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Abstract: This paper develops an overlapping generations model to evaluate, first, the steady state 
growth-maximizing level of public debt around which an economy needs to stabilise; second, how the 
optimal level of public debt varies as a function of key population parameters; third, how fiscal rules 
designed to stabilise the economy around that debt level need to vary with the population parameters; 
and, fourth, how well the model performs as a reasonable and plausible representation of the advanced 
economies that face fiscal strain and deteriorating demographics. The main conclusion is: despite 
diminished fiscal space and flexibility due to deteriorating population parameters, a relatively benign 
steady state is feasible and available under mild fiscal restraints. The bigger problem will be how to 
get there without financial or fiscal breakdowns along the way. We offer some political economy 
perspectives on how best to manage that risk.  
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1. Introduction 

General fiscal rules are legislative agreements intended to mitigate the deficit bias usually 

associated with fiscal policy and typically due to myopia by governments. Recent empirical 

research suggests that national fiscal rules are helpful in achieving greater budgetary 

discipline (Debrun et al., 2008; Nerlich and Reuter, 2013; Foremny, 2014). The question of 

which specific rule is most effective in promoting fiscal discipline has recently attracted  a lot 

of attention. For example, Bergman et al. (2016) find that a combination of an expenditure 

rule and a balanced budget rule, or a combination of an expenditure rule, a balanced budget 

rule and debt rules, give significant positive effects on the primary balance for virtually all 

levels of government efficiency.1 

In this paper, we take a different route. Rather than formulating generic rules designed to 

reduce the deficit bias, we set up specific rules aimed at maximising economic growth.2 This 

enables us to condition those rules on population parameters and age-related spending, and to 

show the impact of population change on fiscal balances and debt. We ask: first, whether, to 

what extent and when do changing demographics affect the net fiscal position; second, 

whether it is acceptable to allow larger debt burdens, or whether tax and spending austerity 

are always needed when demographic change leads to pressure on public finances. 

                                                           
1 For a fuller discussion of what makes a fiscal rule successful, see Eyraud et al. (2018) of the IMF fiscal rules project.  
2 Existing models in the fiscal literature that aim to determine optimal levels of debt include Aschauer (2000), Aiyagari and 
McGrattan (1998) and Checherita et al. (2014).  
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Then, rather than evaluating alternative forms of fiscal rule, we restrict attention to a rule for 

public debt. This is in line with previous work where we have argued that debt targets are 

superior to deficit targets for theoretical and practical reasons (Hughes Hallett and Jensen, 

2012).3 But choosing a debt target is not a trivial task. A key issue is how to account for (the 

discounted value of) future spending liabilities. If the implicit liabilities created by ageing 

populations are ignored, the debt criterion will ignore the future revenues required to avoid 

default despite the obvious need to cover the benefits promised to existing and future 

beneficiaries.  

This is the case for extending debt targeting rules to account for predictable demographic 

changes. Put differently, forward looking fiscal rules are needed to allow for future liabilities 

created by adverse demographics. The implication is that governments facing demographic 

change, or the need for higher social spending, will have to adjust (most likely restrict) their 

fiscal plans to accommodate those changes. Hence our key contribution is to make debt 

control forward looking by designing a rule where fiscal policy reacts, not only to changes in 

existing levels of debt, but also to anticipated changes in future liabilities.  

This study provides a comparative static analysis of the problem. Within that framework, the 

paper makes three new contributions.4 First, we offer a formal evaluation of the optimal debt 

level around which the economy needs to stabilise.5 Second, we study how the optimal debt 

level varies with the key population parameters. Third, we show how fiscal rules designed to 

stabilise the economy around that debt level need to react to population age, life expectancy, 

the birth rate and rising welfare expenditures.6 

While general fiscal rules primarily address the deficit bias, this paper also looks at specific 

rules to deal with ageing and lack of growth in the work force. Such policies imply three roles 

for public policy: i) to improve the incentives to raise children, to maintain the number of 

                                                           
3 If debt targeting is preferred, the question is: what debt or debt-to-GDP ratio should be targeted (Auerbach, 2009)? 
Deriving optimal levels of public debt may involve several complicated trade-offs. For example, how should inter-
generational equity be balanced against economic performance and long term fiscal sustainability? 
4 In a follow up paper, Hughes Hallett et al. (2017) focus on the dynamics of how different economies might reach the new 
steady state. In this paper, by contrast, we focus on establishing (from a political economy perspective) that a feasible steady 
state does indeed exist before going on to analyse how to reach it. It makes little sense to study the transition before we can 
show that an acceptable/sustainable steady state exists. 
5 The optimal debt level depends on the marginal productivity of public capital, defined as public spending on investment 
projects which are (a) productive, (b) have an identifiable rate of return and (c) have a longer horizon than consumption 
expenditures. Conceptually, this is clear-cut. But in practice there are often problems in separating public investment from 
public consumption in the data (Checherita et al., 2014). 
6 Previous work has tended to focus on impact of worsening demographics on the financial markets; Auerbach and 
Herrmann (2002) for example devote 7 out of 8 chapters to that theme, and only one to fiscal issues. On the other hand, 
Bohn (2002) stresses the importance of managing debt for a successful resolution of the impact of ageing.  



M
ANUSCRIP

T

 

ACCEPTE
D

ACCEPTED MANUSCRIPT

3 
 

taxpayers and a capacity to sustain a certain level of public debt; ii) to improve the volume 

and effectiveness of public capital, to boost productivity and growth; and iii) to smooth the 

distributional consequences of demographic change and offset negative effects on growth. In 

this paper, we focus on all three roles because they explain how we can reach a benign steady 

state and good fiscal outcomes despite adverse demographics: an explanation that has been 

missing in the literature so far, but is perhaps the main contribution of the paper.  

How and whether the government should incentivize child-rearing is a controversial issue. 

Since the children of today are the workers of tomorrow, we consider how demographics and 

sustainable government finances are related. We do that by allowing social spending aimed at 

alleviating the private cost of child-rearing. We include fiscal balances because a growing 

population has a feedback that can help maintain a certain level of public spending and debt. 

Specifically, we model government spending related to child-rearing; and then analyze how 

those expenditures influence the economy.  

 We consider public and private capital to be labour productivity-enhancing factors in 

production. Public capital can be interpreted as education, R&D and the social infrastructure 

that underpins human capital formation and leads to a more skilled and productive workforce. 

Private capital, however, provides the incentives for innovation and competition. The ratio of 

public to private capital is therefore a key factor for economic prosperity. The government 

seeks to improve the volume and effectiveness of public infrastructure, helping to raise prod-

uctivity and the economy’s rate of growth. Having a government with this mandate enables 

this study to present an optimal (public) debt policy which allows for demographic factors.  

The roadmap of the paper is as follows. In Section 2 we set out our analytical framework: an 

OLG model extended to allow for public debt. Section 3 derives the optimal debt-to-GDP 

ratio; section 4 outlines policies to manage demographic change and introduces the political 

economy forces that underlie the main issue: intergenerational equity and transfers. Sections 

5 and 6 provide a simulation treatment of the effects of population change on optimal debt. 

Section 7 then illustrates the policy/political economy trade-offs that underlie problems of 

this type. Section 8 provides our principle conclusion and an agenda for future research. 

2. The model 

We use a model with overlapping generations, changing demographics, welfare spending, 

and productive public and private capital accumulation (Yakita, 2008; Bokan et al., 2016). 

The economy contains homogenous individuals and firms operating in competitive markets. 
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Individuals have two periods in their lives, first as a worker and then as a retiree. To 

introduce population ageing and entitlement spending, people face a risk of dying in the 

transition from worker to retirement, so that not every worker will live a full two-period life. 

However, in each period, working people form the young cohort and make decisions about 

consumption, savings and child rearing. Surviving retirees then form the old cohort. Public 

investment decisions are made by a government that issues debt and levies taxes in order to 

fulfil its objectives. 

2.1 Firms 

The economy is composed of a large number of identical firms which produce a 

homogenous product by utilizing the services of private capital and labour. The production 

technology for each firm � is characterized by constant returns to scale between private 

capital and the productivity-adjusted labor input each firm employs: 

��,� = ���,�	 
ℎ���,���	; 	0 < � < 1 (1) 

where ��,�, ��,� and ��,� denote, respectively, the output level, the private capital stock, and 

labour input in firm � for period �. Total factor productivity (TFP) is captured by a standard 

scale factor, �	(which may be time dependent), and labour augmenting productivity (not firm 

specific) described by ℎ�, where  � is the output elasticity with respect to private capital.  

Given the assumption of perfectly competitive markets for production goods and inputs, the 

equilibrium rental rate of capital, ��, and wage rate, ��, can be found in the usual way as the 

solutions to the firm’s  profit maximization problem: 

�� = �� ���,���,��	�� (ℎ� ��	  (2) 

�� = �(1 − � ���,���,��	 (ℎ� ��	 (3) 

The labor augmenting productivity, ℎ�, is determined by both the aggregate public and 

private capital stocks. From a macroeconomic perspective, it is important to recognize the 

productivity effects stemming from government productive inputs that combine with the 

productivity effects of private capital7. We do not model these productivity effects as public 

goods; instead we treat them as rival goods that are universally available to workers.8 This 

                                                           
7 We consider here aggregate private capital to be as in Arrow’s (1962) Learning by Doing model. For a literature review on the importance 

of both private and public investment in the economic growth process, see Makuyana and Odhiambo (2016). 

8 We take the view of Barro (1990) that actual nonrival government activities are relatively few, so we do not consider them. 
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implies that it is the per capita values of productive activities and private capital that matter, 

not their absolute level. So, the productivity adjustment process ℎ� is defined as9: 

ℎ� = ��"#�$%"
�� ; 	0 < & < 1 (4) 

where '� is the public capital stock and  β is the productivity elasticity of private capital (or 

private capital’s share of any income gains from increased productivity).  

Equations (2) and (3) reflect a perfectly competitive environment where the marginal product 

of an input equals its price. Notice that, since ℎ� reflects a macro-level measurement, the 

actions of an individual or each firm cannot influence ℎ�. So, at equilibrium, the competitive 

pricing of inputs does not take into account marginal changes to ℎ�: ℎ� is taken as given by 

firms and individuals. 

The aggregate private capital stock and the aggregate labour input are, respectively, defined 

as �� = ∑ ��,��  and �� = ∑ ��,�� . Moreover, given the symmetry of firms, the equilibrium 

pricing expressions (2) and (3) imply that all firms share the same optimal solution, such that 

the ratio of input choices of each firm is the same in equilibrium: ��,� ��,�⁄ = �� ��⁄ . This 

allows us to rewrite expression (1) in terms of aggregate output at time �: 
�� = ���	(ℎ��� ��	 = ���	*+(��	 '�(��+ (��	 = ���,'���,                  (5) 

where �� = ∑ ��,��  and - ≡ � + &(1 − � . Note that Equation (5) does not include the 

aggregate labor input. This is a simple consequence of our definition of the (endogenous) 

labour productivity input, ℎ� .   
The firm specific optimality conditions can now be rewritten in aggregate terms as: 

�� = �� 1��#�2,��
 (6) 

�� = �(1 − � 1��#�2, 1#���2 (7) 

Finally, for the purpose of simplification, this model assumes that neither private nor public 

capital depreciates over time. We define the ratio of public-to-private capital, '� ��⁄ , as 3�.  
2.2 Households 

The economy is populated by homogeneous individuals. The lives of individuals are divided 

into working and retirement periods. The working period is of fixed length. Individuals in the 

                                                           
9 See Kalaitzidakis and Kalyvitis (2004). 
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working period form the young cohort; those in retirement the old cohort. At the end of the 

working period, a fraction of the young agents die while the rest move into retirement. The 

probability of dying by the end of the working period is given by the hazard rate 4; the same 

for all agents. The probability of being alive at the start of the retirement period is	1 − 4. As 

there is no third period, the size of the retired cohort is (1 − 4  times the size of the working 

cohort in the previous period. With 5� being the population of working-age people, the total 

population of the economy at � is equal to 5� + (1 − 4 5���. 

Young individuals work, consume, save and raise children. The retirees do not have children 

but they consume based on the return on savings from the previous period. The representative 

individual's decisions in both periods are based on the maximization of life-time utility which 

is given by the following function in period t: 

ln 8� + (1 − 4 9 ln :�*� + ; ln <� (8) 

where 8� (:�*�) is consumption in the working (retirement) period, <� is the number of 

children the individual has, ; is the priority/weight of having children in a person’s life-time 

utility, and 9 denotes the usual time discount factor, being a value between 0 and 1.  

The time endowment for a young individual is normalized to 1. The model does not include 

leisure explicitly, but rather includes the child rearing time during which the young individual 

receives no wages.10 Labour income is then allocated between current consumption, savings 

and tax payments. However, the individual receives a subsidy for child rearing which is also 

subject to taxation. This subsidy, denoted by 9= , is a fixed ratio of the wage rate, ��. The tax 

rate is the same for wages and the child-rearing subsidy11.  

The budget constraint of the representative young agent at time � therefore reads: 

                        (1 − >� ?��(1 − @<� + 9=��@<�A = 8� + B�                            (9) 

                                                           
10 Hence the desire to have children crowds out the time spent working. A more general approach might allow 
extra saving, to leave bequests or invest in education. But to do that, workers have to have the children and pay 
carers to rear the children while agents are working extra hours to make the extra savings. The result is little or 
no net effect on incomes, savings or the fiscal position. So we treat these cases in a simpler way in Section 3 
below. 
11 We can think of the child-rearing subsidy as a cost that is covered by the government. As such, the subsidy 
accounts for the amount of income that would be spent by the individual on child-rearing. Hence the subsidy is a 
labour income augmenting subsidy. Because that is income that could end up not being spent on child-rearing 
(hiring a nanny for example), this subsidy is taxed at the same rate as labour income. This interpretation forces 
us to to see the subsidy as something that diminishes out-of-pocket costs of child-rearing. 
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where @ > 0 is the rearing time per child, and >� denotes the flat tax rate. Savings are given 

by B� and are exclusively invested in purchasing annuity assets. We assume that not all of 

each individual's time endowment can go towards child rearing: (1 − @<� > 0.12  

As in Blanchard (1985), we assume the existence of an actuarially fair insurance company 

operating in a perfectly competitive market for insurance. This insurance company collects 

savings from agents and invests them in private capital and/or government bonds. We assume 

that government bond purchases can crowd out private capital. The insurance company pays 

a return on savings to the agents that survive into retirement. The retirees therefore receive a 

rate of return of 
D�E$(��F  on their savings. The returns (not the principal) on savings are taxed at 

a rate equal to that on labour income. The second period budget constraint therefore reads as: 

�*(��G�E$ D�E$(��F B� = :�*� (10) 

The maximization problem of young individuals consists of choosing the optimal amount of 

savings and number of children to maximize life-time utility subject to the budget constraints 

for the working and retirement periods. The amount of savings directly influences the amount 

consumed in both periods. Meanwhile labour income not saved in the working period goes to 

current consumption, 8�; while that saved goes towards consumption in retirement, :�*�. The 

overall maximization problem now is: 

maxK�,L�E$,M� ln 8� + (1 − 4 9 ln :�*� + ; ln <� 	
B. �.		(N 	8� + B� = (1 − >� ?��(1 − @<� + 9=��@<�A	
								(NN 	:�*� = 1 + (1 − >�*� ��*�(1 − 4 B� 

By rearranging the first order conditions for this maximization, the following relationships 

are obtained: 

L�E$K� = 9?1 + (1 − >�*� ��*�A (11) 

M�K� = O(��G� (��PQ =�R (12) 

From these two conditions we find optimal solutions for savings, B�, and number of children 

per individual, <�: 
                                                           
12 (1 − @<� > 0 is guaranteed if the interval between the lower bound on ; in (15), and the upper bound on ; 
when (1 − @<� = 0, is nonempty. That interval is always nonempty if @ < 1, a restriction that has to hold since 
not all agents can spend all of their allotted life time rearing children and still survive. The parameter restrictions 
in this model therefore guarantee (1 − @<� > 0. 
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B� = (��F P�*(��F P*O (1 − >� �� (13) 

<� = OR(��PQ ?�*(��F P*OA ≡ < > 0 (14) 

Two insights follow. First, we see the fraction in equation (13) is solely composed of demo-

graphic related factors, meaning that savings are a fixed share of after-tax income only if 

population parameters do not change. Second, the same is true for the fraction in equation 

(14), except that it includes 9= which is set by the government. Moreover, < is increasing in 9=. This should not be a surprise since increasing 9= lowers the financial burden of raising 

children, which gives individuals an incentive to have more children. The economy will then 

continue to survive so long as <� ≥ 1, which holds true as long as: 

; ≥ R(��PQ ?�*(��F PA��R(��PQ  (15) 

In this analysis we focus on the case of non shrinking populations (< ≥ 1 . If  < < 1, the 

economy would disappear asymptotically. For the sustainability of the steady state, we need 

to assume that the inequality in (15) holds. In practice, to ensure such a steady state exists, we 

do not restrict < to be greater than the replacement rate of the population, but instead impose 

a restraint on the preferences of agents for children such that it does. The reality is that, with 

immigration, population growth is positive (if small in some places) almost everywhere – as 

data from the World Development Indicators show. Revealed preference therefore justifies 

(15) as the appropriate restriction. Population growth may also be improved by changes in 

mortality (4) as well as by fertility decisions (<, ;).  

2.3 Government 

The government collects taxes from the wage income of the working population, from the 

child-rearing subsidy, and from the returns on savings of the retired population. The tax rate 

is denoted by >� and is fixed regardless of income type. The government also issues public 

debt, T�, and invests the proceeds in public capital, '�. In addition, the government pays the 

child-rearing subsidy as specified above. The government budget constraint is therefore:  

T�*� = (1 + �� T� + ('�*� − '� + 9=��@<�5�	
                                          −	>�(���� + 9=��@<�5� + ��B���5���                                   (16) 

We assume debt interest payments and public consumption are financed by taxes on wages, 

subsidies and returns on savings. That leads to the period-by-period budget constraint: ��T� + 9=��@<�5� = >�(���� + 9=��@<�5� + ��B���5���                  (17) 
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Public debt is then issued as needed to finance public capital formation, that is:  T� = '� (18) 

The model is thus stated in terms of the “golden rule” for public finance: so the government 

only borrows to invest, not to finance its consumption or transfer payments.13 The question 

becomes: what is the optimal level of public debt and how is it determined?      

3. The optimal level of public debt  

3.1  Growth maximising public debt 

The representative insurance company, and hence the young generation, can invest in both 

private and public capital. Equilibrium in capital markets requires that 

B�5� = ��*� + '�*� (19) 

We can use conditions (17), (18) and (19), and combine them with capital rents and wages, 

(6) and (7), and with the fact that �� = (1 − @< 5� (labour supply equals the time 

endowment less child rearing time), to derive an expression for the income tax rate, >� ,	needed to satisfy current public spending: 

>� = 1 − �	U*PQ(��	 RM∕(��RM *� (20) 

Using the equilibrium condition for capital markets (19), and the solution for B� in (13), we 

obtain: 

(��F P�*(��F P*O (1 − >� ��5� = ��*� + '�*� (21) 

This equation determines the dynamic relationship between wages, working population, and 

public and private capital. We define balanced growth to be a situation in which public and 

private capital grow at a constant rate. Specifically, let the aggregate steady state growth rate WX be defined as: 

#�E$#� = ��E$�� = Y�E$Y� = W< ≡ WX (22) 

where < is the constant growth rate of the population and W is the aggregate growth rate per 

capita. This now implies that the public-to-private capital ratio is constant in steady state. It 

also implies that the tax rate, >�, and the interest rate, ��, are constant in steady state.  

                                                           
13 The rationale for this golden rule is given in Blanchard and Givazzi (2002) and Fatas et al. (2003). It is, or has 
been, practiced in Germany, the UK and several other advanced economies. 
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Next we use equation (21), together with (7), (17) and (20), to obtain a relationship from 

which we can derive a closed form expression for the economy’s growth rate (see Appendix 

A for the full solution and definition of Z[): 
WX = X\[?(��	 (��RM ⁄ AU]%$(U*� (	U*\*�  (23) 

In order to derive the public-to-private capital ratio which maximizes the aggregate growth 

rate along the balanced growth path, we take the first derivative of equation (23) with respect 

to the public-to-private capital ratio, 3, set it equal to zero, and solve for 3. The result is a 

general solution of the form (Appendix A): 

3�,^ = �,1PQ($%_ `a$%`a *�*	2±c,d1PQ($%_ `a$%`a *�*	2d�e	(�*, (,�� 1PQ($%_ `a$%`a *�2^	(�*,          (24) 

With our parameter restrictions, it is easy to show that the positive solution to this equation 

is also positive (see Appendix B):14 

3∗ = �,1PQ($%_ `a$%`a *�*	2*c,d1PQ($%_ `a$%`a *�*	2d�e	(�*, (,�� 1PQ($%_ `a$%`a *�2^	(�*,           (25)                                                                                                                             

Given equation (5), the optimal debt to GDP ratio in this model is therefore: 

                                              :∗ = �X3∗, (26)   

3.2 Optimal debt policy and demographic factors 

It is now apparent that the optimal debt policy depends on the child-rearing subsidy rate. This 

subsidy rate is an important component in the balanced-budget tax rate however. As a result, 

the subsidy plays a central role in the savings-investment balance. It also affects fertility 

choices and hence population growth. The subsidy rate is thus inescapably part of the optimal 

debt policy. Furthermore, by maximizing aggregate growth per capita, W = gh
M 	, we can reach 

the same results as for maximal aggregate growth, WX: equations (24) - (26). This is expected 

since the optimal level of government debt does not affect childbearing decisions of agents. 

But the optimal debt level is influenced by childbearing through the subsidy 9=. Hence 

demographics affect the optimal debt ratio; but the debt ratio does not affect population 

growth.  

                                                           
14 We are only interested in a positive solution since capital stock ratios must be nonnegative. 
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As we might expect, in the special case without subsides (9= → 0) the optimal debt ratio 

becomes independent of the population parameters; it becomes solely dependent on the 

elasticities of private capital to public capital (-) and labour (�). It is important to note that 

the choice of 9= is not treated as a policy tool in this analysis, in the sense that we do not 

attempt to derive an optimal subsidy policy. An optimal subsidy rate would depend on 

efficiency/welfare concerns in relation to endogenous population growth, which would turn 

this analysis into a normative one with respect to fertility choices. Instead, the choice of 9= is 

a parameter used to explore different calibrations, to show the economic effects of manip-

ulating the child-rearing subsidy.The ultimate focus is on providing the growth-maximizing 

optimal debt-to-GDP ratio with balanced budgets for a given child-rearing subsidy. 

Moreover, the structure of the labour productivity-enhancing factors in production is key to 

the optimality of debt policy. Notice that if public capital becomes irrelevant relative to 

private capital in the productivity process ℎ� in equation (4), we will have (other things equal) & ⟶ 1 and consequently (1 − - ⟶ 0. In this case, both the optimal public-private capital 

ratio, 3∗ in equation (25), and the optimal level of debt, :∗ in equation (26), tend to zero. 

This is in line with Greiner (2010) and Checherita et al. (2014). 

 Finally, the subsidies described above may be interpreted in different ways to cover the 

different types of age-related spending or social support available. The subsidies may be 

designed to support raising children. For example, the UK provides child benefit payments 

which were taxed at standard rates until the 1980s and again from 2012. In fact, any grant 

which is either taxed or means tested can be written as equation (9) under uniform grant or 

means test rates. Most tax codes, including those in the US, offer a tax free element per-child 

equivalent to the net income supplement of 9=(1 − >� �@<, which is then taxed at the 

standard rate (where 9= is set to make this expression equal to the tax saving).  

 But the subsidies could also be in the form of support to higher education. The US, for 

example, taxes certain training grants and fee waivers. Subsidised loans or means tested tax 

reductions on fees operate like child benefits, except that @ now refers to time spent in 

education (child rearing by society, rather than by parents). Subsidies could also support 

education in general,  where state spending per pupil is related to the average wage and taxes 

(levied at standard rates on steady state earnings) that fund that spending. In this case, @ is the 

proportion of the young population in state funded schools. 
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In addition, subsidies could be directed at health care costs, where caregivers are paid via a 

state subsidy; or where those costs contain hidden subsidies. Another possibility is sick pay. 

For example, most EU countries pay a fraction of the wage for time off sick, but then tax it as 

income. Similarly, caregivers may be paid with a state subsidy, but taxed at standard rates. 

4.  Policies to manage demographic change  

This section examines how two major demographic trends, reduced mortality and reduced 

fertility, affect fiscal policy and optimal levels of public debt. These two trends lead to ageing 

populations. In addition, we study the effects on optimal debt of an increase in preferences 

for current consumption over future consumption, as has been observed for the baby-boomer 

generation throughout the OECD area. Finally, we also study optimal debt responses to 

changes in public child-rearing support.    

4.1 Increased longevity 

Within the framework developed above, we can evaluate how increased longevity impacts 

the debt-to-GDP ratio. Increased longevity is simulated by lowering the probability of death 

in transition between periods,	4. By differentiating the optimal debt-to-GDP ratio in equation 

(26) with respect to	4, we get: 

:F∗ = �X-3∗,��kllmllnop
3M∗qop <Fqop ≥ 0 (300   

where 3M∗ denotes the first derivative of X* with respect to <; and <F is the first derivative of < with respect to 4. Note that equation (14) implies <F > 0. The sign of the partial derivate 3M∗ is determined in Appendix C. 

Expression (30) implies that rising life expectancy, in the form of a lower probability of 

death in the transition between periods, leads to a fall in the optimal debt ratio for the whole 

economy.15 As the hazard rate decreases, consumption during retirement becomes a more 

pressing source of utility. Since consumption is financed by labor activities, people need to 

spend more time at work. As a result they have fewer children. Individuals thus shift from  

utility derived from having children, to utility from consumption. 

With lower population growth and higher longevity (lower 4 , it is no longer optimal for the 

government to sustain the same public debt level as it did before. The fact that agents choose 

to have fewer children has a direct impact on the government’s budget constraint through the 

                                                           
15 A variation on this result is that a rise in the retirement age would be reflected, all else equal, in a rise in λ 
since fewer agents would survive into the retirement period. This is the opposite to the previous example: higher 
debt is now required to finance the extra output agents would need to produce during their working lives. 
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child-rearing subsidy. Since the government spends less on the subsidy, the tax rate needed to 

balance the current account budget becomes lower, as shown in equation (20). The servicing 

costs of public debt will also be less since the optimal debt level falls. This further lowers 

debt servicing cost through a drop in the interest rate payable, this can be seen by equation 

(6).In short, a fall in ?? leads to a rise in savings by the working population (??B�/????<0) that 

now realizes it needs to save more for retirement than before, at the cost of fewer children.  

4.2 A fall in the preference for children 

We next consider the case of a fall in the preference towards children, defined as a drop in ;, 

which leads to a fall in the birth rate. In this case we can write, upon differentiating the 

optimal debt-to-GDP ratio (26) with respect to ;, 

:O∗ = �X-3∗,��3M∗<O (31) 

where :O∗ denotes the derivative of : with respect to ;; and where 

<O = �*(��F PR(��PQ ?�*(��F P*OAd > 0 (32) 

which confirms that a fall in the preference for children leads to a fall in the birth rate. We 

may therefore work with change in either ; or <. It follows that 

:O∗ = �X -3∗,��kllmllnop
3M∗qop <Oqop > 0 (33) 

So, for positive subsidies, a fall in the birth rate would lead to lower optimal debt levels. 

Since the sign of <O is the same as <F, the story here is similar to the one of higher longevity. 

The explanation: a lower preference for children increases labour force participation in period 

t, due to less time spent rearing children. That leads to relatively increased rates of 

consumption, now and in the future. Additionally, the drop in fertility eases the tax burden of 

the child-rearing subsidy, leading to lower tax rates and greater savings and consumption, 

yielding an optimal fiscal policy with lower public debt.  

4.3 Higher discount factors  

The third example is the effect of an increase in the discount factor, taking the form of a fall 

in 9. This is often referred to as the baby boomer problem. It is exactly what happened with 

the baby-boomer generation in Europe, albeit less dramatically than in the US or UK, where 

the preference for current consumption over future consumption increased and savings rates 
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fell.16 Those are exactly the changes implied by (8), which then implies, ceteris paribus,  

tB� t9 > 0⁄  by (13). 

To examine the debt consequences of this, we need to determine the sign of 

:P∗ = �X-3∗,��3M∗<P (34) 

where, by eqn. (14), 

<P = �O(��F R(��PQ ?�*(��F P*OAd < 0. (35) 

Hence we have: 

:P∗ = -3∗,��klmlnop 3M∗qop <Pqup
< 0 (36) 

 

In words, a lower concern for the future (the revealed preference of the baby boomers) leads 

to higher levels of public debt. This matches exactly what has happened in nearly all 

European and OECD countries over the past two decades, although baby-boomers may not 

have been the only cause. However, higher future discounting is not the only effect in play. 

Mortality trends and fertility choices coexist in the observed data associated with the baby 

boomer generation. The end result depends on the net combined effects of a drop in 9, 4 and 

ε. The model would then match observed data; lower savings combined with fewer children.   

The intuition is that baby boomers have lower preferences for saving and higher preferences 

for immediate gratification which, in this model, is present consumption and child rearing at 

the cost of future consumption. Consequently the birth rate increases, but so does the child-

rearing subsidy bill. Thus, even though individuals save less now, implying lower economic 

growth, the optimal level of debt rises (a higher public-to-private capital ratio, 3) for the 

same reason as in the hazard rate and preference for children examples.  

This poses a policy challenge: not only do current levels of debt need to be reduced to normal 

levels, but they need to fall further than that as the baby boomers retire. This might be taken 

as a justification for imposing a “granny tax” on retirees in cases where social support and 

excess debt are allowed to continue unchecked. However, a proper analysis of that case 

would need a model with separate tax rates for young and old, since those rates may affect 

working and saving behaviour. 

 

4.4 An increase in support for child-rearing  

                                                           
16 This example assumes social support (9=  is unchanged. If not, savings may increase – as in Japan or China. 
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Finally, we consider the effects of 9= on growth-maximizing debt. This highlights how diff-

erent government policies related to fertility can impact optimal fiscal policy. The subsidy 

rate reduces the cost of raising children, so higher subsidies naturally lead to higher fertility, <, by equation (14). This would be useful if fertility falls below the replacement rate. 

Using the previous framework, we now need to determine the sign of :PQ∗ . The relevant 

derivative of :∗ w.r.t. 9= can be written as: 

:PQ∗ = �X-3∗,��kllmllnop
v3PQ∗wop

+ 3M∗<PQkmnop
x >0                                         (40) 

where 3PQ∗  and <PQ denote first derivatives with respect to 9=. The signs of <PQ and 3PQ∗  are 

determined in Appendix C. 

It follows from equation (40) that the optimal debt burden in equation (25), :∗, will increase 

with subsidies 9=. The reason: the subsidy reduces the private cost of raising children, so 

higher subsidies lead to higher fertility, n: (14). It also increases the tax rate >� and time spent 

on child rearing (zn). Anything not related to public debt maintenance (rT�  that increases the 

tax rate and budget cover, increases the optimal level of public debt and public-private capital 

ratio, directly and indirectly, as can be seen in (40) where subsidy rates and the fertility rate 

are increased at the same time.  

5. Calibration  

To test the performance of our model as a reasonable and plausible representation of the 

type of advanced economy that we might be interested in, we calibrate it to match the typical 

OECD economy for the period 1969-201317. We then alter the underlying demographic 

structure to match the following 45 year periods. This allows us to assess fiscal sustainability 

under social or demographic changes of different sorts; how that compares to the long-run 

fiscal position and growth rates in OECD economies observed in the past; and whether these 

economies would find it easy or feasible to transition to the corresponding steady state.18 

To gain some insight into the potential problems of OECD economies facing demographic 

change, we first perform a baseline calibration of those economies using the model in section 

                                                           
17 Given the time period at hand and the focus group (the OECD countries), some of the data required for the 
calibration exercise is missing. We use mean imputation to fill those gaps. 
18 In future work, we could go on to look at the steady states implied in particular economies, including: (1) the 
“Anglo-Saxon economies” (US, Canada, UK); (2) countries where the process of population ageing is 
particularly strong (Japan, Italy, Germany); (3) the Nordic welfare states with flexible markets and strong social 
provision (Denmark, Sweden); (4) economies with slow population growth and limited social support (Russia, 
China); or (5) those with young and fast growing populations (India, Mexico, the Philippines). 
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2. The calibration is based on the period of 45 years in length. This assumes that agents in the 

model start working at age 20, work for 45 years and retire at age 65. We choose the 

remaining parameters to produce a realistic demographic and production structure for the 

average OECD economy. Table 1 sets out the parameter values; the motivation for each value 

then follows below.  

---Table 1 about here--- 

5.1 Production parameters 

We focus first on production. The value of the output elasticity of private capital, �, is 0.37. 

Given that the production function is Cobb-Douglas, this value matches average private wage 

income share of GDP in the OECD from 1969-2013, as measured by the AMECO database: 

“Adjusted wage share, total economy, as percentage of GDP at current factor cost”. 

Parameter & captures the private sector share in labor productivity gains: that is, the share of 

income gains that come from productivity increases due to private as opposed to public 

capital. This is not a figure that is reported in national accounts. But Checherita et al. (2014) 

estimate - to be equal to 0.716.19 Having � equal to 0.37, the definition of - implies that & 

equals 0.55. In section 7 we analyse the sensitivity of our results to this assumption.   

  The TFP scale effect	� is subject to interpretation. In this model, productivity contributes to 

growth in two ways: one endogenous, the other exogenous. Labor-augmenting productivity ℎ� represents the endogenous component, and the TFP parameter � is the exogenous 

component (Fehr et al 2013; Hviding and Merette 1998). We use the expression for 

production in equation (5) to calibrate �. This expression links GDP, the private capital stock, 

public capital stock, and long term interest rates, all available figures. We obtain these figures 

from IMF’s Investment and Capital Stock Dataset and MEI database (2017). We then use the 

value for - specified above. Solving equation (5) with these values then yields � = 34. 

 

                5.3 Preference and demographic parameters 

Parameter 9 is designed to capture the value an agent puts on future consumption relative to 

present consumption; that is, the discount to be applied at the start of the working period to 

decisions made for retirement 45 years later. Given the large period of time relating the 
                                                           
19This paper uses a slightly more general production function than we do, the difference being that they do not 
include per-employee productivity gains to labour inputs to production. We have the following production 
function �� = ���,'���, whereas they have  �� = �(� � �{⁄ ��,����, (in our notation, where |	is the output 
elasticity of the labour-capital ratio to GDP). For our specification to match theirs, |	must be zero. In fact, their 
estimate of the OECD average for |	is very close to zero at 0.037 (Table 2, Model 2, Checherita et al., 2014). 
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preference for consumption in the present and in the future, we apply an annual discount rate 

of 1% hyperbolically. For a period of 45 years, this yields 9 equal to 0.69.  

Parameter @ captures time taken off work due to child-rearing activities. We use data from 

the US Census Bureau’s “Annual Social and Economic Supplement to the Current Population 

Survey” for “Persons who did not work or look for work by age, gender, and reason for not 

working in 2014”. The proportion of working-age people not working in order to undertake 

home responsibilities is 28.1%. Interpreting “home responsibilities” as a measure of people 

not working for child-rearing reasons, @ simply becomes 0.281. 

Next we calibrate the child-rearing subsidy rate. We use the OECD’s Family Database, and 

the “Total public social expenditure on families as a percentage of GDP” data in particular. 

Social spending by families in the OECD from 2001-2013 averaged 2.36% of GDP. This 

number does not include primary to tertiary schooling. For this, we use the OECD “Education 

at a glance” reports. The OECD average from 2001-2013 of public expenditure on primary to 

tertiary education is 5.15% of GDP. In total, public expenditures on children measured as % 

of GDP then becomes 7.51%. In order to match those expenditures as a proportion of GDP 

with the model’s expenditures measured as a proportion of wages, we match total 

expenditures in the real world to total public expenditures in the model with children, 5�@<9=	(where Nw is total spending in the economy) Knowing that the population growth 

factor in the OECD from 1970-2015 is < = 1.361 (see Table 2), � = 0.37 and @ = 0.281, 

we get 9= = 0.193.  

Next, 4 and ; are the key demographic parameters. Both influence the age structure and the 

growth of the population. Starting with 4, the hazard rate, it needs to be set so that the 

model’s old-age dependency ratio matches the data. The model’s old-age dependency ratio is 

equal to (1 − 4 <⁄ . As for the old-age dependency ratio in the data, as seen in Table 2, is 

21.9% for the period 1970-2015. Table 2 also reveals that < = 1.361 for the same period. 

Solving for lambda, we obtain 4 = 0.7. 

---Table 2 about here--- 

Finally, the children preference parameter, ;, needs to be set so that the model’s fertility rate 

per individual in the model matches OECD data. In the model, the 45-year population growth 

rate is simply equal to the fertility rate per indiviudal, <. Again, Table 2 indicates that the 45-

year population growth rate for the period 1970-2015 is 36.1% or 0.69% annually. Solving 

(14), the expression that defines fertility choices, for ; yields ; = 0.539. 
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Notice that ; = 0.539 ensures that a non-trivial steady state will exist; the lowest 

permissible value, by (15), being ; ≈ 0.35. We make an important distinction between reality 

and the model here. The model does not recognise that not every woman is able or willing to 

have children. The rule of thumb is that 10% of adults do not have children which means that, 

to maintain a constant population, each woman needs to have 2.2 children. These figures 

therefore ensure we have a non-trivial steady state, but also a realistic population growth in 

steady state. 

6. Steady state characterisation 

6.1 A first look at the results 

Table 3 summarizes the output of the baseline simulation. We see that the demographic 

parameters, the number of children per agent and the age dependency ratio, are in line with 

what was experienced in a typical OECD economy as represented in Table 2 for the period 

1970-2015. Life expectancy at birth, as calculated by 20 + 45 + 45(1 − 4 , stands at 78.5 

years, which is not far off the value observed in the data for the OECD (75.3 years, source:  

United Nations Population Division).  

---Table 3 about here--- 

The optimal debt to GDP ratio, :∗, is at 49.67% which indicates a value that is somewhat 

lower than the historical value for most OECD economies. This does not come as a surprise, 

given the fact that most countries are far off from respecting the golden rule of public 

finance. The optimal ratio of public-to-private capital is roughly 25.5%, while the optimized 

growth rate of output is 90% over the 45-year period. This per period growth implies 

annual average growth rates of 1.44% in steady state (0.75% per capita). These values are 

lower than the OECD economies actually experienced in the 1969-2013 period (an average of 

2.8%, and 1.91% per capita20). The reason for this is that we only include endogenous growth 

components, and not exogenous growth effects (a growing TFP parameter �).21 

The resulting tax rate is 14.5%, which is a reasonable rate for taxes that finance (service) 

only public debt and child-related spending. Furthermore, the savings rate from disposible 

income is 11.86%, in line with OECD data in the AMECO database (11.3%). Also, the 

annualized steady-state interest rate sits at 5.14%, somewhat higher than the observed 

average OECD rate interest rate of 4.37% in the period 1969-2013. 
                                                           
20 The OECD Economic Outlook dataset for growth rates; World Bank WDI report for per capita growth rates. 
21 The model is not well equipped to have a growing TFP parameter �, since doing so may imply ever growing 
steady state interest rates (see eq. 6). 
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What are the lessons from these simulation results?  First: that a steady state solution and a 

sensible and sustainable set of fiscal policies is both feasible and available. Second: based on 

reasonable parameter values for the average OECD economy, the steady state solution 

demonstrates entirely realistic properties in view of the OECD experience in 1969-2013.  

They also suggest that public debt at just below 50% of GDP is a reasonable target level to 

aim at. This accords well with the Maastricht Treaty/Fiscal Compact upper limit of 60% to 

create a debt target with a 10% safe zone to accommodate shocks. Moreover, it accords well 

with the pre-crisis experience of non-Eurozone economies (the US or UK) where debt was 

held in the 35%-45% range. It suggests a mixed economy with a public sector component of 

roughly 25.5%: that is lower than in Scandinavia or the Eurozone (Sweden, Denmark, 

France, Italy, Germany, the Netherlands), but similar to that in the US, Canada, Australia or 

the UK in the pre-crisis era. Finally, it suggests population growth very close to that projected 

for the OECD (Table 2).22 

A first impression of these results is that the demographic situation is perhaps not as bad as 

many commentators fear. But it will not be easy for most OECD countries to get themselves 

down to this optimal steady state level of debt (that is to remove an average of 65% points off 

current debt ratios for those OECD economies with excessive debt-GDP ratios in 201323), 

and to maintain the steady state rate of growth in productivity at the same time, currently a 

matter of major concern to OECD policymakers. 

Our results are also consistent with standard growth theory models that show GDP growth 

ultimately comes from either growth in productivity or growth in the workforce. Since we 

have little of the latter (the annual population growth rate of 0.69%, is only a little above the 

constant population replacement rate), GDP growth has to come from productivity growth. 

Demographics do not affect that: the population growth is simply too slow to make up the 

difference. However, the transition to steady state growth could become more difficult for 

economies that currently find themselves a long way from that steady state.  

6.2 Changes in the population parameters 

To provide insight into the effect of demographic change on the steady state, we evaluate 

the partial derivatives in Section 4 around the baseline in Table 3. The results are in Table 4.  

                                                           
22 Our calibration also yields an old-age dependency ratio of 22%, see Table 2. This is rather low and suggests a 
new a risk: if migrants arrive but then adopt the mores of the domestic population, as assumed by our model, 
then age-dependency ratios will rise without an increase in long term population growth rates. 
23 These countries are all OECD economies, except Chile, Estonia, Luxembourg, Norway, and Turkey. 
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---Table 4 about here--- 

A general finding is that the changes in outcomes are all rather small with respect to both 3∗ 
and :∗. Table 5 goes further; it reports the effects on 3∗ and :∗ when we calibrate the model 

to match variations in the demographics that might be expected in the future (Table 2). We 

see that the effect in 2015-2060 is a decrease of 0.3 percentage points in both 3∗ and :∗. That 

is extremely small. For 2060-2100, the decrease is even smaller: 0.1 percentage points. These 

negligible impacts illustrate the economy’s structural robustness to age-related transfers. But ; and 4 influence optimal debt through < and the child-rearing subsidy. So other performance 

indicators may be more sensitive to variations in age-related government spending.24 

---Table 5 about here--- 

Thus, we conclude that not only is the optimal steady state under the new demographics 

relatively benign, but likely future demographic and social changes will make little difference 

to that steady state once the economy gets there. In short, there is not much long-term sensi-

tivity to demographic or economic shocks. Instead, for most OECD economies, the difficulty 

will be how best to manage the transition from where they are now to their steady state.  

6.3   Changes in the child-rearing subsidy  

We now analyze how changes to the child-rearing subsidy rate 9= impact the steady state 

and fiscal policy. As an example, we consider a case where the government uses the child-

rearing subsidy to reverse adverse demographic shocks. Specifically, suppose a preference 

shift takes place such that agents have a lower propensity to raise children, directing their 

income towards more consumption instead. This could be problematic for society if fertility 

rates drop below the replacement rate (as is expected to happen sometime in the period 2060-

2100, see Table 2). Faced with this problem, the government might step in to raise the child-

rearing subsidy. From Section 4, we know that (a) a drop in the preference for children leads 

to a lower optimal debt-GDP ratio; and (b) a higher subsidy rate leads to increases in the 

optimal debt-GDP ratio. These two effects conflict, so the end result on the debt ratio is 

ambiguous. It all depends on which effect on d* is larger. 

To answer that question, we introduce a calibration exercise where we look at the steady 

state effects of a composite shock where there is first a drop in the preference for children, 

sufficient to bring the fertility rate to the population replacement rate (1.1 per person), and 

                                                           
24 Some generalisations of the model might be useful here: removing the assumption of no capital depreciation, 
or equal taxes on wages and subsidies, or subsidies as a fixed ratio to wages. 
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then a rise in the child-rearing subsidy to bring the fertility rate back to its baseline value 

(1.36 per person).  

- Table 6 around here - 

The results are reported in Table 6. All parameters are as in the baseline calibration (Table 

1) except for the explicit changes made to ε and	9=. For clarity, the tax rate has been 

decomposed into the taxes necessary to service public debt and taxes needed to cover the 

subsidies. From this calibration, we see that, cetris paribus, a drop in the preference for 

children decreases the total tax rate since, with fewer children, there is less strain on the 

government’s budget. There is also some extra saving as agents divert their time allocation 

away from child-rearing to employment. Taxes to cover debt service therefore increase when 

the preference for children goes down because more public investment will be needed to 

generate the extra output and jobs. There are two opposing forces here. On one hand, optimal 

public debt decreases, equation (33), as do interest rates (though by a negligible amount, as 

Table 2 reveals). On the other, tax revenues decrease because subsidy payments (a partial 

income replacement) are subject to tax and fewer children enter the work force. This may 

creates fiscal pressures in order to service public debt. Ultimately, if the tax revenue effect 

dominates the decrease in public debt effect, a higher tax rate will be necessary for debt 

servicing. However, economic growth per capita may increase even if aggregate economic 

output falls, because fewer children are available for work in the future.  

When we allow increasing subsidies to recover the baseline fertility rate, a different picture 

emerges. The additional subsidy spending is covered by taxation, increasing the total tax rate 

to well above baseline. This is solely due to the higher subsidy rate; the tax rate associated 

with debt servicing actually decreases as a result of the extra tax revenues stemming from the 

increased subsidy rates. The saving rate from post-tax income remains the same. The public-

private capital ratio and optimal public debt are now both above baseline. Interestingly, per 

capita GDP growth and GDP growth are also both above baseline, revealing that in face of 

decreasing preferences towards children, an economy can benefit from increased public 

support for child-rearing at the aggregate level. When the increase to the child-rearing 

subsidy is considered in isolation to the drop in the preference towards children,  we see that 

aggregate economic growth is increased whereas its per capita measure actually decreases. 

This reveals a trade-off in fertility-boosting policies: changes in the subsidies may have 

opposing effects on economic growth and growth per capita. 
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In sum, when a government attempts to preserve the fertility rate at current levels by 

increased public support for child-rearing, the optimal level of public debt increases along 

with higher tax rates and lower economic growth per capita. These results illustrate the trade-

off between population growth and economic growth when policies are used to influence 

population size. Our analysis does not address the issue of an optimal child subsidy of course; 

it merely reveals alternative steady state outcomes. 

7. Sensitivity analysis and political economy trade-offs  

7.1   Sensitivity analysis 

The optimal debt level depends, to a large extent, on the composition of labour productivity, 

in which & plays a key role. Figure 1 therefore demonstrates the sensitivity of our results to 

different choices for &. 

 - figure 1 around here -  

  As & increases, we expect to see private capital become increasingly important to output 

and labor productivity (ℎ� in equation 4), while public capital becomes less important 

(decreasing returns to scale). The public-private capital ratio should therefore decrease, along 

with the optimal level of debt (26). That much we see, with rising growth rates, in Figure 1. 

Conversely, X* and d* rise with falling &; but growth rates fall (if decreasingly so). 

In other words, the economy becomes increasingly dependent on public capital and lower 

growth when the private sector’s income share from productivity gains falls. This is hardly a 

surprise. The question is why would that income share fall; and why are the impacts on 3∗, :∗ so large? It is worth stressing though that the impacts on growth are relatively small if we 

restrict ourselves to plausible changes in &, say 0.4 ≤ & ≤ 0.7.The share of private capital 

income in GDP is not likely to change beyond those bounds – in which case annual growth 

rates would vary between roughly 1.25% and 1.75%, a fairly narrow range. However, 3∗ and :∗ then vary from 18% to 35%, and 30% to 70% respectively, a larger range but still 

consistent with a feasible and sustainable steady state solution (and less debt than many 

currently have).  

 To some extent, the sensitivity of economic growth to changes in & is due to the impact of 

taxation. Figure 1 depicts a negative relationship between economic growth and taxation. A 

lower value of & implies an economy where public capital plays a larger role in determining 

labor productivity. However taxes have to rise to cover the cost of servicing the debt used to 

create that public capital. The negative effects of taxation manifests itself directly through a 
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reduction in savings at any given generation; this partly explains why the economic growth 

curve is upward sloping.  

Having to issue more government bonds crowds out the quantity of private capital that can 

be generated from a finite amount of aggregate savings; this further increases the sensitivity 

of 3∗ with respect to the issuing of public capital. Coupling this crowding-out with the fact 

that - falls when & falls, equation (26) reveals why the debt-GDP ratio is the more sensitive 

variable. This suggests that fiscal discipline (rules) should focus on the debt burden, rather 

than the deficit. At the same time, real wages are likely to fall, and returns to investment rise, 

if private capital’s income share were to fall (see (6) and (7)) if taxes and interest rates are 

low (as now). This gives further insight into current policy concerns. 

       7.2 Sensitivity to different subsidy and hazard rates 

Next we explore sensitivities due to different child-rearing subsidy rates	9= and hazard rates 4. Figure 2 depicts the change in the optimal debt-to-GDP ratio, :∗, and optimal public-

private capital ratio, 3∗, as a result of doubling the child-rearing subsidy rate; Figure 3 

depicts the effects of increased longevity (lower 4  on	the same variables. The main 

observation is that the impacts on X* and d* are rather small for plausible values of &,	say 0.4 ≤ & ≤ 0.7. So the effects on growth rates will be considerably smaller.  

 - figure 2 and 3 around here – 

Since & is a main determinant of the positive effects public capital has on growth, the :∗	and 3∗ curves are downwards sloping in Figure 2. Thus, a government that attempts to 

incentivize higher fertility choices in an economy that is heavily dependent on public capital 

will tend to have higher optimal debt-GDP ratios (increase of more than 2 percentage points 

for & < 0.5). In the opposite case, an economy where labor productivity is little dependent on 

public capital, the doubling of the subsidy rate produces low to negligible effects on both :∗	and 3∗. Similar effects can be seen from increased longevity, in Figure 3: the effect on 

both :∗	and 3∗ is now negative and negligible across the board when the hazard rate is 

halved. In sum, economies that depend on public capital to boost productivity (and thus, 

wage rates) are more sensitive to demographic and public finance shocks; though these 

shocks never translate into meaningful changes to optimal public debt schedule for the whole 

range of & values. 

In general, the value of 0.55 for & in the baseline calibration seems to be a good middle 

ground for plausible & values: 0.4≤ & ≤ 0.7. Extremes on both sides are eliminated as we 
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neither observe, or are likely to observe, the extremes associated with low & values relative to 

the small variations associated with high & values. A key takeway is that the value of β does 

not change the sign of the impacts of demographic change, but only the size.  

7.3 Political economy considerations 

 Figure 4 provides isoquant lines for different values of growth and debt. The isoquants are 

determined by considering different mixes of � and & values. In this sense, who benefits 

from productivity gains can be discussed in the wider context of economic performance and 

debt sustainability. 

--- Figure 4 about here --- 

The political economy implications here depend on specific interpretations of � and &. As 

the value of & increases, private capital’s share of the income generated by labour 

augmenting productivity gains rises. By contrast, a fall in & implies greater importance for 

public capital. At the same time, a rise in � increases the share of private capital relative to 

the share of labor income in national income. 

Figure 4 can be interpreted as follows: If we go northeast in the diagram private capital 

becomes the main driving force of economic growth, both by having a major influence on 

labor productivity and by being the chief input in the production funtion. This area represents 

economies marked by higher private capital investment income shares (relative to both public 

capital and labor), here we get lower debt, but little (if any) additional growth, and none at all 

if the movement is mostly east. Conversely, movement to the south-west would result in an 

economy largely dependent on public capital, resulting in higher debt levels (and higher 

growth if the movement is sufficient to the west).  

By contrast, moving northwest up the diagram, an area where there is a larger share of labor 

income at the same time that private capital is still highly relevant for the productivity of 

labor, brings higher growth more rapidly. Debt reductions will become increasingly elusive 

(and may not materialize at all if there is too much movement west). The income gains from 

higher productivity will increasingly accrue to workers. Conversely, movement to the south-

east could lead to low share of income going to workers while there might be little change in 

the debt level. This is because, as � decreases, the marginal productivity of labor decreases.  

The implication of these results is that, in steady state, public sector productivity is crucial 

to economic performance. The political economy trade-offs, in terms of performance and 

fiscal imbalances, are laid out in uncompromising reality once we account for changing 
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demo-graphics and how the gains from productivity are being distributed. It would appear 

that productivity plays a key role, perhaps even more than we thought before. 

Furthermore, even if demographic change has small impacts on :∗	and 3∗, it is important to 

highlight that changes to tax rates due to demographic change may not be trivial. As Figure 5 

shows, the child-rearing subsidy is heavily correlated with the tax rate, so that, for countries 

with stronger subsidies, a balanced budget rule obviously requires stronger shifts in the tax 

rate to balance the fiscal current account. Thus, if there is any impact of demographic change 

on optimal fiscal policy, it won’t be on public debt, but on tax rates and fiscal policy. 

- Figure 5 about here - 

The process of demographic change has economic growth effects that are quite small, but 

may cumulate into something larger over time. We also saw that economic growth depends 

on population growth as well as productivity growth. That just confirms the standard models 

of growth theory. However, once fertility choices are endogenised, the problem of 

maximizing economic growth is not the same as maximising growth per capita.  

In fact, if the government turns fertility into a policy objective by introducing child-rearing 

subsidies (and nearly all advanced economies do), the maximization of economic growth may 

imply reductions in growth per capita. The reasoning is as follows: an increase in the subsidy 

rate at time � has three effects. One, it stimulates a higher incoming rate of workers (higher 5�*�, 5�*^, etc.), since more children are born at �. Two, labor supply permanently decreases 

[lower (1 − @< ] because more time has to be spent on child rearing. The effect of increased 

subsidies on labour supply is therefore ambiguous. Three, tax rates increase as a consequence 

of a higher subsidy (and the rise in zn). But the increase in the number of future workers does 

not automatically lead to higher savings in the future since the extra workers face a decrease 

in disposable wages. In addition, any increases in labor supply will lead to a permanent 

decrease in real wages, as seen in equation (7). Those effects, if they prevail over increased 

post-tax earnings and employment, will decrease the flow of funds available for investment. 

That is not guaranteed however. The overall effect of increased subsidies on aggregate 

savings is therefore also ambiguous. 

Be that as it may, even if higher subsidies lead to stronger wealth accumulation and stronger 

growth, the impact on growth per capita, WX <⁄ , the increase to the denominator of this 

expression may outweigh the positive effects of any decrease in labor supply 1 (1 − @< ⁄  

Thus, increasing the subsidy rate may lead to reduced economic growth per capita. 
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8. Concluding remarks 

1)  Our model and simulations show that the steady state outcomes for an advanced economy 

facing today’s demographic and social trends are always feasible and available. They are 

relatively benign and resemble those of the OECD economies a few decades back.  

2) Plausible changes to population parameters and social conditions in the future make rather 

little difference to the steady state outcomes for the optimal public-private capital ratio and 

public debt once we get there.  

3) Instead the steady state is driven by economic fundamentals: productivity, the production 

structure, and income generation. The real problem is therefore to get to the chosen steady 

state without being derailed by undue strains or fiscal collapse along the way.That is the next 

step in our resaech (Hughes Hallett et al. 2017). 

4) Fiscal sustainability is a matter of changes in tax or spending in transition, not so much 

long term debt. 

5) Sensitivity tests show we can get a variety of outcomes for the public ownership mix and 

debt level in the economy, but without much change in the performance levels. In that sense 

our results are turn out to be robust to parameter or assumption variations. 

Hence demographic change is not necessarily a problem, if properly handled compared to the 

fiscal laxity seen over the past 20-30 years. This is contrary to a conventional reading of the 

IMF’s earlier advice. But it is consistent with the IMF view if we reinterpret that to mean 

"ageing and social change are not a problem, in steady state, so long as reliable fiscal rules or 

credible fiscal restraints are set up in advance to manage fiscal policy and the transition". We 

have shown that the golden rule of public finance (the least intrusive form of fiscal restraint) 

is sufficient to do the job.  

But to imply that ageing and changing demographics are not a problem in steady state does 

not say that all OECD economies will be find it easy to get used to living in an era of slower 

growth and lower debt than they enjoyed for three or four decades past. In fact, the real 

problem is likely to be how to create and then safeguard the transition to that steady state. In 

short, the challenge is to find and maintain durable dynamic adjustment paths. 
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Appendix A: The solution to the optimal level of debt problem 
[These appendices may appear in the online version, not the print version of the paper] 

We start from (22), with (21), (3) and (18), to obtain an expression from which we can derive a closed 

form expression for the economy’s growth rate WX: 

Z[ � �	U*PQ(��	 `a$%`a*���(1 − � 1��#�2, #��� 5� = ��*� + '�*�                      (A1) 

where Z[ = (��F P�*(��F P*O. This is equation (23) in the text. Next we set Z = 9=(1 − � RM��RM so 

that (A1) becomes 

�Z� 1 1�3+Z+12 1−�1−@< 13- = ��+1'�+1
'�+1'� + '�+1'�  (A2) 

Using (22) we can rewrite (A2) as 

�Z[ � 1�3 + Z + 1� 1 − �1 − @< 13, = WX �1 + 13� 

This allows us to solve for the economy's aggregate growth rate, WX, to get 

WX = X\[ $%_$%`aU]%$(U*� (	U*\*�  (A3) 

which is the growth rate we need to optimize with respect to the public-private capital ratio. 

  To perform this optimisation, define Z� = �Z[ ��	��RM. Take the first order derivative of WX 

(denoted by W�) with respect to 3: 
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W�(� = −Z� (- − 1 3,�^?�3^ + (� + Z + 1 3 + Z + 1A + 3,��(2�3 + � + Z + 1 ?3,��(3 + 1 (�3 + Z + 1 A^  

Setting this expression equal to zero, we can write 

�(- − 1 3, + (- − 1 (� + Z + 1 3,�� + (- − 1 (Z + 1 3,�^ + 2�3,
+ (� + Z + 1 3,�� = 0 

which results in a quadratic equation in the optimal public-private capital ratio 3: 

�(- + 1 3^ + -(� + Z + 1 3 + (- − 1 (Z + 1 = 0 

The optimal solution for X is therefore: 

3�,^ = �,1PQ($%_ `a$%`a *�*	2±c,d1PQ($%_ `a$%`a *�*	2d�e	(�*, (,�� 1PQ($%_ `a$%`a *�2^	(�*,   

which is (24) in the  main text. 

Appendix B: The positive root  
We now demonstrate that our solution for 3∗ is postive. We start from (25) in the text. Since 

- > 0, 0 < @ < 1, < ≥ 1, �<:	0 < � < 1, it follows that - 19= (��	 RM��RM + 1 + �2 > 0 and 

2�(1 + - > 0. Therefore to get a positive solution, 3∗ > 0, we need the numerator of (25) 

to be positive. It will be positive if and only if 

−-�9= (1 − � @<1 − @< + 1 + ��
+ �-^ �9= (1 − � @<1 − @< + 1 + ��^ − 4�(1 + - (- − 1 �9= (1 − � @<1 − @< + 1� 

is positive. We therefore need to check if this condition is in fact satisfied for the parameter 

constraints that we have imposed. We require 

c-^ 19= (��	 RM��RM + 1 + �2^ − 4�(1 + - (- − 1 19= (��	 RM��RM + 12 > -19= (��	 RM��RM + 1 + �2, or 

-^ 19= (��	 RM��RM + 1 + �2^ − 4�(1 + - (- − 1 19= (��	 RM��RM + 12 > -^ 19= (��	 RM��RM + 1 + �2^
; 

that is,    −4�(1 + - (- − 1 19= (��	 RM��RM + 12 > 0 
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which is true since −4�(1 + - (- − 1 = −4�(-^ − 1 > 0 and 9= (��	 RM��RM + 1 > 0 both 

necessarily hold. Hence 3∗ in (25) is positive. 

Appendix C: Signs of partial derivatives of �∗ and �∗ 
In order to determine the sign of the partial derivative 3M∗, we introduce a shorthand notation 

to write the solution for 3∗. Let �(< = 9= (��	 RM��RM + 1 + �, so �(< − � = 9= (��	 RM��RM + 1. 

We define 8 = − ,^	(�*, . We now rewrite 3∗ in equation (25) as 

 3∗ = 8�(< − K, �-^�^(< − 4�(-^ − 1 ?�(< − �A                       (28) 

Now let ��(< = �(< , so that 

3∗ = 8��(< − 8- 2�-�14�^(< − ?�(< − 1A + 1-^ ?�(< − 1A 
After taking the first order derivative with respect to <, we get: 

3M∗ = 8��M(< − �8 1
c14�^(< − ?�(< − 1A + 1-^ ?�(< − 1A �

12�(< �M(< + � 1-^ − 1��M(< � 
Now let '(< = �̂�(< + 1 �,d − 12. Rewrite the denominator above as, 

�14�^(< + ?�(< − 1A � 1-^ − 1� = ��12�(< + � 1-^ − 1��^ − � 1-^ − 1�^ − � 1-^ − 1� 

so that        						3M∗ = 8��M(< �1 − #(M 
c#d(M �1 $]d��2d�1 $]d��2�.                                                (29) 

To see the sign of 3M∗, we need to determine the signs of 8, �M and the expression in brackets. 

Since 8 = − ,^	(�*, < 0, and �M(< = 9= (��	 R	(��RM d ≥ 0, the expression in square brackets is 

negative because the numerator is larger than denominator. 
 
We now determine the sign of :PQ∗ . Note that, through the chain rule, the differentiation of 

:∗ w.r.t. 9= can be written as: 

:PQ∗ = �X-3∗,��
3PQ∗ + 3M∗<PQ                                           (37) 

where 3PQ∗  and <PQ denote first derivatives with respect to 9=. We already know the sign of 3M∗. We are left to determine the sign of <PQ and 3PQ∗ . For the first of the two, we have that: 

<PQ = OR(�*(��F P*O (��PQ d > 0                                            (38) 



M
ANUSCRIP

T

 

ACCEPTE
D

ACCEPTED MANUSCRIPT

31 
 

For the second, in order to determine the sign of 3PQ∗  we can perform an identical analysis to 

that done for 3M∗ in sub-section 4.1, except that now we define instead �(9= = 9= (��	 RM��RM +
1 + �, ��(9= = �(9= , and '(9= = �̂�(9= + 1 �,d − 12. With these definitions, we 

write: 

3PQ∗ = 8��PQ(9= �1 − #(PQ 
c#d(PQ �1 $]d��2d�1 $]d��2�                               (39) 

As before, to see the sign of 3PQ∗  we need to determine the signs of 8, �PQ and the expression 

in brackets. We still have that 8 = − ,^	(�*, < 0 and that the expression in square brackets is 

negative because the numerator is larger than denominator. But now we have a different 

expression to evaluate: �PQ(9= = (��	 RM	(��RM . The numerator of this expression is always 

positive. As for the denominator, since we have assumed that not all of the individual's time 
endowment goes towards child rearing, i.e. (1 − @<� > 0, we have that �PQ(9= > 0. Thus 3PQ∗  is positive, and :PQ∗ is	positive. 

TABLES AND FIGURES 

Table 1: Parameter values of the baseline simulation, OECD area 

� Private capital's share in national income 0.37 

& Private capital elasticity in productivity factor 0.55 

- Private capital elasticity in production 0.716 

� TFP scale factor 34 

9 Discounting 0.69 

@ Rearing time per child 0.281 

9= Child rearing subsidy rate 0.193 

4 Hazard rate 0.7 

; Importance of children in utility 0.539 

 
 

Table 2: OECD population growth, old-age dependency ratios and life expectancy  
(45 year averages) 

 1970-2015 2015-2060 2060-2100 
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45-year population growth rate 36.1% 6.3% -5.2% 

Old-age dependency ratio 21.9% 44.0% 60.1% 

Life expectancy at birth 75.2 83.9 89.2 

Source: United Nations 

Table 3: Results of steady state baseline simulation :∗ Optimal debt to gdp ratio in steady state (no TFP) 49.67% 

3 Public private capital ratio          0.2546 

WX Annual economic growth rate 1.44% 

W Annual economic growth rate per capita 0.75% 

> Tax rate 14.5% 

Z[ Saving rate (of disposable income) 11.86% 

� Annualized interest rate 5.14% 

< Number of children per person 1.36 

 Old-age dependency ratio 22% 

 Life expectancy at birth 78.5 

 

        Table 4: Sensitivities to demographic parameters, OECD economies 3M∗ ∂X∗/ ∂n 0.0067 n� ∂n/ ∂λ 0.538 n¡ ∂n/ ∂ε 1.746 n£ ∂n/ ∂ρ -0.234 d�∗  ∂d∗/ ∂λ 0.005 d¡∗ ∂d∗/ ∂ε 0.016 d£∗  ∂d∗/ ∂ρ -0.002 
 
        Table 5: Optimal public debt/investment policies with balanced budgets 	 1970-2015	 2015-2060	 2060-2100	λ	 0.7	 0.532	 0.43	ε	 0.539	 0.42	 0.382	Life	expectancy	at	birth	 78.5	 86.1	 90.65	X∗	 25.5%	 25.3%	 25.2%	d∗	 49.7%	 49.4%	 49.3%	
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        Table 6: Subsidies used as a policy tool 

 Baseline Decreased preference 
for children 

Increased subsidy 

Preference for children (ε) 0.539 0.401 0.401 
Child-rearing subsidy (9=  0.193 0.193 0.348 
Fertility rate 1.36 1.10 1.36 
Total tax rate… 14.5% 12.9% 18.8% 
       …of which debt servicing 8.1% 8.2% 7.8% 
       …of which subsidy coverage 6.4% 4.7% 11.0% 
Saving rate 11.86% 12.87% 12.87% 
Interest rate (per year in steady state) 5.14% 5.14% 5.15% 
Public-private capital ratio 25.5% 25.3% 25.9% 
Government debt-GDP ratio 49.7% 49.5% 50.3% 
GDP growth (per year in steady state) 1.44% 1.41% 1.51% 
GDP growth per capita (per year) 0.75% 1.2% 0.82% 
 
 
 
 
 

Figure 1: Debt and capital ratios in teady state, various beta values 

 
 

  

0.0%

0.5%

1.0%

1.5%

2.0%

2.5%

3.0%

0%

20%

40%

60%

80%

100%

120%

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0&

Debt and capital ratios at steady state

various values of &

X*: Optimal public-private capital ratio (left axis)

d*: Optimal debt-to-GDP ratio (left axis)

Balanced-budget tax rate (left axis)

Annual economic growth rate (right axis)



M
ANUSCRIP

T

 

ACCEPTE
D

ACCEPTED MANUSCRIPT

34 
 

Figure 2: Changing the subsidy rate, impacts on d* and X* 

 
 

 

Figure 3: Changes in life expectancy, the effects on d* and X* 

 
 

Figure 4: Steady state growth-public debt possibility frontiers under different income 
shares for private and public capital 
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Figure 5: The effect of changes in the subsidy rate on the general tax rate 
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