 0 0,24514 0 0,258413 0 0,258232

Mexico 0 0 0 0 0 0

Russia 0 0 0 0 0 0

Argentina 0 0 0 0 0 0

Turkey 0 0 0 0 0 7,1E-07

Columbia 0 0 0 0 0 0

US Barclays 0 0,281243 0 0

Barclays Euro 0 0,130882 0 0

Japan Corporate 0 0 0 0

ML Sterling Corp 0,00396 0 0 0

Portfolio Weights

2 year, Short sales 

restricted

2 year, Short sales 

restricted

2 year, Short sales 

restricted

2 year, Short sales 

restricted

2 year, Short sales 

restricted




