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Resume

Den forbrugsbaserede CAPM-model giver anledning til forholdsvis konservative risikojus-
teringer i de forventede fremtidige betalingsstrømme, n̊ar den anvendes til værdiansættelse
af aktier. Dette skyldes, at der er lav variation i aggregeret forbrugsdata, hvilket giver
anledning til det velkendte equity premium puzzle, som fortsat er et hovedbrud i den
akademiske og finansielle verden.

Dette speciale introducerer en ny værdiansættelsesmodel baseret p̊a rekursiv nytte
specificeret ved Epstein-Zin præferencer. Form̊alet med dette er at skabe et nyt risiko-
justeringsled. Dette resulterer i en model, der kombinerer den klassiske CAPM-model og
den forbrugsbaserede CAPM-model. Vi bruger moderne asset pricing teori til at udlede
et s̊akaldt valuation index, der fungerer som en prisningsmekanisme i værdiansættelses-
modellen.

Vi har foretaget årlige værdiansættelser af alle virksomheder, der er noteret p̊a S&P
500 indekset i perioden fra 1990 til 2008. Dette udmønter sig i en to-dimensionel analyse
af tre værdiansættelsesmodeller; Epstein-Zin, CCAPM og CAPM. Den første dimension
antager, at markedet er efficient og måler modellernes evne til at forudsige de observerede
priser i markedet. Modellerne sammenlignes indbyrdes baseret p̊a et performance mål, me-
dian absolute valuation error (MAVE). Først efter en kalibrering ses der en forskel mellem
de forbrugsbaserede modeller, hvor Epstein-Zin klarer sig bedst. Begge modeller klarer
sig væsentligt bedre end den traditionelle CAPM-model b̊ade før og efter kalibrering.

Den anden dimension tager afsæt i fundamental-perspektivet, der har til form̊al at
estimere den fundamentale virksomhedsværdi med henblik p̊a at udfordre markedsvær-
dien samt identificere billige og dyre aktier. I perioden fra 1997 til 2007 danner vi
porteføljer, der er baseret p̊a procentvise prisningsfejl, som bruges som et mål for, hvor
meget markedsværdien afviger fra den fundamentale værdi. Den bagvedliggende tanke
er, at markedsværdien vil konvergere mod den fundamentale værdi over tid. En tidsserie-
analyse af out-of-sample merafkast viser, at en investeringsstrategi baseret p̊a værdian-
sættelserne fra Epstein-Zin-modellen genererede et årligt gennemsnitligt afkast p̊a 3.29%.
Til sammenligning genererede CCAPM 3.21% mens CAPM gav et negativt afkast.
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1 Introduction

The valuation of equities remains a challenge both in practice and in theory. The value of
an asset must reflect the present value of the future payments that accrue to the holder of
the asset. Hence, the key question in equity valuation is how to determine the value today
of a sequence of uncertain future cash flows or earnings by accounting for both the time
value of money and the uncertainty (i.e., the risk) associated with these payments. Since
the time value of money is readily observable, the challenge remains in how to account
for risk. Not only is risk a central issue but also taxes, inflation and growth affect the
present value of an asset.

The standard approach to equity valuation is to use the CAPM or the Fama-French
three-factor model to determine a risk-adjusted cost of capital used to discount expected
future cash flows or earnings. Unfortunately, the valuations are quite imprecise and very
sensitive to estimates of betas and market risk premiums. This way of accounting for
risk is justified if all shocks to future cash flows or earnings are fully persistent on a
percentage basis, i.e., if cash flows or earnings follow a geometric Brownian motion (Bach
and Christensen, 2016). However, the competitive advantage of a company is often only
temporary and the force of competition in the product markets implies that the cash flows
or earnings exhibit mean-reversion, i.e., contains both persistent and transitory shocks.
This mean-reversion of future cash flows or earnings for firms and industries has been
documented by Nissim and Penman (2001). Moreover, the standard valuation models
are based on single-period asset pricing models, which do not easily carry over to multi-
period settings. Theoretically, there is a call for a valuation model, which provides a
better link between the time-series properties of a firm’s fundamentals and the associated
risk-adjustments.

Multi-period asset pricing models suggest that the risk-adjustments should be done
in the numerator (Rubinstein, 1976). These risk-adjustments are determined by how
the firm’s fundamentals covary with a so-called valuation index (a normalized event-
price deflator). This is in stark contrast to the standard valuation models where the
risk-adjustments are done in the denominator. A consumption-based capital asset pricing
model (CCAPM) is presented and compared to the standard valuation model. This model
is based on modern asset pricing theory where the prices of financial assets are linked to
(the marginal utilities of) consumption. Since financial markets allow investors to shift
consumption opportunities across time and states, equilibrium asset prices should reflect
investors’ desire to make these shifts, which is closely related to their marginal utilities of
consumption.

The CCAPM-based valuation model developed by Christensen and Feltham (2009)
is theoretically superior to the standard CAPM-based valuation model. However, the
basic consumption-based asset pricing model gives rise to several asset pricing puzzles as
the model is unable to explain some stylized empirical facts. The most famous puzzle is
the equity premium puzzle, which in equity valuation results in very conservative risk-
adjustments as the stochastic variation in real aggregate consumption is too smooth to
fit observed risk premia in asset prices for reasonable relative risk aversion parameters.

This has motivated us to extend the equity valuation-framework with recursive utility,
offering a possible resolution to the equity premium puzzle in the model. The purpose of
this thesis is to develop an Epstein-Zin asset pricing model, which will then be extended
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into an equity valuation model. This serves as our contribution to the equity valuation
research.

In short, this thesis will study three equity valuation models, namely (i) the stan-
dard CAPM-based valuation model, (ii) the CCAPM-based valuation model and (iii) the
Epstein-Zin-based valuation model. We begin by reviewing basic asset pricing theory from
which all three valuation models are derived. Having set the theoretical framework, we
will link the asset pricing theory to equity valuation by presenting a set of accounting re-
lations used to re-express the dividends in terms of accounting numbers. In order to make
the two consumption-based valuation models empirically implementable, we derive equi-
librium solutions for the risk-adjustments in the models. We compare the performance of
the valuation models in an empirical study along two dimensions: (a) the efficient market
perspective and (b) the fundamental valuation perspective.

1.1 Problem Formulation

The primary research question of this thesis is whether an equity valuation model derived
from the recursive utility framework specified by Epstein-Zin preferences can match the
performance of the CCAPM-based equity valuation model developed by Christensen and
Feltham (2009). We will try to answer this question with the following sub-questions:

• Can the derived Epstein-Zin-based equity valuation model match cross-sectional
stock prices as well as stock prices across business cycles?

• How well does the Epstein-Zin-based equity valuation model fare in an identification
of cheap and expensive stocks?

• How does different parameter choices affect the valuation accuracy of the Epstein-
Zin model?

• Does the ”new” risk-adjustment in terms of return on optimal invested wealth con-
tribute to higher returns on hedge investment strategies based on portfolios sug-
gested by the valuation model?

1.2 Scope and Limitations

The world of financial asset pricing theory is limitless which is why we need to restrict the
scope of this thesis in order to give an in-depth analysis. We assume general individual
preference theory is known and limit ourselves to look beyond this topic in our theory
section. Furthermore, only asset pricing theory relevant for the three equity valuation
models is presented, i.e., no-arbitrage, market completeness, individual optimality and
market equilibrium. An implicit assumption is made about ignoring irrational individuals.

We have limited our selves to collect accounting data from Bloomberg and missing
data will not be obtained from different data-sources. Only firms represented on the S&P
500 Index from the period of 1990-2008 are considered in our empirical work. The implicit
estimations in FED-data are assumed to be reliable and we do not challenge this input.

Due to the work by Bach and Christensen (2016), we believe there is sufficient evidence
for excluding the three-factor Fama-French equity valuation model from our empirical
tests.
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1.3 Methodology

A scientific thesis should reflect reliability, validity and academic correctness. With this
in mind, we derive a new theoretical equity valuation model based on existing theory.
We challenge this new model as well as two existing models with applications of data,
i.e., we use empirical tools to test theoretical predictions. Primary data is collected from
Bloomberg, which is considered one of the most reliable and professional providers of
financial data in the world.

The empirical tests is split up into two dimensions. The first dimension assumes the
financial markets are efficient, i.e., prices observed in the markets are true. The second
dimension assumes prices observed in the financial markets might deviate from their
fundamental value but only temporarily. The fundamental value is the intrinsic value
which ”is the worth of an investment that is justified by the information about its payoffs”
(Penman, 2013, p. 4).

1.4 The Structure

The organization of this thesis is as follows: Section 2 derives fundamental asset pricing
relations under the assumption of no-arbitrage. In order to obtain information regard-
ing the pricing mechanisms, two basic routes can followed. First, a general equilibrium
approach can be taken where two increasingly restrictive assumptions are imposed; in-
dividual optimality and market equilibrium. This is the topic of section 3 and section 4,
where we derive the pricing mechanisms under time-additive utility and recursive utility,
respectively. To be more specific, we derive the event-price deflator in a framework with
recursive utility specified by Epstein-Zin preferences in section 4. Another approach is
to assume that the pricing mechanisms are linear functions of exogenous pricing factors.
This is the topic of section 5. In section 6, we introduce a number of accounting relations
so that we can shift our focus from value distribution (measured by dividends) to value
creation (measured by residual income) when we determine the value of common equity.
In section 7, we present the standard equity valuation models where we critically examine
the use of risk-adjusted discount rates in a multi-period setting with uncertainty. Equities
are primary securities and, hence, we cannot price equities like redundant assets. Further
assumptions and more economic structure are needed for the equity valuation model to
be meaningful and empirically implementable in the two consumption-based valuation
models. In Section 8 and 9, we impose additional economic structure on the models such
that the event-price deflator can be determined in terms of more fundamental economic
variables. More specifically, we make specific assumptions regarding the preferences of
the investors and the distributions of residual income, aggregate consumption, prices and
the market return.

Having set the theoretical stage, we conduct an empirical study, starting with a data
and sample description in section 10. In section 11, we describe how the valuation models
are implemented in our empirical study. The valuation models require a number of as-
sumptions to be made in the empirical implementation, and the results depend on these
assumptions. In section 12, we examine the performance of the three valuation models.
First, we test how well these models can match the cross-sectional stock prices as well as
the level of stock prices across business cycles (measured by the median absolute valuation
error (MAVE)) from an efficient market perspective. Second, we test whether these mod-
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els are capable of identifying cheap and expensive stocks (measured by subsequent excess
returns) assuming a fundamental value perspective, where prices observed in the market
might deviate from their true value, but will eventually revert towards their fundamental
value as determined by the valuation models.
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2 Basic Asset Pricing Theory

In this section we present basic asset pricing theory in a one-period and multi-period
framework. We begin with the implications of assuming no-arbitrage in the financial
markets. Then we explain the concept of market completeness. These concepts are
important for understanding the pricing mechanisms used in the valuation of a stream of
uncertain future dividends.

The one-period framework serves as a pedagogical first step in the derivation of the
more appropriate multiperiod models. Many of the important conclusions derived on
one-period models carry over to multiperiod models. Other conclusions do not, and some
issues cannot be meaningfully studied in a one-period framework. Financial markets are
dynamic and should therefore be studied in a multi-period setting.

The most important characteristics of a financial asset is the current price of the asset
and the future payments that the buyer is entitled to. The dividend of an asset at a given
point in time is uncertain and is modelled as a random variable. Generally, in the one-
period model, all uncertain objects are modelled as random variables. In multi-period
models we represent the uncertain objects (e.g., dividends, asset prices, consumption,
portfolios, labor income and so on) throughout time as a stochastic process, i.e., a sequence
of random variables with one random variable for each point in time.

2.1 Basic Elements of Asset Pricing Models

2.1.1 The One-Period Framework

The market is assumed to be competitive so that investors act as price-takers and make
portfolio choices to maximize their expected utility of consumption subject to their budget
constraints. The investors need not trade, so the outcome of trading must give him at
least as high an expected utility as for the case without trading. Hence, the I investors
are characterized by individual optimality and individual rationality.

Uncertainty is represented by a probability space (Ω,F ,Pi), i = 1, . . . , I for the i’the
investor. The state space Ω is the set of all the possible outcomes which is assumed to be
finite so that the probabilizable events can be represented as finite partitions of Ω. The
sigma-algebra F in Ω consists of all the probabilizable events in Ω, and since the state
space is finite, an event is simply a subset of Ω and F is the collection of all the subsets
of Ω. The set of states and the probabilizable events are common to all investors, but the
investors can have subjective probability measures Pi, i = 1, . . . , I with P(Ω) = 1 leaving
the potential for heterogeneous expectations. However, we assume that all probability
measures attach zero probabilities to the same events.1

In the one-period (two date) framework, the investors receive no information prior to
trading at the start of the period (t = 0). However, they receive information at the end
of the period (t = 1), represented by the ex-post public information system η : Ω → Y .
The set of signals partitions the state space into M possible events y ∈ {y1, . . . , yM}, and
the investors’ subjective beliefs about these events are represented by the strictly positive
probability functions ϕi(ym), i = 1, . . . , I, m = 1, . . . ,M .

At time t = 0, investors can trade in a finite set of J securities j = 1, . . . , J at market

1 This assumption is made to avoid ”infinite side-betting” by investors.
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prices v = (v1, . . . , vJ)> constructing a portfolio z = (z1, . . . , zJ)> ∈ RJ where zj is the
number of units of security j acquired. This portfolio has market value v>z at t = 0 and
yields the M × 1 event-contingent dividend vector D>z at t = 1.

The securities’ dividends are observable at t = 1 and, thus, measurable with respect
to the partition Y , i.e., we can write security j’s dividend as a function of the event y,
dj(y) ∈ R. We represent security j as the vector of dividends on the M possible events
as dj = {dj(ym)}m=1,...,M . The event-contingent dividend of all securitites are represented
by the J ×M matrix D which contains the dividend of security j in event m, i.e.,

D = (d1, . . . ,dJ)> = [dj(ym)]J×M

Consequently, the choice of portfolio z at t = 0 is a choice of the M × 1 portfolio event-
contingent dividend vector D>z = dz = {dz(ym)}m=1,...,M at t = 1.

2.1.2 The Multi-Period Framework

This section extends the one-period framework to a framework with multiple consumption
and trading dates. The multi-period model is in discrete time with a finite horizon with
the following dates:

t = 0 the initial trading/information date
t = 1, 2, . . . , T − 1 subsequent trading/information/dividend/consumption dates
t = T terminal information/dividend/consumption date

As before, the uncertainty is modelled by the probability space (Ω,F ,Pi), i = 1, . . . , I
for the i’th investor, and we assume for simplicity that Pi(ω) > 0 for all i and all states
ω ∈ Ω.

In the multi-period framework, investors choose portfolio and consumption plans which
specify the optimal portfolio and consumption choices for each possible event at each
future date, given the information available. Since the optimal choices of portfolio and
consumption are conditional on the available information at a given time, we must specify
what is known to investors at given dates, i.e., how the information evolves over times. In-
vestors have ”perfect recall”, and uncertainty is gradually resolved over time by the public
information system ηt : Ω→ Yt such that the sequence of partitions Y = {Y0, Y1, . . . , YT}
is such that Yt′ is at least as fine a partition of Ω as Yt for all t′ > t. Hence, as time elapses
and investors receive more information, the partitions become increasingly fine, and the
set of possible states becomes smaller and smaller Ω ⊇ y1 ⊇ . . . ⊇ yT 3 ω.

Consider the four date, three period economy with 12 possible outcomes as illustrated
in Figure 1. At time t = 0, the only thing agents know is that the true state is part of the
state space, i.e., Y0 = {Ω}. At subsequent dates, flows of information induce partitions
of the state space. At t = 1, agents learn either that the true state is (i) 1, 2, 3, 4 or 5,
or (ii) 6, 7, 8, 9, 10, 11 or 12. The ellipses around (i) and (ii) indicate this separation.
At t = 2, a more fine state partitioning is feasible and at t = 3, all uncertainty has been
resolved and the agents know exactly which state has been realized.

The investors assign probabilities to future events such that their posterior beliefs for
future events are updated according to Baye’s rule, and assuming homogeneous beliefs,
the beliefs are

ϕ(yτ |yt) =

{
ϕ(yτ )
ϕ(yt)

if yτ ⊆ yt

0 otherwise.
for all τ > t
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Y0 Y1 Y2 Y3

• • • • y13 = ω1

• • • • y23 = ω2

• • • • y33 = ω3

• • • • y43 = ω4

• • • • y53 = ω5

• • • • y63 = ω6

• • • • y73 = ω7

• • • • y83 = ω8

• • • • y93 = ω9

• • • • y103 = ω10

• • • • y113 = ω11

• • • • y123 = ω12

y11

y21

y12

y22

y32

y42

y52

t = 0 t = 1 t = 2 t = 3

Figure 1: Sequence of partitions in a four date, three period economy

Consistency requires that any publicly observable sequence of events, such as dividends
and market values, must be measurable with respect to the public information system.
Dividends and market values are stochastic processes which are adapted with respect to Y
(or, equivalently, to the information filtration F = {Ft}Tt=0, since the state space is finite2),
which means that the dividends djt and the market values vjt of security j = 1, . . . , J are
measurable with respect to Yt.

3 That is, the dividend djt and the market value vjt of
security j = 1, . . . , J at date t can be written as functions of the observable events at that
date, i.e., djt = djt(yt) and vjt = vjt(yt), respectively.

Each security j is a claim to an adapted process dj = {djt(yt)}t=0,1,...,T with djt de-
noting the dividend paid by security j at date t = 0, 1, . . . , T . Similarly, each security
has an adapted security-price process vj = {vjt(yt)}t=0,1,...,T with vjt denoting the ex-
dividend security price at date t = 0, 1, . . . , T with vjT = 0. Hence, the processes of
dividends and security prices of the J marketed securities can correspondingly be written
as d = {dj}j=1,...,J and v = {vj}j=1,...,J . The cum-dividend price is Vjt = vjt+djt, that is,
at each date the security pays its dividend djt, and is subsequently available for trading
at its ex-dividend price vjt.

The investors have a portfolio plan which is an adapted process z with zjt = zjt(yt)

2 Because Ω is finite, there is a one-to-one correspondence between the sequence of partitions and an
information filtration.

3 When information is represented by the partition Yt = {yt1, yt2, . . .}, measurability means that djt is
constant on each of the elements yti of the partition and, thus, that choices within the partition cannot
vary.
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denoting the number of units held of security j after trading date t = 0, 1, . . . , T . The
dividend process dz generated by the portfolio plan z is a date-event-contingent (net)
dividend of:

dzt = d>t zt−1 − v>t (zt − zt−1)

which is the dividend from the portfolio acquired in the previous period adjusted for the
portfolio rebalancing. This can also be written as:

dzt = (vt + dt)
>zt−1 − v>t zt, t = 0, 1, . . . , T, z−1 ≡ 0. (2.1)

which is the cum-dividend price of the portfolio acquired in the previous period minus
the ex-dividend price of the portfolio acquired. Hence, we assume that no dividends are
paid at time t = 0, i.e., dj0 = 0, ∀j. However, the dividend process dz0 = −v>0 z0 need not
to equal zero at the initial date.

2.2 No-arbitrage and the Implications for Market Values

A basic assumption for a competitive market is that security prices and, in particular,
the relative security prices, are such that there are no arbitrage opportunities. Otherwise,
the security prices cannot be sustained as part of an equilibrium in which demand equals
supply. If there are no market frictions, the assumption of no arbitrage has important
implications for how security prices are determined.

2.2.1 The One-Period Framework

We want security prices to follow the no-arbitrage assumption such that there exists no
”free lunch” opportunities. An arbitrage opportunity is an investment strategy where the
investor receives a risk free payment without having any future liabilities. More formally,
we define an arbitrage opportunity as:

Definition. Arbitrage. A portfolio z ∈ RJ is an arbitrage opportunity if it satisfies (i)
v>z ≤ 0 and D>z > 0 or (ii) v>z < 0 og D>z ≥ 0.

That is, an arbitrage offers a non-negative dividend in all events with a non-positive
market value. More precisely, (i) reflects a portfolio with a non-positive market value
today (i.e., is either free or gives the investor money in the pocket) and a strictly positive
dividend in at least one event at the end (and zero in the rest) whereas (ii) reflects a
portfolio with a strictly negative market value today and non-negative dividends in all
events at the end.

When investors are greedy, i.e., they prefer more to less, an arbitrage is clearly attrac-
tive and has to be ruled out in order to ensure market equilibrium, otherwise investors
would find it optimal to change their portfolios. Since we are interested in equilibrium
pricing systems, security prices must be consistent with no-arbitrage.

No-arbitrage implies that for each date and signal at that date, the price of a security
can be expressed as the weighted sum of all possible future date-event contingent divi-
dends. The weights, which are referred to as event prices, apply to all marketed securities
at a given date, but change with time and the publicly reported signals. Hence, secu-
rity prices can be characterized as a linear function of their respective event-contingent
dividends by applying a strictly positive vector of event-prices p:
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Proposition 1. There is no arbitrage if, and only if, there is an event-price vector p ∈
RM

++, i.e., p(ym) > 0,∀m = 1, . . . ,M , such that

v = Dp (2.2)

Note that no-arbitrage implies that the price of security j can be written as a sum of
its event-contingent dividends times the event-prices, i.e.,

vj =
M∑
m=1

dj(ym)p(ym), j = 1, 2, . . . , J (2.3)

The event-price p(ym) can be interpreted as the implicit price at t = 0 of receiving an
additional unit of account at time t = 1 if event ym occurs and zero in all other events,
i.e., the price of an Arrow-Debreu security for event ym.

No-arbitrage ensures the existence of event-prices, but does not imply that the event-
prices are unique.

Proposition 2. Assuming that prices admit no arbitrage, there is a unique set of event-
prices p if and only if the market is complete. If the market is incomplete, several event-
prices exist.

The market is said to be complete if all imaginable dividends can be replicated by a
portfolio of the traded assets. The criteria for market completeness is that there are as
many linearly independent dividend vectors as there are events. Formally we write this
as:

Definition. Complete securities market. The securities market is said to be complete if
the dividend matrix D has rank M , such that span(D>) = RM .

Any dividend that can be generated by trading in financial assets is said to be a
marketed dividend or to be spanned by traded assets. If any event-contingent dividend
one can think of is spanned by the financial market, the market is said to be complete.
Hence, the market is complete if, for any dividend vector x ∈ RM , we can find a portfolio
z ∈ RJ such that D>z = x. Hence, market completeness is a question of whether the
linear system has a solution for any x ∈ RM . This is the case when there are M non-
redundant assets, such that there are M independent rows in D, i.e., the number of linear
independent rows in the dividend matrix equals the number of possible events.

If the securities market is complete, the event-prices are uniquely determined by solving
for p in (2.2). Allowing for the number of assets, J , being greater than the number of
possible events, M , we need to invert by the non-singular M ×M matrix D>D so that
the solution for the unique event-price vector is determined by:

p = (D>D)−1D>v (2.4)
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When event-prices are unique, the price of any portfolio z of marketed securities generating
an event-contingent 1×M dividend vector D>z = d> is also unique. It follows from (2.2)
that the unique price of any such portfolio is

v>z = (Dp)>z = p>D>z = p>d> (2.5)

Note that the portfolio generating d> may not be unique if J > M as this results in
several solutions for z. Although the portfolio may not be unique, its price is.

Alternative Representations of No-arbitrage Prices .
The preceding analysis established that event-prices can be used as a “pricing mechanism”
with respect to determining asset prices under the condition of no arbitrage. In other
words, event-prices provide a general pricing rule. We now consider alternative (yet,
equivalent) representations of pricing mechanisms, namely (i) risk-neutral probabilities,
(ii) event-price deflator and (iii) valuation index.

Risk-Neutral Probabilities .
From the event-prices it is possible to create a new set of pobabilities ϕ̂(ym) which is
called risk-neutral probabilities. With risk-neutral probabilities we price securities as if
investors are risk neutral with a set of particular beliefs given by these probabilities. The
risk-neutral probabilities are the event-prices normalized by the sum of the event-prices,
i.e.,

p(ym)

B
≡ ϕ̂(ym), B ≡

M∑
m=1

p(ym)

The normalized event-prices ϕ̂(ym) satisfy the properties of a probability function over
the set of events, i.e.,

∑M
m=1 ϕ̂(ym) = 1 and ϕ̂(ym) > 0, ∀m = 1, . . . ,M . Note that B is

the price of a riskless security, i.e., a security paying one unit of account in each event.
Hence, the riskless gross return (i.e., one plus the riskless interest rate) is Rf = B−1 or,
equivalently, the price of the riskless security is the so-called discount factor B = R−1

f .
We will generally assume the riskless security to be one of the marketed securities.

Given no-arbitrage, the value relation (2.3) can be rewritten so the price of any se-
curity j is the discounted value of its expected dividend computed using the risk-neutral
probabilities, i.e.,

vj = B Ê[dj] = B
M∑
m=1

dj(ym)ϕ̂(ym), j = 1, 2, . . . , J (2.6)

where Ê[dj] means expected value of dj computed using risk neutral-probabilities ϕ̂(ym).
Since the risk-neutral probabilities are defined by the risk-neutral probability measure
Q, in contrast to the real-world probability measure P, we could instead write EQ[dj]
denoting the expected value using the q-probabilities. We will use this notation later. By
construction, all securities have the same expected return under risk-neutral probabilities
which is equal to the riskless rate.

It is important to note that the risk-neutral probabilities are not subjective probabil-
ities even though investors may have heterogeneous subjective beliefs. The risk-neutral
probabilities are determined by the market prices of securities and, thus, the event-prices,
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in which the investors’ beliefs and risk preferences are embedded. The existence of ϕ̂(ym)
depends on whether the securities market is arbitrage-free. Similarly, the uniqueness of
ϕ̂(ym) depends on whether the market is complete.

Event-price Deflator .
An alternative representation is based on a general pricing rule, e.g. to avoid arbitrage,
which can be applied to any dividend stream. The general pricing rule can be represented
by an event-price-deflator,4 which contains information about the value of additional
payments in different states and at different points in time. Combining the event-price
deflator with the time and event-dependent dividend stream of an asset, we can price the
asset. Hence, if there is no arbitrage, the price of any marketed security is a function
of its event-contingent dividends. The representation is based on Riesz Representation
Theorem (see Appendix A.1).

Given the set of prices v and dividends D, there is no arbitrage if, and only if, there
exists some ζ ∈ RM

++ such that

vj = E[ζdj], j = 1, . . . , J (2.7)

for any fixed strictly positive probability vector ϕ ∈ RM
++. The event-price deflator is the

vector of event-prices normalized by the strictly positive event-probabilities, i.e.,

ζ(ym) =
p(ym)

ϕ(ym)
, m = 1, . . . ,M

Note that since the event-prices and the event-probabilities are strictly positive, then the
event-price deflator is also strictly positive. The event-price deflator is a widely used
pricing mechanism in modern asset pricing theory.

Valuation Index .
If we normalize the event-price deflator by the riskless discount factor, i.e., removing both
the ”probability” and ”time-value” effects from the event-prices, we obtain a valuation
index :

q(ym) =
ζ(ym)

B
=

p(ym)

Bϕ(ym)
=
ϕ̂(ym)

ϕ(ym)
, m = 1, . . . ,M (2.8)

where the valuation index is also given by the Radon-Nikodym derivative between prob-
ability measures Q and P, i.e., q = dQ

dP . Hence, the valuation index is a strictly positive

random variable with E[q] =
∑M

m=1
ϕ̂(ym)
ϕ(ym)

ϕ(ym) = 1. Note that the valuation index is the
event-prices normalized by the riskless discount factor and the event-probabilities.

The pricing equation (2.7) can be rewritten in terms of an equivalent representation
using the valuation index since the equation is the expected value of the product of two
random variables. Using the covariance formula, Cov[dj, q] = E[q dj] − E[q]E[dj], we can
write the price of any security as the discounted risk-adjusted dividends, where the risk
adjustment is the covariance between the dividends of the security and the valuation
index, i.e.,

4 Other names for the event-price deflator: state-price deflator, stochastic discount factor or pricing
kernel.
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vj = B E[q dj]

vj = B {E[q]E[dj] + Cov[dj, q]}
vj = B {E[dj] + Cov[dj, q]}, j = 1, . . . , J (2.9)

Hence, the pricing equation using the valuation index separates the discounting for time
and the adjustment for risk, such that the risk-adjustment is made in the numerator (i.e.,
the expected future dividend), and the discounting for time is done using the riskless
interest rate in the denominator. The risk-adjustment is determined by how the dividends
covary with the valuation index. This is in contrast to the standard valuation model where
the future expected dividend is discounted using a constant cost of capital and, thus, using
a risk-adjusted discount rate.

Accounting for individual optimality, we will later show that event-prices account for
event specific properties of both the time value of money, probabilities for each event
and the scarcity of consumption opportunities, the latter being measured by investors’
marginal utilities. Hence, the valuation index q measures the ”scarcity” of consumption
in the different events.

As we show later, the valuation index is given by the marginal utility of consumption,
i.e., for a strictly increasing concave utility function, it will be decreasing in consumption
so that if a dividend on a security is positively (negatively) correlated with consumption,
the risk adjustment is negative (positive), resulting in a market value that is less (higher)
than the discounted expected dividend. This reflects the firm’s market risk premium.

Note that market completeness is a necessary but not sufficient condition for a unique
valuation index. Even with complete markets, the valuation index is only unique up to
the choice of a strictly positive probability vector ϕ.

2.2.2 The Multi-Period Framework

As in the one-period framework, an arbitrage opportunity is a portfolio plan that generates
non-negative pay-offs in all events at all points in time and strictly positive pay-offs in
some events at some dates. In the multi-period setting, this is equivalent of saying that
the dividend process is a non-negative, non-zero process, i.e., dz > 0.

Proposition 3. There is no arbitrage if, and only if, there is a strictly increasing linear
function F : L → R such that F (dz) = 0 for any portfolio plan z, where L is the space
of processes adapted to Y. That is, there exists a strictly positive adapted event-price
process p such that

dz0p0 +
T∑
t=1

∑
yt∈Yt

dzt (yt)pt(yt) = 0, ∀z ∈ L (2.10)

If we let p0 = 1, and use (from (2.1)) that dz0 = −v>0 z0, the initial value of any portfolio
plan is equal to the dividend it generates times the corresponding date-event prices, i.e.,

v>0 z0 =
T∑
t=1

∑
yt∈Yt

dzt (yt)pt(yt)
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Furthermore, if we assume an investor uses a buy-and-hold strategy in security j, the
initial price of that security is given as the sum of the products of event-contingent divi-
dends and the corresponding event-prices at all dates, i.e., it is the product of the dividend
process of the asset and the corresponding date-event prices:

vj0 =
T∑
t=1

∑
yt∈Yt

djt(yt)pt(yt) (2.11)

Note that in the multi-period framework, the date-event-price has the same interpretation
as in the one-period framework, with the only adjustment that we now take the point of
time into account. That is, the date-event-price pt(yt) can be interpreted as the t = 0
value (and hence, price) of a security that pays one unit of account at date t = 1, . . . , T
if event yt occurs and zero otherwise.

No arbitrage for a multi-period framework implies that there is no arbitrage in the
periods between any two dates. Assume yt is observed at date t, then the following set is
yt+1 ⊆ yt, and the pay-offs are the cum-dividend security prices at t + 1. Hence, there is
no arbitrage from period t to t + 1 if, and only if, there are strictly positive event-prices
pt+1,t(yt+1|yt) for yt+1 ⊆ yt such that

vjt(yt) =
∑

yt+1⊆yt

Vjt+1(yt+1)pt+1,t(yt+1|yt), j = 1, . . . , J (2.12)

where the updated event-prices are

pt+1,t(yt+1|yt) =
pt+1(yt+1)

pt(yt)
, yt+1 ⊆ yt

Generalizing this to all periods between date t and T , a buy-and-hold portfolio plan has
no arbitrage opportunities if and only if there exist strictly positive date-event prices such
that

vjt(yt) =
T∑

τ=t+1

∑
yτ⊆yt

djτ (yτ )pτt(yτ |yt), j = 1, . . . , J (2.13)

where the updated event-prices are

pτt(yτ |yt) =
pτ (yτ )

pt(yt)
, ∀yτ ⊆ yt, τ > t

The price pτt(yτ |yt) can be interpreted as the value (and hence, price) at time t given
event yt of a security that pays one unit of account at date τ > t if event yτ ⊆ yt occurs
and zero otherwise.

Dynamically Complete Markets .
Again, it is important to study market completeness as it determines whether date-event
prices are unique and common to all investors. Recall that, in the one-period framework,
market completeness was about whether any event-contingent dividend was spanned by
the financial market.

Before we consider the use of a sequence of trades in the multi-period setting, we
consider a setting in which the market is sufficiently complete to generate any date-event
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contingent dividend process with just trading once at t = 0. This is the case if the set of
marketed assets includes date-event assets for all events at all dates. Then any dividend
process d can be obtained by setting up a portfolio at t = 0 with dt(yt) units of the
date-event asset for yt.

Definition. Complete Multi-period Market
The multi-period market is complete if the set of marketed assets includes date-event
assets for all events at all dates.

Considering the definition of a complete multi-period securities market, it may require
an enormous (and unrealistic) amount of securities. However, it may still be possible
to generate any adapted dividend process by dynamically trading ”long-lived” assets at
subsequent trading dates. This is based on two observations of what we can do with
fewer assets; (i) uncertainty is gradually resolved over time, and (ii) investors can trade
dynamically in the assets. We refer to such a market as being dynamically complete.

Definition. Dynamically Complete Market
The market is said to be dynamically complete if for any adapted process X in L there
exists a portfolio plan z which generates the dividend process dzt (yt) = Xt(yt), yt ∈ Yt, t =
1, ..., T .

For any trading date t and event yt ∈ Yt, define Mt(yt) as the number of possible
events at date t + 1, i.e., the number of events yt+1 ⊆ yt. Furthermore, let Vt+1(yt) ≡
[Vjt+1(yt+1)]J×Mt(yt)

denote the J ×Mt(yt) matrix of cum-dividend asset prices at t + 1.

If this matrix has rank Mt(yt), then any payoff vector at t+ 1 in RMt(yt) can be generated
by selecting an appropriate portfolio at date t, given event yt. We will specify this in the
following proposition:

Proposition 4. The market is dynamically complete if, and only if, for each trading date
t = 0, 1, ..., T − 1, and each event yt ∈ Yt the payoff matrix Vt+1(yt) has rank Mt(yt).

Hence, dynamically market completeness is a question of whether there for any trading
date t = 0, ..., T − 1 and event yt ∈ Yt are as many sufficiently different assets as there are
possible events at date t+ 1 following yt, the latter denoted by Mt(yt).

5 If this condition
holds for all t and yt then, for each adapted process X in L, there exists a portfolio plan
z with dividend process dzt (yt) = Xt(yt), yt ∈ Yt, t = 1, ..., T .

Alternative Representations of No-arbitrage Prices .
As in the one-period case, no-arbitrage prices can be represented as discounted, risk-
adjusted expected dividends, where the risk-adjustments are either based on risk-neutral
probabilities or covariances of dividends with a valuation index. Since many of the princi-
ples from the one-period framework are carried into the multi-period framework, we will
not go into all the details and derivations, but rather present the results.

5 where Mt(yt) is the number of branches leaving the information set yt.
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Risk-neutral Probabilities Based on the Prices of Zero-coupon Bonds .
In the multi-period framework we define a forward probability measure based on a se-
quence of zero-coupon bonds maturing at each future date. The forward probability
measure Qτt for maturity τ satisfies the following conditions; (i) P and Qτt are equivalent,
(ii) the Radon-Nikodym derivative dQτt

dP has finite variance, and (iii) the time t price of a
dividend paid at time τ > t equals the product of the zero-coupon bond price Bτt and
the Qτt-expectation of the dividend.

Assume the set of marketed assets include a zero-coupon bond at each date t which
pays out one unit of account in all events at date t, and nothing at all other dates. Let
Bτt(yt) denote the price at date t given event yt of a zero-coupon bond maturing at date
τ > t. Since the zero-coupon bond pays one unit of account in all events at date τ
(and nothing at any other date) its price is Bτt(yt) =

∑
yτ⊆yt pτt(yτ |yt). Furthermore, let

Rτt(yt) denote the corresponding return on that zero-coupon bond, i.e., Rτt = (Bτt(yt))
−1.

We can then construct a set of conditional risk-neutral probabilities

ϕ̂τt(yτ |yt) ≡
{
Rτt(yt)pτt(yτ |yt) if yτ ⊆ yt

0 otherwise
(2.14)

where

Rτt(yt) =
1∑

yτ⊆yt pτt(yτ |yt)
These risk-neutral probabilities satisfy the common conditions for conditional probability
distributions. These risk-neutral probabilities imply that event-prices can be expressed
as pτt(yτ |yt) = Bτt(yt)ϕ̂τt(yτ |yt). Substituting these into (2.13) we obtain

vjt(yt) =
T∑

τ=t+1

Bτt(yt)E
Q
τt[djτ |yt] (2.15)

That is, the security price at time t is determined as the risk-adjusted expected dividends
discounted at the zero-coupon rates given the information available at that date. The
risk-adjusted expectation is taken with respect to the conditional risk-neutral probabil-
ities based on the zero-coupon prices at that date. Hence, valuation with the forward
probability measure involves using the zero-coupon bonds as the numeraire.

In (2.15) we must use a separate probability measure for each payment date. This is the
downside of using the forward probability measure. Since the risk-neutral probabilities
ϕ̂τt are based on the zero-coupon prices at date t, every date-set of zero-coupon bond
prices will induce a specific probability function producing a potentially time-inconsistent
risk-neutral probability function.

The prices of zero-coupon bonds are known at time t, so the only challenge is to find the
expected dividends under the appropriate forward measure. Of course, the zero-coupon
bonds are not traded directly and, thus, we cannot directly observe the zero-coupon prices
of different maturities. However, the prices of zero-coupon bonds are easily estimated
using the market prices of traded coupon bonds and a term structure model. This is
discussed further in Section 10.1.5.

While the riskless bank account is often used as a numeraire, under the forward prob-
ability measure Qτt we use the zero-coupon bond maturing at the payment date as a
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numeraire. The forward probability measure and the risk-neutral probability measure Q,
which uses the riskless market account as numeraire, are related by the Radon-Nikodym
derivative dQτt

dQ defining the change of measure from Q to Qτt.
The risk-neutral probability measure has the virtue of yielding risk-neutral probabil-

ities that are time-consistent. Since interest rates, in general, are stochastic, it has the
drawback of using stochastic discount factors. However, if interest rates are determin-
istic, the Radon-Nikodym derivative dQτt

dQ is equal to one and the forward probability
measure and the risk-netural probability measure are identical, that is Qτt = Q. We will
use this property in later sections, where we impose additional economics structure and
assumptions on the model.

Event-price Deflator .
Similar to the one-period setting, there is a Riesz representation for linear functions of
adapted processes.6 There is no arbitrage with prices v and dividends d if, and only if,
there exists a strictly positive event-price deflator such that

vjt(yt) =
T∑

τ=t+1

E [ζτtdjτ |yt] , j = 1, ..., J, yt ∈ Yt, t = 0, 1, ..., T − 1 (2.16)

for any strictly positive probability vector, where ζτt(yτ |yt) ≡ ζτ (yτ )
ζt(yt)

for yτ ⊆ yt. The
event-price deflator is the date-event-prices normalized by the strictly positive date-event
probabilities, i.e., ζτt = pτt(yτ |yt)

ϕ(yτ |yt) .

Valuation Index .
Normalizing the event-price deflator by the prices of zero-coupon bonds at date t, we
obtain a valuation index given by

qτt(yτ |yt) ≡
ζτt(yτ |yt)
Bτt(yt)

=
pτt(yτ |yt)

Bτt(yt)ϕ(yτ |yt)

=
ϕ̂τt(yτ |yt)
ϕ(yτ |yt)

, yτ ⊆ yt ∈ Yt, τ > t = 0, 1, ..., T − 1 (2.17)

Thus, the valuation index is the date-event-prices normalized by both the prices of zero-
coupon bonds and the date-event-probabilities. The valuation index is given by the
Radon-Nikodym derivative between the probability measures Qτt and P and, hence, it
follows that

E[qτt|yt] =
∑
ω

pω
dQτt

dP
=
∑
ω

pω
qτω
pω

=
∑
ω

qω = 1, ∀ yt ∈ Yt, τ > t

and we can write a multi-period version of the pricing equation (2.9) such that

vjt(yt) =
T∑

τ=t+1

Bτt(yt) {E[djτ |yt] + Cov[djτ , qτt|yt]} ,

j = 1, ..., J, yt ∈ Yt, t = 0, 1, ..., T − 1 (2.18)

6 See Appendix A.1 for the multi-period version of Riesz Representation Theorem
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In this section we have presented the pricing mechanisms of a financial market, namely
the event-prices and its equivalent counterparts. Note that no-arbitrage only ensures the
existence of the pricing mechanisms, not what determines them. Now, in order to obtain
additional information about the pricing mechanisms, two basic routes can be followed.
First, we can take a general equilibrium approach by imposing the second and third
restrictive assumptions of individual optimality and market equilibrium. Second, we can
take a more ad hoc approach by making the assumption that pricing mechanisms are linear
functions of exogenous pricing factors. The two approaches are studied individually in
the following sections. First, we study the equilibrium approach in a setting with time-
additive utility. Then we extend this approach and show how the event-price deflator
can be determined in a setting with recursive utility specified by Epstein-Zin preferences.
Finally, in section 5, we present the factor models that are used as an ad hoc assumption
about the event-price deflator such that it is given as a linear function of certain pricing
factors.
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3 Determining Pricing Mechanisms: General Equi-

librium Approach

Individuals use financial markets to shift consumption from one point in time to another
and from one state of the world to another. Therefore, decisions in the financial markets
are driven by the desires of individuals to shift consumption opportunities across time and
states. Since the well-being of the individuals depends on their consumption throughout
their life, the individuals care about their consumption of goods and services throughout
their life time. The preferences for consumption of an individual are modelled by a utility
function. In this section, the preferences of the investors are specified by a time-additive
utility function.

The prices of financial assets define the prices of shifting consumption through time
and states of the world. The individuals’ desire to shift consumption through time and
states will determine the demand and supply, and therefore the equilibrium prices of the
financial assets. The general pricing mechanism can be represented by an event-price
deflator and the alternative representations as presented in the previous section. Market
prices and hence the event-price deflator are determined by the supply and demand of the
individuals, which again are closely related to the consumption decisions of the individuals.
Therefore, to study asset prices we have to model how individuals choose between different,
uncertain consumption processes. In order to study asset pricing, is is therefore necessary
to model the optimal choices on consumption and portfolio plans of the individuals.

A key result is that the marginal utility of optimal consumption in a particular event
of any individual induces a valid event-price deflator, which provides a link between
individual optimality and asset prices. The objective of asset pricing models is to find
asset prices for which the financial market is in equilibrium. Equilibrium prices are prices
for which the optimal decision of the individuals, given these asset prices, are such that
the aggregate demand equals the aggregate supply. We will therefore study the properties
of equilibria in complete (or effectively complete) markets.

3.1 Individual Optimality

3.1.1 The One-Period Framework

The analysis is performed in a setting where the investors are characterized by their state-
contingent strictly positive endowments ei ∈ RM

++, measured in units of consumption at
t = 1. Furthermore they are characterized by their state beliefs ϕi(ym) as well as a
strictly increasing and concave utility function, i.e., ui : R+ → R, u′i > 0, and u′′i < 0 (risk
averse investors). The endowments in units of consumption originate from dividends of an
endowed portfolio zi and other (non-financial) sources ci such as compensation contracts
and non marketed assets, i.e.,

ei = D>zi + ci

An investor can transfer consumption opportunities between states by acquiring a
portfolio zi, such that δi = D>zi, such that he gets the state-contingent consumption
ci = δi + ei. With no initial wealth, the investor needs to sell securities to buy securities,
i.e., the value of the portfolio must be v>zi ≤ 0. We can now determine investor i’s
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feasible consumption set given these constraints

Ci(ei,v,D) ≡
{
ci
∣∣ci = D>zi + ei ∈ RM

+ , where v>zi ≤ 0
}

(3.1)

The maximization problem of investor i can be formulated as

max
ci∈Ci(ei,v,D)

Ui(ci) = max
zi∈{z∈RJ |D>z+ei∈RM+ ,v>z≤0}

Ui(D
>zi + ei)

where Ui(ci) is the investors’ expected utility, i.e., Ui(ci) =
∑M

m=1 ui(ci(ym))ϕi(ym). Be-
cause of a strictly increasing utility function, this problem only has a solution if there is
no arbitrage.

The Lagrangian for investor i’s optimal portfolio choice problem is

Li =
M∑
m=1

[
ui

(
ei(ym) +

J∑
j=1

zijdj(ym)

)
ϕi(ym) + ξi(ym)

(
ei(ym) +

J∑
j=1

zijdj(ym)

)]
− λi

J∑
j=1

zijvj

where the multiplier ξi(ym) is on the non-negativity constraint, and λi is on the t = 0
budget constraint. The first order condition of an optimal investment in security j with
respect to zj is then

vj =
M∑
m=1

u′i(ci(ym))ϕi(ym) + ξi(ym)

λi
dj(ym), j = 1, .., J (3.2)

Assuming that the marginal utility of consumption is infinite at zero consumption, i.e.,
u′i(ci(ym)) → ∞ when ci(ym) = 0, the investor will always choose a portfolio so that
ci ∈ RM

++ implying that the m non-negativity constraints will be non-binding. Hence,
ξi(ym) = 0,m = 1, ...,M , so (3.2) can be reduced to

vj =
M∑
m=1

u′i(ci(ym))ϕi(ym)

λi
dj(ym), j = 1, .., J (3.3)

If the relation is compared to (2.3), the expression in front of dj(ym) can be interpreted
as the event-prices p(ym). Assume that there is a riskless security paying out one unit in
each state, then equation (3.3) implies that the price of the riskless security is

B = Ei

[
u′i(ci)

λi

]
and similarly

λi =
Ei [u

′
i(ci)]

B
(3.4)

Inserting (3.4) into (3.3), the first order condition can be rewritten so that the price of
any marketed security is

vj = B

M∑
m=1

u′i(ci(ym))ϕi(ym)

Ei[u′i(ci)]
dj(ym), j = 1, .., J (3.5)

24



= B Ê[dj], j = 1, .., J (3.6)

where the risk-neutral probabilities for investor i are defined as

ϕ̂i(ym) ≡ u′i(ci(ym))ϕi(ym)

E[u′i(ci)]
, m = 1, ...,M

Recalling that the event-price p(ym) can be interpreted as the implicit price at t = 0 of
receiving an additional unit of account at time t = 1 if event ym occurs and zero in all
other events, the event-price becomes

p(ym) = B
u′i(ci(ym))ϕi(ym)

Ei[u′i(ci)]
, m = 1, ..,M (3.7)

which is easily found by comparing (2.3) to the expression for the security price in (3.5).
This provides a link between event-prices and marginal utilities of consumption as the
event-price p(ym) is the discounted ratio of the expected marginal utility in event ym to
the expected marginal utility.

Given (3.7) we can obtain alternative (yet, equivalent) representations of the event-
prices in the same way as we did in the previous section. First, the risk-neutral probabil-
ities are

ϕ̂i(ym) ≡ p(ym)

B
=
u′i(ci(ym))ϕi(ym)

Ei[u′i(ci)]
, m = 1, ..,M

Second, for any fixed strictly positive probability vector ϕ, the event-price deflator is

ζi(ym) ≡ p(ym)

ϕ(ym)
= B

u′i(ci(ym))

Ei[u′i(ci)]
, m = 1, . . . ,M

Third, the valuation index is given as

qi(ym) ≡ ζ(ym)

B
=
u′i(ci(ym))

E[u′i(ci)]
, m = 1, . . . ,M

Note that if the market is complete, then the risk-neutral probabilities must be the same
for all investors even though they may have heterogeneous subjective beliefs.

Consistent with intuition, we conclude that the event-prices account for (i) the time
value of money (through the riskless interest rates), (ii) uncertainty and therefore the
riskiness of the dividends (through the probability function) and (iii) the scarcity of con-
sumption (through marginal utilities).

3.1.2 The Multi-Period Framework

Investors are characterized by an adapted process of strictly positive endowments ei =
{ei1, ..., eiT} ∈ L++ in units of consumption, their event beliefs ϕi(yt) and a strictly
increasing and strictly concave utility function ui defined on non-negative adapted con-
sumption processes ci = {ci1, ..., ciT} ∈ L+.

Initially, we examine the relation between prices and preferences in a setting with
general preferences, followed by a setting in which preferences are time-additive. In next
section, we will develop a model based on recursive utility.
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General Preferences .
Just as in the one-period setting, endowments may consist of the dividends from an
endowed portfolio z̄i, as well as consumption endowments from other sources, c̄i, i.e.,
ei = dz̄i + c̄i. Each investor can make transfers of consumption δi between different dates
and events by implementing a separate portfolio plan zi with dividend process dzi = δi
where

dzit = V>t zit−1 − v>t zit , t = 0, 1, ..., T, zi−1 ≡ 0

are the date-event contingent transfers such that the investor gets the date-event contin-
gent consumption process cit = δit + eit , t = 1, ..., T .

Again, since the investors have no initial wealth, the investors must sell assets to buy
assets and the price initially of any such portfolio plan must be non-positive, i.e., dzi0 ≤ 0.
Hence, investor i faces the following sequence of budget constraints

dzi0 = −
J∑
j=1

vj0zij0 ≤ 0 (3.8)

cit(yt) = dzit (yt) + eit(yt), ∀ yt ∈ Yt, t = 1, ..., T (3.9)

where dzit (yt) =
∑J

j=1 Vjt(yt)zijt−1
(yt−1)−∑J

j=1 vjt(yt)zijt (yt).
The idea behind the attractiveness of transferring consumption between different

events is that it gives the investor an opportunity to transfer consumption across dif-
ferent events so that the investor can smooth his consumption across potential events.
This feature is attractive for a risk averse investor. Therefore, risk aversion measures the
reluctance to substitute consumption across different states of the economy. However, the
willingness of the investor to substitute of consumption over time is measured by elastic-
ity of intertemporal substitution. In general, these two concepts are independent: ”There
is nothing the basic theory of choice that links the risk aversion and the elasticity of
intertemporal substitution together.” Munk (2015, p. 181). Nevertheless, risk averse indi-
viduals with time-additive CRRA utility will choose a very smooth consumption process
and, therefore, have a low elasticity of intertemporal substitution.

Investor i’s feasible consumption set is represented as (3.1) in a multi-period setting

Ci(ei,v,d) ≡
{
ci
∣∣ci = dz + ei ∈ L+, where v>0 z0 ≤ 0

}
and the utility maximization problem can be formulated as the optimal portfolio choice
problem

max
ci∈Ci(ei,v,d)

Ui(ci) = max
zi∈{z∈LJ |dz+ei∈L+, v>0 z0≤0}

Ui(d
zi + ei)

where Ui(ci) is the investors expected utility

Ui(ci) =
∑
yT∈YT

ui(ci(yT ))ϕi(yT )

and ci(yT ) denotes the entire consumption path, i.e., the sequence of consumption choices
along events which in the end results in yT .

Assume for the sake of further computation, that there exists a strictly interior optimal
solution for the investors’ optimal consumption plan, i.e., there is no arbitrage and the
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non-negativity constraints on consumption are not binding. In that case, the optimal
portfolio plan is a solution to the first-order condition for this Lagrangian

L =
∑
yT∈YT

ui(ci(yT ))ϕi(yT )− λi
J∑
j=1

zij0vj0

Remember, a marginal change in the number of shares bought of firm j acquired at date
t given event yt decreases the consumption at date t but increases payoff at date t + 1.
Hence, the first-order conditions for an optimal investment in asset j at t = 0 and t > 0
given event yt are

vj0 =
1

λi
Ei

[
uic1 (ci(yT ))Vj1(y1)

]
, j = 1, ..., J

vjt(yt) =
Ei

[
uict+1

(ci(yT ))Vjt+1(yt+1)|yt
]

Ei

[
uict (ci(yT ))|yt

] , j = 1, ..., J

Remember how we define consumption

cit(yt) = dzit (yt) + eit(yt)

=
J∑
j=1

Vjt(yt)zijt−1
(yt−1)−

J∑
j=1

vjt(yt)zijt (yt) + eit(yt)

Applying the law of iterated expectations we obtain

vj0 =
∑
y1∈Y1

1

λi
Ei

[
uic1 (ci(yT ))|y1

]
Vj1(y1)ϕi(y1) (3.10)

vjt(yt) =
∑

Yt+1⊆yt

Ei

[
uict+1

(ci(yT ))|yt+1

]
Ei

[
uict (ci(yT ))|yt

] Vjt+1(yt+1)ϕi(yt+1|yt) (3.11)

Comparing equation (2.12) with the two equations above yields that the no-arbitrage
prices between two subsequent dates, with optimal investment decisions, can be repre-
sented as

pt+1,t(yt+1|yt) ≡


1
λi

Ei

[
uic1 (ci(yT ))|y1

]
ϕi(y1) y1 ∈ Y1, t = 0

Ei

[
uict+1

(ci(yT ))|yt+1

]
Ei[uict (ci(yT ))|yt]

ϕi(yt+1|yt) yt+1 ⊆ yt, t > 0

This is an important result. Observe that the event-contingent prices between two dates
reflect the change in expected marginal utilities and the related conditional probability.
We can then use them to define a date-event price process p

pt(yt) ≡
t−1∏
τ=0

pτ+1,τ (yτ+1|yτ ) =
1

λi
Ei

[
uict (ci(yT ))|yt

]
ϕi(yt)

Consequently, the no-arbitrage condition in equation (2.11), with optimal investment
decisions, yields

vj0 =
T∑
t=1

∑
yt∈Yt

djt(yt)
1

λi
Ei

[
uict (ci(yT ))|yt

]
ϕi(yt)
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Time-additive Preferences .
The general specification of the utility function is useful since it is defined on an adapted
consumption processes, where the marginal utility of an additional unit of consumption
at date t depends on past consumption as well as on future consumption. However, we
will now for simplicity assume that the investors have time-additive preferences so that
the utility of consumption at one point in time will be independent of past as well as
future consumption levels. For any non-negative consumption path c(yT ) ∈ L+, the
utility function is given by

ui(c(yT )) =
T∑
t=1

uit(ct(yT ))

Hence, the marginal utility at some date t will depend only on the consumption level at
that date and the date-event-prices for any subsequent dates (τ, t) will also depend only
on the ratio of marginal utilities at the two dates and the the conditional probability
distribution for the latter date, i.e.,

pτt(yτ |yt) =
u′iτ (ciτ (yτ ))ϕi(yτ |yt)

u′it(cit(yt))
, yτ ⊆ yt, τ > t = 0, ..., T − 1 (3.12)

The alternative representations of no-arbitrage prices under time-additive preferences
and optimal investment decisions can now be found using the date-event-contingent prices.
The price at date t of a zero-coupon bond maturing at date τ can be expressed as

Bτt(yt) =
Ei[u

′
iτ (ciτ )|yt]

u′it(cit(yt))
(3.13)

so that the risk-neutral probabilities based on zero-coupon bonds are

ϕ̂τt(yτ |yt) =
u′iτ (ciτ (yτ )ϕi(yτ |yt)

Ei[u′iτ (ciτ )|yt]
(3.14)

if yτ ⊆ yt, otherwise zero. Given these risk-neutral probabilities, we can now obtain rela-
tions for the pricing mechanisms with individual optimality in a multi-period framework:

ζτt(yτ |yt) =
u′iτ (ciτ (yτ ))

u′it(cit(yt))
(3.15)

Inserting (3.14) into (2.17), the valuation index is given as

qτt(yτ |yt) =
u′iτ (ciτ (yτ ))

Ei[u′iτ (ciτ )|yt]
(3.16)

still for yτ ⊆ yt, otherwise zero. Hence, the valuation index is a measure of “the scarcity”
of optimal consumption for investor i. Again, if the market is dynamically complete, then
the date-event prices as well as the prices of zero-coupon bonds are unique and common
to all investors and, hence, the risk-neutral probabilities will also be unique and common
to all investors. However, the valuation index is equal to the ratio of the risk-neutral
probability and the investor’s subjective probability and, thus, the valuation index varies
between investors if, and only if, they have heterogeneous beliefs.

We have now provided a link between asset prices and (the marginal utility of) optimal
consumption plans of the investors. Now we will impose the condition that the market is
in equilibrium.
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3.2 Market Equilibrium

The assumption of market equilibrium ensures market clearing and gives the opportunity
to exploit some valuable properties of equilibria in complete (or effectively complete)
markets.

3.2.1 The One-Period Framework

An equilibrium in the market is a collection of investor portfolio choices and asset prices,
` ≡ {z1, ..., zI ; v1, ..., vJ}, such that individual portfolios are optimal, and the market clear,
i.e., the sum of portfolio weights equals zero. This is due to a net supply of zero in traded
assets. And since ”everyone” trades, ”everyone” needs to own all assets. An equilibrium
can therefore be characterized by the following two conditions

(i) Individual optimality: zi ∈ arg max
{z∈RJ |D>z+ei∈RM+ ,v>z≤0}

Ui(D
>z + ei), i = 1, ..., I

(ii) Market clearing:
I∑
i=1

zi = 0

Proposition 5. The First Welfare Theorem
If ` is an equilibrium and the market is complete, then the equilibrium allocation of
consumption is Pareto efficient.

Efficient risk sharing in a market setting is obtained when individuals trade optimally
in the marketed assets. If the market is complete, there is enough diversity in the assets to
obtain Pareto efficient risk sharing, i.e., the marketed securities are sufficiently different so
that investors are able to implement trades that lead to Pareto-efficient risk sharing. As
shown earlier, market completeness produces unique event-prices. This causes individuals
to align their marginal rates of substitution of consumption across events, i.e., they are
able to trade such that they end up with the same allocation as if a hypothetical central
planner was to solve for the allocation problem. Consequently, the individuals share the
aggregate consumption risk efficiently such that all individuals have the same marginal
willingness to shift consumption between events, i.e., their marginal rates of substitution
are identical so that the event-prices defined by individuals’ optimal consumption are
identical. Recalling that the marginal rate of substitution of any individual defines an
event-price deflator, we conclude that with Pareto-optimal allocations, these event-price
deflators are identical so that the individuals agree on the valuation of an extra bit of
consumption in any given event.

Pareto-optimal allocations of consumption have the property that consumption levels
of individuals move together. More precisely, the consumption of any individual will be a
strictly increasing function of aggregate consumption. This is specified in the proposition
below:
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Proposition 6. Assume beliefs are homogeneous and represented by the probability func-
tion ϕ. Then individual consumption plans ci are measurable with respect to aggregate
consumption x =

∑
i ei and ci(x) is a strictly increasing function of x, i = 1, ..., I.

This is closely related to the representative individual that exists if and only if all
possible equilibria are Pareto-optimal. Since individual consumption plans are measurable
with respect to aggregate consumption, we write the pricing mechanism as the following.

Given the probability function ϕ, the valuation index, q, is measurable with respect to
aggregate consumption and given by the ”scarcity” of aggregate consumption as measured
by the investors marginal utility, i.e.,

q(ym) =
u′i(ci(ym))

E[u′i(ci)]

=
u′i(ci(x(ym)))

E[u′i(ci)]
, m = 1, ...,M ; i = 1, ..., I (3.17)

From (3.17) it is clear that with complete markets and homogeneous beliefs, the val-
uation index becomes a relevant state variable to which economic interpretation can be
ascribed, as it, through the investors’ marginal utility, measures the ”scarcity” of aggre-
gate consumption in different events. Substituting (3.17) into (2.9), a consumption based
valuation relation is obtained, i.e.,

vj = B

{
E[dj] +

Cov[u′i(ci(x)), dj]

E[u′i(ci)]

}
, j = 1, ..., J ; i = 1, ..., I (3.18)

Hence, risk-adjustments are determined as the covariance of dividends with the “scarcity”
of aggregate consumption (measure by the investors’ marginal utility of consumption). If
aggregate consumption is high, individual consumption is correspondingly high, and thus
marginal utility is low. Hence, an investor will value an asset higher if it pays out high
dividends when marginal utility is high (when consumption is low). Similarly, the investor
will assign a low value to an asset if it pays out high dividends when marginal utility is
low.

Effectively complete markets .
For now, the analysis has produced fundamental relations of equilibrium asset prices based
on the assumption that markets are complete. This requires that the state space must
describe all relevant aspects of the consumption opportunities, which again requires that
there are at least as many marketed securities as there are events. In real-life financial
markets, however, the number of events might be much larger than the number of mar-
keted securities, so we are a bit concerned about the assumption of complete markets. If
the market is not complete, the investors’ consumption opportunities are unspanned by
the marketed securities, implying that investors cannot perfectly hedge the risk of their
consumption plans.7

7 Examples of some risks that are hard to market is labor income of individuals as it is not fully insurable,
neither through investments in financial asset or through existing insurance contracts.
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Realizing that real-life financial markets are probably not complete. we face the prob-
lem that consumption allocations in incomplete markets will generally not be Pareto-
optimal since the individuals cannot necessarily implement the trades needed to align
their marginal rates of substitution. However, individuals do not have to implement any
possible consumption plan, so we do not need complete markets in a strict sense.

Fortunately, if every Pareto-optimal consumption allocation can be obtained by trad-
ing in the available assets, the market is said to be effectively complete. In other words, all
dividends that are interesting are obtainable. The key point of the following proposition
is that efficient risk sharing can be obtained in an incomplete market setting provided
there is “enough” flexibility in the marketed securities such that efficient consumption
plans are feasible. The following proposition implies that even though the market is not
complete in the strict sense, efficient risk sharing can be obtained by imposing additional
assumptions on preferences, beliefs and properties of the marketed securities such that
efficient consumption plans are feasible.8

Proposition 7. Suppose the investors have homogeneous beliefs and their preferences
are represented by HARA utility functions with identical risk cautiousness.

If there exists a riskless portfolio zf (which pays dividend df = 1) and c̄i ∈ span(D>), i =
1, ..., I, then there is a Pareto efficient equilibrium in which consumption plans are linear
in aggregate consumption, i.e., ci = fi1+vix,9 and the investors can be viewed as holding
a portfolio consisting of three “funds:”

(a) A (short position in the) portfolio zei satisfying that D>zei = c̄i;

(b) A share fi of the riskless portfolio that pays dividend fidf ;

(c) A share vi of the market portfolio that pays dividend vix.

In addition, the economy has a representative individual and the valuation index can be
written as

q(x) =
w′o(x)

E[w′o(x)]

where w′o(·) is a partnership utility function which can interpreted as the utility function
of a representative individual since it is given by the weighted sum of investors’ utility
function wi(x) ≡ ui(ci(x)).10

With linear risk sharing, the partnership utility function depends only on the pref-
erence parameters of the investors and, thus, the valuation index is independent of the
investors’ endowments. When studying equilibrium asset prices, we can therefore limit
our attention to aggregate consumption.

8 For further details, we refer to proposition 5.4 in Christensen and Feltham (2003).
9 where 1 is an M -dimensional vector with one’s in all the coordinates.
10 See Table 4.2 in Christensen and Feltham (2003). The weights are the inverse of the multipliers of the

investors’ budget constraints.
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3.2.2 The Multi-Period Framework

Now we turn our focus to equilibrium prices in a multi-period framework.
An equilibrium in the multi-period market is a collection of portfolio plans and asset

price process, ` ≡ {z1, ..., zI ; v1, ...,vJ}, such that, given asset prices, the investors port-
folio plans are individually optimal, and the markets clear at each event at each date.
Hence, an equilibrium in such a setting can be characterized as the following two sets of
conditions:

(i) Individual optimality: zi ∈ arg max
zi∈{z∈LJ |dz+ei∈L+,v>0 z0≤0}

Ui(d
z + ei), i = 1, ..., I

(ii) Market Clearing:
I∑
i=1

zit(yt) = 0, ∀ yt ∈ Yt, t = 0, ..., T − 1

We will consider two different kinds of equilibria. When investors are allowed to
trade sequentially to implement their consumption plan, the equilibrium is referred to
as a Radner sequential equilibrium. On the other hand, if investors can implement any
financially feasible consumption plan with only one round of trading at time t = 0 and
without any need for subsequent trading, we refer to such an equilibrium as an Arrow-
Debreu equilibrium.

Pareto efficiency extends naturally into the multi-period setting, i.e., consumption
plans are Pareto efficient if, and only if, there are no other feasible consumption plans
that make at least one investor strictly better off while no other investors worse off.
The equilibrium allocation in the multi-period framework has similar properties as in the
one-period case:

Proposition 8. The First Welfare Theorem
If ` is a Radner Sequential Equilibrium (RS-equilibrium) and the market is dynamically
complete, then the equilibrium allocation of consumption is Pareto efficient.

When markets are dynamically complete, the investors can implement any financially
feasible consumption plan. Hence, the marketed securities are sufficiently different to
ensure that investors can implement these trades which align marginal rates of substitution
of consumption across time and events, i.e., it ensures Pareto efficient risk sharing.

In the multi-period framework, a Pareto efficient allocation combined with homoge-
neous beliefs and time-additive preferences implies that the individual consumption plans
are measurable with respect to aggregate consumption, x, at each date, i.e, cit(yt) = cit(y

′
t)

if xt(yt) = xt(y
′
t) where xt =

∑
i eit, and cit(xt) is a strictly increasing function of

xi, i = 1, ..., I.
There is a unique positive date-event prices process p such that we obtain a pricing

mechanism measurable with respect to aggregate consumption, i.e.,

pτt(yτ |yt) =
u′iτ (ciτ (xτ (yτ )))ϕu(yτ |yt)

u′it(cit(xτ (yτ )))
, ∀ yτ ⊆ yt, τ > t (3.19)

Given the probability function ϕ, the multi-period valuation index q based on zero-coupon
bonds is measurable with respect to aggregate consumption at each date and given by
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the ”scarcity” of aggregate consumption as measured by the investors’ marginal utility of
consumption, i.e.,

qτt(yτ |yt) =
u′iτ (ciτ (xτ (yτ )))

E[u′iτ (ciτ )|yt]
, if yτ ⊆ yt, τ > t (3.20)

where the valuation index is strictly decreasing in aggregate consumption at date τ . Since
the valuation index is a measure of the marginal utility of consumption, it constitutes a
basis for performing risk-adjustments in the valuation model determined as the covariance
between the dividends with the ”scarcity” of aggregate consumption. By substituting
(3.20) into (2.18) we can write a multi-period version of the pricing equation such that

vjt(yt) =
T∑

τ=t+1

Bτt(yt) {E[djτ |yt] + Cov [u′iτ (ciτ (xτ (yτ ))), djτ |yt] /E[u′iτ (ciτ )|yt]} ,

j = 1, ..., J, yt ∈ Yt, t = 0, 1, ..., T − 1. (3.21)

As in the one-period framework, completeness (or even dynamically complete markets)
may not be necessary to ensure Pareto efficient equilibrium. If we impose additional
conditions on endowments, preferences and belief, Pareto efficient equilibria are feasible
as specified in the following proposition.

Proposition 9. Let ` be a Pareto efficient equilibrium and assume the investors are
characterized by homogeneous beliefs and time-additive preferences represented by HARA
utility functions with identical risk cautiousness. Then the individual consumption plans
are linear in aggregate consumption at each date, i.e., there are parameters υit and fit
such that

cit(xt) = fit + υitxt, i = 1, ..., I

I∑
i

vit = 1 and
I∑
i

fit = 0, t = 1, ..., T

where the sums in the last line ensures that aggregate consumption is fully allocated, i.e.,∑
i cit(xt) = xt.

We will only focus on one particular case of HARA utility, which is the CRRA specifica-
tion.11

uiτ (ciτ ) = βPτ
1

α− 1
[αciτ − biτ ]

α−1
α , βPτ = exp[−θτ ], αciτ − biτ > 0 (3.22)

Then each investors’ fraction of real aggregate consumption υit is the same for all dates,
i.e., υit = υi, since we have assumed all investors have preferences represented by the
utility function specified in equation (3.22) for all t.

The advantage of the features above is that, to ensure that an efficient equilibrium
actually exists, all we need is a market portfolio and a complete set of zero-coupon bonds

11 See Christensen and Feltham (2003) for specification of other utility functions such as exponential and
logarithmic utility.
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with all relevant maturities if the investors’ endowments are spanned by the assets in the
market. Investors can then be viewed as having their portfolio plans consisting of three
”funds”:12

(a) A fixed portfolio of zero-coupon bonds with a purpose of hedging personal consump-
tion endowments. It pays c̄it for all i and all τ .

(b) A fixed portfolio of zero-coupon bonds with payments of fit for all i and all t.

(c) A constant share υi of the market portfolio that pays dividend υixt for all i and all
t.

Given the assumptions in Proposition 9, the utility function of the representative
individual will be independent of the distribution of aggregate endowment across individ-
uals. Hence, when studying equilibrium asset prices in a multi-period framework, we can
therefore limit our attention to aggregate consumption.

We have now derived the building blocks for the consumption-based asset pricing
models that link asset prices to consumption. In these models, aggregate consumption
risk is the priced risk. Consequently, the correlation between dividends and marginal
utility of consumption determines the risk-adjustments when valuing assets. In other
words, assets that are uncorrelated with aggregate consumption will not require a risk
premium since they do not affect the volatility of the investors’ consumption streams.
However, when implementing the basic consumption-based CAPM model we face some
well-known asset pricing puzzles using data for aggregate consumption and prices from
e.g. NIPA. The model cannot explain one or more stylized empirical facts. One of these
puzzles is the equity premium puzzle, which suggests that there is too little variation in
consumption data to explain the historical average excess returns (for reasonable values of
the relative risk aversion parameters). The low variation in the consumption data implies
that the risk-adjustments in (3.21) are low, leading to a very conservative risk-adjustment
in the model.

However, while the existence of these puzzles disqualifies the basic consumption-based
asset pricing model, the general consumption-based framework is not questioned. The
empirical and theoretical literature is offering several extensions of the basic consumption-
based asset pricing model and possible resolutions of this puzzle, including Bansal and
Yaron (2004) who combines Epstein-Zin utility with a long-run aggregate consumption
risk, and limited asset market participation as suggested in Vissing-Jørgensen (2002).
And, of course, this master’s thesis. In the next section, we will develop a valuation
model in a framework with recursive utility.

3.3 Real or Nominal Terms

So far, we have been in a setting with real prices and, thus, the value relations have been
in ”real terms”, i.e., the units of accounts are units of the consumption good. If inflation
is deterministic, this is not a problem. However, if inflation is stochastic, we face several
challenges empirically when we determine the value of assets. First, the nominal term

12 For a thorough specification, see Christensen and Feltham (2003), Proposition 6.6 and 6.7
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structure of interest rates is almost directly observable while the set of traded real bonds
is limited and, thus, an estimated real term structure may suffer from illiquid prices.
Second, analysts forecast future cash flows and accounting numbers in nominal terms.
Third, there may be differences in some assets’ ability to hedge inflation risk as some
assets may co-vary with price levels in a different way than other assets. This implies
that, when inflation is stochastic, assets will carry an inflation risk premium, reflecting
the uncertainty of obtaining a level of real consumption.

In empirical implementations, it is preferable to use nominal version of the value
relations. In order to transform the analysis into nominal relations, the relations need to
be deflated by the price level pt (not to be confused with the event-prices). The nominal
valuation index is given as shown in (Christensen and Feltham (2009), Theorem 3.5 and
Corollary 3.6) and is measurable with respect to the pair of real aggregate consumption
and the price level at each date, i.e.,

qτt(xτ , pτ ) =
u′iτ (ciτ (xτ ))/pτ

Et

[
u′iτ (ciτ )/pτ

] , τ > t; i = 1, ..., I (3.23)

The nominal relations depend on the time-series properties of the price level. However,
if inflation is deterministic, the standard “Fischer relation” between nominal and real
interest rates applies as

Bτt(yt) = BR
τt

pt
pτ

and the future price level pt goes out of the expectation such that the nominal interest
rate equals the real interest rate plus expected inflation. Moreover, the nominal and the
real valuation indices are equal, i.e.,

qτt(xτ , pτ ) =
u′iτ (ciτ (xτ ))/pτ

Et

[
u′iτ (ciτ )

]
/pτ

= qRτt(xτ )

and measurable with respect to real aggregate consumption.
As will be shown in section 8, the accounting-based multi-period equity valuation

model developed by Christensen and Feltham (2009) allows for stochastic inflation (and
also stochastic interest rates). This will be further specified when we derive the inflation-
and risk-adjusted consumption index that goes into the model. In section 9, we will derive
our equity valuation model with recursive utility. For simplicity, we assume that inflation
is deterministic in our framework.
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4 Determining Pricing Mechanisms: Recursive Util-

ity - Epstein Zin Preferences

In previous section, we introduced an equilibrium approach in a multi-period framework
with time-additive utility. As documented empirically, the basic consumption-based asset
pricing model gives rise to several asset pricing puzzles as the model is unable to explain
some stylized empirical facts. The most famous puzzle is the equity premium puzzle,
which in equity valuation results in too conservative risk-adjustments as the stochastic
variation in real aggregate consumption is too smooth to fit observed risk premia in asset
prices for reasonable relative risk aversion parameters.

This has motivated us to extend the equity valuation-framework with recursive utility,
offering a possible resolution to the equity premium puzzle in the model. In this section,
we derive the Epstein Zin asset pricing model, which will later be linked to the equity
valuation models. Since this part serves as our contribution to the equity valuation
research, many details and explanations are included in the derivations of the model.

4.1 Introduction

Time-additive utility functions are representing naive investors without any preferences
for the timing of resolution of uncertainty. Rational investors should care about the fact
that current investment and consumption decisions affect future opportunities. This is
exactly what recursive utility is taking care of. Assuming investors benefit from recursive
utility, we allow investors to make decisions that affect both current and future utility,
i.e., their utility functions become intertemporally consistent.

First consider recursive utility over deterministic future consumption. Let U be a
utility index and define f as an aggregator function, then

U(c0, c1, ...) = f(c0,U (c1, c2, ...)) (4.1)

combines future utility with current consumption to determine current utility. Note that
future utility is random, so extending equation (4.1) to the stochastic case will need a
tractable measure of future utility. Therefore, it seems natural to model this by a certainty
equivalent. Define qt(Ut+1) as the time t certainty equivalent of the utility index Ut+1.
Then we can define a consumption and investment strategy given recursively as

Ut = f (ct, qt(Ut+1)) , qt(Ut+1) = ũ−1 (Et [ũ (Ut+1)])

where ũ is an increasing and concave utility function. The reasoning behind the certainty
equivalent is the following:

Certainty equivalent The investor is just as satisfied with getting the consumption
plan c∗ for sure, as getting the random consumption plan c, i.e., u(c∗) = E[u(c)].

It is then easy to see that we can interpret qt(Ut+1) as a certainty equivalent, since

ũ (qt(Ut+1)) = Et[ũ(Ut+1)]

Assume UT = u(cT ) at the terminal date T , where u is some single-date utility function.
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Epstein and Zin (1989) introduced a specification of the aggregator function for a
more tractable model.13 They assumed that f is identical to the two-good CES-utility
specification

f(c, q) = (acα + bqα)1/α (4.2)

which we can rewrite as14

f(c, q) =
(
ac

Ψ−1
Ψ + bq

Ψ−1
Ψ

) Ψ
Ψ−1

(4.3)

Since q is not a second good in this case, but now refers to future consumption/utility,
Ψ no longer represents the elasticity across goods, but rather the elasticity across time,
also referred to as the elasticity of intertemporal substitution.

Furthermore, assume that ũ has the form of a power utility function

ũ(c) =
1

1− γ c
1−γ γ > 0 and γ 6= 1

Then the certainty equivalent is determined by

1

1− γ (c∗)1−γ = E

[
1

1− γ c
1−γ
]

⇒ 1

1− γ (c∗)1−γ =
1

1− γE
[
c1−γ]

⇒ (c∗)1−γ = E
[
c1−γ]

⇒ c∗ = E
[
c1−γ] 1

1−γ

which implies that

qt(Ut+1) =
(
Et

[
U1−γ
t+1

]) 1
1−γ (4.4)

So we can rewrite the Epstein-Zin preferences defined recursively as

Ut =
(
acαt + b

(
Et

[
U1−γ
t+1

]) α
1−γ
)1/α

Now we define a helping variable θ = 1−γ
1− 1

Ψ

= 1−γ
α
⇒ α = 1−γ

θ
, which will be helpful in

further applications. Thus, we can rewrite the following

f(c, q) =
(
ac

1−γ
θ + bq

1−γ
θ

) θ
1−γ

(4.5)

and

Ut =
(
ac

1−γ
θ

t + b
(
Et[U1−γ

t+1 ]
) 1
θ

) θ
1−γ

(4.6)

13 See Epstein and Zin (1989), though with a slightly different use of notation
14 See appendix A.2.1 for a specification
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4.1.1 Finite Time-horizon

When we are in a finite time-horizon setting, we need to specify a terminal boundary, UT ,
at the terminal date. Assuming it is possible to consume at the terminal date, and the
investor has a bequest motive, e.g. leaving wealth behind for loved ones or for retirement,
we can write

UT = (acαT + εaWα
T )1/α

where a CES-type weighting of consumption and bequest motive is used with the same
CES-parameter α as above. One can interpret the parameter ε ≥ 0 as a measure of
the relative importance of a bequest motive compared to consumption for the investor.
Obviously, this expression does not involve any expectation since terminal wealth is known
at time T .

An alternative approach is to think of cT−1 as being the consumption over the final
period and specify the terminal utility index as

UT = (εaWα
T )1/α

4.2 Model Setting

We will, without proof, assume a no-arbitrage and complete market, so that a unique
event-price deflator exists. Furthermore, we assume that every equilibrium consumption
allocation is Pareto-efficient and, hence, the economy has a representative individual.

We will use the previously derived result, that the marginal utility of optimal con-
sumption of any investor yields an event-price deflator

ζt+1

ζt
=
∂Ut/∂ct+1

∂Ut/∂ct

4.2.1 Recursive Utility Event-Price Deflator

In order to derive the event-price deflator in a setting with recursive utility, we denote
the marginal utility of consumption as

∂Ut
∂ct

= fc (ct, qt(Ut+1))

for any t. The chain rule15 implies

∂Ut
∂ct+1

= fq (ct, qt(Ut+1)) q′t(Ut+1)
∂Ut+1

∂ct+1

From Equation (4.4) we have that

q′t(Ut+1) =
1

1− γ
(
Et

[
U1−γ
t+1

]) 1
1−γ−1

(1− γ)U−γt+1

=
(
Et

[
U1−γ
t+1

]) 1
1−γ γ U−γt+1

= qt(Ut+1)γU−γt+1

15 The chain rule has been used extensively in these derivations, (f ◦ g)′(t) = f ′(g(t)) · g′(t)
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so we can write

∂Ut
∂ct+1

= fq (ct, qt(Ut+1)) qt(Ut+1)γU−γt+1fc (ct+1, qt+1(Ut+2))

Hence, the one-period event-price deflator with recursive utility can be written as

ζt+1

ζt
= fq(ct, qt(Ut+1)

( Ut+1

qt(Ut+1)

)−γ
fc(ct+1, qt+1(Ut+2))

fc(ct, qt(Ut+1))
(4.7)

4.2.2 Epstein-Zin

Since utility indices are hard to quantify, we will again turn our focus to Epstein-Zin
preferences, and our previously analysed CES specification.

Looking at Equation (4.7), we need to compute the derivates fc(c, q) and fq(c, q)

fc(c, q) =
θ

1− γ
1− γ
θ

ac
1−γ
θ
−1
(
ac

1−γ
θ + bq

1−γ
θ

) θ
1−γ−1

= ac−1/Ψf(c, q)1/Ψ (4.8)

fq(c, q) = bq−1/Ψf(c, q)1/Ψ (4.9)

where we have used that θ
1−γ

(
1− 1−γ

θ

)
= θ

1−γ − 1 = 1
Ψ

. In particular

fc(ct+1, qt+1(Ut+2)) = ac
−1/Ψ
t+1 f (ct+1, qt+1(Ut+2))1/Ψ

= ac
−1/Ψ
t+1 U1/Ψ

t+1

which yields the one period event-price deflator

ζt+1

ζt
= bqt(Ut+1)−1/ΨU1/Ψ

t

( Ut+1

qt(Ut+1)

)−γ ac−1/Ψ
t+1 U1/Ψ

t+1

ac
−1/Ψ
t U1/Ψ

t

= b

(
ct+1

ct

)−1/Ψ( Ut+1

qt(Ut+1)

)1/Ψ( Ut+1

qt(Ut+1)

)−γ
= b

(
ct+1

ct

)−1/Ψ( Ut+1

qt(Ut+1)

)1/Ψ−γ

(4.10)

Since we still have the unfortunate and intractable utility indices, we will have a look at
yet another approach in order to determine a tractable version of the event-price deflator.

4.3 The Dynamic Programming Approach

4.3.1 Indirect Utility and the Bellman Equation

The dynamic programming approach is a method for solving multi-period dynamic prob-
lems which will result in optimal consumption strategies. The idea behind this approach
is Bellman’s principle of optimality:
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Bellman’s principle of optimality An optimal policy has the property that whatever
the initial state and initial decision are, the remaining decisions must constitute an optimal
policy with regard to the state resulting from the first decision.16

A central element of the analysis is the indirect utility of the investor, which is defined
as the maximum expected utility of current and future consumption. Therefore, the
reasoning behind choosing this approach with recursive preferences is straight-forward.
However, it is also applicable in a time-additive expected utility setting.

For our analysis to be tractable, it is necessary to assume that the utility function is
dependent on a limited number of variables. For obvious reasons, the indirect utility will
depend on time. Assume we are at time t, then the indirect utility will depend on the
wealth Wt of the investor. Future consumption will depend on current consumption and
current investments. Therefore, higher wealth allows for larger investments which further
implies the opportunity to consume more in the future.

We will assume that a single variable xt (not to be confused with aggregate con-
sumption) contains all ”extra” information about e.g. future investment opportunities
and future income, i.e., (Wt, xt) is a Markov process.17 In that case, the indirect utility
function is of the form

Jt = J (Wt, xt, t)

We will make a short analysis of the investment decisions in terms of wealth since the
optimal decision now depends on wealth. Assume that a risk-free asset and d risky assets
are traded. Let θt denote a d-dimensional portfolio weight-vector, denoting units invested
in the risky assets at time t, and let θ0t denote the units invested in the risk-free asset.
In this particular analysis, we will assume for simplicity that the assets do not pay out
intermediate dividends. In accordance with Equation (2.1), the change in the wealth of
the investor between time t and t+ 1 is

Wt+1 −Wt =
d∑
i=0

θit(Pi,t+1 − Pit)− ct

where we have assumed that the investor receives no labour income.
At time t, the amount invested will be Wt − ct after consumption. If we assume this

amount is positive, we can represent the portfolio weights as fractions of the total invested
wealth in the different assets

πit =
θitPit
Wt − ct

, i = 0, 1, ..., d

Define the portfolio weight vector as πt = (π1t, ..., πdt)
>, then by construction the fraction

π0t = 1−∑d
i=1 πit of wealth is then invested in the risk-free asset.

16 See Bellman (1954)
17 It satisfies the Markov property:

P {Xn = in|X0 = i0, ..., Xn−1 = in−1} = P {Xn = in|Xn−1 = in−1}

i.e., to predict anything about the future, only the present information is sufficient. Not the past
history. See Lawler (2006)
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The wealth at the end of the period can then be restated as

Wt+1 = Wt − ct +
d∑
i=0

θit(Pi,t+1 − Pit)

= Wt − ct +
d∑
i=0

θitPitrit

= (Wt − ct)
(

1 +
d∑
i=0

πitrit

)
= (Wt − ct)RW

t+1

where
RW
t+1 = Rf

t + π>t

[
Rt+1 −Rf

t 1
]

(4.11)

is the gross rate of return on the portfolio.
For further purposes we will derive ∂Wt+1

∂ct
and ∂Wt+1

∂πt
, since when maximizing, Wt+1

will be affected by the consumption and portfolio decisions at time t.

∂Wt+1

∂ct
= −RW

t+1

∂Wt+1

∂πt
= (Wt − ct)

[
Rt+1 −Rf

t 1
]

4.3.2 Recursive Utility

As previously stated, suppose the utility index Ut associated with a given consumption
and investment strategy is defined recursively by

Ut = f(ct, qt(Ut+1)), qt(Ut+1) =
(
Et

[
U1−γ
t+1

]) 1
1−γ

with a terminal condition of the form UT = u(cT ).
The indirect utility is then Jt = supUt, where the maximization is over all future

feasible consumption and investment strategies viewed from time t and onwards. Then,
the Bellman Equation becomes

J(Wt, xt, t) = sup
ct,πt

f
(
ct,
(
Et

[
J(Wt+1, xt+1, t+ 1)1−γ]) 1

1−γ
)

(4.12)

At the terminal date we assume all wealth is spent on consumption so that J(W,x, T ) =
u(W ), i.e., investors are assumed not to have a bequest motive.

The first-order condition w.r.t. ct is

∂J

∂ct
= 0

fc(ct, qt(Jt+1)) = fq(ct, qt(Jt+1))
(
Et

[
J1−γ
t+1

]) γ
1−γ Et

[
J−γt+1JW (Wt+1, xt+1, t+ 1)RW

t+1

]
(4.13)
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and the first-order condition w.r.t. πt is

∂J

∂πt
= 0

⇒ 0 = Et

[
J−γt+1JW (Wt+1, xt+1, t+ 1)

(
Rt+1 −Rf

t 1
)]

(4.14)

Denote these implicitly optimal consumption and portfolio decisions at time t by ĉt and π̂t,
respectively. For optimal decisions, the Bellman Equation holds without the supremum

J(Wt, xt, t) = f

(
ĉt,

(
Et

[
J
(
Ŵt+1, xt+1, t+ 1

)1−γ
]) 1

1−γ
)

Differentiation of the above equation w.r.t. Wt, yields

JW (Wt, xt, t) =fc

(
ĉt, qt

(
J
(
Ŵt+1, xt+1, t+ 1

))) ∂ĉt
∂Wt

+ fq

(
ĉt, qt

(
J
(
Ŵt+1, xt+1, t+ 1

)))
qt

(
J
(
Ŵt+1, xt+1, t+ 1

))γ
· Et

[
J
(
Ŵt+1, xt+1, t+ 1

)−γ
JW

(
Ŵt+1, xt+1, t+ 1

) ∂Ŵt+1

∂Wt

]

Furthermore, we derive

∂Ŵt+1

∂Wt

=

(
1− ∂ĉt

∂Wt

)
RW
t+1 + (Wt − ĉt)

(
∂π̂t
∂Wt

)> (
Rt+1 −Rf

t 1
)

Inserting this and the first-order conditions in Equations (4.13) and (4.14), we can simplify
the expression above to18

JW (Wt, xt, t) = fq (ĉt, qt(Jt+1)) qt (Jt+1)γ Et

[
J−γt+1JW

(
Ŵt+1, xt+1, t+ 1

)
RW
t+1

]
(4.15)

Observe that Equation (4.13) and (4.15) are the same, i.e., we can write up the envelope
condition for recursive utility as

fc (ct, qt(Jt+1)) = JW (Wt, xt, t)

From now on, we drop theˆnotation and assume only optimal strategies are considered.
By inserting RW

t+1 and equation (4.14) into equation (4.15) we get

JW (Wt, xt, t) = fq (ct, qt(Jt+1)) qt(Jt+1)γEt

[
J−γt+1JW (Wt+1, xt+1, t+ 1)RW

t+1

]
= fq (ct, qt(Jt+1)) qt(Jt+1)γEt

[
J−γt+1JW (Wt+1, xt+1, t+ 1)

{
Rf
t + π>t

(
Rt+1 −Rf

t 1
)}]

= fq (ct, qt(Jt+1)) qt(Jt+1)γ{
Et

[
J−γt+1JW (Wt+1, xt+1, t+ 1)Rf

t

]
+ π>t Et

[
J−γt+1JW (Wt+1, xt+1, t+ 1)

(
Rt+1 −Rf

t 1
)]}

= fq (ct, qt(Jt+1)) qt(Jt+1)γEt

[
J−γt+1JW (Wt+1, xt+1, t+ 1)Rf

t

]
18 See appendix A.2.2
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We can write this expression similar to the pricing equation (2.7) divided through by
the value of the asset such that the pricing equation satisfies 1 = E[ζRi], where Ri is the
gross return on any asset including the risk-free asset

JW (Wt, xt, t) = fq(ct, qt(Jt+1))qt(Jt+1)γEt

[
J−γt+1JW (Wt+1, xt+1, t+ 1)Rit+1

]
⇒ 1 = Et

[
fq(ct, qt(Jt+1))

(
Jt+1

qt(Jt+1)

)−γ
JW (Wt+1, xt+1, t+ 1)

JW (Wt, xt, t)
Rit+1

]

Therefore, the one-period event-price deflator is given as

ζt+1

ζt
= fq(ct, qt(Jt+1))

(
Jt+1

qt(Jt+1)

)−γ
JW (Wt+1, xt+1, t+ 1)

JW (Wt, xt, t)
(4.16)

Alternatively we can use the envelope condition and return to the previously derived
event-price deflator in equation (4.7).

4.3.3 Epstein-Zin

As previously mentioned, we need to apply further restrictions for any tractability. Hence,
we turn our focus to Epstein-Zin preferences again to implement some quantification on
the event-price deflator. By the derivation of the general case of recursive utility, we have
a good framework for deriving the Epstein-Zin event-price deflator.

By applying the envelope condition on equation (4.8), we can express the above event-
price deflator in terms of optimal consumption rates

JW (Wt, xt, t) = ac
−1/Ψ
t J(Wt, xt, t)

1/Ψ

So we can derive

ζt+1

ζt
= fq (ct, qt(Jt+1))

(
Jt+1

qt(Jt+1)

)−γ
JW (Wt+1, xt+1, t+ 1)

JW (Wt, xt, t)

= bqt(Jt+1)−1/ΨJ(Wt, xt, t)
1/Ψ

(
Jt+1

qt(Jt+1)

)−γ ac−1/Ψ
t+1 J(Wt+1, xt+1, t+ 1)1/Ψ

ac
−1/Ψ
t J(Wt, xt, t)1/Ψ

= b

(
ct+1

ct

)−1/Ψ(
Jt+1

qt(Jt+1)

)1/Ψ−γ

which is equal to equation (4.10).
At this point, we have not come much further than before we applied the dynamic

programming approach. But the main reason for applying this approach is our focus next.
The main purpose is to incorporate the gross return on optimally invested wealth over the
period from time t to t + 1 into the event-price deflator instead of the intractable utility
index. For this, we need the following lemma
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Lemma With Epstein-Zin preferences and no labour income, the indirect utility satisfies

Jt = fc(ct, qt(Jt+1))Wt (4.17)

and the return on optimally invested wealth is

RW
t+1 = b−1

(
ct+1

ct

)1/Ψ(
Jt+1

qt(Jt+1)

)1−1/Ψ

(4.18)

Proof
Recall that with no labour income, we have Wt+1 = (Wt− ct)RW

t+1. Since RW
t+1 is a return,

we can use the previously mentioned definition and write

1 = Et

[
ζt+1

ζt
RW
t+1

]
= Et

[
ζt+1

ζt

Wt+1

Wt − ct

]
⇒ Wt = ct + Et

[
ζt+1

ζt
Wt+1

]
(4.19)

Assume this holds when Wt = Jt
fc(ct,qt(Jt+1))

for all t. Because of equation (4.8), this
assumption can be rewritten as

Wt =
Jt

ac
−1/Ψ
t J

1/Ψ
t

= a−1c
1/Ψ
t J

1−1/Ψ
t

Using this and the event-price deflator in equation (4.10), we can derive

Et

[
ζt+1

ζt
Wt+1

]
= Et

[
b

(
ct+1

ct

)−1/Ψ(
Jt+1

qt(Jt+1)

)1/Ψ−γ

a−1c
1/Ψ
t+1J

1−1/Ψ
t+1

]

= Et

[
b

a
c

1/Ψ
t qt(Jt+1)γ−1/ΨJ1−γ

t+1

]
=
b

a
c

1/Ψ
t qt(Jt+1)γ−1/ΨEt

[
J1−γ
t+1

]
=
b

a
c

1/Ψ
t qt(Jt+1)γ−1/Ψqt(Jt+1)1−γ

=
b

a
c

1/Ψ
t qt(Jt+1)1−1/Ψ (4.20)

In order to confirm equation (4.19) we need to show the following

a−1c
1/Ψ
t J

1−1/Ψ
t = ct +

b

a
c

1/Ψ
t qt(Jt+1)1−1/Ψ

⇒ J
1−1/Ψ
t = ac

1−1/Ψ
t + bqt(Jt+1)1−1/Ψ
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Using the fact that 1−γ
θ

= 1− 1/Ψ we can rewrite the above expression as

J
1−γ
θ

t = ac
1−γ
θ

t + bqt(Jt+1)
1−γ
θ

This is in fact true because of the assumed Epstein-Zin specification of the aggregator
function from Equation (4.5)

Jt = Ut =
(
ac

1−γ
θ

t + bqt(Ut+1)
1−γ
θ

) θ
1−γ

J
1−γ
θ

t = U
1−γ
θ

t =
(
ac

1−γ
θ

t + bqt(Ut+1)
1−γ
θ

) θ
1−γ

1−γ
θ

= ac
1−γ
θ

t + bqt(Ut+1)
1−γ
θ = ac

1−γ
θ

t + bqt(Jt+1)
1−γ
θ

i.e., Equation (4.17) has now been proved.
To prove Equation (4.18), remember that according to Equation (4.20), we can write

the return on optimally invested wealth as

RW
t+1 =

Wt+1

Wt − ct
=

a−1c
1/Ψ
t+1J

1−1/Ψ
t+1

b
a
c

1/Ψ
t qt(Jt+1)1−1/Ψ

= b−1

(
ct+1

ct

)1/Ψ(
Jt+1

qt(Jt+1)

)1−1/Ψ

i.e., Equation (4.18) has now been proved. We can rewrite this expression as(
Jt+1

qt(Jt+1)

)1−1/Ψ

= RW
t+1b

(
ct+1

ct

)−1/Ψ

(4.21)

Recall that 1− 1/Ψ = 1−γ
θ

. A little trick is to rewrite this in the following way

1− 1/Ψ =
1− γ
θ
⇒ θ =

1− γ
1− 1/Ψ

⇒ θ − 1 =
1− γ − 1 + 1/Ψ

1− 1/Ψ
⇒ 1− 1/Ψ =

1/Ψ− γ
θ − 1

Then we can express equation (4.21) as(
Jt+1

qt(Jt+1)

)1/Ψ−γ

= (RW
t+1)θ−1bθ−1

(
ct+1

ct

) 1−θ
Ψ

and finally we are able to express the one-period event-price deflator in terms of optimally
invested wealth

ζt+1

ζt
= b

(
ct+1

ct

)−1/Ψ(
Jt+1

qt(Jt+1)

)1/Ψ−γ

= b

(
ct+1

ct

)−1/Ψ

(RW
t+1)θ−1bθ−1

(
ct+1

ct

) 1−θ
Ψ

= bθ
(
ct+1

ct

)−θ/Ψ
(RW

t+1)θ−1

Replacing b with a personal discount factor e−δ we get

ζt+1

ζt
= e−δθ

(
ct+1

ct

)−θ/Ψ
(RW

t+1)θ−1 (4.22)
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In this section we have derived a valid event-price deflator. However, equities are
primary securities and, hence, we cannot price equities like redundant assets. Further
assumptions and more economic structure are needed for the equity valuation model to be
meaningful and empirically implementable. In Section 9, we impose additional economic
structure on the model such that the event-price deflator can be determined in terms of
more fundamental economic variables. For this purpose, we make assumptions regarding
the preferences of the investors and the distributions of residual income returns, aggregate
consumption and the return on an optimally invested portfolio.
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5 Determining Pricing Mechanisms: Pricing Factors

The simple consumption-based asset pricing model studied in the preceding sections is
theoretically elegant and provide an intuitive link between asset prices and consumption
decisions. Unfortunately, the model is unable to match historical returns with consump-
tion data. This motivates a search for models that link asset prices and returns to other
factors than consumption. This is where the factor models are relevant as they use a
number of common observable factors that can explain expected returns on different as-
sets.

Factor models link the event-price deflator to a number of factors, i.e., ζt = g(xt) for
some K-dimensional random variable xt and some smooth function g(·). It should be
emphasized, however, that factor pricing models are basically just special cases of the
consumption-based asset pricing models that may be easier to apply and test. They do
not challenge or invalidate the consumption-based asset pricing framework.

The focus of this section is mainly on the most common factor models applied in
the field of equity valuation. The attention is therefore limited to the CAPM and the
three-factor Fama-French model.

5.1 The One-Period Framework

A pricing factor is a K-dimensional random variable x = (x1, . . . , xK)> so that (i) the
variance-covariance matrix Var[x] is non-singular (invertible) and (ii) there exist some
constants α ∈ R and η ∈ RK so that

E[Rj] = α + β[Rj,x]>η, j = 1, . . . , J (5.1)

where the factor-beta of asset j is the K-dimensional vector given as

β[Rj,x] =
Cov[x, Rj]

Var[x]

The vector η is the factor risk premium and the regression parameter β is the vector
of asset specific exposure to systematic risk factors. As usual, α is the zero-beta return
associated with the pricing factor x, which is equal to the return on a risk free asset, i.e.,
α = Rf , given that a risk free asset is traded in the market.

Pricing factors are not unique, and the existence of any pricing factor means that we
can find constants such that security prices can be determined. In particular, we can
show that the event-price deflator is a pricing factor. The following proposition specifies
that whenever we have an event-price deflator of the form ζ = a+ b>x, we can use x as
a pricing factor such that pricing equation (2.7) is satisfied.19

Proposition 10. The K-dimensional random variable x is a pricing factor if and only if
there exists constants a ∈ R and b ∈ RK so that ζ = a + b>x satisfies E[ζRj] = 1 for
j = 1, . . . , J .

19 See (Munk, 2013, p. 380) for proof
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The proposition could equivalently be expressed as E[(a+b>x)Dj] = Pj for asset j by
the definition of the asset’s rate of return Rj = Dj/Pj. Hence, whenever the event-price
deflator can be represented on some affine form (a+ b>x), x is a valid pricing factor.

Suppose that the pricing factor x is a vector of returns on portfolios of the J assets.
Then (5.1) hold with each xk replacing Ri so that

E[x] = α1 + β[x,x]>η = α1 + η ⇒ η = E[x]− α1

where 1 is a K-dimensional vector of ones. Hence, (5.1) can be rewritten as

E[Rj] = α + β[Rj,x]>(E[x]− α1), j = 1, . . . , J

Note that the classical CAPM has the return on the market portfolio as the single pricing
factor. To be more specific, the CAPM (’the mother of all factor models’) states that the
gross return on the market portfolio, RM , is a pricing factor so that

E[Rj] = Rf + β[Rj, RM ](E[RM ]−Rf ), j = 1, . . . , J (5.2)

where we assume that a risk-free asset is traded so that the zero-beta return is identical
to the risk-free rate, i.e., α = Rf . Moreover, the market-beta of an asset is defined as
the ratio of the covariance between the asset’s return and the gross return on the market
portfolio, and the variance of the gross return on the market portfolio, i.e.,

β[Rj, RM ] =
Cov[Rj, RM ]

Var[RM ]

The classic CAPM is usually derived from mean-variance analysis. It fits into the
consumption-based asset pricing framework if either (i) investors are characterized by
quadratic utility or (ii) the return on the market portfolio is normally distributed. This
is because any individual in these settings will optimally pick a mean-variance efficient
portfolio. However, the assumptions above are clearly problematic. First, quadratic util-
ity exhibits increasing absolute risk aversion, which is against economic intuition and,
thus, represents the preferences of the investors poorly. Second, the assumption of nor-
mally distributed returns is not theoretically nor empirically reasonable as returns are not
normally distributed.20

It is well documented that CAPM is insufficient in explaining the observed cross-
sectional differences in average stock returns over time. As the classic CAPM has weak
theoretical support, this conclusion is not surprising. Due to this inability of explaining
asset returns, studies suggest that asset returns are related to size, value and price ratio.
One of the best known studies is the one carried out by Fama and French (1993), who
find support for a three-factor model. According to the three factor Fama-French model,
the expected excess return on an asset is determined by its sensitivity to three factors,
namely the market portfolio, a small-minus-big (SMB) portfolio (measured by market cap-
italization) and a high-minus low (HML) portfolio (measured by book-to-market value).
While the additional factors might have explanatory power of cross-sectional differences
in short-term stock returns, there is also a risk that they might introduce additional noise

20 For assets with limited liability you cannot lose more than 100%, which is inconsistent with the normal
distribution that associates a positive probability to any return between −∞ and +∞.
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that offsets the benefits of having more variables to match observed stock prices. Of our
interest is the empirical results in Bach and Christensen (2016) which showed that the
Fama-French model had less success in matching the cross-section of stock prices and the
level of stock prices across business cycles than the CAPM. As a result, the three-factor
Fama-French model generated higher valuation errors than the CAPM model. For this
reason, we will limit our attention to the CAPM in our empirical implementation. This
will be discussed further in the empirical implementation of the standard valuation model
in Section 11.1.

5.2 The Multi-Period Framework

The standard singe-period CAPM is a static model which does not easily cary over to
a dynamic multi-period setting. In a multi-period setting, investors face time-varying
investment opportunities (and labor income). The CAPM is only valid in a multi-period
setting if the investment opportunities are deterministic or if investors have log-utilities
of consumption, i.e., a relative risk aversion equal to one, so that they do not care about
variations in investment opportunities. A setting with deterministic investment opportu-
nities requires that the capital market line can shift only in a deterministic manner. Since
the capital market line is given by the risk-free rate (the intercept) and the maximum
sharpe ratio (the slope), both quantities must be non-stochastic.

There is strong suggesting that the interest rates, expected rates of return, volatilities,
and correlations vary over time in a stochastic manner (see, for example, Campbell and
Shiller (1988) or Cochrane (2005b)). In a situation with stochastic investment opportuni-
ties, risk averse investors with time-additive utility who are seeking to maximize expected
lifetime utility are interested in smoothing consumption over time and states (see, for
example, Munk (2015)). In order to minimize fluctuations in future consumption, the op-
timal investment strategy will contain a so-called intertemporal hedge component, which
has the purpose of hedging stochastic variations in investment opportunities (and labor
income shocks). Therefore, the optimal investment strategy will be different from the
strategy in a setting with constant investment opportunities. In general, we have to add
factors describing the future investment opportunities, labor income etc. This extension
of the CAPM will yield a multi-beta version of the CAPM called the intertemporal CAPM
and was first derived by Merton (1973).

As a concluding remark, we have now derived the standard capital asset pricing model
used in the standard approach to equity valuation. As we will see in the following sections,
using a constant cost of capital estimated from historical stock returns using a capital asset
pricing model is likely to introduce a bias in the equity valuation as it does not easily
carry over to a multi-period setting.
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6 Asset Pricing and Accounting-based Valuation

In the previous sections, we determined the value of an asset as the net present value of
risk-adjusted expected dividends using a no-arbitrage dividend-value relation and some
alternative representations. Valuation using dividends is very intuitive as dividends are
exactly the payments, which the investors receive from holding an asset. However, an-
choring the value on dividends produces several problems as described in the following
analysis.

The focus in this section is to determine the value of the common equity based on
various measures of ”payments”. The objective of the following analysis is therefore to
characterize the relation between the current market value of common equity and some
fundamentals, such as expected residual income and free cash flows.

The basic no-arbitrage relation for the ex-dividend value of firm j’s common equity at
date t given event yt, denoted by vjt(yt), is given by (2.13):

vjt(yt) =
T∑

τ=t+1

∑
yτ⊆yt

djτ (yτ )pτt(yτ |yt), j = 1, . . . , J (6.1)

where djτ (yτ ) and pτt(yτ |yt) are date-event-contingent dividends and prices, respectively.
The relation is referred to as a dividend-value relation (DVR) as it anchors the value of the
asset, vjt(yt), on the date-event-contingent dividends, djτ (yτ ). As shown in Section 2.2, by
normalizing the event-prices, the relation can be given in some alternative representations.

Besides the already known alternative representations of value relation (6.1) based on
various pricing mechanisms, another set of representations will re-express the dividends
in terms of free cash flows or accounting numbers using accounting relations. This repre-
sentation is motivated by the problems related to using dividends as a measure of value
creation. First, dividends are typically small and uncertain as the forecasting has to in-
clude a very distant future, and the choice of dividend payout is based on a discretionary
decision taking by the directors. Of course, if the firm has a stable payout policy, the
dividend discount model could be an appropriate choice. Second, however, dividends are
a measure of value distributed rather than value generated, i.e., a dividend payment is
a zero net present value activity.21 Hence, the dividends are irrelevant to value creation,
and for this reason we choose not to use the dividend discount model in our valuation
of the firms. Instead, we will re-express the dividends in terms of alternative measures,
such as accounting numbers and free cash flows, which will capture the ”payments” that
accrue to investors by holding the asset. These alternative measures are governed by a
set of accounting relations that will be analyzed in the following section.

6.1 Accounting Relations

When valuing a firm, our objective is to determine the value of the common equity. Hence,
we recognize the common shareholders as the owners of the firm, and we adjust our lens
on the business accordingly through a reformulation of the official financial statements.
The reformulation of the financial statements is carried out from the perspective of the

21 This dividend irrelevance theory follows from the MM-theorems described in (Christensen and Feltham,
2003, p. 286)
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common shareholders such that measures of value and value added are aligned with our
“pure equity” concept. Also, a distinction between operating and financing activities
is needed in order to separate value creating activities from zero-NPV activities. This
separation provides insight into the core business and the financial value drivers that
affect cash flows and earnings, and therefore the value of the firm.

A requirement for using accrual accounting as a basis for valuation is that income
statements and balance sheets articulate within and across periods at all dates. To ensure
this articulation, the reformulated statements are governed by a set of accounting relations
which are presented below. For notational simplicity, we focus on a particular asset or
firm and, therefore, we drop the subscript j and denote the value of equity as Vt in the
following equations and in the remainder of this and the following sections.

Clean Surplus Relation (CSR) The clean surplus relation implies that all changes in
the book value of equity except for transactions with common equityholders are captured
by the income statement

bvτ (yτ ) = bvτ−1(yτ−1) + niτ (yτ )− dτ (yτ ) (CSR)

where bvτ is the book value of equity at date τ , niτ is the comprehensive income in period
τ and dτ is the net-dividends paid to equityholders in period τ . CSR implies that the
reformulated income statement recognizes the comprehensive income and, thus, the value
created, and the sources behind this value creation. The items in the reformulated income
statement are comprehensive such that no value is omitted, and the clean surplus relation
is satisfied. This means that we include dirty surplus items (e.g. currency translations
and fair value adjustment on financial instruments) such that the net income is compre-
hensive. If the firm has a remuneration policy with variable components, incentive pay
or bonus schemes, a super-clean surplus relation must be used. The super-clean surplus
relation adds an extra term δτ to CSR, adding the market value of issued equity at date
τ through anticipated equity transactions. The idea is to recognize the loss imposed on
the shareholders, when stocks are issued below market value. This loss is not captured by
the official accounting and is, therefore, characterized as a hidden dirty surplus item.22

Since we use an accounting-based valuation model in the empirical implementation,
we shift our focus to the comprehensive income which measures the generation of value in
the period. Assuming compliance with the CSR, we can re-express the DVR in (6.1) in
terms of residual income which gives an accounting-value relation (AVR) for the market
value of equity defined as

Vt = bvt(yt) +
T∑

τ=t+1

∑
yτ⊆yt

riτ (yτ )pτt(yτ |yt) (6.2)

22 In short, the correct way to account for stock options is by: (a) recognizing the market value of the
granted options as a deferred compensation asset at grant date that is depreciated over a vesting
period and recorded as a staff cost. (b) recognizing the market value of the granted options as a
deferred compensation liability, which is marked to market during the life time of the option where
value changes are recorded as financial expenses (income). At the exercise date, if the stock price is
above the exercise price, we increase equity by the market value of the issued shares.
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where the residual income ri is defined as the net income in period τ in excess of a capital
charge on the book value of equity at date τ , i.e.,

riτ = niτ (yτ )− ιτ−1(yτ−1)bvτ−1(yτ−1) (6.3)

where

ιτ−1(yτ−1) = Bτ,τ−1(yτ−1)−1 − 1 =

 ∑
yτ⊆yτ−1

pτ,τ−1(yτ |yτ−1)

−1

− 1 (6.4)

Note that only assumptions of no-arbitrage and CSR are sufficient for (6.2) to hold. In
appendix A.3, we provide a short proof of how to go from the dividend-value relation to
the accounting-value relation using the CSR.

The capital charge used for calculating the residual income in (6.3) is the one-period
riskless spot interest rate ιτ−1(yτ−1). Hence, the capital charge is riskless in this model,
which is in stark contrast to the commonly suggested risk-adjusted capital charge in e.g.
Penman (2013) and most other accounting and valuation textbooks.

Furthermore, the book value of equity and net income are separated into operating
and financial activities, i.e.,

bvτ (yτ ) = oaτ (yτ ) + faτ (yτ ) (6.5)

niτ (yτ ) = oiτ (yτ ) + fiτ (yτ ) (6.6)

We define residual income for the financial and operating activities as income minus the
riskless spot interest rate times the opening book value, i.e.,

rfiτ (yτ ) = fiτ (yτ )− ιτ−1(yτ−1)faτ−1(yτ−1) (6.7)

roiτ (yτ ) = oiτ (yτ )− ιτ−1(yτ−1)oaτ−1(yτ−1) (6.8)

and the residual income in (6.3) can be defined as

riτ (yτ ) = rfiτ (yτ ) + roiτ (yτ ) (6.9)

Again, this can be related to the standard approach of using risk-adjusted capital charges
for calculating residual income, where an after-tax cost of capital is used for residual
financial income in (6.7), a weighted average cost of capital is used for residual operating
income in (6.8) and an equity cost of capital is used for residual income in (6.9). In the
next section, we will review the standard approach of using a risk-adjusted cost of capital
as capital charges and discount rates.

When we distinguish between the financial and operating activities, we characterize
financial activities as zero net present value activities. To be more specific, we classify
an asset (liability) and the associated financial income (expenses) as financial if it is
close to mark-to-market on the balance sheet and it earns a fair risk-adjusted expected
return, i.e., financial assets have risk-adjusted expected residual income of zero. All other
items are classified as operating. The formalized version of the mark-to-market condition
of financial assets is specified below together with two accounting relations that ensure
articulation when operating and financial activities are separated.
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Financial Assets Marked-to-Market (FAM) The risk-adjusted expected financial
income equals the riskless spot interest rate ιτ−1 times the opening book value of the
financial assets, i.e.,

EQ
τ,τ−1[fiτ (yτ )] = ιτ−1(yτ−1)faτ−1(yτ−1) (6.10)

Financial Asset Relation (FAR) The financial assets are increased by financial in-
come and free cash flows denoted by fcfτ , and are reduced by payments of net dividends
to common equityholders, i.e.,

faτ (yτ ) = faτ−1(yτ−1) + fiτ (yτ ) + fcfτ (yτ )− dτ (yτ )

where the free cash flows can be interpreted as the ”dividends” of the operating activities.

Operating Asset Relation (OAR) The operating assets are increased by the oper-
ating income and reduced by the free cash flows which are transferred to the financial
assets, i.e.,

oaτ (yτ ) = oaτ−1(yτ−1) + oiτ (yτ )− fcfτ (yτ ) (6.11)

The market value version of (6.5) combined with the FAM-relation which implies that
the book value of the financial assets is equal to the market value yields the following
value relation

Vt = V oa
t + fat (6.12)

since the risk-adjusted expected residual financial income is equal to zero.
According to Penman (2013), the valuation models are developed with the under-

standing that it is the operations, and the investments in those operations, that generate
value. Hence, financing activities such as dividends paid, share repurchases or share issues
at fair market value and debt financing at market value are zero-NPV activities. In other
words, the financing activities are value-neutral. So the valuation models value operations
and ignore any value that might be created from the financing activities. This implies
that the value of the firm’s equity can be determined as the value of the operations plus
the book value of the financial assets (or, if the firm has net debt, minus the book value
of the financial debt) as specified in (6.12).

Hence, in equity valuation, the task is to determine the value of the operations. Focus-
ing on operations, assumptions of no-arbitrage, CSR, FAM, FAR and OAR are sufficient
for a set of alternative value relations. First, the free cash flows value relation is given by

V oa
t =

T∑
τ=t+1

∑
yτ⊆yt

fcfτ (yτ )pτt(yτ |yt) (6.13)

and secondly, the accounting-based residual operating income value relation is given by

V oa
t = oat +

T∑
τ=t+1

∑
yτ⊆yt

roiτ (yτ )pτt(yτ |yt) (6.14)

Now we assume a continuous state space (in order to allow for continuous distributions
such as the normal and log-normal distributions) and an infinite time-horizon. The value
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relations (6.1) and (6.2) can be represented under alternative pricing mechanisms (ignoring
the references to the particular event yt) such that the value of common equity is defined
as

Vt =
∞∑

τ=t+1

BτtE
Q
τt[dτ ]

=
∞∑

τ=t+1

Bτt [Et[dτ ] + Covt[dτ , qτt]] (6.15)

= bvt +
∞∑

τ=t+1

BτtE
Q
τt[riτ ]

= bvt +
∞∑

τ=t+1

Bτt [Et[riτ ] + Covt[riτ , qτt]] (6.16)

These value relations will be used later in a framework with continuous distributions.
Regarding the choice of which valuation model to use, we can conclude the following.

Given the same set of forecasts, the accounting-based valuation models provide exactly the
same net present values as the discounted cash flows models, i.e., they are mathematically
equivalent. The reason for this equivalence is the articulation of the financial statements
within and across periods. This is because of the counterbalancing effect of the residual
income such that any accounting ”errors” (for example, a conservative assessment of
the book value of an asset) will be perfectly offset by the net present value of future
residual income. Hence, any stock errors caused by assets being recorded in the accounting
system at values different from their market (intrinsic) values will produce flow errors in
the accounting numbers which is precisely captured by the net present value of future
residual income. For example, a conservative assessment of the book value of an asset
will eventually show up as higher residual income, and the error is perfectly balanced
against the increase in the net present value of future residual income. So when the
accounting system articulates, the stock and flow errors are counterbalancing such that
the net present value of an asset equals the current book value plus the net present value
of future residual income.

The choice of valuation model is therefore a choice of how to represent value. Al-
though the models are mathematically equivalent, the accounting-based valuation models
are characterized by some convenient properties. First, as emphasized above, the account-
ing numbers use accrual accounting and focus on the value drivers and, thus, the value
creation. Second, by anchoring on book values, the accounting-based valuation model
recognizes value early compared to the dividend discount model and discounted free cash
flows model, where a large proportion of the value is likely to be captured by the con-
tinuing value. Consequently, the accounting-based models may be characterized by less
uncertainty as the forecasting period is shorter and the continuing value may amount
to a smaller proportion of the estimated value, leaving less speculation in the valuation.
Furthermore, the continuing value in the accounting-based valuation model is equal to
the difference between the market value at time T and the book value at time T , i.e.,
it is the unrecorded goodwill at time T . Contrary, the continuing value in the dividend
discount model and the free cash flows model is equal to the total market value at time T .
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This means that a large part of the value is placed in a distant and, thus, more uncertain
item.23

To conclude, the accounting-based valuation model anchors on the current book value
and adds a premium equal to the net present value of future residual income. Moreover,
the model has some convenient properties, which is the reason why we will use it in our
empirical implementation. In order to implement the model, we first have to derive an
implementable version of the model which we will do in the following sections.

23 Since the continuing value must capture all the ”open” transactions that have not yet been recorded
as value, it could result in a large continuing value in the free cash flows model. Koller et al. (2010)
show some valuation cases using the free cash flows model where the continuing value amounts to 56
% - 125 % of the estimated value of the firm.
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7 The Standard Approach to Equity Valuation

This section reviews the standard approach to equity valuation that are presented in
textbooks and are used in practice. We will introduce the standard equity valuation
models and describe the many implicit assumptions made in this approach. This section
serves as a central part of this thesis, since we suggest an alternative approach to perform
risk-adjustments that recognizes the time-series properties of cash flows and earnings.

The standard approach to equity valuation is to discount expected cash flows or earn-
ings using a constant risk-adjusted cost of capital. As described in previous section, the
value of equity can be determined directly (by discounting cash flows or earnings that flow
directly to common equityholders at the cost of equity) or indirectly (by determining the
value of the operations and subtract the value of net financial obligations). The discount
rate used in the direct approach is the equity cost of capital, while the firm’s cost of
capital is used in the indirect approach.

The cost of capital is the rate of return that investors (i.e., equity- and debtholders)
require as a compensation for their contributions of capital. It is a risk-adjusted discount
factor, since it discounts for both time and risk. The firm’s cost of capital is estimated
indirectly by estimating the cost of equity and the cost of debt, and then calculate the
firm’s cost of capital using accounting identities and the value additivity principle. Since
the components are not directly observable, we determine them directly by employing
standard asset pricing models using the expected returns as a proxy for the firm’s cost of
capital.

7.1 The Standard CAPM-based Valuation Model

The common approach is to use one of the standard asset pricing models such as the
CAPM to estimate the expected return on equity, and then assume that the cost of
equity is equal to the estimated expected return on equity.

We derive the CAPM valuation model by assuming that the payoffs on the asset and
the market portfolio are jointly normally distributed. In addition, we assume that the
valuation index can be written as a function of the payoff on the market portfolio. Since
the CAPM is a single-period model, we substitute the payoffs into Equation (2.9) and
apply Stein’s Lemma24 to obtain a pricing equation

Vt = Bt,t+1

{
Et[dt+1 + Vt+1] + Et

[
Q
′

t,t+1

(
dMt+1 + V M

t+1

)]
· Covt

(
dMt+1 + V M

t+1, dt+1 + Vt+1

)}
where dt+1 + Vt+1 is the payoff on the asset, and dMt+1 + V M

t+1 is the payoff on the market
portfolio. Rewriting we obtain an expression for the expected return on equity:

Et[Rt+1] = ιt,t+1 +
(
Et

[
RM
t+1

]
− ιt,t+1

) Covt
(
RM
t+1, Rt+1

)
Vart

(
RM
t+1

) = ιt,t+1 + rpt,t+1

where R is the return on the asset, RM is the return on the market portfolio, rp is the

return risk premium, which is determined as the product of the equity beta
Covt(RMt+1,Rt+1)

Vart(RMt+1)
,

and the market risk premium
(
Et

[
RM
t+1

]
− ιt,t+1

)
.

24 See Section 8.2 for a definition of Stein’s Lemma.
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For the CAPM model to be operational, the expected returns on equity Et[Rt+1] must
be constant, i.e., the interest rate, the equity beta and the market risk premium must be
constants. If we make these assumptions, the standard valuation model can be written
as the expected future dividends discounted by the risk-adjusted cost of capital:

Vt =
∞∑
τ=1

Et[dt+τ ]

(1 + ι+ rp)τ
(7.1)

In order to shift the focus from value distribution to value creation we define residual
income as riSTDt+τ = nit+τ − (ι+ rp)bvt+τ−1, and we use (CSR) to obtain the RIV-model:

Vt = bvt +
∞∑
τ=1

Et[ri
STD
t+τ ]

(1 + ι+ rp)τ

Dividing through by the book value of equity, bvt, we obtain a market-to-book ratio,
where residual income returns are RIRSTD

t,t+τ = riSTDt+τ /bvt:

Vt
bvt

= 1 +
∞∑
τ=1

Et

[
RIRSTD

t,t+τ

]
(1 + ι+ rp)τ

(7.2)

That is, the market-to-book ratio is the normal market-to-book ratio plus a book value
premium equal to the risk-adjusted discounted value of expected future Residual Income
Returns.

7.1.1 Stochastic Expected Returns and the Cost of Capital

One of the challenges of using a constant risk-adjusted cost of capital as the discount
rate is that we assume that the expected return on equity is constant. This requires that
the equity beta, the interest rates and the market risk premium are constants. However,
problems arise as evidence of these inputs not being constant is building up as suggested in
Ang and Liu (2004). As emphasized in Christensen and Feltham (2009), if the conditional
expected returns are stochastic, then the estimated unconditional expected returns are
likely to be an upwardly biased measure of the cost of capital. This is due to counter-
cyclical risk premia (see, for example, Cochrane (2008), Cochrane (2005b) and Campbell
and Cochrane (1999)) and Jensen’s inequality for f(x) = 1/x.

By specifying the stochastic process for the conditional expected one-period ahead
gross returns on equity Eτ [REτ ] given the information available at date τ > t, we rewrite
to obtain a pricing expression such that the value of equity is given as:

Vτ =
Eτ [dτ+1 + Vτ+1]

Eτ [REτ ]
, τ ≥ t

Using this relation iteratively to infinity and using the law of iterated expectations yields:

Vt =
Et[dt+1]

Et[REt]
+ Et

[
Et+1[dt+2 + Vt+2]

Et+1[REt+1]

]
/Et[REt]

=
Et[dt+1]

Et[REt]
+ Et

[
Et+1

[
dt+2 + Vt+2

Et+1[REt+1]Et[REt]

]]
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=
Et[dt+1]

Et[REt]
+ Et

[
dt+2

Et+1[REt+1]Et[REt]

]
+ Et

[
Vt+2

Et+1[REt+1]Et[REt]

]

= Et

 ∞∑
τ=t+1

dτ

(
τ−1−t∏
s=0

Et+s[REt+s]

)−1


= Et

[
∞∑

τ=t+1

dτDF
−1
τt

]
(7.3)

where the discount factors DFτt are defined as:

DFτt =
τ−1−t∏
s=0

Et+s[REt+s] (7.4)

and moving the expectation inside the sum, we have that

Vt =
∞∑

τ=t+1

Et[dτDF
−1
τt ] (7.5)

Assume that the conditional expected one-period ahead returns are stochastic due to,
for example, stochastic interest rates. Consequently, the discount factors for dates τ > t+1
are stochastic variables, and (7.5) includes the product of two stochastic variables. The
expectation of the product of two stochastic variables can be rewritten using the covariance
formula,25 and the value of the equity can be expressed as

Vt =
∞∑

τ=t+1

{Et[dτ ]Et[DF
−1
τt ] + Covt[dτ , DF

−1
τt ]}

Research provides evidence of counter-cyclical risk premia such that the covariance term
is positive, i.e., aggregate dividends and the discount factors are positively correlated.26

Equivalently, this means that dividends and expected returns are negatively correlated.
Ignoring the covariance term can introduce a bias in the valuation since we discount

with an upwardly biased measure of cost of capital:

Vt >

∞∑
τ=t+1

Et[dτ ]Et[DF
−1
τt ] >

∞∑
τ=t+1

Et[dτ ]

Et[DFτt]

where the second inequality follows from Jensen’s inequality for f(x) = 1/x. This suggests
that, on average, the expected returns exceed the cost of capital.

Christensen and Feltham (2009) illustrate this bias for expected returns as a proxy for
the firm’s cost of capital using an example with free cash flows. In the following we will
make a similar example to illustrate the bias in expected returns as a proxy for the cost of
capital using the expected future dividends. Initially, assume the conditional one-period
ahead returns to be independent and log-normally distributed, i.e.,

Eτ [REτ ] = exp[µτ ], µτ ∼ N(µ, σ2), τ > t

25 The covariance formula: Et[xy] = Et[x]Et[y] + Covt[x, y]
26 See, for example, Cochrane (2005b) and Cochrane (2008)
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The discount factors are defined similarly as in (7.4)

DFτt =
τ−1−t∏
s=0

exp[µt+s] = exp

[
τ−1−t∑
s=0

µt+s

]
Furthermore, assume that the conditional expected returns are assumed to be independent
of the dividends, i.e., Covt[dτ , DF

−1
τt ] = 0.

The expected value of a log-normal distributed variable, X, is equal to E [exp[X]] =
exp [E[X] + Var[X]/2]. Note that µt is not stochastic given the information at time t, and
following Christensen and Feltham (2009) , we assume that µt = µ − σ2/2. If we apply
this, the equity value at time t becomes

Vt =
∞∑

τ=t+1

Et[dτ ]Et[DF
−1
τt ] =

∞∑
τ=t+1

Et[dτ ]

exp[(τ − t)(µ− σ2/2)]

Hence, using (7.1) the equity cost of capital KEt is given by

KEt = exp[µ− σ2/2]

whereas the expected future conditional expected returns are given by

Et [Eτ [REτ ]] = exp[µ+ σ2/2]

Hence, the cost of capital is smaller than the expected future conditional expected returns.
The bias in expected returns as an estimate of the cost of capital is equal to the variance of
expected return on equity. As illustrated in this example, the expected returns are likely
to be a biased proxy as an estimate of the cost of capital, when the former is stochastic.

Research and model calibrations confirm this bias (Hughes et al., 2009). One way
to overcome the issue is to assume that future expected returns are deterministic, that
is, assuming both that future spot rates and risk premia are deterministic. Practitioners
often implicitly assume this when using conventional asset pricing models. As we will
demonstrate in the next section, these assumptions may not eliminate all issues when
estimating the cost of capital.

7.1.2 Deterministic Expected Returns

In the previous section we showed that the expected returns are likely to be a biased
measure of the cost of capital, when the expected returns are stochastic. We now examine
the effect on the cost of capital if the expected returns are deterministic. This is also
examined in Christensen and Feltham (2009), who show that even if the expected returns
are deterministic, which requires the interest rates and the risk premia to be deterministic,
a problem still exists as the weighted average of the yields on sequences of cash flows is
not equal to the yield on a portfolio of these cash flow sequences.

Initially, assume that the future expected one-period ahead returns are deterministic.
As an example, we choose to use the discounted free cash flows model to determine the
value of the firm at the valuation t, V oa

t , as the discounted expected free cash flows
conditional on information available at date t:

V oa
t =

∞∑
τ=t+1

Et[fcf τ ]

DF τt

(7.6)
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where fcf τ are the free cash flows at date τ and DF τt are the discount factors.
For the expected one-period ahead returns to be deterministic, it requires that all

future spot interest rates and risk premia are deterministic. For simplicity, assume that
the risk premia are the same for all future periods. The expected one-period ahead gross
returns on firm value may then be given as

Et+s[RFt+1] = (1 + ιt+s)(1 + rp)

where ιt+s is the spot one-period interest rate at date t + s and rp is the constant risk
premium per period. The discount factors are then

DF τt =
τ−1−t∏
s=0

(1 + ιt+s)(1 + rp) = (1 + ιt+s)
τ−t

τ−1−t∏
s=0

(1 + rp)

Since the interest rates are deterministic, the one-period forward rates are equal to the
future spot interest rates. Consequently, the yield-to-maturity on zero-coupon bonds at
date t for maturities τ , ιτt, are given by

(1 + ιτt)
τ−t =

τ−1−t∏
s=0

(1 + ιτ+s)

and the discount factors are

DFτt = [(1 + ιτt)(1 + rp)]τ−t

which substituted into the value relation (7.6) yields

V oa
t =

∞∑
τ=t+1

Et[fcf τ ]

[(1 + ιτt)(1 + rp)]τ−t
(7.7)

Using the discount factors as a proxy for the cost of capital of the firm, KFt, it becomes
clear that the cost of capital is some complicated non-linear weighted average of the zero-
coupon interest rates adjusted for the assumed constant risk premium. Hence, the cost
of capital estimates depend both on the term structure of interest rates and the cash flow
pattern.

The common approach in equity valuation is to determine the firm’s cost of capital
as the weighted average cost of capital (WACC), which is determined as the weighted
average of the cost of equity and the cost of debt using the relative values as weights.
The WACC formula assumes a linear weighted average of the different cash flows, but
this holds only in a single-period setting. In a multi-period setting, the cost of capital
on a portfolio of different cash flows sequences is a non-linear weighted average of the
individual sequences. The only situation in which the WACC equals the cost of capital
is when there is a flat term structure of interest rates or if the different sequences of cash
flows grow at the same rate.

In order to illustrate this, we use a simple setting with two two-period cash flow
sequences in which the firm’s future free cash flows are deterministic so that no risk
premia are in play, i.e., rp = 0. Table 1 shows the two cash flow sequences using a set of
zero-coupon interest rates.
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Date
t+ 1

Date
t+ 2

Price
Vt

COC
KFt − 1

WACC

Interest rates, ιτt 2% 5%
Cash flow sequence A 75 150 209.58 4.36%
Cash flow sequence B 150 75 215.09 3.45%
Portfolio of A and B 225 225 424.67 3.95% 3.91%

Table 1: Cost of Capital for a Non-flat Term Structure of Interest Rates

The simple example shows that the WACC is not equal to the cost of capital for the
combined portfolio when the term structure of interest rates is non-flat (but increasing,
which is the most common empirically). The cost of capital for the portfolio is somewhere
between the cost of capital for the individual cash flow sequences. In this example, the
WACC underestimates the cost of capital on the portfolio.

The cost of capital is largest for sequence A, where the cash flows are increasing so that
it ”loads” more on the high zero-coupon interest rate in year t+2. This is because the cost
of capital is the internal rate of return, taking the price of the cash flow sequence and the
expected cash flows as given. Of course, if we had a flat term structure of interest rates
(or if the growth in each cash flow sequence was the same), the individual cost of capital
would be the same. Penman (2013) and most other accounting and valuation textbooks
suggest using the 10-year treasury yield as a constant risk free discount rate (and as the
risk free spot rate when calculation the residual operating income) to recognize that the
term structure of interest rates is not flat. However, the relationship between growth and
the cost of capital is less acknowledged in the standard approach, which may also lead to
an error in the valuation.

7.1.3 Value Additivity

The use of weighted average cost of capital also violates the principle of value additivity,
which is a fundamental property of valuation. It says that the value of a portfolio of two
cash flow sequences must be equal to the sum of the values of the individual sequences of
cash flows. Since the risk-adjusted discount rate reflects the risk in the whole sequence of
future cash flows, and not the risk in the particular cash flow sequence that is discounted
at a specific date, the value additivity principly will generally not be obeyed.

7.2 Risk-Adjusted Discount Rates

In this section, we review the approach of using a standard risk-adjusted cost of capital
in equity valuation. These models apply a constant cost of capital which accounts for
both the time and risk associated with the firm’s cash flows or earnings. When making
assumptions about a constant discount factor, the issue of how to consistently account
for the tax shields that arise from debt financing is central to equity valuation in practice.
For this reason, we will discuss the use of a constant cost of capital by introducing two
basic approaches to deal with the tax shields. It should be stressed, however, that this
discussion is not a prerequisite to understand the empirical implementation where we use
a direct valuation model (in which the tax shields are embedded in the residual income).
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Rather, this section will highlight some of the assumptions made in the standard approach,
and hopefully it will serve as a motivation to think about alternative approaches to equity
valuation.

Again, we use the discounted free cash flows model to determine the value of the
firm at the valuation t, V oa

t , as the discounted expected free cash flows conditional on
information available at date t:

V oa
t =

∞∑
τ=t+1

Et[fcf τ ]

KF τ−t
t

(7.8)

where fcf τ are the free cash flows at date τ and KF τ−t
t is the firm’s gross cost of capital

at date t. A common approach is to determine the firm’s cost of capital as the weighted
average cost of capital, which is determined as the weighted average of the cost of equity
KEt and the cost of debt KDt:

KF t ≈ WACCt =
Vt

Vt +Dt

KEt +
Dt

Vt +Dt

KDt (7.9)

where Vt and Dt are the market values of the firm’s common equity and net debt, respec-
tively, and the value of the firm is given by V oa

t = Vt +Dt.
The valuation models are constructed so they treat value and value creating growth as

something derived from the operations while financial activities are zero-NPV activities.
Value is created by investing in projects which generate earnings that exceed their cost of
capital. This is the fundamental property of residual income which measures earnings in
excess of the capital cost of the book value of invested capital. Similarly, growth is only
value creating if it is growth in residual income created through investments in positive
NPV-activities. Earnings growth alone is not a good measure of growth because earnings
growth can be created through inflation, investments (that may not add value) and the
choice of accounting policies. A good valuation model protects the investor from paying
too much for growth as it only measures growth in residual income.

If there is a tax shield on debt, value is also created through financing. This is an
exception to the principle that the financial activities are zero NPV-acitvities. Since
interest rates are tax deductible, a firm can lower its taxes by issuing debt. However,
if the firm relies too heavily on debt, the firm could face costs that arise for financially
distressed firms which include forgone investment opportunities, agency costs and the
deadweight costs associated with the default (referred to as bankruptcy costs).

There are two basic approaches to deal with the tax shields that arise from debt financ-
ing. The most common approach is the WACC method which uses an after-tax weighted
average cost of capital to discount the free cash flows. Hence, the WACC-approach lowers
the discount rate to reflect the tax shields created by debt financing. An alternative ap-
proach is the adjusted present value (APV) method. This approach determines separately
the value of the firm as the value of an otherwise identical unleveraged firm and explicitly
measures and values the effects on cash flows from financing activities. Hence, the APV
method discounts the so-called comprehensive free cash flows at the before-tax weighted
average cost of capital.

62



7.2.1 The WACC and APV Approach

In order to examine this further, we introduce two definitions of the value of the firm.
First, the value of the firm at date τ (also denoted the value of operations or the enterprise
value) is the sum of the value of the common equity, Vτ , and the value of net debt, Dτ :

V oa
τ = Vτ +Dτ (7.10)

Note that we can view the value of the firm as the value of a portfolio of net debt and
equity.

Second, an alternative way to determine the value of the firm is to use the adjusted
present value (APV) method. This approach determines the value of the firm as the
sum of the values of the comprehensive operating assets, that is, the value of the firm is
separated into the values of the different components which are then added together:

V oa
τ = UAτ + TSτ +BCτ + · · · (7.11)

where UAτ is the value of an otherwise identical unleveraged firm (i.e., ”all-equity” fi-
nanced firm), TSτ is the value of tax shields that arise from debt financing, BCτ is the
value of future bankruptcy costs (i.e., deadweight costs or losses associated with default)
plus any other debt related item (denoted by · · · ). Hence, the APV method explicitly
separate the value of the unleveraged firm (i.e., the value that has nothing to do with the
firm’s financing) and any value created by financing activities, that is, the firm’s use of
(net) debt.

Note that the value of equity can be found easily in (7.10) and (7.11) as

Vτ = V oa
τ −Dτ

Vτ = (UAτ + TSτ +BSτ + · · · )−Dτ

The notion that it is the operating activities that generate value, and that the financing
activities are zero-NPV activities, follows from Modigliani and Miller (1958) and their
theorem on the irrelevance of a firm’s capital structure to its value. The theorem states
that the market value of a firm is not affected by the capital structure of the firm. In
other words, the value of a leveraged firm is equal to the value of an unleveraged firm.
The key assumption behind this theorem is that the total cash flows that a firm can
distribute to its debt- and equityholders are unaffected by the capital structure of the firm.
Hence, if the capital structure decision has no effect on the total cash flows that a firm
can distribute to its debt- and equityholders (i.e., the firm will undertake investments in
operations no matter the capital structure), the total value of the firm is unaffected by the
capital structure. This theorem is based on restrictive (and some urealistic) assumptions
including the assumption that there are no taxes and other market frictions (for example,
transaction costs and bankruptcy costs).

In the presence of corporate taxes, which is a practical modification of the MM-
theorem, the capital structure does have an effect on the value of the firm. Since interest
expenses are tax deductible (i.e., interest payments are deductible from income for tax
purposes), a firm can reduce its tax liabilities by issuing debt. Therefore, the total taxes
paid will be lower, thereby increasing the cash flows available to debt- and equityholders.
Hence, the use of debt provides a tax shield for the firm that translates into tax savings
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which increases the value of the firm. Since the interest tax shield has value, it must be
incorporated into the valuation model.27

The advantage of the APV method is that it follows the value additivity principle and
calculates separately the value created by operations and the value created by finance
activities. Therefore, the APV method is also referred to as valuation by components.
This contrasts with the WACC method that computes the unleveraged cash flows from
operations and accounts for the debt tax shield by lowering the discount rate. The APV
method is much more flexible and easier to use when the firm is expected to change its
capital structure over time or if tax rates are expected to change over time. For this
reason, the method is also recommended in Koller et al. (2010) when a firm is expected
to change its capital structure because the WACC method implicitly assumes that the
firm has reached its target debt-to-value ratio and, therefore, keeps its capital structure
constant. When applying the WACC method, we discount future cash flows at a constant
cost of capital and, thus, implicitly assume that the firm has reached its target ratio
of debt to equity and will keep a constant leverage. If the firm is expected to increase
(decrease) its leverage, the current cost of capital will understate (overstate) the value of
expected tax shields. The WACC method also has problems with including bankruptcy
costs consistently.

In the following, we will discuss the difference between the two approaches. Since
bankruptcy costs are difficult to include in the WACC method, any bankruptcy costs
are ignored in the following discussion of the WACC and APV method. The conceptual
difference between the WACC and APV method is what is included in the free cash flows,
operating assets etc. For this purpose, a clear definition of free cash flows is necessary.
The following definitions follow from Christensen and Feltham (2009).

• Comprehensive free cash flows, fcf τ , defined as the sum of the net cash flows paid
to debt- and equityholders. This is also the firm’s budget constraint at date τ ,
fcf τ = uτ + zτ , where uτ and zτ are the net payments to equity- and debtholders,
respectivily.

• Free cash flows from operations, fcfoτ , defined as the comprehensive free cash flows
which has nothing to do with the firm’s financing, i.e., the ”unleveraged free cash
flows.”

Since we ignore any bankruptcy costs, the difference between the two is the tax savings
from net interests. The tax savings that arise from debt financing are equal to the corpo-

27 For simplicity, we assume that there is no differential taxation of debt and equity income in the hands
of investors. However, as emphasized by Penman (2013), one should not fall into the trap of thinking
only about the tax benefits from the use of debt financing without considering taxes on distributions
to shareholders and debtholders. Miller (1977) introduced this aspect into the analysis as he argued
that if the personal investor tax rates are different on income from debt and income from equity, debt
financing does not necessarily add value. In his model, the effect of debt financing depends on the
corporate tax rate tc, the personal tax rate on debt tpd income and the personal tax rate on equity
income tpe. Depending on the level of these various tax rates, debt can add value, lower value or have
no effect on value. The tax gain from leverage can be calculated by using a tax rate tg determined
from the equation

(1− tg)(1− tpd) = (1− tc)(1− tpe)
which accounts for the net tax savings. If tg is positive, debt financing adds value. Otherwise, there
are no net tax savings from leverage.
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rate tax rate tc times the (net) expected one-period ahead return on debt, Eτ [RDτ ]− 1,
times the opening value of net debt Dτ :

fcf τ+1 = fcfoτ+1 + tc[Eτ [RDτ ]− 1]Dτ (7.12)

Penman (2013) and most accounting and valuation text books (e.g., Petersen and
Plenborg (2012) or Sørensen (2012)) suggest a tax allocation between operations and
financing activities so that the operating income is unleveraged, i.e., the operating income
that has nothing to do with the firm’s financing. This allocation is performed by allocating
the tax savings provided by the tax shield from debt financing in the financial items as
part of the financial income. Subsequently, this value is then added to the reported tax
(as an ”extra” cost) which is then subtracted from the operating income, i.e., cleaning
out the tax advantage included in the reported tax.

In the following we will analyze how the two methods account for the tax shields in
a more detailed and formalized manner. The following results and derivations are largely
inspired by Christensen and Feltham (2009), but are supported by relevant literature as
Koller et al. (2010) and Hillier et al. (2011).

The WACC method .
Since the value of the firm can be viewed as a portfolio of net debt and equity, it follows
from (7.10) that the expected one-period ahead return on the firm Et[RFt] is equal to the
weighted average of the expected one-period ahead return on equity Et[REt] and net debt
Et[RDt]:

Et[RFt] = Et[REt]
Vt
V oa
t

+ Et[RDt]
Dt

V oa
t

(7.13)

where Vt and Dt are the market values of the firm’s common equity and net debt, re-
spectively, and the value of the firm is given by V oa

t = Vt + Dt. In other words, the
expected one-period ahead return on a portfolio (firm) is equal to the weighted average
of the expected one-period ahead returns on the individual assets in the portfolio (equity
and net debt), i.e., the expected one-period ahead return required by the firm’s sources
of financing.

The firm’s expected one-period ahead return can be defined as the following expression
using the definition of comprehensive free cash flows from Equation (7.12):

V oa
τ =

Eτ [fcfoτ+1 + V oa
τ+1] + tc[Eτ [RDτ ]− 1]Dτ

Eτ [RFτ ]
(7.14)

Starting at the valuation date t and rewriting:28

V oa
t =

Et[fcfot+1 + V oa
t+1]

Et[RFt]− tc[Et[RDt]− 1] Dt
V oat

(7.15)

By substituting the firm’s expected one-period ahead return on assets in (7.13) into the
firm value-relation in (7.15), we obtain an after-tax discount factor, i.e., the weighted
average of expected one-period ahead after-tax returns denoted by WAERAT

t :

28 See Appendix A.4 for a derivation.
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V oa
t =

Et[fcfot+1 + V oa
t+1]

Et[REt]
Vt
V oat

+ Et[RDt]
Dt
V oat
− tc[Et[RDt]− 1] Dt

V oat

V oa
t =

Et[fcfot+1 + V oa
t+1]

WAERAT
t

(7.16)

where the weighted average of expected one-period ahead after-tax returns WAERAT
t is

the WACC-formula used for discounting the free cash flows from operations:

WAERAT
t ≡ Et[REt]

Vt
V oa
t

+ [Et[RDt]− tc[Et[RDt]− 1]]
Dt

V oa
t

(7.17)

Assuming that the weighted average of expected one-period ahead after-tax returns are
constant over time, i.e., WAERAT

τ = WAERAT
t , τ > t, we derive the WACC-valuation

formula using Equation (7.16) iteratively

V oa
t =

∞∑
τ=t+1

Et[fcfoτ ]

(WAERAT
t )τ−t

(7.18)

Since the constant WACC is an after-tax discount factor it recognizes the value of the tax
shield for a constant leverage level. If the leverage changes, the constant cost of capital
will account incorrectly for the value of the expected tax shields. Of course, in a world
without taxes, the WACC would remain constant when the leverage changed because,
as postulated by Modigliani and Miller, any change in the capital structure is perfectly
offset. For example, an increase in leverage would increase the weight on the (lower
costing) debt which would be perfectly offset by an increase in the equity cost of capital
as the risk to equityholders had increased so that they would require a higher return.
With taxes, however, changes in leverage are not perfectly offsetting as the cost of capital
is a decreasing function in leverage (up until the point where the firm has eliminated its
tax liabilities). Hence, the current cost of capital will understate (overstate) the value of
expected tax shields if the firm is expected to increase (decrease) its leverage.

The APV method .
The value of the firm can be viewed as a portfolio of the value of the common equity and
the value net debt, i.e., V oa

τ = Vτ + Dτ . On the debit site of the T-account, we can also
view the value of the firm as a portfolio of the value of the unleveraged assets and the
value of the debt tax shields,29 i.e.,

V oa
τ = UAτ + TSτ . (7.19)

The value of the unleveraged assets at date τ is

UAτ =
Eτ [fcfoτ+1 + UAτ+1]

Eτ [RUAτ ]
(7.20)

29 We ignore any other value from debt financing, i.e., bankruptcy costs and other costs related to
leverage.
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where Eτ [RUAτ ] is the expected one-period ahead return on the unleveraged assets. Ac-
cording to Modigliani and Miller, the operations have their inherent risk depending on
the riskiness of the business, not on how the firm’s assets are financed, i.e. the capital
structure. Since the return on the unleveraged assets is independent of leverage, it is
less restrictive to assume that the expected one-period ahead returns on the unleveraged
assets are constant (in contrast to the WACC method where the debt tax shields are
included in the discount factor which results in a decreasing cost of capital as a function
of leverage). Hence, we can determine the value of the unleveraged assets at date t as the
present value of the cash flows from operations:

UAt =
∞∑

τ=t+1

Et[fcfoτ ]

Et[RUAt]τ−t
(7.21)

The value of the interest tax shields on net debt at date τ is the present value of the tax
savings:

TSτ =
tc[Eτ [RDτ ]− 1]Dτ + Eτ [TSτ+1]

Eτ [RTSτ ]
(7.22)

where tc is the corporate tax rate and Eτ [RTSτ ] is the expected one-period ahead return
on the tax savings.

Following Koller et al. (2010) and Hillier et al. (2011) with respect to the derivations,
the expected one-period ahead return on the firm is the portfolio-weighted average of the
expected one-period ahead return on the unleveraged assets Et[RUAt] and the expected
one-period ahead return on the interest tax shield Et[RTSt].

Et[RFt] = Et[RUAt]
UAt
V oa
t

+ Et[RTSt]
TSt
V oa
t

(7.23)

Since the balance sheet must add up, the expected one-period ahead return on the firm
is also equal to the weighted average of the expected one-period ahead return on equity
Et[REt] and net debt Et[RDt] from Equation (7.13).

According to Koller et al. (2010), the risk of the company’s assets, operating and
financial, must equal the risk of the financial claims against those assets. Hence, the total
risk of the firm’s unleveraged assets and interest tax shield on net debt must equal the
total risk of the financial claims against those assets, i.e. equity and net debt. Thus,
equating the two relations for the expected one-period ahead returns on the firm, i.e.
setting (7.13) equal to (7.23), we get

Et[REt]
Vt
V oa
t

+ Et[RDt]
Dt

V oa
t

= Et[RUAt]
UAt
V oa
t

+ Et[RTSt]
TSt
V oa
t

(7.24)

The relationship between the expected one-period ahead return on equity and leverage is
shown by isolating the expected one-period ahead return on equity in the equation:30

Et[REt] = Et[RUAt] +
Dt

Vt
(Et[RUAt]− Et[RDt])−

TSt
Vt

(Et[RUAt]− Et[RTSt]) (7.25)

Note that the expected one-period ahead return on equity has two components; operat-
ing risk and financing risk components. The operating risk is the risk imposed on the

30 See Appendix A.4 for a derivation.
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shareholders that is only related to the operations, and the expected return is therefore
the expected return on unleveraged assets (i.e. ”all-equity” financed firm). The financing
risk is the premium that arise from leverage, thus, a premium for the increased risk that
arises from the use of debt, less the interest tax shield the also arise from the use of debt.

Note that if the company has no debt (Dt = 0), then there is no leverage premium,
and therefore also no interest tax shield (TSt = 0). Hence, the expected one-period ahead
return on equity is equal to the expected one-period ahead return on the unleveraged
assets. This explains the term ”unleveraged” or ”all-equity” on the debit-site of the
T-account.

Since the expected one-period ahead return on the unleveraged assets Et[RUAt] and
the expected one-period ahead return on the tax shields Et[RTSt] are unobservable, we
have one equation with two unknowns. We must therefore impose additional assumptions
on the future debt tax shields in order to solve for the expected one-period ahead return
on equity (or the expected one-period ahead return on the unleveraged assets). Two
common assumptions on future interest tax shields are made in the literature:

A) Constant expected tax shields. This model is introduced in Hamada (1972).

B) Proportional tax shields. This model is introduced in Miles and Ezzell (1980).

A) Constant expected tax shields .
In this setting we first assume that the expected one-period ahead return on the interest
tax shields is equal to the expected return on debt.

Eτ [RTSτ ] = Eτ [RDτ ] (7.26)

Hence, the risks of the interest tax shield are the same as the risks of the debt. Substituting
this relation into Equation (7.25), we establish a simplified expression

Et[REt] = Et[RUAt] +
Dt − TSt

Vt
(Et[RUAt]− Et[RDt]) (7.27)

As this stage, we have allowed the debt to fluctuate. In order to obtain an explicit value
of the interest tax shield TSt, we impose an additional assumption that the value of the
debt is constant (in absolute terms) and perpetual.

If the value of the debt is fixed and the expected one-period ahead returns on debt are
constant, the annual interest expenses are [Et[RDt]− 1]Dt, and therefore the annual tax
savings are tc[Et[RDt]− 1]Dt. Since this is also constant, the present value of the interest
tax shields is equal to the annual tax savings in perpetuity:

TSt =
tc[Et[RDt]− 1]Dt

[Et[RDt]− 1]
= tcDt (7.28)

Substituting this into Equation (7.27), we establish a relation for the expected one-period
ahead return on equity:

Et[REt] = Et[RUAt] +
(1− tc)Dt

Vt
(Et[RUAt]− Et[RDt]) (7.29)

68



and this can also be expressed in beta terms

βEt = βUAt +
(1− tc)Dt

Vt
(βUAt − βDt ) (7.30)

And we have now established some relations to unlever or relever expected returns on
equity, the relations are based on very restrictive assumptions, and their usefulness is
therefore limited.

B) Proportional tax shields .
Instead of assuming that the firm will have a constant amount of debt, we now assume
that the debt is a constant proportion of the firm value, i.e., the firm will maintain a given
debt to equity ratio. We assume that the value of the debt is continuously adjusted such
that the firm will have a constant proportion of debt to the firm value. Hence, when the
value of the firm rises, it will need to issue new debt and repurchase equity such that the
debt grows in line with the value of the firm. Equivalently, when the firm value falls, it
needs to issue equity and retire debt.

In this setting, the risks of the future tax shields are the same as the risks of the
unleveraged assets:

Eτ [RTSτ ] = Eτ [RUAτ ] (7.31)

Substituting this into Equation (7.25), the relation for the expected one-period ahead
return on equity becomes:

Et[REt] = Et[RUAt] +
Dt

Vt
(Et[RUAt]− Et[RDt]) (7.32)

and this can also be expressed in beta terms

βEt = βUAt +
Dt

Vt
(βUAt − βDt ) (7.33)

Note that although we are in a world with corporate taxes, we have established the same
relations as in a world without taxes. Note also that when expressing the relations in
beta-terms, we can impose an additional assumption that the debt is near riskless, thus,
setting the beta of debt equal to zero (βDt = 0), and further simplify the relation in
Equation (7.33):

βEt = βUAt

(
1 +

Dt

Vt

)
(7.34)

In this setting, the firm value can be based on the comprehensive free cash flows
discounted at the expected one-period ahead returns on the unleveraged assets, i.e.,

V oa
t =

Et[fcft+1 + V oa
t+1]

Et[RUAt]
(7.35)

Unlevering Equation (7.32), we obtain a before-tax weighted average of expected one-
period ahead returns

WAERBT
t ≡ Et[RUAt] = Et[REt]

Vt
V oa
t

+ Et[RDt]
Dt

V oa
t

(7.36)
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Note that the tax shields are reflected in the free cash flows, and not in the discount
factor. The discount factor is independent of leverage because it is determined as the
expected one-period ahead returns on the unleveraged assets (in contrast to the WACC
method in which an after-tax discount rate is used). Assuming that the before-tax cost
of capital in (7.36) is constant, and applying (7.35) iteratively yields

V oa
t =

∞∑
τ=t+1

Et[fcfτ ]

(WAERBT
t )τ−t

(7.37)

Hence, if the expected returns on equity are estimated over a period with a relatively con-
stant leverage, then the estimate of the before-tax cost of capital (obtained by unlevering
(7.32)) is relatively precise.

7.2.2 The Equity Cost of Capital

In section 5 we presented the factor models including the CAPM, and in the beginning of
this section we derived the CAPM valuation model. In this section, we will describe the
procedure for estimating the cost of equity using the CAPM.

The first step is to estimate the equity beta as the slope of a time-series regression of
equity returns on the returns of some stock index, which in our empirical implementation
is the S&P 500 index. We use the CAPM model with a time-varying riskless interest rate
as presented in (Christensen and Feltham, 2009, p. 35). This is a simple regression that
is easy to implement using the following regression equation

REτ −Rτ = αEt + βEt [RMτ −Rτ ] + ετ , τ = s, s+ 1, . . . , t− 1 (7.38)

where REτ denotes the observed return for the firm and RMτ the market proxy return
at time τ , and Rτ is the observed short-term risk-free interest rate for the period of
which returns are calculated. The αEt found using the regression should be equal to zero
according to CAPM theory.

There are several issues related to this model. One of the biggest issues with the
model is that it has only one beta for the entire period. Beta fluctuates wildly over time,
and if one desires a specific estimate of beta, this can often be obtained by adjusting the
time period or measurement intervals. Another issue is selecting the appropriate index as
the market proxy. In section 11.1.1, we will describe in further detail how the betas are
estimated and plugged into the standard CAPM valuation model.

The next step is to estimate the market risk premium. This risk premium is not
directly observable in the market, and is an expression of the systematic market risk that
cannot be mitigated through diversification. As the market risk premium is very difficult
to estimate and is very crucial to the final value of the company, we chose to abstain from
trying. Instead we will do as suggested by dr.oecon Peter Ove Christensen, and use a
constant market risk premium of 4.5 %.31

Betas and market risk premia are hard to estimate reliably even if the CAPM or the
Fama-French model is true. As (Penman, 2013, p. 650) states it:

Compound the error in beta and the error in the risk premium and you have a
considerable problem. The CAPM, even if true, is quite imprecise when applied. Let’s be

31 Lecture notes, Valuation (D2), P. O. Christensen (2016)
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honest with ourselves: No one knows what the market risk premium is. And adopting
multifactor pricing models adds more risk premiums and betas to estimate. These

models contain a strong element of smoke and mirrors.

The risk-adjusted cost of capital is estimated by determining the firm specific beta,
the general market risk premium and the risk-free interest rate. The valuation process
is particularly sensitive to changes in the cost of capital, and by compounding the error
in beta and the error in the risk premium in a multi-period valuation process we could
face a considerable problem. This sensitivity is because of the estimated risk premium
being compounded through the discount factor, leading to exponentially increasing risk-
adjustments to expected future residual income (Bach and Christensen, 2016, p. 1).

As a concluding remark, we have now analyzed how the standard equity valuation
models apply a constant risk-adjusted cost of capital to discount future cash flows or
earnings. In a multi-period setting with uncertainty it seems somewhat unsatisfactory to
use a constant discount factor that accounts for both time and risk. This is because this
approach does not provide a link between the risk premium in the discount factor and
the time-series properties of the firm’s fundamentals. Moreover, the valuations are very
sensitive to inputs like betas and market risk premia. Instead, it would make sense to
use an approach that recognizes the time-series properties of the cash flows or earnings
and the associated risk-adjustments. In the following sections we develop such equity
valuation models.
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8 Equity Valuation with HARA Utility

In this section we will continue with the general equilibrium approach presented in section
3. Now additional economic structure is imposed on the model, as we make specific
assumptions regarding the preferences of the investors and the distributions of residual
income, aggregate consumption and prices.

In order to study the valuation index, we first need to find the marginal utilities of
the investors. We assume that the preferences of the investors are represented by a time-
additive HARA32 utility function. This class of utility functions have affine risk tolerances,
i.e., there exists two parameters α and b such that ART(c) = − u′(c)

u′′(c)
= αc+b, where u(c) is

a utility function. Observe that these functions have constant risk cautiousness ART′(c) =
α. Furthermore, we will assume that the investors have identical risk cautiousness, i.e.,
they all have linear risk tolerance functions with identical slopes.

We will only focus on one particular case of HARA utility, which is the CRRA speci-
fication

uiτ (ciτ ) = βPτ
1

α− 1
[αciτ − biτ ]

α−1
α , βPτ = exp[−θτ ], αciτ − biτ > 0 (8.1)

Another version of this type of utility function is often seen as

uiτ (ciτ ) =
1

1− γ c
1−γ
iτ

(8.2)

For now, we will move on with the general version in equation (8.1) and later turn our
focus to the special CRRA33 case in equation (8.2).

We know from Proposition 9 that given a Pareto efficient equilibrium, individual
consumption plans are linear in aggregate consumption such that ciτ (xτ ) = fiτ + υiτxτ .
We can now derive the investors’ marginal utilities as

u′iτ (ciτ ) = βPτ [αciτ − biτ ]−1/α

For further purposes, rewrite this as

u′iτ (ciτ ) = βPτ exp [− ln(αciτ − biτ )/α]

Define fiτ = (biτ − υib0τ )/α, where b0τ =
∑

i biτ is the aggregate minimum consumption
level.34 Then

αciτ − biτ = α (fiτ + υixτ )− biτ
= αfiτ + αυixτ − biτ
= α ((biτ − υib0τ ) /α) + αυixτ − biτ
= αυixτ − υib0τ

32 Hyperbolic Absolute Risk Aversion
33 Constant Relative Risk Aversion - RRA(c) = −cu

′′(c)
u′(c) = γ

34 See Table 4.1, Christensen and Feltham (2003)
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Furthermore, denote accRτ = xτ/I as the aggregate real consumption per capita, and let
b̄τ = b0τ/I be the average minimum consumption level. Then we can rewrite the marginal
utility as

u′iτ (ciτ ) = βPτ exp
[
− ln(αυiacc

R
τ I − υib̄τI)/α

]
= βPτ exp

[
− ln

(
(Iυi)(αacc

R
τ − b̄τ )

)
/α
]

= βPτ (Iυi)
−1/α exp

[
− ln(αaccRτ − b̄τ )/α

]
Denote ciRτ = ln(αaccRτ − b̄τ )/α as the real consumption index. Hence

u′iτ (ciτ ) = βPτ (Iυi)
−1/α exp

[
−ciRτ

]
Now we turn our focus to the special CRRA case in equation (8.2). Assuming investors’
preferences are represented by such a utility function, yields that b̄τ = 0. Furthermore,
observe that the risk cautiousness, ART′(c), for such a function, is equal to 1

γ
, i.e., α = 1

γ
.

Hence, we can write ciRτ = ln(αaccRτ − b̄τ )/α = ln( 1
γ
accRτ )γ.

8.1 The Valuation Index

Now we turn our attention to the valuation index. The nominal valuation index was given
in Equation (3.23) as

qτt(xτ , pτ ) =
u′iτ (ciτ (xτ ))/pτ

Et

[
u′iτ (ciτ )/pτ

] , τ > t; i = 1, ..., I (8.3)

Hence, we can derive

qτt(xτ , pτ ) =
βPτ (Iυi)

−1/α exp
[
−ciRτ

]
/pτ

Et [βPτ (Iυi)−1/α exp [−ciRτ ] /pτ ]

=
exp

[
−ciRτ

]
/pτ

Et [exp [−ciRτ ] /pτ ]

=
exp

[
− ln

(
1
γ
accRτ

)
γ
]
/pτ

Et

[
exp

[
− ln

(
1
γ
accRτ

)
γ
]
/pτ

]
=

{
exp

[
−γ ln

(
1
γ

)]
exp

[
−γ ln

(
accRτ

)]}
/pτ

Et

[{
exp

[
−γ ln

(
1
γ

)]
exp [−γ ln (accRτ )]

}
/pτ

]
=

exp
[
−γ ln

(
accRτ

)]
/pτ

Et [exp [−γ ln (accRτ )] /pτ ]

=
exp

[
−γ ln

(
accRτ

)]
/ exp [ln(pτ )]

Et [exp [−γ ln (accRτ )] / exp [ln(pτ )]]

=
exp

[
−γ ln(accRτ )− ln(pτ )

]
Et [exp [−γ ln(accRτ )− ln(pτ )]]

=
exp [−ciτ ]

Et [exp [−ciτ ]]
≡ Hτt(ciτ )
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where ciτ is defined as the inflation- and risk-adjusted consumption index at date τ , i.e.,

ciτ = γ ln(accRτ ) + ln(pτ ) (8.4)

We assume that the consumption index is normally distributed, i.e., we implicitly
assume that the price level is log-normally distributed and risk-adjusted aggregate real
consumption per capita accRτ is log-normally distributed. These assumptions are con-
sistent with the standard asset pricing assumptions of aggregate consumption and price
levels following geometric Brownian motions.

In order to simplify the analysis (and make the model empirically implementable),
we assume that the consumption index is such that the interest rates are constant and
deterministic. This is the case if we assume that the consumption index follows the simple
process

ciτ = ciτ−1 + υ + δτ

where the assumption of a constant growth rate υ implies that the interest rates are
constant. We will discuss this further in the implementation of the model in section 11.2.

8.2 The CCAPM-based Valuation Model

Returning to the valuation relation in Equation (6.15)

Vt =
∞∑

τ=t+1

Bτt {Et[dτ ] + Covt [dτ , qτt]} (8.5)

Since future dividends (and therefore also the residual income) and the consumption index
are jointly normally distributed, we can apply Stein’s Lemma to obtain an implementable
value relation.

Stein’s Lemma If X and Y are jointly normally distributed random variables and H(·)
is some differentiable real-valued function with E [|H′(Y )|] <∞, then

Cov [X,H(Y )] = E [H′(Y )] Cov[X, Y ]

Hence, applying Stein’s lemma to Equation (8.5) yields

Vt =
∞∑

τ=t+1

Bτt {Et[dτ ] + Et [H′τt(ciτ )] Covt [dτ , ciτ ]}

Since

Et [H′(ciτ )] = Et

[
− exp[−ciτ ]

Et [exp[−ciτ ]]

]
= −1

we end up with the CCAPM valuation relation

Vt =
∞∑

τ=t+1

Bτt {Et[dτ ]− Covt [dτ , ciτ ]} (8.6)
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We re-express the dividends in terms of accounting numbers using the clean surplus
relation. We define the residual income riτ that gives a measure of value creation:

riτ = niτ − ιτ−1bvτ−1

Assuming compliance with the clean surplus relation (CSR)

bvτ = bvτ−1 + niτ − dτ (CSR)

Equation (8.6) can be rewritten as the residual income model, which expresses the value
of the common shareholders’ equity at time t as the sum of the book value of equity and
risk-adjusted expected future residual income discounted by the risk-free interest rate:

Vt = bvt +
∞∑

τ=t+1

Bτt {Et[riτ ]− Covt [riτ , ciτ ]} (8.7)

where bvt is the book value of equity at date t, niτ is the comprehensive net income, and
dτ is the net-dividend.

Instead of residual income, the model should be written as expected residual income
returns, RIRt,t+τ = riτ+t/bvt, over a period from time t to t+τ in order to be comparable
with the model used in Bach and Christensen (2016). First, this requires a change in the
time period in (8.7) so that we can express the returns in a more elegant way. Second,
we divide through by the book value of equity at the valuation date so that we obtain an
expression for the market-to-book-ratio:

Vt
bvt

= 1 +
∞∑
τ=1

Bt,t+τ [Et (RIRt,t+τ )− Covt (RIRt,t+τ , cit+τ )] (8.8)

That is, the market-to-book ratio is the normal market-to-book ratio plus a book value
premium equal to the risk-adjusted expected future residual income returns discounted
by the risk-free rate.

Observe that there are two elements to the risk-adjustment. The first element regards
how the expected future residual income returns are correlated with real aggregate con-
sumption, and the covariance is increasing in the common relative risk aversion parameter
γ. If the correlation between aggregate consumption and the expected future residual in-
come returns is negative, i.e., the company is doing well in bad times (consumption wise),
the investors see the asset as an insurance against bad times and therefore they assign a
higher value to the asset. In other words, the risk adjustment is positive which suggests
that the residual income in that particular industry provides a hedge against bad states
of the economy. This could very well be the case for investments in firms in, for example,
the medical industry where the market for medicine is not very dependent on the state of
the economy. The second part regards the price level. The more correlated the expected
future residual income returns are with the price level, the greater is the risk-adjustment.
This dependency between the expected future residual income returns and the inflation
can be interpreted as a reduction in the insurance against changes in purchasing-power.

In the valuation model stated above we have made some assumptions and simplifica-
tions. This includes the assumption of deterministic and constant interest rates. More-
over, we use a direct valuation model where the tax advantage of debt is embedded in the
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residual income (as part of the financial income) that flows directly to the equityholders.
If we had used an indirect model like, for example, the residual operating income model,
we would be able to account for the tax shields that arise from debt in a more flexible way
by applying the APV method (see Section 7.2.1). In the search for a possible extension of
the model, we direct the attention to the general equilibrium equity valuation developed
in (Christensen and Feltham (2009), Proposition 5.2). This model allows for stochastic
interest rates, a tax advantage of debt (included in the operating income), and stochastic
inflation.

In order for the valuation model in (8.8) to be empirically implementable, we must
obtain an explicit solution of the time-varying risk adjustment term. To do this, the pro-
cedure is to make assumptions regarding the time-series properties of the variables in the
model, namely the stochastic processes of the residual income returns and the consump-
tion index. Then the covariance between residual income returns and the consumption
index has an explicit expression as will be shown in Section 11.2. The derivation of this
explicit risk-adjustment term is based on the time-series properties of the residual income
returns and the consumption index, and it is described in (Bach and Christensen (2016),
Section 2.3). We chose not to include it, since we will do similar derivations for a ’new’
model in the following section.
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9 Equity Valuation with Recursive Utility

In this section, we will extend the equity valuation-framework with recursive utility, of-
fering a possible resolution to the equity premium puzzle in the model. First, we will link
the Epstein Zin asset pricing model to the equity valuation model which yields an equilib-
rium valuation model in an Epstein-Zin framework. Second, we will study the time-series
properties of the fundamentals in the model in order to obtain explicit solutions to the
risk-adjustment terms which will go into the implementable version of the model. Again,
since this part serves as our contribution to the equity valuation research, many details
and explanations are included in this section.35

9.1 Derivation of the Valuation Model

The starting point is the value relation given by (2.16)

Vt =
∞∑

τ=t+1

Et

[
ζτ
ζt
dτ

]
(9.1)

where ζτ
ζt

is the event-price deflator. As described in the preceding sections, we can define
a valuation index qτt which is the event-price deflator normalized by a zero coupon bond
price, i.e.,

ζτ
ζt

Bτt

= qτt

We can rewrite equation (9.1) using the property of the conditional expectation of the
product of two random variables36

Vt =
∞∑

τ=t+1

Et [Bτtqτtdτ ]

=
∞∑

τ=t+1

BτtEt [qτtdτ ]

=
∞∑

τ=t+1

Bτt {Et[dτ ]Et[qτt] + Covt [dτ , qτt]}

Since the valuation index is given by the Radon-Nikodym derivative between the probabil-
ity measures Qτt and P and, it follows that Et[qτt] = 1. Hence, we reach at the valuation
relation using the valuation index

Vt =
∞∑

τ=t+1

Bτt {Et[dτ ] + Covt [dτ , qτt]} (9.2)

35 We would like to send a special thanks to dr.oecon Peter Ove Christensen for his advices during our
derivation of the model. At some occasions, we might even have tested his faith in master’s students.

36 The covariance formula
Et[xy] = Et[x]Et[y] + Covt[x, y]
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As shown in the preceding sections, the one-period event-price deflator in the Epstein-Zin
framework is given in (4.22) as

ζt+1

ζt
= e−δθ

(
ct+1

ct

)−θ/Ψ
(RW

t+1)θ−1

We know that we can go from time 0 to time t by

ζ1

ζ0

· ζ2

ζ1

· ... · ζt−1

ζt−2

· ζt
ζt−1

= ζt

since we define ζ0 = 1.
Hence, we should be able to go from time t to time τ , i.e., an arbitrary number of

steps into the future by
ζt+1

ζt
· ζt+2

ζt+1

· ... · ζτ−1

ζτ−2

· ζτ
ζτ−1

=
ζτ
ζt

⇒ e−δθ
(
ct+1

ct

)−θ/Ψ
(RW

t+1)θ−1 · e−δθ
(
ct+2

ct+1

)−θ/Ψ
(RW

t+2)θ−1

· ...

· e−δθ
(
cτ−1

cτ−2

)−θ/Ψ
(RW

τ−1)θ−1 · e−δθ
(

cτ
cτ−1

)−θ/Ψ
(RW

τ )θ−1 =
ζτ
ζt

which yields

e−δθ·(τ−t)
(
cτ
ct

)−θ/Ψ τ∏
s=t+1

(RW
s )θ−1 =

ζτ
ζt

(9.3)

Define the gross rate of return on the optimally invested portfolio between time t and
time τ as

RW
τt =

τ∏
s=t+1

RW
s =

Pτ
Pt

(9.4)

where Pt is the market value of an optimally invested portfolio at time t. In the above
equation we assume that no intermediate dividends are paid. If any intermediate dividends
are received, they are immediately reinvested in the same asset.

Remember that we normalized the event-price deflator to obtain the valuation index
by dividing the event-price deflator with the zero coupon bond price, but notice the
following37

Covt[dτ , qτt] = Covt

[
dτ ,

ζτ
ζt

Bτt

]
=

Covt

[
dτ ,

ζτ
ζt

]
Bτt

which substituted into (9.2) yields the value relation

Vt =
∞∑

τ=t+1

Bτt

Et[dτ ] +
Covt

[
dτ ,

ζτ
ζt

]
Bτt

 (9.5)

37 see Appendix A.5 for proof.
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For reasons that will be clear later, define ln
(
cτ
ct

)
= gτt as the log growth of consump-

tion, and let ln
(
Pτ
Pt

)
= rWτt be the log-return on the optimally invested wealth by the

investor. Then, to be able to work further and apply Stein’s Lemma, we will need the
following application. Remember the rule eln(x) = x. This means that we can write our
event-price deflator as

ζτ
ζt

= e
ln
(
ζτ
ζt

)
= e−δθ(τ−t)−

θ
Ψ
gτt+(θ−1)rWτt

Define a normally distributed variable

z = −δθ(τ − t)− θ

Ψ
gτt + (θ − 1)rWτt

So that ζτ
ζt

= ez = H(z). Inserting this into (9.5) yields

Vt =
∞∑

τ=t+1

Bτt

{
Et[dτ ] +

Covt[dτ ,H(z)]

Bτt

}
(9.6)

If we assume that future dividends (and therefore also the residual income) and z are
jointly normally distributed, then Stein’s Lemma and the value relation (9.6) imply that

Vt =
∞∑

τ=t+1

Bτt

{
Et[dτ ] +

Et [H′(z)] Covt [dτ , z]

Bτt

}
(9.7)

Note that the following holds

Et [H′(z)] = Et [ez] = Et

[
ζτ
ζt

]
= Bτt

So that (9.7) simplifies to

Vt =
∞∑

τ=t+1

Bτt {Et[dτ ] + Covt[dτ , z]}

Observe that we can rewrite the covariance term as

Covt [dτ , z] = Covt

[
dτ ,−δθ(τ − t)−

θ

Ψ
gτt + (θ − 1)rWτt

]
= − θ

Ψ
Covt [dτ , gτt] + (θ − 1)Covt

[
dτ , r

W
τt

]
(9.8)

So we end up with valuation relation

Vt =
∞∑

τ=t+1

Bτt

{
Et[dτ ]−

θ

Ψ
Covt [dτ , gτt] + (θ − 1)Covt

[
dτ , r

W
τt

]}
(9.9)

Again, we re-express the dividends in terms of residual income using the clean surplus
relation Hence, Equation (9.9) can be rewritten as the residual income model, which
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expresses the value of the common shareholders’ equity at time t as the sum of the book
value of equity and risk-adjusted expected future residual income discounted by the risk-
free interest rate

Vt = bvt +
∞∑

τ=t+1

Bτt

{
Et[riτ ]−

θ

Ψ
Covt [riτ , gτt] + (θ − 1)Covt

[
riτ , r

W
τt

]}
(9.10)

where bvt is the book value of equity at date t and riτ = niτ − ιτ−1bvτ−1 is the residual
income in period τ .

Similarly as in the preceding section, the value relation is rewritten in terms of ex-
pected residual income returns, RIRt,t+τ = riτ+t/bvt, over a period from time t to t + τ
in order to be comparable with its counterparts. Hence, changing the time period in
(9.10) and dividing through by the book value of equity at the valuation date, we obtain
an expression for the market-to-book-ratio as the normal market-to-book ratio plus a
book value premium equal to the risk-adjusted expected future residual income returns
discounted by the risk-free rate

Vt
bvt

= 1+
∞∑
τ=1

Bt,t+τ

{
Et[RIRt,t+τ ]−

θ

Ψ
Covt [RIRt,t+τ , gt,t+τ ] + (θ − 1)Covt

[
RIRt,t+τ , r

W
t,t+τ

]}
(9.11)

Note that there are two elements in the risk-adjustment to expected future residual income
returns. The first element is made up of the covariance with the consumption growth.
In addition, the second element performs a risk adjustment for the correlation with the
return on the optimally invested wealth of the investor. This is the ’new’ risk-adjustment
compared to the HARA-equity valuation model. The element risk-adjusts for the corre-
lation between the performance of the company (measured by residual income returns)
and the return on the optimally invested wealth of the investor. Hence, it pertains to
how good a hedge the stock is against unfavorable movements in the wealth portfolio.
However, whether it should be a positive or negative risk-adjustment depends on how the
preference parameters are set, which in turn determines the sign of θ. The same goes
for the first element. Assume that the stock has a positive correlation with the wealth
portfolio. If θ < 1 then the covariance term will have a negative sign in front of it,38

resulting in a negative risk-adjustment associated with the return on the wealth. We will
discuss the parameter choices further in the empirical implementation in Section 11.3.

Compared to the HARA-valuation model in (8.8), the two risk-adjustment terms in
the Epstein-Zin model will most likely introduce more stochastic variation in the model,
offering a possible resolution of the equity premium puzzle that results in too conser-
vative risk-adjustments in the HARA-valuation model. Based on the observation that
the stochastic variation in real aggregate consumption is too smooth to fit observed risk
premia in asset prices for reasonable relative risk aversion parameters, this model intro-
duces a new term measuring the covariance between the return on an optimally invested
portfolio of the investor and the residual income returns.

The valuation model stated above is based on some simplifying assumptions in order
to make it empirically implementable. Similarly as with the HARA-valuation model, this

38 In the Epstein-Zin framework, this is the case if the investor prefers late resolution of uncertainty
which is the case if γ < 1/ψ.
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includes the assumption of deterministic and constant interest rates. Moreover, we have
assumed that inflation is deterministic and, hence, there is no inflation risk premium in
this model. Again, since we use a direct valuation model where the tax advantage of debt
is embedded in the residual income (as part of the financial income), this model could
be extended into a indirect valuation model, where we would be able to account for the
tax shields that arise from debt in a more flexible way by applying the APV method (see
Section 7.2.1).

As a concluding remark, the model can indeed be extended into a setting with stochas-
tic interest rates, a tax advantage of debt (included in the operating income), and stochas-
tic inflation. For this purpose, in order to determine the term structure of risk-adjustments,
one could set up a first-order vector-auto-regressive model of the stochastic processes of
the fundamentals. We will leave this up to further research. Instead, in order to make the
model empirically implementable, we will study the time-series properties of the stochastic
processes in the model.

9.2 Modeling the Stochastic Processes: Residual Income Re-
turns, Consumption Growth Rate and Market Return

The model in previous section prices all assets using the value relation (9.11). However,
further assumptions are needed for the model to be empirically implementable. No-
arbitrage does only ensure the existence of the valuation index but not what determines
the valuation index. We use a general equilibrium approach (as presented in section 4),
and impose additional economic structure on the model such that the valuation index can
be determined in terms of more fundamental economic variables. We make assumptions
regarding the preferences of the investors and the distributions of residual income returns,
aggregate consumption and the return on an optimally invested portfolio.

As shown in previous section, we can obtain an implementable value relation if we
assume that the residual operating income and the valuation index are jointly normally
distributed. In order to obtain an explicit solution of the time-varying risk adjustment
terms in Equation (9.11), we make assumptions regarding the time-series properties of
the variables in the model, as we specify the stochastic processes of the residual income
returns, aggregate consumption and the return on an optimally invested portfolio.

First, we assume that the residual income returns (RIR) follows a simple first-order
autoregressive model given by

RIRt,t+τ −RIRo
t = ωr [RIRt,t+τ−1 −RIRo

t ] + εt+τ (9.12)

where RIRo
t is the structural level of the residual income return at the valuation date t,

|ωr| < 1 is the first-order autoregressive parameter which measures the degree of persis-
tence (or the inverse degree of mean-reversion) determining the speed of convergence to
the structural level of residual income return, and {ετ}τ≥t are i.i.d. normally distributed
innovations.

Secondly, aggregate consumption is log-normally distributed and follows a geometric
Brownian motion, i.e.,

dct
ct

= µc dt+ σc dzt (9.13)
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which is consistent with the standard asset pricing assumption of aggregate consumption
being log-normally distributed such that negative consumption is precluded. Equation
(9.13) expresses the relative (percentage) change in the value of the consumption process
over the next infinitesimally short time interval [t, t+ dt]. Using this interpretation of the
evolution of the consumption process, the constant µc is the expected rate of consumption
per period (i.e., the drift of the process) and the constant σc is the volatility of the
consumption rate as it measures the sensitivity of consumption to the exogenous shocks
dzt, where z is a standard Brownian motion.39

In order to obtain a normally distributed variable, we take the logarithm of the log-
normally distributed consumption. Hence, we define a function yt ≡ f(ct, t) = ln(ct) and
apply Itô’s lemma to this function:

dyt =

(
0 +

1

ct
ctµc −

1

2

1

c2
t

c2
tσ

2
c

)
dt+

1

ct
ctσcdzt (9.14)

=

(
µc −

1

2
σ2
c

)
dt+ σc dzt (9.15)

from this equation we see that yt = ln(ct) follows a generalized Brownian motion with a
constant drift rate µc− 1

2
σ2
c and constant volatility σc. Since our framework is in discrete-

time, we have to model the discrete-time version of (9.15). To obtain a discrete-time
version of the model, we note that dt is an expression of ∆t = t′ − t for ∆t → 0. The
change in the value of the process in (9.15) for any two arbitrary points in time t′ and t,
where t′ > t, is given by

yt′ − yt =

(
µc −

1

2
σ2
c

)
(t′ − t) + σc(zt′ − zt) (9.16)

The time steps are now set to unit length and we denote the drift rate as µln(c) = µc− 1
2
σ2
c ,

which yields
yt − yt−1 = µln(c) + δt, δt ∼ N(0, σ2

c ) (9.17)

where the change in value yt − yt−1 is normally distributed with mean µln(c) and variance
σ2
c , i.e., yt − yt−1 ∼ N(µln(c), σ

2
c ).

The process yt = ln(ct) in (9.17) is a random walk with drift which is a discrete-
time version of the generalized Brownian motion in (9.15). We obtain a simple process
somewhat similar to the process of the consumption index in Bach and Christensen (2016)

ln(ct) = ln(ct−1) + µln(c) + δt, δt ∼ N(0, σ2
c ) (9.18)

where µln(c) is the constant growth rate and {δτ}τ≥t are i.i.d. normally distributed inno-

vations. We define the consumption growth rate as gt,t−1 = ln
(

ct
ct−1

)
, since the logarithm

of the gross rate of consumption from time t − 1 to time t is equal to the continuously
compounded consumption growth from time t − 1 to time t. We rewrite (9.18) with the
consumption growth rate and obtain

gt−1,t = µln(c) + δt, δt ∼ N(0, σ2
c ) (9.19)

39 A standard Brownian motion is the process z = (zt)t∈T , T = [0, T ], satisfying i) z0 = 0 ii) zt1 −
zs1 , . . . , ztn − zsn are independent for s1 ≤ t1 ≤ . . . ≤ sn ≤ tn iii) For all s < t we have that
zt−zs ∼ N(0, t−s) iv) The function t→ zt is a continuous function of t, and therefore has continuous
sample paths.
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Thirdly, the optimally invested wealth of the investor follows a geometric Brownian
motion, i.e., the market value of the portfolio P = (Pt)t≥0 is a solution to the stochastic
differential equation:

dPt = µpPt dt+ σpPt dzt (9.20)

where µp and σp are constants and z is a standard Brownian motion. Since the initial
value for the process (i.e., the market value of the portfolio) is assumed to be positive,
the value space of the portfolio-market-value process is always positive. This is because
its mean and variance are both proportional to its current value. This feature recognizes
the limited-liability property of equities. Hence, the geometric Brownian motion is often
used to model the prices of common stocks in, for example, the Black Scholes model for
stock option pricing. For this reason, we also consider the geometric Brownian motion as
an appropriate process for the market value of a stock index. We will discuss this further
in the empirical implementation, where we use the S&P 500 index as a proxy for the
optimally invested wealth of the investor.

The evolution of the geometric Brownian motion and some of its features are more
easily studied if we rewrite (9.20) such that the process expresses the relative (percentage)
change in the value of the process

dPt
Pt

= µp dt+ σp dzt (9.21)

where the constant µp is the expected rate of return per period and the constant σp is
the volatility of the rate of return per period. Hence, an asset with a price that follows
the geometric Brownian motion follows a process with a constant expected rate of return
and constant volatility of the rate of return.

A random variable Pt is log-normally distributed if ln(Pt) is normally distributed. We
derive the process followed by ln(Pt) by applying Itô’s lemma:

d ln(Pt) =

(
0 +

1

Pt
Ptµp −

1

2

1

P 2
t

P 2
t σ

2
p

)
dt+

1

Pt
Ptσpdzt (9.22)

=

(
µp −

1

2
σ2
p

)
dt+ σp dzt (9.23)

From this equation we see that ln(Pt) follows a generalized Brownian motion with a
constant drift rate of µp − 1

2
σ2
p and a constant volatility of σp. Consequently, we have for

any two arbitrary points in time t′ and t, where t′ > t:

ln(Pt′) = ln(Pt) +

(
µp −

1

2
σ2
p

)
(t′ − t) + σp(zt′ − zt) (9.24)

The change in ln(P ) between time 0 and some future time T is therefore normally dis-
tributed with mean

(
µp − 1

2
σ2
p

)
T and variance σ2

pT , i.e.,

ln(PT ) ∼ N

[
ln(P0) +

(
µp −

1

2
σ2
p

)
T, σ2

pT

]
(9.25)

or

ln

(
PT
P0

)
∼ N

[(
µp −

1

2
σ2
p

)
T, σ2

pT

]
(9.26)
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This shows that ln(PT ) is normally distributed, so that PT is log-normally distributed.
From the last equations and the properties of the log-normal distribution, it can be shown
that the expected value of PT is

E[PT ] = P0e
µpT

and the variance is given by

Var[PT ] = P 2
0 e

2µpT
[
eσ

2
pT − 1

]
The log-normal property of stock prices is now used to provide information on the prob-
ability distribution of the continuously compounded rate of return earned on a stock
between time t and time T . If we define the continuously compounded rate of return per
annum realized between time t and time T as r, it follows that

PT = Pte
r(T−t) (9.27)

so that

r =
1

(T − t) ln

(
PT
Pt

)
(9.28)

and it follows from Equation (9.26) that

r ∼ N

[
µp −

1

2
σ2
p,

σ2
p

T − t

]
(9.29)

Thus, the continuously compounded rate of return per annum r is normally distributed
with mean µp − 1

2
σ2
p and volatility σp/

√
T − t. Since r is constant, the continuously

compounded rate of return over the period from time t to time T is r(t, T ) = r(T − t).
If the continuously compounded rate of return was not constant, it would simply be the
sum of the period by period log returns, i.e., r(t, T ) =

∑T
s=t+1 rs.

Similarly as with the consumption process, we have to model the discrete-time version
of (9.23). The change in the value of the process in (9.23) for any two arbitrary points in
time t′ and t, where t′ > t, is given by

ln

(
Pt′

Pt

)
=

(
µp −

1

2
σ2
p

)
(t′ − t) + σp(zt′ − zt) (9.30)

The time steps are now set to unit length and we denote the drift rate as µln(P ) = µp− 1
2
σ2
p,

which yields

ln

(
Pt
Pt−1

)
= µln(p) + υt, υt ∼ N(0, σ2

p) (9.31)

where the change in the value ln(Pt) − ln(Pt−1) is normally distributed with mean µln(p)

and variance σ2
p, i.e., ln(Pt) − ln(Pt−1) ∼ N(µln(p), σ

2
p). Since the logarithm of the gross

rate of return from time t− 1 to time t is equal to the continuously compounded rate of

return from time t− 1 to time t, we define rWt,t−1 = ln
(

Pt
Pt−1

)
and rewrite (9.31) as:

rWt−1,t = µln(p) + υt, υt ∼ N(0, σ2
p) (9.32)
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where µln(p) is the constant rate of return and {vτ}τ≥t are i.i.d. normally distributed
innovations.

The model consists of the three processes introduced above, namely the residual income
return process, the consumption process and the return process. The innovations in
the above equations, ε, δ and υ, are assumed to be serially uncorrelated and normally
distributed as εt+τδt+τ

υt+τ

 ∼ N

0,


σ2
r σrc σrp

σrc σ2
c σcp

σrp σcp σ2
p




Thus, ε, δ and v are contemporaneously correlated, which reflects the systematic risks in
residual income returns.

9.3 The Time-Series Properties

In order to derive explicit expressions for the risk-adjustments in Equation (9.11), we will
examine the time-series properties of the residual income returns, aggregate consumption
and return on the optimally invested porfolio.

Solving equation (9.12), (9.19) and (9.32) recursively yields40

RIRt,t+τ = RIRo
t + ωτr [RIRt,t −RIRo

t ] +
τ−1∑
s=0

ωsrεt+τ−s (9.33)

gt,t+τ = τµln(c) +
τ−1∑
s=0

δt+τ−s (9.34)

rWt,t+τ = τµln(p) +
τ−1∑
s=0

υt+τ−s (9.35)

where gt,t+τ = ln
(
ct+τ
ct

)
and gt,t+τ = ln

(
Pt+τ
Pt

)
.

For the residual income returns in Equation (9.33) we can derive the expected value
conditional on information at time t:

Et [RIRt,t+τ ] = RIRo
t + ωτr (RIRt,t −RIRo

t )

The conditional variance of the residual income returns is

Vart [RIRt,t+τ ] = Et

[
(RIRt,t+τ − Et [RIRt,t+τ ])

2]
= Et

(RIRo
t + ωτr (RIRt,t −RIRo

t ) +
τ−1∑
s=0

ωsrεt+τ−s −RIRo
t + ωτr (RIRt,t −RIRo

t )

)2


= Et

(τ−1∑
s=0

ωsrεt+τ−s

)2


40 See Appendix A.6.1 for derivations
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Observe that Vart[εt+τ ] = Et

[
(εt+τ − Et[εt+τ ])

2] = Et

[
(εt+τ )

2] = σ2
r . So continuing from

before

= Et

[
τ−1∑
s=0

τ−1∑
z=0

ωsrεt+τ−sω
z
rεt+τ−z

]

=
τ−1∑
s=0

τ−1∑
z=0

Et [ωsrεt+τ−sω
z
rεt+τ−z]

Since the innovations are serially uncorrelated, the sum of these terms becomes

= σ2
r + σ2

rω
2
r + σ2

rω
4
r + · · ·+ σ2

rω
2(τ−1)
r (9.36)

= σ2
r

(
τ−1∑
s=0

ω2s
r

)

= σ2
r

1− ω2τ
r

1− ω2
r

(9.37)

where the last expression follows from the definition of a sum of a finite geometric series.41

From equation (9.34) we can, in a similar way, derive the conditional expected value
and conditional covariance for the consumption growth process

Et[gt,t+τ ] = τµln(c)

Vart[gt,t+τ ] = Et

[
(gt,t+τ − Et [gt,t+τ ])

2]
= Et

(τµln(c) +
τ−1∑
s=0

δt+τ−s − τµln(c)

)2


= Et

(τ−1∑
s=0

δt+τ−s

)2


= Et

[
τ−1∑
s=0

τ−1∑
z=0

δt+τ−sδt+τ−z

]

=
τ−1∑
s=0

τ−1∑
z=0

Et [δt+τ−sδt+τ−z]

Whenever s 6= z the terms will be zero and when s = z it will yield σ2
c which yields τ

terms of, i.e.,
Vart [gt,t+τ ] = τσ2

c

Since the return process in (9.35) has the exact same distributional properties as the
consumption growth process, we can write the conditional expected value and conditional
variance as

Et

[
rWt,t+τ

]
= τµln(p)

41 In Appendix A.6.2, we show in detail how to obtain the sum in (9.36) given that the innovations are
serially uncorrelated as well as the last expression in (9.37) using the rule for a finite geometric series.
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Vart
[
rWt,t+τ

]
= τσ2

p

Now we are capable of finding explicit expressions for the covariances between the
residual income returns process and the log growth rate of consumption process as well as
the covariance between the residual income returns process and the log-return on wealth
process. It should be clear that due to the similarities between the log growth rate of
consumption process and the log-return on wealth process, we only need to derive one of
them.

Covt [RIRt,t+τ , gt,t+τ ] = Et [(RIRt,t+τ − Et [RIRt,t+τ ]) (gt,t+τ − Et[gt,t+τ ])]

= Et

[(
τ−1∑
s=0

ωsrεt+τ−s

)(
τ−1∑
s=0

δt+τ−s

)]

= Et

[
τ−1∑
s=0

ωsrεt+τ−sδt+τ−s

]

=
τ−1∑
s=0

Et [ωsrεt+τ−sδt+τ−s]

= σrc

τ−1∑
s=0

ωsr

which, by using the properties of geometric series again, yields

Covt [RIRt,t+τ , gt,t+τ ] = σrc
1− ωτr
1− ωr

(9.38)

Then, it directly follows that

Covt [RIRt,t+τ , rt,t+τ ] = σrp
1− ωτr
1− ωr

(9.39)

Inserting (9.38) and (9.39) into the valuation relation in (9.11), we end up with the
following empirically implementable version of the Epstein-Zin valuation model

Vt
bvt

= 1 +
∞∑
τ=1

Bt,t+τ

{
Et[RIRt,t+τ ]−

θ

Ψ
σrc

1− ωτr
1− ωr

+ (θ − 1)σrp
1− ωτr
1− ωr

}
(9.40)

The two risk-adjustment elements contain some important features. First, the overall
level of risk-adjustments is determined by the contemporaneous covariance between the
innovations in residual income returns and either the log consumption growth, σrc, or
the log return on optimally invested wealth, σrp. Moreover, the risk adjustments depend
on the time-series properties of the residual income returns as it is scaled by the level
of persistence of deviations of residual income returns from their structural level, ωr.
Recalling that the persistence parameter measures the inverse degree of mean-reversion,
the intuition becomes quite clear. For σri > 0, i = {c, p}, the risk adjustment is increasing
in the persistence parameter. This is because a high persistence (and, hence, a low
degree of mean reversion) results in more uncertain residual income returns as they revert
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more slowly to their long-run structural level. Consequently, this requires a higher risk-
adjustment. Only in the case where residual income returns exhibit instantaneous mean-
reversion (i.e., zero persistence), i.e., ωr = 0, will the risk-adjustment pertain solely to
the contemporaneous covariance and, thus, be constant. Second, the risk-adjustments is
increasing in time τ , but is converging towards an upper limit, i.e.,

lim
τ→∞

σri
1− ωτr
1− ωr

= σri
1

1− ωr
, i = {c, p}

As a concluding remark, we have now derived an equity valuation model in which
there is a direct link between the time-series properties of the fundamentals and the
associated risk-adjustments. The time-series properties of fundamentals are not only
important when forecasting expected future residual income returns, but definitely also
with respect to making appropriate risk-adjustments to these forecasts. Hence, the HARA
equity-valuation model and the Epstein-Zin equity valuation model do have a theoretical
superiority compared to the standard CAPM model. In the following sections, we will
examine the performance of these valuation models in an empirical implementation.
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10 Data and Sample

In the previous sections, we have set the theoretical framework for the three types of
valuation models. This section describes the data needed for the empirical valuation
study using the standard CAPM-based valuation model, the CCAPM-based valuation
model and the Epstein-Zin-based valuation model.

We perform valuations at the end of April each year from 1990 until 2008. In order
to perform these valuation, we need data on analysts’ earnings forecasts and accounting
data for calculating the residual income, and data on the stock prices for performance
comparison. Furthermore, we need data on the yield curve and data on real consumption
per capita as well as on the price index for implementing the CCAPM-based valuation
model. In addition, we need data on the return on the S&P 500 index which is used a
proxy for the optimally invested wealth of the investor in the Epstein-Zin-based valuation
model

It would have been appropriate to follow prior research on this area like Bach and
Christensen (2016) regarding the data collection. In their paper, the starting point is a
full dataset from the I/B/E/S database from 1982-2008, which contains analysts’ one- and
two-year consensus forecasts of earnings per share (EPS), as well as the long-term growth
(LTG) rate for companies. In addition to the I/B/E/S database, they use accounting
information from the Compustat database and stock price information from the CRSP
database. The three databases are linked based on the cibeslink macro to link I/B/E/S
to Compustat and the iclink macro to link I/B/E/S to CRSP.

Instead of following the approach above, we use the Bloomberg database for data col-
lection. The advantage is that there is no need to provide links between several databases,
since analysts’ consensus earnings forecasts, accounting information and stock prices are
available for each firm in the Bloomberg database. However, there are also some draw-
backs, and one of those is that Bloomberg has limited historical accounting information
compared to the Compustat database. We will discuss this further below where we outline
our data and sampling.

Since one of our goals is to compare the empirical study with the results obtained in
Bach and Christensen (2016), we will first describe the data used in our empirical study,
and relate it to the data used in their paper. It will be clear that our approach is similar
to the route taken in Bach and Christensen (2016) with the exception of the databases
used and the sample size. Whereas Bach and Christensen (2016) perform a large-sample
valuation using a number of databases, we have chosen to perform valuations of all the
firms in the Standard & Poor’s 500 Index (S&P 500) using Bloomberg as the primary
database.

The sortout procedure used to obtain the final sample of companies to perform valu-
ations on will be described in the steps and criteria below. Furthermore, we will describe
the data gathered from Bloomberg in order to explain the comparability to related liter-
ature which might use other databases, e.g., Bach and Christensen (2016), Nekrasov and
Shroff (2009) and Jorgensen et al. (2011).
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10.1 Data Requirements

This section will go into detail with the description of the data needed for empirical
implementation of the valuation models. Compared to Bach and Christensen (2016) we
are less restrictive in our sorting. This is because our sample size is smaller and, therefore,
we have a greater ability to examine the firms that are valued in detail.

In Table 2 we present the data sorting steps and their impact on the number of
companies in the sample. As a starting point, we include all the firms that have been
listed on the S&P500 during the sample period. This gives us 950 unique firms. By
including all companies that have been listed on the S&P 500 index, we mitigate the
effects of survivorship bias in the dataset. If a firm is delisted during the sample period,
we still include the firm in the remaining sample period in order to reduce the effect
of survivorship bias. Since the S&P 500 index is the most widely-used benchmark for
measuring the performance of large capitalization, US-based stocks, it is likely that the
performance is different than the performance of a large sample from AMEX, NYSE and
NASDAQ. In fact, the average annualized increase in the market value of the S&P 500
index is around 9.3% from 1990 to 2008. We are aware of this survivorship bias, but are
trying to relax it by not excluding delisted stocks during the sample-period.

Firms are excluded if they do not have the accounting information available as specified
in the Table 2. In order to make forecasts, we require that analysts’ consensus forecasts
for 1- and 2-year-ahead earnings per share are available. After imposing these criteria,
the sample size is reduced to 647 firms.

When we performed the valuations, a few firms came out with a negative estimated
equity value. These year-specific valuations are taken out of the sample, but not the firm
itself. One particular firm (YRC Worldwide Inc.) had several stock splits over the sample
period which distorted the data and the results. This firm is excluded from the sample as
it is a significant outlier. The sample size is therefore reduced to 646 firms. We perform
4,704 valuations across 646 firms over 18 years using the three valuation models described
in the preceding sections.

Table 2: Data sorting steps and their impact on the number of companies in the sample

Sorting step and sorting criterion # companies left

1. Listed on the S&P 500 index in the sample period ........................... 950
2. Require availability of ni and bv from eight years before the valuation date*

...
3. Require that all accounting information is available at the valuation date

...
4. Require both 1- and 2-year-ahead earnings forecasts 647
5. Remove YRC Worldwide Inc. 646

The table takes the companies listed on the S&P 500 index as a starting point. Then the sample
is reduced according to the criteria described in the table.
*ni is net income and bv is book value of common equity.

In Table 3, we provide an overview of each parameter and its corresponding code in
the Bloomberg database.
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Table 3: Parameter Overview

Parameter Bloomberg code

One year earnings forecasts ............................ 1GY
Two year earnings forecasts 2GY
Long term growth forecast BEST LTG EPS
End of year book value of common equity (CSE) TOT COMMON EQY
Net income before extraordinary items* INC BEF XO LESS MIN INT PREF DVD
Dividends paid to common equity IS TOT CASH COM DVD
Total assets BS TOT ASSET
Stock price PX LAST
Shares outstanding EQY SH OUT

The table shows the parameter included in our model and its corresponding code in the
Bloomberg database. Each parameter is defined in the Bloomberg Terminal.
*Net income before extraordinary items less minority interests and preferred dividends

10.1.1 Analysts’ Earnings Forecasts

We use analysts’ consensus forecasts for 1- and 2-year-ahead earnings per share from the
month of April available through the Bloomberg database. By only applying forecasts
from the month of April, all companies with financial year following the calendar year are
expected to have made their annual financial report public at the time of the forecast.
This minimizes the information asymmetry between investors at the valuation dates and
ensures relatively more updated forecasts compared to the other months of the year.

The long-term growth rate is not available for the entire period in our study. We
overcome the lack of availability by making appropriate assumptions regarding the ana-
lysts’ forecasts of future earnings.42 It is well known that analysts’ forecasts have been
found to be too optimistic about the future earnings. In Table 2 in Bach and Christensen
(2016), they report a report a median analysts’ long-term growth rate (LTG) for three to
five years ahead of 14 % over their sample period from 1982 to 2008. Such growth rates
are not sustainable for extended periods and not consistent with realized growth rates.
Frankel and Lee (1998) found evidence that “analysts tend to be more overly-optimistic
in firms with higher past sales growth and higher P/B ratios.” In addition, they found
evidence of “over-optimism in firms with higher forecasted earnings growth (LTG) and
higher forecasted ROE relative to current ROEs.” There are several possible explanations
for this issue, which we will not investigate. Instead, we will use this observation to
make the following assumption in order to counterbalance the overly optimistic earnings
forecasts.

We will assume that the long-term growth (LTG) rate is equal to zero, which implies
that the forecasted 2-year-ahead earnings are assumed to be constant in year three to
five, and into infinity. Although the analysts’ forecasts of the long-term growth rates seem
overly optimistic, they might still contain useful information for matching the cross-section
of stock prices. This is also suggested in the Online Appendix of Bach and Christensen
(2016), where the LTG forecast is set equal to zero, and the valuation accuracy of the

42 In Bach and Christensen (2016) they exclude an observation from the sample if forecasts for 1- and
2-year-ahead earnings forecasts as well as the LTG rate are not available.
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models has deteriorated. However, the valuation accuracy of the CCAPM-based valuation
model shows less sensitivity towards the LTG rate forecast than the standard CAPM-
based valuation model, which is highly dependent on the estimates of LTG rate. Hence,
the CCAPM-based valuation model fares well both with and without the LTG rate. The
assumption of zero LTG rate is therefore reasonable, since our focus is on a different
version of the CCAPM-based valuation model.

In section 11.1 and 11.2, we will discuss the implications of this assumption together
with the growth rate assumption in the continuing value that will be made in order to
make the model empirically implementable.

10.1.2 Accounting Data and Stock Price Information

We use historical accounting information as well as the stock prices at the valuation date
from the Bloomberg database. As mentioned in the introduction of this section, the
Bloomberg database has limited historical accounting data. Therefore, we sort out all
firms where the accounting information used in our time-series model for the residual
income returns, i.e., net income and book value of common equity, is not available from
eight years before the valuation date. The preceding eight years is because we estimate
parameters in the time-series model for the residual income returns for a period from
seven years before the valuation date (will be described in 11.2). In addition, we require
that all accounting information is available at the valuation date such that we can forecast
the residual income using the most recent book value of equity and calculate the payout
ratio based on the assumptions about current accounting numbers (will be described in
Section 11.1.2) .

10.1.3 Including Financial Firms and Utilities

Unlike Fama and French (2001) and Bach and Christensen (2016), we include financial
and utilities. The common approach in the empirical valuation literature is to exclude
financial firms and utilities because their business models are different from the business
models of the other firms included in the sample. In financial firms, the financial activities
are included as a part of the value creating activities. Moreover, the characteristics of
financial firms are different from non-financial companies, since the leverage situation of
the financial companies does not have the same meaning as for non-financial companies.

Financial firms use mark-to-market accounting for larger fractions of their balance
sheets compared to other companies and therefore they have less unrecorded goodwill
in their continuing values. Similarly, utility companies have a highly regulated business
model preventing them from generating large abnormal accounting profits and thus a high
continuing value of future value creation.

With financial firms and utilities in our sample, we have to make careful considerations
about our assumptions when we implement the valuation models. Using the same growth
rate in the continuing values for all industries might be somewhat problematic based on
the observations above. However, based on the observation that the analysts’ forecasted
long-term growth rates are too optimistic, which will yield relatively low continuing values,
we will obtain a larger continuing value when we set the long-term growth rate equal to
zero. We might therefore, roughly speaking, counterbalance the effect of having a ’too’
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low continuing value when we include financial firms and utilities by setting the LTG rate
equal to zero, which yields a ’too’ large continuing value.

10.1.4 Estimation of Betas

The betas are estimated at each valuation date for each firm using up to 60 observations
of monthly data in the regression presented in (7.38). Data on the monthly excess returns
are gathered from Bloomberg.

10.1.5 The Zero-coupon Yield and the Risk-free Rate

This section describes the method used to estimate the zero-coupon yield curve from
the prices of traded default-free coupon bonds. We use the data provided by the FED
database where the zero-coupon yields are estimated using U.S. Treasury bonds. We
simply view the coupon bonds as portfolios of zero-coupon bonds, one portfolio for each
coupon payment and one portfolio for the principal payment. The challenge is that
Treasury has issued a limited number of securities with different maturities and coupons.
The challenge of not having securities at all maturities is solved by performing a yield
curve estimation where a functional form of the zero-coupon bond prices is postulated.
In the FED database a Nelson-Siegel parameterization with the extension by Svensson
(1994) is used to estimate the zero-coupon yield curve.43

We use the zero-coupon yield curve in the FED-database as the discount function.
However, the zero-coupon yields are reported under continuously compounded interest
rates. In order to apply the discount function in our discrete-time framework, we convert
the estimated continuously compounded zero-coupon yields to discretely compounded
zero-coupon bond yields using the relations below.

Let Bτt denote the price at date t of a zero-coupon bond maturing at date τ . The
continuously compounded zero-coupon yield at date t for maturity τ , rτt, is given as

Bτt = e−rτt(τ−t) ⇔ rτt = − ln (Bτt)

τ − t
This is converted into a discretely compounded zero-coupon yield at date t for maturity
τ , ιτt, such that the zero-coupon yield is given as

1 + ιτt = erτt ⇔ ιτt = erτt − 1 (10.1)

The discretely compounded forward rate between date τ − 1 and τ is given as

1 + τ−1fτ =
Bτ−1,t

Bτt

=
(1 + ιτt)

τ

(1 + ιτ−1,t)τ−1
(10.2)

where the zero-coupon price under discretely compounded interest rates is Bτt = (1 +
ιτt)

τ−t.
The processes for the consumption index, consumption growth and market return

imply determistic interest rates (as described in section 8 and 9, respectively). If the

43 See the FED-database and the related paper for a detailed review of the parameterization technique
(Paper 2006-28, http://www.federalreserve.gov/pubs/feds/2006/).
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interest rates are deterministic, the one-period forward rates are equal to the future spot
interest rates. In this case, the yields on zero-coupon bonds at date t with maturity at
date τ are given by the forward rates:

(1 + ιτt)
τ−t =

τ−1−t∏
s=0

(1 + ιτ+s)

For the estimation of betas, we use the one-month Treasury rate as the risk-free rate.
In the CAPM-based valuation model we use a 10-year Treasury rate for calculating the
risk-adjusted cost of equity, which is used for discounting and calculating expected future
residual income. This is also the standard approach in practice and in the literature.

In the CCAPM-based valuation model, we use the estimated term structure of zero-
coupon interest rates from the FED database for discounting risk-adjusted expected future
residual income. We use the implied 1-year-ahead forward interest rates for calculating
expected future residual income.

10.1.6 Consumption Data

In order to implement the CCAPM-based and the Epstein-Zin-based valuation models,
we need data on real consumption per capita as well as on the price index. As a proxy
for aggregate consumption we use the usual series used in the CCAPM asset pricing
literature. Consumption data is obtained from the NIPA tables available from Bureau of
Economic Analysis. The price index is also available from the NIPA tables. Details on
calculation of the consumption index will be given in Section 11.2.

94



11 The Empirical Valuation Procedure

This section describes how the valuation models are implemented in our empirical study.
The valuation models require a number of assumptions to be made in the empirical
implementation, and the empirical results depend on these assumptions.

11.1 The Standard Model Procedure

The valuation of a firm’s equity is a question of how to determine the value today of
a stream of uncertain future cash flows or earnings. Firms are going concerns, that is,
the anticipated life of the firm is, in principle, infinite. Conceptually, the value of equity
depends on forecasts of future cash flows or earnings for the entire anticipated life of the
firm. In the residual income framework, the standard valuation model is Equation (7.2)

Vt
bvt

= 1 +
∞∑
τ=1

Et
[
RIRSTD

t,t+τ

]
(1 + ι+ rp)τ

(11.1)

An implementation of the model requires forecasts of future residual income and an es-
timation of the risk-adjusted discount factor taking account of discounting for both time
and risk. Furthermore, an implementation requires some simplification to deal with the
challenge of forecasting for an infinite horizon. Our approach is to develop explicit fore-
casts for a limited horizon (also called the competitive advantage period) and then make
a truncation point, where the continuing value is calculated using simplifying adjustments
to account for the value of expected earnings after the truncation point. In the following,
we will discuss these elements in turn.

11.1.1 Discounting for time and risk

The risk-adjustment should reflect the risk associated with the payoffs to equityholders,
i.e., by the cost of equity determined as the risk-free rate plus a return risk premium
ι+ rp. A standard procedure for the risk-free rate is to choose the 10-year Treasury yield
(to reflect an average interest rate over the yield curve). In addition, one can allow for
several priced risk factors. Hence, the cost of equity is then expressed as

ι+ rp = ι10y + β ·RP (11.2)

where β is a vector of factor sensitivities, and RP is a vector of factor risk premiums.
In Bach and Christensen (2016), they estimate betas at each valuation date in a

regression

R− ι1m = a+ βMKTExR
M + βSMBR

SMB + βHMLR
HML + ε (11.3)

where ι1m is the 1-month Treasury yield, R is the return on the asset of interest, ExRM is
the excess return on the market portfolio, RSMB is the return on the Fama-French small
minus big portfolio, i.e., small firms vs. large firms, which is based on the the company’s
market capitalization, RHML is the return on the Fama-French high minus low portfolio,
and it accounts for the spread between value and growth stocks.
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In our empirical implementation, we run this regression including only the market
factor, i.e., the standard CAPM assuming βSMB = βHML = 0. The estimated beta is
used to calculate the cost of equity as

ι+ rp = ι10y + βMKTRP
M (11.4)

where RPM is the empirical risk premiums on the market, which is usually estimated as
geometric average of excess returns, but we will follow another procedure as described
in section 7.2.2. This is similar to the approach in Bach and Christensen (2016). Since
they find that the CAPM outperforms the three factor Fama-French model in terms of
valuation accuracy for almost all implementations and performance measures, we chose
only to use the CAPM model in our implementation.

11.1.2 Forecasting book value of equity and residual income

The residual income is forecasted each year using analysts’ earnings forecasts (1GY, 2GY
and the LTG rate assumption) and the book value of common shareholders’ equity
(TOT COMMON EQY), i.e.,

riSTDt+τ = nit+τ − (ι+ rp)bvt+τ−1

where the capital charge is the constant cost of equity.
Since the book value of common equity is unknown at futures dates, we forecast this

value through the CSR by assuming a constant payout ratio equal to the current payout
ratio, which is calculated as

Dividends paid to common shareholders (IS TOT CASH COM DVD)

Net income before extraordinary items (INC BEF XO LESS MIN INT PREF DVD)
(11.5)

If the firm has negative net income, we calculate the payout ratio by using a historical
payout ratio, which is obtained by dividing current dividends with 6 % of total asset
(BS TOT Asset). The payout ratio must also be restricted upwards. The definition
allows for a payout ratio of above 100 %. Such a large payout ratio implies that the
company will liquidate itself. This can be a strategy, but for valuation purposes we will
assume the company will not liquidate itself. If the payout ratio is above 100 %, we will
first divide the current dividends with 6 % of total assets. If this still yields a payout
ratio larger than 100 %, we winsorize the payout ratio to 100 %.

Since dividends can be paid out as cash dividends or share repurchases, the total
payout ratio is calculated as:

Total Payout Ratio =
Cash Dividends + Stock Repurchases

Comprehensive Income

as defined in (Penman, 2013, p. 266). In Bach and Christensen (2016), their dividend
measure is the total dollar amount of dividends declared on the common stock of the
firm during the year (Compustat item #21). The most similar dividend measure which is
also available historically in the Bloomberg database is the dividend measure called Total
Cash Common Dividends (IS TOT CASH COM DVD). We recognize that this dividend
measure might only capture dividends in the classical sense and not other types of distri-
butions to shareholders.
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From a theoretical perspective, it is important to make a distinction between the
ways of distributing value to shareholders. Here, the relevant issue is which measure best
captures the fractions of net income that a firm pays to its shareholders in dividends.
Given the CSR we can forecast the future book value of equity with our proxy for the
dividends calculated in (11.5). However, as documented by several studies, e.g. Fama
and French (2001) who use a sample period from 1978 to 1999, there has been a relative
increase in share repurchases over the last couple of decades. We are therefore aware of
this trend in our empirical study. There are several theoretical reasons why dividends and
repurchases might be substitutes, e.g. tax perspectives or agency and signaling models,
though not the focus of our study.

11.1.3 Continuing value

The final element to specify in the valuation model is the infinite sum. We terminate
12 years ahead, and let residual income evolve according to a Gordon growth formula
thereafter. The general formula applied is

Vt
bvt

= 1 +
5∑

τ=1

Et

[
RIRSTD

t,t+τ

]
(1 + ι+ rp)τ

+
12∑
τ=6

Et

[
RIRSTD

t,t+τ

]
(1 + g)

(1 + ι+ rp)τ
+

Et

[
RIRSTD

t,t+12

]
(1 + g)

(1 + ι+ rp)12(ι10y + rp− g)

(11.6)
where g is the constant growth rate in residual income in the intermediate convergence
period and after year 12. We assume an intermediate convergence period from 6 to 12
years ahead, where the residual income grows at 3 % if Et[ri

STD
t+5 ] > 0. Moreover, if

Et[ri
STD
t+5 ] < 0 we let it revert to zero, so that in year 12, we have expected residual

income equal to zero.
Based on the performance of the models with different growth rate assumptions in

Bach and Christensen (2016), we choose a constant growth rate of 3% in the continuing
value. This is also a commonly used implementation in the literature (such as in Nekrasov
and Shroff (2009) and Jorgensen et al. (2011)). However, they find that an implementation
of the standard CAPM-model with 3 % constant growth in the continuing value produces
an undervaluation of 10 %, suggesting that this growth rate is too low to match the level
of stock prices. This result is very interesting, because it shows that even though the
valuation includes overly-optimistic LTG rates and a growth rate of 3 % in the continuing
value, this does not translate into too high valuations. This suggests that the standard
valuation model must make a ”counterbalancing error” of risk-adjusting too much through
the risk-adjusted cost of equity in the denominator. Instead, they find that the medians
of the calibrated growth rate in the continuing value in order to match the level of stock
prices yield a growth rate of 5% (8%) when including (excluding) the analysts’ long-term
forecasts in the analysis. Such growth rates are economically unreasonable in a perpetuity,
and we therefore choose a growth rate of 3 % in the continuing value. The level of the
constant growth rate in the continuing value is also reasonable based on the effects it
will have on the continuing value when the analysts’ forecasts of LTG rate are excluded,
and when financial firms and utilities are included in the sample as discussed in previous
section.
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11.2 The CCAPM Model Procedure

We will now implement the CCAPM-based valuation model in Equation (8.8)

Vt
bvt

= 1 +
∞∑
τ=1

Bt,t+τ [Et (RIRt,t+τ )− Covt (RIRt,t+τ , cit+τ )] (11.7)

An implementation of the model requires assumptions about the constant relative risk
aversion of the investors γ, and about the parameters in the continuing value. The
relative risk aversion parameter is set equal to two as in Bach and Christensen (2016)
and Campbell and Cochrane (1999). The relative risk aversion parameter is likely to vary
over time as is the market premiums as indicated by Cochrane (2005a). Based on an
examination of changing the parameter in Bach and Christensen (2016), they find that
the sensitivity of their empirical results is low with respect to the relative risk aversion
parameter (within what is normally considered to be reasonable bounds from one to ten).

We will now describe how the model is implemented, and how the parameters are
estimated based on the times-series properties of the consumption index and the residual
income returns in Equation (11.7). To do this, we follow an eight step procedure:

(a) We use the zero-coupon interest rates from the FED database for discounting risk-
adjusted expected future residual income, and we use the implied forward rates for
calculating expected future residual income returns. As specified in Section 8, the
stochastic process for the consumption index implies deterministic interest rates,
and this assumption goes well with the calculation of the future residual income
returns as described in the next step.

(b) Net income and book value of equity are forecasted one to five years ahead using the
analysts’ forecasts and assuming a constant payout ratio as in the standard model.
The residual income returns are calculated using the forward rates based on the
zero-coupon yield curve.

(c) We assume an intermediate convergence period from 6 to 12 years ahead, where the
residual income returns are assumed to grow at a constant rate µ (specified below)
if Et[RIRt,t+5] > 0. Moreover, if Et[RIRt,t+5] < 0 we let it revert to zero, so that in
year 12, we have expected residual income returns equal to zero.

(d) The parameters in the time-series model for the residual income returns in Equation
(9.12) are estimated at a firm-specific level. The firm-specific parameters RIRo

t and
ωr are estimated using a simple panel data model for each firm at each valuation
date. By estimating at a firm-specific level, we allow for the flexibility that the
accounting principles and sustainability of competitive advantages can vary between
firms.44 Based on 8 years of prior accounting data and the one-year spot interest
rates, we estimate the first-order autoregressive equation at each valuation date

RIRt,t+τ = RIRo
t + ωr [RIRt,t+τ−1 −RIRo

t ] + εt+τ , τ = −7,−6, . . . , 0

44 This is in contrast to Bach and Christensen (2016) who estimate the parameters from an industry
panel data based on a simple first-order autoregressive model for residual income returns.
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This provides a time-series of estimated firm-specific innovations ε, which will be
used to estimate the industry-specific contemporaneous covariance between residual
income returns and the consumption index in step (f).

(e) We implement the consumption index in Equation (8.4) based on historical data
from NIPA

cit+τ = γ ln(ct+τ ) + ln(pt+τ )

where c =
(
cN

pN
+ cS

ps

)
/I is aggregate consumption per capita (where N and S denote

the consumption of nondurable goods and services, respectively, and I denotes the
population size) and p is the nominal price index. The weighted price index is

calculated as p = cN

cN+cS
pN + cS

cN+cS
pS. We assume a common relative risk aversion

parameter γ = 2, and estimate the parameters in the time-series properties model
for the consumption index assuming constant growth in ci, and use 8 years of prior
data:

cit+τ − cit+τ−1 = υ + δt+τ , τ = −7,−6, . . . , 0

This gives a time-series of innovations δ which we will use to estimate the risk-
adjustments to the fundamentals in the next step.

(f) Based on the results steps (d) and (e), we estimate the the contemporaneous co-
variance between residual income returns and the consumption index, σra, as the
simple historical covariance between the time series of estimated innovations ε and
δ. The firm-specific risk-adjustments to expected future residual income returns at
each valuation date for each firm are then calculated as

Covt(RIRt,t+τ , cit+τ ) = σra
1− ωτr
1− ωr

which is used to perform risk-adjustments to forecasted residual income returns for
all years until the truncation point 12 years ahead of the valuation date.

(g) We make similar truncating adjustments as in the standard model, i.e., use a Gordon
growth formula and apply a constant growth rate of µ. We use the longest zero-
coupon interest rate in the FED database for discounting all risk-adjusted expected
future residual income returns after year t + 12, denoted ιt,∞. The value equation
(11.7) is rewritten based on the previous steps:

Vt
bvt

=1 +
5∑

τ=1

Et(RIRt,t+τ )− σra 1−ωτr
1−ωr

(1 + ιt,t+τ )τ
+

12∑
τ=6

[
Et(RIRt,t+τ )− σra 1−ωτr

1−ωr

]
(1 + µ)

(1 + ιt,t+τ )τ

+

[
Et(RIRt,t+12)− σra 1−ω12

r

1−ωr

]
(1 + µ)

(1 + ιt,t+12)12(ιt,∞ − µ)

For the continuing value, we need to determine an appropriate constant growth rate
µ. As known from the asset pricing literature, the aggregate consumption contains too
little variation to explain the historical average excess returns for reasonable relative
risk aversion parameters (i.e., the equity premium puzzle). As documented by Bach
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and Christensen (2016), the risk-adjustments in the CCAPM-based valuation model are
relatively low, which implies that we are very conservative in our risk-adjustments in
the model. This suggests that the aggregate consumption series data from NIPA is too
smooth to explain the variation that could justify higher risk-adjustments. To make an
interrelated balancing of the conservative risk-adjustments in the forecast period, we are
conservative in the valuation of the continuing value with a median calibrated growth rate
of µ = −10% as in Bach and Christensen (2016). Hence, the continuing value plays a much
smaller role in valuations with the CCAPM-based valuation model. This growth rate level
in the continuing value seems quite unusual compared to the standard valuation model.
However, it is an economically reasonable growth rate since the risk-adjusted expected
value creation will fade to zero in the long-run, consistent with the economic theory of
competition, real options to expand and abandon, and entry and exit in product markets.
On the other hand, it could also be a consequence of the overly optimistic long-term
growth rate forecasts by analysts as discussed in the previous section.

Based on our data and sample, we consider the median calibrated growth rate in Bach
and Christensen (2016) of µ = −10 % as an appropriate choice of a constant growth rate
in the continuing value in our model. First, we exclude the analysts’ forecasted long-term
growth rates which are documented to be too optimistic. Not surprisingly, as shown in
the Online Appendix of Bach and Christensen (2016), their median calibrated growth
rate increases from −10 % to 1 % when the LTG rate is excluded. This increase in the
growth rate in the continuing value is because more value is placed in the continuing
value once we omit the earnings growth. Second, we include financial firms and utilities
in our sample, which results in a decrease in the median calibrated growth rate. The same
pattern is shown in the Online Appendix of Bach and Christensen (2016), where their
median calibrated growth rate decreases from −10 % to −25 % when financial firms and
utilities are included in the sample. Hence, we have two counterbalancing effects on the
median calibrated growth rate in continuing value of excluding the LTG rate forecasts
and including financial firms and utilities. For this reason, we choose to let the median
calibrated growth rate remain unchanged such that we apply µ = −10% in the continuing
value of the CCAPM-based valuation model.

As shown in Bach and Christensen (2016), even with the low-variation issues in the
consumption data series, the CCAPM-based valuation model significantly outperforms
the standard CAPM-based valuation model in terms of valuation accuracy. In general,
the nondurable aggregate consumption is maybe a bad proxy for the investors’ marginal
utility of consumption. The data series is likely to be too smooth to capture any varia-
tion that could justify higher risk-adjustments. Instead, we could use another proxy for
aggregate consumption, for example garbage data. Perhaps, we could also apply other
utility functions instead of the standard power utility function in order to obtain more
variation that could imply a higher covariance between accounting returns and aggregate
consumption. For example, a recursive utility function as specified by the Epstein-Zin
utility function could provide a better explanation of the risk premium that we observe.
This is the motivation for our model in the following section.
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11.3 The Epstein-Zin Model Procedure

We will now implement the Epstein-Zin-based valuation model in Equation (9.11):

Vt
bvt

= 1+
∞∑
τ=1

Bt,t+τ

{
Et[RIRt,t+τ ]−

θ

Ψ
Covt [RIRt,t+τ , gt,t+τ ] + (θ − 1)Covt

[
RIRt,t+τ , r

W
t,t+τ

]}
(11.8)

An implementation of the model requires assumptions about the constant relative risk
aversion of the investors γ, the elasticity of intertemporal substitution Ψ and the growth
rate in the continuing value. Again, the relative risk aversion parameter is set equal to
two as in Bach and Christensen (2016) and Campbell and Cochrane (1999).

Our short discussion about choosing a ”right” value for Ψ is based primarily on the
papers of Thimme and Völkert (2015), Vissing-Jørgensen (2002) and Bansal and Yaron
(2004). It should be clear that the purpose of this discussion is not to contribute to the
literature on the magnitude of the EIS-parameter, but rather to use the existing literature
to find a somewhat suitable45 value for the purpose of our model.

Thimme (2016) points out the large range of different values estimated across dif-
ferent papers. More recent studies are focusing on whether the EIS is above or below
one, whereas older studies have examined whether it should be zero or positive. Studies
including recursive preferences are reporting considerably larger estimates than studies
with time-additive preferences.

Even though Thimme (2016) concludes that a universal value of the EIS-parameter
does not exist, he also claims that a value of 1.5 is a reasonable choice in representative
agent models. This leads us to the long run risk model presented by Bansal and Yaron
(2004). Their main results46 are based on an EIS of 1.5, but they also try estimations
with an EIS of 0.5. This ”below one” value is also backed in Vissing-Jørgensen (2002)’s
paper. She finds that stockholders have an EIS of around 0.3-0.4.

As a result of this short discussion, we will use values of 0.4, 0.95 as well as 1.5 for Ψ,
furthermore we let θ be calculated as θ = 1−γ

1−1/Ψ
.

The Epstein-Zin valuation model is very similar to the CCAPM-based valuation model
regarding the implementation. Therefore, we re-use the eight-step procedure from the
CCAPM model implementation, and will only describe the points where the Epstein-Zin
model differ from the CCAPM-model below:

• Again, we assume an intermediate convergence period from 6 to 12 years ahead,
where the residual income returns are assumed to grow at a constant rate k = −10%
(cf., the discussion above) if Et[RIRt,t+5] > 0. Moreover, if Et[RIRt,t+5] < 0 we let
it revert to zero, so that in year 12, we have expected residual income returns equal
to zero.

• We implement the consumption growth process in Equation (9.19) based on eight
years of historical consumption data from NIPA:

gt−1,t = µln(c) + δt, τ = −7,−6, . . . , 0

45 The discussion on whether investors have preferences for early or late resolution of uncertainty is
ignored in our search for a suitable value.

46 It should be noted that they use quite larger values of the risk aversion parameter than we do.
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where µln(c) is the constant log growth rate of consumption. This gives a time-
series of innovations δ which we will use to estimate the risk-adjustments to the
fundamentals.

• We implement the market return process in Equation (9.32) based on eight years of
historical index values for the S&P 500 index:

rWt−1,t = µln(p) + υt, τ = −7,−6, . . . , 0

where µln(p) is the constant log-return on an optimally invested portfolio. This gives
a time-series of innovations υ which we will use to estimate the risk-adjustments to
the fundamentals.

• Based on the results above, we estimate the contemporaneous covariance between
residual income returns and the log growth rate of consumption, σrc, as the simple
historical covariance between the time series of estimated innovations ε and δ. The
firm-specific risk-adjustments to expected future residual income returns at each
valuation date for each firm are then calculated as

Covt [RIRt,t+τ , gt,t+τ ] = σrc
1− ωτr
1− ωr

which is used to perform risk-adjustments to forecasted residual income returns for
all years until the truncation point 12 years ahead of the valuation date.

• Similarly, we estimate estimate the contemporaneous covariance between residual
income returns and the market return rate, σrp, as the simple historical covariance
between the time series of estimated innovations ε and υ. The firm-specific risk-
adjustments to expected future residual income returns at each valuation date for
each firm are then calculated as

Covt
[
RIRt,t+τ , r

W
t,t+τ

]
= σrp

1− ωτr
1− ωr

which is used to perform risk-adjustments to forecasted residual income returns for
all years until the truncation point 12 years ahead of the valuation date.

• We make similar truncating adjustments as in the standard model, i.e., use a Gordon
growth formula and apply a constant growth rate of k. We use the longest zero-
coupon interest rate in the FED database for discounting all risk-adjusted expected
future residual income returns after year t + 12, denoted ιt,∞. The value equation
(11.8) is rewritten based on the previous steps:

Vt
bvt

=1 +
5∑

τ=1

Et(RIRt,t+τ )− θ
Ψ
σrc

1−ωτr
1−ωr + (θ − 1)σrp

1−ωτr
1−ωr

(1 + ιt,t+τ )τ

+
12∑
τ=6

[
Et(RIRt,t+τ )− θ

Ψ
σrc

1−ωτr
1−ωr + (θ − 1)σrp

1−ωτr
1−ωr

]
(1 + k)

(1 + ιt,t+τ )τ

+

[
Et(RIRt,t+12)− θ

Ψ
σrc

1−ω12
r

1−ωr + (θ − 1)σrp
1−ω12

r

1−ωr

]
(1 + k)

(1 + ιt,t+12)12(ιt,∞ − k)
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12 Empirical Results

The purpose of this section is to test the empirical performance of the three models
presented in this thesis. We will somewhat follow the same procedure as in Bach and
Christensen (2016) and test the models along two particular dimensions: (a) the efficient
market perspective and (b) the fundamental valuation perspective.

The first test is to compare how well these models can match the cross-sectional stock
prices as well as the level of stock prices across business cycles. From this perspective, the
values observed in the market are always true. In Section 12.1 we compare the models
using the median absolute valuation error (MAVE) as the performance measure, |P−V |

P
.

The second test is to examine whether these models are capable of identifying cheap
and expensive stocks. The fundamental valuation perspective assumes that prices ob-
served in the market might deviate from their true value, but only temporarily. They will
eventually revert towards their fundamental value as determined by the valuation models.
In Section 12.2 we set up portfolios formed at each valuation date for both short- and
long-term holding periods (1-5 years). Hence, we are not only able to test the fundamental
valuation perspective, but also the magnitude of the reversion. In fact, deviations from
their fundamental value might even get larger before mispriced stocks eventually revert
towards their true value.

12.1 Testing Market Efficiency

As a starting point, we focus on Table 4 which shows a number of descriptive statistics of
our sample. In this table we present the descriptive statistic for the entire sample period,
but we have also split our sample period into two sub-periods to allow for a display of the
development between sub-periods.

Table 4: Descriptive statistics of sample firms

Time-period 1990-1999 2000-2008 1990-2008

Variables Mean Median Mean Median Mean Median

Price per share 25.18 17.58 39.39 28.90 31.60 22.36
Book value per share 13.15 7.13 16.73 10.58 14.81 8.88
Book-to-Market ratio 0.60 0.44 0.75 0.39 0.67 0.41
Dividend payout 0.28 0.25 0.23 0.16 0.25 0.20
1-year Forecasts 1.37 1.04 2.43 1.79 1.88 1.40
2-year Forecasts 1.59 1.21 2.78 2.03 2.16 1.61
Risk-free rate 6.93% 6.89% 4.75% 4.63% 5.90% 5.68%
Cost of equity (CAPM) 11.66% 11.63% 9.46% 8.84% 10.63% 10.54%

This table shows the mean and median values for two sub-periods as well as the whole sample-
period.

We observe an increase in both the mean and the median price per share during the
sample period. This pattern is opposite to what is observed in Bach and Christensen
(2016) but the same as observed in Nekrasov and Shroff (2009). As discussed earlier, it
is likely that the stocks might perform better than a large sample from AMEX, NYSE
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and NASDAQ. The book-to-market ratio is increasing in mean but decreasing in median,
which is exactly the same pattern as reported by Bach and Christensen (2016). It is well
known that during this period a bull market was observed, which has driven the book-to-
market ratios downwards. Consistent with the empirically documented trend of a relative
increase in share repurchases, the table reports a decrease in the dividend payout over
the sample period. This most likely reflects the increased use of share repurchases as an
alternative way to pay dividends instead of paying cash dividends.

The decline in the 10-year treasury yield (used as the risk-free rate) should come as
no surprise. And as a consequence of this, we see a similar pattern in the cost of equity.

12.1.1 Model Performance Measuring

Table 5 presents various performance measures for our three valuation models. The
percentage valuation errors (VE) is calculated as P−V

P
, and the absolute valuation errors

(AVE) is calculated as |P−V |
P

. As previously mentioned, we have chosen not to test the
Fama-French-based valuation model, since it is quite clear from Bach and Christensen
(2016) that both the CAPM and CCAPM valuation models are superior in terms of our
primary performance measure. Apparently additional betas and risk premiums offsets the
benefits of having more explanatory variables, i.e., it is creating additional noise.

Table 5: Various performance measure results for the three valuation models: CAPM,
CCAPM and Epstein-Zin

VE AVE

Mean Median SD Mean Median SD 15% AVE 25% AVE

CAPM[4.5] -0.075 0.286 2.934 0.534 0.439 0.543 0.838 0.728
CCAPM 0.137 0.259 0.759 0.382 0.328 0.364 0.784 0.627
Epstein-Zin[0.4|2] 0.136 0.260 0.778 0.383 0.328∗ 0.365 0.783 0.629
Epstein-Zin[0.4|4] 0.117 0.254 0.803 0.388 0.328 0.381 0.779 0.630
Epstein-Zin[0.4|10] 0.041 0.236 1.304 0.431 0.358 0.458 0.794 0.637
Epstein-Zin[0.95|2] -0.220 0.198 2.210 0.551 0.427 0.602 0.816 0.698
Epstein-Zin[0.95|4] -1.081 -0.038 3.818 0.832 0.559 0.920 0.867 0.776
Epstein-Zin[0.95|10] -3.567 -1.130 6.831 1.300 0.824 1.250 0.901 0.833
Epstein-Zin[1.5|2] 0.127 0.271 0.959 0.404 0.347 0.380 0.794 0.647
Epstein-Zin[1.5|4] 0.090 0.279 1.101 0.453 0.385 0.440 0.813 0.683
Epstein-Zin[1.5|10] -0.150 0.245 1.870 0.594 0.473 0.609 0.847 0.751

This table presents various performance measures for the three valuation models. CAPM[4.5]
symbolizes a constant risk-premium of 4.5%. The value inside the brackets of Epstein-Zin[·] to
the left of | is the value of Ψ used in the valuations, the value to the right is γ, i.e., Epstein-
Zin[Ψ|γ].
15% AVE (25%) shows the percentage of companies for which the valuation is larger than 15%
(25%).
Our primary performance measure, MAVE, is marked.

In the implementation of the standard valuation model with a constant risk-adjusted
cost of equity as the discount rate, our estimations of the risk-premium yielded far too
low premiums, which further implied unrealistically low values of the cost of equity. Even
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though these low values actually generated a lower MAVE for the CAPM-model, we
chose to apply a constant risk-premium of 4.5% based on the discussion in Section 7.2.
We believe in realistic model-inputs that yield bad results, rather than unrealistic model-
inputs to achieve good but artificial results. The performance measures reported in Table
5 for the CAPM valuation model are quite different from the ones reported in Bach and
Christensen (2016) and Nekrasov and Shroff (2009). We report a MAVE of 43.9% whereas
these two papers report 35.9%. One of several possible explanations for this difference
is the assumed constant risk-premium of 4.5% which, in combination with a long-term
growth rate of 0%, implies that too little value is discounted at a, perhaps, too large
discount rate. Consistent with the claims in section 11.1, the CAPM-valuation model
produces a large number of under-valuations. This suggests that our starting point of a
non-calibrated growth rate of 3% is too low to match the level of stock prices. Hence,
in order to match the level of stock prices, the median calibrated growth rate g should
increase, which is indeed the case when we calibrate the growth rate in the following
section.

As mentioned in section 11.3, we test the Epstein-Zin valuation model for different
values of Ψ. One can observe that the Epstein-Zin models are quite sensitive towards the
value of Ψ, which is also mentioned in e.g. Munk (2013). From table 5 it should be clear
that the best performing model is with Ψ = 0.4 and γ = 2, which is why we choose to
move on with these values.47

When comparing the three valuation models, it is quite interesting that the CCAPM
and the Epstein-Zin[0.4] performs almost identically, i.e., they risk-adjust somewhat simi-
larly. An immediate expectation is that the Epstein-Zin model should be able to generate
larger risk-adjustments than the standard CCAPM model. It is well known that standard
consumption-based CAPM models usually generates low risk-adjustments due to the low
contemporaneous covariance between dividends and the growth rate of consumption. Ob-
viously a choice of Ψ = 0.4 almost cancels out the ”new” risk-adjustment term in the
valuation relation, since θ is calculated as θ = 1−γ

1−1/Ψ
. A possible resolution of this issue

is to choose another value for γ. We choose γ = 2 to keep a somewhat comparing-link
with Bach and Christensen (2016), but the question is whether γ is the same parameter
in the two models? Think of it in this way, with HARA utility, the γ parameter contains
information on both risk aversion as well as preferences for the timing of resolution of
uncertainty, whereas with Epstein-Zin this information is split up into two variables. As
seen from Table 5, the model is also quite sensitive towards the level of γ.

Another interesting question is if the return on an optimally invested portfolio can in
fact be represented by the return of a stock index. Other applications might be considered
here, and we suggest a well diversified portfolio consisting of both stocks and bonds, but
this is left for future research.

Comparing the two consumption-based asset pricing models to the standard CAPM
model, we find substantially better performances for the consumption-based models. In
fact, the CAPM model yields a MAVE more than 33% higher than the MAVE for the
best performing consumption-based models.

47 Even though Ψ = 0.4 and γ = 4 also performs similarly, we choose γ = 2 to keep the link with Bach
and Christensen (2016).
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12.1.2 Calibration

The measures presented in Table 5 are all based on a starting non-calibrated growth rate
of 3% in the CAPM-model and -10% in the two consumption based valuation models. We
calibrate the growth rates each year in the following way:

After we have performed valuations at each valuation date with the non-calibrated
growth rate, we find the median valuation error each year and then find the growth rate
which minimizes this particular valuation error. If there is an equal number of observations
during a year, we choose the valuation error just above the true median to minimize, with
the hope of a better fit in the calibrated growth rate. If Et [RIRt,t+5] < 0 for the company
assigned to the median valuation error, the growth rate cannot be calibrated for that
particular stock and, therefore, we choose the ”next” valuation error to the right of the
true median, with the same intention as before. The objective of this procedure is to
balance the valuation errors so as to have just as many undervalued as overvalued stocks.

The median calibrated growth rate and various performance measures are presented in
Table 6. The first important thing to notice in Table 6 is that the median calibrated growth
rate increases in all three models. This is consistent with what was expected regarding the
CAPM-based valuation model. In order to match the level of stock prices, the model must
include more value which is the case if the growth rate in the continuing value increases.
However, a median calibrated growth rate of 6.7% is an economically unreasonable growth
rate in a perpetuity. Both of the consumption-based valuation models yield a median
calibrated growth rate close to 1%. This is a very interesting result as the growth rate has
then increased from -10% to 1% in order to match the level of stock prices. This suggests
that, in order to increase the valuation accuracy of the consumption-based valuation
models, an economically reasonable growth rate of 1% must be plugged into the model.
Since the growth rate in a perpetuity should generally not exceed the nominal growth
rate in the economy (measured by GDP), this is indeed a reasonable level for the growth
rate.

The second important thing to notice from Table 6 is that the Epstein-Zin[0.4|2] model
has benefited more from the growth rate calibration in terms MAVE, since the MAVE for
the CCAPM model is now approximately 5% larger than the Epstein-Zin[0.4|2] model.

As a conclusion to this section: It is hard to distinguish between the performances
of the two varieties of the consumption-based equity valuation models, but both of them
significantly outperforms the simple CAPM-based valuation model. Not only do both
of the consumption-based valuation models have a higher valuation accuracy than the
standard CAPM-based valuation model but they also use an economically reasonable
growth rate to obtain this result.

12.2 Model-applications in Investment Strategies

In this section, we turn the table around. We now test the performance from the funda-
mental valuation perspective: Can the three models identify cheap and expensive stocks?
We view the generated fundamental values as the true values, which the market prices
eventually will revert towards. If the models are successful in the above tasks, we should
be able to form investment strategies based on a sorting of cheap and expensive stocks
which should result in subsequent excess returns.
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Table 6: Various performance measure results for the three valuation models: CAPM,
CCAPM and Epstein-Zin using calibrated growth rates at each valuation date

Growth rate VE AVE

Mean Median SD Mean Median SD 15% AVE 25% AVE

CAPM[4.5] g=0.067 -0.791 0.161 9.981 0.602 0.447 0.666 0.833 0.726
CCAPM g=0.009 -0.160 -0.006 0.872 0.373 0.272 0.453 0.694 0.532
Epstein-Zin[0.4|2] g=0.008 -0.114 0.024 0.850 0.357 0.258 0.440 0.691 0.513

The presented growth rates are the median of the calibrated growth rates found at each valuation
date. Our primary performance measure, MAVE, is marked.

We take the best performing Epstein-Zin model and compare the performance of the
model with the CCAPM-based valuation model and the CAPM-based valuation model,
respectively. We use the year-specific growth-rate calibrated models to give the best match
on market prices. The testing of the models is measured in subsequent performances of
constructed portfolios based on the generated market pricing errors.

The investment strategy is carried out in the following way: At each valuation date,
we form three portfolios consisting of the cheapest, most expensive and fair valued stocks.
This is done in the sample period of 1997-2007. The choice of cutting the period at 1997
is due to lack of valuable stocks in terms of accounting data in preceding years. We want
the portfolios to be well diversified and have approximately a minimum of 100 stocks each,
hence, the choice of 1997. The choice of cutting the period at 2007 is due to the financial
crisis. We believe that the one- and two-year consensus forecasts at the valuation date of
2007 have no forecasting value of the extensive shocks which slammed the economy in the
following period. Untabulated results show that including 2008 in the sample significantly
changes the results.

To sort the stocks, we calculate the percentage pricing error, PE = P−V
V

, as a measure
of how much the market price is off relative to the fundamental value generated by our
valuation models. We then sort out the stocks according to their percentage deviation of
the fundamental value with the 30% lowest PE stocks in a buy portfolio, the 40% middle
PE stocks in a hold portfolio and the 30% highest PE stocks in a sell portfolio. All three
portfolios are equally weighted. We can then roll out the investment strategy for these
three portfolios for up to 5 years, i.e., we will report out of sample annualized average
returns for each portfolio.

Bach and Christensen (2016) mentions the importance of de-listings in terms of sur-
vivorship bias. As discussed in section 10, we mitigate the survivorship bias by not
excluding delisted stocks during the sample-period.

Since our portfolios are well diversified, we will measure the performances of the mod-
els by the excess returns of the portfolios relative to the CRSP value-weighted market
return.48 The advantage of this simple measure is that it compares realized returns on
the portfolios to the realized returns on the market index without the risk of any estima-
tion errors. The excess returns are calculated for portfolio i over the holding period from

48 The market index containing NYSE, AMEX, NASDAQ and ARCA. We have chosen this benchmark
for a better comparison with the results of Bach and Christensen (2016).
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the establishment date t to date t+ τ as

ERi
t,t+τ = Ri

t,t+τ −RM
t,t+τ

where Ri
t,t+τ and RM

t,t+τ is the realized compounded returns from t to t+ τ on portfolio i
and the market index, respectively.

In the subsequent sections we will consider average annualized excess returns on the
three portfolios, first for a 1-year holding period and then for multi-year holding periods
for up to 5 years. Furthermore, we will consider Sharpe and Sortino ratios as comparable
alternative performance measures, which are based on the mean-variance preferences and
not on a particular model for risk-adjustments. We then apply a time-series analysis of
the realized returns on an obvious hedge strategy, going long in the buy portfolio and
going short in the sell portfolio.

12.2.1 One-year Holding Period Returns

Figure 2 shows the average excess returns of the three portfolios based on the pricing
errors, as explained in the previous section. For a comparison, we show the CRSP equally
weighted excess returns of the S&P 500 index (EWMR). The first observation is that the
sell portfolio for the CAPM-model performs directly opposite to its original intention. The
intention of the sell portfolio is to contain over-valued stocks which, if successful, should
generate negative excess returns. This is by no means the result of this particular portfolio.
One might expect that mispricing in the market have higher effects over shorter investment
horizons, and that this effect might increase before prices eventually revert towards their
fundamental value. We expect the stocks in this portfolio to decrease in value, i.e., if the
mispricing further increases, the portfolio should yield numerically large excess returns
over short holding periods. This explanation is backed by the CBOE Volatility Index
(VIX), which shows our sample period to be highly volatile especially in the beginning of
our sample period, which is mainly due to the dot-com bubble. However, as we will see
later, the mis-performance of the CAPM-sell portfolio does not seem to revert towards
more reasonable levels with longer investment horizons.

The consumption based models produce neat results in terms of the levels of excess
returns. The buy portfolios clearly produces higher excess returns than the hold portfolios,
and the hold portfolios produce higher excess returns than the sell portfolios in turn.
Furthermore, there are clear indications from the Epstein-Zin- and CCAPM-portfolios
that an obvious hedge strategy can be formed consisting of the buy and sell portfolio,
respectively. The latter produces negative or zero excess returns and is therefore an
obvious candidate for a sell portfolio. The difference between the average excess return
for the buy and sell portfolio for the Epstein-Zin- and CCAPM-models is 3.37% and
4.20% respectively. On the other hand, the CAPM-portfolios yield inferior results. The
buy portfolio performs worse than the CRSP equally weighted S&P 500 index, and we
have already talked about the sell portfolio. It is not obvious to form a hedge strategy
for the CAPM-model, nonetheless, we do it anyways to generate a comparable link with
the consumption-based models.

The high positive excess return for the CRSP equally weighted S&P index might seem
a bit extreme, but historically this index performs quite well. Both consumption-based
buy portfolios perform better, but the CAPM fails to deliver higher average excess returns
than this index.
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Figure 2: One-year average portfolio returns in excess of the value-weighted market return.

In conclusion, ignoring the extreme sell portfolio of the CAPM-model, we obtain
somewhat similar results as in Bach and Christensen (2016).

12.2.2 Multi-year Holding Period Returns

In the fundamental analysis framework, we expect the multi-period holding portfolios
to perform better than the ones on a one-year basis. This is due to the expectation
of reversion in market prices towards fundamental values. Pricing errors might increase
before market prices eventually revert towards their fundamental value. Therefore, short
run average excess returns might contain more luck than actual economical strategic sense,
than returns based on longer investment horizons do. To test this mechanism, we form
portfolios on longer holding periods for up to a maximum of 5 years. As in the previous
setting we use average excess returns relative to the CRSP value-weighted market return
as our primary performance measure. Additionally in this section, we annualize these
returns, to achieve some capability of comparison between the investment horizons.

Figure 3 shows the annualized average excess returns on the formed portfolios for
different holding periods for up to 5 years, for the three valuation models. We observe quite
different results for the consumption-based valuation models and the one-factor model. As
we observed on the one-year portfolios for the consumption based models, the alignment
across the three portfolios perfectly fits with the previously described economical intuition.
The same goes for the multi-year portfolios as well. The buy portfolios tend to increase
in annualized average excess returns with the investment horizon while the sell portfolio
somewhat tend to revert towards a level around 0% to 1%. Similar to what Bach and
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Christensen (2016) find, both models suggest that significantly under-valued stocks slowly
but gradually revert towards their fundamental values with large positive excess returns
for longer investment horizons. From the sell portfolios, it seems there is an underweight of
over-valued stocks, since it reverts towards excess returns of around 1%, i.e., the negative
returns of over-valued stocks is overruled by the general pricing-trend of the more accurate
priced stocks.

However, the above findings do not hold for the CAPM-model. It is only for very
long investment horizons (5-years) that the alignment in excess returns tend to ”behave”.
In fact, as we will see later, only the 5-year portfolios generate positive returns from a
formed hedge-strategy for the CAPM-model.
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Figure 3: Multi-year annualized average portfolio returns in excess of the value-weighted
market return.

As expected, longer investment horizons perform significantly better in the fundamen-
tal investment framework. Mispriced stocks tend to follow the key principles of funda-
mental analysis and revert towards their fundamental value over time. Even though the
CAPM-model does not work as neatly as the two consumption-based valuation models,
it significantly increases in performance over longer investment horizons, i.e., the funda-
mental strategy in forming portfolios seems to be independent of which valuation model
is used.
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12.2.3 Sharpe and Sortino Ratios

In this section we consider two performance measures putting more focus on the match
between risk and excess returns. The only thing assumed here is the usual mean-variance
preferences for investors.

The Sharpe ratio49 is one of the most widely used methods for calculating risk-adjusted
returns. It assumes that risk is measured as the volatility of the returns. We calculate
it in the usual way as the annualized average monthly realized returns in excess of the
zero-coupon return for the holding period divided by the annualized standard deviation
of the monthly returns on the individual portfolio.

Figure 4 shows the average annualized Sharpe ratios for all three valuation models.
While the consumption-based models get the ranking right for all investment horizons,
we get quite mixed results for the CAPM-model. In both the Epstein-Zin- and CCAPM-
model we get clear indications from the Sharpe ratios that the buy portfolios are the best
choice in terms of identifying cheap and expensive stocks and they do so for all investment
horizons. Again, only for the very long investment horizons, the CAPM-model seems to
get the ranking right.
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Figure 4: One to 5-year average annualized Sharpe ratios based on buy, hold and sell
portfolios for the three valuation models.

49 Sharpe (1966)
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Thinking about the relation between risk and payoff in the Sharpe ratio, it makes
perfectly good sense that the ranking of the portfolios looks as it does for the consumption-
based valuation models. The buy portfolios are supposed to consist of cheap stocks which
should revert upwards in value towards their fundamental value. As we saw from Figure
3, the buy stocks slowly but gradually reverted towards their fundamental value with
high excess returns for longer investment horizons. That is, because risk is measured as
volatility, we tend to get high payoffs at relatively low risks.

Even though the Sharpe ratio seems to yield satisfactory results, at least for the
consumption-based models, its way of measuring risk is not entirely appropriate in the
way we want to analyse the risk-payoff balance. From our investment strategy, we like
large positive excess returns on the buy portfolio and numerically large negative excess
returns on the sell portfolio. Hence, the fact that the Sharpe ratio penalizes both upside
and downside risk should be concerning in the sense that the above results might not be
satisfactory after all.

In our setting, only downside risk should be penalized. A more modern portfolio risk
measure is the Sortino ratio.50 It is somewhat similar to the Sharpe ratio in the sense
of risk measurement, i.e., it adjusts excess returns for volatility. However, whereas the
Sharpe ratio penalized upside and downside risk equally, the Sortino ratio only penalizes
the downside risk, which is what we are interested in. We calculate the Sortino ratio on
a portfolio for a particular holding period by

Sortino ratio for portfolio i =
R̄i − T√∑

j 1{Ri
j
<T}(R

i
j−T)

2

N

where R̄i is the annualized average monthly realized returns over the holding period, T
is the target return, which we choose to be the annualized zero-coupon yield over the
holding period, i.e., the numerator is exactly the same as when we calculated the Sharpe
ratio. The denominator is the target semideviation, i.e., it evaluates the deviations in
returns below the target. It is calculated almost as an estimate of standard deviation.
The difference is, that instead of subtracting the sample mean, we subtract the target,
and only sum observations triggered by the indicator function 1{Rij<T}. That is, we only

count for returns in the holding period which are less than the target. N is the number
of monthly returns observed in the holding period.

Figure 5 shows that both consumption-based valuation models generates convincing
results, in terms of identifying cheap and expensive stocks. Again, as we saw with the
Sharpe ratios, the CAPM-model generates mixed results. It does only seem to produce
satisfying results for long investment horizon.

12.2.4 Time-series Analysis of Hedge Strategy

Results from the preceding sections have indicated, at least for the consumption-based
models, that the previously mentioned hedge strategy should work well. The strategy con-
sists of going long in the buy portfolio, and taking a short position in the sell portfolio. To
put focus solely on the performance of the valuation models in terms of identifying cheap

50 Sortino and Van Der Meer (1991)
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Figure 5: One to 5-year average annualized Sortino ratios based on buy, hold and sell
portfolios for the three valuation models.

and expensive stocks, we will not make any assumptions regarding investor preferences. In
that matter, we will track a time-series of unadjusted annualized realized holding-period
returns generated by the various portfolios based on the above hedge strategy. That is,
the following results will be based entirely on historical data at the portfolio formation
dates, which further implies that all realized returns are out of sample.

We choose to exclude the recent financial crisis from the sample, i.e., if a portfolio
should consist of 2008 stocks, we do not form it. Hence the last 5-year holding period
portfolio is formed in 2002. The returns are shown relative to the year in which the
particular portfolio is formed.

Figure 6 clearly shows that this hedge strategy works as intended. At least for the
consumption-based models. As we mentioned earlier, the hedge-strategy might not work
as well for the CAPM-model based on the findings earlier in this section.

We observe that the one-period portfolio returns are much more volatile than for
longer investment horizons. It is important to notice that all strategies have periods with
negative returns, i.e., we have not discovered any arbitrage strategies.

Comparing the models in terms of their hedge strategy performance, the Epstein-
Zin-, CCAPM- and CAPM-model yield annualized average returns of 3.29%, 3.21% and
-1.64% respectively, i.e., the Epstein-Zin model performs slightly better even though the
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two consumption based models have seemed to yield similar results throughout our various
tests. As we mentioned earlier, the strategy for the CAPM-model is a bad idea due to
the performance of the sell portfolio. Nonetheless, it does in fact produce positive returns
for very long investment horizons.

The fact that the Epstein-Zin-model yields a higher annualized average return than
the CCAPM-model is a clear sign of the extraordinary performance of the fundamental
analysis. Considering the spread between the buy and sell portfolio for a one-year horizon,
the CCAPM-model might have been suggested as the superior model. But letting the
properties of fundamental analysis work over time, we see that the Epstein-Zin model is
slightly better at identifying cheap and expensive stocks.
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Figure 6: Annualized realized returns on the hedge portfolios formed at each valuation
date for 1, 3 and 5-year holding periods. We have excluded the 2- and 4-year holding
periods from the graphs for illustrational reasons.
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13 Conclusion

This thesis has analyzed how an equity valuation model can be extended into a setting
with recursive utility specified by Epstein-Zin preferences. By reviewing basic asset pricing
theory, we derived a set of pricing mechanisms under the assumption of no-arbitrage in
the financial market. Using the valuation index as a pricing mechanism, we derived a
value relation where the risk-adjustments are made in the numerator and are determined
by the covariance between the dividends of the asset and the valuation index. This value
relation was used in the subsequent analysis throughout this thesis.

No-arbitrage ensured the existence of a valuation index, not what determined it. First,
we used an equilibrium approach by imposing two increasingly restrictive assumptions of
individual optimality and market equilibrium. Combined with an assumption of time-
additive utility, homogeneous beliefs and effectively dynamically complete markets, the
valuation index was measurable with respect to aggregate consumption and was given by
the ”scarcity” of aggregate consumption as measured by the investors’ marginal utility
of consumption. Since time-additive utility is too simplistic, an event-price deflator was
derived under recursive utility using the dynamic programming approach. Second, we
reviewed the factor models where the valuation index is assumed to be a linear function
of exogenous pricing factors.

Having set the theoretical stage, attention was directed towards equity valuation.
Ensuring articulation between the financial statements, the dividends were re-expressed
in terms of accounting numbers such that focus was shifted to value creation as measured
by residual income. Then the standard approach to equity valuation was derived and
analyzed. An examination of the use of a constant risk-adjusted cost of capital showed
that if the conditional expected returns are stochastic, then the estimated unconditional
expected returns are likely to be an upwardly biased measure of the cost of capital. This
is due to counter-cyclical risk premia and Jensen’s inequality. We showed that even with
deterministic returns, the cost of capital estimates depend both on the term structure
of interest rates and the cash flow pattern. Moreover, we showed that the APV method
is less restrictive when incorporating the tax shields into the valuation in a multi-period
setting.

In order to make the consumption-based equity valuation models empirically imple-
mentable, additional economic structure was imposed on the model. A consumption index
was derived under the assumption that the preferences of the investors were represented
by a HARA-utility function with identical risk cautiousness. In addition, the residual
income and log-aggregate consumption were assumed to be jointly normally distributed
and prices were assumed to be log-normally distributed. A value relation expressed as a
market-to-book ratio of the common equity was derived in the equilibrium model. It was
shown that the risk-adjustments are given by the expected future residual income returns’
covariance with aggregate real consumption and inflation. It was argued that the risk-
adjustments accounted for the residual income returns’ ability to smooth consumption
and provide a hedge against bad states of the economy.

The Epstein-Zin-based equity valuation model was derived using the Epstein-Zin
event-price deflator and the value relations. The risk-adjustments were given by the
expected future residual income returns’ covariance with the log growth rate of consump-
tion and the log-return on the optimally invested wealth of the investor. It was concluded
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that the ’new’ risk-adjustment term pertained to how good a hedge the stock provided
against unfavorable movements in the wealth portfolio whereas the consumption index
only regarded the hedge against consumption and purchasing power. It was shown that
the value of the Epstein-Zin parameters determined whether the new risk-adjustment
term should be positive or negative and also the magnitude of the risk-adjustment. Ex-
plicit solutions to the risk-adjustment terms were obtained by examining the time-series
properties of the residual income returns, the log growth in aggregate consumption and
the log-return on an optimally invested portfolio.

Based on our two-dimensional empirical study of the valuation models, we are able to
conclude, and agree upon the results in Bach and Christensen (2016), that the consumption-
based models perform significantly better than the one-factor CAPM-model. The first
dimension (market efficiency) has been used to test whether these valuation models can
match cross-sectional stock prices as well as stock prices across business cycles. First,
we compared the three models in terms of the median absolute valuation error (MAVE).
Then we calibrated their year-specific initially used growth rates.

It is hard to conclude on any significant differences in the performances of the two
consumption-based models but they both significantly outperform the CAPM-model with
a MAVE of 0.328, 0.328 and 0.439 for the Epstein-Zin, CCAPM and CAPM model, re-
spectively. Not only do both of the consumption-based models yield a higher valuation
accuracy, they also use an economically reasonable growth rate to do so. The calibrated
median growth rate for the CAPM-model was estimated to 6.7% which is an economi-
cally unreasonable growth rate. Nonetheless, the median valuation error still indicates
that the CAPM-model under-values stocks. This suggests that the standard valuation
model must make a ”counterbalancing error” of risk-adjusting too much through the risk-
adjusted cost of equity in the denominator. Implementations of the calibrated growth
rates yielded MAVE’s of 0.258, 0.272 and 0.447 for the Epstein-Zin, CCAPM and CAPM
model, respectively. Hence, the Epstein-Zin-based valuations benefited more from a cali-
bration than the CCAPM-based model, which resulted in the highest valuation accuracy
among the three models.

The second dimension (fundamental valuation) has been used to test whether the
models are capable of identifying cheap and expensive stocks. In the period of 1997-
2007 we have formed portfolios based on the percentage pricing error, which is used as a
measure of how much the market value is off relative to the fundamental value generated
by the valuation model. We have formed a buy portfolio consisting of the 30% lowest
PE stocks, a hold portfolio consisting of the 40% middle PE stocks and a sell portfolio
consisting of the 30% highest PE stocks. Then we rolled out the investment strategy for
up to 5 years.

The performances of the one-year holding portfolios showed nice patterns for the two
consumption-based models with the CCAPM-model yielding the largest spread between
the excess returns of the buy and sell portfolio of 4.20%. However, the CAPM-model
yielded more mixed results with the sell portfolio directly opposite of the originally in-
tended idea. In fact, only for 5-year portfolios did the CAPM-model perform somewhat
as intended.

Calculating Sharpe and Sortino ratios for the various portfolios yielded the same con-
clusions, namely that the consumption-based models clearly are able to identify cheap
and expensive stocks, whereas only long investment horizons can justify the same for the
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CAPM-model.
Last but not least, we have performed a time-series analysis of out of sample excess

returns generated by a hedge-strategy based on a long position in the buy portfolio and
a short position in the sell portfolio. This investment strategy has managed to yield
annualized average returns of 3.29%, 3.21% and -1.64% for the Epstein-Zin-, CCAPM-
and CAPM-model respectively.

Even though the one-year portfolio based on the CCAPM-model outperformed the
one based on the Epstein-Zin-model, rolling out investment strategies over longer invest-
ment horizons actually makes the Epstein-Zin-model the slightly superior model of the
two. Even without a calibration of Ψ, the Epstein-Zin-based valuation model delivers
impressive results and significantly outperforms the classic CAPM-model.

13.1 Ideas for Future Research

It is not an easy task to parameterize the Epstein-Zin-model. As we have seen, the model
is quite sensitive towards the choices of Ψ and γ. Therefore, we suggest research on
implied values of elasticity of intertemporal substitution across different markets with the
use of our derived valuation model. We believe this alternative approach can contribute
to the existing literature on estimations of Ψ. Furthermore, this could contribute to more
accurate valuations from the Epstein-Zin-model.

Another way of incorporating the Epstein-Zin valuation model in future research is
in artificial intelligence investment. Based on our findings in this thesis, we suggest
that the Epstein-Zin-based equity valuation model can be implemented in an artificial
intelligence investment algorithm. The ability of identifying cheap and expensive stocks
should contribute towards more accurate investment algorithms.
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A Appendix

A.1 Riesz Representation Theorem

Lemma (one-period) Riesz Representation Theorem
Suppose the function F : RM → R is linear, e.g., F (x) = p>x for some vector p ∈ RM .
Then there is a unique vector π ∈ RM such that for all x ∈ RM we have

F (x) =
M∑
m=1

πmxmϕm = E[πx]

Observe that F is strictly increasing if, and only if, π is strictly positive, i.e., π ∈ RM
++.

Lemma (multi-period) Riesz Representation Theorem
Assume the function F : L → R is linear and let ϕ = {ϕ(yt)} be a strictly positive
probability vector, i.e., a sequence of probability vectors over possible events in Y. Then
there exist a unique π in L, such that

F (X) = E

[
T∑
t=0

πt(yt)Xt(yt)

]

=
T∑
t=0

∑
yt∈Yt

ϕ(yt)πt(yt)Xt(yt) ∀ X ∈ L

Note, F is strictly increasing if, and only if, π is strictly positive.

A.2 Recursive Utility - Epstein Zin Preferences

A.2.1 Two-good utility functions and the elasticity of substitution

Consider an atemporal utility function f(c, q) dependent of consumption of two different
goods at the same time. A typical indifference curve is just the set of all c and q such
that f(c, q) = k for some constant k. Changes along an indifference curve are determined
by

∂f

∂c
dc+

∂f

∂q
dq = 0

so the marginal rate of substitution is

dq

dc
= −

∂f
∂c
∂f
∂q

The only way the marginal rate of substitution(MRS) will not change along an indif-
ference curve, is if the curve is linear.
In general, indifference curves are assumed to be convex since it seems rational that the
investor wants to trade some of one good for the other and end up consuming some of
each, rather than specializing in consuming only one of the two good goods51. The elas-
ticity across goods, also called the elasticity of intratemporal substitution, measures by

51 See Varian (2009)
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which percentage one needs to change q
c

in order to obtain a 1% change in the MRS, i.e.,
it is a measure of the convexity of the indifference curve. Think of it figuratively, if the
indifference curve is very curved, you only need to move a little bit along the curve before
the MRS has changed by 1%. In that case, the elasticity of intratemporal substitution is
low since it is a measure of how much you need to change q

c
in order to get a 1% change in

the MRS. By the same logic, if the curve is almost linear, the elasticity of intratemporal
substitution is very high.
We can formalize the above definition in terms of measuring changes in derivatives

Ψ =
d
(
q
c

)
/ q
c

d
(
dq
dc

)
/dq
dc

= − d
(
q
c

)
/ q
c

d

(
∂f
∂q
∂f
∂c

)
/
∂f
∂q
∂f
∂c

= −
∂f
∂c
/∂f
∂c

q/c

d(q/c)

d
(
∂f
∂q
/∂f
∂c

)
Assume

f(c, q) = (acα + bqα)1/α α < 1 and α 6= 0

and find ∂f
∂c

and ∂f
∂q

∂f

∂c
=

1

α
(acα + bqα)1/α−1 (αacα−1

)
= (acα + bqα)1/α−1 acα−1

∂f

∂q
=

1

α
(acα + bqα)1/α−1 (αbqα−1

)
= (acα + bqα)1/α−1 bqα−1

which yields that
∂f
∂q

∂f
∂c

=
bqα−1

acα−1
=
b

a

(q
c

)α−1

Using the fact that we can write d(q/c)

d( ∂f∂q /
∂f
∂c )

= 1
d( ∂f∂q /

∂f
∂c )

d(q/c)

, we can find the derivative w.r.t. q
c

d
(
∂f
∂q
/∂f
∂c

)
d(q/c)

= (α− 1)
b

a

(q
c

)α−2

Hence, we can compute Ψ

Ψ = −
b
a

(
q
c

)α−1

q/c

1

(α− 1) b
a

(
q
c

)α−2 = − 1

α− 1
=

1

1− α

An important observation to make here, is that this expression is independent of c and
q, and therefore the used specification of f(c, q) is often referred to as constant elasticity
of substitution (CES) utility. Notice that

Ψ =
1

1− α ⇒
Ψ− 1

Ψ
= α

i.e., we can rewrite the f(c, q) in terms of the elasticity of intratemporal substitution

f(c, q) =
(
ac

Ψ−1
Ψ + bq

Ψ−1
Ψ

) Ψ
Ψ−1

(A.1)
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A.2.2 Simplification of equation (4.15)

JW (Wt, xt, t) = fq (ĉt, qt(Jt+1))
(
Et

[
J1−γ
t+1

]) γ
1−γ Et

[
J−γt+1JW

(
Ŵt+1, xt+1, t+ 1

)
RW
t+1

] ∂ĉt
∂Wt

+ fq (ĉt, qt(Jt+1)) qt(Jt+1)γ

Et

[
J−γt+1JW

(
Ŵt+1, xt+1, t+ 1

){(
1− ∂ĉt

∂Wt

)
RW
t+1 + (Wt − ĉt)

(
∂π̂t
∂Wt

)T (
Rt+1 −Rf

t 1
)}]

= fq (ĉt, qt(Jt+1)) qt(Jt+1)γEt

[
J−γt+1JW

(
Ŵt+1, xt+1, t+ 1

)
RW
t+1

] ∂ĉt
∂Wt

+ fq (ĉt, qt(Jt+1)) qt(Jt+1)γ{
Et

[
J−γt+1JW

(
Ŵt+1, xt+1, t+ 1

)
RW
t+1

]
− Et

[
J−γt+1JW

(
Ŵt+1, xt+1, t+ 1

) ∂ĉt
∂Wt

RW
t+1

]}

= fq (ĉt, qt(Jt+1)) qt(Jt+1)γEt

[
J−γt+1JW

(
Ŵt+1, xt+1, t+ 1

)
RW
t+1

]
which is equation (4.15).

A.3 From the DVR to the AVR

In this appendix, we will show how to go from the dividend value relation to the accounting
value relation. Given the dividend-value relation in (6.1). Observe that CSR implies

bvτ (yτ ) = bvτ−1(yτ ) + niτ (yτ )− dτ (yτ )
⇔ dτ (yτ ) = niτ (yτ ) + bτ−1(yτ )− bvτ (yτ )

Isolate the dividends in the CSR and substitute these into (6.1) which yields the following
value for common equity

vt(yt) =
T∑

τ=t+1

∑
yτ⊆yt

(niτ (yτ ) + bτ−1(yτ−1)− bvτ (yτ )) pτt(yτ |yt) (A.2)

Since the accounting numbers are assumed to be η-measurable, any known value at
time τ − 1 will not change when more information is revealed at time τ , implying that
bvτ−1(yτ−1) = bvτ−1(yτ ), ∀yτ ⊇ yτ−1 and bvT (yT ) = 0, ∀yT ∈ YT , the following equality
applies

−
T∑

τ=t+1

∑
yτ⊆yt

bvτ (yτ )pτt(yτ |yt) = bvt(yt)−
T∑

τ=t+1

∑
yτ−1⊆yt

bvτ−1(yτ−1)pτ−1,t(yτ−1|yt) (A.3)

Substituting this expression into (A.2), and using the definition of the riskless interest
rate in (6.4) plus the fact that pτ,τ−1(yτ |yτ−1) = pτt(yτ |yt)/pτ−1,t(yτ−1|yt) will after some
calculations give an accounting-value relation (AVR) for the market value of common
equity Vt such that

Vt = bvt(yt) +
T∑

τ=t+1

∑
yτ⊆yt

riτ (yτ )pτt(yτ |yt)
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A.4 Derivation of Value Relations and Expected Return Rela-
tions

Derivation of the Firm Value in the WACC Approach

V oa
t =

Et[fcfot+1 + V oa
t+1] + tc[Et[RDt]− 1]Dt

Et[RFt]

V oa
t Et[RFt] = Et[fcfot+1 + V oa

t+1] + tc[Et[RDt]− 1]Dt

V oa
t Et[RFt]− tc[Et[RDt]− 1]Dt = Et[fcfot+1 + V oa

t+1]

V oa
t

(
Et[RFt]− tc[Et[RDt]− 1]

Dt

V oa
t

)
= Et[fcfot+1 + V oa

t+1]

V oa
t =

Et[fcfot+1 + V oa
t+1]

Et[RFt]− tc[Et[RDt]− 1] Dt
V oat

Derivation of the Expected Return on Equity

Et[REt]
Vt
V oa
t

+ Et[RDt]
Dt

V oa
t

= Et[RUAt]
UAt
V oa
t

+ Et[RTSt]
TSt
V oa
t

The relationship between the expected return on equity and leverage is shown by isolating
the expected return on equity in the equation

Et[REt]
Vt
V oa
t

+ Et[RDt]
Dt

V oa
t

= Et[RUAt]
UAt
V oa
t

+ Et[RTSt]
TSt
V oa
t

Et[REt]Vt + Et[RDt]Dt = Et[RUAt]UAt + Et[RTSt]TSt

Et[REt]Vt = Et[RUAt]UAt + Et[RTSt]TSt − Et[RDt]Dt

Et[REt] = Et[RUAt]
UAt
Vt

+ Et[RTSt]
TSt
Vt
− Et[RDt]

Dt

Vt
Substitute in the relation UAt = Vt +Dt − TSt:

Et[REt] = Et[RUAt]
Vt +Dt − TSt

Vt
+ Et[RTSt]

TSt
Vt
− Et[RDt]

Dt

Vt

Et[REt] = Et[RUAt] + Et[RUAt]
Dt

Vt
− Et[RUAt]

TSt
Vt

+ Et[RTSt]
TSt
Vt
− Et[RDt]

Dt

Vt

Et[REt] = Et[RUAt] +
Dt

Vt
(Et[RUAt]− Et[RDt])−

TSt
Vt

(Et[RUAt]− Et[RTSt])

A.5 Covariance and Zero-Coupon Price

Proof that the zero-coupon price goes out of the covariance-expression

Covt

[
djτ ,

ζτ
ζt

Bτt

]
= Et

[
djτ

ζτ
ζt

Bτt

]
− Et[djτ ]Et[Qτt]

= Et

[
djτ

ζτ
ζt

Bτt

]
− Et[djτ ]Et

[
ζτ
ζt

Bτt

]
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Since Bτt is independent of time t we can write

= Et

[
djτ

ζτ
ζt

]
1

Bτt

− Et[djτ ]Et

[
ζτ
ζt

]
1

Bτt

=

(
Et

[
djτ

ζτ
ζt

]
− Et[djτ ]Et

[
ζτ
ζt

])
1

Bτt

=
Covt

[
djτ ,

ζτ
ζt

]
Bτt

A.6 The Time-Series Properties of the Stochastic Processes

A.6.1 Recursive Derivation of the Time-Series Properties

In section 9.3, we solved equation (9.12), (9.19) and (9.32) recursively. This yields the
stochastic processes in (9.33), (9.34) and (9.35):

RIRt,t+τ = RIRo
t + ωτr [RIRt,t −RIRo

t ] +
τ−1∑
s=0

ωsrεt+τ−s

gt,t+τ = τµln(c) +
τ−1∑
s=0

δt+τ−s

rWt,t+τ = τµln(p) +
τ−1∑
s=0

υt+τ−s

where gt,t+τ = ln
(
ct+τ
ct

)
and gt,t+τ = ln

(
Pt+τ
Pt

)
. In the following we will show how the

obtain the expression above.
Solving the RIR-process recursively yields

RIRt,t+1 = RIRo
t + ωr [RIRt,t −RIRo

t ] + εt+1

RIRt,t+2 = RIRo
t + ωr [RIRt,t+1 −RIRo

t ] + εt+2

= RIRo
t + ωr [RIRo

t + ωr [RIRt,t −RIRo
t ] + εt+1 −RIRo

t ] + εt+2

= RIRo
t + ω2

r [RIRt,t −RIRo
t ] + εt+1ωr + εt+2

RIRt,t+3 = RIRt + ωr [RIRt,t+2 −RIRo
t ] + εt+3

= RIRo
t + ωr

[
RIRo

t + ω2
r [RIRt,t −RIRo

t ] + εt+1ωr + εt+2 −RIRo
t

]
+ εt+3

= RIRo
t + ω3

r [RIRt,t −RIRo
t ] + ω2

rεt+1 + εt+2ωr + εt+3

...

...

RIRt,t+τ = RIRo
t + ωτr [RIRt,t −RIRo

t ] +
τ−1∑
s=0

ωsrεt+τ−s
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and for the consumption process

ln(ct+1) = ln(ct) + µln(c) + δt+1

ln(ct+2) = ln(ct+1) + µln(c) + δt+2

= ln(ct) + µln(c) + δt+1 + µln(c) + δt+2

...

...

ln(ct+τ ) = ln(ct+τ−1) + µln(c) + δt+τ

= ln(ct) + · · ·+ µln(c) + δt+τ

= ln(ct) + τµln(c) +
τ−1∑
s=0

δt+τ−s

⇒ gt,t+τ = τµln(c) +
τ−1∑
s=0

δt+τ−s

and similar for the return process

ln(Pt+1) = ln(Pt) + µln(p) + υt+1

ln(Pt+2) = ln(Pt+1) + µln(p) + υt+2

= ln(Pt) + µln(p) + υt+1 + µln(p) + υt+2

...

...

ln(Pt+τ ) = ln(Pt+τ−1) + µln(p) + υt+τ

= ln(Pt) + · · ·+ µln(p) + υt+τ

= ln(Pt) + τµln(p) +
τ−1∑
s=0

υt+τ−s

⇒ rt,t+τ = τµln(p) +
τ−1∑
s=0

υt+τ−s

A.6.2 Derivation of the Conditional Covariance

The conditional variance of the residual income returns is

Vart [RIRt,t+τ ] = Et

[
(RIRt,t+τ − Et [RIRt,t+τ ])

2]
= Et

(RIRo
t + ωτr (RIRt,t −RIRo

t ) +
τ−1∑
s=0

ωsrεt+τ−s −RIRo
t + ωτr (RIRt,t −RIRo

t )

)2


= Et

(τ−1∑
s=0

ωsrεt+τ−s

)2
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Observe that Vart[εt+τ ] = Et

[
(εt+τ − Et[εt+τ ])

2] = Et

[
(εt+τ )

2] = σ2
r . So continuing from

before

= Et

[
τ−1∑
s=0

τ−1∑
z=0

ωsrεt+τ−sω
z
rεt+τ−z

]

=
τ−1∑
s=0

τ−1∑
z=0

Et [ωsrεt+τ−sω
z
rεt+τ−z]

Since the innovations are serially uncorrelated, every time s 6= z, we will get a zero term.
For example, for s = 0 and z = 1 we get

Et[εt+τωrεt+τ−1] = ωrEt[εt+τεt+τ−1] = ωrEt[εt+τ ]Et[εt+τ−1]− Covt[εt+τ , εt+τ−1] = 0

But every time s = z we get a positive term

s = 0 , z = 0⇒ Et[ε
2
t+τ ] = σ2

r

s = 1 , z = 1⇒ Et[εt+τ−1ωrεt+τ−1ωr] = ω2
rEt[ε

2
t+τ−1] = σ2

rω
2
r

s = 2 , z = 2⇒ Et[εt+τ−2ω
2
rεt+τ−2ω

2
r ] = σ2

rω
4
r

...

s = τ − 1 , z = τ − 1⇒ Et[εt−1ω
τ−1
r εt−1ω

τ−1
r ] = ωτ−1+τ−1

r Et[ε
2
t−1] = σ2

rω
2(τ−1)
r

And, hence, the sum of these terms becomes (9.36), i.e.,

Vart [RIRt,t+τ ] = σ2
r + σ2

rω
2
r + σ2

rω
4
r + · · ·+ σ2

rω
2(τ−1)
r

= σ2
r

(
τ−1∑
s=0

ω2s
r

)

In order to obtain the finale expression in (9.37), we use the rule for finite geometric series:

σ2
r

(
τ−1∑
s=0

ω2s
r

)
= σ2

r + σ2
rω

2
r + σ2

rω
4
r + · · ·+ σ2

rω
2(τ−1)
r (A.4)

⇒ σ2
r

(
τ−1∑
s=0

ω2s
r

)
ω2
r = σ2

rω
2
r + σ2

rω
4
r + · · ·+ σ2

rω
2τ
r (A.5)

Subtract (A.5) from (A.4)

σ2
r

(
τ−1∑
s=0

ω2s
r

)
− σ2

r

(
τ−1∑
s=0

ω2s
r

)
ω2
r = σ2

r − σ2
rω

2τ
r

⇒ σ2
r

(
τ−1∑
s=0

ω2s
r

)
(1− ω2

r) = σ2
r(1− ω2τ

r )

⇒ σ2
r

(
τ−1∑
s=0

ω2s
r

)
= σ2

r

1− ω2τ
r

1− ω2
r

= Vart[RIRt,t+τ ]
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