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Executive summary 

 

The main objective of this thesis is to assess the performance of modern portfolio choice models in 

comparison with 1/N on the Danish Stock market in the period from 1980 to 2010. We search for a 

strategy with the ability to consistently outperform the benchmark. 

 

By applying Fama-French theory on a large sample of Danish equities, we form 6 Size and Book-To-

Market portfolios, as well as 6 Size and Momentum portfolios. These datasets are analyzed 

separately and jointly where we find strong evidence in support of the sample-based asset allocation 

models.  This is explained by the modest N and the fact that the constructed Fama-French portfolios, 

by nature, result in both excellent as well as devastating evolvements.  

 

We develop the means to assess optimal asset allocation with time dependency in N, and address 

extreme cases of +100 shares. In general large values of N imply a well-diversified 1/N strategy, as 

our results also emphasize, i.e. none of the sample-based models presented even a single incident of 

outperforming the benchmark in any of the two datasets considered with a substantially large N.  

 

By simulating various datasets, calibrated to reflect both stocks as well as portfolios, performance is 

evaluated for extreme values of M and T.  We find that the sample-based strategies have a better 

chance of outperforming 1/N on stocks rather than portfolios. 

 

Inspired by Brandt, Santa-Clara and Valkanov (2007), we suggest a fairly simple approach to allocate 

wealth relying on the firm characteristic Price-Earnings ratio, and assess whether such a model brings 

anything new into the field of asset allocation. In alignment with DeMiguel et al. 2007, our study 

suggests a tendency of the cross-sectional firm characteristic model to enhance performance, 

although it is not consistently statistically superior, than the sample-based asset allocation models.  

 

Putting things into perspective we compare our results on the Danish Stock market with a similar 

study performed on the U.S. market (DeMiguel et al. 2007). Overall our findings on the Danish 

market are in alignment with the U.S. results, in the sense that none of the considered strategies 

were proven to be consistently superior to 1/N. 
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Despite our findings, we present empirical evidence of equity funds that have, at least to some 

extent, implemented similar strategies to the ones examined in this thesis. The Swiss asset 

management company Unigestion follows a long-only Minimum-Variance strategy, which presents a 

convincing performance compared to the DJ Europe Stoxx 600, i.e. considerably lower yearly 

volatility as well as higher returns. 

 

As for asset allocation with respect to Price-Earnings ratios, we clarify the performance of the India 

Tata Equity P/E fund obtained since it was founded, and compare it to the BSE Sensex 30 index. 

Evolvements in normalized total return indexes as well as yearly volatilities indicate that the P/E fund 

outperforms the Indian market. 
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1 Introduction 

 

Investment strategies and their profitability have always been a hot topic for people with an interest 

in financial assets. The idea of a strategy capable of “beating the market“originated along with the 

financial markets; however, any consistently superior strategy is yet to be found.  

 

Ex-post long-only optimal allocation is a fairly simple matter as it would only contain one asset, 

namely the one generating the highest return. However, one does not know in advance which asset 

will perform the best; hence, holding only one asset is a bit of a gamble. As assets in general are not 

perfectly correlated, the investor is able to reduce idiosyncratic risk by holding more than just one 

asset. The effect of this diversification reduces both the upside as well as the downside potential, and 

allows for a more consistent performance.  

 

Centuries ago Rabbi Isaac bar Aha came up with the following proposition for allocation of assets:  

“One should always divide his wealth into three parts: a third in land, a third in merchandise, and a 

third ready to hand.”1 

Since then there has been considerable progress in the fields of asset allocation and general portfolio 

theory. A milestone was reached with the path-breaking work of Markowitz2 who derived the 

optimal rule for allocating wealth across risky assets in a static setting when investors care only about 

the mean and variance of a portfolio’s return. However, the real world is everything but static and 

the implementation of these portfolios, with moments estimated via their sample analogues, is 

somewhat notorious for producing extreme weights that tend to fluctuate substantially over time, 

and even perform poorly out-of-sample3. The primary suspect for this matter is estimation error. 

Considerable effort has been devoted to the issue of handling estimation error, the main objective 

being improved performance of the Markowitz model, e.g. portfolio rules imposing the well-known 

short-selling constraints (Jagannathan and Ma, 2003).  

 

                                                           
1
 Babylonian Talmud: Tractate Baba Mezi’a, folio 42a. 

2
 Markowitz (1952) 

3
 Jagannathan and Ma (2003, p. 1651) 

http://www.investorwords.com/5186/upside.html
http://www.investorwords.com/1569/downside.html
http://www.investorwords.com/3665/performance.html
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The purpose of this thesis is to tests the modern portfolio choice models capabilities to outperform a 

simple 1/N approach. To assess this issue we evaluate out-of-sample performance in terms of Sharpe 

ratio, Certainty Equivalent and Turnover.  
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1.1 Problem Discussion 

 

In the article “Optimal Versus Naive Diversification: How Inefficient is the 1/N Portfolio Strategy” by 

DeMiguel et al. (2007), they address the out-of-sample performance of selected sample-based 

strategies on U.S. datasets. 

 

The objective of this thesis is to examine whether any of the modern portfolio optimization 

strategies are able to outperform the 1/N benchmark on the Danish Stock market. We define a 

strategy as superior to 1/N if it outperforms the benchmark simultaneously in terms of both 

risk/return measures, i.e. generate statistically better Sharpe and CEQ. 

 

Hence, the main question is: 

 

Can modern portfolio optimization strategies outperform 1/N on the Danish Stock market? 

 

This question will be elucidated by addressing the following sub-questions: 

 How is performance influenced by the estimation window M? 

 How is performance affected by evaluating on constructed portfolios vs. stocks? 

 Under which conditions is a statistically superior strategy likely? 

 Can a simple Price-Earnings model bring anything new into the field of optimal asset 

allocation? 

 

 

1.2 Delimitation 

 

The thesis is based on data accessible from Datastream. For our study we use a list – All Danish 

Stocks, provided by Datastream. The thesis will desist from investigating whether the list is complete 

and rely on the information provided by Datastream.  

 

Transaction costs as well as taxation on returns, and their possible influence on the results in this 

thesis, is in general not considered. We omit any kind of in-sample tests and report only the out-of-

sample performance measures. 
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Our study focuses on estimation windows of M=60 and M=120 for the empirical part, and rebalances 

all portfolios on a monthly basis. We refrain from addressing other estimation windows as well as 

other rebalancing intervals.   

 

The mathematics behind the Markowitz models prevents us from assessing datasets with a 

substantial number of assets, as the inverse of such a covariance matrix is undefined. In these cases 

the optimal weights of the models are approximated using numerical optimization.  

 

 

1.3 Methodology  

 

This section contains a brief description of the methodology, concepts, key figures and models in 

consideration. Central parts will be further elaborated on in the theoretical chapter of the thesis.  

When assessing performance it is absolutely essential that the level of the risk endured is accounted 

for in order to generate a given return. Performance of the asset allocation models in question will 

be evaluated in terms of out-of-sample Sharpe ratio, out-of-sample Certainty Equivalent returns 

(CEQ) as well as Turnover. Sharpe ratio and CEQ offers two distinct ways of evaluating the risk/return 

relationship, whereas the Turnover is reported in order to get a sense of the amount of trading 

needed to implement a certain strategy.  

 

When estimating the moments of the assets, we apply a “rolling sample” approach, in which the 

length of the estimation period is denoted by M. Specifically, given a T -month-long dataset of asset 

returns, we choose an estimation window of length M=60 or M=120 months. In each month t, 

starting from t = M + 1, we use the data in the previous M months to estimate the parameters 

needed to implement a particular strategy. These estimated parameters are then used to determine 

the relative weights in the portfolio. 

 

By implementing various modern portfolio choice models, well-known from the literature in the field 

of optimal allocation, it is our aim to test the performance of sample-based asset allocation models 

on the Danish Stock market, and search for a strategy with the ability to outperform a Naive 

diversification strategy.  
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Previous research (Brandt, Santa-Clara and Valkanov 2007) implies that exploiting information about 

cross-sectional characteristics of an asset might be a promising direction to pursue4. With this in 

mind we suggest a fairly simple model based on Price-Earnings ratios and compare it with the 

benchmark, as well as the general performance of the sample-based models.  

 

The main part of the asset allocation models are programmed in Microsoft Visual C++ Express 

edition, and implemented in Excel by means of an add-in5 (xlwVisio.xll) developed by the authors. As 

for the constraint models, an Excel application is constructed interfacing with the C++ add-in.  

 

Note that all files (Microsoft Office Excel spreadsheets, add-in and C++ code), used for evaluating 

performance and computing the calculations in our investigation, are stored on the enclosed disc. 

For easy access a customized Excel menu is developed, allowing the user to get a hands-on view of 

the programmed functions, applications and calculations presented throughout this thesis. This 

menu can be accessed by copying the “Diversification Analysis” folder, stored on the enclosed disc, 

directly to the C-drive6.  For an overview of the menu, see appendix 20. 

 

 

  

                                                           
4
 DeMiguel et al. (2007, p. 1948) 

5
 A release version of the add-in is located on the enclosed disc. Program code is found in appendix 1 

6
 Open “C:\Diversification Analysis\Menu.xlsm”, which automatically loads the menu and xlwVisio.xll. The only 

requirement is that the workstation can interpret C++ code. If this is not the case, Microsoft’s redistributable 
package is found in the “Redistribution” folder. 
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2 Method - Description of the Asset-Allocation Models Considered 

 

This chapter describes the various portfolio optimization models examined in our study. All models 

are rebalanced on a monthly basis. This could as well have been one week, one year or several years. 

Assuming that most sample-based models are well-known to reader, we present just a brief 

description of each strategy in the subsequent sections, and concentrate more on explaining the 

strategies based on the firm characteristics. Table 2.1 contains the list of models considered: 

 
 

Table 2.1 – List of the asset-allocation models considered. 
 

#   Model Abbreviation 

Naive                 

0. Naive portfolio model (benchmark strategy) Naive, 1/N or Ew 

1. Value - Weighted portfolio implied by the market model VW   

Markowitz model             

2. Minimum-Variance Min-Var   

3. Mean-Variance         Mean-Var 

Constraints model             

4. Minimum-Variance with short-sale constraints   CMin-Var   

5. Mean-Variance portfolio with short-sale constraints CMean-Var 

Optimal combination of models           

6. Mixture of Equally weighted and Minimum-Variance models Mix-Ew-Min 

7. Mixture of 1/N and constrained Minimum-Variance   Mix-Ew-CMin-Var 

Firm characteristic based models           

8. P/E - ratio models              and           
       
Source: Own construction 

 

The N-vector of excess returns (over the risk-free asset) on the N risky assets available for investment 

at time t is denoted by   . The expected return on the risky asset in excess of the risk-free rate are 

denoted by the N-dimensional vector    and    denotes the corresponding N × N variance-

covariance matrix of returns, with their sample counterparts given by     and     , respectively. The 

rolling window, i.e. the length over which these moments are estimated, is denominated by M 

whereas T is the total length of the data series. We use    to define an N-dimensional unit vector. 

Finally,    is the vector of portfolio weights invested in the N risky assets. The vector of relative 

weights in the portfolio with only risky assets is: 
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where the normalization by the absolute value of the sum of the portfolio weights,    
     , 

guarantees that the direction of the portfolio position is preserved in the few cases where the sum of 

the weights on the risky assets is negative. 

 

 

2.1 Investor assumptions 

 

The study is based on the following assumptions as for the investor: 

 

1) Investor acts solely on the Danish Stock market. 

2) Investor has unlimited opportunity to short-sell assets. 

3) Investor is risk-averse. 

4) Investor operates in an investment environment excluding transaction cost and 

taxation.  

5) Investor has an investment horizon of two years. 

 

The first assumption is necessary since the thesis focuses exclusively on the Danish Stock market. The 

opportunity of unlimited short-selling is a requirement in order for the investor to implement the 

unconstrained Markowitz models, which tend to involve severe short-selling.  

 

That the investor is risk averse merely implies that he will make rational decisions, i.e. given the 

choice between two portfolios with equal expected return, but different levels of risk, the investor 

will always choose the less risky of the two.  

 

In general the choice of optimal allocation should not be influenced by taxation, as long as the 

investor is taxed equally on the different types of income, i.e. capital gains and dividend payments.  

The Danish pension funds are a good example of this.7  

 

                                                           
7
 www.skat.dk 
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The two year investment horizon in our thesis is linked to the choice of the risk-free rate describe in 

greater detail in section 2.6.4 

 

 

2.2 Choice of utility function 

 

To ease the comparison across different strategies, we consider an investor whose preferences are 

fully described by the mean and variance of a chosen portfolio   . At each time  , appurtenant    is 

selected to maximize expected utility: 

 

   
  

    
   

 
  

 

 
   
                                                              

 

in which   can be construed as the investor’s level of risk aversion. The solution of the above 

optimization is      
 

 
     

  8  

 

The vector of relative portfolio weights invested in the N risky assets at time t is 

 

   
    
   

       
   

                                                          

 

Almost all the models that we consider produce portfolio weights that can be expressed as in 

equation (2.3), with the main difference being in how one estimates    and     
 . 

 

 

2.3 Calculating Returns and Variances 

 

Return is the ratio of money on an investment relative to the amount of money invested. Other 

popular equivalent terms are, for instance, rate of return or return on investment. Throughout this 

thesis we will simply refer to this concept as returns.  

                                                           
8
 DeMiguel et al. (2007, p. 1922) 
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In general, there are two distinct approaches one has to consider when calculating a return. That is 

whether to use the simple discrete approach or apply the continuously compounded approach. 

There are pros and cons for both methods implying that none of them are to be considered as the 

distinctively superior one. The discrete calculation is however, in this case the obvious choice. 

 

Observations of RI, for the 1st in every month during the entire period, are used to calculate the 

corresponding monthly returns. Specifically, the returns calculated in this master thesis are the 

returns without taxation and transaction costs, achieved by investing in a given share. Thus both 

capital gains as well as dividends are included, reflecting the actual nominal return in the investor’s 

holdings from time t to time t+19: 

 

   
     
    

                                                            

 

Where    is the price of the share at time t,      is the price of the share at time t-1 and    

represents the dividend payment from time t-1 to time t. The prices of the share are the historical 

prices exactly as listed on the Danish Stock Exchange, which logically does not include dividends.   

 

However, this equation is invalid in case of an increase or decrease in the number of shares in the 

company. Say a company split its stocks 2-1, the number of shares would double and the price would 

be halved, keeping the total market capitalization unchanged. If we were to calculate the return for 

the period in which the split occurs, by using equation (2.4), it would indeed lead to the incorrect 

result. Thus any corporate action that affects the price of the share (capital expansion, stock split, 

stock divide etc.) must be taken into account.¨ 

 

The following equation applies in case of any such corporate action. 

 

   
     
     

                                                            

 

where      is the theoretical share price, calculated by adjusting the corresponding official share 

price     . 

                                                           
9
 Tsay (2005, p. 5) 
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Generally speaking, if a corporate action occurs at time t, then all prices before the time of the 

incident needs to be adjusted to obtain consistency. Only if we calculate returns using the adjusted 

share price, we will find the correct return, i.e. the return corresponding to the change in 

shareholders wealth. In this study returns, including dividends and corrected for corporate actions, 

are calculated based on the Return Index (RI, detailed description in appendix 2) from Datastream. 

Thus returns in this thesis are calculated the following way: 

 

   
   
     

                                                              

 

Hence, we can use equation (2.7) when assessing the return of a portfolio10: 

 

          

  

   

                                                          

 

where         , represents the assets contained in the portfolio at time t,    is the total number 

of stocks in the portfolio at time t,        is the weight in asset   at time t-1 and     is the return of 

asset   for period t. 

 

 

Calculating variances 
 
In general there are two different approaches when estimating the variance of a data series 

depending on whether the series corresponds to the full population. In case of a full population 

series the correct measure of variance would be determined as: 

 

     
    
 
        

 
                                                 

 

                                                           
10

 Tsay (2005, p. 5). The notation has been adjusted to account for time dependency in   and   . The original 
notation used by Tsay is: 
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However, in the opposite case, when the data is not defined as the entire population but merely a 

sample of it, the correct unbiased measure of variance would be11: 

 

    
    
 
        

   
                                                 

 
Throughout this thesis all variances as well as covariance’s will be calculated using the approach 

appropriate to our sample, which unfortunately due to data availability12 only can be considered as a 

sample of the full population. 

 

 

2.4 Singular Matrices 

 

The inversion of a Matrix, although it might sound fairly simple, can very well be a quite complicated 

procedure. A brief description of issues related to matrix inversion is supplied in this section, since 

the Mean-Var, Min-Var and Mix-Ew-Min strategies involve inversion of the covariance matrix.  

 

In linear algebra a matrix   is invertible if there exists an n x n matrix     such that13 

 

                                                                 

 

First of all only squared matrices have an inverse. By nature, all covariance matrices are squared.  A 

matrix is invertible if and only if it has a non-zero determinant. If the determinant of a matrix is zero 

then the matrix has no inverse. A square matrix for which there is no inverse is called a singular 

matrix.  

 

If the sample size M is small and the number of considered variables N is large, the empirical 

estimators of covariance and correlation are very unstable. Moreover, for M < N, the empirical 

estimate of the covariance matrix becomes singular, i.e. it cannot be inverted14.  

                                                           
11

 See appendix 19. 
12

 The data section “The perfect world vs. real life” contains a further explanation of why we do not have data 
matching the entire population. 
13

 Pedersen (2000, p. 24) 
14

 Ledoit, Wolf (2003, p. 5) 
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Inversion of matrices will be computed by means of a function developed by the authors, relying on 

Gaussian elimination, backwards induction and pivoting15. In the cases where M < N we use 

numerical optimization to approximate the weights.  

 

 

2.5 Monte Carlo simulation 

 

A commonly used and not least recognized method within the statistical field is Monte Carlo 

simulation. A tool that relies on repeated random sampling in order to compute a result. Most kinds 

of gambling involve repetition of a random event, and the name is in fact a reference to a famous 

casino located in Monaco. The method has now found a wide range of application possibilities, 

within very different fields. In the financial world, the method is typically used to evaluate an 

investment, calculate the value of a company or to evaluate financial derivatives. 

 

Due to reliance on repeated computation of random numbers, the method is of course suitable for 

calculation on a computer. The objective is to simulate stochastic changes in the stock price, which 

will be transformed into a path based on an initial value chosen to be 100. Monte Carlo simulation is 

a class of computational algorithms, hence there are many different approaches. The following form 

is the one used throughout this thesis16.  

 

                                                              

 

where   is the expected return of the stock,    is the length of the each step,   is the spot share price and   

reflects the stochastic element.  

 

Based on a random number between 0 and 1, and transforming this value using the inverse 

cumulative normal distribution, we get a random number in the interval ]-   [. From here on, the 

process of generating a stock path is merely iterative.  

 

                                                                 

 

                                                           
15

 See appendix 1 
16

 Hull (2007, p. 271) 

http://en.wikipedia.org/wiki/Random
http://en.wikipedia.org/wiki/Random_number
http://en.wikipedia.org/wiki/Computer
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  is a new random number for each point in time.  

 

There are numerous ways to get random numbers. Concretely we use the built-in VBA17 function 

“Rnd”18 to draw the random, or rather pseudo-random numbers due to the deterministic behavior of 

a computer, between 0 and 1. We apply a function developed in the course Financial Models in 

Excel19, in which the output is normal distributed returns based on input mean and standard 

deviation. In an Excel spreadsheet20, these returns are transformed into paths by using equation 

(2.13). 

  

                                                           
17

 Visual Basic for Applications. A programming language implemented in Excel, allowing the user to program all 
sorts of applications. 
18

 See appendix 18. 
19

 A course offered by Copenhagen Business School.  
20

 See the workbook “Monte Carlo” in the main “Menu” file on the enclosed disc (section 2.7.2). The function is 
called normalRandomMatrixSeed with the following inputs: N is number of rows, M is number of columns, 
mean is mean value, std is standard deviation, seed allows for initialization of the pseudorandom numbers. 

http://en.wikipedia.org/wiki/Pseudorandomness
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2.6 Data sample and Research Design 

 

2.6.1 The perfect world vs. real life 

 

In a perfect world our analysis would be based on a dataset containing every listed share on the 

Danish Stock market, starting on the day the Copenhagen Stock Exchange was founded and up until 

today. In the lack of connection between theory and practice, it is necessary to make some initial 

decisions, in order to conduct the empirical analysis.  

 

Concretely the following issues should be taken into account.  

1) Choice of data source. 

2) Defining the term The Danish Stock market. 

3) Criteria for including or omitting shares from the analysis. 

4) Choice of time period to be examined.  

 

The following decisions were made.  

1) Datastream was chosen to be the primary data supplier. Secondary suppliers are Bloomberg 

and Nordea Analytics. 

2) The Danish Stock market is assumed to be formed by the shares included in the Datastream 

user list called “Alle danske aktier” (All Danish Stocks) 

3) Every share from the list “Alle danske aktier” with sufficient data21 from Datastream during 

the chosen time period will be included.  

4) The analysis will be based on the time period ranging from February 1980 – January 2010. 

 

These decisions are subsequently discussed in greater detail.  

 

As choice of data source the following was taken into consideration: 

 Bloomberg is a privately held financial software, news, and data company, that provides 

financial software tools such as analytics and equity trading platform, data services and news 

to financial companies and organizations around the world through the Bloomberg Terminal 

(via its Bloomberg Professional Service), its core money-generating product. 
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 The criteria for fulfilling the ”sufficient data” term varies depending on the model in question. 
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 Datastream has an extensive collection of company financial and stock data and gives you 

access to the world’s largest historical financial numerical database22. It provides a range of 

charting and reporting tools that enable you to manipulate and display, or simply download 

the data directly into an Excel spreadsheet, easy, quick and straightforward. Datastream 

provides access to over 100 standard reports, all sorts of charts and offers great flexibility 

when downloading historical data. 

 

 Nordea Analytics is a Danish domestic tool provided by Nordea. It allows the user to gain 

access to Nordea’s database containing numerous applications for advanced analysis, risk 

management, market overviews, historical market data etc. The tool is an integrated part of 

Nordea e-Markets.  

 

The Datastream database, accessible from CBS computers, was chosen as the foundation for our 

analysis. Initially we had our mind set on Bloomberg though, but the quality of their historical Danish 

equity data was everything but impressive. First of all it was found that Datastream stores data 

further back in time, allowing us to perform our analysis over a longer period. Secondly, a quick 

glance at the results of two similar data requests from each supplier revealed that Datastream 

seemingly returned superior data. Superior in the simple sense that more observations was returned, 

resulting in a greater coverage of the actual Danish Stock Exchange in our sample, and in general that 

the returned output from Datastream was more manageable. Secondary suppliers are Bloomberg 

and Nordea Analytics. These suppliers are used in the considerations regarding the choice of the 

Danish riskless reference rate, to be described in greater detail in the separate section 2.6.4, and 

later in the thesis when putting results in perspective.  

 

Our approximation of the Danish Stock market is represented by the shares with sufficient data 

returned once requesting key figures, such as Market Value, Book-To-Market ratio, Price-Earnings 

and Return Index. Which of these variables that are necessary for the share to be categorized as 

having sufficient data, varies regarding the intention of the query in question. All of the datasets to 

be considered are described in greater detail in the following section. In any case, a share qualifies as 

having sufficient data, if every key figure requested returns a non-negative value23.  

                                                           
22

 http://online.thomsonreuters.com 
23

 Book-To-Market ratios as well Price-Earnings ratios can be negative. All incidents of negative values are 
omitted from the analysis. If one key figure is missing or negative, any other observations for the given share in 
the corresponding period are omitted from the analysis.  
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Regarding the time period to be examined the following two issues are absolutely essential. 

 

A) The length of the time period 

B) The quantity of accessible data  

 

As already mentioned the best case scenario would be if our analysis was based on a dataset 

consisting of every listed share on the Danish stock market, starting on the day the Copenhagen 

Stock Exchange was founded and up until today. The length of the time period is vital, since the 

strength of the statistical tests depends on the quantity of observations. In other words, the longer 

the period to be investigated, the greater the strength of the corresponding tests. In addition to the 

length, the quantity of accessible data is as well crucial in order for our sample to be representative 

of the Danish Stock market. The choice of time period is based on several facts, for instance, the 

Book-To-Market key figure, necessary to construct the 6 Size and Book-To-Market portfolios, is first 

available as of February 1980. Although the general coverage of the Danish Stock market is modest in 

the period up until 01/05/1988, it is included to obtain greater strength in the statistical tests.  

 

 

2.6.2 Empirical datasets 

 

Data for FF3 – Fama-French Size and Book-To-Market portfolios 

We use the list All Danish Stocks provided by Datastream. Since the objective is to form Size and 

Book-To-Market portfolios we download the variables MV (FF uses the term market equity and 

Datastream uses market value), Book/Market24 and RI (return index) from February 1980 to January 

2010. A detailed description of these variables can be found in appendix 2. 

 

The starting point, February 1980, is chosen since this is the first date where Book-To-Market data is 

available from the database. We retrieve information on a monthly basis, i.e. for the 1st in every 

month up till the first of January 2010. However, the output of the query in question is to be 

considered as raw data. A thorough sorting is an absolute necessity. 

 

                                                           
24

 Book/Market is the title of the global expression on Datastream. It is determined by the inverting Market-To-

Book ratio. The mathematical expression is book/market=
 

    
, where MTBV is Market-To-Book.  
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Unfortunately not every share has complete data, i.e. ME, BTM and RI. Datastream will return an 

error for the corresponding column, for instance BTM for a given share, if there are no observations 

of the variable, at any point in time for the period in question.  Initially all shares with an error in 

minimum one of the requested three variables will be deleted from the dataset, thereby reducing 

our dataset to shares that at some point in the period 1980-2010 qualifies as having sufficient data. 

Since we have chosen to address the issue with individual shares, thereby allowing for the total 

number of shares to invest in to be time dependent, further sorting is needed.  

 

Data for each of the remaining shares is carefully reviewed. Datastream defaults to “fill missing 

observations” for the variables in question, thereby avoiding gaps in requested time series. Thus 

Datastream will repeat the last registered value, if there is a missing observation on the database. 

This will naturally produce a bias in the dataset, guiding it towards a more homogenized dataset than 

the “true” one. The shortfall of the setting is thereby a likely reduced variance, however, on the plus 

side - we get more shares fulfilling the sufficient data criteria. This is of course a trade-off, and calls 

for a thorough examination of the remaining data, in order to detect cases of “bad data”, i.e. few 

distinct values over a long period.  

 

CONSENTA HOLDING A (Datastream identifier N:HTDA) represents such a case of bad data. During 

the period 1989-2000, only 20 distinct values are registered among the 136 observations. The 

informational value contained in such a series, is considered to be extremely limited. Another 

incident, which supports removing bad data from our analysis, is the series of CHRST. & NIELSEN 'B' 

(Datastream identifier N:CRIB). A quick glance will reveal a quite remarkable development in the 

return index. The value of 115.15 is repeated for 10 consecutive periods (February 1995 – November 

1995). Afterwards it plummets to a staggering value of only 6.06 in December 1995 generating a 

devastating return of -94.74%. The value of 6.06 remains unchanged for the following 9 months, 

where it suddenly shoots for the starts targeting 69.7 and generating a mind-blowing return of 

1050.17%. Although we do not posses any robust data to reject this evolvement, it seems highly 

unlikely and is therefore omitted for further analysis.  

 

To identify the assets, which are for some reason not listed on the stock exchange in January 2010, 

we review the values from the ending period in descending order, looking for equivalent values. All 

of these cases are individually reviewed and further investigated in order to expose the cause 

(delisting, bankruptcy, take-over, merger etc) and time of occurrence.  
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Some inconsistencies were found revealing differences between the official date of merger, take-

over, delisting etc. and the time of the last registered value on the Datastream database. This 

substantiates the fact, that the quality of the dataset is not exactly perfect. Keep in mind though, that 

the source was chosen in the absence of a better alternative.  

 

Due to these inconsistencies it was decided to set the first time consecutive equals are identified 

(and the same value repeats for the remaining period), as the date of the action. The argument 

behind this approach is to get data that better reflects reality and thus avoid a further bias against 

reduced variance.  

 

Including these consecutive equals would inevitably generate a return of 0, causing the total return 

of the different strategies holding a position in the asset, to be biased towards zero. Furthermore it 

would lead to a reduction in the variance of our sample, which is unwanted since it is supposed to 

mirror the real market.  

 

Every incident of action is pasted in the dataset at the row corresponding with the date and the 

following observations are deleted25.  The remaining revised data is compared to our criteria (values 

for RI, ME and BTM) and data for months that do not meet these requirements, are relieved of 

further duty. 

 

Characteristics: the final outcome is a total of 307 shares that at some point qualifies as having 

sufficient data. During the period in question 84 shares were removed from the stock exchange due 

to a delisting, 36 shares due to a takeover, 8 due to mergers, 1 due to a demerger and finally 16 cases 

of confirmed bankruptcy were identified. In addition 7 incidents of shares registered with a negative 

BTM value were deleted from the dataset. 

 

Data FF4: Fama-French Size and Momentum portfolios 

Once again we use the list provided by Datastream, called All Danish Stocks. Since the objective now 

is to form Size and Momentum portfolios the variables MV and RI are downloaded from February 

1979 to January 2010, on a monthly basis. The Momentum variable is determined as the 
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question.  
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accumulated prior 2-12 returns26. Since this is not a variable directly available from Datastream, we 

simply calculate it based on the return index. The starting point was moved back a year so that the 

first “observation” of Momentum is in February 1980, in consistency with the other data 

downloaded.  

 

The methodology of reviewing and sorting the data is of course the same as just described in the 

previous section. Fortunately we are able to reuse the information already extracted regarding time 

and cause of delisting. However, omitting the BTM criteria results in more shares qualifying as having 

sufficient data at some point during the period, so naturally a bit of further investigation and sorting 

was performed.  

 

Characteristics: the final outcome is a total of 379 shares that at some point in time qualifies as 

having sufficient data. During the period in question 130 shares were removed from the stock 

exchange due to a delisting, 54 shares due to a takeover, 13 due to mergers, 1 due to a demerger 

and finally 21 cases of confirmed bankruptcy were identified. In addition a single incident SOPHUS 

BERENDSEN A (Datastream identifier DK:SOP) was reported as “Converted” and another one 

EJENDOMS TYSKLAND(Datastream identifier 307166) was reported as “Liquidated”.  

 

Data FF12 

This dataset is merely the composition of the FF3 and FF4 datasets, resulting in a dataset consisting 

of 12 portfolios in total.  

 

Data MVRI16 

All of the previous datasets constructed resulted in portfolios, whereas the MVRI16 dataset consists 

of individual equities. It is derived from the sorted dataset underpinning for the FF4 portfolios.  

Specifically, it contains MV and RI of the 16 stocks listed during the entire period in question. See 

appendix 3 – “List of MVRI16” for the complete list. 

 

Data MVRI100 

This dataset consists of MV and RI of the top 100 shares ranked in terms of most registered returns, 

and is also derived from the 379 shares behind the FF4 dataset. As previously stated, all of the 

models are programmed with the ability to handle a time dependent N, which is necessary for 
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assessing this particular dataset. The following figure illustrates the amount of registered 

observations from 1980 to 2010. A share is eligible for trading once M observations of returns are 

registered in the sample.  

 

Figure 2.1 – Evolvement in MVRI100 

 

The evolvement in the quantity of shares fulfilling the sufficient data criteria. 

Source: Own construction 

 

As it clearly demonstrates, the number of shares varies during the period. The effect of this time 

dependency in N will be discussed in greater detail in section 2.6.7.  

Characteristics:  the final outcome is a total of 100 shares, which at some point in time qualifies as 

having sufficient data. During the period in question 13 shares are removed from the stock exchange 

due to a delisting, 8 shares due to a takeover, 4 due to mergers, 1 due to a demerger and finally 2 

cases of confirmed bankruptcy were identified. See appendix 4 – “List of MVRI100” for the complete 

list. 

 

Data MVRI255 

One of the objectives of this master thesis is to test the modern portfolio choice models under 

various conditions, which is why a rather extreme case with no fewer than 255 shares is also 
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considered. As in the previous case, the shares are selected by ranking the 379 shares in terms of 

registered returns and this time going for the top 25527. N is also time dependent is this dataset.  

 

Figure 2.2 – Evolvement in MVRI255 

 

The evolvement in the quantity of shares fulfilling the sufficient data criteria.  

Source: Own construction 

 

Characteristics:  the final outcome is a total of 255 shares, which at some point qualifies as having 

sufficient data. During the period in question 78 shares are removed from the stock exchange due to 

a delisting, 30 shares due to a takeover, 10 due to mergers, 1 due to a demerger and finally 15 cases 

of confirmed bankruptcy were identified. The list containing the 155 shares included in addition to 

the top 100 can be found in the appendix 5 - “List of MVRI255”. 

 

Data PERI 

To assess the performance of the simple PE models developed by the authors, the list All Danish 

Stocks is used to retrieve Price-Earnings (PE) and Return Indexes (RI) from February 1980 to January 

2010, on a monthly basis. Followed by a sorting, the top 23228 shares ranked in terms of observations 

were selected. This dataset is also subject to a time dependent N.  
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 The C++ object “MyMatrix” has a default maximum of 255 columns. It is without a doubt possible to adjust 
this maximum simply by changing the structure of the object class, however, no effort was appointed in 
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quantity of the dataset.  
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Figure 2.3 – Evolvement in PE 

 

The evolvement in the quantity of shares fulfilling the sufficient data criteria.  

Source: Own construction 

 

Characteristics: the final outcome is a total of 232 shares that at some point in time qualifies as 

having sufficient data. During the period in question 49 shares were removed from the stock 

exchange due to a delisting, 20 due to a takeover, 10 due to mergers, 1 due to a demerger and finally 

3 cases of confirmed bankruptcy were identified. In addition 298 cases of missing PE were located 

and the RI for the given share deleted for the corresponding period. 

 

 

2.6.3 Monte Carlo simulated datasets 

 

To examine the performance of the different strategies in a setting unrestricted by limited amount of 

available data, four different datasets are generated using Monte Carlo simulation as previously 

described29.  

 

Under the assumption that returns are normal distributed, Monte Carlo simulation is applied to 

generate a path of chosen length. The main reason for this is that we are able to construct a dataset 
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quantitative superior to any empirical counterpart. Thus the method allows us to evaluate 

performance for large values of M and T. 

 

Before applying the method, one has to consider the value of the necessary inputs, i.e. mean, 

standard deviation and a choice regarding the number of returns one wish to simulate. 

 

To test the performance of the modern portfolio strategies under different conditions, four distinct 

datasets are simulated. As for the standard deviation in particular, the numerical value depends on 

the type of asset the path is supposed to reflect. Table 2.2 presents an overview of the simulated 

datasets.  

 

Table 2.2 – Simulated datasets 

Name Asset type Assets Amount of returns Mean Standard deviation 

6 MC Portfolios Portfolios 6 3,000 0.01098 0.059331 

6 MC Stocks Individual shares 6 3,000 0.00795 0.133365 

25 MC Portfolios Portfolios 25 10,000 0.01098 0.059331 

25 MC Stocks Individual shares 25 10,000 0.00795 0.133365 

Mean and standard deviation are based on monthly returns observed from the empirical datasets. Source: Own 

construction.  

 

The datasets are calibrated to the observed values of the means and standard deviations of the 379 

individual shares, as well as the 6 constructed Momentum portfolios respectively. The diversification 

effect obtained in the portfolios vs. individual shares is unmistakable.  

 

In addition we need a risk-free rate for each of the 10,000 periods, in order to evaluate on the excess 

returns. Thus 10,000 risk-free rates are generated using Excel’s built-in random number generator. 

The values are drawn from a normal distribution with mean and standard deviation calibrated to the 

observed values of our empirical reference rate. However, with a mean of 0.5132% and a standard 

deviation of 0.2557%, some of the returned values were negative. This issue is resolved by taking the 

absolute value of the returned random numbers, since negative risk-free rates are meaningless. 

Certainly the consequence of this procedure is a small bias, leading to a slightly reduced standard 

deviation and a marginally higher mean. However, this minor bias is considered to have no significant 

effect. 
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2.6.4 Risk-free rate 

 

In this section we would like to elaborate on the considerations behind the choice of a risk-free 

Danish reference rate. The main basis for the choice of the relevant risk-free rate depends on the 

quality of the data we can get. As previously mentioned our data sources are Bloomberg, Datastream 

and Nordea Analytics.  

 

In practice, however, the risk-free rate does not exist, because even the safest investments carry a 

very small amount of risk. Thus the interest rate on a one-month CIBOR, Treasury bill or the interest 

rate of another short-term bond is often used as the risk-free rate.  

 

First of all the Copenhagen Inter-Bank Offered Rate (CIBOR) with a duration of one month, have been 

the choice of the risk-free rate in several other Danish studies30. CIBOR is the interest rate at which a 

Danish bank is willing to lend money to a prime bank for maturities of 1, 2 weeks, 1, 2, 3,….,12 

months. It is calculated by the Danish National Bank on the basis of rates offered by a number of 

individual banks, called the CIBOR offerers. CIBOR is a money market rate and fixed on a daily basis31.  

 

However, as evident from the recent economic crisis, there is a risk of default by the borrower, which 

implies that the rate also reflects credit risk. Nevertheless, with banks’ (commonly) high credit rating 

in mind, it can be considered as a risk-free rate32. The following figure presents a minor extract from 

a few chosen periods.  
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                                               Figure 2.4 – CIBOR 1M 

      

                                               Source: Nordea Analytics 

 

The quantity of the data is good as we are able to retrieve rates from Nordea Analytics back to 

198533. However, there have been some periods with mistrust in the bank sector, which infected the 

entire market and resulted in extreme high rates in some periods, as shown in figure 2.4. Another 

argument for looking for an alternative is the fact that the investor is unable to place his money at 

that rate, since it is an interbank rate.  

 

Yet another often used risk-free rate is a Treasury bill or as it is often abbreviated a T-bill. A T-bill is a 

short-term security issued by the National Treasury through the Central Bank. Investors purchase T-

Bills when they become available and when they mature after a set period of time (maximum nine 

months), the investors may redeem their T-bills for the face value.  

 

Treasury bills are issued as zero coupon bonds, meaning that the nominal rate of the T-bills is zero 

and the emission price is below 100 and redeemed at par at maturity. The certificates are bearer 

instruments and traded in denominations of DKK 1.0 million. Due to the very short duration, T-bills 

are alternatives to the short part of a purely market, such as contract deposits, repo-market and 

enterprise certificate market (CP), traditionally known as the money market34. 

 

Start of month observations can be found on Bloomberg. For the period from 1985 till 1989 the rates 

are provided by the International Monetary Fund and from there on by Bloomberg’s own database. 
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The quality of the data is inferior to the CIBOR rates, since there are some missing observations in 

the time series. Furthermore, to get the appropriate list from 1985, we need to construct it from 

these two independent sources (IMF and Bloomberg). 

 

A third possible risk-free rate is a two year Danish Government benchmark bond35. A benchmark 

bond is a bond that is leading the bond market. Benchmark bonds are used as reference for pricing of 

other bonds and financial instruments. Government bonds are almost always used as benchmark 

bonds also referred to as "benchmark issue" or "bellwether issue". More specifically, the benchmark 

is the latest issue within a given maturity. For a comparison to be appropriate and useful, the 

benchmark and the bond being measured against it should have a comparable duration, liquidity, 

issue size and coupon36. 

 

As our investor has a horizon of two years, we consider looking at the yields of a two year Danish 

Government benchmark bond. Benchmark is fixed approximately one time each year at the issue 

date of the underlying government bonds so the duration of the bond is always close to two years, as 

shown in figure 2.5: 

 

Figure 2.5 – Analytics info            Extract if the modified duration of the 

         two year benchmark bond 

                          

Source: Nordea Analytics 
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The quality of data is good, in the sense that we are able to fetch benchmark bond yields all the way 

back to 1985. By taking a look at the pros and cons of the deliberated possibilities of a risk-free rate, 

a choice was made to go with the yield of the Danish two year Government benchmark bond, as the 

best alternative. First of all due to the availability of the data, secondly due to the reasonably rates 

less impacted by mistrust between the banks. Finally because the two year benchmark bond is a rate 

that the investor could in fact receive in practice. 

 

The conversion of the yearly benchmark yield to a one month interest rate rendered by the backward 

discounting of the yields in the following formula: 

 

      
  
   

 

 
  
                                                    

 

where the    and     are respectively monthly and annual yields in period t. 

 

An alternative method would be to simply divide the yields by twelve, disregarding the interest 

compounding effect in the calculation37. Although the rates obtained in each of the computations 

would only result in marginal differences, we use equation (2.14) to get the vector of risk-free rates 

needed in order to assess excessive returns.  

 

Throughout this thesis, we consider the annualized two year Danish Government bond yield, 

converted to one month interest rates as the reference for the risk-free return. 

 

 

2.6.5 Survivorship bias 

 
In general survivorship bias covers the concept of the logical error of concentrating on people or 

things that survived a given process and unintentionally overlooking those that did not. Worst case 

scenario it leads to false conclusions, based on overly optimistic beliefs as failures are ignored. In 

financial terms, this specifically implies that previous cases of poor performance, e.g. bankruptcies, 

should be included when performing empirical tests on historical data. In the following section, we 
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argue briefly whether or not the empirical datasets analyzed in this study, are subject to survivorship 

bias.  

 

FF3, FF4 and FF12 

Since our sample underpinning the three constructed Fama-French datasets contain a considerable 

amount of bankruptcies, delisting etc. there are no reason to suspect that they should be subject to 

survivorship bias, and if so, only marginally. 

 

However, it is not just the cases of bankruptcies that are important. When performing the sorting,  

we found evidence that some of the shares with poor performance ended their days on the Danish 

Stock Exchange, due to other reasons than a bankruptcy, i.e. delisting, T/O, etc. This merely enhances 

the importance of including all of these shares in our sample, although performing the sorting is, in 

itself, not very rewarding.  

 

MVRI16, MVRI100, MVRI255 and PE 

MVRI16, consisting of the 16 shares that were listed in 1980 and survived up until 2010, is without a 

doubt a dataset subject to survivorship bias. Careful considerations regarding any evidence of 

statistical outperformance that we might find in this dataset are therefore necessary, before making 

general statements regarding the Danish Stock market.  

 

For MVRI100 a total of 28 shares that did not make it all the way to 2010 are included. Hence this 

dataset is assumed to be only modestly influenced by the bias. For MVRI255 as well as PE the 

quantity of included shares that did not survive are substantially higher, thus it is assumed to be only 

marginally influenced by survivorship bias.  

 

In general the modern portfolio strategies examined, rely on a minimum of M observations of 

returns, which means that all shares that did not make it for at least five years on the stock market, 

are omitted for further analysis. Unavoidably this causes a minor survivorship bias overall. 
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2.6.6 Removal from the Danish Stock Exchange 

 

There are numerous reasons as to why shares are removed from the stock exchange. The following 

section is devoted to quick review of these reasons, as well as how we handle each of these incidents 

in this master thesis. 

 

Delisting 

 When a share is delisted, it can no longer be traded on the stock exchange. Delisting can be either 

voluntarily or involuntarily 38.  Forced delisting can be the result of a given share not meeting the 

requirements of the stock exchange, for instance in terms of market value.  

 

Takeover 

The term covers the incident where one company is taken over by another company. The target 

company is “swallowed” by the new owner, and thus ceases to exist.  

 

Suspension39 

Either the company requests suspension or trading gets suspended by the stock exchange. A 

company might request suspension, if it is about to announce information considered having 

significant value to the investors, and there is a fear that a disorderly market may be created by a 

leak. A perhaps more common reason for voluntary suspension, is in the case where the company is 

about to participate in a bid.  On the other hand the stock exchange has the authority to suspend 

trading with a given share. This is sometimes used as a sanction against companies persistently 

breaking the rules of the stock exchange. One way or the other, it is inevitably bad news for the 

investor.  

 

Merger 

A merger occurs when two firms agree to go forward as a single new company rather than remaining 

two separate companies. Thus the outstanding shares of both firms are surrendered and the new 

company can issue stocks. 
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Demerger 

The exact opposite of a merger, one company splits into two generating a second separate company 

listed on the stock exchange. Demergers can be the result of intervention by antitrust/competition 

law.  

 

Bankruptcy 

Is the term covering the disability to maintain the economic obligations, i.e. the company is unable to 

pay its creditors. Creditors may file a bankruptcy petition against the company hoping to claim a 

portion of the amount owed, causing an involuntary bankruptcy. However, in the majority of cases 

bankruptcy is initiated by the debtor, thus the company voluntarily files for bankruptcy. 

 

Handling removal from stock exchange 

All of the aforementioned possible reasons for the removal of a stock are basically treated in the 

same manner, except for bankruptcy of course. The construction of our Design Matrix includes an 

assumption regarding the following period, referred to as predictive power. We imagine that we are 

able to determine, whether or not any asset will still be listed in the following period, once again with 

the exception of bankruptcy. If a share is for instance delisted at some point after time t+ and before 

time t+1, and the values from the Datastream database differs from time t to t+1, the investor will 

sell the asset at time t+1, receiving the last registered value of the asset, although the asset formally 

already has been removed from the stock exchange.  The implication of this assumption is that the 

investor is forced to sell of any asset, if it is removed from the stock exchange during the following 

period, due to a delisting, takeover, merger etc. omitting cases where the company is declared 

bankrupt. The investor sells the asset to the last registered value on the Datastream database, in all 

of the cases except for bankruptcy. Should the investor hold a position in a share that is declared 

bankrupt, then the total amount invested will be lost. 

 

 

2.6.7 Time dependent N 

 

When performing an empirical study on a timeframe ranging almost 30 years, the total number of 

listed shares will inevitably vary during the period, as a great deal of shares either enter or leave the 

stock exchange. This can of course happen due to numerous reasons such as listing, delisting, 

merger, demerger, bankruptcy, takeover etc. This leads to the fact that the total number of listed 
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shares exhibits a somewhat stochastic behavior. From a mathematical point of view this is indeed not 

a very appealing property. In most of the available research this is dealt with by using portfolios 

instead of individual shares as the basis of empirical analysis. Thereby any entrance or exit from the 

stock exchange would merely effect the composition of the portfolios, hence leaving the total 

number of eligible investments (portfolios) fixed. This approach is implemented by forming portfolios 

using the Fama-French methodology, converting 307 individual shares to 6 Size and Book-To-Market 

portfolios, and likewise 379 shares to 6 Size and Momentum portfolios. 

 

Another possible way of avoiding a varying N would be to only perform the analysis for the shares 

with complete data for the entire period in question. This however, would in most cases lead to a 

modest sample size, which inevitably would be heavily influenced by survivorship bias40. Critics would 

have no problem shooting down basically any allegations, simply by referring to a biased and 

insufficient sample size. Nevertheless, disregarding the mentioned shortcomings of such a study, a 

dataset “MVRIFull – 16 equities” consisting of the 16 shares that are listed for the entire period in 

question, will later be subject for analysis. 

 

However, one of the issues in this thesis is also to address a setting reflecting a real life investment 

situation, in the sense that N is allowed to vary. Thus careful considerations regarding the handling of 

the time dependent N and its implications is therefore an absolute necessity.  

First of all, we develop the means to handle a varying N. A detailed description of this tool can be 

found in the separate section “Design Matrix”41.  

 

Now that we are able to address the issue, we need to consider its consequences. For instance: How 

does this affect our performance measures? Will the varying N favor any of the models? Does it even 

make any sense, allowing N to vary? 

 

The Sharpe ratio is a measure of excess return relative to risk. This is of course calculated on the total 

portfolio returns, generated by following a particular strategy. Naturally N is not directly apparent in 

the formula for Sharpe ratio (equation (3.1)). However, the total portfolio returns are calculated as 

the sum of the individual weights multiplied with its corresponding return. If for instance, we say a 

new share enters the market at time t, then at time t+1+M, when we have M observations of 

                                                           
40

 Described in section 2.6.5 
41

 Described in section 2.7.3 
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returns42, the share can be included in the investor’s holdings. Thus a change in N impacts the 

portfolio return43 and thereby the mean excessive return and corresponding standard deviation. How 

exactly, depends on the return contributed by holding the additional asset. The story is basically the 

same for the Certainty Equivalent, with the main difference being that the risk is expressed in terms 

of variance instead of standard deviation.  

 

Although we basically disregard all sorts of transaction costs, the Turnover is reported to get a sense 

of the amount of trading needed to follow a particular strategy. Naturally, when comparing          

with        , and say for instance N has increased by one between   and    , the absolute value of 

the differences, at least for the new asset, contributes to an increased trading volume. Changes in N 

call for additional trading and thus an increased Turnover.  

 

In general, a high value of N results in a well-diversified portfolio of the benchmark strategy, and at 

the same time there are a high number of parameters to be estimated, leaving space for estimation 

errors in the expected returns and the covariance matrix. On the other hand small values of N should 

favor the alternative strategies, with few parameters to be estimated and thereby a modest 

exposure to estimation errors. However, none of the strategies are consistently benefitting from a 

change in N, as explained in the review of the impacts on Sharpe and CEQ it depends on the 

particular case.  

 

Whether or not it makes any sense to allow the N to vary is a different matter. Three of the empirical 

datasets has a time dependent N, and as previously argued, the key point behind this was to reflect a 

real life situation where the investor has to consider a change in N44. 

 

 

2.7 Implementing the models. 

 

In this section we briefly describe our implementation method and some of the technical aspects of 

the models coded. Most of the programming is in C++ syntax, but we also use Excel’s Visual Basic 

                                                           
42

 The share is listed at time t, implying that the first monthly return is available at time t +1. For the strategies 
that rely on estimating moments on past observations, M returns are needed.  
43

 Under the assumption that the investor holds a position in the new share, otherwise it will not contribute to 
the return of the portfolio.  
44

 Given that the investor holds individual shares over a longer period. 
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language.  All main coding will be in Microsoft’s tool - Microsoft Visual C++ 2008 Express Edition and 

processing the data will take place in Microsoft Excel 2007. To make these two programs work 

together, the XLW wrapper is applied – an Excel designed wrapper, that builds C++ code into a simple 

Excel add-in45. 

 

 

2.7.1 P-values 

 

To calculate the p-values of the null hypothesis we use Microsoft Visual Basic application and code 

the formulas in a module. To include the module into a project, open VBA interface by pressing Alt + 

F11 buttons. Select menu Files  Import File. Then in the browse window choose “p_values.bas” 46 

and press Open. Close VBA interface. The p-value formulas will now be available in Excel. When 

opening the “Menu” workbook on the enclosed disk, the “p_values.bas” is included by default.  

 

 

2.7.2 XLW Visio 

 

As just mentioned, the processing program where the primary work with the actual data takes place 

is Microsoft Excel 2007. It is user-friendly and well-known to us. 

 

To accelerate the computation we use XLW open source application47 that wraps the C++ API in 

simple VB.NET interfaces allowing the user to develop customized Excel functions. 

 

By using MS Visual Studio 2008 Express Edition, the main part of the models are programmed and 

afterwards wrapped into a .xll (extension for Excel add-in). 

 

                                                           
45

 www.xlw.sourceforge.net 
46

 Included on the enclosed disk. The program code can be found in the appendix 1. 
47 

Copyright © 1998, 1999, 2001, 2002, 2003, 2004 Jérôme Lecomte,  
 Copyright © 2002, 2003, 2004 Ferdinando Ametrano 
 Copyright © 2002, 2003, 2004 José Fonseca 
 Copyright © 2006 Mark Joshi 
 Copyright © 2007 Tim Brunne 
 Copyright © 2007, 2008 Eric Ehlers 
 Copyright © 2008, 2009 Narinder S Claire 
 All rights reserved. 
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The different programs can be downloaded at48: 

MS Visual Studio 2008 Express, Version 9.0 

http://www.microsoft.com/express 

 Windows Platform SDK must be included 

XLW, C++ wrapper for Excel C API, version 4.0.0 

http://xlw.sourceforge.net 

 

The MS Visual Studio 2008 Express Edition is the more compact edition of the Microsoft Visual C++ 

6.0, however, with the minor differences in syntax from the past version49. 

 

Release version 

For analysis use only, a “Release version” of XLW can be added to Excel as an add-in. Nevertheless it 

is necessary to install “Microsoft Visual C++ 2008 Redistributable Package” that installs runtime 

components of C Runtime (CRT), Standard C++, ATL, MFC, OpenMP and MSDIA libraries. It is a small 

file that can be downloaded at Microsoft’s homepage50 and assures that Excel can interpret the add-

in. The xlwVisio.xll add-in can be found on the enclosed disc. By simply adding it to Excel, one gains 

access all the programmed functions51. For the full description of XLW and its implementation see 

appendix 7. 

 

 

2.7.3 Design Matrix 

 

In this section we develop the means to handle a time dependent N – the so called Design Matrix, 

which is a special purpose matrix, described in greater detail and illustrated through an example in 

the following.  

 

As described earlier, the primary data source is Datastream, in which the return index manages the 

dividend payments, splits etc. Since 1980 there have been a lot of changes on the stock market, due 

to takeovers, mergers, listings and delistings from the stock exchange, and last but not least – 

                                                           
48

 Files can be found on the enclosed disc in the “Install C++” folder 
49

 Horton (2008) 
50

 The package “vcredist_x86” is stored on the enclosed disc (“Redistribution” folder) or can be downloaded at 
www.microsoft.com 
51

 See appendix 17 

http://www.microsoft.com/express
http://xlw.sourceforge.net/
http://www.microsoft.com/
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bankruptcies. The aforementioned reasons are divided into two categories: whenever the investor 

loses his money, i.e. the company went bankrupt; or whenever the investor receives the last 

registered equity price for his investment, i.e. the company has been taken over, merged or delisted, 

but was not declared bankrupt. 

 

Now, since our empirical analysis rely on a rolling-sample approach with the length of the estimation 

window of M=60 or M=120, we need to know if the equity has enough observations of returns52  to 

be weighted in period t. To do that we need a tool that for each equity can look M periods back in 

time, count the number of available stock returns and return the equities that fulfill the criterion. 

 

To handle these aforementioned scenarios correctly we introduce the Design Matrix that consists of 

only two numbers: zeros and ones. We processed the stock matrix in a such way, that confirmed 

bankruptcies has a return index of zero, implying that investor looses the entire amount invested in 

the share, and the number of -99 if the stock for some reason other than a bankruptcy was removed 

from the Danish Stock Exchange. The simple approach of the Design Matrix is for every t to run 

through the last M registered return index figures and assess whether there are M non-negative 

values. If this criterion is fulfilled and, in addition, the value at t+1 is non-negative, assuring that the 

share is not removed between t and t+1, the Design Matrix returns a value of 1 in period t.  

To clarify the point of the Design Matrix we present a simple example in the following. 

 

 

 

Consider a data set with the five different stocks and M=5, the corresponding Design Matrix looks 

like the following: 

 

 

 

 

 

 

 

                                                           
52

 As we start from       and use the data in the previous    months to estimate the parameters needed 
to implement the particular strategy. 
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Table 2.3 – Example of the Design Matrix 

End of the month stock prices 
 

Design matrix 

            
Period A B C D E 

 
A B C D E 

1 32333,33 31966,66 0 283,45 360 
 

0 0 0 0 0 

2 26666,66 27333,33 0 287,68 345 
 

0 0 0 0 0 

3 26666,66 26666,66 0 287,68 340 
 

0 0 0 0 0 

4 29866,66 30000 0 279,22 309 
 

0 0 0 0 0 

5 28666,66 29666,66 0 279,22 315 
 

0 0 0 0 0 

6 29666,66 29533,33 0 287,68 340 
 

1 1 0 1 1 

7 32333,33 33133,33 0 287,68 370 
 

1 1 0 1 1 

8 28800 30133,33 0 287,68 370 
 

1 1 0 1 1 

9 29666,66 29666,66 0 291,91 365 
 

1 1 0 1 1 

10 26666,66 26833,33 150 279,22 350 
 

1 1 0 1 1 

11 28333,33 26666,66 164 279,22 322 
 

1 1 0 1 1 

12 19666,66 20000 178 287,68 270 
 

1 1 0 1 1 

13 18333,33 20000 181,8 287,68 235 
 

1 1 0 1 1 

14 21666,66 21666,66 172,48 270,75 238 
 

1 1 0 1 1 

15 20000 19666,66 156,63 270,75 0 
 

0 1 1 1 0 

16 -99 21500 144,51 271 0 
 

0 1 1 1 0 

17 0 21166,66 151,97 270,75 0 
 

0 1 1 1 0 

18 0 20166,66 167,82 287,68 0 
 

0 1 1 1 0 

19 0 23833,33 166,88 270,75 0 
 

0 1 1 1 0 

20 0 32266,66 177,14 279,22 0 
 

0 1 1 1 0 

 Source: own production 

 

Note that since we start from       53  the ones in the Design Matrix first appear in the 6th 

period. Suppose that we are at period       with stocks A, B, D and E eligible for trading. Stock A 

encounters a merger in period 16 resulting in a -99. Stock C is listed in the 10th period and eligible for 

trading in period 15, when there are     observations available (M returns). Now we assume stock 

E is declared bankrupt in period 15, hence a zero occurs instead of a repeated stock price. In 

period      stock A gets sold to the price of 20.000, cf. a takeover in period 16 and therefore a 

zero in the Design Matrix at     . Stock C qualifies for trading as there are now M observations of 

returns available. As equity E went bankrupt and equity A was merged, only three assets will qualify 

for trading namely B, C and D for the remaining periods. 

 

                                                           
53

 We need M returns, thus M+1 registered return index values.  
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It is our belief that such a tool is relevant, as it reflects reality and covers the many different 

situations the investor can be exposed to in the equity investment process.  

  

 

2.8 Models considered 

 

In this chapter the ten different portfolio strategies are examined, without deeper concentration on 

the first two simple models, as the reader is assumed to be familiar with 1/N and the Value-Weighted 

portfolios.  

 

Furthermore two mixture portfolio strategies, that are combinations of other models considered, are 

presented with the incentive to exploit advantages of the individual strategies.  

 

At last we introduce a model that has not been studied yet in existing literature, i.e. the Price-

Earnings model. The structure of arguments of the portfolio models, are summarized in a table after 

each section.  

 

 

2.8.1 Naive portfolio model 

 

The 1/N approach is a naive strategy that involves holding a portfolio weight    
  

 
      in each of 

the N risky assets. The strategy ignores risk-return profiles of the assets and does not involve any 

optimization or estimation. Although the approach is naive and fairly easy to implement, as opposed 

to the more complex portfolio strategies, previous studies have shown that alternative strategies 

have a hard time outperforming 1/N in terms of out-of-sample performance.  

 

The Naive portfolio can be considered as a strategy, which implies that expected returns are 

proportional to total risk rather than systematic risk, or in other words, it does estimate the 

moments    and     but imposes the restriction that   ∝      54 for all t. As the strategy involves 

holding a position in every available risky asset, it is in general considered to be well-diversified, not 

to be mistaken for optimal though.  
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 DeMiguel et al. (2007, p. 1922) 
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In an equal-weighted portfolio or index, the same amount is invested in all securities at each 

rebalancing period. Consequently investor will sell previous winners and buy past losers, to readjust 

his positions to 1/N. In general this is known as a contrarian investment strategy, as opposed to 

Momentum strategies. As already mentioned, all models in consideration are rebalanced on a 

monthly basis. 

  

 

 Table 2.4 - Structure of the Naive portfolio model 

Portfolio model: Naive 

Portfolio weights:      
 

 
 

Inputs:   

Stocks Matrix with stock prices 

Risk-free rate Matrix with risk-free rates 

M Rolling window 

Gamma Level of risk aversion 

Key figure 
Optional key figure output as: Weights, 
PortfolioValues, StockShares, Returns 

Output:  

Default output Sharpe ratio, CEQ and Turnover 

 Source: own production 

 

General criticism 

Although the Naive strategy is a well–diversified model, there are some disadvantages. As it turns 

out, the main advantage of the model, in that it holds a position in all available assets, can also be 

considered as a disadvantage. One of the consequences of a broad diversification is a reduced upside 

potential. Although the model generates low transaction costs, it involves trading in basically all 

assets. With relatively small changes between the rebalancing points, this leads to small amounts of 

trading in every asset. Assuming a minimum cost of each transaction, as is often the case in reality, 

investor will refrain from performing the prescribed trades.  Completely ignoring risk return profiles 

as well as correlations between the assets, the strategy omits exploiting any observed trends in the 

market.  
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2.8.2 Value-Weighted portfolio model 

 

Another well-known portfolio model considered is the optimal strategy in a CAPM world - the Value-

Weighted market portfolio. The model includes all available assets in the market and securities are 

weighted by their market capitalization. The holdings of individual securities in each period are 

adjusted, so the value invested in a stock relative to the value invested in the portfolio, is the same 

proportion as the market capitalization of the security, relative to the total portfolio market 

capitalization. When N is fixed the strategy becomes a buy and hold strategy55: 

 

     
     

      
 
   

                                                       

 

where       is the Market Value of stock i at time t. 

 

For each of the datasets we identify a “market” portfolio and report the Sharpe ratio and CEQ for 

holding this portfolio. In theory the Turnover of this strategy is zero, but since we examine datasets 

with a time dependent N, some rebalancing can appear, which is why the Turnover of this strategy is 

reported as well. 

 

 Table 2.5 Structure of the Value-Weighted portfolio model 

Portfolio model: VW 

Portfolio weights:      
     
      

 

Inputs:   

Stocks Matrix with stock prices 

Risk-free rate Matrix with risk-free rates 

M Rolling window 

gamma Level of risk aversion 

Market Value Matrix with market values of stocks 

Key figure 
Optional key figure output as: Weights, 
PortfolioValues, StockShares, Returns 

Output:  

Default output Sharpe ratio, CEQ and Turnover 
                          Source: own production 
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 Given a fixed N, the weights                   , implying that the Turnover of the strategy is zero, hence it 

becomes a buy and hold strategy.  
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General criticism 

 

“…to suppose that safety first consists in having a small gamble in a large number of different 

companies where I have no information to reach a good judgment, as compared with a substantial 

stake in a company where one's information is adequate, strikes ME as a travesty of investment 

policy.” 

John Maynard Keynes (1942), as quoted in Bernstein (1992) 

 

The use of value-weighting is often justified by the central conclusion of modern portfolio theory that 

the optimal investment strategy for any investor is to hold the market portfolio, i.e. the Value-

Weighted portfolio of all assets. However, empirical tests conclude that market indices are not 

efficient. This is explained by the fact that these indices do not include all assets or that the theory 

does not hold. The practical conclusion is that using Value-Weighted portfolios is not necessarily the 

optimal method. 

 

Because of the empirical performance, value-weighting has been subject to severe criticism, pointing 

out that the mechanics of value-weighting lead to trend-following strategies that provide an 

inefficient risk-return trade-off. 

Also, while value-weighting is the standard in equity index construction, different weighting schemes 

exist. First, while most indices use value-weighting, additional criteria are often taken into account, 

such as sales/revenue and net income56. Second, as an answer to the critiques of value-weighting, 

equity indices with different weighting schemes have emerged, such as “wealth” –weighted57, 

“fundamental”-weighted58, “diversity”-weighted59 or equal-weighted (1/N) indices.  

                                                           
56

 “Dow Jones Global Titan 50 Methodology” 
57

 FTSE media information (2005) 
58

 Arnott, Hsu and Moore (2005, p. 83) 
59

 Fernholz, Garvy, and Hannon (1998, p.1) 
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2.8.3 The Markowitz model 

 

In 1952 Harry Markowitz won the Nobel Prize for his paper named “Portfolio Selection” published in 

the Journal of Finance. He devised a model for selecting an optimum investment portfolio often 

referred to as the Mean-Variance model.   

 

In the Mean-Variance model of Markowitz, the investor optimizes the tradeoff between the mean 

and variance of portfolio returns. Therefore, his approach also became known as Mean-Variance 

analysis. The basic idea of the portfolio selection in the Markowitz model is to statically examine the 

beliefs about future performance generated from a financial instrument, as a random variable, i.e. 

returns from individual investments object randomly varying to some extents, and end up with the 

choice of portfolio. Then if we for each investment object determine the likelihood of occurrence; we 

can obtain the probability distribution of returns for each alternative investment. To simplify, the 

model of Markowitz suggests that returns on investment alternatives are normally distributed60. 

 

A portfolio with   securities is formed, where each security is weighted on a fraction basis by 

            such that sum of these weights equals one. These weights can be negative, indicating 

a short sale61. Additionally by denoting the expected return of     security on a percentage basis 

by   62, then   , the expected return of a portfolio, is the weighted sum of each security’s expected 

return, given by the following equation: 

 

                                                                 

 

   

 

where the     
       ; N - specifies the number of securities63. 

 

Indicators of dispersion are used to measure the risk. The higher scatter of possible returns, the 

greater the risk that expected revenue will not be received. Thus the risk is expressed by the 
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 Markowitz (1952, p. 77 – 78) 
61

 A short sale is where an investor borrows a share of stock from a broker and sells it hoping the price will 
decrease so that the investor can buy it back later at a lower price. 
62

 In the theoretical part of the Markowitz model, the    denotes the expected return. Not to be mistaken for 
the mean excessive return named previously.  
63

 Markowitz (1952, p. 81) 
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deviation values of return     from the most probable value64.  The average squared deviation is 

called the variance, which is a measure of dispersion and the greater the value, the greater the risk.  

The variance of the portfolio not only depends on the degree of dispersion of individual securities, 

but as well as how all the securities in the aggregate at the same time lowered or rose, i.e. the 

correlation between changes in prices of individual securities. With a perfect correlation between 

individual returns (if all the shares increase or decrease in perfect synchrony) the risk at the expense 

of deposits in different securities can be neither reduced nor increased.  If stock prices are absolutely 

uncorrelated, then in the limited case (portfolio contains an infinite number of shares), the risk could 

be removed completely, as the average fluctuations of prices would be equal to zero65.  In practice, 

the number of securities in the portfolio is always finite, and therefore the distribution of 

investments in different securities can only reduce risk. The complete exclusion exists merely in the 

theory. 

 

Thus in determining the risk of a specific portfolio of securities, the correlation of stock returns must 

be taken into account. As an indicator of the correlation Markowitz uses     - covariance between 

the changes in returns of individual securities. The variance of the total portfolio is calculated as 

follows66:  

 

  
   

 
 

 

   

  
    

    

 

   

                                        

 

   
   

 

 

where     is the covariance between asset i and j. 

 

By definition, if    , then     is equal to the variance of the security. This means that the variance, 

and hence the risk of the portfolio depends on the risk of this stock and the covariance between 

individual stocks (i.e. the systematic risk of the market) and the shares of    individual securities in 

the portfolio in general.  
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 CFA I Vol. 4 (2009, p. 227) 
65

 CFA I Vol. I (2009, p. 348) 
66

 Elton et al. (2007, p. 57). The notation is adjusted to obtain consistency. 
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Markowitz has worked out a very important proposition for the modern theory, which states that the 

total portfolio risk can be decomposed into two parts. On the one hand, the so-called systematic risk, 

that cannot be excluded and are vulnerable to all securities in almost equal measure. On the other - 

specific risk for each security, that can be avoided by managing the portfolio of securities. The sum of 

funds allocated in all securities should be equal to the total volume of investments, i.e. sum of the 

relative proportion of    must be equal to one       
 
   

67. 

 

The objective is to determine the relative weights in the portfolio (the values of    ), which are most 

profitable for the owner. Markowitz limits the solution of the model, so from a whole set of 

"acceptable" portfolios, satisfying the constraints, it is necessary to identify those that are riskier 

than others. This is the portfolios containing, at the same level of return, greater risk (variance) 

compared with the other; or portfolios, bringing less return at the same level of risk.  

 

Using the method of critical lines developed by Markowitz, unpromising portfolios that do not meet 

the restrictions can be neglected; leading to only efficient portfolios that contain a minimal risk for a 

given income or yielding the highest returns for a given level of risk68. This fact is very important in 

the modern portfolio theory. The choice of the portfolio depends on investor’s risk aversion. 

 

The hyperbola in figure 2.6 represents the efficient frontier in the absence of a risk-free asset, i.e. 

every possible combination of the risky assets. By introducing a risk-free rate, the tangency point 

between the efficient frontier and the Capital Asset Line is the tangent portfolio that investor would 

hold without individual risk preferences taken into account. 
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 Markowitz (1952, p. 81) 
68

 Markowitz (1952 p. 82) 
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Figure 2.6 – Efficient portfolios and the Capital Allocation Line 

 

Source: own construction 

 

A little-recognized property of the Mean-Variance model is that induced preferences for asset 

holdings are not necessarily monotone, implying that more of an asset (or portfolio), is not 

necessarily better, not even if the asset (or portfolio) has a positive expected return. The main 

prediction of the model is that an investor normally wants only a limited number of shares of an 

asset, and that the increase in mean return from getting more of an asset costless, is not enough to 

compensate for the increased risk69.  

 

Although the assumptions required to make Mean-Variance portfolios maximize investor’s utility are 

almost never met, it is worth taking some time to study the classical Mean-Variance model of 

Markowitz for number of reasons70. First of all the Markowitz model is a very popular model 

employed in practice. Secondly, the Markowitz model is the departing point for more complicated 

portfolio selection models. Thirdly, the Markowitz model offers a good intuition about the factors 

driving the portfolio choices and helps you to understand the impact of the expected return, 

standard deviation and correlation for portfolio choice.  

 

So to summarize the Markowitz model it is worth mentioning following key points: 
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 Nielsen (1987, p. 1371) 
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 Marekwica (2009, p. 30) 
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 Since different investors have different preferences, there is no single portfolio that will be 

optimal for each and every investor.  

 A higher expected return can be achieved by accepting a higher risk among all efficient 

portfolios. 

 Idiosyncratic risk can be diversified by holding portfolios consisting of several assets, since 

the risky assets are usually not perfectly correlated.  

 Lower levels of correlation provide short-selling constrained investors with the possibility of 

achieving lower standard deviations of the portfolio. 

 Among all efficient portfolios, the Minimum-Variance portfolio bears the lowest expected 

return.  

 

General criticism 

The Modern Portfolio Theory was developed in the 1950s through the early 1970s and was 

considered an important advance in the mathematical modeling of finance. Since then many 

theoretical and practical criticisms have been leveled against it. These include the growing evidence 

that investors are not rational71 and markets are not efficient. 

 

 

For the derivation of optimal portfolios, we distinguish two cases. In subsection 2.8.3.1 we deal with 

an investor who is facing an investment opportunity set that only consists of risky assets. In 

subsection 2.8.3.2 we generalize our findings to an investor who can also invest into a risk-free asset.  

  

                                                           
71

 Hanna (2007, p. 1) 
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2.8.3.1   Minimum-Variance portfolio 

 

The Minimum-Variance portfolio is a portfolio of individual risky assets that, when taken together, 

result in the lowest possible risk level for the rate of expected return. Such a portfolio hedges each 

investment with an offsetting investment. The individual investor's choice on how much to offset 

investments depends on the level of risk and expected return investor is willing to accept. The name 

originates from how it is mathematically expressed in Markowitz Portfolio Theory, in which variance 

is used as a replacement for risk, and less variance correlates to less risk in an investment. 

 

Under the Minimum-Variance (“Min-Var”) strategy, we choose the portfolio of risky assets that 

minimizes the variance of returns; that is72: 

 

   
  

       
     

 
                                                            

 

              

where    denotes the covariance matrix. 

 

To solve this problem, we need only the estimate of the covariance matrix of asset returns (the 

sample covariance matrix) and completely ignore the estimates of the expected returns73. Weights 

are computed with the covariance matrix of asset returns replaced by its sample counterpart    : 

 

   
   
    

  
    

    
                                                          

 

Also, although this strategy does not fall into the general structure of Mean-Variance expected 

utility, its weights can be thought of as a limiting case of equation (2.19), if a Mean-Variance investor 
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 DeMiguel et al. (2007, p. 1924) 
73

 DeMiguel et al. (2007, p. 1924) - Notice that expected returns    do appear in the likelihood function needed 
to estimate    . But under the assumption of normally distributed asset returns, it is possible to show that for 
any estimator of the covariance matrix, MLE estimator of the mean is always the sample mean.  This allows to 
remove the dependence on the expected returns for the building MLE estimator of       
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either ignores expected returns or, equivalently, restricts expected returns so that they are identical 

across all assets, i.e.    ∝   74. 

 

In the efficient frontier prospective, the portfolio will be naturally positioned on the frontier, where 

the minimum variance occurs. This is illustrated in figure 2.7 indicating the Minimum-Variance 

portfolio on the upper part of the efficient frontier.  

 

Figure 2.7 – Efficient frontier with the Minimum-Variance portfolio illustrated on it. 

 

Source: Own Production 

 

The Min-Var places defensively. Because of its strengths, the strategy is mainly associated with risk-

averse investors, being the efficient portfolio with the lowest expected returns. The model is not 

based on mean estimates and therefore its performance is probably better than the more exposed 

model - Mean-Var75.  
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 DeMiguel et al. (2007, p. 1924) 
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 CFA II Vol. 6 (2010, p. 375) 
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                       Table 2.6 –  Structure of the Min-Var model 

Portfolio model: Min-Var 

Portfolio weights:    
   
    

  
    

    
 

Inputs:   

Stocks Matrix with stock prices 

Risk-free rate Matrix with risk-free rates 

M Rolling window 

gamma Level of risk aversion 

Key figure 
Optional key figure output as: Weights, 
PortfolioValues, StockShares, Returns, 
Allocatedunweighted matrix 

Output:  

Default output Sharpe ratio, CEQ and Turnover 

                           Source: own production 

 

 
2.8.3.2   Sample-based Mean-Variance portfolio 

 

The Mean-Variance efficient portfolio assumes that investor’s preferences are only described on the 

basis of mean and variance of portfolio. Mean-Variance portfolio model reflects the fact that greedy 

investors will always opt for a higher mean when the portfolio's variance remains constant76. 

Furthermore, investor will at any time choose that   , which maximizes the expected utility: 

 

     
    

 

 
   

   
 
                                                     

 

where   is the investor’s respective risk aversion. 

 

The optimization problem for the Mean-Var is expressed as followed77: 
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 Marekwica (2009, p. 32) 
77

 DeMiguel et al. (2007, p. 1922) 
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To implement this model, we follow the classic “plug-in” approach; that is, we solve the problem in 

Equation (2.21) with the mean and covariance matrix of asset returns replaced by their sample 

counterparts     and    respectively: 

 

   
      

    
    

                                                              

 

We will refer to this strategy as the “Mean-Var” portfolio. Note that this portfolio strategy 

completely ignores the possibility of estimation error. 

 

The portfolio is placed on the efficient frontier, exactly at the point of tangency between the CAL and 

the efficient frontier of risky assets, i.e. at M, which represents a portfolio containing risky assets and 

none of the risk-free asset.  

 

A risk-neutral investor has a risk aversion equal to zero, and will invest in the asset that has the 

highest return. Risk is of no concern for this investor, hence diversification is not required. In the 

absence of a risk-free asset, the weights of Mean-Var go against the Minimum-variance portfolio as 

risk aversion goes to infinity, i.e.                        

 

Once the risk-free asset is introduced, such an extreme risk-averse investor will place the entire 

wealth at this rate.  

 

 

 

 

 

 

 

 

 



 57 

Figure 2.8  –The Mean-Variance optimal portfolio on the efficient frontier 

 

Source: own construction 

 

 

                       Table 2.7 -  Structure of the Mean-Var model 

Portfolio model: Mean-Var 

Portfolio weights:    
      

    
    

 

Inputs:   

Stocks Matrix with stock prices 

Risk-free rate Matrix with risk-free rates 

M Rolling window 

gamma Level of risk aversion 

Key figure 
Optional key figure output as: Weights, 
PortfolioValues, StockShares, Returns 

Output:  

Default output Sharpe ratio, CEQ and Turnover 
                          Source: own production 
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2.8.4 Short-sale constrained portfolios 

 

We also consider the strategies that constrain short-selling, i.e. the constrained Mean-Variance 

(CMean-Var) and constrained Minimum-Variance (CMin-Var) portfolio models. They are constructed 

by imposing an additional non-negativity constraint on the portfolio weights in the corresponding 

optimization problems. 

 

Jagannathan and Ma (2003) study the effect of imposing short-sale constraints on the Minimum-

Variance portfolio, where they consider the solution to the short-sale constrained Minimum-Variance 

problem: 

 

   
  

       
     

 
                                                   

 

                 

     

 

The solution to the short-sale constrained Minimum-Variance problem will be denoted by CMin-Var 

as mentioned above. Jagannathan and Ma (2003) show that the solution to the short-sale 

constrained problem coincides with the solution to the unconstrained problem in section 2.8.3.1 

(formula 2.18) if the sample covariance matrix is replaced by the matrix: 

 

  
 

  
   

 
    

      
                                            

 

in which       is the vector of Lagrange multipliers for the short-sale constraint      at the 

solution to the constrained problem (2.23)78.  

 

As    , the matrix       may be interpreted as the sample covariance matrix after shrinkage, 

because if the short-sale constraint corresponding to the     asset is binding (    ), then the 

                                                           
78

 Jagannathan and Ma, (2003, p. 1655) 
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sample covariance of this asset with any other asset is reduced by   , the magnitude of the Lagrange 

multiplier associated with its short-sale constraint. 

Similarly to interpret the effect of short-sale constraint, observe that imposing the constraint 

               in the basic mean-variance optimization, following equation yields the 

Lagrangian:  

 

    
    

 

 
  
      

 
  
                                             

 

in which    is the N × 1 vector of Lagrange multipliers for the constraints on short-selling.  

 

Rearranging the aforementioned equation, reveals that the constrained Mean-Variance portfolio 

weights are equivalent to the unconstrained weights, but with the adjusted mean vector:        

  . When the constraint for asset i binds,      > 0 and the expected return is increased from      to 

               . Hence, imposing a shortsale constraint on the sample-based mean-variance 

problem is equivalent to shrinking the expected return toward the average. 

 

Figure 2.9 depicts the short-sale constrained Minimum-Variance portfolio for the case with three 

risky assets. The three axes in the reference frame give the portfolio weights, w1, w2, and w3, for the 

three risky assets. Two triangles are depicted in the figure. The larger triangle depicts the intersection 

of the plane formed by all portfolios whose weights sum up to one with the reference frame. The 

smaller triangle (colored) represents the set of portfolios whose weights are non-negative and sum 

up to one; that is, the set of short-sale constrained portfolios. The ellipses centered around the 

Minimum-Variance portfolio, Min-Var, depict the iso-variance curves; that is, the curves formed by 

portfolios with equal variance. The short-sale constrained Minimum-Variance portfolio is at the point 

where the colored triangle is tangent to the iso-variance curves. The figure also shows the location of 

the 1/N portfolio, which can be interpreted as the portfolio that ignores both the mean returns and 

the covariances of returns. 
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Figure 2.9 – The Short-sale constrained Portfolio for three Assets 

 

Source: DeMiguel et al. (2008, p. 62) 

 

In both approaches we make use of the procedure applied in Financial Models in Excel79, inspired by 

Benninga (2008), i.e. a numerical method by means of the built-in Excel solver. For the further details 

about application see appendix 16. 
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 A course offered at Copenhagen Business School.  
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2.8.5 Mixture of 1/N and Minimum-Variance portfolios 

 

Another approach considered is a combination of two other portfolios, i.e. the Minimum-Variance 

and the Naive portfolio. The model has only been studied by DeMiguel et al. (2007). In general the 

mixture portfolios are formed by applying the idea of shrinkage directly on the portfolio weights. So 

instead of moment estimations first, followed by constructions of weights, one can directly combine 

non-normalized portfolios of the following form80: 

 

  

                       
                                              

 

where    and    are two reference portfolios, one can choose. It is intuitively appealing to work 

directly with portfolio weights as it makes it easier to shrink a given portfolio toward a specific target.  

This mixture portfolio strategy is denoted “Mix-Ew-Min” and the main incentive behind the strategy 

is to try to exploit their individual strengths by combining the Naive 1/N portfolio model with the 

Minimum-Variance portfolio model, rather than the Mean-Variance model and the Minimum-

Variance model considered in Kan and Zhou (2007) and Garlappi et al. (2007).81 Our motivation for 

considering this portfolio is to test if such a mixture of two models could perform better, than each 

of them separately.  Another argument for such a combination is that because expected returns are 

more complex to estimate than covariances, one may wish to ignore the estimates of mean returns 

and consider the estimates of covariances instead. Specifically, the portfolio we consider can be 

written as: 

 

               
 

 
      

  

 

 
                                   

        
                  

 

                                                           
80

 DeMiguel et al. (2007, p. 1926) 
81

 Garlappi et al. (2007) consider an investor who besides aversion to risk is also averse to uncertainty, in the 
sense of Knight (1921). They demonstrate that if returns on the N assets are estimated jointly, then the 
“robust” portfolio is equivalent to a weighted average of the Mean-Variance portfolio and the Minimum-
Variance portfolio, where the weights depend on the amount of parameter uncertainty and the investor’s 
aversion to uncertainty. By construction, therefore, the performance of such a portfolio lies between the 
performances of the sample-based Mean-Variance portfolio and the Minimum-Variance portfolio. 
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in which c and d are chosen to maximize the expected utility of a Mean-Variance investor
82

.  

 

Now if we assume that the investor is to be ignoring expected returns, the expected-utility 

maximization is equivalent to minimizing the portfolio variance in which    is unknown. Therefore, 

the objective is to minimize the expected portfolio variance. From (2.2.7) we get83: 

 

   
   

                
 

 
     

 

 
      

  

 

 
   

 

    
 

 
      

  

 

 
              

   

 
 

 
  
  

  
  
      

   
   

  

 

 
    

  

 

 
    

  

 
  
     

  

 

 
                  

 

Now if we let       
 

        
 

  . Then        
 

      
 
   

 

  , and: 

 

      
 

      
 
       

 
   

 

  . 

 

The expectation in (2.29) may hence be written as: 

 

  

   
  
       

 

 
    

                     
  

 
  
                                        

 

Because                  it follows that84 : 

          
 

     
                                                                

                                                                     

In which85  
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 DeMiguel et al. – Implementation details (2007, p. 4) 
83

 DeMiguel et al. – Implementation details (2007, p. 4) 
84

 Haff (1979) 
85

 Note that {M – N}           =  as this will result in division by zero. 
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Thus the variance of the minimized portfolio is: 

 

              
  

   
  
     

 

 
     

    
  

 
 

    

     
                  

 

We find the values of c and d that minimize the expected value in (2.3.4) subject to the constraint 

that the portfolio weights sum up to one. By writing the corresponding first-order optimality 

conditions, and simplifying, we get:  

 

       
 
    

  

 
                                                 

 

and  

 

 

  
          

         
     

  
      

             
     

  
          

     
  
             

     
  
      

      
 

 

 

After c and d are calculated, we simply follow equation (2.26) to get a new matrix of weights for the 

mixture portfolio86. 
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                          Table 2.8 - Structure of the Mix-Ew-Min model 

Portfolio model: Mix-Ew-Min 

Portfolio weights:                 
 

 
        

 
    

Inputs:   

Stocks Matrix with stock prices 

Risk-free rate Matrix with risk-free rates 

M Rolling window 

gamma Level of risk aversion 

Key figure 
Optional key figure output as: Weights, 
PortfolioValues, StockShares, Returns 

Output:  

Default output Sharpe ratio, CEQ and Turnover 

                          Source: own production 

 

 
2.8.6 Mixture of 1/N and constrained Minimum-Variance strategy 

 

Motivated by the desire to examine whether the out-of-sample portfolio performance can be 

improved by ignoring expected returns (which are difficult to estimate) but still taking into account 

the correlations between returns, we also consider a new strategy that has not been considered in 

the existing literature, except for the DeMiguel et al. (2007). In order to see if we can improve our 

results further, we would like to combine two models and see if we, by simple weighting, can 

maximize the common result. This strategy, denoted by “Mix-Ew-Cmin-Var”, is a combination of the 

1/N policy and the constrained Minimum-Variance strategy, and it can be interpreted as a simple 

generalization of the short-sale constrained Minimum-Variance portfolio. It is obtained by imposing 

an additional constraint on the Minimum-Variance problem87: 

 

                                                           

            
 

 
   

 

Note that the CMin-Var portfolio corresponds to the case in which a = 0, while setting a = 1/N gives 

the 1/N portfolio. In the empirical section, we study the case in which a   
 

 

 

 
 , arbitrarily chosen as 
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 DeMiguel et al. (2007 p. 1926) 
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the middle ground between the constrained Minimum-Variance portfolio and the 1/N portfolio. 

Portfolio weights will be calculated as follows88: 

 

                 
 

 

 

 
 
 

 
                                      

 

                                                           . 

 

 

Table 2.9 - Structure of the Mix-Ew-CMin-Var model 

Portfolio model: Mix-Ew-CMin-Var 

Portfolio weights:                  
 

 

 

 
 
 

 
          

Inputs:   

Stocks Matrix with stock prices 

Weights from Naive      
 

 
 

Weights from CMin-Var Matrix with optimal weights found by the designed Excel application 

Risk-free rate Matrix with risk-free rates 

M Rolling window 

gamma Level of risk aversion 

Key figure 
Optional key figure output as: Weights, PortfolioValues, StockShares, 
Returns 

Output:  

Default output Sharpe ratio, CEQ and Turnover 

Source: own production 

 

 

2.8.7 P/E – ratio model 

 

To assess the performance of the simple firm characteristic model, we also introduce a new strategy 

that has not been considered in the existing literature. This strategy, denoted by PE, is a model based 

on the fundamental - Price-Earnings ratio (P/E). 
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The P/E ratio of a stock is a valuation ratio of the price paid for a share compared to the annual net 

income or profit earned by the firm per share. It is a financial ratio used to measure if a stock price is 

over- or undervalued: a high P/E ratio means that investors are paying more for each unit of net 

income, hence the stock is more expensive compared to one with lower P/E ratio89. The P/E ratio is 

calculated as90: 

 

           
               

                               
                      

 

The P/E ratio can alternatively be calculated by dividing the company's market capitalization by its 

total annual earnings. 

 

For example, if company A’s stock is currently trading at DKK 24.81 a share and earnings over the last 

12 months were DKK 2.03 per share, the P/E ratio for the stock would be 12.22 (DKK 24.81/DKK 

2.03). So the P/E ratio of 12 reveals that the investor has to pay DKK 12 for each DKK 1 profit in 

company, or that it will take 12 years before cumulative annual earnings will match the stock price 

and nevertheless the potential investor, ceteris paribus, gets a stock yield corresponding to 

100/12.22 = 8.18%. 

 

EPS is usually from the last four quarters (trailing P/E), but sometimes it can be taken from the 

estimates of earnings expected in the next four quarters (projected or forward P/E). A third 

variation uses the sum of the last two actual quarters and the estimates of the next two quarters. 

Also known as Price Multiple or Earnings Multiple. 

 

The P/E ratio has units of years, which can be interpreted as "number of years of earnings to pay 

back purchase price", ignoring the time value of money. In other words, P/E ratio reflects current 

investor demand for a company share. The reciprocal of the PE ratio is known as the Earnings Yield91. 

The Earnings Yield is an estimate of expected return to be earned from holding the stock if we accept 

certain restrictive assumptions. 
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 CFA I, Vol. 5 (2009, p. 71) 
90

 CFA II, Vol. 4. (2010, p. 29) 
91

 CFA II, Vol. 4. (2010, p. 469) 
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Normally, stocks with high earning growth are traded at higher P/E values92. Stock A, trading at say 

DKK 24 per share, may be expected to earn DKK 6 per share the next year. Then the forward P/E ratio 

is DKK 24/6 = 4. So the investor is paying DKK 4 for every one dollar of earnings, which makes the 

stock more attractive compared to the previous year. 

 

The P/E ratio implicitly takes into account the perceived risk of a given company's future earnings. 

For a potential investor, this risk can include the chance of bankruptcy. For companies with high 

leverage (the high levels of debt), such risk of bankruptcy will be higher than for other more 

conservative companies. Now assuming the effect of leverage is positive, the earnings for a highly-

leveraged company will also be higher. In general, the P/E ratio incorporates this information, and 

different P/E ratios may reflect the structure of the balance sheet. 

 

Different variations on the forward P/E ratios and standard trailing are common. Principally, 

alternative P/E measures substitute different measures of earnings, such as rolling averages over 

longer periods of time (to "smooth" volatile earnings, for example), or "corrected" earnings figures 

that exclude certain extraordinary events or one-off gains or losses. The definitions may not be 

standardized93. 

 

The stocks with the low P/E ratios can actually be undervalued, which makes it interesting to test if it 

holds in a long run and whether it is possible to obtain attractive out-of-sample performance by 

constructing a portfolio with weights calculated from the lowest P/E ratios.  

 

We introduce         , representing the fraction of PE ranked shares that investor holds in the 

portfolio: 

 

                                                                        

where the    is the number of shares invested in at period t, rounded down to nearest integer. 

 

With these assumptions we get non-normalized weights: 
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 CFA I, Vol. 5 (2009, p. 71) 
93

 CFA II, Vol. 4 (2010 p. 470) 
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where the     
   

  denotes the     stocks with the lowest P/E ratios at time t at a given level of α. 

 

The construction of weights in equation (2.40) ensures that the equity with the lowest P/E ratio gets 

the highest weight. And then normalizing the weights: 

 

     
    

     
  
 

                                                               

 

where the       is the non-normalized weight for the stock i at time t. 

                      Table 2.10 - Structure of the     model 

Portfolio model:     

Portfolio weights: 

 

     
    

     
  
 

 

where        is the non-normalized weight for the 

stock i at time t 
  

Inputs:   

Stocks Matrix with stock prices 

Risk-free rate Matrix with risk-free rates 

M Rolling window 

gamma Level of risk aversion 

PE Matrix with P/E values for the relevant stock matrix 

      Fraction of shares 

Key figure- 
Optional key figure output as: Weights, 
PortfolioValues, StockShares, Returns 

Output:  

Default output Sharpe ratio, CEQ and Turnover 

                        Source: own production 
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Basically M is unnecessary as the model is based on cross-sectional values of P/E. However, the 

rolling window is included for comparison with the sample-based asset allocation models.  

 

Furthermore we would like to investigate how the results will change, by applying a mean-value 

approach to the P/E over the rolling window M and then compare the results for these strategies.  

Non-normalized weights in this case are calculated as follows: 

 

       
    

   
         

     
   

           
 

                                                             

 

where the     
   

           denotes the average value of the last M observations of stock i at time t 

 

And the normalized weights are calculated as in equation (2.41).  

The structure of the            model is the same. We refer to table 2.10 for the general structure of the 

model.  

 

General criticism 

One should be cautious basing a decision on the Price-Earnings measure alone. The denominator 

(earnings) is based on the complex rules of accrual accounting and presents significant interpretation 

issues. It is typically not enough to look at the P/E ratio of one company to determine its status. 

Usually, an investor will look at a company's P/E ratio compared to the industry the company is in, 

the sector the company is in, as well as the overall market. In general, the P/E that an investor uses in 

valuation should reflect the investor’s judgment about the company’s underlying earnings and 

should be calculated on a consistent basis among all stocks under review94.  

  

                                                           
94

 CFA II Vol. 4 (2010, p. 473) 
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2.9 Capital Asset Pricing Model (CAPM) 

 

The standard form of the general equilibrium relationship for asset returns has been independently 

developed by Sharpe, Lintner and Mossin95, early in the 1960’s. Although the model is in fact fairly 

simple, evidence support that it actually does a amazingly good job explaining market behavior96. 

Having said that, the model and its validity has been subject to discussion over the past decades. As 

later discussed, Eugene Fama and Kenneth French, among others, support the opposing forces. 

Nevertheless the model is still accepted and commonly used by investors in their decision making.  

 

Underlying assumptions 

As it is often the case when analyzing complex settings from the sophisticated real world, one need 

to construct a simpler environment by imposing a series of assumptions. The CAPM is naturally no 

exception. These simplifying assumptions are considered to have only a small or no effect at all. 

However, when considering any particular model, knowing the underlying assumptions is absolutely 

necessary and must be taken into account, when conclusions are outlined based on results implied 

by the model in question. 

 

The first assumption is the ignorance of transaction costs. Thus there is no cost of buying or selling 

any asset. If we were to take account of the existence of transaction costs, each decision would 

depend on our position in each asset in the previous period, which naturally adds a great deal of 

complexity. Whether or not this additional complexity is worth introducing in the model depends on 

the importance of transaction costs in the investor’s decision making.  

 

The second assumption behind CAPM is that assets are indefinitely diversifiable. This means that we 

allow our investor to buy for instance for DKK 1 worth of AP Møller Maersk’s stock, even though the 

stock price is generally well above many thousands.  

 

Thirdly we assume absence of personal income tax. This means that the investor is indifferent to the 

form in which the return is obtained. Decomposing a series of historical returns, would reveal a 

combination of dividends and capital gains, which in some countries are subject to different tax 

rates, but in a CAPM world all sorts of taxations are conveniently ignored.  

                                                           
95

 Elton et al. (2007, p. 285) 
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 Elton et al. (2007, p. 284) 
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The fourth assumption is that all individual investors are price takers, meaning that no single person 

is able to affect the stock price by an individual action. Instead investors in total determine prices by 

their actions, analogue to the situation referred to as perfect competition. 

The fifth assumption is related to the investor’s decision-making. It is assumed that the choice of 

portfolio is based solely on expected values and standard deviation of returns on their portfolios.   

The sixth assumption is that we allow the investor to engage in unlimited short sale, without any 

restrictions. 

 

The seventh assumption is that the investor can lend or borrow any given amount at the riskless rate, 

completely ignoring any sort of credit rating, which is the typical standard procedure followed by just 

about any financial institution involved in this line of business. 

 

The eighth and ninth assumptions concern homogeneity of expectations. First, we assume that all 

investors define a period in the same manner, in which the only inputs in the decision-making are the 

mean and variance of returns. Secondly, we assume that all of the investors share their expectations 

regarding each of the three input parameters, being the expected returns, variances and the 

covariance matrix.   

 

The tenth and final assumption is that all assets are marketable, meaning that all including human 

capital can be traded.  

 

There is indisputably no doubt that the CAPM environment created by making the above mentioned 

assumptions is quite far from the real world. However, this is of less importance if the model is in fact 

able to describe real world market behavior.  

 

The result of the multiple aforementioned simplifying assumptions is the economist’s version of the 

physicist’s frictionless environment, meaning that we have created a model where there are no 

institutional frictions to the movement of stock prices97. 
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Deriving the CAPM – a simple approach 

As already discussed the CAPM is basically considered as the foundation of all asset pricing models, 

which is why the following section is devoted to deriving the model. The point is simply to present 

the models intuitive economic implications.  

 

In the presence of short-sale, but without the existence of a risk-free asset, implying that riskless 

lending and borrowing is impossible, it is well-known that the investor can combine the risky assets 

creating an efficient frontier shaped as depicted in figure 2.1098. 

 

 

     Figure 2.10 –  Efficient frontier without a riskless asset 

     

    Source: Own construction 

 

The lower case symbols illustrate the individual assets, whereas the uppercase symbols represent the 

efficient frontier. Note that the efficient frontier is actually only formed by the upper part, from B 

onwards up till and beyond C, since these points all dominate the lower part of the curve. 

However, once the risk-free asset is introduced, the portfolio that every investor would hold can be 

identified regardless of the individuals risk preferences. This portfolio lies on the tangency point of 

the original efficient frontier and passes a ray going through the risk-free rate on the vertical axis, 

depicted in figure 2.11. 
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 The figure resembles the previous shown in section 2.8.3 with minor differences. The figure is presented 
again for the comprehension’s sake. 

Ex
p

e
ct

e
d

 R
e

tu
rn

Standard Deviation 

B

C

a

A

b

c



 73 

 

          Figure 2.11 –  Efficient frontier incl. riskless asset 

 

          Source: Own construction 

 

 

The tangency portfolio M represents the Market Portfolio, which is a Value-Weighted portfolio 

consisting of every asset in the market. As stated all investors will satisfy their risk appetite by 

holding a combination of the market portfolio and the risk-free asset, thus reducing the investor’s 

choice to a two fund problem, sometimes referred to as the two fund theorem.  

 

This implies that all combinations consisting of risky as well as the riskless asset, that lies below the 

straight line depicted in figure 2.11 are inefficient, making the straight line, also known as the capital 

market line, the new efficient frontier.  This line can be described by the following equation: 

 

       
      
  

                                                   

 

where     and    denotes the expected return and standard deviation of an efficient portfolio e,     

and    likewise for the market portfolio, and finally    is the riskless return. 

  

In equation 2.42 the term             can be thought of as the market price of return for all 

efficient portfolios.  As this term describes the slope of the capital line it indicates the extra return 
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that can be gained from increasing the risk, given as the standard deviation on an efficient portfolio, 

by one unit.  

 

In words the equation describing the capital market line, can be expressed in the following way99: 

 

(Expected return) = (Price of time) + (Price of risk)* (Amount of risk) 

 

For well-diversified portfolios it is know that the non-systematic risk tends to go to zero, whereas the 

correct measure of the systematic risk can be contained in the Beta, since all investors hold the 

market portfolio, which without a doubt is considered a very well-diversified portfolio. Since we 

assume that the expected return and risk of a security are the only things that the investor cares 

about, the only dimensions of a security that need to be of concern are expected return and Beta.  

Hypothetically, if the portfolios were actually located as illustrated in figure 2.12, it goes without 

saying that there is an opportunity for pursuing an arbitrage strategy. 

 

 

 

         Figure.2.12 – Portfolios in expected return Beta space 

 

          Source: Own construction 
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In other words, it would be possible for the investor to get a positive expected return with zero risk 

and zero net investment, e.g. buying D and selling short E. Such arbitrage would take place until C, D 

and E all yielded the same return. An investor would engage in this kind of arbitrage, as long as any 

asset or portfolio is located either above or below the security market line. Therefore all investments 

and all portfolios of investments must lie along a straight line in expected return-Beta space.  

 

          Figure 2.13 -  Security market line 

 

          Source: Own construction 

 

 

At this point all that is left to do, is to determine the equation describing the straight line showed in 

figure 2.13 In order do that, all we need are two points on the line. Conveniently we will use the 

market portfolio as one of points, which by definition has a Beta equal to one, and as the second 

point we will use the riskless rate of return, which has a Beta of zero and therefore is the intercept of 

the line. The equation describing a straight line has the form: 

 

                                                                    

 

One point on the line was to be the riskless asset with a Beta of zero, thus: 
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The second point on the line is the market portfolio with a Beta of one. Hence: 

 

                                                                   

or 

                                                                  

 

Substituting (2.46) and (2.48) into equation (2.44) yields100: 

 

                                                              

 

The Beta of CAPM 

The asset’s Beta measures its market or systematic risk, which in theory is the sensitivity of its 

returns to the returns on the market portfolio of risky assets. Concretely, Beta equals the covariance 

of returns with the returns on the market portfolio divided by the market portfolio is represented by 

a broad Value-Weighted equity market index. In mathematical terms the expression is: 

 

   
   

  
  

 

The asset’s Beta is estimated by a least squares regression of the asset’s returns on the returns of the 

index and is also available from many sources. In effect, in equation (2.49) the investor is adjusting 

the equity risk premium up or down for the asset’s level of systematic risk by multiplying it by the 

asset’s Beta, adding that asset-specific risk premium to the current expected risk–free return, to 

obtain a required return estimate.  

 
 
Summarizing remarks regarding CAPM 

The CAPM model is a simple, well-known and widely accepted, theory-based method to estimate the 

cost of equity. The Beta coefficient is a key parameter in the CAPM, its measure of risk, is easily 

                                                           
100

 Elton (2007, p. 291) 
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obtainable for a wide series of securities from a range of sources and can be calculated readily when 

not existing from a vendor. In portfolios, the idiosyncratic risk of individual securities tends to offset 

against each other leaving largely Beta (market) risk. For individual securities, idiosyncratic risk can 

overwhelm market risk and, in that case, Beta may be a poor predictor of future average return. Thus 

it is recommendable to any investor that decisions are made with these drawbacks in mind, and not 

exclusively based on the Beta of the security or portfolio in question.  
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2.10 Multi index models 

 

2.10.1 Fama-French three factor model 

 

By the end of the 1980s, empirical evidence had accumulated that, at least over certain extensive 

time periods, in the U.S. among others, investment strategies favoring small market capitalization 

securities and/or value tended to result in higher returns over the long-run than CAPM predicts.  

 

In 1993, researchers Eugene Fama and Kenneth French addressed these perceived weaknesses of the 

CAPM in a model with three factors, known as the Fama-French model (FFM). The FFM is among the 

most widely known non-proprietary multifactor models102.  

 

Fama and French aimed at constructing a version of the multifactor model with the ability to explain 

returns on stocks as well as bonds. In this thesis we will only consider the version explaining returns 

on stocks. The approach is based on a set of specifically constructed portfolios, which leads to two 

additional explanatory variables. The general theory behind the approach will be reviewed in greater 

detail in the following section and later on applied to the Danish Stock market in order to construct 

portfolios. 

 

The three factor asset pricing model developed by Eugene Fama and Kenneth French is today widely 

accepted as one of the most successful factor-based asset pricing models yet created. It can be 

considered as a multi index extension to the familiar CAPM model previously described. The well-

known capital asset pricing model uses only one factor, the Beta factor, to compare the excess return 

of a portfolio with the excess return of the market as a whole. CAPM is still widely used in different 

applications such as estimating the cost of capital for firms as well as evaluating the performance of 

managed portfolios. However, Fama and French argue that the poor empirical record of the model 

invalidates the way it is used in applications103. They target a combination of difficulties regarding 

implementation of valid tests, as well as the possibility that the CAPM oversimplifies the complex 

market. 

 

                                                           
102

 CFA II Vol.4 (2010, p. 130) 
103

 Fama French (2004, p. 25) 
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Fama and French suggested adding two firm characteristics factors, based on the observation that 

two classes of stocks had tended to do better than the market as a whole. These two classes were 

Small cap stocks and stocks with a high Book-To-Market ratio. Shares with a high Book-To-Market 

ratio are customarily called Value stocks, as opposed to stocks with a low Book-To-Market ratio 

referred to as growth stocks. Reviewing the literature in this field displaces a few distinct approaches 

when it comes to describing the three factor equation, simply in terms of chosen notation104. 

 

                                                    

 

Decomposing the Fama-French three factor model 

The mentioned firm characteristics are based on Size and Book-To-Market ratio. On the basis of 

these variables shares are divided into different categories in order to construct the factors HML and 

SMB, included in the FFM factor. The following section provides a detailed review of central concepts 

and variables related to the FFM.  

 

 Market Value (Market Equity) 

Represents total market capitalization, also known as the size of the share. A Small cap 

stock is therefore a stock with a small total market value, and vice versa. It is in all its 

simplicity the stock price multiplied with the number of outstanding shares. 

 Book Value 

Total value of all the company assets as listed on the balance sheet. This is determined 

as the sum of the costs of each individual asset minus its accumulated depreciation.105 

 Book-To-Market ratio 

The Book-To-Market ratio is used as a measure to identify over as well as undervalued 

stocks. It can be determined by dividing the Market value with the Book Value. If the 

ratio is above one, Book Value exceeds Market Value, and this would indicate an 

undervalued stock.  

                                                           
104 Fama French (1996, p. 55)  
105

 http://www.investopedia.com  

http://www.investopedia.com/
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     -   -              
          

            
 

    

The Beta in the FFM resembles the classical Beta known from CAPM, however, they 

are not exactly equal since in the FFM, there are two additional factors to do some of 

the explanatory work.  

 

 HML 

High-Minus-Low is one of three factors in the Fama and French asset pricing model. 

Sometimes this is referred to as the value premium. It accounts for the difference, or 

in financial terms, it represents the spread in returns between value stocks (high BTM 

ratio) and growth stocks (low BTM ratio). In practice the factor is calculated based on 

six constructed portfolios106.  This construction will be further described in a following 

section (Constructing FF portfolios), where we apply the procedure on our Danish 

dataset.  

                                                            

 SMB 

Small-Minus-Big is the last of the three factors. It accounts for the spread in returns 

between Small cap and large cap firms and is in resemblances with HML calculated 

based on the constructed portfolios. 

                                               

                                        

 

We apply the concepts underlying the Fama-French approach and form 6 Fama-French Size and 

Book-To-Market portfolios from the dataset previously described. Thereby we are able to avoid the 

issue with the number of stocks to invest in being time dependent since listings, delistings, takeovers, 

mergers, demerges, suspension and bankruptcies are all captivated in these portfolios.  

                                                           
106

 French’s homepage 
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2.10.2 Carhart four factor model 

Carhart acknowledged the fact that Fama and French’s three factor model showed more precise 

results in determining the performance of mutual funds than the classical single-index model107. 

However, Carhart wanted to address the Momentum anomaly, which FFM failed to explain. 

Jegadeesh and Titman (1993) had identified the existence of this anomaly and they had proven it to 

be robust to time108. Hence Carhart (1997) developed an extension to the FFM, by adding a factor 

with the purpose of capturing the cross‐sectional variation in Momentum‐sorted portfolio returns.  

The term added consisted of equal‐weight average of firms with the highest 30 percent 

eleven‐month returns lagged one month, minus the equal‐weight average of firms with the lowest 30 

percent eleven‐month returns lagged one month109.  

The stocks in the portfolio for the test of the model consisted of all stocks from NYSE, Amex and 

Nasdaq re‐formed monthly to get a rolling Momentum factor. The test revealed evidence in support 

of the Carhart (1997) four factor model110.  

                                                

Where the term        represents the Momentum factor.  

                                                           
107

 Carhart (1997) 
108

 Jegadeesh and Titman (1993, p. 90) 
109

Carhart (1997, p. 61)   
110

 Carhart (1997, p. 61) Once again the notation differs in the literature. Bauer (2006, p. 38) expresses the four 
factor model in a way that might offer greater intuitive understanding.  
                                                                                                  
where 
     Jensen’s alpha measure for fund i 
     the return on fund i in month t 
      the return on a local three month T-bill in month t 
       the return on the relevant equity benchmark in month t 
      the difference in return between a small cap portfolio and a large cap portfolio 
at time t 
      the difference in return between a portfolio of high Book-To-Market stocks and 
  one of low Book-To-Market stocks at time t 
       the difference in return between a portfolio of past 12 months winners and a 
  portfolio of past 12 month losers at time t 
      the error term. 
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Similar studies have revealed analogous results, for instance L’Her, Masmoudi and Suret (2003) 

found evidence in support of the four factor model in their empirical study of the Canadian stock 

market. 

The approach applied in this thesis regarding the definition of the MOM factor differs slightly from 

the way Carhart constructed his factor. The difference is found in the composition of the underlying 

portfolios, where Carhart’s MOM factor is based on equally-weighted portfolios. However, Fama and 

French, who later addressed the same issue regarding the momentum anomaly themselves, 

construct the MOM factor based on value-weighted portfolios. In alignment with the construction of 

HML as well as SMB, the MOM factor later constructed in this thesis will be based on value-weighted 

portfolios.  

                                                            

 

 

2.10.3 Constructing FF portfolios 

 

We form 12 Fama-French portfolios, 6 Size and Book-To-Market portfolios and 6 Size and 

Momentum portfolios. This section is devoted to providing a detailed description of the 

methodology. 

 

Forming 6 Danish Size and Book-To-Market portfolios 

As previously described, we use a list provided by Datastream, called All Danish Stocks. Since the 

objective is to form Size and Book-To-Market portfolios the variables MV, book/market and RI are 

downloaded from February 1980 to January 2010, on a monthly basis. As described in section 2.6.2 

Data for FF3, the output was sorted meticulously. The next step is to determine the relevant 

breakpoints.  

 

Determining MV and BTM breakpoints 

The Fama-French approach is to establish the median of the Market Value and 30th and 70th 

percentiles for BTM for each period. 
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Our approach to handling individual assets, assume a certain predictive power, i.e. at a rebalancing 

point t only shares that we know are still listed at t+1, as well as shares that were declared bankrupt 

between t and t+1 are eligible for investment  (see the section handling removal from stock exchange 

for further details).  

 

When determining the breakpoints we need to account for this predictive power. Therefore the 

values at time t for a share, that for some reason other than a bankruptcy, are removed from the 

stock exchange before time t+1, are omitted from the sample. Consistency is thereby obtained. The 

Excel built-in function “percentile”111 is used on the remaining data, determining the 50th percentile 

for Market Value and the 30th and 70th percentiles for Book-To-Market. Once this is in place, 

everything is set for forming the portfolios.  

 

Forming MV and BTM portfolios  

For each period, every available asset fulfilling the sufficient data criteria, is compared to the 

corresponding ME and BTM breakpoints in order to determine which category and thereby which 

portfolio, the share should be allocated to. Splitting the ME in two and BTM in three leads to the 

following six portfolios112: 

Figure 2.14 -  Size and BTM portfolios 

 

BE/ME is an abbreviation for Book Equity/Market Equity. It is equivalent with the term BTM in this master 
thesis. Source: Kenneth French’s homepage 
 
 

For the 360 periods contained in our sample, a total of 307 shares are in play. An Excel application 

was developed to assist in the construction, looping through each of periods comparing the BTM and 

MV of every share to the corresponding breakpoints and allocating shares to the respective 

portfolio.113   

 

                                                           
111

 The function takes a range of values and the requested k’th percentile (between 0 and 1) and returns the 
value corresponding to the k’th percentile. See appendix 18. 
112

 See appendix 15 for complete buy ranges  
113

 The application “BookToMarketConstruction.xlsm” can be found on the enclosed disc or accessed via the 
“Menu” workbook. 
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For each of the six categories, value-weighted portfolios are created composed by the associated 

shares. The return for each of the portfolios is calculated for every period. Based on these returns, an 

index starting at the value of 100 in February 1980 is created. Thereby we are able to illustrate the 

evolvement of the six portfolios for comparison. According to the FF-theory Small cap Value shares 

should perform better than the Big cap Growth shares.  

 

Figure 2.15 - Evolvement in the 6 Size and BTM Portfolios 

 

An illustration of the indexed evolvement in the 6 constructed value-weighted Size and Book-To-Market 

portfolios. The figure supports the fact that Small cap value stocks outperform the other categories. Source: 

Own construction 

 

Ranking the portfolios from best to worst, in terms of index value at the expiration date of our 

sample, yields the following order 

 

                                Table 2.11 - Size and BTM finishing order 

Finishing order Portfolio 

1 Small Value 

2 Big Value 

3 Big Neutral 

4 Small Neutral 

5 Big Growth 

6 Small Growth 
        Source: Own construction 
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Exactly as theory prescribes the portfolio Small Value takes a convincing 1st place. The first runner up 

is the Big Value portfolio, implying that BTM is more important than MV in terms of performance. 

This was expected since theory prescribes dividing BTM three ways, while MV is only divided by the 

median. 

 

However, according to theory Small cap stock should outperform Big cap stocks. Thus one would 

expect each of the small categories to finish better than the corresponding Big category. This is 

clearly not the case in our study. Big Neutral beats Small Neutral as well as Big Growth beats Small 

Growth. The order of the value portfolios taking the first two places, followed by both of the neutral 

portfolios and then finally the two growth portfolios is however, as expected. The individual ranking 

of the Neutral and Growth portfolios between Small and Big was on the other hand unexpected.  

 

If we take a closer look at figure 2.15 clearly the evidence of a recent economic crisis is unmistakable. 

In general the figure supplies a great overview of how the respective portfolios evolve, but the 

enormous spread in performance blurs some of the details on the inferior portfolios.  Inspecting the 

underlying index values of figure 2.15 in search of a global maximum reveals that each of the six 

portfolios hits their all time high during 2007114, shortly before the global economic crisis razed stock 

markets all over the world.  The two Value portfolios however, made quite remarkable comebacks 

immediately after the sharp decline compared to the other portfolios.  

 

Nevertheless, we have created a dataset “FF Size and Book-To-Market” (FF3) with 6 assets during the 

entire 360 periods. Furthermore, we have presented graphical evidence supporting the alleged fact, 

that the construction led to a few superior portfolios, i.e. both of the value portfolios finish 

remarkably higher than the others, thus it will be interesting whether the advanced modern portfolio 

models are able to identify and exploit these portfolios.  

 

Forming 6 Danish Size and Momentum portfolios 

Once again the list provided by Datastream is used, called All Danish Stocks. Since the objective is to 

form Size and Momentum portfolios the variables MV and RI are downloaded from February 1979 to 

January 2010, on a monthly basis. Momentum is determined as the accumulated prior 2-12 returns. 

                                                           
114

 The complete series can be found on the enclosed disc ”AllPFBookToMarket.xlsm” or accessed via the 
“Menu” workbook. 
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Since this is not a variable directly available from Datastream, we simply calculate it based on the 

return index. The starting point was moved back a year so that the first “observation” of Momentum 

is in February 1980, in consistency with the other data downloaded. For each month and for every 

share we calculate the prior return as the cumulative return form month t-11 to month t-1115. 

 

As described in the data section (FF4) the output was sorted thoroughly. The next step is to 

determine the relevant breakpoints. Naturally we have to determine MOM breakpoints, but since 

the edited dataset on these variables is not equivalent to the edited FF MV and BTM dataset, we 

have to determine new MV breakpoints as well.  

 

Determining MV and MOM breakpoints 

In accordance with the previous review of determining the breakpoints, we establish the median of 

the MV and in this case the equivalent percentiles for MOM for each period. The Excel built-in 

function “percentile” is once again used on the remaining sample, determining the 50th percentile for 

Market Value and the 30th and 70th percentiles for Momentum, again accounting for the predictive 

power as previously described. Once this is in place, we proceed to forming the portfolios.  

 

Forming MV and MOM portfolios  

For each period, every available asset fulfilling the sufficient data criteria is compared to the 

corresponding MV and MOM breakpoints in order to determine which category and thereby which 

portfolio, the share should be contained in. As before the allocation was performed with the 

assistance of a developed Excel application. Splitting the ME in two and MOM in three leads to the 

following six portfolios: 

 

    Figure 2.16 - Size and MOM portfolios 

 

MV=ME. Up=Winner and Down=Loser. The figure presents an illustration of how to separate the stocks into the 
6 categories.  
Source: French’s website 
 

 

                                                           
115

 French’s homepage 
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In this master thesis the terms Up and Down are referred to as Winner and Loser respectively. For 

each of the six categories value-weighted portfolios are created composed by the allocated shares. 

Returns are calculated and as before, we create an index starting at the base value of 100 in February 

1980. The following figure reveals the evolvement of the six portfolios. According to the FF-theory 

Small cap Winner shares should perform better than the Big cap Loser shares. 

 

           Figure 2.17 - Evolvement in Size and MOM Portfolios 

 

An illustration of the indexed evolvement in the six constructed value-weighted Size and Momentum portfolios. 

The figure supports the fact that Small cap Winner stocks outperform the other categories.  

Source: Own construction 

 

Ranking the portfolios from best to worst, in terms of index value at the expiration date of our 

sample, yields the following order. 
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       Table 2.12 - Size and MOM finishing order 

Fisnishing order Portfolio 

1 Small Winner 

2 Big Winner 

3 Small Medium 

4 Big Medium 

5 Small Loser 

6 Big Loser 

        Source: Own construction 

 

Finishing on 1st place we have the “Small Winner” portfolio in accordance with theory. In fact the 

entire ranking supports what was to be expected.  Each of the three Small MOM portfolios (Winner, 

Medium and Loser) ranks higher than the corresponding Big portfolio. Furthermore we have the 

Winners first, then the Mediums and finally the Losers on the last two places.  

 

A closer look at figure 2.17 once again reveals strong evidence of the recent economic recession and 

in correspondence with the BTM portfolios, all of them peak at some point during 2007116. The 

comeback identified in the BTM Value portfolios is, however, absent in these Momentum portfolios. 

Of course it is important to keep in mind that the portfolios (MOM vs. BTM) are not based on the 

exact same shares, nonetheless the accumulated prior 2-12 returns seems to have a harder time 

identifying the future winners with a major financial downturn in fresh memory.  

 
HML, SMB and MOM 

Now that all of the special portfolios are constructed, the setting for calculating the monthly HML, 

SMB and MOM factors for each period is in place117. Although this was not the primary objective, the 

average values are reported to get a sense of the whether the observed values reflect theory.  

According to theory Value stocks outperform Growth stocks, Small cap stocks outperform Big cap 

stocks and Winner stocks outperform Loser stocks. Thus the average of each of the three factors is 

expected to be greater than zero.  

 

 

 

                                                           
116

 The complete series can be found on the enclosed disc ”AllPFMomentum.xlsm” or accessed via the “Menu” 
workbook. 
117

 The complete series can be found on the enclosed disc ”HmlSmbMom.xlsm” or accessed via the “Menu” 
workbook. 
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                     Table 2.13 - Average FF-Factors 1980-2010 

FF-Factors HML SMB MOM 

Average 0.015759 -0.003998 0.009435 

                          Source: Own construction 

 

The results presented in table 2.13 imply that Value stocks have outperformed Growth stocks with an 

impressive average of approximately 1.6% per month. On the other hand, however, the average 

value of the Size factor is negative, implying that Big cap stocks have outperformed Small cap stocks 

with an average of almost 0.4% per month. This is of course in conflict with the Fama-French theory, 

but it comes as no surprise since it is merely a natural consequence of the finishing order in the Size 

and Book-To-Market portfolios. As previously argued Big Neutral and Big Growth ranks higher than 

the corresponding Small portfolios, and as a result there is evidence of a modest reversed size effect 

in our sample. The final MOM factor supports the existence of a momentum effect in our sample. 

With an average of approximately 0.9% per month, prior 2-12 Winners have outperformed prior 2-12 

Losers.  
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3 Evaluating Performance 

 

In this chapter the three key figures measuring performance are presented, namely Sharpe ratio, 

Certainty Equivalent returns (CEQ) and Turnover. Sharpe ratio and CEQ measure the models ability to 

generate return compared to the level of risk, while Turnover gives an expression of the trading 

volume connected with implementing the models. The main goal is to examine the performance of 

each of the models through a variety of datasets considered in this thesis. 

 

In the first and the second section we expose the Sharpe-ratio and CEQ respectively. In the third 

section we will examine how the aforementioned key figures compensate and deviate from each 

other by an illustrative example. In the fourth section we describe the Turnover key figure.  

 

 

3.1 Sharpe ratio 

 

Sharpe ratio measures the asset’s excess return (over the risk-free asset), per unit of risk. The key 

figure evolved by William Forsyth Sharpe in 1966 and revised by its author in 1994, defined as: 

 

     
   
   
                                                                

 

We measure the out-of-sample Sharpe ratio of strategy k, defined as the sample mean of out-of-

sample excess returns     , divided by their sample standard deviation    . 

 

Sharpe ratio can be illustrated graphically cf. figure 3.1, where Sharpe ratio is the slope of the Capital 

Market Line (CML), which is a tangent between the efficient frontier and the ray crossing the riskless 

asset.118  

 

 

 

 

                                                           
118

 CFA I, Vol.1 (2007, p. 294) 
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Figure 3.1 - Illustration of the Capital Market Line (CML) 

 

Source: Own production 

 

The higher the Sharpe ratio the better it is, since the investor gets a higher expected return for each 

additional unit of risk. One of the strengths of Sharpe ratio is the possibility to compare investments 

with different risk exposures. Nevertheless there are weaknesses in the measure, for instance once 

comparing negative Sharpe ratios, as an increased risk results in a numerically larger Sharpe ratio. 

Therefore, in comparison of portfolios with negative Sharpe ratios, one cannot interpret the larger 

Sharpe ratio (the one closer to zero) as better risk-adjusted performance119. In general a negative 

mean excessive return implies that the risk-less asset performed better than the asset in question. 

Furthermore the measure disregards risk aversion and assesses different investments equally, if the 

proportion between mean excessive return and risk is the same. This weakness is elucidated in 

section 3.3. 

  

 

3.2 Certainty Equivalent return 

 

The second key figure used for evaluation is the Certainty-Equivalent (CEQ) returns, defined as the 

fixed return that an investor is willing to accept rather than adopting a particular risky portfolio 

strategy120. CEQ describes investor’s risk tolerance.  

                                                           
119

 CFA I, Vol.1 (2009, p. 295). If the standard deviations are equal, however, the portfolio with the negative 
Sharpe ratio closer to zero is superior. 
120

 Marekwica (2009, p. 11) 
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Formally, we compute the CEQ return of strategy k as in DeMiguel et al. (2007): 

 

    
      

 

 
   
                                                         

 

where     and    
  are the mean and variance of out-of-sample excessive returns for strategy k, 

and   is the level of risk aversion121. 

 

The results we report are for the case of γ = 1; results for other values of γ are displayed in the 

separate appendix with robustness checks122.  

 

The definition of CEQ refers to the level of expected utility of a Mean-Variance investor123. We 

assume that all investors maximize their utility function, leading to the same frame of reference for 

all strategies. The strength behind the CEQ is its value, for which an investor would accept to forgo 

the opportunity to participate in an uncertain investment. If the risk is big, given the level of risk 

aversion, it might lead to a negative CEQ, which implies that investor is willing to accept a negative 

rate instead of risky investment. In practice one will hold off from investing in portfolios generating 

negative CEQ. 

 

 

 

 

3.3 Sharpe ratio versus Certainty Equivalent returns 

 

In this section we examine the essential differences between Sharpe ratio and CEQ. When evaluating 

performance the Sharpe ratio sees two investments with a proportional relationship between return 

and risk as equally good, contrary to CEQ, as illustrated by the following example.  

 

                                                           
121 The definition in equation (XX) refers to the level of expected utility of a mean-variance investor, and it can 

be shown that this is approximately the CEQ of an investor with quadratic utility. Notwithstanding this caveat, 
and following common practice, we interpret it as the certainty equivalent for strategy k. 
122

 See appendix 8 
123

 cf. section 2.2 Choice of utility function 
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Example of Sharpe ratio vs. CEQ 

In this fictitious example it is assumed that the mean value starts at 10% and increases to 50% with 

1% intervals. The standard deviation is proportionally twice as big, i.e. it starts in 20% and rises to 

100% with 2% intervals. The following figure 3.2 shows CEQ for three different levels of risk aversion: 

0.8, 1.0 and 1.2. 

 

Figure 3.2 - Development in CEQ for three different levels of risk aversion 

 

Source: Own production 

 

As mentioned before the ratio between the mean and standard deviation is proportional, hence the 

x axis multiplied with two corresponds to the standard deviation of the portfolio at a given CEQ. The 

lower level of risk aversion moves the apex towards the right of the figure, because the risk has less 

impact. Thus utility is maximized at the higher level of mean value. In other words, the fixed rate 

must be higher for the investor to be indifferent. The opposite happens if the level of risk aversion is 

higher, i.e. investor is reluctant to take risks and can be satisfied at a lower certain outcome. Figure 

3.3 illustrates the computed Sharpe ratio based on the same data.  
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Figure 3.3 - Development in Sharpe ratio. 

 

Source: Own production 
 

 
As the ratio between return and the risk is proportional, all three portfolios are assessed equal in 

terms of Sharpe ratio. Hence the investor gets two different estimations of the return vs. risk, 

depending on usage of Sharpe ratio or CEQ as performance measure124. We donate both key figures 

to evaluate the robustness of the different portfolio strategies. 

 
  

                                                           
124

 The corresponding workbook can be found on the enclosed disc – “Sharpe vs. CEQ.xlsx”. 
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3.4 Turnover 

 

In practice there will always be expenses in connection with a purchase or a sale of an asset. 

Therefore, in a real life setting, an investor has to consider whether or not the possible gain of 

pursuing a specific strategy outweighs the cost of actually allocating wealth as prescribed. The actual 

size of the costs vary depending on the commission fee as well as the buy/sell or bid/ask spread125. In 

the case of an illiquid asset for instance, the impact of the costs can be quite substantial on the total 

portfolio return. As the investors wealth is reduced by trading, once subject to transaction costs, it 

will inevitably affect the allocation decision. For the purpose of minimizing costs, investor will be 

willing to accept minor deviations from the “optimal” weights creating a so-called no-trade region126. 

The fundamental basis of the thesis is to ignore transaction costs, however, in order to get a sense of 

the amount of trading required to implement each portfolio strategy, we compute a third key figure 

– the Turnover, defined as the average sum of the absolute value of the trades across the N available 

assets: 

 

         
 

   
  

   

   

  

 

   

                                                 

 

In which         is the portfolio weight in asset j at time t under strategy k;          is the portfolio 

weight before rebalancing at t + 1; and           is the desired portfolio weight at time t + 1, after 

rebalancing127. Naturally, the Turnover is calculated based on the absolute differences in the weights, 

since some of them are sold and other bought. T is a length of the total time series and M is the 

length of the estimation period.  

 

As for the 1/N strategy,                        but          may be different due to changes in 

asset prices between t and t + 1. The Turnover quantity defined above can be interpreted as the 

average percentage of wealth traded in each period. For all of the strategies we report their 

respective Turnovers for comparison.  

  

                                                           
125

 Bid/ask spread is a difference between buy- (bid) or sale- (ask) price of the same transaction.  
126

 Constantinides (1986, p. 843) 
127

 DeMiguel et al. (2007, p. 1929) 
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3.5 P-values 

 

Furthermore we would like to test whether the Sharpe ratios and CEQ of two strategies are 

statistically distinguishable.  

 

In order to compute the p-value of the difference in Sharpe ratios, we use the approach as in 

DeMiguel et al. (2007), suggested by Jobson and Korkie (1981) after making the correction pointed 

out in Memmel (2003). 

 

Given two portfolios i and n with     ,    ,    ,    ,        as their estimated means, variances and 

covariances over a sample of size T – M, the test of the null hypothesis      
   

   
  

   

   
    is obtained 

via the test statistic     128, which is asymptotically distributed as a standard normal: 

 

     
               

    
           

 

   
     

    
               

 

 
   
    

  
 

 
   
    

  
      
      

     
          

 

This statistic test holds asymptotically under the assumption that returns are distributed 

independently and identically over time with a normal distribution129. We then test the      in the 

Normal distribution with a mean of zero and standard deviation equal to one, for the 5% significance 

level: 

 

 

 

 

 

 

 

 

 

 

 

                                                           
128

 DeMiguel et al. (2007, p. 1928) 
129

 The assumption is typically violated in the data. 
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                   Figure 3.4 -  Normal distribution: 

 

                         Source: http://www.hsrmethods.org 

 

In a similar way we test whether the CEQ returns from two strategies are statistically different. To do 

that, we also compute the p-value of the difference, relying on the asymptotic properties of 

functional forms of the estimators for means and variance.  

 

If   denotes the vector of moments             
    

       its empirical counterpart obtained 

from a sample of size T – M, and          
 

 
  
       

 

 
  
   is the difference in the 

Certainty Equivalent of two strategies i and n, then the asymptotic distribution of     130  is: 

 

                                                                   

 

and by testing        in      
   

  
   

  

  
    in Excel.  We compute the p-value as131: 
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130

 Green (2002) 
131

 More about implementation in Excel described in section 2.7.1. 
132

 Using the Excel built-in function “Normdist”, which has the test value, mean, std. deviation (instead of 
variance) and cumulative as inputs. See appendix 18. 

http://www.hsrmethods.org/Glossary/Terms/N/Normal%20Distribution.aspx
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in which: 

   

 

 
 

   
        

        
   

      
       

 

        
     

 
 

 
 

. 

 

The p-values regarding Sharpe ratio and CEQ for the considered datasets are in brackets under the 

appurtenant key figure.  
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4 Results from empirical data 

 

In this section we compare the results of the optimal asset-allocation models to the Naive 

benchmark on the empirical datasets. 

 

In each table the various strategies being examined are listed in columns, while the rows refer to the 

different key figures. Results of the Fama-French datasets analyzed are donated in the sections 4.1  – 

4.3 followed by the individual equity datasets displayed in sections 4.4 – 4.6.    

 

 

4.1 FF3 - 6 Book-To-Market portfolios 

 

The following section assesses the performance of the 8 different strategies in consideration, on the 

dataset consisting of 6 Book-To-Market portfolios for M=60 and M=120 respectively.  

 

Table 4.1 -  FF3 dataset evaluation, M=60 

FF3, M=60 Naive VW Min-Var Mean-Var CMin-Var CMean-Var Mix-Ew-Min Mix-Ew-CMin-Var 

Sharpe ratio 0.1066 0.0790 0.1105 0.0620 0.1321 0.1879 0.1099 0.1225 

P-value Sharpe - (0.2979) (0.9147) (0.5574) (0.3667) (0.0048) (0.8799) (0.2447) 

         CEQ 0.0038 0.0027 0.0038 -0.9504 0.0047 0.0083 0.0038 0.0043 

P-value CEQ - (0.3228) (0.9838) (0.0000) (0.4536) (0.0005) (0.9165) (0.3942) 

         Turnover 0.0260 0.1050 0.1410 19.7302 0.1018 0.1580 0.0940 0.0504 

Source: Own construction 

 

The first row of table 4.1 presents the Sharpe ratios for the various models, with the CMean-Var 

obtaining the highest value of the strategies considered. CEQ of the same strategy is about twice as 

big as Naive’s and totals to 0.0083. These two key figures, belonging to the CMean-Var, have p-values 

of 0.0048 for the Sharpe ratio and 0.0005 for the CEQ. As argued in our definition of statistical 

superiority, the strategy fulfils the criteria and succeeds in outperforming the 1/N strategy. The 

intuition behind this verdict can be found can be clarified by taking a look at figure 2.15 illustrating 

the evolvement in each of the 6 Size and Book-To-Market portfolios. It is instantly recognizable that 

the 6 portfolios evolve in very different ways, some of them (Small Value and Big Value) exhibits very 

appealing characteristics and finishes extremely high, whereas the remaining portfolios are less 

impressive, in modest terms. This great difference in performance and additionally a small number of 
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assets, yield conditions that give the Naive approach a hard time, leaving space for the alternative 

strategies to benefit from the ability to distinguish between good and bad investments.  

 

The Turnover of the CMean-Var is around six times higher than the benchmark portfolio’s, with a 

value of 0.158, implying that the investor on average trades for 15.8% of his invested capital at the 

each rebalancing point. Therefore it is not unlikely that, given transaction costs, the advantages of 

applying such an investment strategy would be eradicated. 

 

CMin-Var and Mix-Ew-CMin-Var produces the second and third highest Sharpe ratio and CEQ 

respectively. The p-values for these models though, are not significant, implying that none of them 

statistically outperforms the benchmark neither in terms of Sharpe ratio nor CEQ. In terms of 

Turnover, the CMin-Var model achieves the value of 0.1018, which is almost four times higher than 

the benchmark portfolio’s. The Turnover of the Mix-Ew-CMin-Var is about twice as big as the 

Turnover of 1/N.  

 

Increasing the estimation window to M=120, places the Mean-Var with the highest Sharpe ratio as 

well as the finest CEQ, which is approximately eight times larger than the CEQ of the Naive strategy. 

The strategy is followed by the CMean-Var portfolio model with the second highest values in both of 

the listed return/risk key figures. The p-values of the Sharpe ratio and CEQ, belonging to these 

strategies, are in fact all significant. This implies that the Mean-Var and CMean-Var strategies 

statistically outperform the Naive model.   

 

Table 4.2 -  FF3 dataset evaluation, M=120 

FF3, M=120 Naive VW Min-Var Mean-Var CMin-Var CMean-Var Mix-Ew-Min Mix-Ew-CMin-Var 

Sharpe ratio 0.1031 0.0668 0.0617 0.2557 0.0922 0.1862 0.0768 0.0993 

P-value Sharpe - (0.2549) (0.2320) (0.0278) (0.6206) (0.0128) (0.2761) (0.7205) 

         CEQ 0.0037 0.0021 0.0017 0.0292 0.0030 0.0089 0.0024 0.0034 

P-value CEQ - (0.2018) (0.1142) (0.0023) (0.3971) (0.0004) (0.1338) (0.4391) 

         Turnover 0.0255 0.0951 0.0822 0.9721 0.1054 0.0797 0.0609 0.0357 

Source: Own production 

 

The Turnover of the Mean-Var is the highest one observed and roughly thirty-eight times the size of 

the Naive's. Imposing the short-selling constraint results in substantial improvement in the Turnover, 

which is in accordance with theory. Thereby the CMean-Var is superior and with a Turnover only 
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about 3.25 times the size of the 1/N strategy it looks appealing. In general the Mean-Var strategy is 

notorious for its extreme weights133, which calls for considering the constrained counterpart. This is 

further exemplified later in the thesis.  

 

In theory at least, the Turnover of the VW strategy should equal zero, given a fixed number of assets 

during the investment period. The reason for the relatively high Turnover in this sample is that the 

underlying portfolios are rebalanced on a monthly basis, and the market value of each strategy at 

time t is given as the sum of the market values of the portfolio constituents at time t. As described in 

section 2.6.2, the number of assets in the portfolios varies greatly during the period in question, 

resulting in a substantial trading volume.  

 

 

4.2 FF4 - 6 Momentum portfolios 

 

A detailed study of the results based on the 6 Size and Momentum portfolios is provided in this 

section.  

 

Table 4.3 -  FF4 dataset evaluation, M=60.  

FF4, M=60 Naive VW Min-Var Mean-Var CMin-Var CMean-Var Mix-Ew-Min Mix-Ew-CMin-Var 

Sharpe ratio 0.0685 0.0818 0.0611 0.0489 0.0674 0.1303 0.0817 0.0699 

P-value Sharpe - (0.5942) (0.8427) (0.8045) (0.9666) (0.0679) (0.5231) (0.9160) 

         CEQ 0.0021 0.0029 0.0017 -0.1272 0.0020 0.0049 0.0025 0.0021 

P-value CEQ - (0.4858) (0.7984) (0.0000) (0.9018) (0.0440) (0.5901) (0.9800) 

         Turnover 0.0248 0.1960 0.1409 25.3502 0.0994 0.1611 0.0829 0.0484 

Source: Own construction 

 

The highest Sharpe ratio is obtained by the CMean-Var strategy with a value of 0.1303 compared to 

0.0685 gained by the Naive strategy. However, the difference is not statistically significant, although 

quite close with a p-value of 0.0679. The results presented in table 4.3 clearly reveal that none of the 

models in question were able to significantly outperform the Naive strategy in terms of Sharpe ratio 

on the 6 constructed Momentum portfolios. CEQ of almost all strategies is ranged between 0.0017 

and 0.0029, with the exception of Mean-Var and CMean-Var, -0.1272 and 0.0049 respectively. The p-

values of the last two CEQs are in fact both significant, implying first of all that the Naive strategy 

statistically outperforms the Mean-Var strategy. Secondly and much more interesting is the CEQ of 

                                                           
133

 Jagannathan and Ma (2003, p. 1651) 
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the CMean-Var, which is approximately twice the size of the Naive’s CEQ and according to the test of 

the null hypothesis, statistically significant. Thereby the strategy is able to outperform the 

benchmark in terms of CEQ, but failed to do so in terms of Sharpe. All things considered, there is no 

evidence in support of a superior strategy in table 4.3. 

 

The highest Turnover is found in the Mean-Var strategy, which is everything but surprising. It is 

however, a quite substantial value, compared to the other strategies. The direct interpretation is that 

the investor on average trades for approximately 25 times the invested wealth at each rebalancing 

point. A closer examination of the weights reveals, as the model is often criticized for, extreme 

weights in some of the periods. In the following table a small snapshot of the weights is illustrated, in 

order to show the extreme values as well as the severe fluctuations. Combining these properties 

causes the Turnover to reach a staggering value of 25.32.  

 

Table 4.4 – FF4 extraction of Mean-Var weights 

Period Small Winner Small Medium Small Loser Big Winner Big Medium Big Loser Sum 

38 2.004285 7.202909 -1.08253 -3.98779 0.680088 -3.81696 1 

39 -0.86431 -60.1815 9.166684 16.65038 11.21368 25.01504 1 

40 0.994396 -15.5099 1.942445 1.874571 5.903543 5.794963 1 

41 -5.61826 57.08109 -9.23484 0.799487 -16.3001 -25.7274 1 

42 -9.8787 99.98104 -27.3042 -1.00933 -2.52985 -58.259 1 

43 -7.84069 23.17374 -4.07154 -5.65379 7.939308 -12.547 1 

Source: Own production 

 

Even in a setting disregarding any sort of transaction costs, the strategy is far from attractive with the 

lowest of all Sharpe ratios and as the only strategy that generates a negative CEQ.   

 

The VW strategy is first runner-up in both Sharpe ratio and CEQ (none of them being statistically 

better than the Naive strategy), but it also has a Turnover approximately 8 times the size of the 

Naive’s. 

 

Once the rolling window M in increased to a value of 120, it is expected to lead to improvements in 

the performance of the sample-based strategies, as it should lead to more precise estimates. The 

results are listed in the following table.   
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Table 4.5 -  FF4 dataset evaluation, M=120. 

FF4, M=120 Naive VW Min-Var Mean-Var CMin-Var CMean-Var Mix-Ew-Min Mix-Ew-CMin-Var 

Sharpe ratio 0.0373 0.0612 0.0300 0.1125 0.0329 0.1495 0.0397 0.0362 

P-value Sharpe - (0.4210) (0.8381) (0.3960) (0.8788) (0.0028) (0.9312) (0.9333) 

         CEQ 0.0007 0.0018 0.0004 -0.0152 0.0005 0.0055 0.0008 0.0006 

P-value CEQ - (0.3410) (0.8396) (0.3594) (0.8896) (0.0003) (0.9019) (0.9646) 

         Turnover 0.0252 0.2036 0.0706 8.2692 0.0985 0.1433 0.0499 0.0340 

Source: Own construction 

 

Initially we see that the Sharpe ratio of the benchmark strategy has decreased considerably. The 

explanation for this is found in the fact that the increased rolling window offsets the first time of 

investment by five years. Needless to say that the weights and thus corresponding returns are the 

same from February 1990 to January 2010 for both cases of the benchmark strategy (M=60 and 

M=120), therefore we are able to conclude that missing out on the investment opportunities from 

1985-1990 punishes the Sharpe ratio obtained by the Naive strategy134. This is, however, not the only 

strategy in which the Sharpe ratio suffers from the reduction in investment periods. Actually all of 

the strategies, except for the Mean-Var and CMean-Var, generates a smaller Sharpe ratio with 

M=120. However, these two strategies improve both in terms of Sharpe ratio as well as CEQ, relying 

on good estimates of the covariance matrix as well as expected returns. In fact the CMean-Var 

strategy succeeds in outperforming the benchmark strategy significantly on both Sharpe ratio and 

CEQ as the only one, though with a drawback in the size of the Turnover, which calls for a trading 

volume roughly six times greater than 1/N. 

 

 

4.3 FF12 – combination of FF3 and FF4 portfolios. 

 

As described in section 2.6.2 the composite dataset combining FF Book-To-Market and Momentum 

portfolios is also considered.  

 

 

 

 

 

                                                           
134 See appendix 9 for the illustration of the value-weighted index portfolios in 5-year intervals. 
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Table 4.6 -  FF12 dataset evaluation, M=60 

FF12 PF, M=60 Naive VW Min-Var Mean-Var CMin-Var CMean-Var Mix-Ew-Min Mix-Ew-CMin-Var 

Sharpe ratio 0.0885 0.0809 0.1169 0.1132 0.1150 0.1791 0.1100 0.1039 

P-value Sharpe - (0.7634) (0.5177) (0.7662) (0.3277) (0.0019) (0.3579) (0.2323) 

          CEQ 0.0030 0.0028 0.0041 -0.4756 0.0038 0.0071 0.0037 0.0035 

P-value CEQ - (0.8749) (0.5196) (0.0000) (0.4305) (0.0006) (0.4649) (0.3757) 

          Turnover 0.0258 0.1548 0.4415 113.0769 0.1374 0.2160 0.2302 0.0655 

Source: Own construction 

 

The highest Sharpe ratio is achieved by the CMean-Var strategy. The CEQ of this strategy is about 

twice as big as the CEQ of the benchmark. P-values of both key figures display strong significance, 

allowing us to reject the null hypothesis, with values of 0.0019 in case of the Sharpe ratio and 0.0006 

for CEQ. The Turnover of the CMean-Var strategy however, is more than eight times larger than the 

Turnover produced by the 1/N, which would undoubtedly question the strategy’s superiority in a 

setting with transaction costs. 

  

The CMean-Var strategy is followed by the Min-Var and the CMin-Var models generating the second 

and third highest return/risk measures respectively. The p-values though, discloses that both of them 

are not statistically different from the benchmark portfolio. A glance at the remaining key figure – 

the Turnover, reveals that the Min-Var produces the second highest followed by the Mix-Ew-Min 

with the third highest value. Worth noticing though is the severe impact on the Turnover of the 

Mean-Var strategy once imposing the short-selling constrain. As clearly illustrated in table 4.6, the 

result is a gigantic drop from a mind-blowing value of 133.0769, which is the highest Turnover 

registered so far, to merely 0.2160.  

 

Another interesting point appears in the other key figures of the Mean-Var model. The Sharpe ratio 

has a somewhat appealing value, but the CEQ performance indicator reveals a negative value, 

leading to a contradiction in terms of performance. A detailed description of the differences between 

Sharpe ratio and CEQ, and why they at times contradict each other can be found in section 3.3. The 

short version is that the Sharpe ratio merely considers the proportions between excessive return and 

standard deviation, whereas the CEQ accounts for the investors risk aversion and measures risk in 

terms of variance.  
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In the case of M=120, the results are quite similar. The Mean-Var and the CMean-Var strategies 

come in first and second respectively, in terms of Sharpe ratio and the finishing order is just the 

opposite in terms of CEQ. 

 

Table 4.7 - FF12 dataset evaluation, M=120 

FF12 PF, M=120 Naive VW Min-Var Mean-Var CMin-Var CMean-Var Mix-Ew-Min Mix-Ew-CMin-Var 

Sharpe ratio 0.0711 0.0639 0.0615 0.2611 0.0703 0.1812 0.0697 0.0725 

P-value Sharpe - (0.8126) (0.8268) (0.0317) (0.9773) (0.0001) (0.9603) (0.9161) 

          CEQ 0.0022 0.0020 0.0016 0.0076 0.0020 0.0077 0.0019 0.0021 

P-value CEQ - (0.8435) (0.6976) (0.8434) (0.8325) (0.0000) (0.7970) (0.9056) 

          Turnover 0.0257 0.1544 0.2044 11.1349 0.1474 0.1663 0.1302 0.0471 

Source: Own construction 

 

P-values of the Mean-Var strategy reveal a Sharpe ratio, which is statistically significant, however, 

this does not hold for the CEQ, implying that the models are not statistically distinguishable. The 

strategy obviously has the highest Turnover, though not as high as in the case of M=60, which is not 

surprising considering the larger rolling window. More effort is devoted to explaining this assertion 

later in the thesis.  

 

The p-values of the CMean-Var disclose that the Sharpe ratio and especially the CEQ are strongly 

significant. The latter of two key figures is more than three times the size of the CEQ produced by the 

benchmark. However, the Turnover of the CMean-Var is approximately six times higher than the 

benchmark’s, with a modest value of 0.0257.  

 

To summarize: the results obtained in the analysis of the FF12 portfolios do not differ significantly 

from the results established by looking at each of the six portfolios separately. 

 

 

4.4 MVRI – 16 equities 

 

After evaluating performance of the different strategies on datasets consisting of portfolios, we now 

turn to an examination on individual shares. The first donated results are based on the 16 equities 

listed during the entire period from 1980-2010. Table 4.8 contains the results obtained for M=60.  
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Table 4.8 -  MVRI16 dataset evaluation, M=60 

MVRI16, M=60 Naive VW Min-Var Mean-Var CMin-Var CMean-Var Mix-Ew-Min Mix-Ew-CMin-Var 

Sharpe ratio 0.1274 0.0925 0.0525 0.0710 0.0919 0.0589 0.1070 0.1144 

P-value Sharpe - (0.1419) (0.0972) (0.4554) (0.2629) (0.0594) (0.2080) (0.4057) 

         CEQ 0.0055 0.0036 0.0014 -0.4905 0.0035 0.0017 0.0043 0.0046 

P-value CEQ - (0.1023) (0.0796) (0.0000) (0.1882) (0.0481) (0.1234) (0.2398) 

         Turnover 0.0531 0.0081 0.5057 28.1087 0.1752 0.3245 0.1732 0.0899 

Source: Own construction 

 

By looking at table 4.8, it becomes clear that the benchmark portfolio obtains the highest Sharpe 

ratio, as well as CEQ with values of 0.1274 and 0.0055 respectively. Thereby the conclusion is already 

outlined – none of the alternative strategies are superior to 1/N. In terms of Turnover the benchmark 

portfolio is the second best, gaining a value of 0.0531 and only inferior to the VW model.   

 

First runner up is the Mix-Ew-CMin-Var model, which generates the second best Sharpe ratio as well 

as CEQ, simply by choosing half of each from the weights produced by the benchmark strategy and 

the CMin-Min-Var. Although it is not even close to outperforming 1/N, considerable improvements 

are found in all three performance measures. Neither the Mix-Ew-Min is able to exceed the 

performance of the benchmark strategy, by optimizing between the Naive and Min-Var weights. The 

appurtenant Sharpe ratio and CEQ are both ranked as the third highest, where the Turnover reaches 

the fifth place from the top. The main reason for these observations is of course due to the fact that 

both mixed strategies feed on 1/N. 

 

CEQ of all the strategies are scattered between 0.0014 and 0.0055, with exception of the Mean-Var 

strategy that produces a negative value of -0.4905. The corresponding p-value of 0.000 clearly states 

that the Naive benchmark portfolio outperforms the Mean-Var strategy. The highest Turnover is also 

obtained by this model and amounts to 28.1087, meaning that the investor on average trades for 28 

times his invested capital at the each rebalancing point. As the number of equities is fixed during the 

entire period in this dataset, the smallest trading volume is achieved by the VW approach, i.e. the 

Turnover of the Naive strategy is approximately 6.5 times the size of the Turnover generated by the 

VW strategy. According to the theory though, the VW strategy should produce a Turnover equal to 

zero, which is clearly not the case. The reason for this inconsistency is simply due to the quality the 

data, resulting in a relatively small trading volume. Appendix 10 substantiates this fact with an 

example.  
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By increasing the estimation window to 120 observations the Mix-Ew-CMin-Var succeeds in 

generating a higher Sharpe ratio rather than the Naive model. However, the p-value is 0.8976, which 

is nowhere near the boundary for statistical significance. The picture is more or less the same in 

terms of CEQ as in M=60 with only a few minor changes, except for the Mean-Var strategy, which 

produces an overwhelming value of -21.7373!   

 

Table 4.9 -  MVRI16 dataset evaluation, M=120 

MVRI16, M=120 Naive VW Min-Var Mean-Var CMin-Var CMean-Var Mix-Ew-Min Mix-Ew-CMin-Var 

Sharpe ratio 0.1170 0.0836 0.0820 0.0757 0.1137 0.0769 0.1038 0.1189 

P-value Sharpe - (0.2269) (0.4292) (0.6591) (0.9169) (0.3315) (0.5669) (0.8976) 

         
CEQ 0.0050 0.0031 0.0030 -21.7373 0.0045 0.0028 0.0041 0.0049 

P-value CEQ - (0.1329) (0.3022) (0.0000) (0.7243) (0.2660) (0.3558) (0.8203) 

         
Turnover 0.0545 0.0074 0.2019 30.2459 0.1659 0.4169 0.1124 0.0635 

Source: Own construction 

 

Taking a look at the small excerpt of some of the weights reveals that the strategy yet again feeds on 

itself leading to extreme variance and generates a negative CEQ key figure. 

 

Table 4.10 – MVRI16 extraction of Mean-Var weights. 

Period MAERSK 'A' MAERSK 'B' CARLSBERG 'A' DANISCO DANSKE BANK FLSMIDTH GN JYSKE BANK NKT NOVO SYDBANK 

161 144.9 -71.2 49.8 16.8 39.3 -6.8 9.1 -23.5 -63.6 -26.8 -19.4 

162 12.6 -6.1 4.5 1.7 3.7 -0.4 0.7 -2.0 -5.3 -2.0 -1.8 

163 9.8 -4.1 4.0 1.3 3.3 -0.2 0.7 -2.1 -4.2 -1.6 -2.3 

164 1467.2 -621.4 274.0 42.5 707.3 -38.0 175.9 -270.1 -652.1 -290.7 -501.6 

Source: Own production 

 

Once again the Mean-Var strategy steals the attention with a Turnover of 30.2459. The reason is the 

volatile weights as illustrated in table 4.10. The rest of the trading volumes are spread in the range of 

0.0074 (VW) to 0.4169 (CMean-Var). The 1/N strategy produces the best Turnover, disregarding the 

theoretical zero obtained by the VW strategy, closely followed by the Mix-Ew-CMin-Var. 

Nevertheless there was no evidence in support of superior strategies neither in the case of M=60 nor 

M=120 for any of the models considered. Thereby changing the characteristic of the dataset, i.e. 

examining 16 individual stocks as opposed to portfolios in the preceding sections, did not favor any 

of the alternative strategies. 
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4.5 MVRI – 100 equities 

 

The following performance measures are obtained with an estimation window equaling five years on 

a dataset consisting of the top 100 stocks in terms of observations.   

 

Table 4.11 - MVRI100 dataset evaluation, M=60.  

MVRI100, M=60 Naive VW Min-Var* Mean-Var* CMin-Var CMean-Var Mix-Ew-CMin-Var 

Sharpe ratio 0.1327 0.0915 -0.0135 0.0441 0.1251 0.1144 0.1356 

P-value Sharpe - (0,2061) (0,0252) (0,2488) (0,8327) (0,6732) (0,8633) 

        CEQ 0.0052 0.0035 -0.0038 -6.65E+17 0.0045 0.0048 0.0049 

P-value CEQ - (0,2742) (0,0187) (0,0000) (0,6391) (0,8405) (0,7382) 

        Turnover 0.0642 0.0105 2.1211 N/A 0.3032 0.3619 0.1482 

The * implies that the strategies are approximated by a solver application as M<N
135

.   

Source: Own construction 

 

First of all table 4.11 exposes a Sharpe ratio of the benchmark strategy, which is quite impressive 

compared to the alternatives. With a value of 0.1327 the Naive strategy is first runner-up, only 

exceeded marginally by the combination of the Naive and the CMin-Var strategy. Although the 

difference is clearly insignificant, indicating that the strategy is unable to statistically outperform the 

benchmark, it is still a quite interesting observation. It represents empirical evidence in support of 

the general theory behind the strategy, i.e. that the investor might in fact generate a higher Sharpe 

ratio by combining the two strategies, than what can be obtained by following any of the individual 

strategies.   

 

Reviewing the results presented in table 4.11 exposes the fact that none of the strategies succeed in 

outperforming the Naive strategy neither in terms of Sharpe ratio, or CEQ. The only differences that 

are statistically significant are in favor of the Naive strategy. Particularly the performance of the 

Mean-Var model is devastating. Nevertheless, imposing the restriction on short-selling actually 

improves all three performance parameters substantially for both strategies.  

 

The lowest Turnover is found in the VW strategy, which is consistent with our expectations. As 

previously mentioned the Turnover is zero in theory, since the         is equal to         . Naturally, 

as already discussed this is not the case once we allow N to be time dependent.   
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Table 4.12 - MVRI100 dataset evaluation, M=120. 

MVRI100, M=120 Naive VW Min-Var Mean-Var CMin-Var CMean-Var Mix-Ew-Min Mix-Ew-CMin-Var 

Sharpe ratio 0.0924 0.0732 0.0110 -0.0020 0.0785 0.1193 0.0373 0.1091 

P-value Sharpe - (0.6739) (0.2569) (0.4640) (0.2939) (0.5156) (0.1886) (0.4129) 

         
CEQ 0.0033 0.0025 -0.0011 -2.9214 0.0025 0.0042 0.0006 0.0038 

P-value CEQ - (0.6254) (0.1407) (0.0000) (0.2009) (0.5147) (0.1029) (0.4407) 

         
Turnover 0.0664 0.0097 0.9086 135.3301 0.1723 0.3410 0.4107 0.1132 

Source: Own construction 

 

Increasing the estimation window to ten years, yields the results presented in table 4.12. Once again 

we see that the Sharpe ratio of the Naive strategy decreases as M increases. Evidently this can only 

happen if either the mean excessive return decreases, or if the standard deviation of the mean 

excessive returns increases (or both naturally). A closer examination of the two series of excessive 

returns revealed that it is due to a drop in the mean excessive return from 0.6337% to 0.4457%, 

whereas the standard deviation actually also drops from 4.82% to 4.78%. However, this marginal 

reduction does not offset the larger drop in the mean excessive return. As previously stated, the 

shares in our sample experienced quite an upturn in the last half of the 1980’s136, which is the main 

reason for the considerably lower Sharpe ratios, at least for the Naive and VW strategies, since these 

portfolio selection models do not rely on the precision of any estimated values.  

 

Increasing the length of the estimation window in this case, leaves the conclusion unchanged. All of 

the modern portfolio strategies fail in outperforming the benchmark strategy.  

 

Of other noticeable facts in table 4.12 we see that the Sharpe ratio of the Min-Var strategy suffers a 

bit, whereas the CEQ increases and is no longer significantly inferior to the benchmark. Although 

there are improvements in performance of the Mean-Var strategy, as expected since the precision of 

the estimated parameters should increase with M, the key figures are yet again everything but 

appealing. 
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4.6 MVRI - 255 equities 

 

Table 4.13 shows the evaluation of the largest dataset considered with no fewer than 255 equities! 

The extreme size of this dataset, which reaches a maximum of 192 shares eligible for trading given a 

M=60, leads to a gigantic covariance matrix. As explained in greater detail in section 2.4, any matrix is 

only invertible if it is non-singular. A singular covariance matrix prevents inversion, which means that 

we are unable to calculate the weights of the Mean-Var, Min-Var and the Mix-Ew-Min models. 

Though there are no closed form solutions in these cases, one can construct an approximation of the 

Mean-Var and Min-Var by using Excel’s solver137. Naturally, the main setting for this is already in 

place since the constrained models are calculated by means of a specially designed Excel application. 

The only minor adjustment needed in order to approximate the unconstrained strategies, is to omit 

the non-negativity constraint. However, this increases the computational time drastically. In addition, 

the results of the solver-based approximation, for the Mean-Var strategy in particular, were 

senseless results are only donated for M=60. 

 

Table 4.13 -  MVRI255 dataset evaluation.  

MVRI255, M=60 Naive VW Min-Var* Mean-Var* CMin-Var CMean-Var Mix-Ew-CMin-Var 

Sharpe ratio 0.1150 0.0864 0.0838 -0.0703 0.0895 0.0914 0.1100 

P-value Sharpe - (0.4008) (0.6445) (0.0269) (0.5241) (0.5701) (0.7891) 

        CEQ 0.0044 0.0032 0.0035 -6.94E+16 0.0028 0.0032 0.0038 

P-value CEQ - (0.4209) (0.8324) (0.0000) (0.3409) (0.5101) (0.4230) 

        Turnover 0.0751 0.0155 4.0366 N/A 0.4951 0.6847 0.2302 

The * implies that the strategies are approximated by a solver application as M<N.   

Source: Own construction 

 

As seen in table 4.13 the highest Sharpe ratio is attained by the Naive benchmark strategy with a 

value of 0.1150. This is per se not surprising considering the structure of the dataset. As already 

mentioned in section 2.8.1, the strength of the Naive model is that it offers a well-diversified 

portfolio for large values of N.  In addition the more complex portfolio choice strategies rely on good 

estimates and, for large values of N, there is a great chance of a bias caused by estimation errors, e.g. 

for N=192 the covariance matrix consists of 36.864 estimates. Consequently alternative strategies do 

not manage to systematically outperform the Naive strategy138. 
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Neither in terms of Turnover or CEQ, the examined models were able to outperform the benchmark 

portfolio, which the results presented in table 4.13 clarify. 

 

The second highest Sharpe ratio is obtained by the Mix-Ew-CMin-Var model with a value of 0.1100. 

The resemblance with the benchmark strategy is unmistakable, which is not surprising since it rely on 

the weights from Naive and constrained Minimum-Variance as inputs. Although the model attempts 

to benefit from the advantages of each of the models by finding the middle ground in weights139, the 

influence from the CMin-Var strategy is not enough to outperform the Naive benchmark portfolio. 

Still the CEQ of the Mix-Ew-CMin-Var strategy is the second highest after Naive. The Turnover of the 

Mix-Ew-CMin-Var reveals a value equal to 0.2302, with a benchmark Turnover of 0.0751. 

Disregarding the low Turnover obtained by the VW strategy, the Mix-Ew-CMin-Var finishes on the 

second place after 1/N in the light of the return/risk key figures, which is fundamentally as 

anticipated.  

  

CMin-Var and CMean-Var both perform better than the unconstrained Min-Var and Mean-Var in 

terms of all three performance measures, with the only exception of CEQ for the Minimum-Variance 

approaches. This fact is in support of the contention that constrained models tend to outperform the 

unconstrained counterparts out-of-sample. 

 

Reviewing the key figures generated by the Mean-Var strategy shows a negative Sharpe ratio, a 

ridiculously negative CEQ and a non-available Turnover140, which once again positions the strategy as 

the rascal one. As previously argued, the model has been strongly criticized for its quite extreme 

weights.The p-values for Sharpe ratio and CEQ displays that the Mean-Var is unsurprisingly, 

significantly worse the Naive with the values of 0.0269 and 0.0000 respectively. Table 4.14 contains a 

small extraction of weights for a few selected equities.   
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Tabel 4.14 – MVRI255 extraction of Mean-Var weights.  

Period MAERSK A MAERSK B AALBORG PORT AALBORG PORT PF AARHUS Utd. AKTIVBANKEN 

61 17,492 -1510,820 -1418,310 136,926 -7,905 -330,475 

62 -856,885 -1666,010 -1210,320 233,135 190,685 -306,271 

63 881,879 -2153,450 -2373,380 381,356 -304,617 -721,691 

64 1577,554 -1829,140 -3051,820 453,688 -70,357 -1250,480 

65 2613,665 -1988,780 -3231,590 253,058 85,463 -1532,61 

66 2123,708 -1378,120 -3038,090 238,337 -129,116 -1823,660 

Source: Own production 

 

The VW portfolio model generates the lowest Turnover, however, it is not zero as the theory 

otherwise predicts. This is caused by the time dependent N as described in greater detail in section 

2.6.7. Changes in the total sum of market values at each rebalancing point, caused by various 

numbers of equities, influences all of the weights and thereby calls for some trading in order to 

readjust the portfolio. 

 

Overall none of the alternative strategies examined in MVRI255 were able to generate statistical 

superiority to the benchmark even in a single case. 

 

Considering the results in MVRI16 and MVRI100 and now the findings in the MVRI255, there are no 

indications of obtaining the statistical significance when increasing the estimation window to M=120. 

Therefore no effort is devoted to generate these results.  

 

 

4.7 Price-Earnings models 

 

In this section we donate the results of performance achieved by the different Price-Earnings models 

and compare with the Naive benchmark portfolio. The PE strategies rely on an additional input 

variable  , which denotes the fraction of the top P/E ranked equities that are included in the 

portfolio. As stated in section 2.8.7, two PE models are considered and distinguished only by the fact 

that one of the strategies uses an average of the last M observed P/E ratios when calculating the 

weights, whereas the other model uses the cross-sectional P/E ratio directly. The model name and 

percentage of stocks invested into is denoted with      for the simple strategy and         for the 

portfolio strategy that uses the average P/E ratio. 
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Although, the simple strategy     does not need M observations to estimate the mean or any 

variances, implying that the estimation window can be ignored completely, (M=1141), the rolling 

window is chosen to equal 60 and 120 as in all of the previous datasets, for the simple reason of 

consistency in the analysis of the portfolio models142. The results obtained by the     strategy are 

listed in table 4.15 for the M=60: 

 

Table 4.15 - PERI dataset evaluation. M=60. 

PERI PF, M=60 Naive                                                  

Sharpe ratio 0.1220 0.0992 0.1389 0.1350 0.1461 0.1528 0.1357 0.1186 0.1237 

P-value Sharpe - (0.6398) (0.6210) (0.6743) (0.3826) (0.0830) (0.1827) (0.5553) (0.2101) 

          CEQ 0.0045 0.0049 0.0067 0.0062 0.0067 0.0065 0.0052 0.0043 0.0045 

P-value CEQ - (0.9124) (0.2293) (0.2761) (0.1136) (0.0147) (0.0835) (0.5990) (0.1529) 

          Turnover 0.0764 0.3880 0.3356 0.3148 0.2959 0.2239 0.1508 0.1055 0.0778 

Source: Own construction 

 

The highest Sharpe ratio of the listed results is obtained by the       strategy, however, the p-value 

of 0.0830, imply that it is not statistically significant. In contrast to this is the CEQ for the same 

strategy, achieving the third highest key figure among the  -models in consideration, and exhibits 

rather strong significance with a value of 0.0147. Comparing the Turnovers reveal that the model 

calls for approximately 3 times as much trading as the benchmark portfolio, suggesting that in a 

setting considering transaction costs the strategy would appear less appealing, since the investor on 

average trades for approximately 22% of his capital invested at each rebalancing point.  

The CEQ of the       strategy tops with a value of 0.0067. However, the p-value displays that the 

model is not superior to 1/N.  

 

To summarize: none of the  -models in consideration were able to statistically outperform the Naive 

benchmark strategy, as clearly illustrated by the p-values of Sharpe ratio or CEQ. 

 

Reviewing the Turnovers generated by the different models, we see that the highest Turnover is 

produced by the       strategy and decreases as   increases. The reason for this is of course that 

for an       for instance, the investor will only hold a position in the stocks placed in the top 10% 
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 The results of     with M=1 and           with M=12 (inspired by Carhart four factor model) are displayed in  
appendix 11. 
142

 Recent studies (Brandt, Santa Clara and Valkanov, 2007) in optimal portfolio selection suggest using firm 
characteristics as opposed to the sample-based approaches. To asses performance between these opposing 
approaches M has to be consistent, since it determines when a stock is eligible for trading. 
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of the ranked P/E ratios. Then as time passes, the top 10% ranking will inevitably change, and the 

investor will rebalance his portfolio correspondingly. Say at time t for instance, a given stock is not in 

top 10% in terms of P/E ratio, the position in the asset will be zero. If the asset at time t+1 then 

enters the top 10% ranking, the investor will have to buy assets matching the total weight generated 

by the model, since we know for sure that his position on time t was zero. In addition the entire 

holding in the asset leaving the top 10% ranking will be sold, which combined results in the relatively 

high Turnover. For        the investor holds a position in all of the assets during the time period, 

quite like the 1/N, with the only difference being in how the wealth is allocated between them. This 

consequently leads to a reduced Turnover. To point out the        strategy is fairly close to the 

benchmark portfolio in terms of all three key figures. As addressed in section 2.8.7, there are no 

negative weights being generated by the    model, since negative Price-Earnings ratios are not 

accepted in the financial community and considered to be invalid or not applicable143. Although a 

stock can have a negative Price-Earnings ratio, it is very unlikely that it is ever reported144.  

 

By setting the estimation window to ten years, the nominal values of all return/risk measures of the 

strategies essentially decrease. As previously stated the increase of the rolling window offsets the 

first time of investment by five years from 1985 to 1990. Throughout this period our sample points to 

quite an upturn on the stock market. This period of a bullish market is therefore only included in the 

estimation, but not in the actual trading period. Missing out on these investment opportunities 

clearly punishes the return/risk performance measures. 

 

Table 4.16 - PERI dataset evaluation. M=120. 

PERI PF, M=120 Naive                                                  

Sharpe ratio 0.0739 0.0277 0.0681 0.0680 0.0768 0.0950 0.0964 0.0843 0.0777 

P-value Sharpe - (0.4181) (0.8860) (0.8673) (0.9244) (0.2994) (0.1018) (0.2194) (0.0499) 

          CEQ 0.0024 -0.0026 0.0023 0.0023 0.0028 0.0037 0.0035 0.0029 0.0026 

P-value CEQ - (0.2658) (0.9766) (0.9692) (0.7705) (0.1543) (0.0379) (0.1374) (0.0161) 

          Turnover 0.0777 0.4027 0.3704 0.3229 0.3294 0.2341 0.1581 0.1111 0.0797 

Source: Own construction 

The first striking result in table 4.16 is that we, according to the two individual tests of the null 

hypothesis, found evidence in support of a statistically superior strategy, i.e. the        strategy. 

However, the key figures of the two strategies appear quite similar in all of three evaluation criteria, 
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 This is most likely also one of the reasons why Datastream had a lot of missing observations of P/E.  



 115 

yet the p-values of the Sharpe ratio and CEQ are 0.0499 and 0.0161 respectively. Keeping in mind 

that the test of the Sharpe ratio only holds under the assumption that returns are IID normal 

distributed, an assumption, which is typically violated in the data145, a closer examination was 

initiated. By closely investigating the return series of the        model and the Naive portfolio, we 

found that although they generate very similar key figures, the result of the tests seem to be fair. 

This conclusion is based on the following facts. On average the        model outperforms 1/N with 

approximately 2 basis points per month. The        model generates the highest return in 131 out 

of the 239 periods, reaching a maximum of 165 basis points as opposed to a minimum of -23 basis 

points per month. In addition the Turnover of the        strategy calls for an extra 0.20% of trading 

on a monthly basis. This minor difference in Turnover might seem insignificant, but keep in mind that 

the difference in the return/risk key figures was also petite. Thereby in a setting considering 

transaction costs it seems plausible that the superiority of the        strategy will be jeopardized146. 

 

Another interesting result noticed in table 4.16 is the second-best CEQ obtained by the       

strategy. With a p-value of 0.0379, the model succeeds in outperforming the benchmark strategy in 

terms of this key figure.  Although the       strategy produces the highest Sharpe ratio, the p-value 

of 0.1018 reveals that it is not statistically significant, but quite close. The Turnover of the       

model is more than twice the size of the 1/N Turnover and neither entices in terms of this key figure.  

 

The Turnover of the remaining strategies does not break anything new to us, showing the same 

tendencies as seen in the case of M=60. The Naive benchmark portfolio has the lowest value 

followed by the        model, where the Turnover increases towards the       strategy, with the 

key figure gaining the highest value. 

 

Now we turn to the          portfolio strategies.  
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Table 4.17 - PERI dataset evaluation. M=60 

PERI PF, M=60 Naive                                                                                  

Sharpe ratio 0.1220 0.1299 0.1319 0.1430 0.1479 0.1345 0.1243 0.1228 0.1218 

P-value Sharpe - (0.8642) (0.7527) (0.4639) (0.3151) (0.4585) (0.7995) (0.8889) (0.5683) 

          CEQ 0.0045 0.0072 0.0060 0.0063 0.0065 0.0053 0.0047 0.0045 0.0045 

P-value CEQ - (0.3823) (0.3397) (0.1808) (0.1022) (0.2348) (0.5990) (0.7205) (0.7031) 

          Turnover 0.0764 0.1795 0.1424 0.1374 0.1291 0.1083 0.0911 0.0843 0.0763 

Source: Own construction 

 

As the evidence presented in table 4.17 show, the Sharpe ratios are ranged between 0.1218 and 

0.1479 with the boundary values obtained by the  portfolio            and the           respectively. 

However, none of the         models are able to statistically outperform the benchmark portfolio in 

terms of Sharpe ratio. The lowest p-value belongs to the           totaling 0.3151, which does not 

indicate significance.  

 

The CEQ of all strategies is ranged between 0.0045 and 0.0072. All corresponding p-values are above 

0.05, implying that none of the models in question are capable of significantly outperforming the 

Naive strategy in terms of CEQ. This time the            strategy actually has a marginally lower 

Turnover than the Naive benchmark portfolio. As seen in the previous tables, the Turnover of the 

remaining         strategies follows the same pattern and increases as the   invested in the stocks 

declines.  

 

Compared to the case of M=120 the results look pretty similar. The outcome is donated in table 4.18. 

The           generates the highest Sharpe ratio as well as CEQ, although the strategy does not 

statistically outperform the Naive benchmark portfolio. The Turnover shows the same properties as 

before, though with the Naive marginally better than the            this time, and the       gaining 

the highest Turnover.  

 

Table 4.18 - PERI dataset evaluation. M=120 

PERI PF, M=120 Naive                                                                                  

Sharpe ratio 0.0739 0.0178 0.0446 0.0608 0.0724 0.0818 0.0798 0.0743 0.0738 

P-value Sharpe - (0.2582) (0.4381) (0.6968) (0.9605) (0.7113) (0.6021) (0.9507) (0.8829) 

           
CEQ 0.0024 -0.0015 0.0009 0.0018 0.0025 0.0028 0.0027 0.0024 0.0024 

P-value CEQ - (0.1708) (0.3903) (0.7144) (0.9423) (0.5958) (0.4864) (0.9060) (0.8835) 

           
Turnover 0.0764 0.0920 0.1100 0.1220 0.1192 0.1037 0.0925 0.0840 0.0776 

Source: Own construction 
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Motivated by the desire to examine whether there are other PE models than the ones already 

considered, with improved performance, trial-and-error is applied in order to find the  -model that 

maximizes the Sharpe ratio and CEQ respectively. The results of this optimization are donated in 

table 4.19. 

 

Table 4.19 - Maximizing fractions of PE models 

PERI PF, M=60     Maximizing   

 

PERI PF, M=120     Maximizing   

Sharpe ratio 0,1531 49% 

 

Sharpe ratio 0,1177 41% 

P-value Sharpe (0,5665) 
 

 

P-value Sharpe (0,0730) 
 

       
CEQ 0,0079 16% 

 

CEQ 0,0051 41% 

P-value CEQ (0,2402) 
 

 

P-value CEQ (0,0187) 
 

        

PERI PF, M=60         Maximizing   

 

PERI PF, M=120         Maximizing   

Sharpe ratio 0,1508 29% 

 

Sharpe ratio 0,0818 50% 

P-value Sharpe (0,7028) 
 

 

P-value Sharpe (0,7113) 
 

       
CEQ 0,0075 11% 

 

CEQ 0,0028 50% 

P-value CEQ (0,4025) 
 

 

P-value CEQ (0,5958) 
 

Source: Own construction 

 

The tabled results reveal that by applying the CEQ maximizing   (equal to 41%), the previous highest 

CEQ (table 4.16,       , M=120), increases from 0.0037 to the value of 0.0051. The p-value of 0.0187 

indicates that the key figure is now statistically significant. The rest of the corresponding p-values are 

above 0.05, implying that none of the models with the maximizing   in question, are capable of 

significantly outperforming the Naive strategy. 

 

Further examination of     with the rolling window of M=1 and         with M=12147 leads to quite 

impressive results that are in most cases statistically significant in terms of Sharpe ratio and CEQ. The 

    models that are ranged between       and       statistically outperform the Naive 

benchmark strategy in terms of the aforementioned key figures, whereas       and        

resemble the Naive benchmark strategy.  

 

The development in case of         with M=12 reveals that only           statistically outperforms the 

benchmark in terms of Sharpe ratio. Comparing to the CEQ of the        , almost all key figures display 

statistically significance, except for the          and          strategies. 

                                                           
147
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Overall results of the P/E models is negatively correlated with the rolling window M, i.e. a decrease 

of the last, implies an increase of performance.  

 

As one of the goals, we test the sample-based models vs. the fundamental based models. Results are 

found in appendix 12. Since the PERI dataset differs from the other datasets considered, we first of 

all test the sample-based models vs. the Naive benchmark. The test brings nothing new to the 

general picture.   

 

The next step is a test of the PE models, with chosen levels of α, against the sample-based strategies. 

These tests support the promising work of Brandt, Santa-Clara and Valkanov (2007), as the firm 

characteristic model generates impressive performance measures compared to the sample-based 

strategies in virtually all of the examined cases.  
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5 Results from Simulated Data 

 

In this section, we analyze the performance of the each of the strategies considered in our earlier 

empirical investigation with different number of assets N, and lengths of the estimation window M, 

on the simulated datasets.  

 

The main advantage of using simulated data is that we understand exactly their economic and 

statistical properties and that the results for the simulated data are not driven by the small-firm 

effect, calendar effects, momentum, mean-reversion, fat tails, or other anomalies that have been 

documented in the literature. 

 

Results for the Monte Carlo simulated 6 portfolios and equities are donated in 5.1 – 5.2 followed by 

the 25 portfolios and equities in the last sections of this chapter. 

 

 

5.1 Monte Carlo – 6 portfolios 

 

In this section the results of performance given different values of M are reviewed. The results are 

based on a Monte Carlo simulated dataset consisting of 6 assets calibrated to represent portfolios 

constructed from shares listed on the Danish Stock Exchange.  

 

Table 5.1 - 6 MC PF dataset evaluation. M=60, T=3000 

6 MC PF, M=60 Naive VW Min-Var Mean-Var CMin-Var CMean-Var Mix-Ew-Min Mix-Ew-CMin-Var 

Sharpe ratio 0.2144 0.1277 0.2048 0.0261 0.2048 0.1409 0.2134 0.2133 

P-value Sharpe - (0.0000) (0.1692) (0.0000) (0.1699) (0.0000) (0.5854) (0.7482) 

         CEQ 0.0047 0.0049 0.0046 -0.1404 0.0046 0.0041 0.0047 0.0046 

P-value CEQ - (0.7514) (0.4145) (0.0000) (0.4143) (0.1932) (0.8726) (0.4859) 

         Turnover 0.0438 0.0000 0.0586 6.1955 0.0598 0.2556 0.0468 0.0475 

Performance measures on 6 Monte Carlo simulated assets, calibrated to reflect portfolios constructed from 

shares on the Danish Stock Exchange. Source: Own construction 

 

A quick glance at table 5.1, which presents the results of an estimation period equal to five years of 

monthly observations, clearly indicates that none of the strategies are able to outperform the Naive 

strategy.  In general the Sharpe ratios are quite impressive though. The main reason for this is that 

the 6 assets are calibrated to represent portfolios, having a relatively high mean and low standard 
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deviation, compared to individual shares (diversification effect). Nevertheless the verdict of the 

Mean-Var strategy is unequivocal, with out-of-sample performance measures that are, as was clearly 

also the case in the empirical datasets, absolutely devastating. In addition, it is worth noticing that 

the VW strategy produces a Turnover equaling zero as the theory predicted148. 

 

Table 5.2 - 6 MC PF dataset evaluation. M=120, T=3000. 

6 MC PF, M=120 Naive VW Min-Var Mean-Var CMin-Var CMean-Var Mix-Ew-Min Mix-Ew-CMin-Var 

Sharpe ratio 0.2123 0.1264 0.2036 -0.0184 0.2036 0.1452 0.2105 0.2102 

P-value Sharpe - (0.0000) (0.1161) (0.0000) (0.1163) (0.0000) (0.2880) (0.4482) 

         CEQ 0.0047 0.0049 0.0045 -0.6507 0.0045 0.0041 0.0046 0.0046 

P-value CEQ - (0.7614) (0.0968) (0.0000) (0.0969) (0.1164) (0.1725) (0.1172) 

         Turnover 0.0437 0.0000 0.0473 4.1907 0.0494 0.2642 0.0446 0.0448 

Performance measures on 6 Monte Carlo simulated assets, calibrated to reflect portfolios constructed from 

shares on the Danish Stock Exchange.  

Source: Own construction 

 

The results obtained by increasing the estimation window to 10 years of monthly observations, yields 

basically the same as reported in the case of M=60. The most remarkable effect of the increased 

estimation window is found for the Mean-Var strategy, which in itself is not very surprising. That the 

effect is reduced performance, is however, quite surprising. One would expect that an increased 

estimation window would lead to a higher precision in the estimated parameters, hence a decreased 

bias towards estimation errors and consequently increased performance. But the results suggest 

otherwise, when increasing M from 60 to 120, at least in terms of Sharpe and CEQ. In terms of 

Turnover though, the strategy benefits from the increased M and is reduced to 4.1907 from 

previously 6.1955. Having said that, it is only fair to point out that the nominal value is still miles 

away from any of the alternative strategies. A negative Sharpe ratio reveals that the mean excessive 

return obtained by following the strategy is in fact negative, thus the investor would have generated 

a higher return by simply placing his entire wealth in the risk-free asset, even disregarding the 

obvious advantage of the asset being riskless. 

 

 

 

                                                           
148

 To follow the VW strategy it is necessary to know the Market Values of the shares. In all of the simulated 
cases, the Market Values are represented by the Stock matrix, i.e. the amount of outstanding shares equals 1 
for each individual asset.  
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Table 5.3 - 6 MC PF dataset evaluation. M=360, T=3000. 

6 MC PF, M=360 Naive VW Min-Var Mean-Var CMin-Var CMean-Var Mix-Ew-Min Mix-Ew-CMin-Var 

Sharpe ratio 0.2228 0.1280 0.2195 -0.0121 0.2195 0.1731 0.2217 0.2226 

P-value Sharpe - (0.0000) (0.4770) (0.0000) (0.4765) (0.0000) (0.6175) (0.9429) 

         CEQ 0.0049 0.0051 0.0048 -0.8554 0.0048 0.0044 0.0049 0.0049 

P-value CEQ - (0.8422) (0.1678) (0.0000) (0.1676) (0.0413) (0.1140) (0.1909) 

         Turnover 0.0438 0.0000 0.0449 3.4674 0.0520 0.2875 0.0443 0.0443 

Performance measures on 6 Monte Carlo simulated assets, calibrated to reflect portfolios constructed from 

shares on the Danish Stock Exchange. Source: Own construction 

 

The results obtained for the estimation window corresponding to 30 years of monthly observations 

are listed in table 5.3. The Naive strategy still produces the highest Sharpe ratio, extinguishing any 

hope of finding a superior strategy. Once again, most of the strategies prove to be practically 

insensitive to changes in M. The Naive and the VW strategy in particular, since the choice of M 

merely effects the first time of investment149. And since this is a simulated dataset, with relatively 

low standard deviation, the relation between excessive return and risk will be virtually the same, no 

matter when the first investment is carried out. Keep in mind that the risk free reference rate, used 

for calculations of excessive returns, was also simulated with a low standard deviation and thus only 

varies slightly during the 250 years considered in this dataset.  

 

As just stated in the review of M=120, the expectation regarding the Mean-Var strategy in particular 

is a positive correlation between M and performance. Comparing the Sharpe ratios of this strategy in 

the cases of M=120 and M=360, reveals a marginal improvement in performance, in support of the 

expectation. However, the Sharpe ratio of M=360 is still exceeded by the Sharpe ratio of M=60 for 

the Mean-Var strategy. Comparing the corresponding CEQs clearly also contradict the otherwise 

reasonable expectation. The relatively high performance obtained for M=60, compared with M=120 

and M=360 is attributed to pure luck.  

 

A further substantial increase of the estimation window M, choosing it to reflect 60 years of monthly 

observations, yields the result listed in table 5.4. 

 

 

                                                           
149

 This holds since N is fixed and the standard deviation used for simulating the paths was relatively small. 
Naturally the first point of investment matters in the empirical datasets for instance, where as previously 
argued, the shares in our sample experienced quite an upturn in the last half of the 1980’s.  
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Table 5.4 - 6 MC PF dataset evaluation. M=720, T=3000. 

6 MC PF, M=720 Naive VW Min-Var Mean-Var CMin-Var CMean-Var Mix-Ew-Min Mix-Ew-CMin-Var 

Sharpe ratio 0.2222 0.1306 0.2176 0.0274 0.2176 0.1935 0.2201 0.2211 

P-value Sharpe - (0.0000) (0.3000) (0.0000) (0.3001) (0.0063) (0.4360) (0.6248) 

         CEQ 0.0049 0.0054 0.0048 -0.0041 0.0048 0.0048 0.0048 0.0049 

P-value CEQ - (0.5955) (0.0480) (0.0000) (0.0481) (0.6510) (0.0400) (0.0562) 

         Turnover 0.0439 0.0000 0.0449 0.8196 0.0657 0.3693 0.0445 0.0444 

Performance measures on 6 Monte Carlo simulated assets, calibrated to reflect portfolios constructed from 

shares on the Danish Stock Exchange.  

Source: Own construction 

 

Evidently the larger M leaves the conclusion unchanged. Still none of the strategies can be 

categorized as being superior compared to the Naive approach. The good news though, is it that we 

finally see evidence that the performance measures of the discussed Mean-Var strategy has in fact 

improved, and now exceeds the key figures in the case of M=60. Otherwise it is observed that most 

of the key figures are largely insensitive to changes in M, with the exception of the Mean-Var and the 

CMean-Var strategies.  

 

The Min-Var and the CMin-Var have not received much attention in the preceding evaluation, since 

none of them delivered any in particular interesting results compared with the benchmark strategy. 

The mentioned strategies, however, have another noticeable feature. Comparing Sharpe ratios and 

CEQs for the different values of M, reveals that the Min-Var and CMin-Var strategies generates 

equivalent values, on the first 4 digits at least. By calling the xlw function “MinVar” with the extra 

optional argument “weights” for each of the different values of M investigated, we are able to 

inspect the weights produced by the Min-Var strategy for each of the T-M periods. The main 

incentive for this is to inspect whether the Min-Var strategy exploits the unconstrained possibilities 

of leverage. The findings prove that there is only a marginal use of shorting in the strategy, i.e. only 

36 out of 17640 weights calculated are slightly negative with a global minimum of -0.02 for M=60, 

explaining the great similarity in the performance measures of the two strategies, since the non-

negative constraint on the individual weights is basically not binding. Therefore the constrained 

approach will merely approximate the unconstrained strategy, resulting in minor differences (mainly 

in terms of Turnover) since it is only an approximation150.  For M=120, M=360 and M=720 there are 

not even a single negative weight registered.  

                                                           
150

 How exact the approximation is depends on the settings in Excel’s solver.  
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5.2 Monte Carlo – 6 stocks 

 

Based on a Monte Carlo simulated dataset consisting of 6 assets calibrated to represent individual 

shares listed on the Danish Stock Exchange, the following section presents and evaluate on the 

performance of the eight different strategies in question.  

 

Table 5.5 - 6 MC Stocks dataset evaluation. M=60, T=3000 

6 MC Stocks, M=60 Naive VW Min-Var Mean-Var CMin-Var CMean-Var Mix-Ew-Min Mix-Ew-CMin-Var 

Sharpe ratio 0.0826 0.0389 0.0806 0.0199 0.0806 0.0640 0.0791 0.0830 

P-value Sharpe - (0.0340) (0.7608) (0.0158) (0.7602) (0.2558) (0.0156) (0.9206) 

         CEQ 0.0029 -0.0018 0.0029 -31.9236 0.0029 0.0018 0.0028 0.0030 

P-value CEQ - (0.0119) (0.8394) (0.0000) (0.8388) (0.3646) (0.0179) (0.9539) 

         Turnover 0.0989 0.0000 0.1063 57.3007 0.1085 0.1936 0.1000 0.1011 

Performance measures on 6 Monte Carlo simulated assets, calibrated to individual shares listed on the Danish 

Stock Exchange. Source: Own construction 

 

Reviewing the results presented in table 5.5, with a length of the rolling window equal to five years 

of monthly observations, illustrates that none of the strategies are able to beat the benchmark. As it 

was also the case in most of the empirical datasets the Mean-Var strategy is without a doubt the 

strategy breeding the worst out-of-sample performance. Another quite interesting observation is 

that the Min-Var and CMin-Var strategy once again are remarkably similar. As previously explained 

the reason for this is that the unconstrained approach basically omits the use of short-selling. 

Shorting is once again just found in the case of M=60, where 7 out of 17,640 are negative and the 

modest minimum is -0.0028. 

 

Table 5.6 -  6 MC Stocks dataset evaluation. M=120, T=3000 

6 MC Stocks, M=120 Naive VW Min-Var Mean-Var Cmin-Var CMean-Var Mix-Ew-Min Mix-Ew-CMin-Var 

Sharpe ratio 0.0776 0.0346 0.0893 0.0245 0.0893 0.0652 0.0792 0.0844 

P-value Sharpe - (0.0401) (0.0325) (0.0423) (0.0326) (0.4444) (0.2868) (0.0138) 

         CEQ 0.0027 -0.0023 0.0033 -3.0527 0.0033 0.0020 0.0028 0.0030 

P-value CEQ - (0.0278) (0.0278) (0.0000) (0.0279) (0.5489) (0.2849) (0.0161) 

         Turnover 0.0989 0.0000 0.1022 12.2889 0.1066 0.1983 0.0998 0.1004 

Performance measures on 6 Monte Carlo simulated assets, calibrated to individual shares listed on the Danish 

Stock Exchange. Source: Own construction 
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Once the estimation window is increased to 10 years of monthly observations, 3 of the strategies 

succeed in outperforming the benchmark strategy. The Min-Var and CMin-Var strategies are once 

again remarkably similar and both of them are statistically superior to the Naive strategy. The same 

holds for the Mix-Ew-CMin-Var. Comparing the Turnovers reveal that it is only marginally higher for 

the three otherwise superior strategies, implying that these strategies are in fact quite appealing. 

Keep in mind though, that the setting is only 6 shares, the estimation window is 10 years and the 

investments are carried out over a period corresponding to 240 years. Another interesting 

observation is that the performance of the Mean-Var strategy has improved considerably, although it 

is still the least desirable alternative.  

 

Table 5.7 - 6 MC Stocks dataset evaluation. M=360, T=3000 

6 MC Stocks, M=360 Naive VW Min-Var Mean-Var CMin-Var CMean-Var Mix-Ew-Min Mix-Ew-CMin-Var 

Sharpe ratio 0.0722 0.0330 0.0814 0.0482 0.0814 0.0528 0.0765 0.0772 

P-value Sharpe - (0.0744) (0.0361) (0.3792) (0.0361) (0.2188) (0.0275) (0.0206) 

         CEQ 0.0024 -0.0026 0.0029 -1.2113 0.0029 0.0012 0.0026 0.0027 

P-value CEQ - (0.0096) (0.0297) (0.0000) (0.0298) (0.2201) (0.0247) (0.0197) 

         Turnover 0.0992 0.0000 0.1013 9.0011 0.1173 0.2708 0.1000 0.1003 

Performance measures on 6 Monte Carlo simulated assets, calibrated to individual shares listed on the Danish 

Stock Exchange. Source: Own construction 

 

A further increase of M, corresponding to 30 years of monthly observations yields the results 

presented in table 5.7. The 3 strategies that were proven to be statistically superior to the 

benchmark strategy in the case of M=120, still holds in the case of M=360. Actually a fourth strategy, 

the Mix-Ew-Min, benefits from the increased length of M and joins the club of superior strategies 

making it a total of four.  Again, compared to the case of M=120 the Mean-Var strategy improves 

further from the increased M, but yet again it produces some of the least appealing performance 

measures, although it actually managed to climb up a step in terms of Sharpe ratio, leaving the 

questionable honor of the lowest Sharpe ratio to the VW strategy.  
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Table 5.8 - 6 MC Stocks dataset evaluation. M=720, T=3000 

6 MC Stocks, M=720 Naive VW Min-Var Mean-Var CMin-Var CMean-Var Mix-Ew-Min Mix-Ew-CMin-Var 

Sharpe ratio 0.0772 0.0346 0.0849 0.0426 0.0849 0.0543 0.0824 0.0815 

P-value Sharpe - (0.0774) (0.0709) (0.2326) (0.0708) (0.1650) (0.0436) (0.0453) 

         CEQ 0.0027 -0.0026 0.0030 -1.6194 0.0030 0.0014 0.0029 0.0029 

P-value CEQ - (0.0083) (0.0515) (0.0000) (0.0515) (0.1539) (0.0323) (0.0365) 

         Turnover 0.0993 0.0000 0.1013 5.9541 0.1481 0.3755 0.1005 0.1003 

Performance measures on 6 Monte Carlo simulated assets, calibrated to individual shares listed on the Danish 

Stock Exchange. Source: Own construction 

 

A further increase of M, in this case it is chosen to be 60 years of monthly observations, delivers the 

results presented in table 5.8. Clearly, the larger choice of M decreases the number of strategies that 

are able to statistically outperform the Naive strategy. Only the two mixed strategies present p-

values indicating that they are still superior (with a marginally higher Turnover though). As previously 

argued the high value of M should increase the precision in the estimates of expected returns and 

the covariance matrix, however, there is a tradeoff between the precision and the strength of the 

tests on the performance measures. As M increases T-M decreases, which has a direct effect on the 

strength of the tests. Evidently the performance of the Mean-Var strategy reached its upper limit for 

M=360 in terms of Sharpe and CEQ, although we would expect it to benefit from M=720 since this 

ought to improve the precision of especially the expected returns. Improvement, however, is traced 

in the key figure reflecting the amount of trading needed in order to follow the strategy. Obviously 

the reduced Turnover reflects a decreased fluctuation in weights during the periods. The reason for 

this is found in the rolling sample approach. In two consecutive periods, there will be M-1 

observations in common. Thus any changes are caused by the observation that is omitted, or the 

new observation included in the estimation sample. Needless to say that given a large M, more 

observations will be in common for two consecutive periods, leaving less room for changes in the 

estimates.   

 

We now turn to examine a dataset containing more than just the 6 stocks considered in this section, 

over a longer period of time. 
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5.3 Monte Carlo – 25 portfolios 

 

The following section is devoted to an analysis of an extended Monte Carlo dataset, i.e. 10.000 

simulated paths calibrated to replicate 25 portfolios constructed from shares listed on the Danish 

Stock Exchange. The length of the series allow for more extreme values of M, which will indicate 

whether the inability to beat the benchmark is merely due to insufficient data in term of quantity. 

 

Table 5.9 - 25 MC PF dataset evaluation, M=1000 

25 MC PF, M=1000 Naive VW Min-Var Mean-Var CMin-Var CMean-Var Mix-Ew-Min Mix-Ew-CMin-Var 

Sharpe ratio 0.5211 0.1504 0.5228 0.0134 0.5228 0.4786 0.5249 0.5259 

P-value Sharpe - (0.0000) (0.5703) (0.0000) (0.5696) (0.0000) (0.0020) (0.0011) 

         CEQ 0.0057 0.0046 0.0057 -2.1528 0.0057 0.0057 0.0057 0.0057 

P-value CEQ - (0.0012) (0.2830) (0.0000) (0.2832) (0.6124) (0.2265) (0.3345) 

         Turnover 0.0464 0.0000 0.0468 1.1930 0.0526 0.2069 0.0465 0.0465 

Performance measures on 25 Monte Carlo simulated assets, calibrated to reflect portfolios constructed from 

shares on the Danish Stock Exchange.  

Source: own construction.  

 

One of the consequences of the large T is greater strength in the tests of significance, apparent from 

the Sharpe p-values. For the same reasons as in the case of the 6 MC portfolios, almost all of the 

strategies generate extraordinary Sharpe ratios. That they are all higher than in 6 MC case is due to 

the fact that the increased N allows for better diversification and thereby reduced variance. Thus the 

increase in Sharpe ratios is more likely due to reduced standard deviation in the return series, rather 

than an increase in the mean excessive return, e.g. a review of the return series generated by each of 

the Naive strategies (25 MC PF vs. 6 MC PF) reveal that the mean increases from 0.004975 to 

0.005779 and furthermore the standard deviation drops considerably from 0.023201 to 0.011089. 

Isolated, each of these effects leads to a higher Sharpe ratio, and the combination merely boosts the 

Sharpe ratio further. The relative changes, suggests that it is only fair to claim that the main reason 

for the impressive Sharpe ratios is attributed to the possibility of forming portfolios with reduced 

standard deviation.  

 

From table 5.9 it is evident that none of the considered strategies are able to outperform the Naive 

benchmark on Sharpe and CEQ simultaneously. The two mixed strategies produces superior Sharpe 

ratios with p-values below the boundary value of 0.05, yet all strategies fail to exceed 1/N in terms of 

CEQ. As clearly seen, many of the strategies produce CEQs, which are identical if rounded to four 
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digits. There are, however, differences that becomes apparent once inspecting values beyond the 

first four decimals. In general the Turnovers are quite modest for the same reasons as explained in 

the review of 6 MC Stocks.  

 
Table 5.10 - 25 MC PF dataset evaluation, M=3000 

25 MC PF, M=3000 Naive VW Min-Var Mean-Var CMin-Var CMean-Var Mix-Ew-Min Mix-Ew-CMin-Var 

Sharpe ratio 0.5168 0.1358 0.5212 0.2779 0.7332 0.4796 0.5161 0.5182 

P-value Sharpe - (0.0000) (0.1242) (0.0000) (0.0000) (0.0000) (0.0000) (0.5707) 

         CEQ 0.0057 0.0042 0.0057 0.0057 0.0058 0.0056 0.0057 0.0057 

P-value CEQ - (0.0000) (0.0481) (0.8719) (0.6234) (0.0411) (0.1014) (0.9620) 

         Turnover 0.0464 0.0000 0.0466 0.2862 0.0817 0.2574 0.0464 0.0465 

Performance measures on 25 Monte Carlo simulated assets, calibrated to reflect portfolios constructed from 

shares on the Danish Stock Exchange.  

Source: own construction.  

 

Choosing M to correspond to a gripping 250 years of monthly observations, yields the results 

presented in table 5.10.  The most noticeable effect of the increased M is found for the CMin-Var 

where the Sharpe ratio suddenly shoots for the starts as it increases by almost 50%. The CEQ though 

is virtually unchanged and still indistinguishable from the CEQ generated by the Naive strategy. The 

p-value for the CEQ of the Min-Var strategy also exhibits statistical significance; this is in favor of the 

Naive strategy, although not directly apparent from the values presented in the table. This leaves us 

with the conclusion that none of the strategies qualifies as being superior.  

 

Comparing performance for the Mean-Var strategy indicates enhanced performance in each of the 

three evaluation criteria, which is consistent with both theory and previous findings. Sadly though, 

the strategy is still miles away from basically all of the alternatives.  
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5.4 Monte Carlo – 25 stocks 

 

This section is dedicated to an examination of a dataset with the same structure as the one just 

considered, though with the important difference in that this dataset is calibrated to reflect 25 

individual shares listed on the Danish Stock Exchange, as opposed to 25 portfolios. 

 
Table 5.11 - 25 MC Stocks dataset evaluation, M=1000 

25 MC Stocks, M=1000 Naive VW Min-Var Mean-Var CMin-Var CMean-Var Mix-Ew-Min Mix-Ew-CMin-Var 

Sharpe ratio 0.1647 0.0130 0.1775 -0.0014 0.1775 0.0987 0.1777 0.1752 

P-value Sharpe - (0.0000) (0.0070) (0.0000) (0.0070) (0.0000) (0.0004) (0.0000) 

         CEQ 0.0029 -0.0046 0.0029 -0.1587 0.0029 0.0024 0.0029 0.0029 

P-value CEQ - (0.0000) (0.9454) (0.0000) (0.9455) (0.0159) (0.8575) (0.7861) 

         Turnover 0.1046 0.0000 0.1053 4.1468 0.1184 0.4259 0.1051 0.1050 

Source: Own construction 
 

Evidently this change leads to considerable drops in the values of the return/risk key figures. As 

previously argued this finding is caused by enhanced standard deviation and a decreased mean 

return in general, on the assets in consideration.  

 

The strength of the tests caused by the tremendous value of T is once again unmistakable. All of the 

Sharpe p-values are significant, with 4 of them beating the benchmark. These are the Min-Var and 

CMin-Var and both of the mixed strategies. In spite of this obvious advantage in terms of Sharpe, all 

of the strategies fail in terms of CEQ, generating very similar values as was also the case of the 25 MC 

portfolios.  

 

Increasing the estimation window, setting M equal to 3000, delivers the results listed in table 5.12. 

 

Table 5.12 - 25 MC Stocks dataset evaluation, M=3000 

25 MC Stocks, M=3000 Naive VW Min-Var Mean-Var CMin-Var CMean-Var Mix-Ew-Min Mix-Ew-CMin-Var 

Sharpe ratio 0.1610 0.0091 0.1727 0.0223 0.1727 0.0894 0.1536 0.1706 

P-value Sharpe - (0.0000) (0.0248) (0.0000) (0.0248) (0.0000) (0.0000) (0.0001) 

         CEQ 0.0028 -0.0051 0.0028 -0.0374 0.0028 0.0022 0.0028 0.0028 

P-value CEQ - (0.0000) (0.7499) (0.0000) (0.7500) (0.0106) (0.7852) (0.9035) 

         Turnover 0.1046 0.0000 0.1052 1.6572 0.1841 0.7374 0.1043 0.1049 

Source: Own construction 
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The Sharpe ratio generated by the Mix-Ew-Min strategy is once again statistically distinguishable 

from the benchmark; however, this time in favor of the Naive strategy. Otherwise the change of M 

brings nothing new to the analysis. The CEQs exhibit the exact same behavior as in case of M=1000, 

leaving the overall conclusion unchanged. The Mean-Var once again benefits from the increased 

estimation window in all of the three evaluation criteria, still with an enormous gap compared to 

1/N. The complete overview of statistical superiority for all of the datasets considered is found in 

appendix 14. 
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6 Transaction costs 

 

Intrigued by the findings of statistical outperformance (especially in the FF datasets), a closer study 

as to the consequences of introducing transaction costs, was initiated.  

 

By applying the procedure as in DeMiguel et al. (2007) we introduce proportional transaction costs of 

50 basis points. Incurring transaction costs will inevitably lead to a reduction in the investor’s total 

wealth whenever trading occurs. Therefore, the wealth evolution after proportional transaction costs 

are introduced is described by the following equation151: 

 

                                              
 
                             

 

By selecting a few of the incidents152 proven to be statistically superior in terms of Sharpe and CEQ 

simultaneously in a setting disregarding transaction, we test these findings by relaxing the 

assumption, i.e. setting c = 50bp. The tables of the tests including transaction costs are found in 

appendix 13. 

 

By testing four cases of statistical outperformance obtained by the CMean-Var strategy in the FF 

datasets the outcome was proven to be robust when relaxing the assumption of no transaction costs.  

The Mean-Var strategy was also classified as statistically superior in the case of FF12, M=120; 

however, the Turnover was almost 40 times greater than the benchmark. Unsurprisingly, the finding 

of superiority is not robust once relaxing the assumption of no transaction costs.  

 

As for the        model, which obtained statistical superiority to 1/N, although the two strategies 

generated somewhat similar key figures. However, the marginal difference in Turnover (in favor of 

1/N) is quite likely to jeopardize this finding. By applying equation (5.1) and evaluating on the new 

return series after accounting for transaction costs, we find that the        strategy is unable to 

outperform 1/N in terms of Sharpe ratio, once introducing proportional transaction costs of 50bp. 

  

                                                           
151

 DeMiguel et al. (2007, p. 1930) 
152

 (FF3 PF, M=60) (FF3 PF, M=120) (FF12 PF, M=60) (FF12 PF, M=120) (PERI, M=120) 
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7 Discussion 

 

The purpose of this chapter is to validate achieved results and to describe quantitative model's work 

in practice. In the first section we compare the results of the 1/N article by DeMiguel et al. (2007), up 

against the found results in this thesis. In the next sections we describe existing investment funds 

that actually implemented examined portfolio optimization models as their investment strategy. 

 

 

1/N article and results 

DeMiguel et al. (2007) in their article “Optimal Versus Naive Diversification: How Inefficient is the 1/N 

Portfolio Strategy”, investigate the conditions under which Mean-Variance optimal portfolio models 

can be expected to perform well, even in the presence of estimation risk. They evaluate the out-of-

sample performance of the sample-based Mean-Variance portfolio rule — and its various extensions 

designed to reduce the effect of estimation error — relative to the performance of the Naive 

portfolio diversification rule on the U.S. equity market portfolios, as well as simulated data. In our 

thesis we examine whether any of the modern portfolio optimization strategies are able to 

outperform the 1/N benchmark on the Danish Stock Market and our simulated data.   

 

DeMiguel et al. (2007) test fourteen portfolio optimization models on the seven empirical as well as 

the three simulated datasets of monthly returns, whereas in our study examines ten different 

strategies of the optimal asset allocation on the eleven different empirical datasets, as well as four 

Monte Carlo simulated datasets. The performance criteria used in both cases are: Sharpe ratio, the 

Certainty-Equivalent (CEQ) returns for the expected utility of a Mean-Variance investor, and the 

Turnover (trading volume) for each portfolio strategy. DeMiguel et al. (2007) evaluate the strategies 

both in-sample, as well as out-of-sample, whereas we assess out-of-sample only. In general, the 

results found in the thesis correspond to ones found in the 1/N article. DeMiguel et al. (2007) find 

that none of the fourteen models evaluated are consistently better than the Naive benchmark in 

terms of Sharpe ratio, CEQ and Turnover. In our thesis we conclude that in FF constructed portfolios 

only two strategies succeed in outperforming the Naive model in terms of Sharpe ratio and CEQ. On 

the individual stocks we find that none of the models managed to outperform the benchmark.  

 

Overall DeMiguel et al. (2007) conclude that the unconstrained policies perform much worse than 

any of the strategies that constrain short-sale, and also perform much worse than the Naive strategy. 
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Imposing constraints on the sample-based Mean-Variance leads to only a modest improvement in 

Sharpe ratios and CEQ returns, although it shows a substantial reduction in the Turnover. Likewise 

we found constrained models being statistically superior to the benchmark several times rather than 

the unconstrained ones in terms of Sharpe ratio and CEQ. DeMiguel et al. (2007) find that of all the 

optimizing models studied, the Minimum-Variance portfolio with constraints performs best in terms 

of Sharpe ratio. Though, the CEQ return is not statistically superior to that of the Naive strategy and 

the Turnover is always higher than that of the 1/N Naive model in any of the seven empirical datasets 

studied. In our thesis, the Turnover produced by the CMean-Var on the empirical datasets is, for 

instance, substantially lower than its unconstrained counterpart. Our work in this thesis supports the 

general argument of relatively poor out-of-sample performance of the sample-based models 

examined, as none of them are consistently superior to the Naive benchmark portfolio. 

 

 

UNIGESTION Investment Fund 

While investigating the universe of investment funds on Bloomberg we came across a Swiss based 

equity fund, Unigestion that in 1997 started a Minimum Variance Equity Fund in the Swiss stock 

market. Since then the company has expanded and now offers numerous Minimum Variance 

portfolios, e.g. for Europe, Japan and U.S. just to name a few. Unigestion manages € 2.3 billion worth 

of investments across the aforementioned portfolios.   

 

Unigestion’s management procedure starts with the definition of a customized universe. In order to 

achieve this customization they start by looking at these indices that offer broad diversification 

potential. This customized universe should be large enough (at least 200 stocks) to permit them to 

construct a portfolio combining stocks that are uncorrelated153. For the existing European funds, 

Unigestion uses the DJ Europe STOXX 600 index as a starting universe. 

 

In the second phase, this universe is filtered in order to take out those companies, which the team 

does not feel comfortable investing in, using various liquidity, credit or specific filters. At this point 

the customized universe for the existing European fund mentioned earlier is narrowed down to 

roughly 400 stocks. Once the customized universe is established the investment team starts an 

optimization procedure that enables them to select the stocks that will be invested in the "Minimum 

                                                           
153

 Information about investment technique found at www.unigestion.com 



 133 

Variance" portfolio. For this task, a multi-factor risk model that calculates the risk profile for each 

stock is being used. 

 

Once the optimizer comes with a proposition for a new "Minimum Variance" portfolio, the manager 

then conducts a fundamental analysis on the new companies that have been selected. At this point 

the "Minimum Variance" portfolio will contain approximately 80 stocks. 

 

Stage five consists of daily monitoring, re-optimization and rebalancing. Re-optimization of the 

portfolio may occur as a result of significant business events; therefore, Unigestion’s investment 

team follows the companies closely using Bloomberg. Rebalancing of the portfolio may occur when 

the weights differ from the optimal Minimum-Variance portfolio with an absolute deviation of 0.5%, 

thereby triggering trading. 

 

This investment strategy is detailed and only marginally affected by human behavior, as it is first 

assumed for the quantitative models. The process is computer controlled, but the monitoring system 

requires human action for special events in the market. The strategy's focus on a low volatility 

implies that the portfolio will be less influenced by such events. 

 

Stability in Unigestion’s performance is decisive for potential success, as the Minimum Variance 

Europe portfolio is primarily offered to pension funds154, which are highly dependent on a stable 

performance over time. The objective is to achieve higher returns with lower risk than the 

benchmarks over a five-year period. 

 

The European Minimum Variance Portfolio is measured against the index: Dow Jones Europe Stoxx 

600. Figure 6.1 shows the total return index (right axis) and the historical yearly volatility (left axis) 

for the portfolio, as well as the benchmark. 

 

 

 

 

 

 

                                                           
154

 Information found at www.unigestion.com 
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Figure 6.1 - Uni-Global Minimum Variance Europe vs. DJ Europe Stoxx 600 

 

Yearly volatility and Total Return Index normalized as of May 2004.  

Source: Bloomberg 

 

The chart clearly shows that the risk, which is essential in a minimum variance strategy, is 

consistently lower than the benchmarks over the entire period. In addition the Minimum-Variance 

portfolio has succeeded in obtaining higher returns than its benchmark. It is indeed a positive feature 

that the portfolio, even in volatile periods, such as the recent economic crisis, still offers a lower risk. 

The strategy is considered to be particularly attractive for risk-averse investors. In this sense, the 

Minimum Variance portfolio performed excellent on the European market. 
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TATA Equity P/E Fund 

 

As for the Price-Earnings approach suggested in this thesis we discovered that an Indian investment 

fund, namely Tata Equity P/E Fund, applies a similar approach in practice155. Tata Equity P/E, scouts 

for undervalued companies by looking at the P/E. At least 70% of the portfolio is invested in stocks, 

with rolling P/E multiple being lower than that of the BSE Sensex. Other factors involved in evaluating 

a company's investment worthiness are management competitiveness, business competitiveness, 

growth prospects and other fundamental parameters156. The fund was founded back in 2004, and has 

as the subsequent figure suggests, basically followed the index up until 2009 Q3. From this point on it 

seems to have outperformed the benchmark, generating higher returns with lower volatility.  

 
Figure 6.2 - Tata Equity P/E Fund vs. BSE Sensex 30 index. 

Yearly volatility and Total Return Index normalized as of June 2004.  

Source: Bloomberg.  

  

                                                           
155

 Exactly how they form weights is a bit of a blur.  
156

 http://www.tatamutualfund.com  

http://www.tatamutualfund.com/
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The Minimum-Variance concept is not yet implemented in a Danish investment fund, but it could be 

an exciting given the time of day. 

 

We can conclude that the Minimum-Variance portfolio has demonstrated success in practice. 

Unigestion has implemented a portfolio in several markets, and the one on the European markets 

has outperformed the benchmark with the risk that has been an advantageous low, even during 

periods of high volatility in the market. Despite the Minimum-Variance portfolio is a relatively simple 

model based only on covariance estimates, Unigestion has implemented other procedures to make 

portfolio investment ready. 

 

On another part of the world the TATA Equity P/E Fund applies a Price-Earnings approach, which 

resembles in this thesis, in their investment policy. The fund was founded back in 2004 and has since 

managed to outperform the benchmark generating higher returns with lower volatility. 
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8 Conclusion 

 

In this thesis, we compared the performance of ten different strategies of optimal asset allocation, in 

order to examine whether any of the models can outperform the benchmark Naive policy in the 

period from 1980 – 2010 on the Danish Stock Exchange. We analyze eleven empirical datasets as well 

as four Monte Carlo simulated datasets, using the estimation windows commonly applied in practice 

(M=60 and M=120). 

 

For the Fama-French constructed portfolios we find that only two strategies succeed in 

outperforming the Naive model in terms of Sharpe ratio and CEQ. These models were Mean-Var and 

CMean-Var with three and eleven incidents, respectively, of statistical superiority out of twelve cases 

examined. In general, we disregard all sorts of transaction costs in the thesis; however, a small 

selection of incidents categorized as superior were examined in a setting with proportional 

transaction costs equal to 50 basis points. We find that introducing transaction costs jeopardizes the 

alternative strategies superiority, in particular for the Mean-Var strategy, which is generally 

associated with substantial trading volume. Nevertheless CMean-Var’s superiority passed the test of 

introducing proportional transaction costs in all four cases examined, thereby still managing to 

outperform 1/N157. 

 

Evaluating performance of the sample-based models on the three datasets consisting of the 

individual stocks, relative to that of the benchmark Naive strategy, revealed that none of the models, 

not even in a single instance out of the ten possible, managed to outperform the benchmark. The 

MVRI16, consisting of the 16 shares listed during the entire period examined, is by nature, subject to 

survivorship bias. This ignorance of defaults leads to a dataset consisting of sixteen well-performing 

equities (average monthly returns between 1.19% and 1.97%), making it impossible for the 

alternative optimizing models to outperform the benchmark.  

 

The datasets containing a high number of equities (MVRI100, MVRI255) favor the Naive model by 

creating a well diversified portfolio contemporary with increased estimation error in the sample-

based strategies.  

 

                                                           
157 See appendix 13 
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To assess the performance of the considered strategies in a setting, allowing for great values of M 

over longer time periods, we simulated four datasets with various lengths (T) and number of assets 

(N), calibrated to reflect observed trends of both equities, as well as portfolios. In the case of 6 MC PF 

none of strategies were able to outperform 1/N, which benefited from the relatively high mean 

return combined with a low standard deviation. For the 6 MC Stocks we found, Min-Var, CMin-Var, 

Mix-Ew-Min and Mix-Ew-CMin-Var all outperformed 1/N for M=360. For M=720 the two mixed 

strategies proved their livelihood, being the only strategies classified as superior. In the more 

extreme case of 25 assets and estimation windows of 83.3 and 250 years, we found that none of the 

considered strategies were statistically superior in terms of Sharpe and CEQ simultaneously. Hence 

none of the strategies were unequivocally superior in all of the simulated datasets. 

 

As for the Markowitz strategies, we found that the constrained models were able to obtain 

statistically superior performance measures to the benchmark more often than the unconstrained 

strategies. On the empirical datasets considered, the CMean-Var strategy produced a statistically 

superior key figure to 1/N twelve times, as opposed to the unconstrained Mean-Var’s modest score 

of only three successes.  In addition the Turnover produced by the CMean-Var strategy of all these 

occurrences is substantially lower than its unconstrained counterpart. 

 

For the simulated datasets we found great similarities between CMin-Var strategy and the 

unconstrained Min-Var, this is explained by the limited occurrences of shorting in the unconstrained 

approach; however, the constrained strategy took a narrow victory in terms of superior key figures, 

obtaining statistical significance in 7 cases as opposed to 6 for the Min-Var strategy. Overall, our 

results support the contention that constrained strategies in out-of-sample studies tend to 

outperform their unconstrained counterparts. 

 

Review of the performance achieved by the Price Earning models displayed that only the 

    strategy managed to generate statistically better key figures with respect to 1/N in terms of the 

Sharpe or CEQ evaluation criteria in only four cases (          and     ; M=60, M=120). We 

found that the        model was able to beat 1/N, although the two strategies generated 

somewhat similar key figures. The superiority though, was found not to be robust to introducing 

proportional transaction costs of 50bp158.  

  

                                                           
158

 See appendix 13 
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As a robustness check we tested     and         with M=1 and M=12 respectively. This resulted in 

considerable improvements in terms of Sharpe ratio and CEQ. The     model outperformed the 

benchmark in four instances out of eight possible, compared to only one in the previous cases. The 

        went from not being superior to the Naive portfolio in terms of any performance measures that 

generate the number of seven significant key figures and defeat 1/N in a single case.  

 

We explored whether two simple constructed firm characteristic models produced higher 

performance than the sample-based models by comparing these models on the exact same dataset. 

For M=60 the results of the test revealed that none of the sample-based models, not even in a single 

case, managed to outperform the benchmark. The     picked with the maximizing   produced the 

highest key figures and outperformed the sample-based models in a three instances, whereas the 

1/N outperformed these strategies in only two cases159. In general the found test results of the firm 

characteristics vs. sample-based models showed the same trend, in alignment with the work of 

Brand, Santa-Clara and Valakanov (2007). Hence asset allocation based on cross-sectional 

fundamentals may be a promising path to pursue. 

 

For the two estimation windows applied for evaluation in the empirical datasets, M=60 and M=120, 

we found that the return/risk key figures decreased considerably, once the estimation window was 

increased. This finding, at first glance, is in conflict with expectations and theory. The trends in our 

sample were further investigated by creating market indices based on a value-weighted market 

portfolio splitting the period of investigation into 5 year intervals. We find that the decreased 

performance is due to a miss upturn in the period from 1985 to 1990160. 

 

As for the conditions that makes a statistically superior strategy probable, our study suggests a 

modest value of N combined with a diverse performance in the assets. This is based on the observed 

incidents of significance found in the FF-datasets as well as the 6 MC Stocks. The small value of N 

limits the estimation error and the poor performance in the underlying assets punished 1/N for its 

naive allocation. Hence, the working conditions for the sample-based models to obtain statistical 

superiority are improved.  

 

 

                                                           
159

 See appendix 12  
160

 See appendix 9  
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In summary, we find that of the various modern portfolio optimization strategies considered in the 

thesis, there is no single model that consistently outperforms 1/N Naive portfolio in terms of Sharpe 

ratio and CEQ, which also has a tempting Turnover. 
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Appendix 1 – Program Code 

 

Naive strategy 

 

 

#include "NaivePortfolio.h" 

#include "Formulas.h" 

#include "Evaluation.h" 

#include <ctime> 

 

#include <iostream> 

#include <iomanip> 

#include <fstream> 

#include <cmath> 

#include <cstdlib> 

 

 

MyMatrix //Evaluates a range of stocks by following the naive 1/N strategi and returns Sharpe ratio, CEQ 

and Turnover 

NaivePortfolio(const MyMatrix& Stocks, //Argument to contain the range of Stocks  

const MyMatrix& RiskFree, //Argument to contain the range of Riskfree rates 

 int M,  //The rolling time period in months 

 double gamma, //Investors degree of risk aversion  

 std::string Keyfigure  //Optional argument that allows different outputs. 

 ) 

{ 

 int T=Stocks.rows()-1; // Total amount of observations 

 double total = 0.0;  // Used for sums 

 double initialwealth; //Investors initial wealth hardcoded to 100 

 initialwealth=100; 

//Matrix containing the portfolioweights/amount of shares - inductively/ true weights 

 MyMatrix ShareValues(Stocks.rows(), Stocks.columns()); 

 MyMatrix StockShares(Stocks.rows(), Stocks.columns()); 

 MyMatrix Weights(Stocks.rows(), Stocks.columns()); 

 

//Matrix containing the designmatrix 

 MyMatrix Design(Stocks.rows(), Stocks.columns());  

  

//Vector containing the number of stocks pr. period. 

 MyMatrix DesignSums(Stocks.rows(), Stocks.columns()); 

 

//Vector containing the total portfolio value. 

 MyMatrix AmountSums(Stocks.rows(), 1); 

  

//Vector containing the results to be returned 

 MyMatrix result(3, 1);  

 

//Vector containing the discrete returns. 

 MyMatrix Returns(Stocks.rows(), 1);  

  

//Vector containing the discrete returns. 

 MyMatrix PortfolioValues(Stocks.rows(), 1);  

 

//Matrix containing the total portfolio value. 

 MyMatrix TurnoverAll(Stocks.rows(), Stocks.columns()); 

 

Design=DesignMatrix(Stocks, M); //Determining the designMatrix 

 

//For loop that allocates the number of stocks pr. period to the vector DesignSums. 

 for (size_t r=0; r < DesignSums.rows(); r++) 

 { 

  total=0.0; 

  for (size_t e=0; e < Stocks.columns(); e++) 

  {  

   total+=Design [r][e]; //counts number of stocks to be 

included 

  } 

  DesignSums(r,0)=total; 

 } 
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 total=initialwealth; 

 

 for (size_t r=M; r < Stocks.rows(); r++) //changed initial condition to M 

 { 

        PortfolioValues(r,0)=total; 

      AmountSums(r,0)=total/DesignSums(r,0); 

      total=0.0; 

      for (size_t e=0; e < Stocks.columns(); e++) 

        {   

          if (Design(r,e)==1)   // Added condition, and removed it as a factor from the 

following line 

             {StockShares(r,e)=(AmountSums(r,0)/Stocks(r,e));  //Amount of shares

  

              ShareValues(r,e)=StockShares(r,e) * Stocks(r,e); //Keeps track of individual 

asset evolution                 Weights(r,e)=1.0/DesignSums(r,0); //True Weights (1/N). Added 

for the Mixed Strategi 

              } 

         if(r<Stocks.rows()-1)//takes into account that you don't know the stock prices on 

the n+1'th timeinterval  {total+=StockShares(r,e)*Stocks(r+1,e)*Design(r,e);}//design 

overflødig 

                     }  

 } 

 

 Returns=GenerateReturns(PortfolioValues); 

 Returns=OffsetAvoidZeros(Returns,M+1); 

 

// This feature allows user to request different outputs 

 if(Keyfigure=="returns" || Keyfigure=="Returns") {return Returns;} 

 if(Keyfigure=="portfoliovalues" || Keyfigure=="PortfolioValues"){return PortfolioValues;} 

 if(Keyfigure=="stockshares" || Keyfigure=="StockShares") {return StockShares;} 

 if(Keyfigure=="ShareValues" || Keyfigure=="ShareValues") {return ShareValues;} 

 if(Keyfigure=="weights" || Keyfigure=="Weights") {return Weights;} 

 else 

 { 

 PortfolioValues=OffsetAvoidZeros(PortfolioValues, M);//Trim to match dimensions 

 

 //Evaluation criteria calculated in separate functions.  

 result(0,0)=SharpeRatio(Returns,RiskFree);    //Sharpe 

 result(1,0)=CEQ(Returns, RiskFree, gamma);    //CEQ 

 result(2,0)=Turnover(Stocks, StockShares, Weights, PortfolioValues, T, M);//Turnover 

 return result; 

 } 

} 

 

 

 

 

Value-Weighted strategy 

#include "ValueWeighted.h" 

#include "Formulas.h" 

#include "Evaluation.h" 

 

#include <ctime> 

#include <iostream> 

#include <iomanip> 

#include <fstream> 

#include <cmath> 

#include <cstdlib> 

 

 

 

MyMatrix //Value-weighted model 

ValueWeighted (const MyMatrix Stocks, //Data Matrix 

const MyMatrix RiskFree, //Riskfree rates 

int M, //Rolling time period  

int gamma, //Level of risk aversion 

const MyMatrix MarketValue, //Matrix with Shares outstanding 

std::string Keyfigure  //Optional argument that allows different outputs 

) 

{ 

MyMatrix Design(Stocks.rows(),Stocks.columns()); 

Design=DesignMatrix(Stocks,M); //Design Matrix 

 MyMatrix Weights (Stocks.rows(), Stocks.columns()); //Matrix with unweighted weights. 

 

//Vector containing the results to be returned 

 MyMatrix result(Stocks.rows(), 1); //Adjust the dimensions once completed.  
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 MyMatrix StockShares (Stocks.rows(),Stocks.columns()); //Portfolio matrix with weights * 

Value / Prices 

 MyMatrix Value (Stocks.rows(), 1); //Value Matrix 

 

 int T = Stocks.rows()-1; 

 double total; 

 double MVall; //Market Value of all Assets 

 

 Value(M,0)=100; //Investor initial wealth 

  

 for (int period = M+1; period <= Stocks.rows(); period++) //Model starts with M+1 and runs 

each period here 

 { 

 

 MVall = 0; //Market Value of all Assets 

   

  for (size_t e=0; e < Stocks.columns(); e++) 

   { 

    if (Design(period-1,e)==1) 

    {MVall+=MarketValue[period-1][e];} 

   } 

     

   for (size_t e=0; e < Stocks.columns(); e++) 

   { 

        if(Design(period-1,e)==1) 

        {Weights (period-1,e) = MarketValue(period-1,e) / 

MVall;} 

   } 

 

  total=0; 

  for (size_t e=0; e < Stocks.columns(); e++) 

  { 

   if(Design(period-1,e)==1) 

   {   

   StockShares(period-1,e)=Weights(period-1,e)*Value(period-

1,0)/Stocks(period-1,e); 

 

       if(period < Stocks.rows()) //'if' function which assures that NewValue 

doesn't run out of bounds            {total+=StockShares(period-1,e)*Stocks(period,e);} 

   } 

  } 

  if(period < Stocks.rows()) //'if' function which makes sure that NewValue 

doesn’t run out of bounds  { 

   Value(period,0)=total; 

  } 

} //Period loop  

 

MyMatrix PortfolioValues (Stocks.rows()-M, 1); //This matrix contains the offset portfolio evolution 

omitting initial zeros.  

PortfolioValues=OffsetAvoidZeros(Value, M); 

 

MyMatrix Returns (PortfolioValues.rows()-1,1); //This matrix contains the Returns of the Value matrix 

except the first row with a zero 

Returns=GenerateOffsetReturns(PortfolioValues); 

 

 if(Keyfigure=="returns" || Keyfigure=="Returns") {return Returns;} 

 if(Keyfigure=="portfoliovalues" || Keyfigure=="PortfolioValues"){return PortfolioValues;} 

 if(Keyfigure=="stockshares" || Keyfigure=="StockShares") {return StockShares;} 

 if(Keyfigure=="weights" || Keyfigure=="Weights") {return Weights;} 

 else 

 { 

 //Evaluation criteria calculated in separate functions.  

 result(0,0)=SharpeRatio(Returns,RiskFree);  //SharpeRatio 

 result(1,0)=CEQ(Returns,RiskFree, gamma);   //CEQ  

 result(2,0)=Turnover(Stocks,StockShares, Weights, PortfolioValues, T, M); //Turnover 

 return result; 

 } 

} 

 

 

 

 

Minimum-Variance strategy 

 

#include "MinimumVariance.h" 

#include "Formulas.h" 

#include "Evaluation.h" 

 

#include <ctime> 
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#include <iostream> 

#include <iomanip> 

#include <fstream> 

#include <cmath> 

#include <cstdlib> 

 

 

 

 

MyMatrix //Minimum variance model 

MinVar (const MyMatrix Stocks,  //Data Matrix 

const MyMatrix RiskFree, //Riskfree rates 

int M,  //Rolling time period 

int gamma, //Level of risk aversion 

std::string Keyfigure  //Optional argument: that allows different outputs. 

) 

{ 

MyMatrix Design(Stocks.rows(),Stocks.columns()); 

Design=DesignMatrix(Stocks,M); //Design Matrix 

 

MyMatrix StockReturns (Stocks.rows(), Stocks.columns()); //Matrix with returns 

StockReturns=GenerateReturns(Stocks); //Matrix with returns 

 

MyMatrix Covariance (Stocks.columns(), Stocks.columns()); //Covariance matrix 

MyMatrix Inverted (Stocks.columns(), Stocks.columns()); //Inverted Covariance matrix 

MyMatrix SelectedMatrix (Stocks.rows(), Stocks.columns()); // Selected returns matrix with included 

stocks in the period 

 

MyMatrix Unweighted (Stocks.columns(), 1); //Matrix with nonnormalized weights. 

MyMatrix Weighted (Stocks.columns(), 1);//Normalized weights  

MyMatrix Weights (Stocks.rows(),Stocks.columns()); //All normalized weights 

MyMatrix StockShares (Stocks.rows(),Stocks.columns()); //Portfolio matrix 

MyMatrix NewValue (Stocks.rows(),Stocks.columns()); //Value development 

MyMatrix Value (Stocks.rows(), 1); //Value Matrix 

double Sums=0; //Sums the numbers 

double total = 0.0; 

 

MyMatrix Allocatedunweighted (Stocks.rows(),Stocks.columns()); //All nonnormalized weights 

int T = Stocks.rows()-1; //Observations of returns 

 

MyMatrix result(3, 1);  //Vector containing the results to be returned 

 

for (int period = M+1; period <= Stocks.rows(); period++) //Model starts with M+1 and runs each period here 

 

{ 

 

 

 SelectedMatrix=Selection(StockReturns,Design,period,M); 

 Covariance=covmatrix(SelectedMatrix); 

 Covariance=Rounding(Covariance,10); 

 Inverted=Gauss(Covariance); 

 

 

MyMatrix UnitVector (Covariance.columns(), 1); 

 UnitVector=CreateUnitVector(Covariance.rows()); 

 

 

 Unweighted=MultMatrix(Inverted,UnitVector); 

 

 Sums=0; //Sums the numbers in Unweighted Matrix 

 total = 0.0; 

  for (size_t r=0; r < Unweighted.rows(); r++) 

  { 

    total+=Unweighted[r][0]; 

 

    Sums=total; 

  } 

 

  for (size_t r=0; r < Unweighted.rows(); r++) 

  { 

   Weighted(r,0)=Unweighted[r][0]/Sums;//Unweighted Matrix gets 

normalized here  

  } 

 

MyMatrix TransposedWeights(1,Unweighted.rows()); //Matrix that transposes the weights 

 TransposedWeights=Transform(Weighted); //Weighted matrix gets transposed here 

 

MyMatrix TransposedUnweighted(1,Unweighted.rows()); //Matrix that transposes the weights 

 TransposedUnweighted=Transform(Unweighted); //Nonnormalized matrix gets transposed here 

 

 Value(M,0)=100; 

  int xcol=0; 

  Sums=0; 

  total=0; 
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  for (size_t e=0; e < TransposedWeights.columns(); e++) 

  { 

    if(Design(period-1,e)==1) 

      { 

         Weights(period-1,e)=TransposedWeights(0,xcol); 

         Allocatedunweighted(period-1,e)=TransposedUnweighted(0,xcol); 

  StockShares(period-1,e)=Weights(period-1,e)*fabs(Value(period-

1,0))/Stocks(period-1,e); 

 

         if(period < Stocks.rows()) //'if' function which makes sure that 

NewValue doesn't run out of bounds         { 

             NewValue (period,e)=StockShares(period-1,e)*Stocks(period,e); 

          } 

         xcol++; 

       } 

  } 

  if(period < Stocks.rows()) //'if' function which makes sure that NewValue 

doesn't run out of bounds  { 

    for (size_t e=0; e < NewValue.columns(); e++) 

      {  

        total+= NewValue[period][e]; 

        Sums=total; 

      } 

 

   for (size_t r=period; r <= period; r++) 

   { 

    Value(r,0)=Sums; 

   } 

  } 

} //Period loop ends here 

 

MyMatrix PortfolioValues (Stocks.rows()-M, 1); 

PortfolioValues=OffsetAvoidZeros(Value,M); 

  

MyMatrix Returns (PortfolioValues.rows()-1,1); //This matrix stores the Returns of the Value matrix except 

the first row with zeros 

 

Returns = GenerateOffsetReturnsIncNegativeValues(PortfolioValues); 

 

// This feature allows user to request different outputs 

 if(Keyfigure=="returns" || Keyfigure=="Returns") {return Returns;} 

 if(Keyfigure=="portfoliovalues" || Keyfigure=="PortfolioValues") {return 

PortfolioValues;} 

 if(Keyfigure=="stockshares" || Keyfigure=="StockShares") {return StockShares;} 

 if(Keyfigure=="weights" || Keyfigure=="Weights") {return Weights;} 

 if(Keyfigure=="unweighted" || Keyfigure=="Unweighted") {return Allocatedunweighted;} 

 else 

 { 

//Evaluation criteria calculated in separate functions.  

 result(0,0)=SharpeRatio(Returns, RiskFree);  //SharpeRatio 

 result(1,0)=CEQ(Returns, RiskFree, gamma);     //CEQ 

 result(2,0)=Turnover(Stocks, StockShares, Weights, PortfolioValues, T, M);//Turnover 

 

 

return result; 

 } 

} 

 

Mean-Variance strategy 

 
#include "MeanVariance.h" 

#include "Formulas.h" 

#include "Evaluation.h" 

 

#include <ctime> 

#include <iostream> 

#include <iomanip> 

#include <fstream> 

#include <cmath> 

#include <cstdlib> 

 

 

 

 

MyMatrix //Mean Variance model 

MeanVariance (const MyMatrix Stocks, //Data Matrix. 

 const MyMatrix RiskFree, //Matrix with RiskFree rates 

 int M, //Rolling time period  

 int gamma, //Level of risk aversion 
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 std::string Keyfigure  //Optional argument that allows different outputs. 

 ) 

{ 

MyMatrix Design(Stocks.rows(),Stocks.columns()); 

Design=DesignMatrix(Stocks,M); //Design Matrix 

 

MyMatrix StockReturns (Stocks.rows(), Stocks.columns()); //Matrix with returns 

StockReturns=GenerateReturns(Stocks); //Matrix with returns 

 

MyMatrix Covariance (Stocks.columns(), Stocks.columns()); //Covariance matrix 

MyMatrix Inverted (Stocks.columns(), Stocks.columns()); //Inverted Covariance matrix 

MyMatrix SelectedMatrix (Stocks.rows(), Stocks.columns()); //Selected returns matrix with included 

stocks in the period 

 

MyMatrix Unweighted (Stocks.columns(), 1); //Matrix with nonnormalized weights. 

MyMatrix Weighted (Stocks.columns(), 1);//Normalized weights  

MyMatrix Weights (Stocks.rows(),Stocks.columns()); //All normalized weights 

MyMatrix StockShares (Stocks.rows(),Stocks.columns()); //Portfolio matrix 

MyMatrix NewValue (Stocks.rows(),Stocks.columns()); //Value development 

MyMatrix Value (Stocks.rows(), 1); //Value Matrix 

 double total = 0; 

 double Sums=0; //Sums the numbers 

 int T = Stocks.rows()-1; //Observations of returns 

//Vector containing the results to be returned 

MyMatrix result(3, 1);  

 

 

 for (int period = M+1; period <= Stocks.rows(); period++) //Model starts with M+1 and runs 

each period here 

 

 { 

 SelectedMatrix=Selection(StockReturns,Design,period,M); 

 Covariance=covmatrix(SelectedMatrix); 

 Covariance=Rounding(Covariance,10); 

 Inverted=Gauss(Covariance); 

 

 

 MyMatrix Means (SelectedMatrix.columns(),1); 

MyMatrix Excessive (Covariance.columns(), 1); // Matrix with excessive returns 

 

 int colnumbers=0; 

  for (size_t e=0; e < SelectedMatrix.columns(); e++) //The means of stock 

returns get calculated here 

  { 

  total = 0; 

  Sums=0; 

   for (size_t r=0; r < M; r++) 

   { 

    total+=SelectedMatrix[r][e]; 

   } 

   Sums=total/SelectedMatrix.rows(); 

 

   for (size_t r = colnumbers; r < colnumbers+1; r++) 

   { 

    Means(r,0)=Sums; 

    Excessive (r,0)=Means(r,0)-RiskFree(period-M-

1,0); //RiskFree rate starts at the first time of trading 

   } 

   colnumbers++; 

  } 

 

 Unweighted=MultMatrix(Inverted,Excessive); 

 

 

 Sums=0; //Sums the numbers in Unweighted Matrix 

 

 total = 0.0; 

  for (size_t r=0; r < Unweighted.rows(); r++) 

  { 

    total+=Unweighted[r][0]; 

    Sums=total; 

  } 

  for (size_t r=0; r < Unweighted.rows(); r++) 

  { 

   Weighted(r,0)=Unweighted[r][0]/Sums;//Unweighted Matrix gets 

weighted here  

  } 

 

 

MyMatrix TransposedWeights(Excessive.columns(),Unweighted.rows()); //Matrix that transposes the weights 

 TransposedWeights=Transform(Weighted); //Weighted matrix gets transposed here 

 

 Value(M,0)=100; 

  int xcol=0; 
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  Sums=0; 

  total=0; 

  for (size_t e=0; e < TransposedWeights.columns(); e++) 

  { 

    if(Design(period-1,e)==1) 

       { 

        Weights(period-1,e)=TransposedWeights(0,xcol); 

  StockShares(period-1,e)=Weights(period-1,e)*fabs(Value(period-

1,0))/Stocks(period-1,e); 

   

                                     if(period < Stocks.rows()) //'if' function which makes sure that 

NewValue doesn’t run out of value          { 

             NewValue (period,e)=StockShares(period-1,e)*Stocks(period,e); 

          } 

        xcol++; 

        } 

  } 

  if(period < Stocks.rows()) //'if' function which makes sure that NewValue 

doesn’t run out of value  { 

     for (size_t e=0; e < NewValue.columns(); e++) 

        {  

           total+= NewValue[period][e]; 

           Sums=total; 

          } 

 

   for (size_t r=period; r <= period; r++) 

   { 

    Value(r,0)=Sums; 

   } 

  } 

} //Period loop ends here 

 

 

 

MyMatrix PortfolioValues (Stocks.rows()-M, 1); 

PortfolioValues=OffsetAvoidZeros(Value,M); 

 

MyMatrix Returns (PortfolioValues.rows()-1,1); //This matrix calculates the Returns of the Value matrix 

except the first row with a zero 

  Returns = GenerateOffsetReturnsIncNegativeValues(PortfolioValues); 

 

// This feature allows user to request different outputs 

 if(Keyfigure=="returns" || Keyfigure=="Returns") {return Returns;} 

 if(Keyfigure=="portfoliovalues" || Keyfigure=="PortfolioValues"){return PortfolioValues;} 

 if(Keyfigure=="stockshares" || Keyfigure=="StockShares") {return StockShares;} 

 if(Keyfigure=="weights" || Keyfigure=="Weights") {return Weights;} 

 else 

 { 

 //Evaluation criteria calculated in separate functions.  

 result(0,0)=SharpeRatio(Returns,RiskFree);  //SharpeRatio 

 result(1,0)=CEQ(Returns,RiskFree, gamma);     //CEQ  

 result(2,0)=Turnover(Stocks,StockShares, Weights, PortfolioValues, T, M); //Turnover 

 return result; 

 } 

} 

 

 

Short-sale constrained functions 

 

#include "ShortSaleConstrainedFunctions.h" 

#include "Formulas.h" 

#include <ctime> 

#include <iostream> 

#include <iomanip> 

#include <fstream> 

#include <cmath> 

#include <cstdlib> 

 

MyMatrix //Matrix function that returns the relevant covariance matrix corresponding to the desired period 

covmatrixperioddev(const MyMatrix& Returns, //Input matrix containing returns 

    int period, //The desired period 

    int M, //Rolling window 

    const MyMatrix& DesignMatrix //Design matrix 

   ) 

{ 

  

MyMatrix ReturnsSelection(M, Returns.columns()); 

double total=0; 

     



 10 

//Dynamic dimensions determined by the sum in the corresponding period in the DesigMatrix 

for (size_t e=0; e < DesignMatrix.columns(); e++) {total+=DesignMatrix [M+period][e];} 

 MyMatrix cov (total, total); 

 

 MyMatrix ReturnsA(Returns.rows(), Returns.columns()); 

 MyMatrix ReturnsB(Returns.rows(), Returns.columns()); 

 

 ReturnsSelection=SelectionConstrainedAdjusted(Returns, DesignMatrix, period+M,M); 

  

 for (size_t r=0; r < total; r++)  

 

 { 

  //loads the relevant base vector 

  ReturnsA=LoadVector(ReturnsSelection,r); 

  for (size_t e=0; e < total; e++)  

  { 

   ReturnsB=LoadVector(ReturnsSelection,e); 

   cov(r,e)=covcalculation(ReturnsA,ReturnsB); 

  }  

 } 

 return cov; 

} 

 

 

MyMatrix ////The function returns the last M values from the input matrix ending in the requested period, 

based upon the values in the Design Matrix. 

SelectionConstrainedAdjusted(const MyMatrix& Stocks, //Stock prices 

    const MyMatrix& Design, //Design matrix 

    int period, //Requested period 

    int M//Rolling window 

    ) 

{ 

 

 int i, j; 

 MyMatrix SelectedMatrix(M, Stocks.columns()); 

 i=0; //Index integer, assures allocation of relevant data to adjacent columns 

 j=0; //Index integer, counter of columns 

  //For loop that allocates relevant data to SelectedMatrix 

  for (size_t r=0; r < Stocks.columns(); r++) 

  { 

   if (Design(period,r)==1) 

   { 

    for (int e=0; e < M; e++) 

    SelectedMatrix(e,i)= Stocks(period-M+e,j); 

    i=i+1;   

   }  

   j=j+1; 

  } 

return SelectedMatrix; 

} 

 

 

MyMatrix //The function generates returns based on the stock and design matrix 

 

GenerateReturnsFromDesign(MyMatrix Stocks, //Matrix containing the share prices 

   MyMatrix DesignMatrix //Design matrix 

        ) 

{ 

 MyMatrix Returns(Stocks.rows(),Stocks.columns()); 

 

 for (size_t i=1; i < Stocks.rows(); i++) //No return for the initial period (thats why r=1) 

 { 

  for (size_t j=0; j < Stocks.columns(); j++)  

  { 

   if (DesignMatrix(i,j)==1) 

   {Returns(i,j)=(Stocks(i,j)/Stocks(i-1,j))-1;} 

 

  } 

 } 

 

return Returns; 

} 

 

 

double //Calculates the new wealth based on primo weights and ultimo stock prices 

NewWealth(MyMatrix Stocks //Matrix containing the share prices 

    , MyMatrix Weights //Matrix containing the weights 

    , int period //Desired period 

    ) 

{ 

double Sum=0.0; 

  for (size_t j=0; j < Stocks.columns(); j++) 

  { 

   Sum+=Weights(period,j)*Stocks(period+1,j); 
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  }  

return Sum; 

} 

 

MyMatrix //The function assign the weights to the relevant shares based upon the calculated weights and the 

design matrix 

AssignWeights(MyMatrix Weights, //Matrix containing the weights 

     MyMatrix DesignMatrix, //Desing matrix 

     int M //Rolling window 

     ) 

{ 

 

MyMatrix AllocatedWeights(Weights.rows(),DesignMatrix.columns()); 

int i; 

 

for (size_t r=0; r < DesignMatrix.rows()-M; r++) 

{ 

i=0; 

 for (size_t e=0; e <DesignMatrix.columns() ; e++) 

 {      

  if (DesignMatrix(r+M,e)==1) 

   { 

   AllocatedWeights(r,e)= Weights(r,i); 

   i+=1; 

   }   

      

 }  

 } 

return AllocatedWeights; 

} 

 

 

MyMatrix //The function returns the relevant risk free rate 

GetRiskFreeRate(const MyMatrix& RiskFreeRates, //Vector of risk free rates 

 int period, //Desired period 

 int M //Rolling window 

    ) 

{ 

 MyMatrix RelevantRate(1,1); 

 RelevantRate(0,0)=RiskFreeRates(period,0); 

 return RelevantRate; 

} 

 

 

MyMatrix //Calculates the expected return for the desired period 

ExpectedReturns(const MyMatrix& Returns, //Matrix containing the returns 

 int period, // Desired period 

 int M, //Rolling window 

 const MyMatrix& DesignMatrix //Design matrix 

 ) 

{ 

  

 

MyMatrix ReturnsSelection(M, Returns.columns()); 

double total=0.0; 

double Sum=0.0;    

 //Dynamic dimensions determined by the sum in the corresponding period in the DesigMatrix 

 for (size_t e=0; e < DesignMatrix.columns(); e++) {total+=DesignMatrix [M+period][e];} 

 MyMatrix ExpReturns (1, total); 

 

 MyMatrix ReturnsA(Returns.rows(), Returns.columns()); 

 ReturnsSelection=SelectionConstrainedAdjusted(Returns, DesignMatrix, period+M,M); 

 

 for (size_t r=0; r < total; r++)  

 { 

   //loads the relevant base vector 

  ReturnsA=LoadVector(ReturnsSelection,r); 

  ExpReturns(0,r)=ExpReturnCalculation(ReturnsA); 

 } 

 return ExpReturns; 

 

} 

 

double //Calculates the average of a vector 

ExpReturnCalculation(const MyMatrix& Returns //Vector of returns 

      ) 

{ 

double M=Returns.rows(); 

double MeanReturns; 

double SumReturn=0.0; // for calculating the average return 

 

 for (size_t r=0; r < Returns.rows(); r++) 

 { 

  SumReturn+=Returns(r,0); 
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 } 

 MeanReturns=SumReturn/(M);  

 

return MeanReturns; 

} 

 

 

MyMatrix //Calculates the sums of rows in the Design Matrix 

DetermineDesignSums(MyMatrix DesignMatrix // Design Matrix 

     ) 

{ 

 double total; 

 MyMatrix DesignSums(DesignMatrix.rows(), 1); 

 for (size_t r=0; r < DesignSums.rows(); r++) 

 { 

  total=0.0; 

  for (size_t e=0; e < DesignMatrix.columns(); e++) 

  {  

   total+=DesignMatrix [r][e]; //counts number of stocks to be 

included 

  } 

  DesignSums(r,0)=total; 

 } 

 return DesignSums; 

} 

 

MyMatrix //Calculates returns of the total portfolio based on the weights and the corresponding returns 

PortfolioReturnsFromWeights(MyMatrix Returns, //Matrix containing returns  

MyMatrix Weights, //Matrix containing weights  

int Estperiods, //Estimating periods 

int M // Rolling window 

) 

{ 

double Sum; 

 

MyMatrix PortfolioReturns(Weights.rows()-1, 1); 

int i; 

for (i=1; i <= Estperiods; i++) 

 { 

  Sum=0.0; 

  for (size_t j=0; j < Returns.columns(); j++) 

   { 

    Sum+=Weights(i-1,j)*Returns(i+M-1,j); 

   } 

  PortfolioReturns(i-1,0)=Sum;// -1 moves the first return to the 0'th cell 

avoiding an initial zero value 

 } 

return PortfolioReturns; 

} 

 

 

MyMatrix //The function generates returns from the iput matrix. This function allows for an initial zero 

value. 

NewGenerateReturns (const MyMatrix Stocks //Data Matrix 

   ) 

{ 

 MyMatrix Returns(Stocks.rows(),Stocks.columns()); 

 

 for (size_t i=1; i < Stocks.rows(); i++) //No return for the initial period (thats why r=1) 

 { 

  for (size_t j=0; j < Stocks.columns(); j++)  

  { if(Stocks(i-1,j)>0 && Stocks(i,j)>-99 ) 

   {Returns(i-1,j)=(Stocks(i,j)/Stocks(i-1,j))-1;} 

  } 

 } 

return Returns; 

} 

 

MyMatrix //The function generates PortfolioValues from the vector of returns 

PortfolioEvolutionFromReturns (const MyMatrix Returns //Vector containing the Returns 

 

   ) 

{ 

 MyMatrix PortfolioValues(Returns.rows()+1,1); 

 

 PortfolioValues(0,0)=100; 

 for (size_t i=1; i < PortfolioValues.rows(); i++) //No return for the initial period (thats 

why r=1) 

 

 { 

  PortfolioValues(i,0)=PortfolioValues(i-1,0)*Returns(i-

1,0)+PortfolioValues(i-1,0); 

 } 

return PortfolioValues; 
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} 

 

 

MyMatrix //The function generates returns from the iput matrix. This function allows for an initial zero 

value. 

GenerateStockShares (MyMatrix Stocks, //Matrix containing the Stocks 

const MyMatrix Weights, //Matrix containing the weights 

const MyMatrix PortfolioValues, //Vector containing the PortfolioValues 

int M //Rolling window 

) 

{ 

 MyMatrix StockShares(Weights.rows(),Weights.columns()); 

 Stocks=OffsetAvoidZeros(Stocks,M); 

 for (size_t i=0; i < Weights.rows(); i++)  

 { 

  for (size_t j=0; j < Weights.columns(); j++)  

  {  

   if(Stocks(i,j)>0)  

 {StockShares(i,j)=PortfolioValues(i,0)*Weights(i,j)/Stocks(i,j);} 

  } 

 } 

return StockShares; 

} 

 

 

 

double ConstrainedTurnover(MyMatrix Stocks, //Matrix containing Stock prices 

MyMatrix StockShares, //Matrix containing stock shares 

MyMatrix Weights, //Matrix containing weights 

MyMatrix PortfolioValues, //Vector containing portfolio values 

int T, //Length of return series  

int M //Rolling window 

) 

{ 

double total=0.0; 

double result; 

MyMatrix WeightsTPlus(Weights.rows(), Weights.columns()); 

 

Stocks=OffsetAvoidZeros(Stocks,M); 

 

  //Skips the initial investment 

  for (size_t r=1; r < StockShares.rows(); r++) 

  { 

     for (size_t e=0; e < StockShares.columns(); e++) 

       {  

          WeightsTPlus(r,e)=StockShares(r-

1,e)*Stocks(r,e)/PortfolioValues(r,0); 

          total+=fabs(Weights(r,e)-WeightsTPlus(r,e));//absoulte value of 

change in position 

       } 

  }  

 result=(1.0/(T-M))*total; 

 return result; 

} 

 

 

//For testing 

MyMatrix NewTurnover(MyMatrix Stocks,MyMatrix StockShares, MyMatrix Weights, MyMatrix PortfolioValues, int 

T, int M,std::string CutZeros ,std::string Keyfigure ) 

{ 

 

double total=0.0; 

double result; 

MyMatrix WeightsTPlus(Weights.rows(), Weights.columns()); 

MyMatrix Test(Weights.rows(), Weights.columns()); 

 

 

 

Stocks=OffsetAvoidZeros(Stocks,M); 

if (CutZeros=="True")  

{ 

 

 

StockShares=OffsetAvoidZeros(StockShares,M); 

Weights=OffsetAvoidZeros(Weights,M); 

} 

  //Skips the initial investment 

  for (size_t r=1; r < StockShares.rows(); r++) 

  { 

   for (size_t e=0; e < StockShares.columns(); e++) 

   {  

   WeightsTPlus(r,e)=StockShares(r-

1,e)*Stocks(r,e)/PortfolioValues(r,0); 
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   total+=fabs(Weights(r,e)-WeightsTPlus(r,e));//absoulte value 

of change in position 

   } 

  } 

result=(1.0/(T-M))*total; 

WeightsTPlus(0,0)=T; 

Test(0,0)=T; 

Test(1,0)=M; 

Test(2,0)=total; 

Test(3,0)=result; 

  

 if(Keyfigure=="portfoliovalues" || Keyfigure=="PortfolioValues"){return PortfolioValues;} 

 if(Keyfigure=="stockshares" || Keyfigure=="StockShares") {return StockShares;} 

 if(Keyfigure=="Stocks" || Keyfigure=="stocks")  {return Stocks;} 

 if(Keyfigure=="weights" || Keyfigure=="Weights") {return Weights;} 

 if(Keyfigure=="weightsplus" || Keyfigure=="WeightsPlus") {return WeightsTPlus;} 

 if(Keyfigure=="test")   {return Test;} 

 else 

 { 

 return WeightsTPlus; 

 } 

} 
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Mixed Ew and Min-Var strategy 
 

#include "Mixed.h" 

#include "Formulas.h" 

#include "Evaluation.h" 

#include "Naiveportfolio.h" 

#include "MinimumVariance.h" 

 

#include <ctime> 

#include <iostream> 

#include <iomanip> 

#include <fstream> 

#include <cmath> 

#include <cstdlib> 

 

 

 

MyMatrix //Mixed Weighted model 

Mixed (const MyMatrix& Stocks, //Data Matrix 

   const MyMatrix& RiskFree, //Riskfree rates 

   int M, // Rolling window 

   int gamma, //Level of risk aversion 

   std::string Keyfigure  //Optional argument that allows different outputs. 

   ) 

 

{ 

 MyMatrix WeightsFromMinVar(Stocks.rows(),Stocks.columns()); 

WeightsFromMinVar = MinVar(Stocks,RiskFree,M,gamma,"Unweighted"); 

 

 

 MyMatrix WeightsFromNaive (Stocks.rows(),Stocks.columns()); 

WeightsFromNaive = NaivePortfolio(Stocks,RiskFree,M,gamma,"weights"); 

 

 

 MyMatrix Weights (Stocks.rows(),Stocks.columns()); 

 

 MyMatrix Design(Stocks.rows(),Stocks.columns()); 

Design=DesignMatrix(Stocks,M); //Design Matrix 

 

 MyMatrix StockReturns (Stocks.rows(), Stocks.columns()); //Matrix with returns 

StockReturns=GenerateReturns(Stocks); //Matrix with returns 

 

 MyMatrix StockShares (Stocks.rows(),Stocks.columns()); //Portfolio matrix with weights * 

Value / Prices 

 MyMatrix NewValue (Stocks.rows(),Stocks.columns()); //Value development 

 MyMatrix Value (Stocks.rows(), 1); //Value Matrix 

 

 

 int T = Stocks.rows()-1; 

 double k; 

 double a; 

 double b; 

 double c; 

 double d; 

 

 

 MyMatrix C(1,1); 

 MyMatrix D(1,1); 

 MyMatrix HelpMatrixCov (1,1); 

 MyMatrix HelpMatrixInv (1,1); 

 MyMatrix HelpMatrixInvPow (1,1); 

 MyMatrix HelpMatrixK (1,1); 

 MyMatrix HelpMatrix1 (1,1); 

 MyMatrix HelpMatrix2 (1,1); 

 MyMatrix HelpMatrix3 (1,1); 

 MyMatrix HelpMatrix4 (1,1); 

 MyMatrix Covariance (Stocks.columns(), Stocks.columns()); //Covariance matrix 

 MyMatrix Inverted (Stocks.columns(), Stocks.columns()); //Inverted Covariance matrix 

 MyMatrix SelectedMatrix (Stocks.rows(), Stocks.columns()); // Selected returns matrix 

with included stocks in the period 

 

 

 double total;  

 double Sums; //Sums the numbers 

 

//Vector containing the results to be returned 

 MyMatrix result(Stocks.rows(), 1); //Matrix with results 

 

for (int period = M+1; period <= Stocks.rows(); period++) //Model starts with M+1 and runs each period here 

{ 

 total = 0.0;  

 Sums=0;  
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   for (size_t e=0; e < Design.columns(); e++) 

   {  

    if(Design(period-1,e)==1) 

    { 

    total+=Design[period-1][e]; 

    } 

    Sums=total;  

   } 

 

 double N = Sums; 

 

 SelectedMatrix=Selection(StockReturns,Design,period,M); 

 Covariance=covmatrix(SelectedMatrix); 

 Covariance=Rounding(Covariance,10); 

 Inverted=Gauss(Covariance); 

 

 MyMatrix UnitVector (Covariance.columns(), 1); 

 UnitVector=CreateUnitVector(Covariance.rows()); 

 MyMatrix OneUnitVector (1, 1); 

 OneUnitVector=CreateUnitVector(1); 

 

 k = ( (M*M)*(M-2) )/( (M-N-1)*(M-N-2)*(M-N-4) ); //k variable from d formel 

  HelpMatrixK(0,0) = k; //k variable gets stored in a Matrix 

 a = M-N-2; 

  HelpMatrix1(0,0) = a; //a variable gets stored in a Matrix 

 b = N*N*M; 

  HelpMatrix2(0,0) = b; //b variable gets stored in a Matrix 

 c = N*N; 

  HelpMatrix3(0,0) = c; //c variable gets stored in a Matrix 

 d = 2*M*N*N; 

  HelpMatrix4(0,0) = d; //d variable gets stored in a Matrix 

 

 HelpMatrixInvPow = 

PowerMatrix(MultMatrix(MultMatrix(Transform(UnitVector),Inverted),UnitVector),2); 

 HelpMatrixCov = MultMatrix(MultMatrix(Transform(UnitVector),Covariance),UnitVector); 

 HelpMatrixInv = MultMatrix(MultMatrix(Transform(UnitVector),Inverted),UnitVector);

  

 

 D = MultMatrix 

(SubstractMatrix(MultMatrix(MultMatrix(HelpMatrix1,HelpMatrixCov),HelpMatrixInv),HelpMatrix2), Gauss( 

AddMatrix( 

SubstractMatrix(MultMatrix(HelpMatrix3,MultMatrix(HelpMatrix1,MultMatrix(HelpMatrixK,HelpMatrixInv))),MultM

atrix(HelpMatrix4,HelpMatrixInv)),MultMatrix(HelpMatrix1,MultMatrix(HelpMatrixInvPow,HelpMatrixCov)))   )); 

 

 C = MultMatrix(D,HelpMatrixInv); 

 C = SubstractMatrix(OneUnitVector,C); 

  

 

 for (size_t e=0; e < Stocks.columns();e++) //Final weights are getting calculated here 

 { 

 Weights (period-1,e) = C(0,0)*WeightsFromNaive(period-1,e) + 

D(0,0)*WeightsFromMinVar(period-1,e); 

 } 

 Value(M,0)=100; 

  int xcol=0; 

  Sums=0; 

  total=0; 

  for (size_t e=0; e < Weights.columns(); e++) 

  { 

   if(Design(period-1,e)==1) 

   { 

  StockShares(period-1,e)=Weights(period-1,e)*fabs(Value(period-

1,0))/Stocks(period-1,e); 

 

   if(period < Stocks.rows()) //'if' function which makes sure 

that NewValue doesn't run out of bounds { 

   NewValue (period,e)=StockShares(period-1,e)*Stocks(period,e); 

   } 

   xcol++; 

   } 

  } 

  if(period < Stocks.rows()) //'if' function which makes sure that NewValue 

doesn't run out of bounds 

  { 

   for (size_t e=0; e < NewValue.columns(); e++) 

   {  

    total+= NewValue[period][e]; 

    Sums=total; 

   } 
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   for (size_t r=period; r <= period; r++) 

   { 

    Value(r,0)=Sums; 

   } 

  } 

} //Period loop ends here 

 

MyMatrix PortfolioValues (Stocks.rows()-M, 1); 

PortfolioValues=OffsetAvoidZeros(Value,M); 

 

MyMatrix Returns (PortfolioValues.rows()-1,1); //This matrix calculates the Returns of the Value matrix 

except the first row with a zero 

 Returns = GenerateOffsetReturnsIncNegativeValues(PortfolioValues); 

 

// This feature allows user to request different outputs 

 if(Keyfigure=="returns" || Keyfigure=="Returns") {return Returns;} 

 if(Keyfigure=="portfoliovalues" || Keyfigure=="PortfolioValues"){return PortfolioValues;} 

 if(Keyfigure=="stockshares" || Keyfigure=="StockShares") {return StockShares;} 

 if(Keyfigure=="weights" || Keyfigure=="Weights") {return Weights;} 

 else 

 { 

 //Evaluation criteria calculated in separate functions.  

 result(0,0)=SharpeRatio(Returns,RiskFree);  //SharpeRatio  

 result(1,0)=CEQ(Returns,RiskFree, gamma);     //CEQ  

 result(2,0)=Turnover(Stocks,StockShares, Weights, PortfolioValues, T, M); //Turnover 

 return result; 

 } 

} 

 

 

 

Mixed Ew and CMin-Var 
 
 

#include "MixNaiveCMinVar.h" 

#include "Formulas.h" 

#include "ShortSaleConstrainedFunctions.h" 

#include "Evaluation.h" 

 

#include <ctime> 

#include <iostream> 

#include <iomanip> 

#include <fstream> 

#include <cmath> 

#include <cstdlib> 

 

 

MyMatrix //Combination of the 1/N and the Constrained Minimum-Variance 

MixNaiveCMinVar (const MyMatrix Stocks, //Stocks matrix 

  const MyMatrix WeightsNaive,  //Weights from Naive 

  const MyMatrix WeightsCMinVar, //Weights from Constrained Minimum-Variance 

  const MyMatrix RiskFree, //Riskfree rates 

  int M,  //Rolling time period 

  int gamma, //Level of risk aversion 

  std::string Keyfigure  //Optional argument: that allows different outputs. 

      ) 

{ 

 

MyMatrix Design(Stocks.rows(),Stocks.columns()); 

Design=DesignMatrix(Stocks,M); //Design Matrix 

 

MyMatrix Weights (Stocks.rows(),Stocks.columns()); //Matrix with weights 

MyMatrix StockShares (Stocks.rows(),Stocks.columns()); //Portfolio matrix 

MyMatrix StockReturns (Stocks.rows(),Stocks.columns()); //Return matrix 

MyMatrix NewValue (Stocks.rows(),Stocks.columns()); //Value development 

MyMatrix Value (Stocks.rows(), 1); //Value Matrix 

double Sums=0; //Sums the numbers 

double total = 0.0; 

 

double a = 0.5; //Share of each weight 

int T = Stocks.rows()-1; //Observations of returns 

 

MyMatrix result(3, 1);  //Vector containing the results to be returned 

 

for (int period = M+1; period <= Stocks.rows(); period++) //Model starts with M+1 and runs each period here 

{ 
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for (size_t e=0; e < Stocks.columns();e++) //Weights are getting calculated here 

 { 

  Weights (period-1,e) = a*WeightsNaive(period-1,e) + a*WeightsCMinVar(period-

1,e); 

 } 

} 

 

MyMatrix PortfolioValues (Stocks.rows()-M, 1); //This matrix cuts the zeros in the Value matrix 

 

StockReturns=NewGenerateReturns(Stocks); //Calculates the returns of the individual stocks 

MyMatrix Returns (PortfolioValues.rows()-1, 1); //This matrix cuts the zeros in the Value matrix 

 

Weights=OffsetAvoidZeros(Weights,M);//Removes initial zeros in the matrix 

Returns=PortfolioReturnsFromWeights(StockReturns, Weights,T-M, M); //Calculates the returns.  

 

PortfolioValues=PortfolioEvolutionFromReturns(Returns); //Generates the portfolio evolution based on the 

returns 

StockShares=GenerateStockShares(Stocks, Weights, PortfolioValues, M); //Creates the stocks shares matrix 

 

// This feature allows user to request different outputs 

 if(Keyfigure=="returns" || Keyfigure=="Returns") {return Returns;} 

 if(Keyfigure=="portfoliovalues" || Keyfigure=="PortfolioValues")return PortfolioValues;} 

 if(Keyfigure=="stockshares" || Keyfigure=="StockShares") {return StockShares;} 

 if(Keyfigure=="weights" || Keyfigure=="Weights") {return Weights;} 

 else 

 { 

//Evaluation criteria calculated in separate functions.  

 result(0,0)=SharpeRatio(Returns, RiskFree);  //SharpeRatio 

 result(1,0)=CEQ(Returns, RiskFree, gamma);   //CEQ 

 result(2,0)=ConstrainedTurnover(Stocks, StockShares, Weights, PortfolioValues, T, 

M);//Constrained Turnover.  //Necessary because the constrained setup does not include the initial M 

zero values.  

   

return result; 

 } 

} 

 

Price-Earnings strategies 

#include "PE.h" 

#include "Formulas.h" 

#include "Evaluation.h" 

 

#include <ctime> 

#include <iostream> 

#include <iomanip> 

#include <fstream> 

#include <cmath> 

#include <cstdlib> 

 

 

MyMatrix //Price Earning model 

PriceEarning (const MyMatrix& Stocks, //Matrix with stock prices 

   const MyMatrix RiskFree, //Matrix with RiskFree rates 

   int& M, // Rolling window 

   int gamma, //Level of risk aversion 

   const MyMatrix& PE, //Matrix with PE values 

   double& alpha, // Fraction of stocks 

   std::string Keyfigure  //Optional argument that allows different outputs. 

   ) 

{ 

 MyMatrix Design (Stocks.rows(),Stocks.columns()); 

 Design = DesignMatrix (Stocks,M); 

 

 double Sums=0; //Sums the numbers in NyPE Matrix 

 double total=0; 

 double NumStocks; //Number of Stocks one wants to invest in, rounded down !!! 

 MyMatrix Arey (PE.rows(), PE.columns()); //Sorted data from PE get stored her 

 MyMatrix Arey2 (PE.rows(), PE.columns()); 

 MyMatrix PE2 (PE.rows(), PE.columns()); //Sorts PE from 1s in Design Matrix 

 MyMatrix NyPE (PE.rows(), PE.columns());  

 MyMatrix HelpPE (PE.rows(), PE.columns()); 

 

 MyMatrix Weights (PE.rows(), PE.columns()); 
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 MyMatrix Value (Stocks.rows(), 1); //Value Matrix 

 MyMatrix NewValue (Stocks.rows(),Stocks.columns()); //Value development 

 MyMatrix StockShares (Stocks.rows(),Stocks.columns()); //Portfolio matrix with weights * 

Value / Prices 

 int T = Stocks.rows()-1; 

 //Vector containing the results to be returned 

 MyMatrix result(Stocks.rows(), 1); //Matrix with results  

 

 for (size_t r=0; r < PE.rows(); r++) 

 { 

  for (size_t e=0; e < PE.columns(); e++) 

  { 

   if(Design(r,e)==1) 

   { 

   PE2(r,e)=PE(r,e); //PE Matrix gets sorted under condition of 

Design Matrix   } 

  } 

 } 

 HelpPE = PE2; //Help Matrix 

  

 for (int period = M+1; period <= Stocks.rows(); period++) //Model starts with M+1 and runs 

each period here 

 { 

  Sums=0; //Sums the numbers in NyPE Matrix 

  total=0; 

  for (size_t e=0; e < Design.columns(); e++) 

  {  

   if (Design(period-1,e)==1) 

   { 

    total+=Design[period-1][e]; 

   } 

    Sums=total;  

  } 

  NumStocks = floor(Sums*alpha); 

  if (NumStocks==1) 

  { 

   NumStocks = 1; 

  } 

  for (size_t e=0; e < PE.columns(); e++) 

  { 

   int j=0; 

   for (size_t i=0; i < PE.columns(); i++) 

   { 

    if (PE2(period-1,e)==PE2(period-1,i)) 

    { 

    HelpPE(period-1,e)= HelpPE(period-

1,e)+0.000001; 

    } 

    if (e != i) 

    { 

    if (HelpPE(period-1,e) > HelpPE(period-1,i)) 

     { 

     j=j+1; 

     } 

    }  

   } 

   Arey (period-1,j) = PE2 (period-1,e); //Sorted data from PE 

get stored her 

  }  

 int xcol = 0; 

  for (size_t e=0; e < PE.columns(); e++) 

  { 

   if (Arey(period-1,e) != 0) 

   { 

    Arey2(period-1,xcol)=Arey(period-1,e); //Arey 

2 stores the data in the right places 

    xcol++; 

   } 

  } 

   for (size_t e=0; e < NumStocks; e++) 

   { 

    for (size_t i=0; i < PE.columns(); i++) 

    { 

    if (Arey2[period-1][e] == PE2[period-1][i]) 

     { 

     NyPE(period-1,i) = 

Arey2(period-1,e); 

     } 

    } 
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} 

  Sums=0; //Sums the numbers in NyPE Matrix 

  total = 0.0; 

  for (size_t e=0; e < NyPE.columns(); e++) 

  { 

    total+=NyPE[period-1][e]; 

    Sums=total; 

  } 

  for (size_t e=0; e < NyPE.columns(); e++) 

  { 

   if (NyPE(period-1,e) != 0) 

   { 

    if (NumStocks == 1) 

    { 

     Weights(period-1,e)=1; 

    } 

    else 

    { 

    Weights(period-1,e) = (1 - (NyPE(period-

1,e)/Sums)); 

    } 

   } 

  } 

  Sums=0; //Sums the numbers in Weights Matrix 

  total = 0.0; 

  for (size_t e=0; e < NyPE.columns(); e++) 

  { 

   total+=Weights[period-1][e]; 

   Sums=total; 

  } 

  for (size_t e=0; e < NyPE.columns(); e++) 

  { 

   if (NyPE(period-1,e) != 0) 

   { 

    Weights(period-1,e) = (Weights(period-

1,e)/Sums); 

   } 

  } 

 Value(M,0)=100; 

  Sums=0; 

  total=0; 

  for (size_t e=0; e < Weights.columns(); e++) 

  { 

   if (Design(period-1,e)==1) 

   { 

  StockShares(period-1,e)=Weights(period-1,e)*Value(period-1,0)/Stocks(period-

1,e); 

 

    if (period < Stocks.rows()) 

//'if' function which makes sure that NewValue doesn’t run out of bounds 

    { 

   NewValue (period,e)=StockShares(period-1,e)*Stocks(period,e); 

    } 

   } 

  } 

  if (period < Stocks.rows()) //'if' function which makes sure 

that NewValue doesn’t run out of bounds 

  { 

   for (size_t e=0; e < NewValue.columns(); e++) 

   {  

    total+= NewValue[period][e]; 

    Sums=total; 

   } 

 

   for (size_t r=period; r <= period; r++) 

   { 

    Value(r,0)=Sums; 

   } 

  } 

} //Period loop ends here 

 

MyMatrix PortfolioValues (Stocks.rows()-M, 1); 

PortfolioValues=OffsetAvoidZeros(Value,M); 

 

MyMatrix Returns (PortfolioValues.rows()-1,1); //This matrix calculates the Returns of the Value matrix 

  Returns = GenerateOffsetReturns(PortfolioValues); 

 

// This feature allows user to request different outputs 

 if(Keyfigure=="returns" || Keyfigure=="Returns") {return Returns;} 
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 if(Keyfigure=="portfoliovalues" || Keyfigure=="PortfolioValues"){return PortfolioValues;} 

 if(Keyfigure=="stockshares" || Keyfigure=="StockShares") {return StockShares;} 

 if(Keyfigure=="weights" || Keyfigure=="Weights") {return Weights;} 

 else 

 { 

 //Evaluation criteria calculated in separate functions.  

 result(0,0)=SharpeRatio(Returns,RiskFree);  //SharpeRatio as defined in 1/N 

 result(1,0)=CEQ(Returns,RiskFree, gamma);   //CEQ as defined in 1/N 

 result(2,0)=Turnover(Stocks,StockShares, Weights, PortfolioValues, T, M); //Turnover as 

defined in 1/N 

 return result; 

 } 

} 

 

 

MyMatrix //Price Earning with mean PE model 

PriceEarningMean (const MyMatrix& Stocks, //Matrix with stock prices 

   const MyMatrix RiskFree, //Matrix with RiskFree rates 

   int& M, // Rolling window 

   int gamma, //Level of risk aversion 

   const MyMatrix& PE, //Matrix with PE values 

   double& alpha, // Fraction of stocks 

   std::string Keyfigure  //Optional argument that allows different outputs. 

   ) 

{ 

 MyMatrix Design (Stocks.rows(),Stocks.columns()); 

 Design = DesignMatrix (Stocks,M); 

 

 double NumStocks; //Number of Stocks one wants to invest in!!! 

 MyMatrix Arey (PE.rows(), PE.columns()); //Sorted data from PE get stored her 

 MyMatrix Arey2 (PE.rows(), PE.columns()); 

 MyMatrix PE2 (PE.rows(), PE.columns()); //Sorts PE from 1s in Design Matrix 

 MyMatrix NyPE (PE.rows(), PE.columns());  

 MyMatrix HelpPE (PE.rows(), PE.columns()); 

 

 MyMatrix Weights (PE.rows(), PE.columns()); 

 MyMatrix Value (Stocks.rows(), 1); //Value Matrix 

 MyMatrix NewValue (Stocks.rows(),Stocks.columns()); //Value development 

 MyMatrix StockShares (Stocks.rows(),Stocks.columns()); //Portfolio matrix with weights * 

Value / Prices 

 int T = Stocks.rows()-1; 

 double Sums=0; //Sums the numbers in NyPE Matrix 

 double total=0; 

 //Vector containing the results to be returned 

 MyMatrix result(Stocks.rows(), 1); //Matrix with results 

  

 for(size_t r=M; r < PE.rows();r++) 

 { 

  for (size_t e=0; e < PE.columns(); e++) 

  { 

   Sums=0; 

   total=0; 

   if (Design(r,e)==1) 

   { 

    for (size_t k=r; k > r-M; k--) 

    { 

     total+=PE(k,e); 

    } 

    Sums=total; 

    PE2(r,e)=Sums/M; 

   } 

  } 

 } 

 HelpPE = PE2; //Help Matrix  

  

 for (int period = M+1; period <= Stocks.rows(); period++) //Model starts with M+1 and runs 

each period here 

 { 

  Sums=0; //Sums the numbers in NyPE Matrix 

  total=0; 

  for (size_t e=0; e < Design.columns(); e++) 

  {  

   if (Design(period-1,e)==1) 

   { 

    total+=Design[period-1][e]; 

   } 

    Sums=total;  

  } 
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  NumStocks = floor(Sums*alpha); 

  if (NumStocks==1) 

  { 

   NumStocks = 1; 

  } 

  for (size_t e=0; e < PE.columns(); e++) 

  { 

   int j=0; 

   for (size_t i=0; i < PE.columns(); i++) 

   { 

    if (PE2(period-1,e)==PE2(period-1,i)) 

    { 

    HelpPE(period-1,e)= HelpPE(period-

1,e)+0.000001; 

    } 

    if (e != i) 

    { 

    if (HelpPE(period-1,e) > HelpPE(period-1,i)) 

     { 

      j=j+1; 

     } 

    }  

   } 

   Arey (period-1,j) = PE2 (period-1,e); //Sorted data from PE 

get stored her 

  }  

 int xcol = 0; 

  for (size_t e=0; e < PE.columns(); e++) 

  { 

   if (Arey(period-1,e) != 0) 

   { 

    Arey2(period-1,xcol)=Arey(period-1,e); //Arey 

2 stores the data in the right places 

    xcol++; 

   } 

  } 

   for (size_t e=0; e < NumStocks; e++) 

   { 

    for (size_t i=0; i < PE.columns(); i++) 

    { 

   if (Arey2[period-1][e] == PE2[period-1][i]) 

     { 

     NyPE(period-1,i) = 

Arey2(period-1,e); 

     } 

    } 

   } 

  Sums=0; //Sums the numbers in NyPE Matrix 

  total = 0.0; 

  for (size_t e=0; e < NyPE.columns(); e++) 

  { 

    total+=NyPE[period-1][e]; 

    Sums=total; 

  } 

  for (size_t e=0; e < NyPE.columns(); e++) 

  { 

   if (NyPE(period-1,e) != 0) 

   { 

    if (NumStocks == 1) 

    { 

     Weights(period-1,e)=1; 

    } 

    else 

    { 

    Weights(period-1,e) = (1 - (NyPE(period-

1,e)/Sums)); 

    } 

   } 

  } 

  Sums=0; //Sums the numbers in Weights Matrix 

  total = 0.0; 

  for (size_t e=0; e < NyPE.columns(); e++) 

  { 

   total+=Weights[period-1][e]; 

   Sums=total; 

  } 

  for (size_t e=0; e < NyPE.columns(); e++) 

  { 

   if (NyPE(period-1,e) != 0) 
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   { 

    Weights(period-1,e) = (Weights(period-

1,e)/Sums); 

   } 

  } 

 Value(M,0)=100; 

  Sums=0; 

  total=0; 

  for (size_t e=0; e < Weights.columns(); e++) 

  { 

   if (Design(period-1,e)==1) 

   { 

  StockShares(period-1,e)=Weights(period-1,e)*Value(period-1,0)/Stocks(period-

1,e); 

 

    if (period < Stocks.rows()) 

//'if' function which makes sure that NewValue doesn’t run out of bounds 

    { 

   NewValue (period,e)=StockShares(period-1,e)*Stocks(period,e); 

    } 

   } 

  } 

  if (period < Stocks.rows()) //'if' function which makes sure 

that NewValue doesn’t run out of bounds 

  { 

   for (size_t e=0; e < NewValue.columns(); e++) 

   {  

    total+= NewValue[period][e]; 

    Sums=total; 

   } 

 

   for (size_t r=period; r <= period; r++) 

   { 

    Value(r,0)=Sums; 

   } 

  } 

} //Period loop ends here 

 

MyMatrix PortfolioValues (Stocks.rows()-M, 1); 

PortfolioValues=OffsetAvoidZeros(Value,M); 

 

MyMatrix Returns (PortfolioValues.rows()-1,1); //This matrix calculates the Returns of the Value matrix 

  Returns = GenerateOffsetReturns(PortfolioValues); 

 

// This feature allows user to request different outputs 

 if(Keyfigure=="returns" || Keyfigure=="Returns") {return Returns;} 

 if(Keyfigure=="portfoliovalues" || Keyfigure=="PortfolioValues"){return PortfolioValues;} 

 if(Keyfigure=="stockshares" || Keyfigure=="StockShares") {return StockShares;} 

 if(Keyfigure=="weights" || Keyfigure=="Weights") {return Weights;} 

 else 

 { 

 //Evaluation criteria calculated in separate functions.  

 result(0,0)=SharpeRatio(Returns,RiskFree);  //SharpeRatio as defined in 1/N 

 result(1,0)=CEQ(Returns,RiskFree, gamma);     //CEQ as defined in 1/N 

 result(2,0)=Turnover(Stocks,StockShares, Weights, PortfolioValues, T, M);  //Turnover as 

defined in 1/N 

 return result; 

 } 

} 

 

 

Formulas 

#include "Formulas.h" 

 

#include <ctime> 

#include <iostream> 

#include <iomanip> 

#include <fstream> 

#include <cmath> 

#include <cstdlib> 

 

 

MyMatrix //Generates returns from a matrix and offsets the output omitting the initial zero value 

GenerateOffsetReturns(MyMatrix Stocks //Matrix 

 

 

 

 

       ) 
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{ 

 MyMatrix Returns(Stocks.rows()-1,Stocks.columns()); 

 

 for (size_t i=1; i < Stocks.rows(); i++) //No return for the initial period (thats why r=1) 

 { 

  for (size_t j=0; j < Stocks.columns(); j++) 

{ 

if(Stocks(i-1,j)>0){Returns(i-1,j)=(Stocks(i,j)/Stocks(i-1,j))-1;} 

  } 

 } 

return Returns; 

} 

 

MyMatrix //Generates returns from a matrix and offsets the output omitting the initial zero value 

GenerateOffsetReturnsIncNegativeValues(MyMatrix Stocks //Matrix 

       ) 

{ 

 MyMatrix Returns(Stocks.rows()-1,Stocks.columns()); 

 

 for (size_t i=1; i < Stocks.rows(); i++) //No return for the initial period (thats why r=1) 

 { 

  for (size_t j=0; j < Stocks.columns(); j++)   

{  

  Returns(i-1,j)=(Stocks(i,j)-Stocks(i-1,j))/fabs(Stocks(i-1,j)); 

  } 

 } 

return Returns; 

} 

 

 

MyMatrix //Matrix function allowing the user to substract one matrix from another 

 SubstractMatrix (const MyMatrix& MatrixA, //First Matrix 

      const MyMatrix& MatrixB //Second Matrix 

      ) 

{ 

 MyMatrix result (MatrixA.rows(),MatrixA.columns()); 

 

 for(int i=0; i < MatrixA.rows();i++) 

  { 

  for(int j=0;j < MatrixA.columns();j++) 

  { 

   result[i][j]=MatrixA[i][j]-MatrixB[i][j]; 

  } 

  } 

return result; 

} 

 

MyMatrix //Matrix function allowing the user to add two matrices 

AddMatrix (const MyMatrix& MatrixA, //First Matrix 

     const MyMatrix& MatrixB  //Second Matrix 

     ) 

{ 

 MyMatrix result (MatrixA.rows(),MatrixA.columns()); 

 

 for(int i=0; i < MatrixA.rows();i++) 

  { 

  for(int j=0;j < MatrixA.columns();j++) 

  { 

   result[i][j]=MatrixA[i][j]+MatrixB[i][j]; 

  } 

  } 

return result; 

} 

 

MyMatrix //Matrix function allowing the user to rise a matrix to a given power 

PowerMatrix (const MyMatrix& MatrixA, //Matrix that needs to be uplifted 

    double Variable //The number which Matrix must be raised too 

     ) 

{ 

 MyMatrix result (MatrixA.rows(),MatrixA.columns()); 

 for(int i=0; i < MatrixA.rows();i++) 

  { 

  for(int j=0;j < MatrixA.columns();j++) 

  { 

   result[i][j]=pow (MatrixA[i][j],Variable); 

  } 

  } 

return result; 

 

 

 

 

 

 



 25 

} 

 

MyMatrix //The function returns the last M values from the input matrix ending in the requested period, 

based upon the values in the Design Matrix. 

Selection(const MyMatrix& Matrix, //Matrix to be selected 

    const MyMatrix& Design, //Design matrix 

    int period, //Requested period 

    int M //Number of observations required 

    ) 

{ 

 /*If we need to short the Selection/Sample  

 matrix with the number of samples available only, than this part can be used*/ 

 

 double total = 0.0;  

 double Sums=0; //Sums shell count one's in the Design matrix. 

 

  for (size_t r=period-1; r < period; r++) 

  { 

   for (size_t e=0; e < Design.columns(); e++) 

   {  

    if (Design(period-1,e)==1) 

    { 

    total+=Design[r][e]; 

    } 

    Sums=total;  

   } 

  } 

 

 int i, j; 

 MyMatrix SelectedMatrix(M, Sums); 

 

 i=0; //Index integer, assures allocation of relevant data to adjacent columns 

 j=0; //Index integer, counter of columns 

  //For loop that allocates relevant data to SelectedMatrix 

  for (size_t r=0; r < Matrix.columns(); r++) 

  { 

   if (Design(period-1,r)==1) 

   { 

    for (size_t e=0; e < M; e++) 

    SelectedMatrix(e,i)= Matrix(period-M+e,j); 

    i=i+1; 

   } 

   j=j+1; 

  } 

return SelectedMatrix; 

} 

 

MyMatrix // The function rounds the numbers in a matrix on the requested decimal 

Rounding(MyMatrix& Matrix, //Input matrix to be rounded 

double decimal //Requested decimal to be rounded 

)  

{ 

double round, casting, rounding;  

rounding=pow(10,decimal); 

 

for (size_t r=0; r < Matrix.rows(); r++) 

{ 

 for (size_t e=0; e < Matrix.columns(); e++) 

 { 

  casting=Matrix(r,e); 

  round=floor(casting*rounding+0.5); 

  Matrix(r,e)=round/rounding; 

 } 

} 

return Matrix; 

} 

 

 

MyMatrix //The function generates returns from the iput matrix. This function allows for an initial zero 

value. 

GenerateReturns (const MyMatrix Stocks //Data Matrix 

   ) 

{ 

 MyMatrix Returns(Stocks.rows(),Stocks.columns()); 

 

 for (size_t i=1; i < Stocks.rows(); i++) //No return for the initial period (thats why r=1) 

 { 

  for (size_t j=0; j < Stocks.columns(); j++)  

  { if(Stocks(i-1,j)>0) 
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   {Returns(i,j)=(Stocks(i,j)/Stocks(i-1,j))-1;} 

  } 

 } 

return Returns; 

} 

 

MyMatrix //Creates unit vector with the requested dimension. 

CreateUnitVector(int Dimension //Dimension of the unit vector 

  )  

{ 

 MyMatrix UnitVector(Dimension,1); 

 

 for(int i=0; i<Dimension; i++) 

 { 

  UnitVector(i,0)=1; 

 }  

return UnitVector;  

} 

 

MyMatrix //The fuction calculates the covariance matrix from a given return matrix. 

covmatrix(const MyMatrix& Returns //Input matrix of returns 

    ) 

{ 

 MyMatrix cov (Returns.columns(), Returns.columns()); 

 MyMatrix ReturnsA(Returns.rows(), Returns.columns()); 

 MyMatrix ReturnsB(Returns.rows(), Returns.columns()); 

 

 for (size_t r=0; r < Returns.columns(); r++)  

 { 

  //loads the relevant base vector 

  ReturnsA=LoadVector(Returns,r); 

  for (size_t e=0; e < Returns.columns(); e++)  

  { 

   ReturnsB=LoadVector(Returns,e); 

   cov(r,e)=covcalculation(ReturnsA,ReturnsB); 

  }  

 } 

 return cov; 

} 

 

MyMatrix //The function loads a vector from the input matrix. 

LoadVector(const MyMatrix& Returns, //Input matrix of returns 

     int Column //The column corresponding to the desired vector 

     ) 

{ 

 MyMatrix Vector(Returns.rows(),1); 

 //loads the relevant vector 

  for (size_t e=0; e < Returns.rows(); e++) 

  { 

   Vector(e,0)=Returns(e,Column); 

  }  

return Vector; 

} 

 

double //Calculates covariance of the two loaded vectors 

covcalculation(const MyMatrix& ReturnsA, //First matrix 

      const MyMatrix& ReturnsB  //Second matrix 

      ) 

{ 

double M=ReturnsA.rows(); 

double MeanReturnsA, MeanReturnsB; 

double SumReturnA=0, SumReturnB=0; // for calculating the average return 

 

 for (size_t r=0; r < ReturnsA.rows(); r++) 

 { 

  SumReturnA+=ReturnsA(r,0); 

  SumReturnB+=ReturnsB(r,0); 

 } 

 MeanReturnsA=SumReturnA/(M);  

 MeanReturnsB=SumReturnB/(M);  

 double stdCov=0.0; 

 for (size_t r=0; r < ReturnsA.rows(); r++) 

 { 

  stdCov+=(ReturnsA(r,0)-MeanReturnsA)*(ReturnsB(r,0)-MeanReturnsB); 

 } 

double covariance=stdCov/(M-1); //stdCov * (1/N) 

return covariance; 
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} 

 

MyMatrix //Multiplies two matrices 

MultMatrix (const MyMatrix MatrixA, //First matrix 

     const MyMatrix MatrixB   //Second matrix 

     ) 

{ 

 MyMatrix result (MatrixA.rows(),MatrixB.columns()); 

 MyMatrix c (MatrixA.rows(), MatrixB.columns()); 

 for(int i=0;i < MatrixA.rows();i++) 

  { 

  for(int j=0;j < MatrixB.columns();j++) 

  { 

   c[i][j]=0; 

   for (int k=0;k < MatrixA.columns();k++)  

   { 

    c[i][j]+=MatrixA[i][k]*MatrixB[k][j]; 

    result[i][j]=c[i][j]; 

   }  

  } 

  } 

return result; 

} 

 

MyMatrix //Transposes a matrix 

Transform (const MyMatrix& Weights //Matrix to be transposed 

     ) 

{ 

 MyMatrix trans(Weights.columns(),Weights.rows()); 

 

  for (size_t r=0; r < Weights.rows(); r++) 

  { 

   for (size_t e=0; e < Weights.columns(); e++) 

   {  

    trans(e,r)=Weights(r,e); 

   } 

  } 

return trans; 

} 

 

MyMatrix //Performs Gaussian elimination 

Gauss(MyMatrix CovMatrix //Covariance matrix 

   ) 

{ 

int i,j,r,N; 

N=CovMatrix.rows(); 

MyMatrix Inverted(N,N); 

double factor; 

Inverted=CreateUnitMatrix(N); 

 

 for(j=0;j<N-1;j++) 

 {  

  Pivoting(CovMatrix, j, Inverted); 

  

  for(i=j+1;i<N;i++) 

  { 

   factor=CovMatrix(i,j)/CovMatrix(j,j); 

   for(r=0;r<N;r++) 

   {  

    CovMatrix(i,r)=CovMatrix(i,r)-

factor*CovMatrix(j,r); 

    Inverted(i,r)=Inverted(i,r)-

factor*Inverted(j,r); 

   } 

  } 

 } 

BackWard(CovMatrix,Inverted); 

return Inverted; 

} 

 

MyMatrix //Performs Backwards induction 

BackWard(MyMatrix& CovMatrix, //Covariance matrix 

   MyMatrix& Inverted //Inverted matrix 

   ) 

{ 

 

double factor, factorrows; 

for(size_t j=CovMatrix.rows()-1;j>0;j--) 

{ 

 factor=1.0/CovMatrix(j,j); 

 //Making a 1 in the diagonal – backwards 
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 for(size_t i=0;i<CovMatrix.rows();i++) 

 { 

  CovMatrix(j,i)=factor*CovMatrix(j,i); 

  Inverted(j,i)=factor*Inverted(j,i); 

 } 

 ////Using 1 in diagonal for creating zeros above.  

 for(size_t r=0;r<j;r++) 

  {  

  factorrows=CovMatrix(r,j); 

   for(size_t i=0;i<CovMatrix.rows();i++) 

   { 

    CovMatrix(r,i)=CovMatrix(r,i)-

factorrows*CovMatrix(j,i); 

    Inverted(r,i)=Inverted(r,i)-

factorrows*Inverted(j,i); 

   } 

  } 

} 

factor=1.0/CovMatrix(0,0);  

 for(size_t i=0;i<CovMatrix.rows();i++) 

 { 

  CovMatrix(0,i)=factor*CovMatrix(0,i); 

  Inverted(0,i)=factor*Inverted(0,i); 

 } 

return ComposeMatrix(CovMatrix,Inverted); 

 

} 

 

MyMatrix //Composes two separate matrices to one 

ComposeMatrix(MyMatrix CovMatrix, //First matrix 

     MyMatrix Inverted   //Second matrix 

     ) 

{ 

int i,j; 

int N=CovMatrix.rows(); 

MyMatrix Composed(N,2*N); 

 for(i=0;i<N;i++) 

  for(j=0;j<N;j++) 

  {Composed(i,j)=CovMatrix(i,j);    

  Composed(i,j+N)=Inverted(i,j);} 

 

return Composed; 

} 

 

MyMatrix //Pivoting 

Pivoting(MyMatrix& Matrix, //Matrix for pivoting 

    int Row, //Row to be pivted 

    MyMatrix& Inverted //Inverted matrix 

    ) 

{ 

 double Temp, TempInvers; 

 double Max=Matrix(Row,Row); 

 int MaxElementRow=0; 

 bool PerformPivot;  

 PerformPivot=false; //boolean that assures that pivoting only takes place when the diagonal 

element doesn't contain the greatest absolute value  

 

 //Only looking in the rows placed below the diagonal. 

 for (size_t i=Row+1; i < Matrix.rows(); i++) 

 { 

  if(fabs(Matrix(i, Row))>Max) 

  {Max=Matrix(i, Row), MaxElementRow=i, PerformPivot=1;} 

 } 

 //Switch rows (Row and MaxElementRow) 

 if(PerformPivot==true) 

 { 

 for (size_t i=0; i < Matrix.rows(); i++) 

  { 

   Temp=Matrix(MaxElementRow,i), 

TempInvers=Inverted(MaxElementRow,i); 

Matrix(MaxElementRow,i)=Matrix(Row,i), 

Inverted(MaxElementRow,i)=Inverted(Row,i); 

   Matrix(Row,i)=Temp, Inverted(Row,i)=TempInvers; 

  } 

 } 

 return Matrix; 

} 

 

MyMatrix //Creates unit matrix with the requested Dimension 

CreateUnitMatrix(int Dimension //Desired dimension of the unit matrix 

     ) 

{ 

 MyMatrix UnitMatrix(Dimension,Dimension); 

     for(int j=0; j<Dimension; j++) 
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        { 

    for(int i=0; i<Dimension; i++) 

    {  

     if (j==i) 

     {UnitMatrix(i,j)=1;} 

     else 

     {UnitMatrix(i,j)=0;} 

    } 

  } 

  return UnitMatrix; 

} 

 

MyMatrix //Rounds zeros in a matrix 

RoundingZeros(MyMatrix& Matrix //Input matrix 

     ) 

{ 

 for (size_t i=0; i < Matrix.rows(); i++) 

 { 

  for (size_t j=0; j < Matrix.columns(); j++) 

  { 

   if(fabs(Matrix(i,j))<0.000000001) 

   {Matrix(i,j)=0.0;} 

  } 

 } 

return Matrix; 

} 

 

MyMatrix //Returns design matrix based on observations of stocks 

DesignMatrix (const MyMatrix Stocks, //Stocks matrix 

     int M // Rolling period of time 

     ) 

{ 

 MyMatrix result (Stocks.rows(),Stocks.columns()); 

 

 double total=0; 

 double Sums=0.0; //Sums shell count one's in the Design matrix. 

 int period; 

 M = M+1; 

 for (size_t e=0; e < Stocks.columns(); e++) 

 { 

  for (period = M; period <= Stocks.rows(); period++) 

  { 

   total = 0.0; 

   for (size_t r=period-M; r < period; r++) 

   { 

    if(Stocks(r,e)!= 0) 

    { 

    total+=1; 

    if(period < Stocks.rows()) //'if' function 

which makes sure that NewValue doesn't run out of value    { 

       if (Stocks(r+1,e)<0) 

        { 

          total+=-1; 

        } 

      } 

    } 

    Sums=total; 

   } 

    if (Sums == M) 

    { 

       for (size_t r=period-1; r < period; r++) 

         { 

           result(r,e) = 1; 

         } 

    } 

  } 

 } 

 return result; 

} 

 

 

MyMatrix //Rounds zeros in a matrix 

OffsetAvoidZeros(MyMatrix& Matrix, //Matrix including initial zeros 
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     int M //Rolling window 

     ) 

{ 

MyMatrix ReducedMatrix(Matrix.rows()-M,Matrix.columns()); 

 

 for (size_t i=0; i < ReducedMatrix.rows(); i++) 

 { 

  for (size_t j=0; j < ReducedMatrix.columns(); j++) 

  { 

   ReducedMatrix(i,j)=Matrix(i+M,j); 

  } 

 } 

return ReducedMatrix; 

} 

 

Evaluation 

#include "Evaluation.h" 

#include "Formulas.h" 

#include <ctime> 

 

#include <iostream> 

#include <iomanip> 

#include <fstream> 

#include <cmath> 

#include <cstdlib> 

 

 

 

double //returns the test value for the null hypothesis for two different sharpe ratios 

Test_Value_Sharpe(const MyMatrix& ReturnsA, //Returns from the first strategy 

      const MyMatrix& ReturnsB, //Returns from the second 

strategy 

      const MyMatrix& RiskFree //Vector of risk free rates 

      ) 

{ 

double Observations=ReturnsA.rows(); //T-M  

double MeanExcessiveReturnsA, MeanExcessiveReturnsB; 

double SumExcessiveReturnA=0, SumExcessiveReturnB=0; // for calculating the average excessive return 

 

 

double standdeviationA=0.0, standdeviationB=0.0; 

MyMatrix ExcessiveReturnsA(ReturnsA.rows(), 1); 

MyMatrix ExcessiveReturnsB(ReturnsB.rows(), 1); 

 

 for (size_t r=0; r < ReturnsA.rows(); r++)  

 { 

  ExcessiveReturnsA(r,0)=ReturnsA(r,0)-RiskFree(r,0); 

  ExcessiveReturnsB(r,0)=ReturnsB(r,0)-RiskFree(r,0); 

  SumExcessiveReturnA+=ExcessiveReturnsA(r,0); 

  SumExcessiveReturnB+=ExcessiveReturnsB(r,0); 

 } 

  

 MeanExcessiveReturnsA=SumExcessiveReturnA/(Observations);  

 MeanExcessiveReturnsB=SumExcessiveReturnB/(Observations);  

 //Calculating std of ExcessiveReturns 

 double stdA=0.0, stdB=0.0, stdCov=0.0; 

 for (size_t r=0; r < ReturnsA.rows(); r++)  

 { 

  stdA+=pow(ExcessiveReturnsA(r,0)-MeanExcessiveReturnsA,2); 

  stdB+=pow(ExcessiveReturnsB(r,0)-MeanExcessiveReturnsB,2); 

 stdCov+=(ExcessiveReturnsA(r,0)-MeanExcessiveReturnsA)*(ExcessiveReturnsB(r,0)-

MeanExcessiveReturnsB); 

 } 

 standdeviationA=sqrt(1/(Observations-1)*stdA); //Not entire population 

 standdeviationB=sqrt(1/(Observations-1)*stdB); //Not entire population 

 

 double covariance=stdCov/(Observations-1);  

 

 double numerator =MeanExcessiveReturnsB*standdeviationA-

MeanExcessiveReturnsA*standdeviationB; 

 double denumerator 

=sqrt((1/(Observations))*(2*pow(standdeviationA,2)*pow(standdeviationB,2)-

2*standdeviationA*standdeviationB*covariance+0.5*pow(MeanExcessiveReturnsA,2)*pow(standdeviationB,2)+0.5*po

w(MeanExcessiveReturnsB,2)*pow(standdeviationA,2)-MeanExcessiveReturnsA* 

MeanExcessiveReturnsB*pow(covariance,2) /(standdeviationA*standdeviationB))); 

 return numerator/denumerator; 

 

} 
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double SharpeRatio(const MyMatrix& Returns, //Vector of portfolio returns 

      const MyMatrix& RiskFree 

//Vector of risk free rates  

      ) 

{ 

double MeanExcessiveReturns; 

double SumExcessiveReturn=0; // for calculating the average excessive return 

double result; 

double standdeviation; 

double Observations = Returns.rows(); 

MyMatrix ExcessiveReturns(Returns.rows(), 1); 

 

 for (size_t r=0; r < Returns.rows(); r++)  

 { 

  ExcessiveReturns(r,0)=Returns(r,0)-RiskFree(r,0); 

  SumExcessiveReturn+=ExcessiveReturns(r,0); 

 } 

  

 MeanExcessiveReturns=SumExcessiveReturn/Observations;  

 

 //Calculating std of ExcessiveReturns 

 double std=0.0; 

 for (size_t r=0; r < Returns.rows(); r++)  

 { 

  std+=pow(ExcessiveReturns(r,0)-MeanExcessiveReturns,2); 

 } 

 standdeviation=sqrt(1/(Observations-1)*std); 

 result=MeanExcessiveReturns/standdeviation; 

 return result;  

} 

 

 

double Turnover(MyMatrix Stocks, //Matrix containing Stock prices 

 MyMatrix StockShares, //Matrix containing stock shares 

 MyMatrix Weights, //Matrix containing weights 

 MyMatrix PortfolioValues, //Vector containing portfolio values 

int T, //Length of return series  

 int M //Rolling window 

 ) 

{ 

double total=0.0; 

double result; 

MyMatrix WeightsTPlus(Weights.rows(), Weights.columns()); 

 

Stocks=OffsetAvoidZeros(Stocks,M); 

StockShares=OffsetAvoidZeros(StockShares,M); 

Weights=OffsetAvoidZeros(Weights,M); 

 

  //Skips the initial investment 

  for (size_t r=1; r < StockShares.rows(); r++) 

  { 

   for (size_t e=0; e < StockShares.columns(); e++) 

   {   

 WeightsTPlus(r,e)=StockShares(r-1,e)*Stocks(r,e)/fabs(PortfolioValues(r,0)); 

   total+=fabs(Weights(r,e)-WeightsTPlus(r,e));//absoulte value 

of change in position 

   } 

  }  

 result=(1.0/(T-M))*total; 

 return result; 

} 

 

double //Calculates the Certainty Equivalent from a series of returns, a risk free rate vector and the 

investor's risk aversion 

CEQ(const MyMatrix& Returns, //Vector containing returns 

 const MyMatrix& RiskFree, //Vector containing risk free rates 

 double gamma // Degree of riskaversion 

 ) 

{ 

double MeanExcessiveReturns; 

double SumExcessiveReturn=0; // for calculating the average excessive return 

double result; 

double standdeviation=0; 

double Observations = Returns.rows(); 

MyMatrix ExcessiveReturns(Returns.rows(), 1); 
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 for (size_t r=0; r < Returns.rows(); r++)  

 { 

  ExcessiveReturns(r,0)=Returns(r,0)-RiskFree(r,0); 

  SumExcessiveReturn+=ExcessiveReturns(r,0); 

 } 

  

 MeanExcessiveReturns=SumExcessiveReturn/(Observations);  

 //Calculating std of ExcessiveReturns 

 double std=0.0; 

 for (size_t r=0; r < Returns.rows(); r++)  

 { 

  std+=pow(ExcessiveReturns(r,0)-MeanExcessiveReturns,2); 

 } 

 standdeviation=sqrt(1/(Observations-1)*std); 

 result=MeanExcessiveReturns-(gamma/2)*pow(standdeviation,2); 

 return result;  

} 

 

double //Calculation of test value for CEQ 

test_value_ceq (const MyMatrix ReturnsA, //Returns for the first model 

     const MyMatrix ReturnsB, //Returns for the second model 

     const MyMatrix RiskFree, //Riskfree rate 

     int M, //Rolling window  

     double gamma //Level of the risk aversion 

     ) 

{ 

 double Fvhat;  

 Fvhat = CEQ(ReturnsA,RiskFree,gamma)-CEQ(ReturnsB,RiskFree,gamma); 

 

 double T = ReturnsA.rows()+M; 

 double Pvalues; 

 

 Pvalues = sqrt(T)*Fvhat; 

 return Pvalues; 

} 

 

double //Standard deviation calculation for the normal distribution 

test_ceq_std(const MyMatrix ReturnsA, //Returns for the first model 

     const MyMatrix ReturnsB, //Returns for the second model 

     double gamma, //Level of risk aversion 

     const MyMatrix RiskFree //Matrix with Riskfree rates 

     ) 

{ 

 MyMatrix ExcessiveReturnsA(ReturnsA.rows(), 1); 

 MyMatrix ExcessiveReturnsB(ReturnsB.rows(), 1); 

 double VarianceA; 

 double VarianceB; 

 double Cov; 

 

 for (size_t r=0; r < ReturnsA.rows(); r++)  

 { 

  ExcessiveReturnsA(r,0)=ReturnsA(r,0)-RiskFree(r,0); 

  ExcessiveReturnsB(r,0)=ReturnsB(r,0)-RiskFree(r,0); 

 } 

 

 VarianceA=covcalculation(ExcessiveReturnsA,ExcessiveReturnsA); 

 VarianceB=covcalculation(ExcessiveReturnsB,ExcessiveReturnsB); 

 Cov=covcalculation(ExcessiveReturnsA,ExcessiveReturnsB); 

  

 MyMatrix v (4,1); 

 v(0,0)=1; 

 v(1,0)=-1; 

 v(2,0)=-gamma/2; 

 v(3,0)=gamma/2; 

  

 MyMatrix Teta (4,4); 

 Teta(0,0)=VarianceA; 

 Teta(0,1)=Cov; 

 Teta(1,0)=Cov; 

 Teta(1,1)=VarianceB; 

 Teta(2,2)=2*pow(VarianceA,2); 

 Teta(2,3)=2*pow(Cov,2); 

 Teta(3,2)=2*pow(Cov,2); 

 Teta(3,3)=2*pow(VarianceB,2); 

 

MyMatrix TransV (1,4); 

 TransV = Transform(v); 
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MyMatrix Result (1,1); 

 

 Result = MultMatrix(MultMatrix(TransV,Teta),v); 

 double ReturnResult; 

 ReturnResult =sqrt(Result(0,0)); 

 return ReturnResult; 

} 

 

double //calculates return-loss 

returnloss(MyMatrix NaiveReturns, //Return series obtained by the Naive strategy 

   MyMatrix AlternativeReturns //Return series obtained by the 

alternative strategy 

     ) 

{ 

double Observations=NaiveReturns.rows(); //T-M  

double MeanReturnsA, MeanReturnsB; 

double SumReturnA=0, SumReturnB=0; // for calculating the average return 

double standdeviationA=0.0, standdeviationB=0.0; 

 

for (size_t r=0; r < NaiveReturns.rows(); r++)  

 { 

  SumReturnA+=NaiveReturns(r,0); 

  SumReturnB+=AlternativeReturns(r,0); 

 } 

  

 MeanReturnsA=SumReturnA/(Observations);  

 MeanReturnsB=SumReturnB/(Observations);  

 //Calculating std of ExcessiveReturns 

 double stdA=0.0, stdB=0.0; 

 for (size_t r=0; r < NaiveReturns.rows(); r++)  

 { 

  stdA+=pow(NaiveReturns(r,0)-MeanReturnsA,2); 

  stdB+=pow(AlternativeReturns(r,0)-MeanReturnsB,2); 

 } 

 standdeviationA=sqrt(1/(Observations-1)*stdA); //Not entire population 

 standdeviationB=sqrt(1/(Observations-1)*stdB); //Not entire population 

 

 return MeanReturnsA/standdeviationA*standdeviationB-MeanReturnsB; 

} 

 

 

 

MyMatrix PFEvolutionIncTransCosts( MyMatrix Stocks, //Matrix containing Stock prices 

  MyMatrix StockShares, //Matrix containing stock shares 

  MyMatrix Weights, //Matrix containing weights 

  MyMatrix PortfolioValues, //Matrix Portfolio values 

  MyMatrix Returns //Vector containing portfolio returns 

  ) 

{ 

 

double total=0.0; 

MyMatrix WeightsTPlus(Weights.rows(), Weights.columns()); 

MyMatrix NewWealth(Weights.rows(), 1); 

NewWealth(0,0)=100; 

double C=0.005; 

 

//Skips the initial investment 

  for (size_t r=1; r < StockShares.rows(); r++) 

  { 

   total=0.0; 

   for (size_t e=0; e < StockShares.columns(); e++) 

   {  

  WeightsTPlus(r,e)=StockShares(r-1,e)*Stocks(r,e)/fabs(PortfolioValues(r,0)); 

  total+=fabs(Weights(r,e)-WeightsTPlus(r,e));//absoulte value of change in 

position 

   } 

    

   NewWealth(r,0)=NewWealth(r-1,0)*(1+Returns(r-1,0))*(1-

C*total); 

  }  

 return NewWealth; 

} 
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VBA - p-values 
Function p_value_Sharpe(ReturnsA As Range, ReturnsB As Range, RiskFree As Range) 
Dim testvalue As Variant 
    testvalue = Application.Run("Test_value_sharpe", ReturnsA, ReturnsB, RiskFree) 
    p_value_Sharpe = "(" & Format(Round(2 * (1 - Application.WorksheetFunction.NormDist(Abs(testvalue), 0, 1, True)), 4), "0.0000") & ")" 
End Function 
 
Function p_value_CEQ(ReturnsA As Range, ReturnsB As Range, RiskFree As Range, M As Integer, Gamma As Variant) 
Dim testvalue As Variant 
Dim ceqstd As Variant  
    testvalue = Application.Run("Test_value_ceq", ReturnsA, ReturnsB, RiskFree, M, Gamma) 
    ceqstd = Application.Run("test_ceq_std", ReturnsA, ReturnsB, Gamma, RiskFree) 
    p_value_CEQ = "(" & Format(Round(2 * (1 - Application.WorksheetFunction.NormDist(Abs(testvalue), 0, ceqstd, True)), 4), "0.0000") & 
")" 
    End Function 
 
VBA - Monte Carlo 
Option Base 1 
 
Function normalRandomMatrixSeed(N, M, mean, std, seed) 
' The input: 
'   N is number of rows 
'   M is number of columns 
'   mean is mean value 
'   std is standard deviation 
'   seed: If negative, Rnd is initialized with that number. 
'         If positive, Rnd starts an arbitrary place in its sequence of random numbers 
' The output: 
'   A matrix with normal distributed numbers with mean = mean and standard deviation = std 
 
' We start by initializing the Rnd-function. 
Dim dummy 
dummy = Rnd(seed) 
Dim randomMatrix() 
ReDim randomMatrix(N, M) 
Dim i, j 
For i = 1 To N 
    For j = 1 To M 
        randomMatrix(i, j) = mean + std * Application.NormInv(Rnd, 0, 1) 
    Next j 
Next i 
 
normalRandomMatrixSeed = randomMatrix 
 
End Function 
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Appendix 2 – Datastream Variables 
 
 

Return index – datatype (RI)  
A return index (RI) is available for individual equities and unit trusts. This shows a theoretical 
growth in value of a share holding over a specified period, assuming that dividends are re-invested 
to purchase additional units of an equity or unit trust at the closing price applicable on the ex-
dividend date. For unit trusts, the closing bid price is used. 
For all countries except the USA and Canada detailed dividend payment data is only available on 
Datastream from 1988 onwards. Up to this time the RI is constructed using an annualised dividend 
yield, as follows: 

 
where: 
 

  = return index on day t 

  = return index on previous day 

  = price index on day t 

  = price index on previous day 

  = dividend yield % on day t 
 N = number of working days in the year (taken to be 260) 
 
From 1988 onwards (and from 1973 for US and Canadian stocks), the availability of detailed 
dividend payment data enables a more realistic method to be used in which the discrete quantity of 
dividend paid is added to the price on the ex-date of the payment. Then: 

 
except when t = ex-date of the dividend payment Dt then: 

 
where: 
 

  = price on ex-date 

  = price on previous day 

  = dividend payment associated with ex-date t 
Gross dividends are used where available and the calculation ignores tax and re-investment 
charges. Adjusted closing prices are used throughout to determine price index and hence return 
index. 
At this point the RI is calculated back to the base date. 

 
Market value / market capitalisation – datatype (MV)  

Market value on Datastream is the share price multiplied by the number of ordinary shares in 

issue. The amount in issue is updated whenever new tranches of stock are issued or after a 

capital change. 

      For companies with more than one class of equity capital, the market value is 

expressed according to the individual issue.  
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      Market value is displayed in millions of units of local currency. 

 
Market value to book value – datatype (MTBV161) 
This is defined as the market value of the ordinary (common) equity divided by the balance sheet 

value of the ordinary (common) equity in the company (Worldscope item 03501).   

 
Price/earnings ratio (PER) – datatype (PE)  
This is the price divided by the earnings rate per share at the required date. For full details of the 
price and earnings figures used in any particular case, see the Price and Earnings per share topics. 
 
Price (Adjusted – Default) (P) 
Datatype (P) represents the official closing price. This is the default datatype for all equities. 
The ‘current’ price on Datastream’s equity programs is the latest price available to us from the 
appropriate market in primary units of currency (except in the case of the UK where price is given in 
pence). It is the previous day’s closing price from the default exchange except where more recent or 
real-time prices are available, as listed in the Data sources & updating procedures section of this 
help system. 
The ‘current’ prices taken at the close of market are stored each day. These stored prices are 
adjusted for subsequent capital actions, and this adjusted figure then becomes the default price 
offered on all Research programs. The actual historical prices can be accessed using the unadjusted 
price datatype (UP). 
Prices are generally based on ‘last trade’ or an official price fixing. For stocks which are listed on 
more than one exchange within a country, default prices are taken from the primary exchange of that 
country (note that this is not necessarily the ‘home’ exchange of the stock). For Japan and Germany 
, prices from the secondary markets can be obtained by qualifying the price datatype with an 
exchange code (see below for details).  
For Japan and Germany also see the ‘price-most traded’ datatype PQ.  
Certain exchanges publish alternative definition closing prices. See datatypes PX and PZ for details. 
  
Denmark: Default prices are average traded prices. 
 
 

Earnings per share, current rate – datatype (EPS) 
This is the latest annualised rate that may reflect the last financial year or be derived from an 
aggregation of interim period earnings.  
  

                                                           
161

 In the thesis we use the Book-to-Market value, which is simply the inverted value of the MTBV 

http://product.datastream.com/navigatorhttp1/HelpFiles/DatatypeDefinitions/en/0/WC03501.htm
http://product.datastream.com/navigatorhttp1/HelpFiles/DatatypeDefinitions/en/0/p.htm
http://product.datastream.com/navigatorhttp1/HelpFiles/DatatypeDefinitions/en/0/eps.htm
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Appendix 3 – List of MVRI16 
 
Name Identifier 

A P MOLLER - MAERSK 'A' DK:DSA 

A P MOLLER - MAERSK 'B' DK:DSB 

CARLSBERG 'A' DK:CAR 

CARLSBERG 'B' DK:CAB 

ALK-ABELLO DK:ALK 

DANISCO DK:DAO 

DANSKE BANK DK:DAB 

DFDS DK:DFD 

FLSMIDTH & COMPANY 'B' DK:FLB 

GN STORE NORD DK:GSN 

HOJGAARD HOLDING 'A' DK:HOJ 

JYSKE BANK DK:JYS 

NKT DK:NKT 

NOVO NORDISK 'B' DK:NON 

EAST ASIATIC COMPANY DK:EAC 

SYDBANK DK:SYD 
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Appendix 4 – List of MVRI100 
Name Identifier 

 
Name Identifier 

BROE.A & O JHAE. DK:AOJ 
 

HEDEGAARD DEAD - 25/11/08 DK:HED 

A P MOLLER - MAERSK 'A' DK:DSA 
 

HOJGAARD HLDG.'B' DK:HOB 

A P MOLLER - MAERSK 'B' DK:DSB 
 

HOJGAARD HOLDING 'A' DK:HOJ 

AALBORG PORT.A DEAD - T/O BY 998064 N:ADAG 
 

ISS-INTL.SER.SY. DEAD - 21/06/05 DK:ISS 

AALBORG PORT.PF. DEAD - MERGER 982119 N:ADPG 
 

RENEWAGY DEAD - 17/11/09 DK:REN 

AARHUS UNITED DEAD - T/O BY 31938W DK:AAU 
 

J LAURITZEN HLDG. DEAD - DELIST 02/03/01 N:LF@G 

ALM BRAND DK:ABF 
 

JYSKE BANK DK:JYS 

ALM BRAND B DEAD - MERGED 755803 DK:ALM 
 

LAND & LEISURE 'B' DK:LLB 

AMAGERBANKEN DK:AMA 
 

LOKALBANKEN I NORD DEAD - 29/10/08 DK:LOK 

ANDERSEN & MARTINI DK:AND 
 

LOLLANDS BANK DK:LOL 

AURIGA INDUSTRIES 'B' DK:AUR 
 

INVSTSSL.LUXOR DK:LUX 

BANG & OLUFSEN 'B' DK:BO 
 

MIGATRONIC 'B' DK:MIG 

BIOMAR HOLDING DEAD - 22/04/08 DK:BIM 
 

MONBERG & THORSEN 'B' DK:MON 

BRODRENE HARTMANN 'B' DK:BRH 
 

MONS BANK DK:MOB 

BRONDBY IF 'B' DK:BIB 
 

NKT DK:NKT 

ROYAL UNIBREW DK:RBR 
 

NORDICOM DK:NOD 

C W OBEL DEAD - DELIST 01/10/01 DK:CWO 
 

NORDJYSKE BANK DK:ENO 

CARLSBERG 'A' DK:CAR 
 

NORRESUNDBY BANK DK:NRE 

CARLSBERG 'B' DK:CAB 
 

NOVO NORDISK 'B' DK:NON 

CARNEGIE WORLDWIDE DK:CAW 
 

NTR HOLDING DK:NTR 

ALK-ABELLO DK:ALK 
 

EAST ASIATIC COMPANY DK:EAC 

CODAN DEAD - 31/07/07 DK:COD 
 

OSTJYDSK BANK DK:OST 

COLOPLAST 'B' DK:COL 
 

ARKIL HOLDING DK:ARK 

D/S 1912 A DEAD - T/O SEE 944398 DK:19A 
 

POTAGUA 'B' DEAD - DEMERGER DK:POT 

D/S 1912 B DEAD - T/O SEE 997863 DK:19B 
 

RADIOMETER B DEAD - 18/03/04 DK:RAD 

DMPKBT.NORDEN DK:DNO 
 

RIAS 'B' DK:RIA 

TORM DK:DTO 
 

RINGKJOBING BANK DEAD - 29/12/08 DK:RIN 

DANISCO DK:DAO 
 

RINGKJOBING LANDBOBANK DK:RIL 

DANSKE BANK DK:DAB 
 

ROBLON 'B' DK:ROB 

DANSKE KAUTIONFORSIKRING DEAD - T/O SEE 938573 N:DKOG 
 

ROSKILDE BANK DEAD - 05/03/09 DK:ROS 

DANTHERM DK:DNT 
 

ROYAL SCANDINAVIA DEAD - DELIST 07/02/01 N:ROSC 

BOCONCEPT HOLDING 'B' DK:BOC 
 

SAS DANMARK DEAD - DELIST 11/09/01 DK:SAS 

DFDS DK:DFD 
 

AKTKT.SCHOUW & CO. DK:SCB 

DIBA BANK DK:DIB 
 

TOWER GROUP DK:TOW 

DJURSLANDS BANK DK:DJU 
 

SKJERN BANK DK:SKJ 

DALHOFF LAR.& HORNEMAN DK:DLH 
 

SMALL CAP DANMARK DK:SCD 

DSV 'B' DK:DSV 
 

SOLAR 'B' DK:SOL 

EDB GRUPPEN DEAD - 03/11/08 DK:EDB 
 

SPAENCOM 'B' DK:SPB 

EGETAEPPER 'B' DK:EGE 
 

SUPERFOS DEAD - T/O BY 905342 N:CS@G 

FE BORDING 'B' DK:FEB 
 

SYDBANK DK:SYD 

FLSMIDTH & COMPANY 'B' DK:FLB 
 

TIVOLI 'B' DK:TIV 

FLUGGER 'B' DK:FLU 
 

TOPDANMARK DK:TOP 

FORD MOTOR CO. DEAD - DELIST 21/06/00 N:CR@G 
 

TOPSIL SEMICON.MATS. DK:TSM 

FORSTAEDERNES BANK DEAD - 03/11/08 DK:FOB 
 

VICTORIA PROPERTIES DK:VIP 

GN STORE NORD DK:GSN 
 

TRYG-BALTICA FORS. DEAD - MERGER 505444 N:CU@G 

GPV INDUSTRI 'B' DEAD - 03/07/09 DK:GPB 
 

UNITED PLTN.(REGD CERT)  DK:UPN 

GRONLANDSBANKEN DK:GRO 
 

VESTJYSK BANK DK:VJK 

GYLDENDAL 'B' DK:GYB 
 

VORDINGBORG BANK DK:VOR 

H&H INTERNATIONAL DK:HHI 
 

SKAKO DK:SKI 

HARBOES BRYGGERI 'B' DK:HAR 
 

WESSEL & VETT 'C' DEAD - DEAD 18/03/05 DK:WVC 
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Appendix 5 – List of MVRI255 
Name Name Name 
AALBORG BOLDSPILKLUB GLUNZ & JENSEN RANDERS REBSLAERI PREF. DEAD - DEAD  

AALBORG PORT.B DEAD - T/O BY 998064 GN STORE NORD HLDG. DEAD - DELIST 23/12/97 REALDANMARK DEAD - T/O BY 929846 

AARHUS OLIEFB. B GREENTECH ENERGY SYS. REDERIET KNUD I LAR. DEAD - DELIST  

AARS BANK DEAD - T/O BY 531866 GROUP 4 FALCK DEAD - 20/07/04 REGL.INVEST FYN DEAD - DELIST 07/04/03 

SCHAUMANN PROPERTIES HANDBK.KJOB. ROCKWOOL 'A' 

AKTIVBANKEN HATTING BAGERI ROCKWOOL 'B' 

ALBANI BRYGG. A DEAD - T/O BY 772435 HLJ INDUSTRI DEAD - DELIST 07/09/01 ROLEMU DEAD - 12/08/98 

ALBANI BRYGG. B DEAD - DELIST 30/05/02 HOFFMANN & SONNER B DEAD - DELIST 30/11/00 ROYAL COPEN. 'B' DEAD - T/O BY 933956 

AMBU IC COMPANYS RTX TELECOM 

BAVARIAN NORDIC ICOPAL DEAD - DELIST 07/11/00 S DYRUP & CO DEAD - T/O SEE 772861 

BIOSCAN DEAD - 21/02/07 INCENTIVE DEAD - 18/03/04 SADOLIN & HOLM.B 

BLUCHER METAL DEAD - DELIST 26/05/99 INTERMAIL 'B' SANISTAL 'B' 

GREEN WIND ENERGY INVESTERINGSSELSKAPET DEAD - 08/09/05 SATAIR 

HOLDINGSELSKABET AF 1958 IPF A DEAD - DELIST 04/07/02 SCANDINAVIAN BRAKE SYS. 

BTL 'B' DEAD - DELIST 30/04/99 IPF B DEAD - DELIST 04/07/02 SCHAEDES PAPIR DEAD - T/O BY 772505 

CALKAS 'A' DEAD - DELIST 30/11/98 ISS-INTL.SER.SY. A DEAD - MERGED 950988 SCHOUW & CO A DEAD - DELIST 24/06/02 

CALKAS 'B' DEAD - DELIST 30/11/98 JACOB HOLM & SONNER 'B' DEAD - DELIST  SCS HOLDING B DELISTED 06/10/93 

CAPINORDIC JYSKE BRYG A DEAD - DELIST 27/03/98 DICENTIA DEAD - 25/03/09 

CHEMITALIC DEAD - DELIST-08/05/03 JYSKE BRYG HLDG.'B' DEAD - MERGER 772435 SE 2000 B DEAD - 11/12/01 

CHRISTIANI & NIELSEN DEAD - DELIST 16/06/00 KANSAS WENAAS DEAD - DELIST 28/09/99 SIF FODBOLD 'B' 

CIC DEAD - DEAD 07/12/01 KEOPS DEAD - T/O BY 50879J SILCON 'B' DEAD - DELIST 01/03/99 

COLOR PRINT DEAD - 18/09/06 KOBENHAVNS LUFTHAVNE SIMCORP 

COLUMBUS IT PARTNER KOMPAN 'B' DEAD - DEAD 18/05/05 SJAELSO GRUPPEN 

COPEN.REIN. A LAN & SPAR BANK SKAKO B DEAD - DELIST-01/08/03 

COPEN.REIN. C LAND & LEISURE 'A' NORTH MEDIA 

CUBIC B DEAD - DELIST 27/10/00 LASTAS 'B' SOPHUS BERENDSEN 'B' DEAD - DELIST  

D/S PROGRESS B DEAD - DELIST 10/11/00 LOUIS POULSEN DEAD - DELIST 09/12/99 SPAR NORD BANK 

DANIONICS H LUNDBECK SPARBANK 

DANSK KAPITALANLAEG DEAD - DEAD 18/01/05 MACONOMY SPAREKASSEN FAABORG 

DSK.PROVINSBANK DEAD - DEAD  MARIUS PEDERSEN 'B' DEAD - DELIST 14/12/99 SUPERFOS PREF 

DSK.SPRITFABRIK MECO HOLDING B DEAD - DELIST 06/06/00 SVENDBORG SPAREKASSE 

DSK.SUKKERFABRIK MICRO MATIC HLDG. B DEAD - DELIST 14/04/00 SYDFYENSKE DEAD - DELIST 31/12/97 

DSK.TRAELASTKOMPAGNI DEAD - DELIST MIDTBANK DEAD - DELIST 23/07/01 SYSTEM B8 MOBLER B DEAD - DELIST  

NETOP SOLUTIONS MOLS-LINIEN SYSTEMFORUM DEAD - DELIST 01/08/01 

DATALOG DEAD - T/OVER - 30713 MOTORTRAMP B DEAD - DELIST 22/01/01 TARM BANK DEAD - DELIST 

DG HOLDING DEAD - DELIST 07/10/96 N E S A DEAD - 30/05/06 TDC 

EGNSBANK FYN DEAD - DELIST 24/05/02 NEG MICON DEAD - T/O 679534 THRANE & THRANE 

SELSKABET AF 27 NOV.2008 DEAD - DEAD  NEUROSEARCH THRIGE-TITAN A DEAD - DELIST 22/03/01 

EHUSET DEAD - 11/07/01 NDSK. FJERFAB. A THRIGE-TITAN B DEAD - DELIST 22/03/01 

EJENDOMSSELSKABET NORDEN NORDISK SOLAR 'A' DEAD - MERGED 307100 TIVOLI 'A' DEAD - T/O SEE 772496 

EPA INVEST 'A' DEAD - DELIST 29/12/98 NORDISK SOLAR 'B' DEAD - MERGED 307100 TK DEVELOPMENT 

EPA INVEST 'B' DEAD - DELIST 29/12/98 NORDISK SOLAR 'C' DEAD - MERGER 702369 UTD.INTL.ENTS. 

F JUNCKERS INDR. DEAD - 31/03/04 NORHAVEN 'B' DEAD - 28/03/06 UNIDANMARK DEAD - T/O BY 671068 

FAXE KALK 'B' DEAD - DELIST 17/10/96 NOVOZYMES VENDSYSSEL BANK DEAD - MERGER 740636 

FAXE KALK ORD. DEAD - DELIST 18/10/96 O K HOLDING CO. DEAD - DELIST 07/10/96 VEST-WOOD DEAD - DELIST 

FIH DEAD - DELIST 14/01/00 OSTSK.HANDELSHS DEAD - DELIST 05/02/99 VESTAS WINDSYSTEMS 

FIONIA HOLDING DEAD - 30/12/09 OLICOM VESTJSK BANK DEAD - T/O SEE 307188 

FIRST INV.PARTNER DEAD - 13/07/04 PARKEN SPORT & ENTM. VIBORG HANDBOLD KLUB 'B' 

FISKER & NLSON.A PER AARSLEFF VT HDG. A DEAD - 07/05/02 

FORAS HOLDING DEAD - 10/10/05 AFFITECH WESSEL &VETT PF. DEAD - T/O BY 930232                            

FUNKI DEAD - 30/06/04 PRIVATBKN.KJOB. WILLIAM DEMANT HLDG. 

GENMAB RANDERS REBSLAERI 'H' DEAD - DEAD 21/03/05   
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Appendix 6 – Correspondence with Nordea Analytics’ Help Desk 
 
Hej Michael 
  
De er alle statsobligationer. 
  
Håber det er svar nok. 
Fortsat god dag! 

 

Venlig hilsen  

Anne-Mette Habæk Bright  

Senior Sales Manager  

Nordea Markets Division  

E-desk  

Christiansbro, Strandgade 3  

PO Box 850, 0900 Copenhagen C, Denmark  

Tel +45 3333 1839  

Fax+45 3254 1265  

Email: anne-mette.bright@nordea.com  

 

----------------------------------------------------------  
This transmission is intended solely for the person or entity 

to whom it is addressed. It may contain privileged and 

confidential information. If you are not the intended 

recipient, please be notified that any dissemination, 

distribution or copying is strictly prohibited. If you have 

received this transmission by mistake, plese let us know and 

then delete it from your system. 

From: Michael Murtaz Musajev [mailto:mm@hpfonds.dk]  
Sent: 02 August 2010 08:55 
To: E-desk 
Subject: Information omkring data  

 

Hejsa 

 

Jeg har et spørgsmål vedr. ID – ”DK 2Y” i Times Series Analyzer. Hvad er de 

underliggende obligationer, er de stats eller realkredit obligationer?  

Se venligst vedhæftet. 

 

 

Med venlig hilsen 

mailto:anne-mette.bright@nordea.com
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Michael Murtaz Musajev 

 
 

-----Oprindelig meddelelse----- 

Fra: kim.majker@nordea.com [mailto:kim.majker@nordea.com]  

Sendt: 31. august 2010 12:52 

Til: Michael Murtaz Musajev 

Emne: Renter 

 

Hej 

 

Det du havde brug for var en 1mdr p.a. rente svarende til en 1mdr fixing rente. 

(alternativt en 3mdr rente), men hvis du tager en 2 års effektiv p.a. rente og deler med 

12 får du en 1mdr. periode rente som ikke kan sammenlignes med en fixingrente. 

 

(1+yield/100)^(1/12)-1 hvis du vil have rentes rente effekt, men det er stadig en 

perioderente. 

 

Det bedste proxy vil at tage DK 2y direkte, alternativ dkk cibor 3m, men den har vi så 

ikke så lang tid tilbage' 

 

Du er velkommen til at ringe hvis du har spm 

 

mvh 

/Kim Majker 

Nordea Analytics 
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Appendix 7 – XLW Visio implementation 

 

Preparation 

First thing needed is to install MS Visual Studio 2008 Express, Version 9.0. Then download XLW and 

install it to a suitable location (on Windows Vista or Windows 7 try to choose the different folder 

than Program Files, because of the security settings on those platforms). 

Next step is to start MS Visual Studio 2008 Express and open the solution file found in the xlwVisio8 

directory (xlwVisio.sln). Visual Studio’s conversation wizard will pop up and guide you through the 

conversion of the project to the newest version.  

 

Choose “No backing up the project files” and ignore the warnings that are summarized in the 

conversion log. 

 

Visual Studio XLW project 

From here solution needs to be built (Press F7). When the Visual Studio solution file is converted, 3 

projects will be created and displayed in the “Solution Explorer” menu.  

 

In the xlw.pdf (xlwplus.pdf) that is included with the installation files, there is some additional 

information about building the InterfaceGenerator and xlw Library. Before we consider anything 

regarding building (creating files) we need to check where the output file will be built.  

 

To do this, right click on the xlw.Visio project and select the last point, “Properties”. 

Click on the “Linker” on the right side menu and make sure that the “Output File” is specified to be 

created under the directory “Debug” (under the same path you have installed xlw files) furthermore, 

make sure that the filename is “xlwVisio.xll”. 
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The .xll file is the only one file being created, but there are a couple of other things being created as 

well when the solution is built.  

 

The xlwLib has been created  in: 

...\xlwLib\Debug 

 

The InterfaceGenerator has been created in: 

\xlwVision8\InterfaceGenerator\Debug (filename:InterfaceGenerator.exe) 

 

The Excel add-in itself has been created in the directory: 

xlwVisio8\Debug\ (filename: xlwVisio.xll) 

 

 

Now it is possible to add xlwVisio.xll through MS Excel’s add-in manager and use the compiled 

functions. If there are some troubles finding one of them, included file “Examples. Xls” can be found 

under ...\TestFiles folder in your installation directory. The other way of checking that is to try to look 

under the project “xlwVisio”  “Header Files”  “Test.h”. 

Example of the functions included in Test.cpp: “EmptyArgFunction” that cleans the range of the 

arguments; “EchoShort” that Echoes the short; “Circ” that computes the circumference of a circle; 

“Stats” that computes mean and variance of a range.  As you can see, there are almost no limits what 

you can code into excel, so it is only your imagination that makes borders.  

 

Showtime 
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To write our own functions we need to fill out information in two places: in a header file (.h) and in a 

source file (.cpp). 

 

There is a default XLW solution included called “Test” header and source files (Test.h, and Test.cpp).  

 

The header file gives the basic framework of the function, i.e. help text and the declaration of 

variables. What data type is the output (double), what are the function arguments datatype and 

name; data type: double and name: Diameter. 

 

Header File for the function:Circ (from Test.h) 

double // computes the circumference of a circle 

//<xlw:time 

Circ(double Diameter //the circle’s diameter 

   ); 

The Source File information provides information regarding the output data type (double), and the 

same information with regard to function name, argument data type and name. 

 

Source File for the function: Circ (from Test.cpp) 

double // computes the circumference of a circle 

Circ(double Diameter //the circle’s diameter 

   ) 

{ 
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   return Diameter* 3.14159; 

} 

 

These are the same things that a new function must include, in order for you to create a new 

function within the xlwVisio.xll. 

And how exactly do we write a new function? 

 

Playtime 

Now let us take a look on a simple function that multiplies two numbers with each other, and spits 

out the result.  

 

With start in the header file, we decide that result will be of data type double. (here we would like to 

refer to the xlwplus.pdf or “any other material regarding data types, properties and sizes”. We will 

need a function name: multtwo and Value1 and Value2. 

 

Header File: 

double //mulitply Value1 with Value2 

//<xlw:time 

multtwo(double Value1 //First Value 

  , double Value2 //Second Value 

  ); 
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The //<xlw:time is a time-taking function, telling the XLW wrapper (also called 

InterfaceGenerator.exe) that we would like to time our code. More on that later in this description. 

Furthermore, we have a function name, arguments (data types and names) and some help text. 

 

Source File: 

double // multiply Value1 with Value2 

multtwo(double Value1, double Value2) 

{ 

 return Value1*Value2; 

} 

 

In the Source file, we re-use all the same information: names and data types, but include the trans-

formation/calculation/process/procedure/whatever we wish to execute on the arguments. 

 

Save the Test.h and Test.cpp files. 

 

Get hold of your newly compiled InterfaceGenerator.exe, and copy it to the folder where your Test.h 

file is placed.  You can either go through the command prompt (cmd.exe) to the directory where the 

files are placed, or create a .bat file in the same directory with the following information: 

 

InterfaceGenerator Test.h 
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and then activate your new file by double clicking on it. 

 

This will now create the file “xlwTest.cpp”, which is a file automatically created based on the 

information you have given in the “Test.h” and “Test.cpp” file.  

If you have Visual Studio open, it will tell you that an external source editor has modified the file 

“xlwTest.cpp”, and you will be asked if you wish to reload thecode. Answer “Yes to all”. Afterwards 

rebuild the “xlwVisio” project by pressing F7. 

 

The header code text registers all the namespace information for the function. 

The source code text is wrapped to be Excel C API friendly. 

 

Use of new function 

To use new compiled functions either start Excel as a debugger (via F5 from Visual Studio 2008 

Express, you might be required to point to the Excel.exe file the first time), or make sure that 

“xlwVisio.xll” still is included in MS Excel as an Add-in, and use the new function “=multtwo”. 

 

The function will work as any other Excel function “=multtwo(A1;B1) {Enter}”. You should now be 

able to see what the //<xlw:time function call does! 
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Appendix 8 - Robustness checks 
 
 
Robustness checks 

Naive VW Min-Var Mean-Var CMin-Var CMean-Var Mix-Ew-Min Mix-Ew-CMin-Var 

FF3 

M = 60 

Y = 2 0,0028 0,0015 0,0029 -1,9902 0,0038 0,0070 0,0029 0,0034 

P-value - (0,2563) (0,9405) (0,0000) (0,3766) (0,0011) (0,9369) (0,2764) 

Y = 3 0,0017 0,0002 0,0020 -3,0301 0,0029 0,0057 0,0020 0,0025 

P-value - (0,2013) (0,8659) (0,0000) (0,3095) (0,0023) (0,7937) (0,1866) 

Y = 5 -0,0004 -0,0022 0,0001 -5,1097 0,0011 0,0031 0,0002 0,0007 

P-value - (0,1214) (0,7241) (0,0000) (0,2041) (0,0092) (0,5369) (0,0771) 

M = 120 

Y = 2 0,0026 0,0008 0,0008 0,0144 0,0021 0,0073 0,0015 0,0024 

P-value - (0,1580) (0,1544) (0,1718) (0,5272) (0,0015) (0,1903) (0,6267) 

Y = 3 0,0016 -0,0004 0,0000 -0,0005 0,0012 0,0057 0,0006 0,0015 

P-value - (0,1227) (0,2050) (0,8200) (0,6758) (0,0050) (0,2631) (0,8411) 

Y = 5 -0,0006 -0,0029 -0,0018 -0,0302 -0,0006 0,0026 -0,0012 -0,0004 

P-value - (0,0734) (0,3406) (0,0030) (0,9971) (0,0382) (0,4598) (0,7192) 

           

FF4 

M = 60 

Y = 2 0,0010 0,0016 0,0008 -0,2816 0,0017 0,0011 0,0039 0,0012 

P-value - (0,6503) (0,8644) (0,0000) (0,4614) (0,9837) (0,0448) (0,8287) 

Y = 3 0,0000 0,0002 -0,0001 -0,4359 0,0008 0,0002 0,0028 0,0002 

P-value - (0,8330) (0,9312) (0,0000) (0,3517) (0,8705) (0,0459) (0,6488) 

Y = 5 -0,0021 -0,0024 -0,0020 -0,7447 -0,0010 -0,0016 0,0007 -0,0016 

P-value - (0,7920) (0,9363) (0,0000) (0,1909) (0,6584) (0,0494) (0,3572) 

M = 120 

Y = 2 -0,0004 0,0005 -0,0004 -0,0664 0,0000 -0,0003 0,0046 -0,0002 

P-value - (0,4912) (0,9984) (0,0004) (0,7126) (0,9222) (0,0002) (0,7752) 

Y = 3 -0,0014 -0,0009 -0,0011 -0,1176 -0,0008 -0,0010 0,0036 -0,0011 

P-value - (0,6705) (0,8438) (0,0000) (0,5413) (0,7398) (0,0002) (0,5404) 

Y = 5 -0,0034 -0,0035 -0,0027 -0,2200 -0,0023 -0,0026 0,0018 -0,0028 

P-value - (0,9278) (0,5572) (0,0000) (0,2786) (0,4293) (0,0001) (0,2122) 

           

FF12 

M = 60 

Y = 2 0,0020 0,0015 0,0032 -1,0753 0,003 0,006 0,0028 0,0026 

P-value - (0,7111) (0,4884) (0,0000) (0,3287) (0,0006) (0,3555) (0,2417) 

Y = 3 0,0009 0,0003 0,0022 -1,6749 0,0022 0,0050 0,0020 0,0017 

P-value - (0,5615) (0,4591) (0,0000) (0,2453) (0,0006) (0,2653) (0,1469) 

Y = 5 -0,0011 -0,0023 0,0004 -2,8742 0,0005 0,003 0,0003 0,0000 

P-value - (0,3235) (0,4066) (0,0000) (0,1288) (0,0006) (0,1387) (0,0466) 

M = 120 

Y = 2 0,0012 0,0007 0,0009 -0,113 0,0012 0,0065 0,0012 0,0013 

P-value - (0,6830) (0,8626) (0,0003) (0,9586) (0,0000) (0,9719) (0,8127) 

Y = 3 0,0001 -0,0006 0,0002 -0,2337 0,0005 0,0053 0,0005 0,0004 

P-value - (0,5376) (0,9671) (0,0000) (0,7540) (0,0000) (0,7448) (0,5559) 

Y = 5 -0,0019 -0,0032 -0,0012 -0,4749 -0,001 0,0028 -0,001 -0,0012 

P-value - (0,3082) (0,6438) (0,0000) (0,4097) (0,0000) (0,3719) (0,2027) 
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MVRI16 

M = 60 

Y = 2 0,0040 0,0021 -0,0004 -1,0566 0,0021 -0,0001 0,0029 0,0032 

P-value - (0,1070) (0,0633) (0,0000) (0,2200) (0,0355) (0,1639) (0,3436) 

Y = 3 0,0025 0,0006 -0,0022 -1,6226 0,0007 -0,0018 0,0014 0,0019 

P-value - (0,1128) (0,0506) (0,0000) (0,2564) (0,0263) (0,2144) (0,4725) 

Y = 5 -0,0006 -0,0025 -0,0058 -2,7547 -0,0021 -0,0054 -0,0014 -0,0008 

P-value - (0,1281) (0,0332) (0,0000) (0,3431) (0,0149) (0,3477) (0,7881) 

M = 120 

Y = 2 0,0034 0,0015 0,0015 -43,9797 0,0032 0,001 0,0027 0,0035 

P-value - (0,1398) (0,3417) (0,0000) (0,8789) (0,2214) (0,4895) (0,9224) 

Y = 3 0,0018 0,0000 0,0001 -66,2222 0,0019 -0,0008 0,0013 0,0021 

P-value - (0,1481) (0,3853) (0,0000) (0,9631) (0,1842) (0,6457) (0,6762) 

Y = 5 -0,0014 -0,0032 -0,0028 -110,7071 -0,0008 -0,0045 -0,0014 -0,0006 

P-value - (0,1689) (0,4834) (0,0000) (0,6660) (0,1283) (0,9946) (0,3012) 

           

MVRI100 

M = 60 

Y = 2 0,0041 0,0020 -0,5520 -76,7120 0,0035 0,0033 -0,5488 0,0040 

P-value - (0,1898) (0,0000) (0,0000) (0,7359) (0,7020) (0,0000) (0,9451) 

Y = 3 0,0029 0,0005 -0,8338 -114,8239 0,0026 0,0018 -0,8296 0,0031 

P-value - (0,1277) (0,0000) (0,0000) (0,8367) (0,5745) (0,0000) (0,8458) 

Y = 5 0,0006 -0,0024 -1,3974 -191,0477 0,0007 -0,0013 -1,3912 0,0012 

P-value - (0,0541) (0,0000) (0,0000) (0,9582) (0,3645) (0,0000) (0,4790) 

M = 120 

Y = 2 0,0021 0,0010 -0,0028 -5,8380 0,0015 0,0033 -0,0007 0,0029 

P-value - (0,4756) (0,0978) (0,0000) (0,3092) (0,3991) (0,0892) (0,2797) 

Y = 3 0,0010 -0,0005 -0,0045 -8,7546 0,0005 0,0024 -0,0020 0,0019 

P-value - (0,3501) (0,0669) (0,0000) (0,4503) (0,3022) (0,0777) (0,1658) 

Y = 5 -0,0014 -0,0036 -0,0080 -14,5878 -0,0015 0,0006 -0,0045 0,0000 

P-value - (0,1744) (0,0302) (0,0000) (0,8118) (0,1630) (0,0602) (0,0486) 

           

MVRI255 M = 60 

Y = 2 0,0032 0,0018 0,0000 -1,4E+17 0,0020 0,0021 - 0,0029 

P-value - (0,3592) (0,4590) (0,0000) (0,4613) (0,5310) - (0,6633) 

Y = 3 0,0020 0,0004 -0,0035 -2,1E+17 0,0011 0,0009 - 0,0020 

P-value - (0,3050) (0,2081) (0,0000) (0,6021) (0,5530) - (0,9426) 

Y = 5 -0,0004 -0,0024 -0,0106 -3,5E+17 -0,0005 -0,0014 - 0,0002 

P-value - (0,2181) (0,0249) (0,0000) (0,9234) (0,5997) - (0,5235) 

             



 50 

 
 
 
 
Robustness checks Naive VW Min-Var Mean-Var CMin-Var CMean-Var Mix-Ew-Min Mix-Ew-CMin-Var 

6 MC PF 

M = 60 

Y = 2 0,0044 0,0038 0,0043 -0,2953 0,0043 0,0036 0,0044 0,0044 

P-value - (0,3843) (0,3730) (0,0000) (0,3731) (0,0529) (0,8343) (0,5144) 

Y = 3 0,0042 0,0027 0,0040 -0,4502 0,0040 0,0030 0,0042 0,0041 

P-value - (0,0405) (0,3345) (0,0000) (0,3347) (0,0102) (0,7965) (0,5439) 

Y = 5 0,0036 0,0004 0,0035 -0,7601 0,0035 0,0019 0,0036 0,0036 

P-value - (0,0000) (0,2666) (0,0000) (0,2670) (0,0001) (0,7231) (0,6057) 

M = 120 

Y = 2 0,0044 0,0038 0,0042 -1,2808 0,0042 0,0036 0,0044 0,0043 

P-value - (0,3713) (0,0977) (0,0000) (0,0978) (0,0334) (0,1831) (0,1417) 

Y = 3 0,0041 0,0026 0,0039 -1,9109 0,0039 0,0031 0,0041 0,0041 

P-value - (0,0372) (0,0987) (0,0000) (0,0989) (0,0074) (0,1944) (0,1702) 

Y = 5 0,0036 0,0003 0,0034 -3,1711 0,0034 0,0021 0,0035 0,0035 

P-value - (0,0000) (0,1014) (0,0000) (0,1015) (0,0002) (0,2191) (0,2401) 

M = 360 

Y = 2 0,0047 0,0039 0,0045 -1,6951 0,0045 0,0040 0,0046 0,0046 

P-value - (0,2988) (0,1911) (0,0000) (0,1908) (0,0146) (0,1448) (0,2445) 

Y = 3 0,0044 0,0027 0,0043 -2,5348 0,0043 0,0036 0,0043 0,0043 

P-value - (0,0234) (0,2169) (0,0000) (0,2166) (0,0045) (0,1818) (0,3080) 

Y = 5 0,0038 0,0003 0,0037 -4,2141 0,0037 0,0029 0,0038 0,0038 

P-value - (0,0000) (0,2762) (0,0000) (0,2759) (0,0003) (0,2763) (0,4650) 

M = 720 

Y = 2 0,0047 0,0041 0,0045 -0,0116 0,0045 0,0045 0,0046 0,0046 

P-value - (0,4454) (0,0594) (0,0000) (0,0595) (0,4149) (0,0551) (0,0800) 

Y = 3 0,0044 0,0028 0,0042 -0,0191 0,0042 0,0041 0,0043 0,0043 

P-value - (0,0406) (0,0731) (0,0000) (0,0731) (0,2392) (0,0750) (0,1116) 

Y = 5 0,0038 0,0002 0,0037 -0,0341 0,0037 0,0034 0,0038 0,0038 

P-value - (0,0000) (0,1085) (0,0000) (0,1086) (0,0583) (0,1324) (0,2036) 

           

6 MC Equities 

M = 60 

Y = 2 0,0016 -0,0079 0,0015 -64,0066 0,0015 -0,0019 0,0014 0,0016 

P-value - (0,0000) (0,6964) (0,0000) (0,6958) (0,0059) (0,0125) (0,8972) 

Y = 3 0,0003 -0,0139 0,0000 -96,0896 0,0000 -0,0056 0,0000 0,0003 

P-value - (0,0000) (0,5654) (0,0000) (0,5648) (0,0000) (0,0087) (0,8418) 

Y = 5 -0,0024 -0,0261 -0,0028 -160,2555 -0,0028 -0,0129 -0,0027 -0,0024 

P-value - (0,0000) (0,3524) (0,0000) (0,3519) (0,0000) (0,0045) (0,7376) 

M = 120 

Y = 2 0,0013 -0,0084 0,0019 -6,1664 0,0019 -0,0015 0,0014 0,0017 

P-value - (0,0000) (0,0299) (0,0000) (0,0300) (0,0195) (0,2700) (0,0097) 

Y = 3 0,0000 -0,0145 0,0006 -9,2801 0,0006 -0,0049 0,0001 0,0004 

P-value - (0,0000) (0,0325) (0,0000) (0,0326) (0,0001) (0,2570) (0,0059) 

Y = 5 -0,0027 -0,0267 -0,0021 -15,5076 -0,0021 -0,0117 -0,0026 -0,0023 

P-value - (0,0000) (0,0397) (0,0000) (0,0398) (0,0000) (0,2362) (0,0022) 

M = 360 
Y = 2 0,0010 -0,0088 0,0015 -2,5000 0,0015 -0,0015 0,0013 0,0013 

P-value - (0,0000) (0,0218) (0,0000) (0,0218) (0,0114) (0,0137) (0,0091) 
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Y = 3 -0,0003 -0,0151 0,0002 -3,7887 0,0002 -0,0041 0,0000 0,0000 

P-value - (0,0000) (0,0161) (0,0000) (0,0161) (0,0001) (0,0075) (0,0040) 

Y = 5 -0,0030 -0,0276 -0,0024 -6,3662 -0,0024 -0,0094 -0,0027 -0,0026 

P-value - (0,0000) (0,0091) (0,0000) (0,0091) (0,0000) (0,0022) (0,0007) 

M = 720 

Y = 2 0,0013 -0,0091 0,0017 -3,3172 0,0017 -0,0010 0,0016 0,0015 

P-value - (0,0000) (0,0309) (0,0000) (0,0309) (0,0132) (0,0147) (0,0145) 

Y = 3 -0,0001 -0,0156 0,0004 -5,0150 0,0004 -0,0033 0,0003 0,0002 

P-value - (0,0000) (0,0182) (0,0000) (0,0182) (0,0004) (0,0063) (0,0053) 

Y = 5 -0,0028 -0,0287 -0,0023 -8,4106 -0,0023 -0,0080 -0,0024 -0,0025 

P-value - (0,0000) (0,0061) (0,0000) (0,0061) (0,0000) (0,0010) (0,0006) 

           

25 MC PF 

M = 1000 

Y = 2 0,0057 0,0040 0,0056 -4,3336 0,0056 0,0057 0,0056 0,0056 

P-value - 0,0000 -0,3003 0,0000 -0,3006 -0,7730 -0,2695 -0,3679 

Y = 3 0,0056 0,0034 0,0056 -6,5144 0,0056 0,0056 0,0056 0,0056 

P-value - 0,0000 -0,3185 0,0000 -0,3187 -0,9440 -0,3178 -0,4265 

Y = 5 0,0055 0,0022 0,0054 -10,8761 0,0054 0,0055 0,0055 0,0055 

P-value - 0,0000 -0,3569 0,0000 -0,3572 -0,7147 -0,4305 -0,5589 

M = 3000 

Y = 2 0,0057 0,0036 0,0056 0,0055 0,0058 0,0056 0,0057 0,0057 

P-value - 0,0000 -0,0590 -0,2954 -0,4690 -0,0275 -0,1517 -0,9763 

Y = 3 0,0056 0,0029 0,0056 0,0052 0,0057 0,0055 0,0056 0,0056 

P-value - 0,0000 -0,0720 -0,0536 -0,3385 -0,0179 -0,2189 -0,9906 

Y = 5 0,0055 0,0017 0,0054 0,0048 0,0057 0,0053 0,0055 0,0055 

P-value - 0,0000 -0,1050 -0,0002 -0,1549 -0,0072 -0,4117 -0,9809 

           

25 MC Equities 

M = 1000 

Y = 2 0,0027 -0,0107 0,0028 -0,3166 0,0028 0,0020 0,0028 0,0028 

P-value - 0,0000 -0,6937 0,0000 -0,6938 -0,0008 -0,5553 -0,4240 

Y = 3 0,0026 -0,0167 0,0026 -0,4745 0,0026 0,0016 0,0026 0,0026 

P-value - 0,0000 -0,4723 0,0000 -0,4724 0,0000 -0,3176 -0,1846 

Y = 5 0,0022 -0,0288 0,0023 -0,7904 0,0023 0,0008 0,0023 0,0023 

P-value - 0,0000 -0,1721 0,0000 -0,1721 0,0000 -0,0696 -0,0175 

M = 3000 

Y = 2 0,0027 -0,0112 0,0027 -0,0814 0,0027 0,0018 0,0026 0,0027 

P-value - 0,0000 -0,9670 0,0000 -0,9670 -0,0003 -0,2586 -0,6628 

Y = 3 0,0025 -0,0174 0,0025 -0,1254 0,0025 0,0013 0,0024 0,0025 

P-value - 0,0000 -0,6885 0,0000 -0,6885 0,0000 -0,0472 -0,3210 

Y = 5 0,0021 -0,0296 0,0022 -0,2134 0,0022 0,0004 0,0021 0,0022 

P-value - 0,0000 -0,2639 0,0000 -0,2639 0,0000 -0,0002 -0,0357 

           

PERI M = 60 

Y = 2 0,0035 - -7,3700 -1,6E+17 0,0030 0,0007 -7,3662 0,0035 

P-value - - (0,0000) (0,0000) (0,7949) (0,0795) (0,0000) (0,9542) 

Y = 3 0,0025 - -10,9773 -2,4E+17 0,0023 -0,0003 -10,9707 0,0028 

P-value - - (0,0000) (0,0000) (0,9385) (0,0785) (0,0000) (0,6918) 

Y = 5 0,0004 - -18,1918 -4,0E+17 0,0010 -0,0024 -18,1797 0,0014 
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P-value - - (0,0000) (0,0000) (0,7770) (0,0782) (0,0000) (0,2898) 

M = 120 

Y = 2 0,0013 - 0,0009 -0,0240 0,0017 -0,0017 0,0005 0,0018 

P-value - - 0,8861 (0,0000) (0,7858) (0,0589) (0,4997) (0,5562) 

Y = 3 0,0001 - -0,0003 -0,0310 0,0008 -0,0033 -0,0005 0,0009 

P-value - - 0,8559 (0,0000) (0,7151) (0,0294) (0,6087) (0,4024) 

Y = 5 -0,0021 - -0,0028 -0,0449 -0,0012 -0,0066 -0,0024 -0,0009 

P-value - - 0,7981 (0,0000) (0,5849) (0,0065) (0,8496) (0,1871) 
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Robustness checks 

 
Naive                                                  

PERI 

M = 60 

Y = 2 0,0035 0,0009 0,0048 0,0045 0,0051 0,0052 0,0041 0,0033 0,0035 

P-value - (0,4899) (0,4889) (0,5311) (0,2560) (0,0386) (0,1160) (0,5504) (0,1619) 

Y = 3 0,0025 -0,0030 0,0028 0,0027 0,0034 0,0039 0,0031 0,0023 0,0025 

P-value - (0,1415) (0,8520) (0,8670) (0,4893) (0,0900) (0,1583) (0,5050) (0,1721) 

Y = 5 0,0004 -0,0109 -0,0011 -0,0008 0,0002 0,0013 0,0009 0,0002 0,0005 

P-value - (0,0034) (0,4280) (0,4694) (0,8595) (0,3382) (0,2771) (0,4242) (0,1961) 

M = 120 

Y = 2 0,0013 -0,0081 0,0000 0,0002 0,0009 0,0022 0,0023 0,0017 0,0014 

P-value - (0,0387) (0,5690) (0,5625) (0,8329) (0,3000) (0,0480) (0,1295) (0,0157) 

Y = 3 0,0001 -0,0137 -0,0023 -0,0020 -0,0010 0,0007 0,0011 0,0006 0,0003 

P-value - (0,0029) (0,2715) (0,2672) (0,4801) (0,5157) (0,0609) (0,1228) (0,0157) 

Y = 5 -0,0021 -0,0247 -0,0069 -0,0062 -0,0048 -0,0022 -0,0012 -0,0016 -0,0020 

P-value - (0,0000) (0,0350) (0,0340) (0,0979) (0,9158) (0,0966) (0,1128) (0,0161) 

M = 1 

Y = 2 0,0057 0,0091 0,0085 0,0083 0,0079 0,0078 0,0066 0,0057 0,0058 

P-value - (0,1784) (0,0693) (0,0557) (0,0542) (0,0035) (0,0308) (0,9069) (0,0584) 

Y = 3 0,0047 0,0065 0,0068 0,0067 0,0065 0,0066 0,0055 0,0046 0,0048 

P-value - (0,4694) (0,1696) (0,1353) (0,1248) (0,0103) (0,0435) (0,8757) (0,0605) 

Y = 5 0,0026 0,0014 0,0034 0,0035 0,0035 0,0040 0,0033 0,0026 0,0027 

P-value - (0,6317) (0,6153) (0,5050) (0,4452) (0,0631) (0,0832) (0,8159) (0,0664) 

Robustness checks 
 

Naive                                                                                  

PERI 

M = 60 

Y = 2 0,0035 0,0040 0,0043 0,0048 0,0050 0,0042 0,0036 0,0035 0,0035 

P-value - (0,0668) (0,4307) (0,9483) (0,7984) (0,7835) (0,9548) (0,9054) (0,3591) 

Y = 3 0,0025 0,0008 0,0026 0,0033 0,0036 0,0030 0,0025 0,0025 0,0024 

P-value - (0,0668) (0,4307) (0,9483) (0,7984) (0,7835) (0,9548) (0,9054) (0,3591) 

Y = 5 0,0004 -0,0056 -0,0009 0,0004 0,0008 0,0007 0,0004 0,0004 0,0004 

P-value - (0,0668) (0,4307) (0,9483) (0,7984) (0,7835) (0,9548) (0,9054) (0,3591) 

M = 120 

Y = 2 0,0013 -0,0044 -0,0008 0,0003 0,0009 0,0016 0,0015 0,0013 0,0012 

P-value - (0,0498) (0,2300) (0,5046) (0,8116) (0,6941) (0,5520) (0,9674) (0,8358) 

Y = 3 0,0001 -0,0072 -0,0026 -0,0013 -0,0006 0,0003 0,0003 0,0001 0,0001 

P-value - (0,0112) (0,1250) (0,3353) (0,5856) (0,7976) (0,6219) (0,9714) (0,7895) 

Y = 5 -0,0021 -0,0129 -0,0060 -0,0045 -0,0037 -0,0022 -0,0020 -0,0022 -0,0022 

P-value - (0,0003) (0,0300) (0,1255) (0,2553) (0,9900) (0,7707) (0,8529) (0,7025) 

M = 12 

Y = 2 0,0052 0,0087 0,0090 0,0081 0,0078 0,0072 0,0057 0,0054 0,0052 

P-value - (0,1178) (0,0188) (0,0338) (0,0273) (0,0041) (0,1858) (0,2455) (0,0133) 

Y = 3 0,0041 0,0063 0,0072 0,0065 0,0062 0,0059 0,0046 0,0043 0,0042 

P-value - (0,3399) (0,0619) (0,0910) (0,0773) (0,0121) (0,2727) (0,3107) (0,0218) 

Y = 5 0,0020 0,0015 0,0036 0,0032 0,0031 0,0034 0,0023 0,0022 0,0021 

P-value - (0,8201) (0,3604) (0,4019) (0,3692) (0,0734) (0,5172) (0,4721) (0,0546) 

 
  



 54 

Appendix 9 – Indexed Market Portfolios 

Based on the 379 shares from which the Fama French momentum portfolios were constructed, the 

returns of the complete value-weighted market portfolio was also calculated. In the following graph, 

the entire investment period (1985-2010 for M=60) is broken down into 5 year intervals and indexed 

on a base value of 100. As clearly illustrated in the graph the 1985-1990 ranks highest. When 

changing the estimation window from 60 to 120, this exact period goes from being included in the 

trading, to merely being included in the estimation. In general, missing out on the investment 

opportunities in 1985-1990, leads to a reduced performance in the return/risk key figures for M=120 

compared with M=60.  
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Appendix 10 – Turnover VW in MVRI 
 

 
Datastream Manual 

 
Outstanding Price MarketValue Calculated MV Difference 

01/08/2007 70.00 272.50 19075.00 19075.00 0.00 

01/09/2007 70.00 250.50 17535.00 17535.00 0.00 

01/10/2007 70.00 229.00 16030.00 16030.00 0.00 

01/11/2007 70.00 230.00 16100.00 16100.00 0.00 

01/12/2007 70.00 211.25 14787.50 14787.50 0.00 

01/01/2008 70.00 219.25 14799.37 15347.50 -548.13 

01/02/2008 67.50 181.50 12251.25 12251.25 0.00 

01/03/2008 67.50 175.75 11863.12 11863.13 0.00 

01/04/2008 67.50 181.00 12217.50 12217.50 0.00 

01/05/2008 67.50 179.50 12116.25 12116.25 0.00 

01/06/2008 67.50 201.75 13618.12 13618.13 0.00 

01/07/2008 67.50 180.00 12150.00 12150.00 0.00 

01/08/2008 67.50 182.00 12285.00 12285.00 0.00 

01/09/2008 67.50 167.50 11306.25 11306.25 0.00 

01/10/2008 67.50 149.00 10057.50 10057.50 0.00 

01/11/2008 67.50 96.00 6480.00 6480.00 0.00 

01/12/2008 67.50 64.25 4336.87 4336.88 -0.01 

01/01/2009 67.50 64.25 4336.87 4336.88 -0.01 

01/02/2009 67.50 76.25 5146.87 5146.88 -0.01 

01/03/2009 67.50 64.75 4370.62 4370.63 -0.01 

01/04/2009 67.50 78.50 5298.75 5298.75 0.00 

01/05/2009 67.50 97.50 6581.25 6581.25 0.00 

01/06/2009 67.50 113.00 7627.50 7627.50 0.00 

01/07/2009 67.50 124.75 8420.62 8420.63 0.00 

01/08/2009 67.50 135.00 9112.50 9112.50 0.00 

01/09/2009 67.50 144.00 9720.00 9720.00 0.00 

01/10/2009 67.50 132.75 9856.68 8960.63 896.06 

01/11/2009 74.25 125.25 9299.80 9299.81 -0.01 

01/12/2009 74.25 121.25 9002.80 9002.81 -0.01 

01/01/2010 74.25 133.75 9930.93 9930.94 -0.01 
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Appendix 11 –     with M=1 and           with M=12. 
 
 
 
 
 

PERI PF, M=1 Naive                                                  

Sharpe ratio 0,1713 0,1982 0,2041 0,2035 0,2006 0,2058 0,1879 0,1704 0,1728 

P-value Sharpe - (0,2711) (0,0785) (0,0496) (0,0346) (0,0002) (0,0019) (0,4470) (0,2360) 

          CEQ 0,0067 0,0116 0,0102 0,0099 0,0094 0,0091 0,0077 0,0067 0,0068 

P-value CEQ - (0,0108) (0,0038) (0,0028) (0,0025) (0,0000) (0,0005) (0,4454) (0,1357) 

          
Turnover 0,0810 0,4128 0,3199 0,2847 0,2650 0,2057 0,1382 0,1028 0,0778 

Source: Own construction 
 
 
 
 
 
 
 
 
 
 
 

PERI PF, M=12 Naive                                                                                  

Sharpe ratio 0,1588 0,1949 0,2099 0,1992 0,1950 0,1932 0,1677 0,1632 0,1597 

P-value Sharpe - (0,2901) (0,0705) (0,1073) (0,0890) (0,0160) (0,3167) (0,3483) (0,9014) 

          CEQ 0,0062 0,0111 0,0108 0,0097 0,0093 0,0085 0,0069 0,0065 0,0063 

P-value CEQ - (0,0295) (0,0046) (0,0107) (0,0082) (0,0013) (0,1215) (0,1910) (0,0079) 

          Turnover 0,0792 0,2495 0,1971 0,1786 0,1776 0,1343 0,1057 0,0921 0,0794 

Source: Own construction 
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Appendix 12 – Sample-based vs. Firm Characteristics. 
 
 
 
 
 

PERI PF, M=60 Naive Min-Var* Mean-Var* CMin-Var CMean-Var Mix-Ew-CMin-Var 

Sharpe ratio 0,1220 -0,0579 0,0288 0,1182 0,0607 0,1312 

P-value Sharpe - (0,0282) (0,2340) (0,4888) (0,1100) (0,4469) 

       CEQ 0,0045 -3,7628 -1,9650 0,0037 0,0017 0,0042 

P-value CEQ - (0,0000) (0,0000) (0,1797) (0,0809) (0,0860) 

       Turnover 0,0764 96,0663 158,6838 0,4327 0,4887 0,2052 

Source: Own construction 
 
 

 
 
 
 
 
 
 

PERI PF, M=120 Naive Min-Var* Mean-Var* CMin-Var CMean-Var Mix-Ew-CMin-Var 

Sharpe ratio 0,0739 0,0710 -0,0861 0,0834 0,0262 0,0843 

P-value Sharpe - (0,9651) (0,0305) (0,8405) (0,1777) (0,6531) 

       CEQ 0,0024 0,0023 -0,0171 0,0027 -0,0001 0,0027 

P-value CEQ - (0,9725) (0,0009) (0,8593) (0,1114) (0,7367) 

       Turnover 0,0777 0,5282 2,3051 0,3395 0,7658 0,1169 

Source: Own construction 

 
 
 
 
 
 
 

PERI PF, M=60       Min-Var* Mean-Var* CMin-Var CMean-Var Mix-Ew-Cmin-Var 

Sharpe ratio 0,1528 -0,0579 0,0288 0,1182 0,0607 0,1312 

P-value Sharpe - (0,0097) (0,1142) (0,4888) (0,0289) (0,4469) 

       CEQ 0,0065 -3,7628 -1,9650 0,0037 0,0017 0,0042 

P-value CEQ - (0,0000) (0,0000) (0,1797) (0,0103) (0,0860) 

       Turnover 0,2239 96,0663 158,6838 0,4327 0,4887 0,2052 

Source: Own construction 
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PERI PF, M=60          Min-Var* Mean-Var* CMin-Var CMean-Var Mix-Ew-Cmin-Var 

Sharpe ratio 0,1479 -0,0579 0,0288 0,1182 0,0607 0,1312 

P-value Sharpe (0,3151) (0,0121) (0,1288) (0,5836) (0,0505) (0,6345) 

       CEQ 0,0065 -3,7628 -1,9650 0,0037 0,0017 0,0042 

P-value CEQ (0,1022) (0,0000) (0,0000) (0,2348) (0,0197) (0,1716) 

       Turnover 0,1291 96,0663 158,6838 0,4327 0,4887 0,2052 

Source: Own construction 
 
 

PERI PF, M=120       Min-Var* Mean-Var* CMin-Var CMean-Var Mix-Ew-Cmin-Var 

Sharpe ratio 0,0964 0,0710 -0,0861 0,0834 0,0262 0,0843 

P-value Sharpe - (0,7019) (0,0169) (0,7877) (0,0773) (0,6412) 

       CEQ 0,0035 0,0023 -0,0171 0,0027 -0,0001 0,0027 

P-value CEQ - (0,6481) (0,0006) (0,6590) (0,0383) (0,4171) 

       Turnover 0,1581 0,5282 2,3051 0,3395 0,7658 0,1169 

Source: Own construction 
 
 
 
 

PERI PF, M=120           Min-Var* Mean-Var* CMin-Var CMean-Var Mix-Ew-Cmin-Var 

Sharpe ratio 0,0818 0,0710 -0,0861 0,0834 0,0262 0,0843 

P-value Sharpe - (0,8711) (0,0269) (0,9742) (0,1725) (0,9355) 

       CEQ 0,0028 0,0023 -0,0171 0,0027 -0,0001 0,0027 

P-value CEQ - (0,8396) (0,0008) (0,9423) (0,1005) (0,8970) 

       Turnover 0,1037 0,5282 2,3051 0,3395 0,7658 0,1169 

Source: Own construction 
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Appendix 13 - Performance including proportional transaction costs of 50 
basis points 
 

 
 
 

Including proportional transaction costs of 50bp 

FF3 PF, M=60 Naive CMean-Var 

Sharpe ratio 0.0536 0.1224 

P-value Sharpe - (0.0159) 

      CEQ 0.0014 0.0050 

P-value CEQ - (0.0057) 

 

Including proportional transaction costs of 50bp 

FF3 PF, M=120 Naive Mean-Var CMean-Var 

Sharpe ratio 0.0298 0.1501 0.1092 

P-value Sharpe - (0.0346) (0.0101) 

        CEQ 0.0003 0.0112 0.0045 

P-value CEQ - (0.1559) (0.0037) 

 

Including proportional transaction costs of 50bp 

FF12 PF, M=60 Naive CMean-Var 

Sharpe ratio 0.0379 0.1042 

P-value Sharpe - (0.0214) 

      CEQ 0.0007 0.0037 

P-value CEQ - (0.0115) 

 

Including proportional transaction costs of 50bp 

FF12 PF, M=120 Naive Mean-Var CMean-Var 

Sharpe ratio 0.0013 -0.1399 0.0943 

P-value Sharpe - (0.1439) (0.0006) 

        CEQ -0.0010 -0.0891 0.0034 

P-value CEQ - (0.0000) (0.0000) 
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Appendix 14 – Overview of superior significance 
 
Overview of superior significance VW Min-Var Mean-Var CMin-Var CMean-Var Mix-Ew-Min Mix-Ew-CMin-Var 

FF3 

M = 60 
Sharpe ratio - - - - X - - 

CEQ - - - - X - - 

M = 120 
Sharpe ratio - - X - X - - 

CEQ - - X - X - - 

            

FF4 

M = 60 
Sharpe ratio - - - - - - - 

CEQ - - - - X - - 

M = 120 
Sharpe ratio - - - - X - - 

CEQ - - - - X - - 

            

FF12 

M = 60 
Sharpe ratio - - - - X - - 

CEQ - - - - X - - 

M = 120 
Sharpe ratio - - X - X - - 

CEQ - - - - X - - 

            

MVRI16 

M = 60 
Sharpe ratio - - - - - - - 

CEQ - - - - - - - 

M = 120 
Sharpe ratio - - - - - - - 

CEQ - - - - - - - 

            

MVRI100 

M = 60 
Sharpe ratio - - - - - - - 

CEQ - - - - - - - 

M = 120 
Sharpe ratio - - - - - - - 

CEQ - - - - - - - 

            
MVRI255 M = 60 

Sharpe ratio - - - - - 
 

- 

CEQ - - - - - - - 

            

6 MC PF 

M = 60 
Sharpe ratio - - - - - - - 

CEQ - - - - - - - 

M = 120 
Sharpe ratio - - - - - - - 

CEQ - - - - - - - 

M = 360 
Sharpe ratio - - - - - - - 

CEQ - - - - - - - 

M = 720 
Sharpe ratio - - - - - - - 

CEQ - - - - - - - 

            

6 MC Equities 

M = 60 
Sharpe ratio - - - - - - - 

CEQ - - - - - - - 

M = 120 
Sharpe ratio - X - X - - X 

CEQ - X - X - - X 

M = 360 
Sharpe ratio - X - X - X X 

CEQ - X - X - X X 

M = 720 
Sharpe ratio - - - - - X X 

CEQ - - - - - X X 

            

25 MC PF 

M = 1000 
Sharpe ratio - - - - - X X 

CEQ - - - - - - - 

M = 3000 
Sharpe ratio - - - X - - - 

CEQ - - - - - - - 

            

25 MC Equities 

M = 1000 
Sharpe ratio - X - X - X X 

CEQ - - - - - - - 

M = 3000 
Sharpe ratio - X - X - - X 

CEQ - - - - - - - 

            

Price - Earning Dataset 

M = 60 
Sharpe ratio - - - - - - - 

CEQ - - - - - - - 

M = 120 
Sharpe ratio - - - - - - - 

CEQ - - - - - - - 

Source: Own construction 
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Overview of superior significance                                                  

PERI 

M = 60 
Sharpe ratio - - - - - - - - 

CEQ - - - - X - - - 

M = 120 
Sharpe ratio - - - - - - - X 

CEQ - - - - - X - X 

M = 1 
Sharpe ratio - - X X X X - - 

CEQ X X X X X X - - 

           
 

                                                                                 

PERI 

M = 60 
Sharpe ratio - - - - - - - - 

CEQ - - - - - - - - 

M = 120 
Sharpe ratio - - - - - - - - 

CEQ - - - - - - - - 

M = 12 
Sharpe ratio - - - - X - - - 

CEQ X X X X X - - X 

Source: Own construction 
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Appendix 15 - Fama French buy ranges for size and book-to-market portfolios. 
 

  

 

    Small Value 

 

  

   Big Value 

 

 
    

   Small Neutral 

 

  

    Big Neutral 

 
      

   Small Growth 

 

  

    Big Growth 
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Appendix 16 – Implementing the constrained models 
 
As mentioned in the thesis, we develop an Excel application to derive the optimal weights in the 

constraint models considered in our study. 

The basic idea is to implement time dependency in the approach, i.e. dimension adjustment in all of 

the input parameters as the number of eligible shares change over time. In order to do this, each 

period is initiated by updating the name references used for calculations, setting the dimension equal 

to the sum in the corresponding period of the Design Matrix. The solver is called in the VBA part and 

is included in a loop, thereby the only user action required, to perform fairly complex numerical 

approximations, is to supply the inputs and activate the macro by clicking the command button in the 

sheet.  

The macro activates the Calculation sheet in the workbook, and allows the user to supervise the 

optimization process. Once completed, the evaluation sheet is activated and presents the Sharpe, 

CEQ and Turnover, as well as the returns series and portfolio evolution.  

There are numerous C++ based functions, which are updated once the “period”-cell in the 

“calculation”-sheet is changed.  

The solver procedure only includes the shares eligible for trading in the respective period, i.e. shares 

with a 1 in the design matrix. The results of the optimization are stored in the sheet 

“WeightsFromSolver” and later on allocated to the respective shares, by a C++ procedure. These 

allocated weights are located in the sheet “TrueWeights”.  

Example of the applications at work are available from the designed Excel menu - Diversification 

Analysis, developed by the authors, have the 6 Momentum portfolios as standard input, allowing the 

reader to a hands-on experience of the programmed functions.  
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Appendix 17 – Excel structure of the models 

 

 

Table 1 – Inputs to Naive model 

 

Source: Excel 

 

Table 2 – Inputs to V-W model 

 

Source: Excel 
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Table 3 – Inputs to Min-Var model 

 

Source: Excel 

 

 

Table 4 – Inputs to Mean-Var model 

 

Source: Excel 
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Table 5 – Inputs to Mix-Ew-Min model 

 

Source: Excel 

 

 

Table 6 – Inputs to Mix-Ew-CMin-Var model 

 

Source: Excel 
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Table 7 – Inputs to     model 

 

Source: Excel 

 

 

Table 8 – Inputs to          model 

 

Source: Excel 
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Appendix 18 – Normdist and Percentile 

 

 

Syntax 

NORMDIST(x,mean,standard_dev,cumulative) 

X     is the value for which you want the distribution. 

Mean     is the arithmetic mean of the distribution. 

Standard_dev     is the standard deviation of the distribution. 

Cumulative     is a logical value that determines the form of the function. If cumulative is 

TRUE, NORMDIST returns the cumulative distribution function; if FALSE, it returns the 

probability mass function. 

Remarks 

 If mean or standard_dev is nonnumeric, NORMDIST returns the #VALUE! error value. 

 If standard_dev ≤ 0, NORMDIST returns the #NUM! error value. 

 If mean = 0, standard_dev = 1, and cumulative = TRUE, NORMDIST returns the standard 

normal distribution, NORMSDIST. 

 The equation for the normal density function (cumulative = FALSE) is:  

 

 When cumulative = TRUE, the formula is the integral from negative infinity to x of the given 

formula. 
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PERCENTILE function 

 

Returns the k-th percentile of values in a range. You can use this function to establish a 

threshold of acceptance. For example, you can decide to examine candidates who score 

above the 90th percentile. 

Syntax 

PERCENTILE(array,k) 

Array     is the array or range of data that defines relative standing. 

K     is the percentile value in the range 0..1, inclusive. 

Remarks 

 If array is empty or contains more than 8,191 data points, PERCENTILE returns the 

#NUM! error value. 

 If k is nonnumeric, PERCENTILE returns the #VALUE! error value. 

 If k is < 0 or if k > 1, PERCENTILE returns the #NUM! error value. 

 If k is not a multiple of 1/(n - 1), PERCENTILE interpolates to determine the value at the k-

th percentile. 
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Random Function used 
 
 

 

Syntax 

RAND( ) 

Remarks 

 To generate a random real number between a and b, use:  

RAND()*(b-a)+a 

 If you want to use RAND to generate a random number but don't want the numbers to 

change every time the cell is calculated, you can enter =RAND() in the formula bar, and 

then press F9 to change the formula to a random number. 

 

Rnd is the VBA equivalent of the worksheet RAND() function 
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Appendix 19 – Slides from Financial Models in Excel 
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Appendix 20 – Customized Menu 

 

 

Diversification Analysis 

 
Fama French 

  

 

 

Evaluation 

 

 

Contains a complete overview of the 
models in consideration. 
For each model there is a structure file, 
with the list of inputs and outputs, as well 
as an example (FF4 – M=60) 

Indexed evolvement in the constructed 
portfolios, as well as the application 
used for constructing the portfolios 

Evaluation for M=60 for each of the 
datasets considered.  


